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Gaussian Processes

We say that f is a Gaussian process
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Finite dimensional joint distributions
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what are the properties of a covariance kernel
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Recall the density function for a multivariate
normal distribution
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If we take the continuous covariance kernel k and

form the matrix kfx.tl with entries kij klxi.is
the IL Gram Matrix

Other properties that are useful in modeling

Translation invariance Ktx x h x x stationary
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Positive definite translation invariant covariance kernels

have a nice 1 1 correspondence with spectral densities

than A stationary covariance kernel k k x x lot

can be written as spectral density or powerspectrum
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Inverse FourierTransform

when S is a positive function i.e Sls O freachs
Boehner's Theorem



and therefore by Fourier mission
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FourierTransform
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See chapter 4 of Rasmussen Williams for more

very nice clean theory if you know a little Fourier

analysis and stochastic processes
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Gaussian Process Regression

NoiseFree
Ground truth y f x a determinist

function
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Training data x y Kiya

Predictions Ixitigit XEyI

Joint distribution of Ty y multivariate normal distributor
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We want to compute the distribution

of uj x x y 4 posterior conditioned on the observeddata

tenant in
posterior have to passthrough the

observed data

It can be shown that the conditional distribution is
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Exercise To prove this to yourself



An analogous calculation
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With independent noise dterministi functin
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Gaussian Normalrandom
process variable also knownas white
6140,6 noir also a Gausman process

y is a Gaussian Proess with Kronecker delta
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function
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So the joint distribution of the training data5,5 with

the predicted yI is
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Same calculation to compute posterior distribution
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Draws from posterior donot

pass through data

One last comment

The Bayesian predictor or estimator at the

points is
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NonparametrickethodI curve smoothing

Ex Estimate a probability density from obserud data
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How do you pick the bin width

Narrow notenough Wide oversmoothed

Smoothing

kink t
For example Measure the quality of the histogram

one option using the meanguard error Lz error

Let I be the histogram estimation of f
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binspdf
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around here

Example Regression

t ivnn just right

Bias Variance Tradeoff

Loss function pointwise error

loss LIF f x Hx I x



Risk Ef LIF F Cx RI f f Ix
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fandom variable
factor of the observations

expectin thin with respect
to I

It can be shown that the Lz Risk can be

written as
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To capture an average error integrate

Integrated rish

Integrate MSE f Rft F Ix dy
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Eixample In the can of a regression the

average MSE can be und
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Example Regression model Yi rtx Ei
or

Compute some estimator f fr r Noir

Now predict at each of the original Xi's
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The challenge is to balance the bias and the

variance

lots of smoothing if bias I variance
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