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Qualitative solution of systemsof DEis
Sluice in general the system

HH Flt KH is not analytically

solvable we would like some qualitative statements of the

solution

Equilibrium Ko is an equilibrium solutai if III 1 0

Autonomous The system I I is autonomous if I _I Itt
i.e F does not have an explicit t dependence

Example

IIL
Elk

Equilibrium solution satisfies FIE 8
x xyz O X11 51 0

x y o
y y x O y Itv 0

l z X O z I XZ 2

Equilibrium at 18

Stability A solution 4TH to I III is stable if

any other solution4such that 1191 471128 implies that

11TH IIHHLE for all to in general 8 depends on E



Next what can we say about the general problem I Ifx
Recall FIE Hx x xn

haha

Expand III near an equilibrium point Ii

fix Iffy
d x1 4 342x t

If
faena.in iit

First order terns in multivariate
Taylor series of f

Hi X

iiix.mx x
Hyun orbturns

The linearization
Quadratic terms for I

of f at E it
Rewrite

th Ff tx Io tlx x.tt roIlfxxol t
Gradient Hessian

matrix matrix

Atx Io tglx.IT
Let J I it
then y I so equivalent to I E AI gtx



stabi.li yfrx Ax
stability is a consequence of the eigenvalues of A

Thin
If all X's hair all solutions to E HI

4 Rely 20 are stable solutions

b If at least one all solutions are unstable
X has Reldso

c All Reld to all solutions are stable
u linearlyindependent
eigenvectors

feeText for proof
If Tdt Cie T t t Cine tv then all

7 must have Real 20 to be decaying

If IH n ar t btV t e t then unstable

Next definitive Asymptoticallystnbley 4 is asymptotically stable

if it is stable and any solution which starts sufficiently
close also approaches 4 i.e Tf I as t

EMI it yet E teeth
Xzf 8 is asymptotically shble



Stability for It Htt 515

Assume that 518 8 as in the Hessian before

Then E 0 is an equilibrium solution Stable or unstable

The If jg so as Tio then basically have the

stability results of X Ant
a RelH2O x'It 8 is asymptotically stable

b Atleast one 1 I 0 unstable
with Relixso

C Reta to stability cannot be determined from

the stabilityof 5 8 for I AI
Proof a Generalized variation of parameters

b Too detailed

c By counterexample

stable
K X tx t Xi Note

X x x Xi xx t xzxii xillxf x.mxl2

IEIttIii i ilJ.IElinearization
HIM 2115114

y ti

what happens to 11511 xiii Always20 unless I O

1141 o

I 8 is asymptote y
stable



On the other hand look at
K tha Wtxf

f x x xitxi

t.in itf i iiil
Samelinearization but 11 112 2111114 HEH unless

I _8
And therefor 4 8 is unstable

In general to examine the stabilityof an equilibrium solution

to a general system I fix
Fluid equilibrium x such that III O

LinearizeILI Io
I Atx Ko gtx Io

Find eigenvalues of A

Apply previous theorem

Example

ng off 5 clearly 4 8 is an equilibrium
Linearize

loglitxty4 0 1454 07 t iffy 291 7 t

so
g to f J higher order terms

X Il I_8 is unstable


