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Numerical Analysis

LastTinie
Finished best approximation to a function in the 2 norm

Constructing orthogonal polynomials under the inner

product
f g fledgladwhadx w 0

NumericalIntegration

Almost no integral can be computed analytically they must
be evaluated numerically

Exe
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Application ODES initial value problems

1 1 y'It fit The analytic solution is

ylo yo y.lt yototflIId

AI numerical methods for solving 1 1
a µ mym

arebasedonnumer.mu

More to come later



Thetrapezoidulltrapez.im Rule
The most basic numerical integration technique

is Iii in
line

nun

i
f was approximated by a line
which interpolated f at a a and x b

This interpolating line was integrated

The trapezoidal rule is a special case of mon general

numerical integration formulas known as Newton Coles rules

Ide Interpolate f on a b and then integrate the

interpolating polynomial

This can be done with arbitrarily high degree highorder

interpolation but remember the interpolating polynomial may
suffer from Rvnge.sk a



In general Interpolate f at the points ixtho xnfCxn

pulx L Ljlxl fly
Lagrange function Ljlxl

Then the integral of f can be approximated as

fabflxldxzfabpnlxtdx

fab.I.oljlxlflxjldx

t.io fabLjlxldx ftp

Wj Numerical

Yj ffg
standard form of a Quadrature

wj quadrature Xj quadrature nodes the location where
weights f is evaluated

Note Wj fbLjlx dx only depends on the location

of the quadrature nods not the values of f

Note Warning Large u may result in an inaccurate

approximation by the interpolating polynomial due to
Runge's Phenomena

Remedy Use many smaller lowernordr interpolations

gluethe results together



The compositeIrapezoidal Rule
y 9 111

11
18144814414141441 Applythe trapezoidal rule on

I l l l l l l l l l l x each smaller interval
a X K i Xmb xn

analogous to the Riemannian

x at jh Inteyml
a j BI

Then the integral is approximated by
bflxldx T N interval Trapezoidal Rule

h fhsidtzfxs.ly

h flag Ha Hb

Question What is the error IfHxldx Tuff
This error can be shown to be 01h

Idea of the proof on a single interval ab7 Taylor
expand f about x atb the midpoint Apply the
Trapezoidal rule to the Taylor series

In fact a much more powerful formula exists that
characterize the error explicitly



TheEter MacLaurin Expansion

theorem Let f e C a b g and a b be divided

into n equal subintervals Xj x with Xj at jh

Then fa dx Tnf

It E c half'T's't t I d IET

If'm flat fifffm f'In t t t't t Yt
These coefficients are given by Stlais

Cr Ber Bar is a Bernoulli number
Zn

IzcothlE Io Bz x

The calculation of Bar was the output of arguably

the first computer program written by Adu Lovelace

and Charles Babbage

implicationsofEulerMaclauriI

If f E Calais and periodic with f a f b
think Fourier series or cosmx swim etc then this error

II Tuft decays Euperdyebraically as n o



Def En 0 superalgebraically if

Isis ftp.n 0 for any pro
This means that c ro faster than any power of h

For this reason the trapezoidal rule is very important
important in various numerical methods
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