
MATH-GA 2420.006 : Homework 5; due by Monday March 8 morning
(before 10am), late submission implies -50% of this homework grade;

send the solutions to pirutka@cims.nyu.edu

Let E be an elliptic curve defined over K = Q by the equation

y2 = x(x− 2)(x− 10).

Denote α1 = 0, α2 = 2, α3 = 10.

1. Determine E(Q)[2].

2. Let S the finite set of prime divisors of ∆E = [(α1 − α2)(α1 − α2)(α2 − α3)]
2.

Determine O∗
K,S/O∗2

K,S.

3. Let φ : E(Q)/2E(Q)→ (O∗
K,S/O∗2

K,S)3 be the embedding :

φi(P ) =


xP − αi P 6= Pi = (αi, 0), 0E

(αi − αi−1)(αi − αi+1), P = Pi

1 P = 0E.

Determine the image by φ of the 2-torsion points.

4. Show that #Imφ ≤ 32.

5. Show that (1,−1,−1) ∈ Imφ and (1,−3) ∈ E(Q).

6. Show that (5, 2, 10) ∈ Imφ.

7. Show that if γ1 6≡ 0(mod 5) and γ2 ≡ 0(mod 5), then (γ1, γ2, γ1γ2) 6∈ Imφ.

8. Show that if (γ1, γ2, γ1γ2) 6∈ Imφ, then (5γ1, 2γ2, 10γ1γ2) 6∈ Imφ.

9. Deduce that #Imφ ≤ 16.

10. Show that (1, 2, 2) 6∈ Imφ.

11. Deduce the value of the rank E(Q).
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