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Numrical Analysis

Function approximation in the 2 norm

Goal For a ginn function f on a b find pnePn
that Hf path is as small as possible

We previously derived that this is a least squares problem

and therfue there exists a constructive solution ice

If put cocfolx t 44,6 t tcnq.CH
T T T then theform a basis for Pu

coefficients cj are obtained by solving a linear system

Finally if the fuckin 9J are orthonormal then the
coefficient Cj are merely inner products

Cj f g I analogous to GramSchmidt
or orthogonal projections

This approximation of f is equivalent to finding its
orthogonal projection onto Pn under the inner product

f gl fabffxlglx wld dx

Definition If the sequence of polynomials 40,9 4n with

deg9j j on the interval ab satisfies

bqjlx gulx 0 if jth then go 9n is a

syskm d orth.gov polynomicils withweightwlxl l

Likewise we could define fig fabflxlglxlwlxldx.jp



Example Find 40,9 4 on f I I with weight function

wlxl l Set 90 1
9,11 axtb

If 140,91 0 then I t laxtb dx 0

2b O b O
Set g x X

Let 91 1 x'thx to
Two conditions must be satisfied

9011411 dx O 4,1141 14 0

f x bx to dx 0 x x'thx to dx 0

23 1 2 0 236 0 3 b O

c tz
So we set 4217 x I

So by construction I X and x 43 are orthogonal onEID
We could do the same calculation for 93,94
The resulting polynomials are known as Legendre Polynomials They
form an orthogonal basis for all of life1,1 under the
inner product Fy f flagixtdx T

felt f1,1 iff flxlYdx

11th Loo



Legendre polynomials can also be constructed another way
as well the Gram Schmidt process

Start with Pola L Rhd x automatizally orthogonal

Set mix X E linearly independent from PoR
For GramSchmidt P2 mu Projgpo.p.IM

am Mr Po

to R lm R
P P

so Rtx X Zzz l O

X Exactly the same as before

So ingeneral compute
n l

Mn PePn run E
l o PePe

Pe

Rha xn IE ftp.fxnpelxldx
These polynomials can be scaled to any interval

If ftp.glxll lxl dx 0ifj tk then it is easy

to show that fabPjltl Putt dt 0 if jek
where ti 21 lb al ta

Ex Chebyshev Polynomials

We know that cosout cosutdt 0 if Mtn

Let t acosx dt d t I I



f cos macosx costnacosx d
i

0 if men

1m41 Tum

TmlxlTnlx1 dx 0 if men

Therefor the functions To Ti Tz are orthogonal on f1,1
with respect to the weight function wld

theorem If fablflxliwandx La ie ft Lilab3
there is a unique degree in polynomial pn such that

Hf pntlw.a nfig.lt f
911W

when 11 fHi fablf.hn twlx1dx

Proof Grau Schmidt solve directly f the coefficients of
the associated orthogonal polynomial expansion to compute

the approximation

Note This is just linear algebra
Famous sets of orthogonal polynomials

wlxl_ laid Polynomial
1 I1,17 Legendre

1 1,1 Chebyshev

e lolol Laguerre

e l ma Hermite



Example Compute the best quadratic 2norm approximation

to fIx snix on oil with weight functionWlx l

µxL
sink The first 3 Legendre polynomials on

11,1 are
pix I
RHI x

Pdx x 13

To define these functions on 10,71 let t fit
x 2T
TT

So the shifted orthogonal polynomials are

Pitt 1

Pitti x Et I ft IL
Pitt x f 2 it t

4 4 I I

147 ti Ia
The best approximation is given by the projection of f
onto span Fo Pi PII Let y best 2nd degree pot approximant

a f I Etff it Pi

So If Fe can be computed using

f x six dx six Xcosx

ft x'avi x dx 2x six x 2 cos



Relatinshipwithdifferentoperators
Storm Liouville operator
Lu pri t gu pq are functions

Linear differential operator eigenvalue are real 7 Lu e Ilwu
Eigenfunctions are orthogonal under the inner product

fig fledglad wld DX For certain pig the eigenfunctions

are polynomials


