Extremal Problems for Geometric Hypergraphs

Tamal K. Dey^1 and János Pach^2

Abstract

A geometric hypergraph H is a collection of i-dimensional simplices, called hyperedges or, simply, edges, induced by some (i+1)-tuples of a vertex set V in general position in d-space. The topological structure of geometric graphs, i.e., the case d = 2, i = 1, has been studied extensively, and it proved to be instrumental for the solution of a wide range of problems in combinatorial and computational geometry. They include the k-set problem, proximity questions, bounding the number of incidences between points and lines, designing various efficient graph drawing algorithms, etc. In this paper, we make an attempt to generalize some of these tools to higher dimensions. We will mainly consider extremal problems of the following type. What is the largest number of edges (i-simplices) that a geometric hypergraph of n vertices can have without containing certain forbidden configurations? In particular, we discuss the special cases when the forbidden configurations are k intersecting edges, k pairwise intersecting edges, k crossing edges, k pairwise crossing edges, k edges that can be stabbed by an i-flat, etc. Some of our estimates are tight.

1 Introduction

In recent years, the study of graph drawings has become a rich separate discipline within computational geometry. Much of the research has been motivated by applications, including software engineering, CAD, database design, cartography, circuit schematics, automatic animation, visual interfaces, etc. (See [27].) It is quite remarkable that classical graph theory proved to be rather powerless to tackle many of the arising problems. Instead, one often had to develop new topological tools to deal with families of curves, i.e., graphs drawn in the plane or in some other surfaces. Perhaps the best known example is the Lipton–Tarjan

1Dept. of CSE, IIT, Kharagpur, India 721302. Research supported in part by DST-SR-OY- E-06-95 grant, India

2Mathematical Institute of the Hungarian Academy of Sciences and Courant Institute of Mathematical Sciences, New York University, New York, NY 10012. Research supported by NSF grant CCR-94-24398, PSC-CUNY Research Award 663472, and OTKA-4269.

Separator Theorem for planar graphs [14], which has many extensions, generalizations, and a broad spectrum of applications ranging from numerical analysis to complexity theory. In particular, it enables us to use the divide-and-conquer paradigm to construct various geometric representations of abstract graphs and networks. Another important example is the following result discovered independently by Ajtai-Chvátal-Newborn-Szemerédi and Leighton. It can be used to obtain e.g. sharp bounds for the area requirement of graph layouts. Let κ(G) denote the crossing number of a graph G, i.e., the minimum number of crossing pairs of edges over all planar drawings of G.

Theorem 1.1 [1], [13] Let G be a simple graph with n vertices and e(G) edges. If e(G) ≥ 4n, then κ(G) ≥^{e(G)3}_{100n2} .

As Székely [24] pointed out, this result almost immediately implies the Szemerédi-Trotter theorem [25], [26] on the number of incidences between points and lines. His argument is so nice and short that we cannot resist adapting it to establish the following generalization of the Szemerédi-Trotter theorem, which was found by Clarkson-Edelsbrunner-Guibas-Sharir-Welzl and has numerous algorithmic consequences. (For an improved version of Theorem 1.1 and for some other applications of Székely’s idea, see [22] and [18], respectively.)

Theorem 1.2 [7] The total number of sides of n distinct cells determined by m lines in general position in the plane is at most O(m^{2/3}n^{2/3} + m).

Proof. Notice that it is sufficient to prove the assertion for a system of cells C, no two of which share an edge. Pick a point p_i in each cell c_i ∈ C. For any pair (s_i, s_j ) of collinear edges belonging to c_i ∈ C and c_j ∈ C, respectively, connect p_i to p_j by a polygonal chain of length three via the midpoints of the segments s_i and s_j, provided that this polygon is not adjacent to any other member of C. The collection of these polygonal chains can be regarded as the edge set of a graph G^′ whose vertices are p_1, . . . , p_n. If a line is adjacent to k cells in C, then it contributes to exactly k − 1 edges of G^′. Hence, X, the total number of sides of all cells in C, differs from the number of edges of G^′ by at most m. Removing the multiple edges from G^′, we obtain a simple graph whose number of edges satisfies e(G) ≥ e(G^′)/4 ≥ (X − m)/4. In view of the fact that any crossing between two edges of G occurs at a crossing of some pair of lines of the arrangement, Theorem 1.1 implies that either e(G) < 4n or ( m 2 ) ≥ κ(G) ≥ e(G)^3 100n^2 . Since X ≤ 4e(G) + m, Theorem 1.2 follows.

Given a set of n points in general position in the plane, join two of them by a line segment if there are exactly k points on one side of the line connecting them. Let G denote the resulting graph. Lovász [15] proved that no straight line can cross more than 2k edges of G. Now Theorem 1.1 implies that the number of edges (the number of so called k-sets) is at most O(k^{1/2}n). Indeed, if the number of edges is e, then either we have e < 4n or there exists an edge crossing at least e^2/(50n^2) other edges. Thus, e^2/(50n^2) ≤ 2k, as required. (See [20] for a slight improvement.) It was shown by Dey-Edelsbrunner [9] that a similar approach can be used to establish an O(n^{8/3}) upper bound on the number of halving planes in 3-space, which improved some earlier results of [6] and [4].

A graph drawn in the plane by possibly crossing straight-line segments is called a geometric graph. More precisely, a geometric graph G consists of a set of points V in general position in the plane and a set of segments E whose endpoints belong to V . As was demonstrated above, for a number of applications it was necessary to solve some extremal problems for geometric graphs. The systematic study of these problems was initiated by P. Erdős, Y. Kupitz [12], and M. Perles. (For a recent survey, see [17].)

It seems plausible that to extend the incidence results to higher dimensions, to improve the upper bound for the number of times the unit distance can occur among n points in 3-space, or to make further progress concerning the k-set problem, one has to find the right generalizations of Theorem 1.1 to systems of surfaces or surface patches in d-space. For simplicity, we will only discuss the case when these surface patches are flat (simplices).

Definition 1.1 A d-dimensional geometric r-hypergraph H^d_r is a pair (V, E), where V is a set of points in general position in ℜ^d, and E is a set of closed (r − 1)-dimensional simplices induced by some r-tuples of V . The sets V and E are called the vertex set and edge set of H^d_r , respectively.

Akiyama and Alon [3] proved the following theorem. Let V = V_1 ∪ . . . ∪ V_d (|V_1| = . . . = |V_d| = n) be a dn-element set in general position in ℜ^d, and let E consist of all (d − 1)-dimensional simplices having exactly one vertex in each V_i. Then E contains n disjoint simplices. Combining this with a result of Erdős [10], we obtain a non-trivial upper bound for the number of edges of a d-dimensional geometric d-hypergraph of n vertices that contains no k pairwise disjoint edges.

If we want to exclude crossings rather than disjoint edges, or want to generalize Theorem 1.1 to geometric hypergraphs, we face the following problem. Even if we restrict our attention to systems of triangles induced by 3-dimensional point sets in general position, it is not completely clear how a “crossing” should be defined, let alone the notion of “crossing number”. If two segments cross, they do not share an endpoint. Should this remain true for triangles? We have to clarify the terminology.

Definition 1.2 Two simplices are said to have a non-trivial intersection, if their relative interiors have a point in common. If, in addition, the two simplices are vertex disjoint, then they are said to cross.

More generally, k simplices are said to have a non-trivial intersection, if their relative interiors have a point in common. If, in addition, all simplices are vertex disjoint, then they are said to cross.

Consider k simplices. It is important to note that the fact that every pair of them has a non-trivial intersection does not imply that all of them do. To emphasize that this stronger condition is satisfied, we often say that the simplices have a non-trivial intersection in the strong sense, or simply that they strongly intersect. Similarly, a set of pairwise crossing simplices is not necessarily crossing. If want to emphasize that they all cross, we will say that they cross in the strong sense, or shortly that they strongly cross.

As we pick more and more distinct (r − 1)-dimensional simplices induced by a set of n points in ℜ^d, the number of crossings between them will usually increase. The aim of this paper is to generalize the planar results to obtain some information about the growth rate of this process. In the inverse formulation, one can ask for the maximum number of edges that a d-dimensional geometric r-hypergraph H^d_r of n vertices can have without containing some fixed crossing pattern. Throughout this paper, let f^d_r (F, n) denote this maximum, where F is the family of forbidden configurations, i.e., forbidden geometric subhypergraphs. Most of our bounds will be asymptotic: d and r are thought to be fixed, while n tends to infinity.

In the next two sections, we estimate f^d_r (F, n) for various families F. In Section 4, we generalize Theorem 1.1. Finally, we discuss some related questions and give a few applications of our results.

2 Full Dimensional Simplices

Let I^r_k (resp. SI^r_k) denote the class of all geometric hypergraphs consisting of k (r − 1)-dimensional simplices, any two of which have a non-trivial intersection (resp. all of which are strongly intersecting). Similarly, let C^r_k (resp. SC^r_k) denote the class of all geometric hypergraphs consisting of k pairwise crossing (resp. strongly crossing) (r − 1)-simplices.

Theorem 2.1 For any fixed k > 1, one can select at most O(n^{⌈d/2⌉}) d-dimensional simplices induced by n points in d-space with the property that no k of them share a common interior point. This bound cannot be improved. That is,

f^d_{d+1}(I^{d+1}_k , n) = Θ(n^{⌈d/2⌉}), f^d_{d+1}(SI^{d+1}_k , n) = Θ(n^{⌈d/2⌉}).

Proof. Clearly, we have

Ω(n^{⌈d/2⌉}) ≤ f^d_{d+1}(I^{d+1}_k , n) ≤ f^d_{d+1}(SI^{d+1}_k , n), where the first inequality follows from the fact that there are triangulations of size Ω(n^{⌈d/2⌉}) with n vertices in ℜ^d. Consider e.g. the vertical projection of the lower part of any cyclic polytope of n vertices in ℜ^{d+1}.

To see that f^d_{d+1}(SI^{d+1}_k , n) ≤ O(n^{⌈d/2⌉}), we set up a charging scheme. Let us regard ℜ^{d−1} as the coordinate hyperplane in ℜ^d spanned by the first d − 1 axes, and let X_d denote the last coordinate axis . Suppose that X_d is vertical. Fix a geometric hypergraph H^d_{d+1} = (V, E) which has no k edges with a common interior point and whose n vertices are in general position. For any ℓ-dimensional simplex Δ induced by V , where ℓ ≤ ⌊(d − 1)/2⌋, let E_Δ ⊆ E denote the set of all edges of H^d_{d+1} that contain Δ on their boundaries. It follows from the condition on H^d_{d+1} that the infinite vertical cylinder Δ + X_d based on Δ intersects the interior of at most 2(k − 1) elements of E_Δ. Let us charge Δ one unit for each of these edges. Since the total number of ℓ-simplices with ℓ ≤ ⌊(d − 1)/2⌋ is at most ⌈d/2⌉n^{⌈d/2⌉} , it remains to show that every edge e ∈ E has been charged for. Indeed, by Radon’s theorem [23], the vertex set of the orthogonal projection of e into ℜ^{d−1} can be partitioned into two parts, S_1 and S_2, such that their convex hulls cross each other and |S_1| + |S_2| = d + 1. Suppose without loss of generality that |S_1| ≤ ⌊(d + 1)/2⌋. Then the convex hull of S_1 is an ℓ-dimensional simplex Δ_1 for some ℓ ≤ ⌊(d − 1)/2⌋, and we had to charge Δ_1 for e.

Theorem 2.2 Let E be any set of d-dimensional simplices induced by an nelement point set V ⊆ ℜ^d. If E has no two crossing elements, then |E| = O(n^d), and this bound is asymptotically tight. In notation,

f^d_{d+1}(C^{d+1}_2 , n) = Θ(n^d).

Proof. To prove the lower bound, consider a geometric hypergraph consisting of all d-dimensional simplices induced by V that contain a given vertex v ∈ V .

Next we establish the upper bound. If E has no two simplices having a nontrivial intersection, then |E| ≤ O(n^{⌈d/2⌉}), by the previous theorem. Otherwise, choose two d-simplices Δ_1, Δ_2 ∈ E whose intersection is non-trivial. It is easy to show (see e.g. [8], [9]) that there exist an ℓ_1-face Δ^′_1 of Δ_1 and an ℓ_2-face Δ^′_2 of Δ_2 with ℓ_1 + ℓ_2 = d such that Δ^′_1 and Δ^′_2 are crossing.

Assume first that there is an edge e ∈ E which is vertex disjoint from Δ^′_1 and contains Δ^′_2 as a face. Then every edge f ∈ E that contains Δ^′_1 as a face must share at least one vertex with e. The number of such simplices f is at most (d + 1) (_n d−ℓ_1−1 ) . Let us remove all of them from E.

In the second case, every edge e ∈ E that contains Δ^′_2 as a face shares a vertex with Δ^′_1. Obviously, the number of such simplices e is at most (ℓ_1 + 1) (_n d−ℓ_2−1 ) . Remove all of them from E.

We continue this procedure until there remain no non-trivial intersections in E. At this point, E has at most O(n^{⌈d/2⌉}) elements, and the total number of simplices that have been removed is at most ( n ℓ_1 + 1 ) (d + 1) ( n d − ℓ_1 − 1 ) + ( n ℓ_2 + 1 ) (ℓ_1 + 1) ( n d − ℓ_2 − 1 ) = O(n^d).

3 (d − 1)-simplices in d-space

Theorem 3.1 Let E be a family of (d − 1)-dimensional simplices induced by an n-element point set V ⊆ ℜ^d such that E has no k members with pairwise nontrivial intersections (d, k > 1). Then, for k = 2 and 3, we have |E| = O(n^{d−1}). Otherwise, |E| = O(n^{d−1} log^{2k−6} n). In notation,

f^d_d (I^d_k , n) = { O(n^{d−1}) if k = 2, 3; O(n^{d−1} log^{2k−6} n) otherwise.

This result is asymptotically tight if d, k ≤ 3.

Proof. For d = 2, the assertion is true, by the results of [19] and [2]. Assume that d ≥ 3. For any (d − 3)-simplex Δ induced by V , let E_Δ denote the family of all members of E that contain Δ as a face. Pick any point p_Δ in the relative interior of Δ, and let F_Δ denote the 3-dimensional flat orthogonal to Δ and passing through p_Δ.

Every e ∈ E_Δ meets F_Δ in a polygon, whose two sides incident to p_Δ are the intersections of F_Δ with the two (d − 2)-faces of e containing Δ. Thus, the total number of sides incident to p_Δ that occur in some e ∩ F_Δ (e ∈ E_Δ) is at most n − d + 2 < n. Take a small 2-dimensional sphere S^2 ⊆ F_Δ centered at p_Δ. The intersections of S^2 with the elements of E_Δ form the edge set of a graph with at most n vertices. It follows from the properties of E that this graph has no k pairwise crossing edges, so, by the planar results, its number of edges, |E_Δ|, satisfies

|E_Δ| = { O(n) if k = 2, 3; O(n log^{2k−6} n) otherwise.

Summing over all (d−3)-simplices Δ induced by V , we obtain (_d 2 ) |E| = ∑ Δ |E_Δ|, and hence the upper bound.

To show that the result is tight for d = 3, k = 2, consider a nested sequence of n/2 pyramids based on the same 2-dimensional convex n/2-gon. These pyramids have a total of n^2/4 triangular faces, no two of which have a non-trivial intersection.

It is an outstanding open problem to decide whether the order of magnitude of the above bound can be improved e.g. for d = 4, k = 2. However, modifying the procedure described in the proof Theorem 2.2, one can show that the following related result is asymptotically tight. The details are left to the reader.

Theorem 3.2 Let E be a family of (d − 1)-dimensional simplices induced by an n-element point set V ⊆ ℜ^d. If E has no two crossing members, then |E| = O(n^{d−1}), and this bound cannot be improved. In notation,

f^d_d (C^d_2 , n) = Θ(n^{d−1}).

The results in the next section enable us to establish the following generalization of Theorem 3.2.

Theorem 3.3 Let E be a family of (d − 1)-dimensional simplices induced by an n-element point set V ⊆ ℜ^d, where d, k > 1. If E has no k pairwise crossing members, then |E| = O(n^{d−(1/d)k−2} ). In notation, f^d_d (C^d_k , n) = O(n^{d−(1/d)k−2} ). 4 k-tuples of Strongly Crossing Simplices

Given any d-dimensional geometric r-hypergraph H^d_r = (V, E) with n vertices, let x_k(H^d_r ) denote the number of strongly crossing k-tuples of edges. Using our notations, |E| > f^d_r (SC^r_k, n) obviously implies that x_k(H^d_r ) > 0. Define x^d_{k,r}(n, e) = min_{Hdr} x_k(H^d_r ), where the minimum is taken over all H^d_r = (V, E) with |V | = n vertices and |E| = e edges (simplices).

The following theorem provides us with a recipe how to give a lower bound on the number of crossing k-tuples of edges, if we know how many edges are necessary to guarantee the existence of one such k-tuple. This result generalizes Theorem 1.1. (See also [8, 9, 16, 21], for related problems and results.)

Theorem 4.1 Assume that f^d_r (SC^r_k, n) < c_1 (_n r ) /n^δ and e ≥ (c_1 + 1) (_n r ) /n^δ for suitable constants c_1 and 0 ≤ δ ≤ 1. Then there exists c_2 > 0 such that x^d_{k,r}(n, e) > c_2 ( n kr ) e^γ / ( n r )_γ , where γ = 1 +^{(k−1)r}_δ .

Proof. By induction on n. Let H = H^d_r = (V, E) be a d-dimensional geometric r-hypergraph with n vertices and e edges. Suppose further that H has the smallest possible number of crossing k-tuples, i.e., x_k(H) = x^d_{k,r}(n, e) = x(n, e). We can also assume that n > kr, for otherwise the assertion is trivial.

First we consider the range (c_1 + 1) (_n r ) /n^δ ≤ e ≤ (c_1 + r + 1) (_n r ) /n^δ. It follows from the assumptions that if H has more than c_1 (_n r ) /n^δ edges, then any additional edge will participate in a new k-tuple of strongly crossing edges. Hence, the number of crossing k-tuples is at least e − c_1 (_n r ) n^δ ≥ (_n r ) n^δ > c ( n kr ) e^γ (_n r )_γ , as long as c is sufficiently small.

Next we assume that e > (c_1 + r + 1) (_n r ) /n^δ. For any point p ∈ V , let H_p denote the geometric hypergraph obtained from H by removing p together with all edges ((r − 1)-simplices) that contain p as a vertex. The number of edges of H_p is denoted by e_p. If we sum over all p the number of crossing k-tuples of edges in H_p, then every crossing k-tuple of H will be counted exactly n − kr times. Therefore, (n − kr) · x(n, e) = (n − kr) · x_k(H) = ∑ p∈V x_k(H_p) ≥ ∑ p∈V x(n − 1, e_p).

Note that (_{n−1} r−1 ) ≤ r (_n r ) /n^δ, because δ ≤ 1. Since p can be a vertex of at most (_{n−1} r−1 ) edges of H, we have

e_p > (c_1 + r + 1) (_n r ) n^δ − ( n − 1 r − 1 ) ≥ (c_1 + 1) (_n r ) n^δ ≥ (c_1 + 1) (_{n−1} r ) (n − 1)^δ . Thus, we can apply the induction hypothesis to every H_p to obtain (n − kr) · x(n, e) > c (_{n−1} kr ) (_{n−1} r )_γ ∑ p∈V e^γ_p .

Obviously, ∑ p∈V e_p = (n − r)e. Using the fact that γ > 1, by Jensen’s inequality we have ∑ p∈V e^γ_p ≥ n(^{(n−r)e}_n )^γ . This finally yields x^d_{k,r}(n, e) = x(n, e) > c · n (_{n−1} kr ) n − kr · (^{n−r}_n )^γ (_{n−1} r )_γ · e^γ = c ( n kr ) e^γ (_n r )_γ .

Now we are ready to apply the last – somewhat technical – result.

Theorem 4.2 Let x^d_{2,d}(n, e) denote the minimum number of crossing pairs in any e-element set of (d − 1)-simplices induced by n points in ℜ^d in general position. Then, for every n and e ≥ cn^{d−1}, we have

c_1 e^{d+1} n^{d(d−1)} < x^d_{2,d}(n, e) < c_2 e^{2+1/⌊d/2⌋} n^{d/⌊d/2⌋} .

Proof. By Theorem 3.2, we can apply Theorem 4.1 with k = 2, r = d, and δ = 1, and the lower bound immediately follows.

To prove the upper bound, we exhibit a geometric hypergraph H^d_d = (V, E) with n vertices and e edges, in which every ⌊d/2⌋-dimensional face of every edge Δ ∈ E crosses at most c^′ · e^{1+1/⌊d/2⌋}/n^{d/⌊d/2⌋} other elements of E. This is indeed sufficient, because there are only O(e) such faces, and if Δ_1, Δ_2 ∈ E cross, then one of them will always be crossed by a ⌊d/2⌋-dimensional face of the other.

Consider two points p and p^′ of the d-dimensional moment curve M(t) = (t, t^2, . . . , t^d), t ∈ ℜ. We say that p precedes p^′ (in notation, p ≺ p^′) if p = M(t), p^′ = M(t^′) for some t < t^′. The following elementary properties can be easily deduced from the fact that every hyperplane intersects the moment curve in at most d points. To simplify the presentation, let u = ⌊d/2⌋ and v = ⌈d/2⌉.

Claim 1 Let p_1 ≺ p_2 ≺ ... ≺ p_{u+1} and q_1 ≺ q_2 ≺ ... ≺ q_{v+1} be distinct points on the moment curve, which form a u-simplex σ and a v-simplex τ, respectively. Then σ and τ cross each other if and only if the points p_i and q_j interleave, i.e., every interval q_jq_{j+1} contains exactly one p_i.

Claim 2 Let σ and Δ be a u-dimensional simplex and a (d − 1)-dimensional simplex, respectively, all of whose vertices are on the moment curve. If σ and Δ are crossing, then σ must also cross some v-dimensional face of Δ.

We only prove the second claim. Color the vertices of σ and Δ by red and blue, respectively. If σ does not cross any v-face of Δ, then by Claim 1 there is no sequence of length d + 2 with alternating colors. Thus, the set of all vertices can be partitioned into at most d + 1 monochromatic intervals. This implies that the red and blue points (and their convex hulls) can be separated by a hyperplane passing through any d points of the moment curve separating the monochromatic intervals. This proves Claim 2. (Note that the statement does not remain true if we drop the assumption that all vertices of the simplices are taken from the moment curve.)

Let us define a geometric hypergraph H^d_d on the vertex set V = {p_i = M(i) | 1 ≤ i ≤ n}, as follows. Choose d points p_{i1} ≺ p_{i2} ≺ . . . ≺ p_{id} from V such that the first v points p_{i1} ≺ p_{i2} ≺ . . . ≺ p_{iv} are selected arbitrarily, and all other gaps i_{v+1} − i_v , i_{v+2} − i_{v+1}, . . . , i_d − i_{d−1} ≤ k. Set k = Θ(e^{1/u}/n^{v/u}), so that the total number of such sequences is roughly e = Θ(n^vk^u). Let E, the edge set of H^d_d , be defined as the collection of all (d − 1)-simplices induced by these sequences.

We have to show that any u-face σ = p_{l1} p_{l2} ...p_{lu+1} (l_1 < l_2 < ... < l_{u+1}) of any edge of H^d_d crosses at most O(e^{1+1/u}/n^{d/u}) other edges Δ ∈ E. By Claim 2, such an edge Δ must have a v-face τ = p_{m1} p_{m2} ...p_{mv+1} (m_1 < m_2 < ... < m_{v+1}) which is crossed by σ. By Claim 1, the l’s and m’s must interleave. It follows from the way how Δ was created that at least one of the gaps between two consecutive m’s is at most k. Consequently, any Δ ∈ E that crosses σ must have two consecutive vertices whose distance is at most k and the interval determined by them contains a vertex of σ. This immediately implies that for each vertex p_l ∈ σ, there are at most n^{v−1}k^{u+1} edges that intersect σ and contain p_l in one of their intervals of size at most k. Since σ has only u+1 vertices, we obtain that the number of edges of H^d_d crossing σ cannot exceed O(n^{v−1}k^{u+1}) = O(ke/n) = O(e^{1+1/u}/n^{d/u}), as desired.

Note that the upper bound in Theorem 4.2 beats the bound c_2(e^{2d−1}/n^d)^{1/(d−1)} obtained by taking n/ν disjoint copies of the complete d-uniform hypergraph on (roughly) ν vertices, where ν = (e/n)^{1/(d−1)} . Actually, the two bounds are of the same order of magnitude when the hypergraph is dense, i.e., e = Ω(n^d).

Now we are in a position to establish Theorem 3.3 by induction on k. According to Theorem 3.2, the statement is true for k = 2. It follows from Theorem 4.2 that if H^d_d has n vertices and e > cn^{d−1} edges, then it has an edge Δ crossing at least c_1e^d/n^{d(d−1)} other edges. We may assume that there are no k − 1 pairwise crossing elements among the edges that cross Δ, for otherwise H^d_d would contain k pairwise crossing edges. Therefore, we can use the induction hypothesis for k −1 to conclude that c_1e^d/n^{d(d−1)} = O(n^{d−(1/d)k−3} ), whence e = O(n^{d−(1/d)k−2} ).

5 Related Problems

Lower dimensional simplices. So far, most of our results concerned fulldimensional simplices or (d − 1)-simplices in ℜ^d. Now we apply a theorem of Vrećica and Živaljevic̀ [28] to deduce a result on geometric hypergraphs with lower dimensional edges.

Consider a complete r-partite geometric hypergraph K^d_r , whose vertex set is the union of r disjoint sets V_1, V_2, . . . , V_r of size ℓ each, and whose edge set consists of all (r − 1)-dimensional simplices that have a vertex in each V_i. Generalizing a result of [29], Vrećica and Živaljević [28] have shown that if ℓ ≥ 2p − 1 for some prime p ≤^d_{d−r+1} , then K^d_r contains p strongly crossing edges. Note that for r < ⌈^d_2 ⌉ + 1, we have p ≤ 1, which is impossible.

Proposition 5.1 Let f^d_r (SC^r_k, n) denote the maximum number of edges that a d-dimensional geometric r-hypergraph of n vertices can have without containing k strongly crossing edges. Suppose that there is a prime p such that k ≤ p ≤ d/(d − r + 1). Then Ω(n^{r−1}) ≤ f^d_r (SC^r_k, n) ≤ O(n^{r−δ}), where δ = 1/(2p − 1)^{r−1}.

Proof. By the above mentioned result, if H^d_r does not have k strongly crossing edges, then it cannot contain a complete r-partite subhypergraph with more than 2p − 1 vertices in each of its classes. A result of Erdős [10] now implies that |E| < n^{r−1/(2p−1)r−1} . The lower bound follows by taking an r-hypergraph consisting of all (_{n−1} r−1 ) simplices containing a fixed vertex.

We conjecture that the lower bound in Proposition 5.1 is asymptotically tight.

Crossing many simplices by a flat. In [16], we posed the following question. What is the largest number g = g^d_{k,r}(n, e) such that for any d-dimensional geometric r-hypergraph with n vertices and e edges, one can find a k-flat crossing at least g edges.

Applying the results of the previous sections, one can obtain the following two bounds.

Proposition 5.2 g^d_{k,d}(n, e) = Ω(e^d/n^{d(d−1)}) for k ≥ ⌊d/2⌋.

Proof. Let H^d_d be a d-dimensional geometric d-hypergraph with n vertices and e > cn^{d−1} edges. By Theorem 4.2, x^d_{2,d}(n, e) > c_1 · e^{d+1}/n^{d(d−1)}. Let {σ_1, σ_2} be a crossing pair of edges in H^d_d . Then either σ_1 or σ_2 has a ⌊d/2⌋-face σ that crosses the other edge [8]. Therefore, at least one edge of H^d_d has a ⌊d/2⌋-face crossing at least x^d_{2,d}(n, e)/( (_d ⌊d/2⌋ ) e) = Ω(e^d/n^{d(d−1)}) other edges.

Proposition 5.3 g^d_{k,r}(n, e) = Ω(e^{3(r−1)r}/n^{r(3(r−1)r−1)}) for ⌊d/2⌋ ≤ k ≤ r, ⌈d/2⌉+ 1 ≤ r. Proof. By Proposition 5.1, f^d_r (C^r_2 , n) = O(n^{r−δ}) holds with δ = (1/3)^{r−1}. Plugging this into Theorem 4.1, we obtain x^d_{2,r}(n, e) > c (_n 2r ) e^γ / (_n r )_γ , where γ = 1 + 3^{r−1}r. Just like in the proof of the previous proposition, we can argue that there exists a ⌊d/2⌋-simplex that crosses at least Ω(x^d_{2,r}(n, e)/e) simplices.

Ramsey-type questions. Let us color with two colors all (r − 1)-dimensional simplices induced by n points in general position in ℜ^d. Is it true that one of the color classes necessarily contains certain special subconfigurations, provided that n is large enough? If the answer is in the affirmative, then we can ask for the smallest n for which this will occur. A variety of questions of this type are discussed in [11], in the planar case. Some of the results can be generalized to higher dimensions.

Theorem 5.1 Let us color with two colors all (d − 1)-dimensional simplices induced by (d + 1)n − 1 points in general position in ℜ^d. Then one can always find n disjoint simplices of the same color. This result cannot be improved.

Proof. Let P be a set of (d + 1)n − 1 points in general position in ℜ^d, and fix a 2-coloring of all (d − 1)-simplices induced by P . An i-element subset of P is called an i-set if it can be obtained by intersecting P with an open half-space. It is easy to see that any two i-sets Q and Q^′ can be connected by a chain of i-sets, Q = Q_0, Q_1, Q_2, . . . , Q_s = Q^′, whose any two consecutive members have symmetric difference 2. Indeed, let H and H^′ be two oriented hyperplanes, each passing through precisely one point p resp. p^′ ∈ P , such that the intersection of P with the open positive half-spaces determined by them is Q and Q^′, respectively. We can assume without loss of generality that H ∩ H^′ is a (d − 2)-flat F and that every (d − 2)-flat parallel to F contains at most one point of P . Rotate H in the clockwise direction around the (d − 2)-flat through p parallel to F until it hits another point q ∈ P , and then continue the rotation around the (d − 2)-flat through q parallel to F , etc. During this procedure, whenever H passes through precisely one point of P , the points lying on its positive side form a new i-set Q_k.

Assume that we have already established the theorem for every integer smaller than n, and that n is even. Consider a oriented hyperplane H passing through precisely one point of P and dividing the remaining points into two equal halves Q and Q^′, where Q lies in the positive half-space bounded by H. By the induction hypothesis, one can find n/2 pairwise disjoint monochromatic (d − 1)-simplices both in Q and in Q^′. If they are of the same color, we are done. So we can assume that they are of different colors, say red and blue. Connect Q and Q^′ by a chain of (d + 1)n/2 − 1-sets, as described above, and let H = H_0, H_1, H_2, . . . , H_s = −H denote some corresponding positions of the rotating (oriented) hyperplane. Then we can find a t such that Q_t has n/2 disjoint red simplices but Q_{t+1} does not, i.e., it has n/2 disjoint blue simplices. Notice that now the ((d + 1)n/2 − 1)-sets lying in the negative half-spaces bounded by H_t and H_{t+1} must be identical. This set also contains a family of n/2 disjoint monochromatic simplices, which can be augmented either by the red simplices of Q_t or by the blue simplices of Q_{t+1} to a family of n disjoint simplices of the same color. The case when n is odd is somewhat more complicated, but it can be treated by a slight modification of the planar proof in [11]. Note, however, that the above argument already shows that the theorem is true for every n that is a power of 2.

To show that the result is best possible, let P = P_1 ∪ P_2, where |P_1| = dn − 1 and |P_2| = n − 1. Color all (d − 1)-simplices in P_1 red and all other (d − 1)- simplices in P blue. Obviously, there are no n pairwise disjoint monochromatic simplices.

Acknowledgement. We are grateful to Herbert Edelsbrunner, whose ideas and valuable suggestions are reflected in several parts of this paper. We also thank Imre Bárány for pointing out that the second part of Theorem 2.1 follows from the results in [5].

References

[1] M. Ajtai, V. Chvátal, M. M. Newborn, and E. Szemerédi. Crossing-free subgraphs.

Ann. Discrete Math. 12 (1982), 9–12.

[2] P. K. Agarwal, B. Aronov, J. Pach, R. Pollack, and M. Sharir. Quasi-planar graphs have a linear number of edges. In: Graph Drawing ’95, Lecture Notes in Com-

Extremal Problems for Geometric Hypergraphs 13

puter Science 1027, Springer-Verlag, Berlin, 1996, 1–7. Also in: Combinatorica (to appear).

[3] J. Akiyama and N. Alon. Disjoint simplices and geometric hypergraphs. Combinatorial Mathematics (G. S. Bloom et al., eds.), Annals of the New York Academy of Sciences 555 (1989), 1–3.

[4] B. Aronov, B. Chazelle, H. Edelsbrunner, L. Guibas, M. Sharir, and R. Wenger.

Points and triangles in the plane and halving planes in space. Discrete and Computational Geometry 6 (1991), 435–442.

[5] I. Bárány and Z. Füredi. Empty simplices in Euclidean space. Canadian Mathematical Bulletin 30 (1987), 436–445.

[6] I. Bárány, Z. Füredi, and L. Lovász. On the number of halving planes. Combinatorica 10 (1990), 175–183.

[7] K. Clarkson, H. Edelsbrunner, L. Guibas, M. Sharir, and E. Welzl. Combinatorial complexity bounds for arrangements of curves and spheres. Discrete Comput. Geom. 5 (1990), 99–160.

[8] T. K. Dey. On counting triangulations in d dimensions. Computational Geometry:

Theory and Applications. 3 (1993), 315–325.

[9] T. K. Dey and H. Edelsbrunner. Counting triangle crossings and halving planes.

9th Sympos. Comput. Geom. (1993), 270–273. Also: Discrete and Computational Geometry 12 (1994), 281–289.

[10] P. Erdős. On extremal problems on graphs and generalized graphs. Israel J. Math.

2 (1964), 183–190.

[11] G. Károlyi, J. Pach, and G. Tóth. Ramsey-type results for geometric graphs. 12th Sympos. Comput. Geom. (1996). Also in: Discrete and Computational Geometry (to appear).

[12] Y. Kupitz. Extremal Problems in Combinatorial Geometry, Aarhus University Lecture Notes Series 53, Aarhus University, Denmark, 1979.

[13] F. T. Leighton. Complexity Issues in VLSI, Foundations of Computing Series, MIT Press, Cambridge, Mass., 1983.

[14] R. Lipton and R. Tarjan. A separator theorem for planar graphs. SIAM J. Applied Mathematics 36 (1979), 177–189.

[15] L. Lovász. On the number of halving lines. Annales Universitatis Scientarium Budapest, Eötvös, Sectio Mathematica 14 (1971), 107–108.

[16] J. Pach. Notes on geometric graph theory. DIMACS Ser. Discr. Math. and Theoret.

Comput. Sc. 6 (1991), 273–285.

[17] J. Pach and P. K. Agarwal. Combinatorial Geometry, Wiley, New York, 1995.

[18] J. Pach and M. Sharir. On the number of incidences between points and curves, Combinatorics, Probability and Computing (to appear).

Extremal Problems for Geometric Hypergraphs 14

[19] J. Pach, F. Shahrokhi, and M. Szegedy. Applications of crossing numbers. 10th ACM Sympos. Comput. Geom. (1994), 198–202.

[20] J. Pach, W. Steiger, and M. Szemerédi. An upper bound on the number of planar k-sets. Discrete and Computational Geometry 7 (1992), 109–123.

[21] J. Pach and J. Törőcsik. Some geometric applications of Dilworth’s theorem. 9th Sympos. Comput. Geom. (1993), 264–269. Also in: Discrete and Computational Geometry 12 (1994), 1–7.

[22] J. Pach and G. Tóth. Graphs drawn with few crossings per edge. In: Graph Drawing ’96, Lecture Notes in Computer Science, Springer-Verlag, Berlin, 1997 (to appear).

[23] J. Radon. Mengen konvexer Körper, die einen gemeinsamen Punkt enthalten. Math.

Ann. 83 (1921), 113–115.

[24] L. A. Székely, Crossing numbers and hard Erdős problems in discrete geometry.

Combinatorics, Probability and Computing (to appear).

[25] E. Szemerédi and W. T. Trotter. Extremal problems in discrete geometry. Combinatorica 3 (1983), 381–392.

[26] E. Szemerédi and W. T. Trotter. A combinatorial distinction between the Euclidean and projective planes. European J. Combinatorics 4 (1983), 385–394.

[27] R. Tamassia and I. Tollis (eds.). Graph Drawing, Lecture Notes in Computer Science 894, Springer-Verlag, Berlin, 1995.

[28] S. Vrećica and R. Živaljević. New cases of the colored Tverberg’s theorem. In:

Jerusalem Combinatorics ’93, Contemp. Math. 178, Amer. Math. Soc., Providence, 1994, 325–334.

[29] R. Živaljević and S. Vrećica. The colored Tverberg’s problem and complexes of injective functions. J. Combin. Theory Ser. A 61 (1992), 309–318.