A RAMSEY-TYPE THEOREM FOR BIPARTITE GRAPHS

Paul Erdős András Hajnal^∗ János Pach^†

Rényi Institute of the Hungarian Academy of Sciences H-1364 Budapest, Pf. 127 {hajnal,pach}@renyi.hu

Abstract

Let H be a fixed graph with k vertices. It is proved that every graph G with n vertices, which does not contain an induced subgraph isomorphic to H, has two disjoint sets of vertices, V_1, V_2 ∈ V (G), such that |V_1|, |V_2| ≥ ⌊(n/k)^{1/(k−1)}⌋ and either all edges between V_1 and V_2 belong to G or none of them does. Some related geometric questions are also discussed.

1 Introduction

According to Ramsey’s theorem [ES35], every graph G with n vertices has either a complete or an empty subgraph with at least^1_2 log_2 n vertices. Erdős and Hajnal [EH89] showed that a much stronger statement is true if we assume that G is H-free, i.e., it contains no induced subgraph isomorphic to a fixed graph H. In this case, one can guarantee the existence of a complete or an empty subgraph with e^{c√log n} vertices, where c = c(H) > 0 is a constant. They raised the possibility that this bound can be further improved to n^c. For some partial results is direction, see [G97], [APS99].

Although there is no strong evidence supporting the last conjecture, it is not hard to verify the following weaker statement.

∗Supported by NSF grant DMS-97-04477 †Supported by NSF grant CCR-97-32101 and PSC-CUNY Research Award 61392-0030.

Theorem 1. Let H be a fixed graph with k vertices.

Any H-free graph with n vertices or its complement has a complete bipartite subgraph with ⌊(n/k)^{1/(k−1)}⌋ vertices in its classes.

The proof of Theorem 1 is presented in Section 2. Essentially the same argument yields

Theorem 2. Let H be a bipartite graph with vertex classes U_1 and U_2, |U_1| = k ≤ |U_2| = l, and let n > l^{k+1}.

Then in any bipartite graph G with vertex classes V_1 and V_2, |V_1| = |V_2| = n, which contains no two subsets U^′_1 ⊆ V_1, U^′_2 ⊆ V_2 that induce an isomorphic copy of H, there exist V^′_1 ⊆ V_1, V^′_2 ⊆ V_2, |V^′_1 | = |V^′_2 | = ⌊(n/l)^{1/k}⌋ such that either all edges between V^′_1 and V^′_2 belong to G or none of them does.

Given two tournaments, S and T , we say that T is S-free if S is not a subtournament of T .

Theorem 3. Let S be a fixed tournament with k vertices.

Any S-free tournament T with n vertices has two disjoint ⌊(n/k)^{1/(k−1)}⌋- element subsets, V_1, V_2 ⊆ V (T ), such that every edge running between them is oriented towards its endpoint in V_2.

In Section 3, we discuss some related geometric problems.

2 Proof of Theorem 1

We prove a slightly stronger statement.

Theorem 2.1 Let H be a graph with vertex set V (G) = {v_1, v_2, . . . , v_k}, and let G be a k-partite graph with t^{k−1}-element vertex classes, V_1, V_2, . . . , V_k, for some t, k ≥ 2. Suppose that no two different classes, V_i and V_j, contain two t-element subsets such that either all edges between them belong to G or none of them does.

Then G has an induced subgraph isomorphic to H, whose vertex corresponding to v_i is in V_i, for every i = 1, 2, . . . , k.

Note that it is sufficient to prove Theorem 2.1 in the special case when H is a complete graph. Otherwise, for every i ≠ j with v_iv_j ∉ E(H), replace in G the bipartite graph between V_i and V_j by its complement.

Thus, Theorem 2.1 follows by repeated application of the following

Lemma 2.2 Let G be a k-partite graph with vertex classes, V_1, V_2, . . . , V_k of the same size, t^{k−1} (t, k ≥ 2). Suppose that no two different classes, V_i and V_j , contain two t-element subsets such that none of the edges between them belong to G.

Then there is a vertex v_1 ∈ V_1 which has at least t^{k−2} neighbors in each V_i, i > 1.

Proof: Suppose, to obtain a contradiction, that for every v ∈ V_1 there exists i(v), 1 < i(v) ≤ k, such that v has at most t^{k−2} − 1 neighbors in V_{i(v)}. Since t^{k−1}/(k − 1) ≥ t, we can find an index i > 1 and a t-element subset V^′_1 ⊆ V_1 such that i(v) = i for all v ∈ V^′_1 .

Let V^′_i denote the set of all vertices in V_i not connected to any element in V^′_1 . Clearly, we have

|V^′_i | ≥ |V_i| − t(t^{k−2} − 1) = t.

Thus, V^′_1 and V^′_i induce an empty subgraph in G, contradicting our assumption. □

Let v_1 ∈ V_1 satisfy the conditions in Lemma 2.2. For every i > 1, choose a t^{k−2}-element subset V^∗_i ⊆ V_i, all of whose vertices are connected to v_1. Applying Lemma 2.2 to the (k − 1)-partite subgraph of G induced by V^∗_2 ∪ V^∗_3 ∪ . . . ∪ V^∗_k , we find a point v_2 ∈ V^∗_2 with at least t^{k−3} neighbors in each V^∗_i , i > 2, etc. The resulting sequence of vertices, v_1, v_2, . . . , v_k, induces a complete subgraph in G. This completes the proof of Theorem 2.1 in the special case when H is a complete graph.

3 Geometric consequences and problems

Given a family F of arcwise connected sets in the plane, define its intersection graph G(F) as a graph whose vertex set is F and in which two vertices are connected by an edge if and only if the corresponding sets have a nonempty intersection.

It is well known and easy to see [EET76], [PS00] that, as k tends to infinity, almost all graphs with k vertices cannot be obtained as (an induced subgraph of) the intersection graph of a family F of arcwise connected sets in the plane. Therefore, Theorem 1 immediately implies

Corollary 3.1. There exists a constant ε > 0 such that every family F of arcwise connected sets in the plane has two subfamilies F_1, F_2 ⊆ F with at least n^ε members such that either every member of F_1 intersects all members of F_2 or no member of F_1 intersects any member of F_2.

Note that in the special case when F consists of straight-line segments, the expression n^ε in the last statement can be replaced by εn (see [PS00]).

Fix an orthogonal (x, y, z) coordinate system in 3-space. A straight line is called vertical if it is parallel to the z-axis. Given two non-vertical skew lines, whose projections to the (x, y)-plane are not parallel, we can determine which one passes above the other. A family of pairwise skew, nonvertical lines is said to be in general position if among their projections to the (x, y)-plane no two are parallel.

Problem 3.2. Does there exist a positive constant ε such that every family L of n straight lines in general position in 3-space has k ≥ n^ε members, l_1, l_2, . . . , l_k, such that l_i passes above l_j for all i < j?

Theorem 3 implies a somewhat weaker result.

Corollary 3.3. There exists a positive constant ε such that every family L of n straight lines in general position in 3-space has two subfamilies L_1, L_2 ⊆ L with at least n^ε members such that every member of L_1 passes above all members of L_2.

Proof (sketch): Letting L = {l_1, l_2, . . . , l_n}, construct a tournament T on the vertex set L by drawing a directed edge from l_i to l_j if and only if l_i passes above l_j. It follows from a theorem of Erdős and Szekeres [ES35], [HM94] that there exists a function f(k) tending to infinity such that any set of k lines in general position in the plane has an f(k)-element subset forming a convex chain (i.e., bounding an infinite convex polygon).

It is shown in [PPW93] that there exists no weaving pattern of 5 lines. That is, if e.g. the projections of l_1, l_2, . . . , l_5 to the (x, y)-plane form a convex chain in this order, then they cannot induce an ordered tournament S_1 corresponding to the situation where each line passes alternately above and below the other 4 lines. Now we can apply a result of [APS99] to find another tournament, S_2, with the property that no matter how we order its vertices, it always has an ordered subtournament isomorphic to S_1. Finally, using a probabilistic argument, we can construct a tournament S with the property that every f(|V (S)|)-element subtournament of S contains a subsubtournament isomorphic to S_2.

It follows from the definitions that T is S-free. Therefore, we can apply Theorem 3 to finish the proof. □

Problem 3.4. Does Corollary 3.3 remain true if we replace n^ε by εn?

References

[APS99] N. Alon, J. Pach, and J. Solymosi: Ramsey-type theorems with forbidden subgraphs, Combinatorica, to appear.

[EET76] G. Ehrlich, S. Even, and R. E. Tarjan: Intersection graphs of curves in the plane, J. Combinatorial Theory, Ser. B 21 (1976), 8–20.

[EH89] P. Erdős and A. Hajnal: Ramsey-type theorems, Discrete Appl. Math. 25 (1989), 37–52.

[ES35] P. Erdős and G. Szekeres: A combinatorial problem in geometry, Compositio Mathematica 2 (1935), 463–470.

[G97] A. Gyárfás: Reflections on a problem of Erdős and Hajnal, in: The Mathematics of Paul Erdős (R. L. Graham and J. Nešetřil, eds.), Algorithms and Combinatorics 14, Volume II, Springer-Verlag, Heidelberg, 1997, 93–98.

[HM94] H. Harborth and M. Moeller: The Esther-Klein-problem in the projective plane, J. Comb. Math. Comb. Comput. 15 (1994), 171–180.

[PPW93] J. Pach, R. Pollack, and E. Welzl: Weaving patterns of lines and line segments in space, Algorithmica 9 (1993), 561–571.

[PS00] J. Pach and J. Solymosi: Crossing patterns of segments, manuscript.