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Abstract

In this note we define a subgroup H;'er of unramified cohomology group
Hi of afibration 7 : X — S. This subgroup can be used efficiently in refined
specialization arguments and allows to detect the failure of stable rationality
of a variety specializing to X. We compute sz,w systematically for many
cubic surface bundles m : X — S over a smooth projective rational surface
over an algebraically closed field: we give a combinatorial formula in terms of

components of the discriminant divisor of .

1 Introduction

Let k be an algebraically closed field and let X be a projective variety over k.
Recall that X is rational if it is birational to a projective space P}, and that X
is stably rational it X x P}* is rational, for some m. In recent years there has
been a lot of progress understanding these properties, namely, for various classes of
algebraic varieties it was established that a very general variety in this class is not
stably rational. This includes a large class of hypersurfaces, cyclic covers, complete
intersections, fibrations in conics, hypersurfaces in P} x P}*, and other examples
(some of these results are in [2, 4, 5, 2, 11, 14, 15, 20, 21, 22, 28, 25, 26, 27, 29]).

These results were obtained using specialization techniques (see [29, 11, 28, 26,
27]) to degenerate the variety of interest to some mildly singular reference variety
X: a general idea is that if X has suitable nontrivial birational invariants, then
the variety of interest is not stably rational. In applications, one uses unramified
cohomology groups H? , properties of differential forms in positive characteristic,
or other invariants.

In practice, both finding degenerations and reference varieties proved to be dif-
ficult. Some reference varieties (in particular the quadric surface bundle in [15] and
more recently quadric bundles over P™ in [26]) were reused to establish the failure
of stable rationality of different classes of varieties.

Several known examples of reference varieties come with a fibration structure:
one uses fibrations in conics and quadric surfaces, fibrations in quadrics with generic
fibre a Pfister (or a Pfister neighbor) quadric or a Fermat-Pfister form.



In this note we introduce the relative unramified cohomology group

H, o (K(X) /K, p17)
for a fibration 7 : X — S, where S is a smooth and projective variety over k,
and 7 is a projective morphism (see Definition 2.1 for details) with integral generic
fibre. The definition of this group combines the well-known general method of
Colliot-Théléne and Ojanguren [6] to construct unramified classes for fibrations with
recent refinement of Schreieder |25, 26, 27|, which allows to avoid any analysis of
singularities of X in specialization arguments at the cost of additional restrictions
on unramified classes. We use slightly stronger restrictions for the group Hfmﬂ,
which are however often satisfied in practice (for example, in [15]). In particular, if
the generic fibre of 7 is smooth, and if the group H},.  is nontrivial, we show that
X is a reference variety (no restrictions on singularities of X are needed).

As an example, we consider hypersurfaces of bidegree (2,3) in P2 x P% where
the fibration 7 is defined by the projection on P2. These cubic surface bundles were
studied in [2]. In particular, we know that the only possible nontrivial classes in
H, . are 3-torsion classes. In addition, some fibres of m must be unions of three
planes permuted cyclically by Galois. Here we extend this discussion: let K be the
field of functions of S and let Xx be the generic fibre of m. If x € S is a point of
S, distinct from the generic point, let K, be the field of fractions of the completed
local ring Og, of S at x. Instead of analyzing singular fibres of m we are reduced to
understanding the minimality of the cubic surface, over the set { K, },cs of overfields
of K.

This approach allows us to find some concrete reference varieties, for example
(see 3.3): X C P[Qx;y;z] X Pf’w:w: g @& cubic surface bundle over an algebraically closed

field k given by equation
v + 220 + oy’ + ftP =0,
where f = 23 + 93 + 23 + 322y + 3zy® + 3y*2 + 3y2? + 3x2% + 32%2.
More generally, we determine the group

Hy, (k(X)/k,Z/3L)
for a large class of cubic surface bundles 7 : X — S (see Theorem 4.6) in terms of a
combinatorial formula on particular points of S. More precisely, we consider x € S
such that over the field K, the surface Xk, is birational to a Severi-Brauer surface.
This extends previous examples of complete combinatorial formulas for unramified
cohomology of fibrations in conics, quadric surfaces, involution surface bundles, and
Brauer-Severi bundles [10, 16, 17, 23].

The paper is organized as follows: in section 2 we review the general strategy to
construct unramified classes for fibrations and we apply it to cubic surface bundles,
in section 3 we discuss the example above, and in section 4 we give the general
formula.



Notations and reminders.

If £k is a field, we denote by k* the set of nonzero elements of k. We denote by (, a
primitive n'® root of unity. We assume that n is invertible on k.

Galois cohomology. We denote by p, the étale k-group scheme of the n'* roots
of unity. For j a positive integer we denote u&’ = p, ® ... ® u, (j times). If
J <0, we set u® = Homk—gr(ﬁb%(_j),Z/n) and p2° = Z/n. If ¢, € k we have an
isomorphism p® = Z/n for any j.

We denote by H'(k, u27) the Galois cohomology groups. Recall that the Kum-
mer theory gives isomorphisms H'(k, pu,) = k*/k*" and H?(k,u,) = Brk[n], the
n-torsion in the Brauer group of k. Let K /k be a cyclic Galois extension with Ga-
lois group G = Z/nZ. One has H' (G, Z/nZ) = Ker[H'(k,Z/nZ) — H'(K,Z/nZ)],
and one associates to the extension K/k a class [K/k] € H'(k,Z/nZ), correspond-
ing to the generator of the group H'(G,Z/nZ) = Hom(G,Z/nZ) = Z/n’Z.

Recall that a Severi-Brauer variety over k is a smooth and projective variety X
over k, such that over the algebraic closure k of k one has an isomorphism Xj, ~ Py.
One associates to X a class [X] € Brk, such that [X] = 0 if and only if X splits
over k: X ~ P}. Here we will be interested in Severi-Brauer surfaces .S, one then

has [S] € H?(k, u3).

Residues. If K is the field of fractions of a discrete valuation ring A one defines

the residue maps ' ‘ . ‘ ,
Oy + H'(K ) — H'™ ((0), 17 07Y), (1)

where k(v) is the residue field. If A, is the completion of A and K, is the field of
fractions of A,, then the residue map factorizes through K,.
In this text we only consider discrete valuations (of rank one). We will use

notations & or , for the residue map.
In degree one we have: if a € H'(K, u,) = K*/K*", then

d:(a) = v(a) mod n.

In degree two, if (a,b) :==aUb € H*(K, p,),then

via)v av(b)
92(a,b) = (—1)"@ (b)ma (2)

where ZZ% is the image of the unit ‘;:((Z; in k(v)*/Kk(v)*".
We refer to |6, 23] and references therein for more details. We will use the

following exact sequence, where i > 0 (see [§8], (3.10)):

0 = Hiy (A, uS7)) = HI(K, 5%7)) 3 B (1(v), u257D)) = 0. (3)



Unramified cohomology. Let K = k(X) be the function field of an integral
algebraic variety X. The unramified cohomology groups of X are defined as

Hi (KOO b i) = (Y KenlH (X0, 1) & H (), w2,

where the intersection is over all discrete valuations v on k(X) (of rank one), trivial
on the field k. If v corresponds to a codimension 1 point x of X or an irreducible
divisor D C X we will also write dp or 0, for the residue map 0,.

If X is an algebraic variety over a field k, the Brauer group of X is defined by
Br X = H%(X,G,,). If X is smooth, the natural map

Br X — Brk(X) (4)

is injective (see [13] 1.10). If X is smooth and projective, and if n is invertible in
k, one has an isomorphism Br X[n] ~ H2 (k(X)/k, ji).
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2 The strategy for cubic surface bundles

2.1 Cubic surface bundles

Let S be an integral scheme. Following [2, Section 3|, we say that 7 : X — S is a
cubic surface bundle if 7 is a flat projective morphism, the generic fibre Xg of 7 is
a smooth cubic surface, and m.w}, /s = FE is a rank 4 locally free Og-module such
that X C P(E) is defined by the vanishing of a global section of S*(EY) ® L for
some line bundle L on S.

We call discriminant divisor the locus A C S over which the fibres of 7w are
singular. Following [2, Theorem 9], we will be interested in points b € S™® in A
such that X, is irreducible over x(b), union of three planes over x(b) permuted
cyclically by the Galois group of a cyclic extension of x(b) of degree 3.

2.2 Strategy

In this paragraph we briefly review the general method to construct unramified
classes for fibrations and we apply it to cubic surface bundles 7 : X — S. This
strategy was introduced by Colliot-Théléne and Ojanguren in [6] and it was used
recently to obtain formulas for the unramified Brauer group for fibrations in con-
ics and quadric surfaces over rational surfaces (see [3, 10, 23]), and to construct
more unramified classes for fibrations in higher-dimensional quadrics and in Fermat-
Pfister forms (see [25, 26, 27]). See also [16, 17| for general formulas for fibrations
in Severi-Brauer surfaces or involution surface bundles.



Let k& be an algebraically closed field such that n is invertible in k. We assume
that S is a smooth projective surface over k. We also assume that S is rational:
this property is needed in step 3 below. Let K be the field of functions of S and let
Xk be the generic fibre of a cubic surface bundle 7 : X — S. Since p,, C k we will
identify p, and Z/nZ as Galois modules. The strategy is the following.

1. As in [6], the starting point is to look at classes in Br K which become un-
ramified in the field of functions k(X) = K(Xk): we are interested in the
intersection

Im(Br K — Brk(X)]|( | Hy,(k(X)/k, Z/nZ).

Following [2], for cubic surface bundles we are interested in the case n = 3,
and in the 3-torsion in the Brauer group.

2. Recall that if v is a valuation on k(X) with the valuation ring A C k(X), the
center of v on S is defined as the image x, € S of the closed point of Spec A
under the composition of the morphism Spec A — X with 7 : X — 5, so that
one has a homomorphism of local rings Og,, — A.

Let k(X), be the completion of the field k(X)) at v. Our crucial point is to
make a stronger assumption for valuations v such that the center z,, of v is not
the generic point of S. Denote by K, the field of fractions of the completed
local ring Og.,,. We will look at classes a in H?(K, Z/37) such that the image
of a in K, lies in the kernel of the map

H*(K,,,7/37) — H*(K,,(Xk),Z/3Z).

v

This assumption is stronger than the assumption 0,(a) = 0. Indeed, one has
the following commutative diagram of field extensions:

K<XK) — Kmu(XK) — K<XK>1) = k(X)v

J J

K—— 3K,

Since the residue map (1) factorizes through k(X),, one deduces 9,(a) = 0.

This additional assumption is crucial in order to use the refinement intro-
duced by Schreieder (see e.g. [27, 26]) which allows to avoid any analysis of
singularities in the specialization arguments.

3. Let a € H*(K,Z/3Z). Since S is a rational surface, the class « is uniquely
determined by its residues {0,(a)},cqm) at codimension 1 points of S (see
for example [1, Thm.1]). In order to obtain the general formula, we need
to determine for which points x = x, the residue of a at v is allowed to be
nonzero. As described above, the key ingredient is to understand the kernel

Ker[H*(F,7Z/37) — H*(F(Xk),Z/37)]
for the following fields:



e for ' = K the function field of S, which will give us the image of
H?*(K,7Z/37Z) in H*(k(X),Z/3Z) in the first step above;

o for ' = K, the field of fractions of the completed local ring 55@ at
points x = z, of S of codimension 1 or 2, which will allow us to achieve
the second step.

For fibrations in quadrics or Fermat-Pfister forms this analysis is done using
the Milnor K-theory or Arason-Pfister theory and properties of quadratic
forms. For cubic surfaces a more geometric approach apear to be working
better. Following [9], the properties of interest are: if the cubic surface is
minimal or if it is F-birational to a Severi-Brauer surface (see Theorem 4.6
below).

2.3 Relative unramified cohomology

Given the above strategy, we introduce the following notation:

Definition 2.1. Let k£ be a field and let n > 0 be an integer invertible on k. Let
S be a smooth projective integral variety over k£ and let K be the field of functions
of S. Let X be an integral projective variety and let 7 : X — S be a dominant
morphism, let X be the generic fibre of 7. We define the group

Hy, o (R(X) ke, i) € HY(R(X), 417

nr,m

as the following intersection

Hy, o (R(X) /K, 1) =

nr,m

= Im[H'(K, pi7) = H'(k(X), p&)] (| NeKer[H' (k(X), i) — H' (K.(Xk), p),

where  runs over all scheme points of S of positive codimension: z € S @) for i > 0,
and where K, is the field of fractions of the completed local ring Og, at x.

Remark 2.2. From the definition, one has:

Hy, o (k(X) /Ky i) © Hyy(R(X) /K, 7). (5)

nr,mw

Indeed, let a € H},. (k(X)/k,pu%7) and let v be a discrete valuation on k(X). If
v is trivial on K, then d,(a) = 0 since « is in the image of the group H'(K, u&7).
Otherwise, let z, € S be the center of v. As in section 2.2 above, since K, (Xf) is
a subfield of the completion k(X),, and since the residue map 9, factorizes through
the completion, one deduces 9,(a) = 0 again.

The definition of the group Hj,. . is inspired by the refined specialization method
[26]: in particular, we show below that the classes in Hflm satisfy the assumption
of the following result of Schreieder.



Proposition 2.3. (/26, Proposition 3.1]) Let X be a proper geometrically integral
variety over a field L which degenerates to a proper variety Y over an algebraically
closed field k. Let € be a prime different from char(k) and let 7 : Y — Y be
an alteration whose degree is prime to {. Suppose that for some v > 1 there is a
nontrivial class o € H! (k(Y/k,Z/lZ) such that

(7*a)|p = 0 € H'(k(E),Z/{Z) for any subvariety E C 7~ (Y*"9),
where Y™ denotes the singular locus of Y. Then X is not stably rational over F.

Remark 2.4. As in |26, section 2.6] we say that X degenerates to X if there is
a flat proper scheme X over a discrete valuation ring with the field of fractions L

and the residue field k, and an inclusion L C F such that one has isomorphisms
X~ X, x Fand Xy~ &

We deduce that a variety over an algebraically closed field with nonzero group
H' _is a reference variety:

nr,m

Proposition 2.5. Let k be an algebraically closed field and let S be a smooth pro-
jective integral variety over k. Let Xy be an integral projective variety and let
m: Xog — S be a dominant map with smooth generic fibre. Assume that there is an
integer i > 0, and a prime number ¢ # char(k), such that

Hi (k(Xo)/k, Z/0Z) # 0.

nr,m

Let X be a proper geometrically integral variety over a field F which degenerates to
Xo. Then X is not stably rational over F'.

Proof. Let a be a nonzero element in H' _(k(Xo)/k,Z/{Z). Let K be the function

field of S. Let X5 be the singular locus of X,. We apply Proposition 2.3: we show
that for any alteration 7 : X" — Xy of degree prime to ¢, and for any subvariety
E C 771(X;™) one has that the restriction of 7*a to E is zero:

™alp =0 in H'(k(E),Z/(Z).

Note that E does not dominate S since the generic fibre X( i of 7 is smooth.
In addition, up to blowing up E, one can assume that F is a divisor (see e.g. the
proof of |26, Proposition 5.1]). Let v be the induced valuation on X’ and let z, be
its center on S. Let A, be the completion of the valuation ring of v.

Since « is unramified, its image «, in H*(k(X"),,Z/{Z) comes from

H,(A,, Z)07) C H(k(X')y, Z/IT)
(see (3)). Recall that one then defines 7*a|p as the image of «, under the isomor-

phism HY(A,,Z/lZ) ~ H'(k(E),Z/(Z).
By the definition of H!, _ we know that the image of o in H'(K,,(Xox),Z/(7Z)

nr,m

is zero. Since K, (Xo k) C k(X'),, one deduces that «, is the image of « by the
composition

Hi(k(X),Z/0Z) — H{(K,,(Xx), Z/(Z) — H (k(X'),, Z/(Z),

so that a, = 0, hence 7*a|g = 0 as well. O



3 Function fields of cubic surfaces and example

In this section we implement the first step of our strategy for cubic surface bundles
(see section 2.2). Let K be a field of characteristic char(K) # 3. Let Y be a
smooth projective cubic surface over K. We are interested in 3-torsion elements in
the group Br K'[3] = H*(K, p3) which vanish over K(Y).

Proposition 3.1. Let K be a perfect field such that char(K) # 3. Let Y/K be a

smooth projective cubic surface. Then the following are equivalent:
(i) Ker[H*(K, pi3) — H*(K(Y), us)] # 0;

(i1) there is a birational morphism Y — Y’ such that Y' is a non-split Severi-
Brauer surface.

If these equivalent conditions hold, then
Ker[H?*(K, u3) — H*(K(Y), u3)] ~ Z/3Z,
generated by the class of Y.

Proof. Note that we are interested in the kernel of the map Br K — Br K(Y),
restricted to the 3-torsion. This kernel was fully determined in [9, Proposition 5.3]
for all geometrically rational surfaces over a perfect field. In particular, it is a trivial,
a 2-torsion or a 3-torsion group. The last case occurs only if Y is not minimal, and
there is a K-morphism Y — Y’ to a non-split Severi-Brauer surface Y, in which
case the kernel is generated by the class of the surface. O]

Example 3.2. We give two concrete examples:

1. Assume that (3 € K. Let a,b € K* and let Y be the following cubic surface
over K:
au® + bv® + abw® + % = 0. (6)
Then the class (a,b) € H*(K,Z/37Z) vanishes over K(Y) (see |7, Lemma 1]).
Indeed, if a is a cube in K (Y'), then (a,b) = 0. Otherwise, let L = K(Y)(/a).
Since in K(Y) we have a relation

b £+ au?
v+ awd’
we have that b = Ny k) (8) where f = —%. Since a is a cube in L, we

have the equality of symbols in H*(K(Y),Z/3Z):

(a,0) = (a, Npyk(v)(B)) = Nrjkvy(a, 8) =0,

where the second equality is the projection formula. One could also write
equations of 6 disjoint lines on Y which can be contracted over K. In partic-
ular, equation (6) gives a birational model of the Severi-Brauer surface with
the class (a,b).



2. Consider the following cubic surface Y:
au® + bv® + abw® + ft* =0, (7)

where a,b, f € K* are such that none of the elements a, b, ab, f,af,bf is a
cube in K. In this case, by Segre’s theorem, the surface is minimal (see e.g.
[19, p.110]), hence the map H*(K,Z/3Z) — H?(K(Y),Z/3Z) is injective.

The above example allows to construct a cubic surface bundle which is a reference
variety.

Proposition 3.3. Let k be an algebraically closed field of char (k) # 3 and let
X C P[Qz:y:z} XPf’u:v:w:t] be a cubic surface bundle over k given by the following equation

v22u? + P20 + aytw® + ftP =0, (8)

where
f=a%+9°+ 2% + 32%y + 3zy® + 3y%2 + 3y2® + 3x2? + 3272,

and where © : X — P2 is the projection on the first factor. Let K = k(P?) =
k(z/z,y/2), let « = (x/z,y/z) € H*(K,Z/3Z), and let o/ be the image of o in
H?*(k(X),Z/3Z). Then o' is not zero and

o € Hgm(k:(X)/k:,Z/SZ).
Proof. For convenience, we give a direct proof, which does not use the formula in
Theorem 4.6. First we observe that o’ is nonzero. Indeed, we use Proposition
3.1 and the second example in 3.2: the generic fibre Y/K of 7 is a minimal cubic

surface.
Let x, € P2 be a point of positive codimension. We have three cases:

1. Assume z, is the generic point of one of three lines xt =0, y =0, or 2 =0, or
an intersection point of two of these lines. Then, by the definition of f, we see
that f is a nonzero cube in the residue field x(x,), so that f is a cube in K,
by the Hensel lemma. We then get that over K, the cubic surface Y,  is of
the first type considered in example 3.2, so that the element (z/z,4?/2%) = 2a
is in the kernel of the map

H*(K,7/37) — H*(K,,,Z/37) — H*(K,, (Y),Z/3Z). (9)
Hence o/ € Ker[H*(k(X),Z/3Z) — H*(K, (Y),Z/3Z)).

For the remaining cases, by the sequence (9) above, it is enough to show that
the image of o in K, is zero:



2. Assume z, is a closed point lying on only one of the lines x = 0, y = 0, or
z = 0. By symmetry we may assume that x, is on the line x = 0. Then y/z
is a nonzero element in the residue field x(z,) = k, hence a cube since k is
algebraically closed. Hence y/z is a cube in K, and the image of « in K, is
Zero.

3. In all other cases the elements z/z and y/z are units in the local ring of z,, so
that the image of o in K, comes from the cohomology group HZ,(Opz ., , Z/37Z)

of the completed local ring, but this group is zero by cohomological dimension
since H%(Op2,,,Z/3Z) = H*(k(x,),Z/3Z) = 0.

O

Remark 3.4. For the example above one could also use the techniques of the
universal relations in Milnor K-theory in [27]. In particular, [27, Theorem 5.3]
applies with n = 2, x; = x, 2o = ¥%, a1 = 23, ay = y?(xw® +v3), b= —f(z,y,1).

As an application, we recover a result of Krylov-Okada [18, Theorem 1.2(3)]
(see also |21, Proposition 6.1] in zero characteristic, using techniques from tropical
geometry):

Corollary 3.5. (/18, 21]) Let k be an algebraically closed field of char (k) # 3. A
very general hypersurface of bidegree (3,3) in P4 x P} is not stably rational.

Proof. This follows from Proposition 2.5 and Proposition 3.3. O

4 Local computations and the general formula

In this section we finish implementing our strategy for a large class of cubic surface
bundles 7 : X — S: we analyze the kernels Ker|H?*(K,,Z/3Z) — H*(K.(Xk),Z/3Z))
for x a point of codimension 1 or 2 of S, and we derive a formula for the group
H2

nr,mw*

4.1 The case of dimension 1

In this paragraph we assume that K, is a complete discretely valued field of equichar-
acteristic zero and that (3 € K. Let A, be the valuation ring, and let x(v) be the
residue field.

Proposition 4.1. Let Y /A, be a flat cubic surface bundle, such that the generic
fibre Y = Vg, is smooth, and the special fibre Yo = V) is reduced. Assume there

is a birational morphism Y — Y such that Y' is a non-split Severi- Brauer surface.
Let o € H*(K,,Z/3Z) be its class. Assume that cd(k(v)) < 1. Then

(1) Yo is geometrically a union of three planes permuted cyclically by Galois, and
Oy(a) = & or €71, where & is the class of this extension;

10



(ii) if B € H*(K,,Z/37Z) is such that 0,(a) = & or €71, then 3 = +a.

Proof. (i) Since the cohomological dimension cd (k(v)) < 1, the class av is uniquely
determined by its residue 9,(«). Indeed, from sequence (3), if 9, () = 9, (az),
then oy — ay comes from HZ(A,,Z/3) = H*(k(v),Z/3) = 0. In particular,
since Y is not split, one has that d,(a) # 0.

By Proposition 3.1, the image o of « in K,(Y) is zero; in particular it is
unramified with respect to any discrete valuation w on K,(Y) extending wv.
The conclusion (i) then follows from [2, Lemma 8, Theorem 9.

(ii) Similarly as above, since 0,(8) = +0,(«), one has § = +a.
[

Remark 4.2. By Proposition 3.1, the assumption that there is a birational mor-
phism Y — Y’ such that Y’ is a non-split Severi-Brauer surface is equivalent to the
assumption Ker|H?*(K,,Z/3Z) — H*(K,(Y),Z/37Z)] # 0.

4.2 The case of dimension 2

We first recall the local description of Brauer classes on a surface from [24]. Let S
be a smooth projective surface over an algebraically closed field £ of characteristic
zero. Let x € S be a closed point, let A, = Og, be the completed local ring at z,
and let K, be the field of fractions of A,.

Lemma 4.3. Let o € H*(K,,Z/3Z). Assume that
ram(a) = {p € Spec A, of height 1,0,(c«r) # 0}

is a simple normal crossings divisor. Then either o = 0 or a = £(my, ma), where
m, Ty generate the mazximal ideal of A.

Proof. The statement follows from [24, Theorem 2.1| and the observation that
H.(A,,Z/3Z) = H'(k(x),Z/3Z) = 0 for i > 0 since x(x) = k is algebraically
closed. []

Proposition 4.4. Let Y /A, be a flat cubic surface bundle, such that the generic
fibre Y = Yk, is smooth. Assume that the fibres ), over height one prime ideals
p € Spec A, are reduced. Assume there is a birational morphism Y — Y’ such that
Y’ is a non-split Severi-Brauer surface. Let o € H*(K,,7Z/3Z) be its class. Let

ram(a) = {p, Oy (a) # 0}
be the ramification divisor of a. Then:

(i) for any p € ram(a) the fibre Y, is geometrically a union of three planes
permuted cyclically by Galois, and 0,(c) = &, or fp_l, where &, 1s the class of
this extension;

11



(i1) if ram(«) is a simple normal crossings divisor, then « is ramified at exactly
two primes p1, Ps.

Proof. For (i), we apply Proposition 4.1 to the (completion of) localisation of A,
at p € ram(a) (note that since « is ramified at p, it remains nonzero). For (ii) we
apply Lemma 4.3. O

Remark 4.5. From codimension one purity for A, (see [8, Theorem 3.8.3|) and the
fact that H%(A,,Z/37Z) = 0, one has that « is uniquely determined by the set of
residues {0, ()} for p € ram(a).

4.3 A general formula for fibrations in cubic surfaces
For simplicity in this section we assume that k is of characteristic zero.

Theorem 4.6. Let k be an algebraically closed field of characteristic zero, let S
be a smooth projective rational surface over k, and let m : X — S be a cubic
surface bundle with discriminant divisor A C S. Let K be the function field of S.
Assume that the genmeric fibre X is a smooth minimal cubic surface and that the
fibres of m over codimension 1 points of S are reduced. Let C' = Ul ,C; C A be a
divisor corresponding to the set of codimension 1 points of S over which the fibre
of m is geometrically a union of three planes permuted cyclically by Galois, with
vi € k(Ci)*/(k(C;)*)? the class corresponding to the cyclic extension. Assume that
C s a stimple normal crossings divisor on S. Then

H2._(k(X)/k,Z/3Z) C (Z/32)"

nr,m

is the subgroup of elements a = {a;}"_,, a; € {—1,0,1} satisfying the following
properties:

(i) if a; # 0, the base change Xx, of the surface Xy to the completion K, of K
at the generic point x; of C; is not minimal: there is a birational morphism
Xk, — X such that X] is a non-split Severi-Brauer surface over K,,;

(ii) the sum

n

Z Z Ip(7;") =0

i=1 pecs2)
is zero, and for every point P € C;NC}; such that Op(v;") = —E)p(y;lj) # 0, one
has that the base change X, of the surface Xk to the field of fractions Kp of
the completed local ring @Svp 15 not minimal: there is a birational morphism
Xkp — Xp such that X} is a non-split Severi-Brauer surface over Kp.

Proof. We first check that any vector a = {a;}!_, satisfying properties (i) and (i7)
gives a class o € H?, (k(X)/k,Z/3Z).

Since S is a smooth projective rational surface, the Bloch-Ogus complex
0 — HX(K,Z/3Z) 3 @,cqn H'(k(2), Z/3Z) “% @ pege HO(5(P), Z/3L)
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is exact (see for example [1, Thm.1] ). Hence there is a unique class o« € H?*(K,Z/3Z)
such that the ramification divisor of a is ), |a;|C;, and O¢, (o) = 7", 1 <@ < n.

Let o be the image of o in H?(k(X),Z/37Z). We show that o’ is a nonzero
element in H?, . First, since Xx is minimal, the map

H2(K,7,/37) — H*(K(Xg),Z/3Z) = H2(k(X), Z,/3Z)

is injective by Proposition 3.1, hence o' is nonzero. Let x € S be a point of
codimension 1 or 2. Let a, be the image of a in H?(K,,Z/3Z). We have two cases:

1. Assume that x is the generic point of a curve D C S:

(a) If D is not one of the ramification curves C; of «, then Jdp(a) = 0
and the image a, of « in H*(K,,Z/37) comes from an element in the
cohomology of the completed local ring H, é?t(@s,x,Z/ 3Z) (see (3)), but
H%(Og,,7./3Z) = H?(k(D),Z/37) = 0 by cohomological dimension.

(b) Assume now D is one of the ramification curves C; of a. By the definition
of o and Proposition 4.1 one has that o, or —a, equals to the class of
the Severi-Brauer surface X/, hence it is zero in K,(Xf) by Proposition
3.1.

2. Assume that = P is a closed point of S. Since ram(c,) is a simple normal
crossings divisor by construction we can apply Lemma 4.3: either «, is zero,
or a, = =£(m;,m;) where m; and 7; are local parameters of the ramification
curves C; and Cj. In the latter case one has 0p(J¢, () = £1 # 0. Hence
by assumption there is a birational morphism Xy, — X} such that X} is a
non-split Severi-Brauer surface over Kp. Let [ be the class of this surface.
Since [ is nonzero and the fibres of X — S are geometrically unions of three
planes permuted by Galois only at C; and C}, but not at other curves passing
by P, by Proposition 4.4 one has that 3 ramifies exactly at C; and C; and the
residues of 3 are ++;, +;. Since in addition dp(J¢, (B)) +0p(Jc,(B)) = 0, one
deduces that § and «, have the same or opposite residues, so that, by remark
4.5, one has that § = +«,. Hence a, is zero in Kp(Xg) by Proposition 3.1
again.

Hence a vector a satisfying the assumptions gives a nonzero class in the group

H?_(k(X)/k,Z/3Z).

nr,m

For the converse, let o/ € H}, (k(X)/k,Z/3Z). Then o' is the image of an
element o € H*(K,Z/3Z). Let D € ram(a) and let = be the generic point of D.
By assumption, the image of o in H?(K,(Xx),Z/37Z) is zero. Hence, by Proposition
3.1, there is a birational map Xk, — X’ such that X’ is a non-split Severi-Brauer
surface. By Proposition 4.1, one has that D is one of the curves C;, and 0¢, () = ;
or 7;'. We then define a; = 1 or —1 if, respectively, dc,(a) = v; or v; ' and we
obtain the property (7).

13



From the Bloch-Ogus complex in the beginning of the proof we deduce that

n

.Y o) =0.

i=1 pes()

Let P € C; N C; be such that dp(v;") = —8p(7;j) # 0. In particular, the image of
« in H*(Kp,Z/3Z) is not zero, and it is in the kernel of the map

H*(Kp,7./37) — H*(Kp(Xx),Z/37)

since o/ is in H?

nr,m*

Then (27) follows from Proposition 3.1 again.
[l

The above formula allows to construct unramified classes effectively, given a
cubic surface bundle X — S:

1. we check that X is a minimal cubic surface, we determine the discriminant
locus A (see e.g. [12] for an explicit formula), and we verify that the fibres of
7 over generic points of A are reduced;

2. we determine C' C A corresponding to codimension one points of S over
which the fibre of 7 is geometrically a union of three planes permuted by
Galois, we check that C' is a simple normal crossings divisor, and we record
the corresponding classes ~;;

3. we determine for which irreducible curves C; in C' the surface Xk, is not
minimal, and Kj-birational to a Severi-Brauer surface, we call C' C C the
corresponding divisor;

4. we keep linear combinations ) a;,C; with C; in C’ and a; € {—1,0, 1} satisfy-
ing condition (i7) of Theorem 4.6.
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