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Abstract

In this dissertation, we prove several results about the incompressible Navier-Stokes and Euler
equations.

First, we prove that there is a family of pseudodifferential equations, containing the hyperdis-
sipative incompressible Navier-Stokes equations, that simultaneously admits a partial regularity
theory and the possibility of singularity formation. In particular, our results strongly suggest that
a proof of global regularity for the incompressible Navier-Stokes equations cannot rely solely on a
development of partial regularity theory.

Second, we present a novel approach to the Liouville problem for the stationary Navier-Stokes
equations. As an application of our method, we prove conditional Liouville theorems with assump-
tions on the antiderivative of the velocity that represent substantial improvements on what was
heretofore known. In particular, under some conditions, the solution v = 0 is the unique solution
to the stationary Navier-Stokes equations.

Third, we construct initial data in the critical space BM O~ from which there exist two distinct
global solutions to the incompressible Navier-Stokes equations, both smooth for all ¢ > 0. This
result is the first example of non-uniqueness for the Navier-Stokes equations with data at the
critical regularity.

The last chapter contains miscellaneous results on self-similar solutions to the incompressible

Euler equations.
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Mistakes are an important and instructive part of mathematics, perhaps as important a part as
proofs. Proofs are to mathematics what spelling (or even calligraphy) is to poetry. Mathematical
works consist of proofs, just as poems consist of characters.

-Vladimir Igorevich Arnold
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Chapter 1

Introduction

1.1 The Navier-Stokes Equations

The principal object of our study is the incompressible Navier-Stokes equations in a three dimen-
sional domain without boundary (i.e. R3 or T?). This mathematical object is a system of nonlinear
partial differential equations that models the motion of an incompressible, viscous, Newtonian fluid.
In particular, if u(x,t) is the velocity field of a fluid in R? x [0, T) dynamically changing in time ¢,
with initial vector field ug, external force f and fluid pressure p, then the Navier-Stokes equations

state that u satisfies:

ou —vAu+ (u-Viu+Vp=f
divu=0 (1.1)
u(t =0) = ug
The parameter v determines the viscosity of the fluid. Since its value has no influence on our
work, we may always assume that the viscosity v = 1. We also assume that there is no external

force, i.e. f =0, and that the density of the fluid is everywhere equal to 1.

The Navier-Stokes equations are phenomenological, in contrast with the incompressible Euler



equations that model incompressible ideal fluids. The derivation of the Navier-Stokes equations
relies on the first principles of the conservation of mass and the conservation of momentum as well
as an assumption on the constitutive law of the viscous stresses in a fluid. The assumption placed
on the viscous stress tensor is that it depends in a linear and isotropic way on the strain tensor (the
symmetric part of Vu, where u is the velocity of the fluid), and this assumption more or less leads
to the presence and precise form of the “dissipation term” rAw in the equations.

For differential equations derived from physical principles that admit an initial value problem,
one expects well-posedness in the sense of Hadamard (due perhaps to the apparently deterministic
nature of macroscopic physics). In particular, given a reasonable initial condition, one expects
the existence of a unique solution in-time of the differential equation. In addition, one expects
some sort of continuity of the solution in-time with respect to the initial condition. Due to the
phenomenological nature of the incompressible Navier-Stokes equations, the question of whether
the equations are well-posed becomes fundamental to our understanding of fluid dynamics. Indeed,
if the equations are not well-posed, then the assumption made in their derivation can be put into
question: the assumed model may not function in all physically reasonable scenarios. For example,
the motion of turbulent fluids (or the onset of turbulence) may not be adequately described (or
predicted) by the equations.

A fluid occupying some portion of R3 with smooth, compactly supported velocity u(xz,t) (i.e.
the fluid is at rest far from the origin and smooth in both space and time variables) is in addition

a continuous medium that has total kinetic energy

/ |u|?dz.
R3

The total kinetic energy of a fluid happens to be, for the incompressible Navier-Stokes equations
without force, one of only two quantities known to have an a priori estimate. Indeed, if we test

Equation (1.1) with u itself and integrate by parts using the divergence free condition, we obtain:

d
— lu|?da + 2/ |Vul?dz = 0.
dt R3 R3



If we further integrate in time, we get

¢
/ |u(x,t)|2dx+2// |Vu(:v,t)\2dxdt:/ lu(x,0)>dz. (1.2)
R3 0 JR? R3

Therefore, the kinetic energy and the enstrophy [[ |Vu|*dzdt are formally bounded for all time by
the kinetic energy of the initial condition.

Jean Leray, in his seminal work [64], introduced a notion of weak solution to the Navier-Stokes
equations. His notion of weak solution is essentially based on the previous observation that the
kinetic energy satisfies an a priori estimate under the evolution of the equations. Leray then proved
the global-in-time existence of weak solutions that satisfy the global energy inequality (i.e. Equation
(1.2) with “=" replaced with “<”) and strong convergence in L? to the initial data. In fact, Leray’s
notion of solution is stronger than what is necessary for the previously mentioned properties and is
more akin to the notion of suitable weak solution introduced in [16], which we shall discuss shortly.
After Leray, Serrin proved two striking facts in [84]. First, he proved that if a weak solution u
on R? x (0,7) is in LyLY for 2/s +3/q < 1 and ¢ > 3, then u € CP5,(R® x (0,T]). Second, he
proved that if a weak solution is in L{L%(B;(0) x (—1,0)) for 2/s 4+ 3/q < 1 and g > 3 then the
weak solution is in fact in LS, (B1/2(0) x (—1/4,0)). The first statement is a global regularity
result that provides a sufficient condition for the existence of a global-in-time smooth solution. The
second result is a local regularity result that has as a consequence that if singularity formation
occurs for the Navier-Stokes equations, then the velocity field becomes unbounded in the L* norm.
The latter statement means that singularity formation for the Navier-Stokes equations is inherently
unphysical (the speed of light is one such bound on the velocity for real fluids). We also remark
that the critical case (when 2/s+3/q = 1) of the results described above was proved independently
by Sohr in [85] and Giga in [48].

The importance of the question of well-posedness for the Navier-Stokes equations is also high-
lighted by its proposal as one of the Clay Problems [42]. For various well-justified technical reasons,
the Clay problem formulates the initial value problem with physically reasonable, Schwartz initial

data, for which local-in-time existence of a smooth solution is known. It is a striking fact, consid-



ering that they have been studied for several hundred years, that the questions of global existence
and uniqueness questions for the three-dimensional incompressible Navier-Stokes equations are open
problems.

In this dissertation, we contribute some results to our knowledge of the Navier-Stokes equations.
First, we prove that there is a family of pseudodifferential equations, containing the hyperdissipative
incompressible Navier-Stokes equations, that simultaneously admits a partial regularity theory and
the possible of singularity formation. In particular, our results strongly suggest that a proof of global
regularity for the incompressible Navier-Stokes equations cannot simply rely on a development of
the partial regularity theory. Second, we present a novel approach to the Liouville problem for
the stationary Navier-Stokes equations. As an application of our method, we prove conditional
Liouville theorems with assumptions on the antiderivative of the velocity that represent substantial
improvements on what was heretofore known. Third, we construct initial data in the critical space
BMO™! from which there exist two distinct global solutions to the incompressible Navier-Stokes
equations, both smooth for all ¢ > 0. One consequence of this construction is the sharpness of the
small data global well-posedness result of Koch and Tataru.

We also include, in the final chapter of this dissertation, some miscellaneous results on self-
similar solutions of the incompressible Euler equations. These results complement our work in [9]
on the stability of the inviscid power-law vortex. Our work in the first section of this chapter shows
that the linearization around any homogeneous steady state of the Euler equations cannot have
an unstable eigenvalue if the operator also generates a semigroup. Our work in the second section
proves that bounded self-similar solutions of the two-dimensional Euler equations are necessarily
equal to zero (and a bit more).

Before delving into the proofs, we introduce the context behind each problem regarding the

Navier-Stokes equations in the following sections.

1.2 Partial Regularity and Blowup

This chapter presents our work in [28].



We may consider the Navier-Stokes equations with “fractional dissipation”. In particular let
a > 0 and consider the pseudodifferential operator (—A)* whose Fourier symbol is |¢ |2a. Whenever
« equals a positive integer k, the operator coincides, up to a sign, with the composition of the
classical Laplacian (—A) with itself k times. The unforced a-dissipative Navier-Stokes system in

R3 is the following system of pseudodifferential equations:

Ou+ (—A)u~+ (u-V)u+Vp=0
divu=0 (1.3)

u(t =0) = ug

The a-dissipative Navier-Stokes system is typically called hyperdissipative if o« > 1 and hypodis-
sipative if a < 1. The case when a = 1 coincides with the classical Navier-Stokes equations. For
a > 5/4 and for any smooth function ug which decays sufficiently fast at infinity, it is known that
the system in Equation (1.3) has a classical global-in-time solution. In the case of Equation (1.3)
on R™, classical global-in-time solutions are guaranteed whenever a > (n+2)/4 and the initial data
is smooth and has sufficient decay. We shall offer a proof of the latter fact. Global regularity in R?
is also known for an open set of initial data if « is slightly less than 5/4, see [33]. Generally, when
a < 5/4, the global existence of classical solutions is still a major open question [42].

One approach towards proving global regularity is to show that the set where singularities of
the vector field develop is small in some sense. In particular, one might want to find a bound
on the Hausdorff dimension of such a set. Finding such bounds is within the scope of partial
regularity theory. We now provide a short summary of the partial regularity theory for the classical
Navier-Stokes equations.

Leray showed in [63] that the set of singular times has Lebesgue measure equal to zero. Without
too much additional effort, one can improve this to the statement that the 1/2-dimensional Hausdorff
measure of the set of singular times is equal to zero (cf. [92]). Scheffer wrote several papers,
beginning with [76], bounding the Hausdorff dimension of the singular set in space at the time

of first blowup. The best known partial regularity result was obtained by Caffarelli, Kohn, and



Nirenberg in [16] for a particular class of weak solutions called suitable weak solutions. Let u be
a suitable weak solution on any open subset of spacetime R? x R. If we define the singular set (in
space-time) as

S ={(x,t) : u ¢ L* in any neighborhood of (x,?)}

then the 1-dimensional Hausdorff measure of S is equal to zero. Away from the set S, the vector
field uw is bounded, which implies that w is smooth in the spatial variable by the Serrin higher
regularity theorem, see [84] for more details. The bound on the Hausdorff dimension obtained by
Calffarelli, Kohn, and Nirenberg in 1982 has not been improved.

The work of Colombo, De Lellis, and Massaccesi in [32] provides the optimal extension of the
Calffarelli-Kohn-Nirenberg theory, dealing definitively with the hyperdissipative case. Tang and
Yu in [87] and the erratum [88] were the first to analyze the hypodissipative case 3/4 < a < 1.
Kwon and Ozanski in [60] further sharpened the work done in [87]. Additionally, the only partial
regularity results that we know of for non-stationary higher-dimensional Navier-Stokes equations
are found in [40], where Dong and Gu prove a result analogous to the one in [16] in four dimensions,
and in the paper [98] of Wu. However, we cannot see a way to transfer these techniques to the
setting of our interest.

Our present work is inspired by the paper [57] of Katz and Pavlovic. The authors of [57] prove
a partial regularity theorem like Scheffer’s in [76] by using Fourier analysis to reduce the problem
to the study of an infinite-dimensional system of ordinary differential equations. The fluid vector
field is decomposed into wavelet energy packets by localizing in both physical and frequency space
in a way compatible with the Heisenberg Uncertainty Principle, and the dynamics of the wavelet
coefficients can be considered a system of ordinary differential equations. One of the advantages
of their approach when compared to the work of Scheffer or Caffarelli, Kohn, and Nirenberg is
that the local energy inequality is unnecessary for the proof. Ozanski’s work in [73], which clarifies
and extends the Fourier analytic method of Katz and Pavlovic, gets a partial regularity result for
Leray-Hopf weak solutions of the hyperdissipative Navier-Stokes equations in R? as well as a bound

on the box-counting dimension of the singular set.



We now briefly discuss some work done in the “negative” direction of the global regularity
problem. Besides numerical studies like [51] that suggest the development of a finite-time singularity
for the Navier-Stokes equations, the paper [89] by Tao provides evidence that at the very least,
attacking the problem of global regularity using abstract methods depending on basic LP bounds
for the nonlinearity is a direction certain to fail. Let P denote the Leray projection on divergence-
free vector fields (see Section 1.6 in [92]). Tao constructs a nonlinearity C'(u,v) that is an averaged

version of the Euler bilinear operator
1
E(u,v) = §IP’ (u-Viv+ (v-V)u),
satisfies the cancellation identity and various “harmonic-type” estimates such as
IC (u, v)llp < K ([fullg[[Voll- + [[v]lq[Vul)

where 1/p = 1/qg+ 1/r and 1 < p,q,r < oo, and whose associated partial differential equation
admits a finite-time singularity. Here and in the sequel, that an operator C' is an “averaged version
of £” means that:

<C(u,v), w> =
:/(5(m1,wRotRl,wDil>\l,wu,mg,wRotRz’wDilAzywv),mgﬁwRotRS,wDil)\S,ww>d,u(w) (1.4)
Q

for all Schwartz vector fields u, v, w. Here, w is a variable in the probability space ({2, u), and the
maps R; . : Q= SO3),\iw : Q2 — [C71,C], and m; , : Q@ — My are measurable maps. We use the
notation 9 for the space of all Fourier multipliers m of order 0 with Schwartz symbols equipped
with the topology (hence also the o-algebra) generated by the Schwartz seminorms. The operators
Dil and Rot are respectively the dilation and rotation operator in R3. See [89] for more details.
Similarly, Scheffer proves in [77] that suitable weak solutions of the Navier-Stokes inequality admit
interior singularities. Later in [78], Scheffer shows that singularity formation can occur on a fractal

set of any dimension less than one, thereby proving that the method used in [16] to achieve partial



regularity is sharp.

Our main result in this chapter suggests that improving partial regularity results for the Navier-
Stokes equations is not a path to answering the global regularity question, unless one uses more
specific structural properties of the Navier-Stokes nonlinearity. We denote the parabolic cylinder

of radius r at (z,t) by:

Pr(x,t) = {(y,s): ly —x| <rand t —r® < s <t}

Here and in the sequel we denote the closed singular set at blowup time T" by

Sr={z eR":¥r>0,u g LFCyr (P (x,T))}.

Our main theorem provides an upper bound on the Hausdorff dimension of Sy for blowup solutions
of an averaged three-dimensional a-dissipative Navier-Stokes Equation. In particular, we prove:
Theorem 1.2.1. Let 1 < o < 5/4 be arbitrary. There exists a symmetric bilinear operator C that
is an averaged version of £, that obeys the cancellation identity

(C(u,u),u) =0

for all u € HO(R3) that are divergence-free in the distributional sense, and such that, for some

Schwartz divergence-free initial vector field ug, there is no global-in-time solution to
Ou~+ (—A)u+ C(u,u) + Vp=0
u(t=0) = ug divu = 0.

Moreover, if T is the time of first blowup, then the closed set St has Hausdorff dimension at most

5 —4a.

The partial regularity portion of Theorem 1.2.1 follows from a more general partial regularity

theorem for a family of pseudodifferential equations of “Navier-Stokes type”. Then, proving The-



orem 1.2.1 amounts to finding an equation in the family admitting a finite-time singularity. First

we define a certain class B of bilinear operators.
Definition 1.2.2. We call a symmetric bilinear operator B amenable if and only if:
1. B is defined for Schwartz vector fields

2. B satisfies the Cancellation Identity:

(PB(u,u),uy =0 for divergence-free u (1.5)

3. The linear maps B}(u) := PB(u,v), B2(u) := PB(v,u) are pseudodifferential operators in the

class OPST", for some real number m (we define this class in the last section of Chapter 2)

4. For all0 < v < 3 and for all 1 < p1,pa,r < o0 satisfying

1 1 ¥

pt p2 3 T

we have for some constant K depending only on vy, p1, p2, and r:

IPB(u,v)l[zr < Kljule ([0l ez + V0] Lr2) (1.6)

for all w € LP* and v € W1P2 with support of diameter at most 2190 (note that the endpoint

cases of integrability are included).

5. Scaling: There exists a number X\ > 1 such that for any k € Z:

B(u(A\y), u(N"y))(z) = A B(u(y), u(y))(\"z)

The class B is the collection of all amenable operators. Throughout the rest of our work, we

may alternately say that B € B or that B is amenable. Our partial regularity theorem is:



Theorem 1.2.3. Let n > 3 and let (n+1)/4 < o < (n+2)/4. Let B be an amenable bilinear
operator, and let ug be a Schwartz vector field. Suppose u(t) is a smooth vector field on R™ x [0, T) —

R™ and suppose there exists a smooth function p on R™ x [0,T) such that:

Ou+ (—A)*u~+ B(u,u) + Vp=0
divu =0

u(t=0) = ug
If T is the time of first blowup, then the closed set St has Hausdorff dimension at most n+ 2 — 4a.

One corollary of Theorem 1.2.3 is a partial regularity result for the a-dissipative Navier-Stokes
equations for any dimension n > 3 whenever o > (n + 1)/4, which, since it is an improvement on

what is already known, we state separately:

Corollary 1.2.4. Let n > 3 and let (n+1)/4 < a < (n+ 2)/4. Let up be a Schwartz vector
field. Suppose u(t) is a smooth vector field on R™ x [0,T) — R™ and suppose there exists a smooth

function p on R™ x [0,T) such that:

Ou+ (—A)*u+ (u-V)u+Vp=0
divu =20

U(t = O) = Ug
If T is the time of first blowup, then the closed set ST has Hausdorff dimension at most n+ 2 —4c.

Previously, there was no known partial regularity result for the non-stationary a-dissipative
Navier-Stokes equations in R™ with spatial dimension n > 5. By performing a highly technical
analysis of pseudodifferential operators, we get a partial regularity result that also holds for a
large family of pseudodifferential equations in addition to the fractionally dissipative Navier-Stokes
equations. In particular, this allows us to apply our partial regularity theorem to a pseudodifferential
equation admitting a solution blowing up in finite time. Thus, while the conditions placed on an

amenable operator suffice to prove a partial regularity result for its associated pseudodifferential

10



equation, they are insufficient to prove regularity for all time. We note that while previous results
prove partial regularity of the solution in space-time, our result only concludes that the solution
is “partially regular” in space at the blowup time. Thus, although our technique does not require
the local energy inequality (and this is one reason why we can generalize to equations arising from
amenable bilinear operators) our theorem has a weaker conclusion and does not prove a space-time
partial regularity result.

This chapter is organized as follows. In the first section we prove Theorem 1.2.3. In particular,
given the vector field solution u, we construct a set E of Hausdorff dimension n 4 2 — 4« and prove
that it contains the singular set Sp. The proof necessitates the use of the “barrier” construction
also found in [57] and [73], which is the main obstacle to applying our method to the case of classical
dissipation. The energy estimates used in the first section are proven in the subsequent section,
where we test the pseudodifferential equation against “wavelet” localizations of the solution (local-
izations in both frequency and physical space). Then, we show that Tao’s method is flexible enough
to construct a blowup solution to the pseudodifferential equation associated to some amenable bi-
linear operator, which, together with Theorem 1.2.3, proves Theorem 1.2.1. In the last section, we

prove some technical lemmas that are used throughout the chapter.

1.3 Uniqueness

This chapter presents our work in [30], which is joint work with Jincheng Yang.

The Navier-Stokes equations are a model for the motion of viscous incompressible fluid. The
viscosity of the fluid causes an energy dissipation that is typical of parabolic partial differential
equations (like the heat equation). In this sense, we may consider the Navier—Stokes equations as
dissipating the energy of a fluid until it approaches a limiting end state, which we expect should be
a stationary solution of the equations. Our quotidian observation of fluids further suggests that the
end-state should be a fluid at rest, i.e. with Eulerian velocity © = 0. Rigorous mathematical proof
of this expectation has so far been elusive, but work on the stationary Navier—Stokes equations

remains an important part of the field of mathematical fluid mechanics. The present chapter thus

11



concerns the stationary Navier-Stokes equations in R?:

—Au+u-Vu+Vp=0, (1.7)

div u =0, (1.8)

where u denotes the velocity field of the fluid and p denotes the scalar pressure field of the fluid.
Weak solutions with u € L3 (R?) of Equation (1.7) are smooth, see Theorem X.1.1 in Galdi’s
monograph [44]. For this reason, we may always assume that u and p are smooth functions on R3.
We shall also assume that u satisfies the natural vanishing condition at infinity:

lim  wu(z)=0. (1.9)

|z| =400

The question remains open, however, whether there exist any nontrivial solutions (i.e. solutions
besides u = 0). In particular, do there exist nontrivial solutions of Equation (1.7) with finite

Dirichlet energy, i.e. with
/ |Vu|? dz < oo? (1.10)
R3

Solutions with finite Dirichlet energy and satisfying the vanishing condition Equation (1.9) are often
called D-solutions, and the question whether nontrivial D-solutions exist is called the Liouville
problem for the three-dimensional Navier—Stokes equations. We note here that for the stationary
Navier—Stokes equations in R™ with n # 3, there are no nontrivial D-solutions.

We now survey some of the progress done towards resolving this question. Observe that the
vanishing condition in Equation (1.9), the assumption of finite Dirichlet energy as in Equation
(1.10), and the Sobolev embedding in R? together imply that a D-solution u lies in L(R3). Galdi
proves in [44] that if one assumes more decay at infinity, in particular if one assumes that v €
L9/2(R3), then u is trivial. Chae and Wolf prove a logarithmically improved version of the L%/2(R?)
criterion in [18].

Another direction for resolving the Liouville problem seems to have begun with the work of
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Seregin, Silvestre, Sverak, and Zlatos in [82], where the authors consider linear elliptic and parabolic
systems with a divergence-free drift term. In particular, they prove a Liouville theorem for the
Laplace equation with drift when the drift term is divergence-free and in the scale-invariant space
BMO™'. We recall that a divergence-free drift vector field b; can be written as the divergence of

some tensor T};, and the assumption that 7 € BMO implies b € BMO™*. The authors of [82] suggest

ij
that proving deep properties, like a Liouville theorem for an elliptic system, requires scale-invariant
information: one should not be able to break the scaling. The assumption that u € BMO™! lies
exactly in this category of hypotheses for the stationary Navier—Stokes system as well. Indeed,
Seregin proves in [80] that if a solution u of Equation (1.7) is in Lé(R?) N BMO™(R?), then u is
trivial (we note that the finite Dirichlet energy assumption is not directly used in Seregin’s proof).

Seregin proves the first Liouville-type result with a quantitative version of the BM 07! condition
in [81]. We denote balls of radius R centered at the origin as Br(0) or also as Br when there is no
confusion. Suppose u = curl ¥ is a smooth solution of Equation (1.7). Seregin proves in [81] that

with the assumption

1

(]{3 |'(/J - (¢)BR|S d.’L‘) ’ < CRQ(S)?

for some s > 3 and constant C' > 0 with a(s) = 6(‘%}1), the smooth solution u of Equation (1.7) is

trivial. In their article [19], Chae and Wolf prove that if u = div T for some tensor T with

(f - @arar) oo
Br

for some s > 3 and constant C' > 0 with a(s) = min{{ — %, %}, then w is trivial. The recent
work [6] of Bang and Yang provides a logarithmic improvement of the Chae—Wolf result. Lastly, we
recommend Section 6 in the survey article [83] as another short summary of what has been done in
this direction for the Liouville problem. The references in [83] are exhaustive up to the year of its
publication.

The goal of the present work is to present a novel approach to the Liouville problem of the
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stationary Navier—Stokes equations. The main difference to our approach, in comparison with
previous methods of attack, is that we perform local estimates on domains called capsules that we
allow to vary in size from point to point, depending on the local Dirichlet energy and local average
velocity. The main point is that if the velocity does not stretch too much, we can prove a Liouville

theorem. The best elucidation of our new approach will be in proving the following theorems:

Theorem 1.3.1. Suppose u € C°(R3) is a D-solution of the stationary Navier-Stokes equations.

Let s > 1 be arbitrary. If w = curl v and satisfies

0 =

][ W — () syl de| <CR®,  VR>1,VYa € R3 (1.11)
Br(zo)

for some constants C > 0 and 0 < a < 1, then u € LP*>° for any p > ﬁ. Moreover, if a < %,

then u = 0.

Theorem 1.3.2. Suppose u € C®(R3) is a D-solution of the stationary Navier-Stokes equations.

If u satisfies:

/ u-dl < Clz — x)”, Vxg,r € R?, (1.12)

[¢]

4-3483/29

for some constants C' > 0 and 0 < 8 < 1, then u € LP* for any p > -

Moreover, if

6<%, then u = 0.

Our Theorem 1.3.1 improves the result of Seregin by allowing L.® control on the mean oscillation
for 1 < s <3 as well. In addition, our hypothesis is weaker then Seregin’s for 3 < s < 7. Likewise,
our Theorem 1.3.1 improves the Chae—Wolf result: our hypothesis is weaker than their hypothesis
when 3 < s < 9/2. We also remark that our threshold oo = 1/9 is uniform across the exponents.

Our Theorem 1.3.2 shows that u = 0 when we control the line integral of w. The integral f;o
means integration on a straight line segment connecting g and z. For § < 1, the assumption in
Equation (1.12) holds automatically if | — x| is small since u is bounded. Therefore, Equation

(1.12) is also a type of growth condition.
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We remark that the hypotheses of our results encode quantitative information about the an-
tiderivative of solutions of the stationary Navier—Stokes equations, in line with the previous works
outlined above. Indeed, if u is a potential flow, then the left-hand side of (1.12) defines its potential
function ¢(x) with u = V¢. However, in this scenario the triviality of u follows directly from
the Liouville theorem for harmonic functions: there are no non-constant entire harmonic functions
with sublinear growth. The stream function ¢ can be defined by a similar line integral of (1.12)
with —u' replacing u for 2D incompressible flows. In this way, the stream function can also be
understood as a type of antiderivative.

The rest of this chapter lies in setting up our capsule approach and applying it to prove our
theorems. We also prove a more general conditional Liouville theorem with a hypothesis on the
capsules alone, quantifying the stretching condition mentioned before.

In the first section of this chapter, we prove local estimates for the Navier—-Stokes system. In
the following section, we use the capsules to get global control on the shearing of the solution of
Equation (1.7). Then we prove some conditional Liouville theorems as consequences of the capsule
method. We perform some technical estimates on the kernel of the Poisson equation with drift in
the final section. A short remark on notation: an inequality denoted with < will always mean an
inequality up to an absolute computable constant. For scalars or vectors f and g, f ~ g means

|f —g| < min{|f|, |g|}. Lastly, we denote the positive part of a real number o by a; := max(0, «).

1.4 Non-Uniqueness

This chapter presents our work in [29], which is joint work with Stan Palasek.
Recall the initial value problem for the unforced incompressible Navier-Stokes equations on T3
or R3:

O — Au+u-Vu+Vp=0
divu=0 (1.13)
u(0,z) = U°(z)

where the given initial data U°(z) is divergence-free, and u(z,t) and p(x,t) are the unknown
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velocity and pressure fields. Initiated in 1934 by the pioneering work of Leray [64], there is now a
well-developed theory of local well-posedness of (1.13) from initial data in many reasonable classes
of functions, as well as global well-posedness from data that is sufficiently small in certain scale-
invariant norms; see, for instance, [61] for an extensive survey. The strongest result in this direction

is the following well-known theorem of Koch and Tataru [59]:

Theorem 1.4.1. There exists € > 0 such that if U° is divergence-free with ||ul|gyro-1 < €, then

there exists a unique global-in-time solution that is regular for t > 0.

To this point, it was unknown whether any of the positive results for small data are sharp in
the sense that global well-posedness can fail for large initial data. This question was asked, for
instance, by Koch and Tataru in [59] in relation to Theorem 1.4.1. We answer their question in the

affirmative:

Theorem 1.4.2. There exists divergence-free initial data U° € BMO™! such that the Cauchy

problem (1.13) admits two distinct global solutions
uM u® e C%((0,00) x T*) N L>([0,00); BMO™!(T?)) N C°([0, 00); W17 (T%))

for all p < 0.

Remark 1.4.1. The solutions constructed in the proof of Theorem 1.4.2 belong precisely to the same
class as those constructed by Koch and Tataru; the only difference is that they are not perturbative

around zero. Indeed, one can verify that our solutions obey the following bounds:

R2 1/2
lull x o = supt%”u(t)HLoc(Ts) -+ sup sup R*S/ / |u(z,t)|*dxdt < 0.
t>0 zo€T3 R>0 0 B(R)

In other words, they lie in the natural path space corresponding to solutions of (1.13) (or even
the heat equation) with initial values in BMO™Y. It was shown in [59] that the bilinear operator
appearing in the mild form of the Navier—Stokes equations is bounded on Xk, which allows one

to use Kato’s method to construct global solutions from small data.
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Remark 1.4.2. The BMO™! norm is critical with respect the Navier—Stokes scaling symmetry.

In other words, if u(t,z) is a global solution of (1.13) with initial data U°, then

ux(w,t) = Au(dz, \*t), Ud(x) = \U°(\) (1.14)

is also a solution for any A > 0, and furthermore

lurllxir = lullxir,  N10Br0-1 = 1U°llar0-1-

Critical spaces are a natural setting for the questions we consider because they are at the threshold
of the well-posedness theory; there are many theorems to the effect that certain classes of critical
solutions are well-behaved [{1, 45, 7, 8, 20, 3, 69, 68, 67, 62, 24, 50]. To our knowledge, Theo-
rem 1.4.2 is the first ill-posedness result in a critical space strong enough to support well-posedness
for small data. Moreover, it appears to be the first example of non-uniqueness for the Navier—Stokes
equations from data in any critical space that does not rely on the presence of an external force.

See §1.4.2 for a comparison of our solutions to those constructed previously in the literature.

Remark 1.4.3. Let us emphasize that the solutions constructed in Theorem 1.4.2 are not in the
Leray—Hopf class due to the fact that the initial velocity is not in L2(T3). The construction here uses
a simplified version of the mechanism proposed by Palasek in [74] and this simplification requires
the data to have infinite energy. If the full mechanism from [74}] could be implemented, we expect it
would yield solutions of (1.13) in a similar class as those of Jia and Sverdk [54, 55] (but without
exact self-similarity), namely Leray—Hopf solutions belonging to improved critical spaces at least as

good as By o ®/P

for p > 3. There does not appear to be any obstruction in principle to realizing the
mechanism proposed in [74], but there exists a substantial technical challenge in finding the correct

building blocks that embed the behavior of the Obukhov dyadic model (cf. the discussion in Section
1.3 of [89]).

Remark 1.4.4. The initial data U° is smooth outside of a measure zero set ¥ C T3. Indeed, it

can be written as U° = ooy VkO where each component V,f is smooth on T3 and the supports are
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monotone, supp Vk(,) C supp Vko_l. Thus ¥ C ﬂkzo Qi, with Qp as in Definition 4.2.1. The claim

then follows because |Qk| <27k from Lemma 4.2.3.

Remark 1.4.5. For convenience, we carry out the construction on the torus T® = R3/(2nZ)3. The
argument should extend with straightforward modifications to the Navier—Stokes equations posed on
R3 with decay at spatial infinity. In principle, our methods extend to the two-dimensional case as
well (which is likewise covered by the small data well-posedness results of [59], see also [46]), but
there are technical difficulties similar to those faced in the approach to Onsager’s conjecture due to
the geometry of Mikado flows. We leave open the problem of non-unique solutions with critical data
on T? and R?, but we point out the preprint of Albritton et al. in [2] as an example of recent work

relevant to the non-uniqueness question in the two-dimensional case.

We also note that Cheskidov, Zeng, and Zhang posted a preprint [27] in which they use convex
integration to construct wild weak solutions of the Navier—-Stokes and MHD from any H 3 initial
data. This is an interesting contribution that implies the lack of weak-strong uniqueness of dis-
sipative solutions. We wish to emphasize that the solutions produced in [27] do not overlap with
Theorem 1.4.2 at all; while they have the advantage that the data is in L?(IR?), they do not appear
to possess any further regularity for ¢t > 0, nor does the energy inequality hold. The present chapter
is concerned with the question of well-posedness of mild solutions, which is orthogonal to the setting
treated in [27]. This can be seen from the fact that they construct distinct solutions even for small

data in Hz(R3).

1.4.1 Well-posedness and Ill-posedness at the Critical Regularity

We recall the scale of Besov spaces B} ; equipped with the norms |[u|p; , = | N*||Pxull e || .o where
) ’ N

Py are the Littlewood-Paley projections defined in §4.1.2. The spaces By, ;Jrg/ P are critical for the

three-dimensional Navier—Stokes equations for all p, g € [1, 00|, although they primarily play a role

in the negative regularity regime p > 3. They are related to the other well-known critical spaces as
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follows:

Hz c L* C By 1F%/? c BMO™' ¢ B!,
where 3 < p < oco. Global well-posedness from small data in the first three spaces was proved

by Fujita—Kato [43], Kato [56], Cannone [17], and Planchon [75], at which point the belief was

—1
00,00

that the natural endpoint of the hierarchy is the space B which is so large it contains all
translation-invariant spaces of tempered distributions at the critical regularity. The insight of Koch

and Tataru [59] was that BMO™!, defined as the distributions with

2

R2
[ull Bpro-1 = sup sup / / letAul?dedt | < oo,
R>0zo€R3 0 B(zo,R)

falls in between B, 13/P and BZ! and is such that the Navier-Stokes bilinear operator

t
u —/ AP divu(t') @ u(t')dt’
0

is bounded, allowing one to implement Kato’s method for constructing mild solutions from small
data.

One can argue that BMO~! is the largest reasonable critical space with this property. Indeed, to

2

i.c in spacetime. This

make sense of the nonlinearity, even in the sense of distributions, « must be L
must be true in particular for the zeroth Picard iterate e!“ug, so we need ||(5’5Au0||L3z 0,1]xB(1)) =
C < 0. Due to the symmetries of (1.13), this bound must be invariant under spatial translation as
well as the scaling defined in (1.14). Thus, one is led precisely to the above definition of BMO™1!,
corresponding to the Carleson formulation of BMO.

In critical spaces weaker than BAO~! in which Theorem 1.4.1 does not apply, there has been
progress in showing ill-posedness in the form of norm inflation. The first such result was due to

Bourgain and Pavlovi¢ [11], who showed that arbitrarily small data in B!, can become arbitrarily

large in a short time. In other words, the data-to-solution map is not continuous at 0 in the By!
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topology. Germain [47] ruled out the fixed point argument for constructing mild solutions from data
in Bo_o%q for ¢ > 2. Explicit ill-posedness in this class was proven by Yoneda [99] following the ideas
of [11]. Later, Wang [95] proved the surprising result that norm inflation from small data is possible
in the spaces Bgo%q even for ¢ € [1,2], which are continuously embedded in BMO~!. Thus, although
these solutions are globally regular and stay small in the BMO~! norm, they nonetheless become
large in the stronger norm Bgofq. The fact that the presence of norm inflation is not “monotone”
in the class of data is interesting and suggests that non-uniqueness (or the lack thereof) may be a
better benchmark for the well-posedness of (1.13). Let us also mention a slight strengthening of
these results in a logarithmically subcritical Besov space due to Cui [36].

When one allows a force, recent works by Cérdoba, Martinez-Zoroa, and Zheng demonstrate
that finite-time blow-up is possible for Euler, hypodissipative Navier—Stokes, and other related
models. For instance, see [34] and [35]. These constructions have a similar spirit to the one in
the present work in the sense that they build an explicit multi-scale initial datum whose evolution

forward in time can be reasonably well-understood.

1.4.2 Known Approaches towards Non-Uniqueness

Up to this point, there have been two strategies for producing non-unique solutions to (1.13) and

other equations of fluid dynamics. Here we briefly summarize the state of the art.

Convex Integration

Inspired by Nash’s C! isometric embedding theorem [71], De Lellis and Székelyhidi introduced
convex integration to the field of mathematical fluid dynamics in their seminal papers [39, 38].
Whereas for the Euler equations these methods produced essentially sharp results (culminating,
for instance, in the resolution of Onsager’s conjecture [53]), for the Navier—Stokes equations there
remain some persistent gaps between the regularity reached by convex integration schemes and the
known well-posedness results. This area has been highly active so we refer the reader to [15] for a
more thorough survey.

The first example of non-unique weak solutions of (1.13) was constructed in the space CyHE
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for € > 0 small in the breakthrough work of Buckmaster and Vicol [14]. For comparison, the
critical space in this scale in dimension three is CtH;/ 2, and Leray—Hopf solutions additionally lie
in L?H?. Tao [90] observed that one can reach regularity C;H, é " by taking the dimension n large
depending on €, but then the critical Sobolev space is CtH;i _1, which is far out of reach. Among
the subsequent convex integration constructions following [14], for instance [12, 66, 25, 26], the
sharpest in terms of the scaling of the space are those of Cheskidov and Luo: first in [25], they
construct solutions in L7 “L°(R") for n > 2 and all € > 0. Later in [26], they exhibit solutions
in the space C;L27¢(R?), where € > 0 can be taken arbitrarily small. For comparison, L7LS° and
L° LY are critical in dimension n; thus, their solutions can get arbitrarily close to certain critical
spaces on the Prodi-Serrin—Ladyzhenskaya scale and possess some additional favorable properties
outside of a small set of times.

Unfortunately, convex integration at or above critical regularity appears out of reach. Indeed,
the nonlinearity must be at least as large as the Laplacian in order for the error correction to
function, so there is no room to lose anything during the iteration. Moreover, convex integration is
only known to be applicable in settings where the solution space has flexibility, which is certainly not
the case for solutions that immediately regularize like the ones in Theorem 1.4.2, nor (one might
expect) for Leray—Hopf solutions, which exhibit weak-strong uniqueness. There are additional
difficulties related to finding sufficiently intermittent building blocks which present an obstacle to,

among other things, proving the sharpness of the full Prodi-Serrin—Ladyzhenskaya scale.

The Jia—Sverik Program

The other known strategy for demonstrating non-uniqueness was set forth by Jia and Sverdk in
[54, 55]. They propose to consider (1.13) in self-similar coordinates ¢ = x/t'/2, 7 = logt with the
ansatz u(t,z) = t~Y2U(¢, 7). Thus the question of non-uniqueness for u at ¢t = 0 is transferred
to U at 7 = —oo, which would be settled if one can find a steady solution U(&,7) = U(£) that
is nonlinearly unstable in the self-similar dynamics. This scenario seems plausible in light of com-

pelling numerical evidence by Guillod and Sverdk [49]. Recently, Albritton, Brué, and Colombo [1]

used this framework to construct non-unique Leray—Hopf solutions to the forced Navier—Stokes

21



equations by building a profile U out of the unstable vortex constructed by Vishik in [93, 94]. The
force is necessary for their construction because U does not satisfy the Navier-Stokes in self-similar
coordinates. Removing the force appears extremely difficult because the only suspected unstable
self-similar profile is the one numerically discovered in [49]. It follows that one would have to verify
spectral properties of the equation linearized around a numerical profile. Hou, Wang, and Yang

[52] have announced a computer-assisted proof that would complete the Jia-Sverdk Program.

1.4.3 Strategy of the Proof

The non-uniqueness mechanism that leads to Theorem 1.4.2 is based on the one proposed by
Palasek in the context of the Obukhov dyadic model in [74], with certain simplifications to make
the construction feasible in the full PDE setting. Let us now sketch the strategy of the proof,

neglecting some details for the purpose of the exposition.

Non-Uniqueness Mechanism

The initial data is constructed as a lacunary series U° = k>0 Vk0 where each Vk0 is (approximately)
localized in Fourier space to a band around || = N, with Ny a rapidly growing sequence of
frequency scales. The essence of the construction is the following claim: there exists a choice of the
(Vko)keN such that at each frequency level k, there exist two evolutions forward in time that are

consistent with (1.13), up to a small error:

e The Heat-Dominated Flow: let vi(x,t) be the flow of the data under the heat equation,

namely

Oy, — Avg, = l.o.t. (1.15)
Uk|t:0 = Vko

where we add some lower order terms as a matter of convenience. Clearly ||vk(t)|| L decays

exponentially on the time scale N, 2,
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e The Inverse Cascade-Dominated Flow: let U (x,t) be the flow of the data under the equation

6,5@]@ + PNNkIPdiV Vk4+1 ® Vg+1 = 0
(1.16)

Tge|e—o = Vi

)

where vi41 is the “heat-dominated flow” emanating from the data Vk‘)+1 as described above,
and Py, is a Littlewood-Paley-type projection to a frequency shell around Nj. Crucially,
by a particular choice of V), |, we can arrange that ||[v,(t)||z decays exponentially to zero

on the time scale N, +21-

Taking for granted the assertions made so far (which, indeed, most of the chapter will be

occupied with justifying), we can write down two distinct approzimate solutions of (1.13) with data

UO:ZkzoVkO:
v =04+ +va 4+ 03+ and 0P =Ty + vy + Vs +v5+ - . (1.17)

The distinctness is immediate from the fact that v; and vy have different decay rates.

Let us give a more heuristic description of how the non-uniqueness arises. Fixing k& > 1, one
should interpret (1.16) as asserting that V0, is capable of using its nonlinear self-interaction to
“annihilate” the mode below that has initial data V)2, and this annihilation occurs on time scale
N fl. Likewise, V}0 is capable of annihilating the mode at V,2_; on time scale N 2. However, these
two events are incompatible because the kth mode would vanish on a time scale (i.e., N, +21) much
shorter than the time it needs to act on vg_1 (i.e., N, ). Thus, if V¥ is in fact annihilated by Vo,
(i.e., its continuation v (t) satisfies (1.16)), then there are no nonlinear dynamics to act on V2 ,,
which then evolves as the heat-dominated flow vj,_1(¢) according to (1.15).

The conclusion of the discussion above is that these dynamics are only self-consistent if (1.15)
and (1.16) occur at alternating sequences of k’s, which justifies the choice (1.17). The non-

uniqueness then is a consequence of the fact that (1.15) can occur at either every odd k or every

even k.
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Structure of the Principal Part

An obvious difficulty is that even if we can arrange (1.15)—(1.16), there remains a plethora of nonlin-
ear interactions between the vy’s and 7 ’s that need to be small for us to claim these as approximate
solutions. It turns out that if the data is chosen appropriately, the terms appearing in (1.15)—(1.16)
are the only ones that are non-perturbative. Toward this end, we borrow certain elements from
convex integration constructions where a central difficulty is also minimizing nonlinear interactions
between solution components at different frequencies.

Now we give the rough ideas for how to select data obeying (1.15)—(1.16) while keeping all
other interactions minimized. The initial data V2(x) is (very roughly, and locally) of the form
ap(z)fsin(Nygz - n) for some fixed n,0 € Z3 with n-60 = 0, where ax(z) is a scalar coefficient
that is principally supported at frequencies || < Nj. Then, according to (1.15), we should take
vp(z,t) = ag(x)0 sin(Nyz - n) exp(—NZ[n|*t) up to various small errors. Having defined the (vj)kren

in this way, the requirement (1.16) becomes

Oy, = — Py, Pdiv <a§+19 ® O sin?(Npy1 - n)) exp(—2N7, 1[n|*t)

Uk |t:0 == Vko.

One recalls that aj_ () is mainly localized to frequencies < Nyy1, while sin?(Ngq12 - 1) is sup-
ported at frequencies |¢] = 0 and [¢] = 2|n|Np41. Thus the interaction of aj_, with the high-
frequency part of sin® cannot concentrate significantly in the shell || ~ Ny, so only the zeroth

mode of sin? contributes. This lets us reduce (1.16) by integrating in time to
Di(t) = Vi — CN, 2 Pon, Pdiv(aj 10 ® 0)(1 — exp(—2NZ 4 [n|*t))

up to errors, where C' is a computable constant. Thus, our claim that ||y (t)||L= decays on time

scale N1 is achievable if ag1 is chosen so that

Vi) = CN. 2 Pon, Pdiv(aj 10 ®6). (1.18)
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As stated, this is not quite possible, but the reader familiar with convex integration will recognize
the issue is analogous to a problem first encountered by Nash in [71] that can be solved, for
instance, by replacing the simple ansatz V! = ay ()0 sin(Njz - ) with one based on a Mikado flow,
i.e., a superposition of spatially disjoint shear flows. These have the advantage that the rank-1
stress af ;10 ® 6 now becomes a linear combination > aik_ﬂﬁj ® 6;. We observe that V0 can be
constructed to be in the form 1/)2 which makes it not only divergence free, but also in the form
div Ry, for some symmetric tensor Rj. Thus axy1 can be chosen to satisfy (1.18) exactly.
Imposing (1.18) at every k > 0 creates a recursive dependence between the modes of the initial
data: having chosen V{, the requirement (1.18) determines a;, which in turn determines V, which
then determines as, and so on. Based on this, we can estimate the amplitudes of the Vko. Roughly

speaking, [|[V2||Le ~ |lak||r=. Then (1.18) leads to

VOl 7 oo 3
Vil = C1 Nkt (’;&) : (1.19)
k

As an immediate consequence, we should expect the kth component of the data Vk0 to have ampli-
tude on the order Ny, in accordance with the critical scaling of (1.13). Two important observations
are in order. First, (1.19) shows why there is no danger from losing constants during the iteration,
which is a fatal issue for convex integration schemes at the critical regularity. Indeed, any large
constants (independent of k) that appear in constructing V,€0_~_1 from Vk0 are removed by successively
taking the 1/2 power. Second, (1.19) shows why this method cannot produce solutions with small
data (which would contradict Theorem 1.4.1). We are free to initiate the process with an arbitrarily
small choice of V|, but as k — oo the amplitude invariably approaches the fixed point of (1.19),
which is presumably large.

One may notice at this point that the solutions described above belong to Bgo{oo but not
BMO™!'. The required improvement is now a consequence of improving the spatial support of
each Vko. Recall that Mikado flows are supported on a periodic collection of pipe regions, and there
is no difficulty in making the volume of the support smaller than, say, |T?|/100. If one is sufficiently

careful, it is further possible to select axi; satisfying (1.18) such that suppaxi1 C supp V2. It
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follows inductively that the support of V0 is contained in the intersection of the supports of the
Mikado flows that were used to define v{,v{, ..., Vko. Because these flows are at different scales, the
volume of this intersection is multiplicative and one can bound |supp V}?| < 27%|T3|, which suffices

to improve the regularity to BMO~!.

Construction of the Perturbation

Finally, let us address the last challenge of the proof which is constructing perturbations w(* and
w®) that correct the errors, i.e., so that u(Y = v + w(® are exact solutions of (1.13) with data
U°. The idea is in a similar spirit to the constructions by Chemin and Gallagher [21, 22, 23] of
global solutions of (1.13) from initial data that is large in BMO™" (or even BZ ) while satisfying

a nonlinear smallness condition. Suppose v(*) solves (1.13) with a small error in divergence form,

o™ — Av® 4 Pdive® @ v® = div F®

’U(i) |t:0 = UO.
Then w® must satisfy the perturbed Navier-Stokes equations

ow® — Aw® + Pdiv(209 © w® + w® @ w®) = — div F®

’LU(Z) |t:0 =0.

This equation is of the same type faced in [21, 22, 23]. The obvious strategy is to construct solutions
via a fixed point argument, but this is complicated by the additional linear terms which are not
contractive when v is large. In the papers cited, this difficulty is handled by taking the initial data
U° to be in H'/? (or at least Bo_olg), leading to e!AU° € L2L°. Unfortunately, the v(?) constructed
above are not contained in LZLS° (nor is that the case for, say, the self-similar solutions posited by
Jia and Sverdk) so those methods break down.

Instead, we proceed as follows. For i = 1,2, let S (¢,#') be the semigroup associated to the the
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linearized equation for w(®, defined for all 0 < ¢’ < t. Then w® should obey the mild formulation
w (t) = / SO, ) (w® @ w® — FO)ar', (1.20)
0

Note that w® has zero initial data, so to make sense of this mild formulation, we need only define
the semigroup for ¢ > 0. Of course, it is also important that the estimates on S (¢,¢') do not
deteriorate too severely as t'/t — 0. We show that S(®)(¢,#') has estimates slightly worse than
et=t)APdiv. This loss is tolerable because by taking the sequence Nj to increase faster than
exponentially, the errors F(*) become not just small, but small when measured in a subecritical
norm; for instance ||[F® (t)||z~ < ¢t~ for an a > 0 (cf. the critical power o = 0). Combining all
these elements, we construct the w™®) and w(®) as fixed points of the operator in the mild form (1.20)
in a small ball around zero measured in a slightly subcritical norm. We conclude by showing that
w® — 0 weakly near the initial time and that w(® are small enough to not disturb the distinctness

of vV and v?,

1.4.4 Plan of the Chapter

In §4.1, we state some of the basic Littlewood—Paley theory and related estimates (§4.1.2-4.1.3) and
introduce some of the key parameters that go into the construction (§4.1.4). In §4.2 we build the
data U and the leading parts v(*) of the solutions: first we construct the Mikado building blocks for
the initial data and prove estimates on the supports (§4.2.1); then we run the iterative procedure
to construct the initial data and prove estimates (§4.2.2); followed by construction of the leading
parts of the two distinct solutions forward in time (§4.2.3). §4.3 is concerned with constructing the
perturbation w(? that will correct the principal parts v(9: first we estimate the residuals F(9 that
are to be corrected (§4.3.1); then we construct the semigroup S of the Navier-Stokes linearized
around the principal parts v(® (84.3.2); and finally we construct the perturbations with a fixed
point argument (§4.3.3). In §4.4, we complete the proof of Theorem 1.4.2, proving that the two
solutions constructed attain the initial data and are distinct. Sections 4.5—4.7 give some technical

tools used in the proofs.
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Chapter 2

Partial Regularity and Blowup

2.1 Partial Regularity

2.1.1 Covering the Singular Set

Let P denote the Leray projection. Let F denote the Fourier transform. We shall employ a
Littlewood-Paley partition of frequency space. In particular, for j € Z we have pseudodifferential
operators P; with positive and smooth symbols p;(€) that are supported in 22/ < [¢| < 327 and
that also satisfy p;(§) = po(277¢) and

Y opi©) =1 (2.1)

JEL
We also define Pj = Zi:ﬂ Pj 41, to be the sum of all Littlewood-Paley projections whose symbols’
supports intersect the support of p;(§). Likewise we may define p;(¢) as ZZZ%Q pj+x(§). We can
consider P;f as a combination of wavelets supported on cubes of sidelength 277. Keeping this
heuristic in mind, we localize on cubes of sidelength almost equal to 277. That is, we fix an € > 0
and localize within slightly larger cubes of sidelength 27719, Such a localization will allow us
to commute cutoffs in frequency space with cutoffs in physical space, with only the addition of
a negligible error. Since the Hausdorff dimension estimate is a closed condition, an approximate

localization like this will be acceptable. Our localization is achieved with the use of particularly
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chosen bump functions that we describe below. See also [57] and [73].

Let Q be a cube of sidelength greater than 277(1=¢). We denote AQ to be the cube with the same
center as () and with sidelength(AQ) = X - sidelength(Q). We define a bump function 1 > ¢g; >0
such that ¢¢ ; = 1 on @ and is zero outside of (1+27%)Q. We also require that for every multi-index

«, there is a constant C, depending on « but independent of @ and j such that
[D%q,4] < Ca2lol70) (2.2)

Following [57], we call these bump functions of type j. In line with our previous discussion, we
consider ¢¢ ; P; as a projection onto a localized wavelet, and, if @ is a cube with side length exactly

equal to 277179 we denote the “wavelet coefficient” by

9. Pifll2 == fq

and say that @ is at level j. For convenience, we shall use the following notation for a particular

dilation of a cube at level j:

Qj = (1+279)Q.

Also, if @ is a cube at level j, we denote:

upn1(Q) = 16, j Pi—2<k<jtoul L2,

which is a shorthand for the kinetic energy supported on nearby frequencies. We shall also use the
notation N(A) to denote the cardinality of a set A.

Throughout this chapter we use various properties satisfied by the bump functions ¢g ; and
the Littlewood-Paley projections P;. Most of these properties can be classified as “commutator
estimates” that allow us to move bump functions across Littlewood-Paley projections and vice
versa with only the addition of a negligible error. For the benefit of exposition, we defer the

technical proofs of these lemmas to the last section of this chapter; however, we shall use these
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technical results freely here.

We shall now prove a general partial regularity theorem for systems of pseudodifferential equa-
tions. These systems will generalize the Navier-Stokes equations in the sense that they arise from
the Stokes equations equipped with a nonlinearity of the form B(u,u), where B is an amenable
operator in the sense of Definition 1.2.2. Without loss of generality, we may assume in this section
that the scaling term ) in the fifth part of Definition 1.2.2 is equal to 2.

We denote the Leray Projection of B by B := PB for the rest of this section. By the incom-
pressibility condition on u in the statement of the theorem, we can instead consider the following

system of pseudodifferential equations:

Ou+ (—A)*u+ B(u,u) =0
(2.3)
u(t = 0) = Ug-

Then we prove Theorem 1.2.3, which we reformulate as

Theorem 2.1.1. Letn >3 and (n+1)/4 < o < (n+2)/4, let B be an amenable bilinear operator,
and let ug be a Schwartz vector field. Suppose that u(t) is a smooth vector field on R™ x [0,T) — R"
that solves Equation (2.3). If T is the time of first blowup, then the closed set St has Hausdorff

dimension at most n + 2 — 4a.

The next subsection is devoted to proving Theorem 2.1.1. We remark that if we take

B(u,v) = ;((u Vot (v w))

then we have the usual a-dissipative Navier-Stokes equations in Equation (2.3). Subsequently, we
get Corollary 1.2.4.

We recall that our solution u is smooth up to time 7" and that the initial data ug is Schwartz.
These are facts that we shall use frequently and usually without reference. Pairing Equation (2.3)

with u and using the cancellation identity in Equation (1.5), we get:

(Oru, u) + ((—A)*u,u) = 0. (2.4)
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Integrating in time then gives us what we shall refer to as the energy dissipation law:
t
2 2 2,112 2
[u(®)lz = luollz — 2/0 I(=2)*"2ul3dt < uoll3 Vi € [0,T). (2.5)

We shall examine the dynamics of the “wavelet coefficients” ug = ||¢q ;P; fll2, where ¢¢ ; is a
bump function of type j and @ is a cube at level j. To this end, we pair Equation (2.3) with

P;¢3, ;Pju, and get, after simplification:

5t(;ugg) = (=B(u,u), Pj¢y jPju) — ((—A)*u, Pj¢} ; Pyu). (2.6)

We note that the “wavelet coefficients” ug are continuous in time, see Lemma 2.4.24 and Corollary
2.4.25. We prove the two main estimates for the terms on the right-hand-side of Equation (2.6) in

a later section. We estimate the “dissipation” term by
<(7A)o¢u’ Pj¢2Q7ijU> > _ 92005 + K22aju2Q _ K2(20¢76)ju?\[1(Q). (27)
We estimate the “nonlinear” term by

‘<—3(u, U)7Pj¢fz,jpj“>‘ < KYUHE Dug guot

j—10
n ] . 2
+K Y 2F R g upgug + K Y 20GT SR Dy g Pl 3+
k=0j k>j+10

(n+2)j | nvj — ;
K2zt U’Q||¢Qj7jpj*10§kgj+10uH%2 + K27, (2.8)
We have used the following notation: for a cube @ at level j we denoted

k<j=Qy:=20"P079Q k>j=Q=(1+2%"Q

The estimates hold for all cubes @ at level j > 0, and we shall now clarify the role of the symbol
K.
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Throughout the rest of this chapter, the symbol K will denote a constant appropriately chosen
so that every inequality where it appears is satisfied. The choice of K will be clear at each instance
of its use, and it will only depend on the L? norm of the initial data, the blowup time T, the
dimension n > 3, and the parameters €, «, and v. Also, we introduce another parameter § that
depends on « and the dimension n > 3. The parameter § will be used later when we estimate the
nonlinear term in Equation (2.6). Given n > 3 and a > (n + 1)/4, we shall carefully choose the
parameters ¢, v, and € so that our argument closes.

We now describe the construction of a collection of cubes, away from which we have “critical

regularity”, as in [57] and [73]. We call a cube @ at level j bad if and only if:

T
| [ 32 o0, Pl dudt = 2o,
0

k>j

We shall consider the reverse inequality as the hypothesis of an e-regularity statement compatible

with the scaling of the equations. In other words,
(2m)2a—1u((2m)x’ (2m)2at)

is a solution of Equation (2.3) for any m € Z, if u(x,t) is a solution of the same equation. We define
the set M; to be the union of cubes @ for all bad cubes @ at level j. We first obtain a convenient

cover of M;:

Proposition 2.1.2. There exists a constant K depending only on € so that for all j > K, there is

a covering C; of M; by cubes at level j such that for some other constant K independent of j:
N(C)) < Komt2—da)j+tej

Proof. Let A be the collection of cubes 2Q) where @ is bad and at level j. By the Vitali Covering
Lemma (Lemma 2.4.22), there are disjoint cubes 2Q’ in A such that the collection of cubes 10Q’
covers M;. However, any cube of sidelength 10 - 277 (1-¢) can be covered by K cubes at level j (K

depending on € and n > 3 only), so we are led to define C; to be the collection of the cubes at level j
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that cover the cubes 10Q". Now since the cubes Q" are bad with cubes 2Q)’ disjoint, the cubes Q) are
also disjoint. Indeed, by always choosing j > 100/, each such cube Q' = (1 + 2-9)Q" C (3/2)Q’
is strictly contained in the cube 2Q’. By the energy dissipation law and Lemma 2.4.13 we may

conclude:

N(cj)Q—(n+2—4a)j—ej <

< w23 [ foag ol aeie < k2 [T 15 oy o o =
0 k> 0 o

Q" k=>j

T
<K> j22a’€/ / |Peul’dadt < K,
0 n

k>j

which shows that there are at most K2(n+2-4)j+ei cubes in the collection. O

2.1.2 Critical Regularity Away from Bad Cubes

Note that the cube @ in the following proposition may actually be bad. The only condition that we
place on @ is that some large dilations of () are not bad, and this will be sufficient for the following

proposition.

Proposition 2.1.3. There exists jo sufficiently large so that for any cube @ at level j such that
the cubes Q. are not bad for any k € [04,j — 10], we have for all t € [0,T]:

ug(t) < 273 (nt2—date)

Proof. The claim is true for sufficiently small ¢ > 0 because our initial data is Schwartz. Let
to > 0 be the first time when the claim is not true. More explicitly, we assume that for any j
there exists @ at some level j such that the cubes @ are not bad for all k € [07,7 — 10] but
ug(to) > 2-%(n+2-4049) Lot ¢, € (0,49) be the largest time so that ug(t1) < %2*%("“’40‘*6), SO
that

%27%(n+274a+6) < UQ(t) < 27%(n+274a+6) (29)
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for all ¢ € (¢1,t0). Recall that our estimate in Equation (2.8) states that for any ¢ > 0:

‘(—B(u, U),ijZS?;),ijW‘ S K2j(1+%6+n7;)UN1(Q)UQ+

=10 _
HE D 2 g upqug + K 2GR Dy |60 P34+
K=dj k>3 410

(n+2)j j
”2 14 nyd

5 uqlloq,. i Pi-10<k<j+10ullis + K271°%.

+K2

We thus conclude from Equation (2.6) and Equation (2.7) that

. to . n n
%273(7%%2740#%6) < uQQ(tO) _ uzQ(tl) < / <K21(1+2“+;)uj\/l(Q)uQ+
t1
j—10
nk - nyj 21 2
+K Z 27+J+%UQ,€UN1(Q)UQ + K Z an(i—%)+k(n’y+1)uQ||¢Qj’jpku||g+
k=4j k>j+10

t
(n+2)j +L’yj

0 .
+E2 T UQI|¢Qj,ij—1ogkgj+1ou%z)dt K2 ugydt+

t1

to . .
t K2(2°‘_€)]uj2\/1 @ + K2—150j.
1

(2.10)

We observe that since @;_1¢ is not a bad cube we have, for some constant K depending on a, €, n:

T
//Z 2260, 10,5 10Pru|*dudt < K2~ (240t
0 k>j—10

and in particular

T T T
/ ugdt < / Urn (@)t < / 16,5 Pj—10<k<j+10ll72dt < K27 2720t
0 0 0
In addition, since Qy, is not bad for any k € [§7,j — 10], we have

T
/ UQdet S K27(n+272a+e)k
0
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for any k € [07, j — 10]. We shall reach a contradiction by appropriately bounding the terms in the

estimate of the nonlinearity. First we observe by the Cauchy-Schwarz inequality:

ims o nyy [T e to 1/2 to 1/2
2J(1+7+T)/ uni(@uq £ 2/HEEE) </ “ﬁfu@)dt) (/ “z?dt> '
1 t1 t1

Using Equation (2.12), we have that

t
sz(1+%6+%) / OU_/\/'I(Q)UQ < K2j(1+%5+%—(n+2—2a+e))j < K2—(n+2—4a+e)j2(1+"75+%—2a)j.
ty

Since o > (n 4 1)/4, we may choose 0 < (n — 1)/n and + sufficiently small so that

nd  ny ny n+1
1+ —+—-2 —+2 - .
+ 5+ a< o+ ( 1 @) <0
Thus, choosing jo sufficiently large, we have for all j > jo:
8\ ny o ys 1
Ko+ -2 ¢ L
— 1000
Therefore
to 1
K2j(1+"75+%)/ Up (g < —— 2 (P2 data)] (2.14)
V@ 1000

We continue our analysis with the low-high terms. We observe by the Cauchy-Schwarz inequality

and Equation (2.9) that

nk | ;. nyj to nk | ;1 nyj J to 1/2 to 1/2
27+J+ 3 /; UQ, UNT(Q)UQ < 27+]+ 3 2—§(n+2—40¢+6) (/t U?det> (/; u,%\/'l(Q)dt) ]
1 1

1

Thus, by Equation (2.12) and Equation (2.13), we have

. rto ) . )
K2%’“+j+"—;’/ UQLUNL(Q)UQ < K2%’“+j+%27%(n+274a+e)27(n+272a+6)§27(n+272a+e)%.
t1
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Simplifying, we get

nyj

K2t / ug un (@yug < K22 dateg— (2204 S ot —aj (2.15)
Recall that n > 3 and a > (n+1)/4 > 1, so we get (also assuming 0 < € < 2a — 2) from Equation
(2.15):

7—10
Z K2'L2k+J+ / UQkUNl(Q)UQ <K2 j(n+2— 4a+6)2 (2— 2a+5)22]+M,a]
k=047

Assuming that v < 3¢/(2n) gets us

—(1—a+6/2)+1+n—;—a:n’y/3—e/2<0.

Then choosing jo large enough, we may conclude that

Ko-(2—2040)d i+ " —aj o 1L
— 1000
for all j > jo. This allows us to conclude that
j—10 1
nk n .
> K2t =3 quuNl(Q)uQ < 9 i(nd2-date) (2.16)
P 1000

We proceed to examine the high-high terms. By Equation (2.9) and Equation (2.11) we have

to »
[ KX et uglag Pl <
B k>j10

ot
< 9= (n+2-da+te)g ? K Z 2n1(7—*)+k(nw+1)”¢Q ngUszt <
b k>j+10

SK2—(n+2—4a+e)%2%j—%2—j(n+2—4a+s) Z 2k(n’y+1—2a).

k>j+10
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Since a > 1, and since we can always assume that v < 1/n, we have that the sum converges,

yielding

t[) .
[ UK Y e g gg, s Pl <
h k>j+10

< Kz—(n+2—4a+e)j2j(%—%—%+n'y+l—2a)

2 2—4
E_ﬂ_w+n7+1_2a:%_g<g’

so that, for some jj large enough, we in fact have

to
[T KX e g g, Pl < o el

1 k>j+10 ~ 1000

(2.17)

The local terms are dealt with by using Equation (2.12) and Equation (2.9). First, we see that

to . .
(n+2)j | nvj 2
/ K272 5 ug||6q, i Pj-10<k<jriol 72dt <
t1

< K2%+"T'”‘—2aj2—%(n+2—4a+e)2—(n+2—40¢+6)j.

3¢

55 We can guarantee that

Then, choosing v <

n+2+@_2a_ (n+2—4a+e) _
2 3 2 3

so that, for some jg large enough, we in fact have

to . )
(n+2)j | nvj 1
K277 5 uglléq, i Pj-10<k< o7 dt <

27(n+274a+e)j )
. = 1000
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Finally, by Equation (2.12), there exists jo large enough so that

to 1

K 2ac—€)j,,2 —e€j —(n+2—4a+te)g —(n+2—4a+te)j
t 200 VyR oydt < 27T (MF2TAeta) < 1000° e, (2.19)
1

By Equation (2.10), Equation (2.14), Equation (2.16), Equation (2.17), Equation (2.18), and Equa-

tion (2.19), we conclude that

t
§2—j(n+2—4a+e) < LZ—j(n+2—4a+e) _ K/ ’ 22aju2 dt < LQ—j(n+2—4o¢+e)
4 = 100 " @7 =100 ’

which implies that 3/4 < 1/100, a contradiction. O

2.1.3 The Barrier

We follow the construction of the barrier as presented by Ozariski in [73], and we attempt to use
similar notation, wherever we can. Recall that we denoted the union of all bad cubes at level j by

M; and we found a collection of cubes at level j, denoted C;, that covers M; and satisfies
N(Cj) < K2(n+2—4o¢+e)j.

As in [73], we wish to find another (possibly larger) cover of M;, B;, of cubes at level j satisfying
the barrier property: for all z ¢ Ugep; @, there exists 0 < 7 < 1 such that 9(rQ;(x))NUqges, Q =
() for all k > j. We denoted the cube at level j centered at « by Q;(z), and we shall call the set
0(rQ;(z)) the barrier at z.

The following geometric lemma is proven in [73] for cubes in R3, but it in fact carries over
to cubes in any spatial dimension R™, whenever n > 3, since the proof only involves the use of

dilations. See [73] for details of the proof.

Lemma 2.1.4 ([73]). Let n > 3. Let x,y be two different points in R™ and let Q(y) and Q'(z) be
cubes of sidelength 2a and 2b, respectively. If d(rQ(y)) N Q' (z) # 0, then r € [rgr —b/a,rg +b/al,

where r¢: > 0 is such that © € 0(rg/ Q).
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We now proceed to construct a collection of cubes at level j > 0 that satisfies the barrier

property and covers the set M;.

Lemma 2.1.5. There exists a collection B; of cubes at level j > 0 that satisfies the barrier property

and covers the set M;. In addition, the cardinality of B; is at most
N(B;) < K2i(nF2-tate), (2.20)

Proof. First we find a cover B;- of M; by cubes at level j so that for any cube @) disjoint from every
element of B;, there exists a number r > 0 such that d(rQ) is disjoint from every bad cube at level

k for all k£ > j. In addition the cover B will satisfy
N(B;) < K2j(n+2—4a+e).

Then, the cover B; will be obtained by replacing each cube @ in the cover B} by its dilation 3Q
and then covering each dilated cube by at most 10™ cubes at level j. This process will result in
a cover B; having the desired cardinality bound, as in Equation (2.20), but with a slightly larger
constant K. In addition, for any point x ¢ B;, Q;() is a cube disjoint from all the elements B, so
the barrier property also gets transferred to the cover B;. We thus proceed to construct the cover
B;.

Following [73], we call a cube @ at level j k-naughty if and only if @ intersects more than
n2(k=i)(n+2-4a+2¢) clements of Cj,, where 71 is a parameter to be chosen later in this proof. We
remark here that, for sufficiently large k, there are in fact no k-naughty cubes because there are
only at most K2F("+2-4a+¢) cubes in the entire collection Cj,. We call a cube Q at level j naughty
if and only if it is k-naughty for all kK > j. As before, we remark that this imposes only finitely

many conditions on the cube Q.

We construct a cover B of all the k-naughty cubes at level j such that

N(Bj) < Ky~ 12i(nt2-date)ge(i—k)
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Let Q! be a k-naughty cube at level j and given the k-naughty cubes Q',... Q! let Q't! be a
k-naughty cube at level j disjoint from 3Q° for all s € {1,...,1}. Then Q"' must intersect at least
n2(k=3)(n+2-4a+2¢) glements of Cj, that are disjoint from the elements of Cj, intersected by the cubes
Q' for i € {1,...,1}. Since we have a definite bound on the number of cubes in C, we see that this

iterative process terminates after
L < N(Cy)/(n2tk=0)(n+2-dat26)) < frp=lg(n+2—da)jge(i—Fk)

steps. In particular the family {3Q!,...3Q%} covers the k-naughty cubes at level j. Covering each
dilated cube 3Q' by at most 4™ cubes at level j gives us our desired cover.
Next we let

/
Bj := Uk>;iBj k.,

which covers the set M;, because B, ; covers all the j-naughty cubes at level j. Let @ be a cube
disjoint from all elements of B}. Recall that we want to find some 0 < 7 <1 such that 0(rQ) does
not intersect any bad cube at level k for any k > j. Let C*(Q) be the collection of cubes Q' from

Cy intersecting (). Since @ is not naughty, we have
N(Ck(Q)) < ,'72(k—j)(n+2—4a+25).

Now let Q' be an arbitrary element of Cj, that intersects d(rQ) with 2=(1=¢) < < 1. Since r < 1,
we necessarily have that Q' € C*(Q), and since r > 2179 we necessarily have that the center of
Q' is different than the center of @ (this is a requirement on r that is present but unexplained in
[57] while omitted in [73]). Now we may let rg: be such that 9(rg/Q) contains the center of @', so

by the geometric Lemma 2.1.4 (with 2a = 2770=9) and 2b = 27*(1=9))  we have

orQ)NQ" #0=r € [ro — 2(1*6)(1'*’@),74@, + 2(176)(‘]‘7](;)]'
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Thus if fi(r) is the number of bad cubes at level k that intersect 9(rQ), we may estimate

Ji(r) < Z Xlrqy —20-0G=8) 7, +21-0G-0 (T)-
QIECH(Q)

Integrating we have
()|t 2-1-01 1) < 2N(CH(@))20 7V ™H < gpplten=1=390=k),

Denoting 3, - ; fi := f, we conclude, by using that a > (n+1)/4 (choosing 0 < € < (da—n—1)/3)

and summing, that

[ £l (2-a-o 1)) < en.

By choosing n small enough we can use the fact that f takes only integer values to guarantee the
existence of r € (2=(1=9 1) such that f(r) = 0. This number r is the number desired so that B;
has the barrier property. Indeed, by Chebyshev’s inequality and assuming 7 sufficiently small (here

m(-) denotes the Lebesgue measure on R)

1

m({r e 209 1) : f(r) > 1}) < / Fldr < 2 (1 —2-01-9),

9—(1—e) 1000
so there certainly exists some r € (2_(1_6)7 1), with the desired property. O
We let
E :=limsup B;
Jj—o00

and our goal is to show

Sr C E. (2.21)

By the bound in Equation (2.20) and Lemma 2.4.21, we know that H(E) < n + 2 — 4a + €, which
combined with Equation (2.21) and the arbitrary smallness of ¢, will finish the proof of Theorem

1.2.3.
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2.1.4 Regularity Away from Naughty Cubes

We prove Equation (2.21). Our partial regularity result requires the use of the barrier in an essential
way. The barrier construction allows the critical regularity proven in Proposition 2.1.3 to propagate
throughout an open neighborhood of every point = ¢ E, which is essential for showing regularity

within an open set (in the sense of u(z,t) having two continuous spatial derivatives).

Theorem 2.1.6. Let « € E. There exists j1(x) € Z such that
ug(t) < 9—in(Q)/2

for all times t € [0,T] and for every cube Q@ C rQj, (x) at any level j. Here r := r(z,j1) €

(2=(1=9) 1) is the number found in the proof of Lemma 2.1.5,
p(Q) :=n+2—4a+min(2n + 7,65(Q)/10),

and 6(Q) denotes the smallest integer k such that Q;_y intersects O(rQ;, (x)).

Proof. First we observe that ¢ E implies that there exists some integer jo > 0 such that z & @
for any @ € B; and for any j > jo. Recall that jo is the integer found in the proof of Proposition
2.1.3. Suppose the claim of the Theorem is not true, then for any j; > (max(jo, j2) + 10)/6% (we
assume that j; is much larger than jy in order to apply Proposition 2.1.3 on dilations of cubes) we

can let tg > 0 be the first time such that
ugy (t) < 27F0(@0/2 (2.22)

for all t € [0,t0] and all cubes Q" C rQj, (x) at any level k while there exists some j and some cube
Q C rQj, at level j such that

ug(to) > 279°(Q)/2, (2.23)

That Equation (2.23) holds follows from continuity of the energy integral proven in Lemma 2.4.24,

also compare with Equation (3.32) in [73]. Once again, let ¢; be the largest time such that ug(t1) =
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%2_jp(Q)/27 so that

%Q—jmcz)/a < ug(t) < 2790@)/? (2.24)

for all t € [t1,10]. Recall that our estimate in Equation (2.8) states that for any ¢ > 0:

(=Bl ), By Pl | < K20 Do guuqrt

j—10
nk e ] . 2
+K Z 27+]+%UQ;CUN1(Q)UQ’ + K Z znj(%*%)ﬂc(nwrl)ug||¢Qj7ijuH§+
k=67 k>j+10

(n+2)j _,’_%j

+K2 2

uqlléqQ,,j Pj-10<k<j+oul e + K270
We thus conclude from Equation (2.6) and Equation (2.7) that

3 . to N S
Z2—JP(Q) _ U%(to) _ Ué(tl) < / <K2J(1+2&+3)U/\/1(Q)UQ+
t1

j—10
nk - nyj . 2
+K Y2 R g upqug + K Y 20GT SR Dy g Pl 3+
k=4j k>j+10

(n+2)j + ﬂgj

to )
+K2 2 uQ||¢Qj,ij10<k<j+10u%2>dt — K220‘]uédt+

t1
to ) )
+ / K2R3y o) + K27 1907, (2.25)
ty

We first claim that §(Q) > 11. Otherwise if §(Q)) < 10 (which implies p(Q) < n + 2 — 4o + €),
then there exists some ky < 10 such that the cube Q;_, intersects the barrier 9(rQ;, (z)). It follows
then that the larger cubes @y also intersect the barrier for all k € [d7, j — 10]. By Proposition 2.1.3,

and since dj > jo, we conclude that

wo(ty) < 279 H21at9/2 < 9=ip(@)/2,

which contradicts Equation (2.23). We take note of one consequence of the fact that 6(Q) > 10
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separately in

pP(Q)>n+2—4a+e. (2.26)

Having shown that the cube @ is necessarily “far” from the barrier, we proceed to show a con-
tradiction to our contradiction hypothesis. First we show that large dilations of @ have critical
regularity, or that:

ug, (t) < K2~ (n+2-tatak/2 (2.27)

for all times ¢t < t¢ and for all k € [07,5 — 5]. If 6(Qx) > 11, then Qi C r@Q;, (x) and p(Qx) >
n+ 2 —4a + €. Indeed, in this case, the smallest dilation of ) that still intersects the barrier is at
worst QQx—11, so the original cube Q) remains within the cube r@Q;,. But then by Equation (2.22)

we conclude, when §(Qy) > 11:

ug, (t) < 9—kp(Qr)/2 o [ro—(n+2—date)k/2.

In the case when §(Q) < 10, we argue as before and get that the larger cubes Q;_1¢ intersect the
barrier for all I € [0k, k], so by Proposition 2.1.3, and since k > §j > jo, we obtain the desired
critical regularity.

Next we show that cut-offs at high frequency have better than critical regularity. Let k >

J +10(2n + 7)/e be arbitrary, we aim to show that
6q, . Prulla < K27 g (nto=de)k/2 (2.28)

for all times ¢ < to. Recall that for k > j, Q) := (1+27%)Q, so, by also choosing j; sufficiently large
(i.e. j1 > 1/€), we have that Q; C (3/2)Q. We may thus cover (3/2)Q by at most K2"(*k=7)(1=¢)

cubes at level k (we denote the cover by Si(3Q/2)). Therefore we estimate:

6q,.jPrulls < K Z Ug.
Q'ESK(3Q/2)

Each Q" € S(3Q/2) is a cube at level £ > j +10(2n +7)/¢, so Q’; = 2-U=h1-9Q" € Q;_2, and
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in particular 6(Q") = 6(Q}) +k — j > 0(Qj—2) +10(2n + 7)/e > 10(2n + 7)/e. It follows from the
definition that p(Q") > 3n + 9 — 4a. Then we conclude:

”QSQ_]'JP]CUH? < N(Sk(SQ/Q))27(3n+974a)k/2 < Kanern(jfk)27(n+974a)k/2 < 27nj27(n+974a)k/2.

For the local frequencies, we would like to show for all ¢ < ¢y that for all k € (j—5,j+10(2n+7)/€|,
we have

léq,.jPrull e < K27IP(@=%)/2 (2:29)

Let jy be sufficiently large so that Q; C (3/2)Q. Let k € (j—5,j+10(2n+7) /€], and let Sk((3/2)Q)
be a cover of (3/2)Q by cubes Q' at level k. There are at most K such cubes @', where K depends

only on € and n. Moreover, by the fact that §(Q) > 11, we have

6(Qr) 20(Q) +k—j=20(Q)—4=T7,

so, since 7 > 27179 we have Q) C rQj, (z), p(Qr) > p(Q) — %, and Equation (2.22) applies.

Thus, we can estimate, if k < 7,

||¢Qj,iju||L2 < ug, < 9=P(Qr)k/2 < 2—(P(Q)—%)k/2 < KQ—(P(Q)—%E)J'/?_

If k > j, then Q} C Qj-2, 50 6(Q") = d(Q}) +k —j > 6(Qj-2) = 6(Q) — 2, from which p(Q’) >
p(Q) — €/5. By Equation (2.22) we conclude

ug < 27 PQK/2 < 9=i(p(Q)=¢/5)/2,

From which we conclude

||¢Qj7ijUHL2 < Kg—j(p(Q)—E/E’))/?’

which completes the proof of Equation (2.29). Now we begin estimating the terms on the right-

hand-side of Equation (2.25). Since @ > (n+ 1)/4 > 1, we can assume that J, ¢, are sufficiently
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small so that

5
1+%+%+6<2<2a

Then, by Equation (2.24) and our estimate on the local frequencies in Equation (2.29), we have
to . né | ny .
/ K200 5 H50 0 1 gyugdt < K (tg — )23 P(Q)=4¢/5)1, (2.30)
Likewise, by our estimate on the local frequencies in Equation (2.29), we have
to
2a—e 20— 3e/5
K t 202073y oy dt < K (to — t1)29 20 P(Q)=3¢/5), (2.31)
1

Similarly, by Equation (2.24), Equation (2.27), and Equation (2.29), we can estimate the low-high

terms:
7—10 7—10 )
KY / HHHE o up ugdt < / m g+ 2 g —h(n+2—4a€) 295 (—p(@)+§) gy <
k=435 k=4dj

J 100 . . .
/ ’ 9+ 3L —p(Q)j+ 4 9—k(2—date) /2 gy < K(to — t1)2j+%—P(Q)j+%2—j(2—4a+€)/2.
ty

ké]

Where we have summed over k after using that o > 1. Simplifying we have

nyj

K(to — t1)2j+ 3

*P(Q)j+%j22aj2*j(2+€)/2 < K(to — tl)Q(QQ*P(Q)*%+%)J‘.

We can choose v < 3¢/(100n) so that

7j—10
Ky / 25T g, up (@ uodt < K (t — t1)29 e P(@= 157, (2.32)
k=467

We estimate the high-high terms as follows:

to
[K S e g g, Pl <
t1 k>j7+10
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to
i(L_2y n
/ K S amGe Rty 6o Pld+
t1 k>j+10(2n+7) /€

to J+10(@2n+47)/e )
1
+/ KoYy 2GS g g, s Pruls <
t1 k>j+10

t
<k [ 9-r@ir2gniti/2-2v/3)9-2nj S gkm = (rro—a) 4

t1 k>j+10

t
K / ® 0= p(@)i/2ni(1/2-27/3) 9 (ny+1-p(Q)+ %)
ty

Since a < (n + 2)/4, we can choose v small enough (e.g. v < 6/n) so that the infinite sum is

convergent, yielding

to .
/ K Y 2nG 3ty ligo. Pl <
t1 k>j+10

< K(tg — tl)pr(Q)j/22nj(1/2*2v/3)2*2nj2j(m+1*(n+9*4a))+
K (ty — t1)2P(@)3/29ni(1/2=27/3) i (ny+1=p(Q)+5)

Recall that by Equation (2.26), we know —p(Q) < —(n+2—4a+¢). It follows that (after choosing
v < 3¢/(100n)):

K9~ P(Q1i/29n3(1/2-29/3)9i (my+1-p(@Q+¥) < [ro(2a—p(Q)=c/20)]

Recall that (by definition) p(Q) < 3n + 9 — 4a, so that (choosing v < 3/n and € < n+ 5/2)
K2 P(Q)/29ni(1/2=27/3) 9g=2njgj(ny+1=(n+9-4a)) < 9i(=p(Q)+,(Q)/2+n/2+ny/3=2nt1-n—(9-4a))j <

< K23(~p(Q)+3n/2+(9—40) /2-5n/24nv/3—(8~40))j < froi(~p(Q)—n+2a=T/24n7/3) < froi(2a—p(Q)=¢)
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We can now conclude that:

to 12y i
/ K Z 2"](57%)+k(n7+1)uQ||¢ijjpku”§ < K(tg — t1)27(2a=/20=0(Q) (2.33)
1 k>j+10 '

The estimate for the local terms proceeds as:

t
0 (42)i 4 nyi

to ) n n €
K272 5 uglleq, i Pj-10<k<sroullj2dt < K/ PP QTR gy <
t1 ty

t
< K/ Y Qi@ § 420 BRI E) e g2 Comp(@)= 5 ),
ty

where we have used Equation (2.26). Choosing v < 3¢/(100n), we conclude
to 2)j nyj .
/ K25 ug | dg, ; Pj—tockerroul 3adt < K(tg — 1)222#(@=¢/20i, (2.34)
t1

From Equation (2.30), Equation (2.31), Equation (2.32), Equation (2.33), and Equation (2.34), we

know, choosing j; large enough and € small enough:

t
B9-in@ < je150i ¢ [ 2002 gt 4 KoCe-e/20-0(@)s
0 <

t1

Since ug > 2*p(Q)j/2/2 on the domain of time-integration, we can choose j; large enough so that

;273‘;)(@) < —K(ty — tl)Q(QQ*P(Q))j(l _ Kgfej/ZO) <0
1 =<

which implies % < 0, a contradiction. O

Corollary 2.1.7. Let x ¢ E. There exists a neighborhood U of x such that ||u(t)||cee () is bounded
for all t € [0,T7.

Proof. By changing the definition of p(Q), we can get arbitrarily stronger control on the energy
away, as long as we are far from the barrier, which would allow us to conclude arbitrarily high

regularity in the proof that now follows. It thus suffices to show here that, for example, there exists
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a neighborhood U of z such that ||u(t)||c2(y is bounded for all ¢ € [0,T]. We have proven that
there exists j; and r such that ug(t) < 277°(Q)/2 for all ¢ € [0, 7] and for all cubes Q C 7Q;, () at
level j. Let jo be the smallest integer such that 6(Q) > 10(2n + 7) /e for all cubes Q C @Q;, at level
J, so that p(Q) > 3n + 9 — 4a for any such cube @ at level j. Let U := Qj,42(x). Let S;(U) be a

cover of U by cubes at level j. Then for j > ja:

IPsull oy < 1Pjullwasnszaqy < 22| Pl 2 < 20342 N lgg Pyull 2 <
Qes;(U)

< Kgnj(lff)gnj/2+3qu < 9(n(1—€)+n/2+3—-p(Q))j /2 < K9—i/2

Thus, summing over j, we have

lullc2y < K(j2)-
O

Corollary 2.1.7, the fact that H(E) < n+ 2 — 4o + €, and the arbitrary smallness of e finishes

the proof of Theorem 1.2.3.

2.2 Estimates for the Local Energy

2.2.1 Estimate for the Dissipation Term

We first consider the dissipation term in Equation (2.6).

Proposition 2.2.1. Let @ be a cube at level j > 0. We have:
(=A)u, Pjggy jPju) > —K272%% + K2%902) — K203, )
Proof. We have:

((=A)*u, Pig} jPiu) = (=A)*¢q,; Piu, ¢ j Pju) + ([(=A)%, ¢q.; Pilu, dq.; Piu). (2.35)
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It remains to estimate the two terms on the right-hand-side of Equation (2.35). We begin by using

Lemma 2.4.15 to state:
(=) 6q P, da. Piu) = (—8)* g i Py dq i Pyu)| < K270 (2:36)

and

‘<¢Q,jpjuv 6q.;Pju) — (Pioq.; Pyu, ¢Q,jpju>‘ < K270, (2.37)

Then, because of the localization in frequency space, we have
((=A)*Pioq,; Piu, ¢q.i Pyu) =

- /\§|2%3j(§)\f(asQ,iju)(g)ng > K2°%(Pi¢q ; Pu, ¢q ; Pju). (2-38)

Using Equation (2.36), Equation (2.37), and Equation (2.38) we conclude that
(—A)*¢q;Pju, g Pju) > —K272000 220942 (2.39)

Now we turn to the second term on the right-hand-side of Equation (2.35).
First, by Lemma 2.4.4, we have [(—A)%, ¢, P;] € OPSiO{:i. Thus, the symbol of this operator,

which we denote by ¢(x, ), satisfies
la(, &) < K((1+[¢[*)1/2) .
Because of this bound and the localization of frequency, we get, proceeding as above:
([(=2)%,6; Plu, dq i Pju)| < K (2P + 1)|(u, dg,; Pyu)| < K237V |(u, ¢q,; Pyu)|.

Letting Q = (1 +279)Q, we conclude using Lemma 2.4.15 (to commute Littlewood-Paley projec-

tions), Lemma 2.4.19 (to commute bump functions), the energy dissipation law, and the Cauchy-
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Schwartz inequality that:
{[(=2)*, ¢; Pilu, g ; Pu)| < K2~V (u, ¢ Pig.; Piu)| + K277 <

S K2(2a76)j ¢~ PU ! +K27150j S K2(20¢76)j ¢~ PU 2 +K27150j'
Q.7 Q@ Q.37 372

Finally using Lemma 2.4.20, we have
([(=2)%, ¢ Pylu, dg j Pyu)| < K220 Wuipy ) + K271, (2.40)
Combining Equations (2.35), (2.39), and (2.40) yields the desired inequality. O

2.2.2 Estimate for the Nonlinear Term

The next term we consider from Equation (2.6) is
(=B(u,u), Pij¢g ;Pju)y = (—dq,;PiB(u,v), dq,;Pju).

We shall use a scheme for estimating multilinear functions that is inspired by the Bony-Coifman-
Meyer paradifferential calculus (for the details of which, see [10], [31], and [91]). It involves the
following partition of frequency space, which is also used by the authors of [57] and [73]. We may
write

P;B(u,u) = Hj i + Hjp + Hjwi + Hjjoc

where

low-high frequncies: Hj, = Z PjB(Pku,]sju)
k<j—10

high-low: Hjp = Z PjB(]E’ju,Pku)
k<j—10

high-high: Hjpn = > PiB(Peu,Peu)+ > PB(Peu, Peu)
E>j+10 k>j+10
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local:  Hjjoc = Z PjB(Pku, Pyu) + Z PjB(Pku, Pku)
j—10<k<j+10 j—10<k<j+10

For the rest of this subsection we fix a cube @ at level j and introduce the following notation:
k<j=Q:= 2(j*k)(1*€)Q, k>j= Q= (1 + 2fek)Q.

We first estimate the low-high frequency terms:

Lemma 2.2.2. There exists a constant K > 0 such that for any arbitrary § > 0 and j € ZT we

have:

(=00, Hjn, bq,;Piu)| <

j=10 :
KO0 grug + K Y 25 F ug, upn gyug + K271,
k=43

Proof. We first deal with the case when §j < k < j — 10 and consider a term in the sum Hj :
(—q.j P B(Pyu, Pju), ¢ ; Pju).
Now by an application of Lemma 2.4.15, we know that for any f € L%
6P f = Pi¢qiPiflla < K272, (2.41)

Since B is an amenable bilinear operator, we have by assumption that B’ (u) = B(u, v) and B2(u) =

B(v,u) are pseudodifferential operators with symbols in some class S7";. Thus by an application of

Lemma 2.4.11, also using Equation (2.41), we see:
6, ;P B(Pru, Pyu) — ¢q, ;P B(¢q, kPru, Pju)|ly < K2720%7, (2.42)
We may therefore write
(=60, P B(Pyu, Pyu),éq i Piu) = (6q;P;B($qurPru, Pyu), ¢q,; Pyu) + R
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where Rj ) is an error term with absolute value less than K219 for all k. In a similar fashion,

we can commute bump functions to get:
|(~60.4Ps B(Peu, Pyu), 60,5 Pyu)| <
‘<¢Q7ijB(¢Qk,kPku, b0, Pu), ¢Q7iju>‘ 4 K285 (2.43)
We therefore have the estimate:
’<¢Q,jpj3(¢czk,kpku, ¢q, .5 Pju), ¢Q,jpju>’ < K| B(bqu .k Pru, ¢q, ; Pju) |2 - ug-

Since B is an amenable bilinear operator, we use the property in Equation (1.6) and get
(0Q.i P B(0q. .k Prtt; ¢, ; Piu), o i Pju)| <

uq - 6.k Prtillso (IVOQ, i Piullr) + 6,5 Pittllge)): (2.44)

where () := 6/(3 —2v). For the rest of this proof we refer to ¢(y) by ¢ only. Now, we use Lemma
2.4.18 to get:

lbQu. b Prtt]| oo < K27/ 2ug, + K27 (250/0k < fronk/2y,, 4 K9=250i (2.45)

HQSQjA,ijqu < K2nj(1/2_1/q)uN1(Q) + K270 = K2%j’U,NI(Q) + K272597, (2.46)

We recall that derivatives of a Sobolev-smoothing operator remain Sobolev smoothing, so we may
use the “commutator” lemmas of the final section of this chapter “within derivatives” as well. Now,
to deal with the gradient term, we use 15j P; = P; and Lemma 2.4.15 to commute Littlewood-Paley

projections and get:

V(¢q,;Pju) = V(Pi¢q, ;Piu) + R; = PV (¢q, ;Pu) + R;,
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where R; is an error term of absolute value at most K 27300j By Lemma 2.4.13, we thus have
IV (60, Pu)lly < 27 F uper () + K220, (2.47)

Combining our estimates in Equations (2.43), (2.44), (2.45), (2.46), (2.47), we get:

nyj

(=6 PiB(Pyu, Pyu), g ; Pu) | < 2/ 2HH5 ug, unn gyug + K271,

Summing over §j < k < j — 10 and recognizing that there are only around j terms gets us the first
term with the sum. For the case when k < 7, we directly use the inequality satisfied by B , our

commutator estimates from the final section, and the energy dissipation law to get:
(—=¢q.; P B(Pru, Pju), ¢q.; Piu)| <

< 2jUQ||PkUHooHQsQ,-,ijU”q + Ko150i < K2j+n5j/2+%quuN'1(Q) + K27150j,
which finishes the proof. O
By symmetry of B, the same result holds for the high-low terms:

Lemma 2.2.3. There exists a constant K > 0 such that for any arbitrary § > 0 and j € ZT we
have:
(—bq,jHjn, ¢q,;Piu)| <
j—10
- nd n nk - nyg .
K2J(1+7+T’Y)UN1(Q)UQ + K Z 27+J+%UQ1€UN1(Q)UQ + K2~ 1907
k=63

Our next effort is towards estimating the high-high frequency terms.

Lemma 2.2.4. For some constant K and for all j € Z™ we have

(bq.iHinn b Pju)| < K Y 2mG= 30tk Dy 16, 5 Prull + K27 1997,
k>j+10
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Proof. As usual, we examine and wish to estimate a single term in the high-high sum where k& >

j + 10, which by symmetry we may write:
(6q.; P B(Pyu, Pyu), ¢q j Pyu).
As in the proof of Lemma 2.2.2, we can commute bump functions across our operators to get
‘<¢Q,ijB(15kU,PkU),¢Q,iju>’ <

K|(60.5P;B(6q, i Peu, dq, 5Py, dq i) | + K272, (2.48)

Since B is amenable we can bound the trilinear expression:
‘<¢Q7J’P.J’B(¢Qj Pk, 6q, 5 Pru), ¢Q,iju>‘ <

(I6a, . Petllp, +11Véq,.; Peullp,)6Q;.; Peullp, |6q.; Piull,

where
1 1 1
— =41y

S =1
p1 p2 3 T

Henceforth, we can always assume that 0 < v < 1/2. With this assumption, we can pick p1,pa,r

so that
1 1 1 1 1 2y
p 2 pp 2 TETs
By Lemma 2.4.18 we know that
lpo.; Prully < 279G~ yg + K272009 (2.49)
and
166, 5 Prullp, <27 ¢q, ;Prll2 + K272°%. (2.50)
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By the same reasoning as in the proof of Lemma 2.2.2, we get
1=2
IV, Prulla < K28 > ||6q, i Preriull2 (2.51)

1=-2

Combining our estimates from Equations (2.48), (2.49), (2.50), (2.51) yields:

(6Q.iHinn b iPiu)| < K > u@2 G TR |6 B3 + K271,
k> +10

Next we deal with the “local” frequencies around level j:

Lemma 2.2.5. For some constant K we have for all j € Z7:

+2)J 4 nod

(60,5 Hj toes b3 Pyu)| < K2° 3 ugllgq, i Pi—t0<k<j+ioulls + K27

1505

Proof. We can explicitly write out the term we wish to bound by

=2 k<j+10

(6Q.iHjtoe» b iPiu) =2 > > (¢q. ;i PiB(Peyiu, Peu), g ; Piu).
I=——2 j—10<k

As in the proof of Lemma 2.2.2, we can use the triangle inequality and commute bump functions
to get:

(bQ.jHjtoc, Pq, Pju)| <

=2 k<j+10

ISELEY 'S SIS ‘ 6q.;PiB(¢q, ; Peyiu, ¢q, j Pru), dq j Pyu) (2.52)
I=—2j—10<k

For appropriate choices of k = kg,l = [y that maximize the expression in the sum in Equation

(2.52), and since our constants K are allowed to depend on ¢, we have:

=2
K> > ‘<¢Q7ijB(¢Qj,ij+lua ¢q,,jPru), dq i Pju)| <

I=—2 j—10<k<j+10
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< K|(¢q.iPiB(6q,.j Protioth 6q, . Peott), Q.5 Piu)
We remark that by Lemma 2.4.20:
16q;.iPrull2 < ll¢q;,iPj-10<k<j+10ll L2

and by Lemma 2.4.18:

||¢Q7jpju||oo < an/2uQ + K 92005
As in the proof of Lemma 2.2.2, we have, where ¢ = 6/(3 — 27):
IV(60,.5 Protiow)lg < 27773 (|6, 5P —10<k<jt10l L2 + K2720%.

Combining our estimates from Equations (2.52), (2.53), (2.54), (2.55), (2.56), we get:

(n+2)j 4nad

(6q.Hjt0e, 0q, i Piu)| < K272 175 ug||¢q, jPj-10<k<jrioull 72 + K271,

2.3 Partial Regularity and Blowup

(2.53)

(2.54)

(2.55)

(2.56)

In this section we deal only with functions and vector fields defined on R3. For this reason, the

parameter n does not denote the dimension of space but rather an index of summation.

2.3.1 Flexibility of Blowup

We shall assume that the reader has a familiarity with the paper [89] of Tao. We first give an

overview of the construction in [89]. Afterwards, we show the flexibility of the blowup result

therein. Indeed, Tao notes himself (in footnote 12 of [89]), that his methods show blowup even

when hyperdissipation approaches the critical value of « = 5/4. In this subsection we give some

details showing why this is the case while also modifying the technique to prove the existence of a
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blowup solution to the pseudodifferential equation associated to some amenable operator.

As before, we let (,) be the L? pairing for vector fields. Let 1 < A < 2. We denote by HéJ?(R?’)
the space of vector fields on R? that are divergence free in the distributional sense and whose first
ten weak derivatives are square integrable.

A basic local cascade operator is a bilinear operator C : HC%J? (R3) x Hj}) (R3) — Hé;)(]R?’)* defined
via duality by:

(Clu,v),w) =Y N2 (u, b1, ) (0, Y2,0) (0, P3.0)

ne”z
where for i € {1, 2,3},
Pin(x) = N2 (A )

and v; is a Schwartz vector field whose Fourier transform is compactly supported within a small
spherical shell around the unit sphere in R?. We also define a local cascade operator to be a finite
linear combination of basic local cascade operators. Lastly, we call a basic local cascade operator a

zero-momentum basic local cascade operator if its constituent Schwartz vector fields satisfy

R3

Likewise, we may define a zero-momentum local cascade operator.
In [89], Tao proves the existence of a local cascade equation that admits a solution blowing up

in finite time. In particular, Tao proves the following:

Theorem 2.3.1 ([89]). Let 1 < X < 2 be arbitrary. Then there exists a symmetric local cascade

operator C and a Schwartz divergence-free vector field ug such that the cancellation identity holds

(C(u,u),u) =0 for all u € Hé})(ﬂ@) (2.57)
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and there does not exist any global mild solution u : [0, 00) — Hgllf (R3) to the initial value problem

Ou — Au+ C(u,u) =0
(2.58)
u(-,t=0) =g

In this subsection we show that Tao’s result is flexible in the sense that we find a local cascade
operator with more restraints on the constituent Schwartz vector fields ¢; whose corresponding

local cascade equation admits a blowup solution with fractional dissipation. In particular we prove:

Theorem 2.3.2. Let 1 < A <2 and 0 < a < 5/4 be arbitrary. Then there exists a zero-momentum
symmetric local cascade operator C' and a Schwartz divergence-free vector field uy such that the

cancellation identity holds

(C(u,u),u) =0 for allu € H(}})(R3) (2.59)

and there does not exist any global mild solution w : [0, 00) — HC}JQ(RS) to the initial value problem

Ou+ (—A)%u + C(u,u) =0
(2.60)

u(-,t=0) =g
First, we determine the structure our local cascade operator must have in order to fulfill some
basic requirements like the cancellation property. In particular, following Tao, we consider four
balls By, Bs, Bs, By in the spherical shell {¢ : 1 < [¢] < 231}, and we choose the balls so that
the unions B; U (—B;) are mutually disjoint for ¢ € {1,2,3,4}. We choose four zero-momentum
divergence-free Schwartz vector fields 1; such that F(v;) has support in B;U—B;, and we normalize
them so that ||¢);]|2 = 1. We have the L2-rescaled functions 1; ,, := A*"/24;(A\"z) that also satisfy
l¥inlle = 1. Let S = {(0,0,0),(1,0,0),(0,1,0),(0,0,1)}. We define the following local cascade

operator (in other words, a linear combination of basic local cascade operators):

C(U, ’U) = Z Z Qiyin,ig,p, 2,03 /\571/2 <u7 wi1,n+u1 > <Ua ¢i2,n+u2>wi3,n+lt3

nEZ iy ,iz,iz€{1,2,3,4}
(1,p2,13)ES
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To ensure that C' is a symmetric bilinear operator we require that

iy yinig, e, ms — Qs yit,is, o, p1,03¢

The cancellation property is satisfied if we require

§ : aia7ib7ic7ﬂavﬂbauc =0.
{a,b,c}={1,2,3}

With these first conditions imposed on C, we are ready to study the basic dynamics of the pseudodif-
ferential equation associated to C. Whenever applicable, we define the following Fourier projections

that will act as “wavelets”:

win(t)(@) == F~ (Xeern(B,u-5) (€) - F(u(t))(€))

3

and the following functions of time that behave like “wavelet coefficients”:

Xi,n(t) = <u(t);¢i,n> = <ui,n(t)7wi,n>'

Lastly, we define the following “local energies”:

1
Fin(t) i= 5 i (0).

The behavior of the pseudodifferential equation is determined by the dynamics of the functions
Xin(t). This is described in Lemma 4.1 of [89]. Below, we only note the modifications necessary
in the case of fractional dissipation (assuming that ¢ is a zero-momentum vector field has no effect

on the lemma’s conclusions).

Lemma 2.3.3. Suppose u is a global mild solution to the pseudodifferential equation associated to
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C with initial data 1 p, for some ng integer. For any i,n we have

S 3 o 5(n—ps)/2 . 2am ;p1/2
atXl,n - a1171271,u1,#2#3)‘ X117n7“3+#1X127n7“3+#2 + OO‘ Ez‘,n )
i1,i2€{1,2,3,4} (pu1,p2,u3)€S
and

t
%Xﬁn(t) <Eint) < %Xﬁn(t) + 0</\2a"/ Eim(s)ds).
0

Proof. The vector field u(t) is a mild solution of the pseudodifferential equation associated to C.

Thus we write

t
u(t) = e 8y + / RO u(s), uls))ds. (2.61)
0

As noted before, we have the “wavelet” decomposition of u:
u(t) =) in(t)
n,t

with
Xim(t) = <u(t)7'(/}i,n> = <ui,n(t)7wi,n>'

We pair Equation (2.61) with 9, ,, and get

—t(—=A)” 5(n— 2
win(t) = e A X (00 n + in > iy i iy iz A
i1,42€{1,2,3,4},(p1,p2,143)ES

t
/O <u, ¢i1,n+#1*#3> <uv ¢i2,n+u2us>> .

If we differentiate with respect to the time variable ¢ and simplify we obtain
8tui,n = _<_A)aui7n+

S 5(n—p3)/2 . ) .
§ Qi i i a2 s N Xiyn—pati Xisn—pg+pzVin (2.62)
i1,i2€{1,2,3,4},(p1,p2,03) €S
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Now, by the localization in frequency space, we observe that (where K depends only on ;):

(= (=)t i) = [, —(=2) i) | < KB (£)A2". (2.63)

in

Pairing Equation (2.62) with ;, and using Equation (2.63) gets us the first statement in the
lemma. The first inequality in the second statement follows from Cauchy-Schwarz. It remains
to prove the second inequality. We recall the “local energy inequality” found by Tao, which is

independent of the dissipation parameter a. Equation (4.11) in [89)] is

O Ein < Z Z aihiz’i,m,uzws)‘S(n_ug)mXihnfuermXiz,nfuermXi,n' (2-64)
1,02 (p1,p2,13)€ES
Now, if we multiply the evolution inequality for X, by X, ,, subtract this from Equation (2.64),
and integrate in time, we have the second desired inequality

1 t
Einlt) < 5 X2, (1) + KN / s (s)ds.
0

O

The only significant change from the work in [89] is the presence of « in the exponent of A in
the dissipation term.

Tao’s construction of a blowup solution to the pseudodifferential equation associated to C' contin-
ues with an intricate analysis of an infinite dimensional ODE system whose dynamics are contained
within the dynamics of C. Tao proves that there exist a sequence of times t,, converging to some
finite T' so that for some ¢y > 0, at least A" of the energy is concentrated in the ball of radius
A~™ around the spatial origin.

An essential part of the blowup construction is that the aforementioned concentration of energy
occurs on timescales of order t,11 — t,, = A=3+0(0)n wwhich are signicantly smaller than the
dissipation time scale which (for fractional dissipation of order ) is A2*™ by Lemma 2.3.3. This can

occur so long as o < 5/4. Since Tao never uses any assumption about the integral of the functions
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i n, one can follow through Tao’s construction and get a blowup solution to the pseudodifferential
equation (with hyperdissipation of order o < 5/4) associated to some zero-momentum cascade

operator. This is nothing less than Theorem 2.3.2 above.

2.3.2 Additional Properties of Local Cascade Operators

We have established Theorem 2.3.2, where we constructed a zero-momentum, symmetric, local
cascade operator C'(u,v) satisfying the cancellation identity for divergence-free vector fields whose
associated a-dissipative pseudodifferential equation has a solution blowing up in finite time from
Schwartz initial data. Recall that we proved a partial regularity result for a-dissipative pseudod-
ifferential equations with nonlinearities arising from amenable bilinear operators. It follows that if
we desire to use Theorem 2.1.1 and get a partial regularity result for the pseudodifferential equation
from Theorem 2.3.2, we have to verify that C(u,v) is an amenable bilinear operator.

That C(u,v) is defined for Schwartz vector fields is clear. That C(u,v) satisfies the cancellation
identity

(PC(u,u),u) =0 for divergence-free u

is equally clear. Indeed, since C'(u,u) is always divergence-free, we have PC(u,u) = C(u,u). It
follows that

(PC(u,u),u) = (C(u,u),u) = 0 for all divergence-free u.

The scaling property, with the choice of scaling parameter )\, is clearly satisfied by C. Tao also
makes this observation. Thus, it remains to show that C}(u) = PC(u,v) is a pseudodifferential
operator in some class OPST" and to show the bilinear operator bound. First we need to prove an

auxiliary lemma.

Lemma 2.3.4. Let ¢ be a Schwartz divergence-free vector field that has zero momentum, i.e.
[ =0. Let U; be the vector field given by Lemma 2.4.23 so that div U; = 1);, the it" component
of V. Let 1, := \3"/?p(\"x) be the L? rescaling of 1 and let W, be the L? rescaling of V;. Then
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for any vector field v € HC}J?, we have:
) == AZRE
Proof. Since v has zero momentum, we can use Lemma 2.4.23 and write
A"y () = N 20, (A" ) = AP 2(div ) (A"a) = A3 2div (0;(A"x)) = div U, , (z).
Then we integrate by parts:

" (4, ) Z/)\5"/21/1 Az vdx—Z/vzdlv U, pde = — Z/ im - Vvida

O

Proposition 2.3.5. Let C(u,v) be a zero-momentum, symmetric local cascade operator. Then, for

arbitrary 0 < v < 1 and for any 1 < p1,p2,r < 00 satisfying

we have that the following inequality holds

1C(u, )]

rr < Kllullzes ([[ol[ ez + [V Lr2)

for all w € LP* and v € WP, The constant K depends on v, \, and the vector fields v; used in
the definition of C(u,v).

Proof. Tt suffices to prove the proposition for any (zero-momentum, symmetric) basic local cascade

operator:

ZA5TL/2 wln <’U 1/}2 n>¢3 n( )

nez
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Since the sum above is absolutely convergent, we can divide the operator C' into two parts:

C+ (’U,, ’U) = Z )\571/2 <U, wl,n> <’Ua w27n>¢3,n (ZL')

n>0

and C~ (u,v) := C(u,v) — CT(u,v). By a change of variables we observe that

[¥3.nllr = A3 |3 (A"2) || Lr = N3 273 7 g (u)| e = X323 | o (2.65)

By the absolute convergence of the sum, we may bound each component in turn. We begin with

C~, which is the more straightforward term. We observe that

1O (s 0)lzr = | D A2, ) (0, 2,0) 3, (@) | <

n<0

< 3 R Yo, o) | - [ (@) 2 <

n<0

< pslloe Y A3, 1) (0, 2.0) | <

n<0

< bslioe D A2l o 19010 g [0l o2 162,00

n<0
where the first inequality is the triangle inequality, the second is due to Equation (2.65), and the
third inequality is Holder’s inequality, where p’ denotes the Holder conjugate exponent of a number
p. Then, by the same reasoning that justifies Equation (2.65), we can perform a change of variables

in the integration and get

HC (U7U)||L < HwSHL len ] ||w2” pl, )\TL 3”(1/ 1/1:/1 Upé)”u“LPlHUHLPQ'
- LP1 LP2
n<0

Now by the hypothesis on our exponents, it follows that
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Thus, we conclude, since 0 <y <1 and A > 1:

IC™ ()l Lr < sl bl o 102l g > A ]| o [[0]| 2 < Kl Lon [|0]] 22

n<0

where K depends only on \,~,1;. Now we proceed to estimate CT. As with C~ we can use
Holder’s inequality, a change of variables in the integration, and Lemma 2.3.4 (to exchange A™ for

a derivative) to get:

1O ()l < Nsllr 19l oy sup [ Wo,ll oy D A [full o [ V0| £
¢ n>0

where div Wy ; = 49 ;. This is where we use the zero-momentum condition. Because v > 0 we
conclude that

1CT (w, )| < Kl o [| V0] 22

where K depends only on A, 7, 1;. Combining our estimates with one final application of the triangle
inequality gets us

1C(u, v)llLr < KlullLes (0]l zr2 + V]| Lr2)
where K depends only on A, 7, ;. O

We note that the conclusion of Proposition 2.3.5 is in fact stronger than what is necessary for
C' to be amenable. To finish showing that C(u,v) is an amenable bilinear operator, it remains to
prove that C, (u) = PC(u,v) is a pseudodifferential operator in some class S7". That C7(u) is also

in the same symbol class would follow immediately from the symmetry of C.

Proposition 2.3.6. Let C(u,v) be a symmetric local cascade operator, then Cl(u) is a pseudodif-

ferential operator with symbol in the class Sf’/f.

Proof. Tt suffices to prove the proposition for basic local cascade operators of the form:

O(ua U) = Z /\Sn/2 (u, 1/)1,7L><Uv ¢2,n>¢3,n (1‘)

neZ
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where we only deal with scalar functions. Using the fact that the Fourier transform is a unitary

operator on L? and the absolute convergence of the sum, we write

Ol (u) = // SN 240 () (0, W F (12,0 (€) F () (€) .

ne”Z

Expanding this and putting it into the form of a pseudodifferential operator we write (up to some

dimensional constant):

Cy(u) = // (Z/\5"/21#3@"%)(%wz,n>f(¢2)(/\_"£)6_”'5>f(U)(é)e“”'Edé

nez

The infinite sum, however, has only one nonzero term for any given choice of £, because F(12) has
nicely chosen compact support. In particular, the only nonzero term for any given ¢ is the n** term
where [£| ~ A", Tt follows readily then that the symbol of the pseudodifferential operator C}, the

“infinite” sum in the expression above, is in fact in the symbol class Sf 7/12. O

As a consequence of the two previous propositions as well as Theorems 2.3.2 and 2.1.1, we have:

Theorem 2.3.7. Let C(u,v) be the bilinear operator from Theorem 2.3.2. Let T be the blowup
time to the associated pseudodifferential equation with 1 < a < 5/4. Then the closed set St has

Hausdorff dimension at most 5 — 4a.

We recall here the following general theorem about local cascade operators proven by Tao in

[89).

Theorem 2.3.8 (Theorem 3.2 in [89]). Let \g > 1 be an absolute constant sufficiently close to 1.
Then every local cascade operator (not necessarily zero-momentum) is an averaged (in the sense of

Equation (1.4)) Euler bilinear operator.

Due to the theorem above, we have the following corollary of Theorem 2.3.7 (taking A near

enough to 1):

Corollary 2.3.9. Let 1 < a < 5/4 be arbitrary. There exists a symmetric averaged Euler bilinear

operator obeying the cancellation identity for u € H C}})(R?’) and a Schwartz divergence-free vector
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initial vector field so that there is no global-in-time solution to the associated a-dissipative pseudod-
ifferential equation Moreover if T is the time of first blowup, then the closed set St has Hausdorff

dimension at most 5 — 4o.

2.4 Technical Lemmas

Throughout this subsection we shall work in the general Euclidean space R™. All our spaces will be
of functions with domain R™, unless otherwise stated. Our shorthand for the L norm will be || - ||,
and we denote the Fourier transform by F. We denote the fractional (inhomogeneous) Sobolev

space of order s and integrability p by:
Wer(R) = {f e PR : FH(1+ ED)EF(NE) € LP(R”)}.

Lastly, we denote W*2(R™) by H*(R") and use the shorthand || - ||s for the norm of H*(R"). Since
we almost always deal with the spaces H*(R™), the use of this shorthand will always be clear in

context. The following embedding theorem is standard. A proof may be found in [5].

Lemma 2.4.1 (Theorem 1.66 in [5]). The space H*(R™) embeds continuously in the Hélder Space

Ck2(R™) provided that s > n/2 +k + a.

We shall also require the use of the Schwartz-Paley-Wiener theorem, which we state as the

following lemma.

Lemma 2.4.2. The vector space C°(R™) of smooth and compactly supported functions is alge-
braically and topologically isomorphic, via the Fourier transform, to the space of entire functions F
on C™ which satisfy the following growth bounds: there exists B > 0 such that for every M € Z*

there exists real constant Ky; such that for all € € C™,

|F(€)] < Kpr(1+ [¢])"MeBlm Ol
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2.4.1 Pseudodifferential Operators

A pseudodifferential operator is an operator P on Schwartz functions u € S with the property that:

Pz, Dyu = (2r) "2 / e (i, €) F () (€)de.

where p(z,€) is a smooth function on R?". It is clear that such operators map the Schwartz space
into itself. We can write Pu = F~!(p - F(u)) if the function p(z, ) is a function of £ only. These
operators are often called Fourier multipliers. Operators that are Fourier multipliers commute. In
particular, if Py, P, are two Fourier multipliers, then P, P, = P, P;.
We call p(x, £) the symbol of P, and we say that p is in the symbol class S5 where m € R,0 <
p,0 < 1if and only if
| DI Dgp(x,€)] < Capl(1+[€[%)H/2)mrier+eldl

for some constants C 5. The associated operator P is said to be in the class OPS];. If 6 < 1,
pseudodifferential operators in the class Sg?(; can be defined instead on the dual of the Schwartz
space, which we denote S’.

Let A® be the pseudodifferential operator with symbol (1 + |€]*)%/2, which is in the class 57 o-
We may recognize the Sobolev space H*(R") as A~*L?(R™). We call a pseudodifferential operator,
P, Sobolev-smoothing if and only if P(H®) C H® for any real numbers s and ¢. In other words, a
Sobolev-smoothing operator P continuously maps any Sobolev space into any other Sobolev space.

We also define the symbol class S;go to be

S = ﬂ S

meR

However, there is really only one class of symbols of infinitely negative order, a fact which we note

below.
Lemma 2.4.3. Let 0 < p,d <1 and let p(x,§) € S;g", Then p(x,§) € Sy -

Proof. Suppose p(x,§) € S;;o. Let a, 8 and real number N be arbitrary. By hypothesis we can
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choose m < N — (1 — p)|a| — §|8] so that for all (z,&):
| DEDgp(w,€)| < Cap(1+ )P D2 < G (14 (710072,

The arbitrariness of N proves that p(z,§) € 57 o°. O

Henceforth we denote Sy ;° by S™°°. We now recall three standard lemmas below. The proofs

may be found in Chapter 0 of [91].

Lemma 2.4.4. Let P; € OPS:;{(S]_. Let p = min(p1, p2) and 6 = max(dy,d2). Suppose
0<ds < p1 < 1.

Then PP, € OPSZ%“"Z, and we have PiPy = Ty + Ry where

ilel

Tn(z,§) = Z ?D?pl(x,ﬁ)Dﬁpg(x,f)
la|l<N

and Ry € OPSy = Nw=o),

Lemma 2.4.5. If P € OPS]s, p>0, and m < —n + p(n—1), then

P:IP(R") = LP(R"), V 1<p<oo

18 continuous.

Lemma 2.4.6. If P € OPS}) 5 and 0 <6 < p <1, then
P: L*(R") — L*(R™)

1S continuous.

The following lemma, which deals with the “exotic” symbol classes 57", is proven in the ap-

pendix of [4]. It provides an asymptotic expansion for operators in the exotic class.
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Lemma 2.4.7. Let 0 < < 1. Suppose P € OPS"; and Q € OPSY 5. Then PQ € OPSY’?” and
we have PQ =Ty + Ry where

jlal
Tn(w.§) = Y. —Dep(e,)D2a(a. )

lal<N
and Ry € OPSy# VU=,

Our next lemma gives us an inclusion of the operators with symbols in S™° into the Sobolev-

smoothing operators.
Lemma 2.4.8. If P has its symbol in S™°°, then it is a Sobolev-smoothing operator.

Proof. Let s,t be arbitrary real numbers, and suppose that f € H* = A~*L? i.e. we may write
f = A~tu for some function v € L?. We have to show that Pf € H® = A~*L?, but this amounts
to showing that ASPA~tu € L2

Since P € S™°°, we have, for some m small enough, that P € ST, with m +s —¢ < —1. Then,
by Lemma 2.4.4, A*PA~" € S7™7", which is continuous from L? — L? by Lemma 2.4.5. This

proves that P is Sobolev-smoothing. O

The three lemmas that follow are also about pseudodifferential operators. The first two say that

certain products of operators are guaranteed to be Sobolev-smoothing.

Lemma 2.4.9. Let P be a pseudodifferential operator with symbol p(€) in the class ST- Let ¢1, ¢2
be two smooth functions with disjoint supports (and assume they are pseudodifferential operators
in the class S?}é with 1 > § > 0). Then, the composition ¢1Ppo is a smoothing pseudodifferential

operator.

Proof. We first compute the symbol ps of Py = P¢s. Since 1 > ¢, a standard result (see [91]) gets

us the asymptotic expansion:

jlel

p2(w,€) ~ Y —-DEPE) DY o ()

a>0
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where the sum and asymptotic expression is interpreted in the sense that the sum over |a] < N
differs from po(z,&) by an element of S7'5 N@=), Then, a similar asymptotic expansion can be
found for the symbol of Q = ¢1 P> = ¢1 P2, which is given by:

jlal
a(.) ~ Y - DE1 (2) Dipa(e, €).

a>0

It follows that up to a smoothing operator we have:

q(:v,ﬁ) ~ ¢1($)p2($,§).

Now, for any arbitrary N, we have that

ilal
i
q(z, &) ~ ¢1(x) Z JD?P(S)D;“%(I)
N>a>0
up to an operator in Siné_N(l_é). Since ¢1, ¢ have disjoint supports, the above sum is zero for all

N. We conclude that ¢(z,&) € Sigo, S0 QQ = ¢1P¢o is an operator in OPS~°°, which, by Lemma

2.4.8, means that @ is Sobolev-smoothing. O

We separate the next lemma from the previous one since it deals with the exotic class. The

proof, however, is the same as for Lemma 2.4.9.

Lemma 2.4.10. Let ¢1, ¢o be two smooth functions with disjoint supports in the class Sfﬁé, with
1>4d>0. Let P be a pseudodifferential operator in the class OPSTY . Then the composition ¢1Pda

18 a Sobolev-smoothing pseudodifferential operator.

Proof. We first deal with the composition P» = P¢2, which by Lemma 2.4.7 lies in the class OPST",.

However, the same Lemma 2.4.7 also gives us the asymptotic expansion:

jled

pa(2,6) ~ 3 DEp(, D n(x)

la|<N
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up to a term in OPST{NO*&). But then the symbol of Q = ¢ P¢s is given by:

jled
a(0,€) ~ 61(2) Y - DEp(@§)D3n(a)

la|20

up to an operator in ST°°. Since ¢1, ¢o have disjoint support, the above sum is zero, so it follows

that ¢ € S7°°, as desired. O
The next lemma gives us a quantitative version of the smoothing property:

Lemma 2.4.11. Let j € Z and let P; be a Littlewood-Paley projection operator. Let 3 be an
arbitrary real number, and assume that ||f||lgs < 1. Let Q be a pseudodifferential operator with
symbol q(x,&) in the class ST. Let ¢1,¢2 be two smooth functions with disjoint supports in the
class S?,é where 1 > § > 0. Then for any positive integer N, the composition ¢p1Qdo satisfies the

following quantitative bound

|1Pj1Qafll2 < K277V

with constant K depending only on N and (.

Proof. By Lemma 2.4.10, we know that Q = ¢$1Q¢2 is a smoothing operator. In particular, we

have for any real number s:

1Qf]ls < K| flls < K,

where the constant K depends only on s and . By Lemma 2.4.13, we have

27| PiQf 2 < K(Qfls-

Together we get, for some other constant K depending only on s and :

I1Pip1Qafll2 < K27,

Since s was arbitrary, we achieve what we desired. O
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2.4.2 Littlewood-Paley Decomposition and Localization

We use a Littlewood-Paley partition of frequency space. Namely, for j € Z we have pseudodiffer-

ential operators P; with smooth symbols p;(£) that are supported in %Qj < |€] < 3-27, which also
satisfy p;(£) = po(277€) and
S pi(6) = 1. (2.66)
JEZ
We define Pj = Zizd Pj1i to be the sum of all Littlewood-Paley projections whose symbols’
supports intersect the support of p;(§). Likewise we may define p;(§). We also define ﬁj =
Ei:7 4 Pj+1r to be the sum of all Littlewood-Paley projections whose symbols’ supports intersect
the support of p;. Likewise we may define ﬁj.
We also note that

P;P; = P; (2.67)
These Littlewood-Paley projections satisfy the following inequalities

Lemma 2.4.12. For any 2 < q < oo there exists a constant K independent of j such that
17,51, < K29 3|y )
Proof. Let ¢; = f’l(ﬁj). Recalling the scaling law satisfied by the symbols p;, we see that
¢j(x) = 2™ ¢o (2 ). (2.68)

By definition, f’j f = ¢; = f. By Young’s convolution inequality (for which we need ¢ > 2) and the

projection property Equation (2.67) we have

1P fllg = 125 Pif g < I1Pif 2l billzq/ (240
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By the scaling property in Equation (2.68) and a change of variables we get:

— an(1/2*1/q)||¢0

161124/ 2+9) = 2" [|60(272) |2q/ (244) ll24/2+q)-

Combining the last two inequalities yields our result. O

The next two lemmas may together be characterized as representative of the “finite band prop-
erty” relating derivatives with Littlewood-Paley projections using the localization in frequency
space. For more details on the finite band property, see [58] and Chapter 2 in [5]. The following

result is just a restatement of a lemma from [5] in our notation.

Lemma 2.4.13 (Lemma 2.1 in [5]). For any s > 0 there exists a constant K such that for any

JjE€Z and for all 1 < p < 0o we have
I1P; fllwse®ny < K27%|| P; fl| oz

2°||P; fll oy < KNP fllwen@n)-

We shall need the following L estimates on the high-frequency cutoff of each bump function

¢q-

Lemma 2.4.14. Let ¢ = ¢g ; be a bump function of type j (as before). Define

P2 = f_l(X\gpﬁzj (E)Fo(£))-

We call ¢o the high frequency cutoff of ¢. Then, given any N, there is a constant K depending only

on N and € such that:

max([|d2 (@)oo, [F(62)(€)llos) < K277,

Proof. By the Schwartz-Paley-Wiener Theorem stated in Lemma 2.4.2, and since ¢ is smooth and

compactly supported with Fourier transform F(¢3) supported away from the origin of frequency
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space, we may conclude that there is a constant K depending only on N such that
[ F (€)oo < K277V,

We prove a similar inequality for ||¢2(x)||c by a rescaling argument. Let N be arbitrary. Let ¢ be
a smooth function with compact support such that supp(F (1)) = {€ : [£] > 155} We claim that if
D ()]0 < Cu2(=€l21=m)7 for all @, then ||[¢(z)]|oe < K(N,e)20-N=7)J where K (N, ¢) depends
only on N and e but not on j. Assuming the claim, let ¥ be a function satisfying the hypotheses

of the claim and consider the rescaled function
b(@) = 279p(2a).

The Fourier transform of this function is

F)(§) = F(¥)(277¢).

The support of F(¢)) is {& : [€] > 73527}, our claim yields
(@)l <2779,
and the following derivative bounds hold:

‘Daqgj(x)’ < ¢, 2(lel(1=e)j

Proving the L* bound for ¥ assuming the above derivative bounds and high frequency support is
equivalent to proving the L> bound claimed before for ©. We recognize ¢- as one such function 0,
so we just have to prove the statement regarding 1 to finish the proof of the lemma.

Consider instead f = 2™1), and assume to the contrary that there exists an N such that for
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any K, we have

[flloo > K27 and || D%flee < Co2™1V wa >0

However, the uniform derivative bounds preclude the arbitrary size of f, which is a contradiction.

O

In the statement of the following lemmas, the constant 100 appears. The particular value of
this constant is unimportant and may be replaced by any large number of our choice. In addition,
the hypothesis & > j appears. This hypothesis can be weakened to k& > j — K for any given
positive constant K without any significant modification to the arguments used. The next lemma

is a commutator estimate similar to Proposition 5.2 in [57].
Lemma 2.4.15. Let 2 < g < oo be arbitrary. Suppose || f|l2 < K. Suppose ¢ is a bump function
of type 7 and let k > j — 2 be arbitrary. Then, for a constant K depending only on q:
6P f — PegPiflla < K279000 a5 D),
and
|6B,f — ProPyfllo < K200 L7%3D),

Proof. Given our bump function, we can decompose it into the sum ¢ = ¢1 + ¢ such that Feo(§) =
X|e|> 129 (&)Fo(E) for some M. By Lemma 2.4.14, we know there is a constant K depending only
on ¢ such that:

max (||¢2(33)||oo’ H]:¢2(€)||oo) < F9—3(100-[ 15 ])

On the other hand, we have:

Py Pof = ¢1Pif (2.69)

and

Pri Bif = 61 Bef. (2.70)
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Indeed, up to a dimensional constant we can write

PebiPof — // () F (1) (D)pi(€ — 2)F(F)(E — 2)dede

and
P Pf = //eimfﬁk(ﬁ)ﬂ%)@)ﬁk(& — 2)F(f)(§ — z)dzd€.

L

150 27 then, since k > j — 2, we have that ¢ remains

Now if £ — z is in the support of py and |z| <

well inside the support of pi. It follows that the P, term in the integrand can be discounted, so

L

j .
To52’, then, since

Equation (2.69) is true. Likewise if £ — z is in the support of pp and |z| <
k > j — 2, we have that & remains well inside the support of py. It follows that the p; term in the

integrand can be discounted, so Equation (2.70) is true. Now observing that

¢Pyf — PooPyf = ¢1Puf — Prug1 Pif + 2Py f — PrgoPrf

and that ||f|l2 < K, we conclude that

|6Pef — PudPrfll2 = l|¢2Puf — PedaPrfll2 < K max(||¢2(z)]|sos [F(d2)(€)]loc) <
< K200 1545])

Likewise we have
OPyf — PooPyf = ¢1Pof — Progy Pof + o Pif — PrgoPrf
and that || f|l2 < K, we conclude that

6P f — PetpPrfllz = |62 P f — PecraPifllz < K max(]|é2(x)]oo, IF(62)()]lo) <

< o010 755 )
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O

One case of the next commutator estimate is used implicitly in [57], although neither a statement

nor a proof is given there.

Lemma 2.4.16. Let 2 < g < oo be arbitrary. Suppose || fll2 < K. Suppose ¢ is a bump function

of type j and let k > j — 2 be arbitrary. Then, for a constant depending only on q:
6P f = PegPpoflloo < K270 52D,

Proof. As before, we decompose ¢ = ¢1 + ¢o where ¢o is the high frequency cutoff. By Lemma

2.4.14, where we let N = (100 - Lq%]), there is a constant K depending only on ¢ such that:
max (||¢2(93)||om H]:¢2(€)||oo) < 9 —3(100-[ 515 ])
As in the proof of Lemma 2.4.15, we just have to estimate:

| ¢2 Py f — Prcbo P f]] co-

Now using the fact that || f]|L2 < K, our L* bounds for ¢ and F(¢2), and Lemma 2.4.12, we reach

our desired conclusion. O

Lemma 2.4.17. Let ¢ be a bump function of type j, let k > j —2 and 2 < g < oo be arbitrary.

Suppose also that || f||2 < K. Then:
16Ps flloe < K2"5/2||¢Py fo + K270 175D
Proof. This follows immediately from Lemma 2.4.16, Lemma 2.4.12, and the observation that

Py f = ¢Pyf — PydPyf + ProPyf.
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The next lemma extends Lemma 5.3 in [57].

Lemma 2.4.18. Let 2 < g < oo, ||fll2 < K, and let ¢ be a bump function of type j. Let k > j —2
be arbitrary. Then:
l6Pflly < K2 2D 6Py fllz + 2710

Proof. When g = 2 there is nothing to show. When ¢ = oo, the result is proven in Lemma 2.4.17,
and the exponent in the error term can be made arbitrarily negative. We prove the remaining
cases by interpolation. First, it is evident from Lemma 2.4.12 that the function ¢ Py f € L9 for all

2 < q < 00. In particular, since the LP norms are log-convex:

6Pk fllg < 6P FI2 S Py f1|o >/

For the remainder of the proof, we denote A := ||¢Py f|2. Using Lemma 2.4.17, which is the case

g = oo in the statement of our lemma, we have that:
e N\ am2)/e
[6Peflly < A%/ (2"’“/%4 + K21°°“HJ)
Using the elementary inequality (a + b)? < 2”(a” + b?) for p > 0 and the fact that g > 2 gets us:
[Py fllg < 2072/942/1 (2“2]6'%214(‘12)#1 + K2100j>
Using the fact that [|f|l2 < K we conclude:
1P, fllq < K2 G0 || ¢ Py flo + K27 1009

as desired. O

We can commute bump functions with Littlewood-Paley projections, as long as we multiply

with another bump function with slightly larger support.
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Lemma 2.4.19. Let k > j — 2, let ¢g,; be a bump function at level j. Let B < 100 and consider
f with ||f||lge < K. Then

1(1 = d142-)0.j) Prdq.j fll2 < K210
and
”(1 - ¢(1+276j)Q’j)]5k¢Q7jf||2 < K9~ 1005

Proof. By Lemma 2.4.9, we see that

(1 = da+42-)qQ.5) Pr9q.j

is a smoothing pseudodifferential operator. By Lemma 2.4.15 and since P, P, = P, we have

(1 - ¢(1+2*fj)Q,j)Pk¢Q7j = Plc¢Q,j - ¢(1+2fw‘)Q,ij¢Q,j =

= PuPetqj — Prdr2-)q i Prdq, + Ri = Pu((1 = da12-)q.) Prdq,) + Rj,

where R; is an error term satisfying |R;| < K272007,

By Lemma 2.4.11, we have a quantitative
bound on the Sobolev smoothing operator that appears, thus proving our desired inequality. By

Lemma 2.4.9, we see that

(1= dao-0.1) Pudq.

is a smoothing pseudodifferential operator. By Lemma 2.4.15 and since P, P, = P, we have

(1- ¢(1+2*€j)Q,j)]5k¢Q,j = Ppoo,; — ¢(1+2*51)Q,j15k¢Q,j =

= PiPrdq.j — Prdaio-)QiPedq, + B = Pe((1 = da12-0)q.1) Peda.y) + Rj,

9—2005

where R; is an error term satisfying |R;| < K By Lemma 2.4.11, we have a quantitative

bound on the Sobolev smoothing operator that appears, thus proving our desired inequality. The
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same proof works to get an arbitrarily negative exponent in the error term instead. O

Note that in the previous lemma, the order of the bump functions in the composition was

unimportant. The only essential fact was disjointness of support.

Lemma 2.4.20. Let A be a collection of cubes at level j covering a measurable set E. For any

f € L?, we have:

IxePifl3< Y 15

QeA

Proof. We notice that

[xelrit < [ ( 5 ¢é,j)|ij|2 -y

QeA QeA

2.4.3 Hausdorfl Measure and Dimension

We denote a ball of radius r in R by B,.. Let E C R™. We recall that, up to a dimensional constant

multiple, the d-dimensional Hausdorff measure of F is given by

HYE) :=sup inf Z rd
6>0Cs (E) B.cCy(E)

where we have taken an infimum over all coverings C5(E) of E by balls of radius less than or equal
to 6. We define the Hausdorff dimension of E to be:

H(E) = inf{d : HY(E) = 0}.
We need a way to compute the Hausdorff dimension that follows from a discretization by sets of
scale 27. In particular we have the following lemma from [57]:

Lemma 2.4.21. Let A; be a sequence of collections of balls in R™ so that each element of A; has

radius 277. Suppose that the number of balls in each A;, denoted N(A;), is bounded by N(A;) <
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C2% where C' is independent of j. Let

E =limsup A; := Njen Ug>; Upea, B

j—o0
be the set of points in infinitely many of the unions Upea, B. Then H(E) < d.

Proof. By the definition of the Hausdorff dimension, it suffices to show that H*(F) = 0 for all
s > d. To that end, pick j large enough that 277 < §. By construction of our set, F can be covered

by Ur>; Upeca, B. Evidently, we have

HY(E) < 3 N(A @) < 03 28 )

k>j k>j
and the right-hand side above converges to zero as j — oo so long as d < s. O

We also include in this subsection the standard Vitali covering lemma, which is often used in

estimating the Hausdorff dimension of a set.

Lemma 2.4.22 (Vitali). Let A be a collection of cubes. Then there is subcollection A" so that any

two cubes in A’ are pairwise disjoint and

Uec U se

QeA QeA’
2.4.4 Zero-Momentum Schwartz Vector Fields

Lemma 2.4.23. A Schwartz function ¢ : R® — R can be written as ¥ = div U for some Schwartz

vector field U if and only if [z = 0.

Proof. One direction is relatively straightforward. Indeed suppose that iy = div ¥ for some

Schwartz vector field and let Br be some ball centered at the origin of radius R. Then the di-

/zp:/ div\IJ:/ U-n
Br Br OBRr
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Since ¥ is Schwartz and decays faster than any polynomial at infinity, the right hand side above

tends to zero as R — oo and the result is shown.

Now assume that fRS 1 = 0; we desire to construct ¥. Let f(z) be any real-valued function in

C(R). Let
D(z,y,2) = f(z2)- /gE /y /OO Y(r, s,t)dtdsdr

By our assumption on the integral of 1, the function I' is a Schwartz function. Now,

0.T = f(2) /_: /_O:Ow(x7s7t)dtds

and

0,I' = f(z) /; /Zoo Y(r,y, t)dtdr.

So defining (a function that is also a Schwartz function by our assumption on t):

(e, y,2) = / (W — B,T — 8,1 (. y, t)dt

— 00
we observe that

so our desired vector field ¥ = (I',T', Z). O

2.4.5 The Continuity of the Energy Integral

Lemma 2.4.24. Let u be any smooth solution of Equation (2.3) with Schwartz initial value ug, let
Q be any cube at level j, and let to < T be any time before blowup. Then the function of time ug(t)

is continuous on [0, T) and the following equality holds:

T—e

: d 2 4 d 2

e—0 to
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Proof. The vector field u(t) is a smooth (mild) solution of Equation (2.3),

Ou + (—A)%u + B(u,u) =0,

with Schwartz initial data ug. In particular, its L? norm is strongly continuous in time, so it remains
to show that the localized norm ug remains continuous in time. For this we proceed as in the proof
of Lemma 2.7 in [73].

‘We observe that

2

[ pile = OF €D - Flu)(&.s))de] da.

b Pl t) — b Pru(, 5)|[2a g < / )

The integral inside the absolute value on the right-hand side above converges to zero because w
is a smooth mild solution whose L? norm is strongly continuous in time and because the Fourier

transform is a unitary operator on L?. Moreover, since |lu|| > < K, the integral is dominated by:

/ Py — E)(F)(E,t) — Fu)(€, 5))de| < K7 (x)

Thus, by the dominated convergence theorem, we conclude that the localization ug remains strongly
continuous in time. The desired limit then follows in a straightforward manner. O

As a corollary, we have:

Corollary 2.4.25. Let tg < T be any time. Then

T
d o S2 2
/to @qut = tl;n% ug (t) — ug(to)-

Proof. Indeed, we may write

e d 2 2 2
t

0

and take the limit of the above expression as ¢ — 0, using Lemma 2.4.24. O
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2.4.6 The Critical Exponent in Higher Dimensions

We determine the critical exponent of hyperdissipation that guarantees global regularity for solu-
tions of Equation (1.3). A proof along the same lines for the hyperdissipative three-dimensional

Navier-Stokes equations may be found in [57].

Proposition 2.4.26. Let a > (n + 2)/4 and let u(t) : R™ x [0,€) — R™ be a smooth solution of

Equation (1.3) from Schwartz initial data. Then, u(t) is smooth for all timest > 0.

Proof. We let 3 > 0 and test Equation (1.3) against (—A)%u to get:
(O, (=) u) + ((=A)u, (=2)%u) + {(u - V)u, (~A)%u) = 0.

Using that div u = 0, we may rewrite the equation as:

(GIul) + ul s+ {(-2) Fdivu © w), (~)Fu) =0, (271)

We estimate the trilinear term by:

B
2

(—A) 2 div(u®u), (—A)5u)| < [ulwrslullws.lulls (2.72)

where 1/p+1/q = 1/2. Now, o = (n + 2)/4 is the minimum value of « so that both inequalities

N
|
3L
IN
bR
S|
|
3|Q
IN
| =

hold for some choice (p, ¢) with 1/p+1/¢ = 1/2 depending on n > 3. Since these inequalities hold,

we may use the Sobolev Embedding Theorem and then Young’s inequality to conclude that:

1 1
lullwrsllullwe.llulls < lullallularsllulls < Slulldrs + 5 lulla lul. (2.73)
2 2
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Using Equations (2.71), (2.72), and (2.73), we get

d, 1 9 1, 9 5
@(5llu||g) < §HU||QHU||5

It follows that

lu(®) < u(0)[I5 exp (/0 lu(s)[|5ds).

However, by the energy dissipation law, we know

/0 lu(s)]2ds < u(0)] 1z

for all times ¢ whenever wu(t) is smooth. Since 8 was arbitrary, uy was Schwartz, and u(t) was

smooth for small times ¢ € [0, €), we get regularity for all times ¢ > 0. O
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Chapter 3
Uniqueness

3.1 Local Estimates for the Navier—Stokes System

We define a capsule C of radius R, half-length L > R in the direction e € S?, and center x to be

defined by

Crop.e(z) = U (te + Bg(x)). (3.1)
te[~L+R,L—R)

Here Br(z) C R3 is a ball of radius R centered at z, and we shall abbreviate B = Bgr(0).
Note that Cgr r.(z) = Br(z) for any e. Given a capsule Cgr 1 (x) and any A > 0, we denote
ACR.1e(2) := CaraL,e(x). Where there is no confusion, we may omit dependencies on R, L, e, or z.
Occasionally, we may denote the capsule by C, to highlight the dependency on the center point x.
Take C = Cpg,1,¢,(0) to be a capsule centered at the origin, pointing in the direction of e;. In
this section, suppose u is a smooth solution to the stationary Navier—Stokes equations in a dilated

capsule 2C. We further assume there exist U, = > 0, such that

][ udr = Uey, ][ |Vu|? de = =2 (3.2)
Br 2C
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We shall now derive a local L*>° bound in C on © — Ue;. Let V' denote the volume of the capsule C,

or V =|C|. Note that V ~ LR?.

Lemma 3.1.1. If u is a smooth solution to the stationary Navier—Stokes equations satisfying the

assumptions in Equation (3.2), then

UR 1
lu—Ues ||y S ERZV? (L + 5t LE> (VS +1) + LE. (3.3)

The proof of this lemma will occupy the following three subsections.

3.1.1 Control of the Average Velocity

Denote

a(t) == ][ udx.
BR(tel)

Then @(0) = Ue;. In this subsection we show that |a(t) — Ue;| < LE provided that [¢| < 2(L — R).

Lemma 3.1.2. For every |t| < 2(L — R), we have

lu(t) — Ues| S L ][ |Vu|? dz
C2Rr,2L,e1

To do this, we require the following short lemma.

S

Lemma 3.1.3. Let f(z) be a nonnegative function. Then for every l > R, we have

!
\/§2_1R flz)dz < /_l . f(x—i—tel)dxdtSQR/C f(x)dx.

CRr/2,1+R/2,e1 R,I+R,ey

Proof. We first rewrite:
1 l
/ flx+tey)dadt = / / f(z)dzdt. (3.4)
—1 JBpgr —1 BR(tel)
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Let 14(x) be the characteristic function of a set A. We rewrite

! l
[l /BR(te1) f(x) dodt = \/71 R3 f(x)lBR(tel)(x) dz dt.

Using the Fubini—Tonelli Theorem we have:

/_ll /BR(tel)f(x) dedt = /Rgf(l’) (/_ll 1B, (tey) (%) dt) dr. (3.5)

Now observe that x € Bg(te1) implies |z — te1| < R, or equivalently
(t —x1)? + 23 + 23 < R?,
where © = (x1, 2, x3). We thus have that ¢ necessarily lies in the interval

te (xl — \/RQ—(x%—&—x%),xl—&—\/RQ—(JU%—&—x?;)).

The integral of the characteristic function is thus equal to

/ll 15, 4te, (2)dt = max{min{l,ml +/ R? — (23 +:c§)}
—max{—l,xl —\/R2 — (22 +x§)} ,0}
= min{m/R? — (23 + 23),
(Ve e sim) |
+

Let us compute (3.6). On the one hand, if # € Cr/214R/2.,, Which is equivalent to (|z1] —1)% +

z3 + 23 < (R/2)?, then

\/R? — (23 + 22) > \/R? — (R/2)2 = V3R/2.
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Therefore

VvV3-1

2R.

l
/ 1p,,1te, () dt > min {\/gR, \/gR/Q - R/Q} =
1

This is true for any x € Cr/2,14 r/2, therefore we obtain a lower bound on the integral in Equation

(3.6):

l \/g -1
/ l 1. +te (l‘) dt > D) R- 1CR/2,L+R/2 (l‘)

On the other hand, for the integral (3.6) to be positive, one must have
R2 — (23 +23) +1—|z1| > 0,

equivalent to (|z1] — )3 + #3 + 23 < R?, or « € Cr4R,e,- Moreover, in this situation, the integral

is always smaller than

1
/ Ly ies () dt < 20 /R2 — (23 + 22) < 2R,
—1

so we obtain an upper bound on the integral in Equation (3.6):

l
/ lBR+t61 (1’) dt < 2R- 1CR,L+R,€.1 (:E)
-1

Combine the lower and upper bound, the conclusion of the lemma is immediate from Equation

(3.5). O
Using this auxiliary Lemma, we now prove Theorem 3.1.2.

Proof of Theorem 3.1.2. For any ti,ty € [-2L 4+ 2R, 2L — 2R}, we have, using Equation (3.4) and
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Theorem 3.1.3 with [ = 2L — 2R that

|alts) —a(t)| =

f u(x + toer) —u(x + tie1) dz
Br

to
Oz, u(z + tep) dt da

o 2R
/ ][ |0z, u(z + tey)| da dt
2L+2R J Bg

16RV 1z
|Vu|dz < ( |Vul|? dm) <LE. (3.7)
\BRI/ Br|
In particular, |a(t) — Uei| = |u(t) — u(0)| S LE for every t € [-2L + 2R, 2L — 2R). O

3.1.2 Velocity Decomposition

In the next subsection, to avoid the typical difficulties that arise when analyzing the nonlocal
pressure field, we shall work instead on the vorticity equation, which does not explicitly depend on
the pressure. As a preparation, we now introduce the velocity decomposition.

Fix a non-negative cut-off function ¢ € C*(2C) with ¢ =1 in %C and satisfying the following

pointwise bounds for some constant C' > 0:

C c ) c
< — < — < —. .
000l < 5 Vol < 5 V26l < (338)

We decompose u = Uey + v + h, where

v =curl (~A)"*(¢w)

and h = u— Ue; —v. Note that v and h are both divergence-free. The vector field v represents the
rotational part of the velocity because curl v = w in %C . The vector field h is the potential part
of the velocity because a simple computation reveals that i is harmonic in %C: Ah = Au— Av =
—curl w + curl (¢w) = —curl ((1 — ¢)w), which is zero on the set {¢ = 1}.

Note that, since ¢w is a bounded, smooth, compactly supported function, and since the Biot-
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Savart kernel decays at infinity, we have
lim v(xz)=0.

|z|—o00

Moreover, by the Sobolev embedding and the Calderén—Zygmund estimate for singular integral

operators, we have
Iollesy S 190lagsy S l9llae < EVE. (3.9)
By the same argument as in the previous subsection, we have
|o(ta) —o(t1)| S LE, Viti,te € [-2L + 2R, 2L — 2R).

We have bounded the oscillation of 4. To get a bound for its size we use the facts that V' < LR?,

[v]lrs®sy S EVY/2, and Theorem 3.1.3 to control the average:

2L—2R
][ t)dt /|v )| dz| <
2L+2R

Since L > R, we know V'3 <L, so

sv! vi<avs.
= L|BR| HU”LG(QC) —

[o(t) S LE+EVS <LE,  Vte[-2L+ 2R, 2L — 2R)].
Since |u(t) — Uey| S LE, we conclude
|n(t)| < LE, Vt € [-2L + 2R, 2L — 2R).

In other words, © and h both enjoy the same bound for % — Ue; that we obtained from the previous
subsection.

Since h is harmonic inside 2C, we have by the mean-value-property that h(t) = h(te;) for all
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applicable ¢, whence it follows that

sup |h(ter)| S LE. (3.10)
te[~2L+2R,2L—2R]

Moreover, from Equation (3.9) we also have
L
IVAllL220) < IVullL2 a0y + 1VOllL2 20y S EVE. (3.11)

In the following lemma, we show that since h is harmonic, we can in fact extend the same bound

to the interior of %C.

Lemma 3.1.4. Let h be a harmonic function in a capsule %C satisfying Equations (3.10) and
Proof. Take x € Bap, [t] < %(L — R), then = + te; € %C. By the mean-value property for VA in

%C, we have

Vh(z +tey) = Vh(z +te; +y) dy,

B%R
which immediately implies that

1 1% 1/2
¢RI J2C rl \Jac

CL=E

This is true for any t,z, so h is =%

-Lipschitz in %C. We now have

Ih(z + ter) — hter)| < |2

(1]

<L

(1

L
R
Together with Equation (3.10), we know |h(x +te1)| < L=E. Since ¢ and x were arbitrary, the claim
is proven. U

Since h is bounded in %C with bound given by L=, we certainly have

N
o=

il (sey S LEVS +EVE S LEVS,
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Here we used V'3 < L. Combined with the L% bound on v in Equation (3.9), we have obtained an

L8 bound for ¢ :=u—Uey = v + h:

Nl=
o=

I¢llo ey S LEVE +EVE S LEVS. (3.12)

3.1.3 The Vorticity Equation

The vector field ( = u — Ue; satisfies the stationary Navier—Stokes equations with constant back-

ground drift b = Ue;:

b-V(+(-VC+ Vp=Ac (3.13)

We shall use the Bernoulli head pressure (in the moving frame) H = % + p and write Equation

(3.13) in the following form using vorticity w = curl v = curl ¢:

b-V(+wx(+VH = A(. (3.14)
Taking the curl of Equation (3.14) yields

b Vw+ curl (w X {) = Aw.

We use the local estimates proven for the Poisson equation in Theorem 3.4.3 of Section 3.4 (we
recognize that curl (w x ¢) = div T, for the tensor T;; = €;x(w x ()r and where ¢ is the

antisymmetric symbol). We then have for all 1 < ¢ <3 and 1/r=1/¢—1/3:

UR 1
it S W Clhnger + (T + 5 ) Iolharser: (315)

[lw]
However, we already know that (also using Equation (3.12))

— —_ 2
=v3, lw @l 5 ag < Iwllazey IClluogse) < LE2VE.

: <
L2 (3c) =
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Setting ¢ = % in the estimate from Equation (3.15), we get

wln

UR 1 —\ =
||w||L3(%C) f, (L + E +L\:> \:V .

Vorticity in L? only guarantees that the velocity lies in BMO, not L*. To get an L> bound for

¢, we therefore need to refine our estimates. We first note that

lw @ CllLzaey < llw @ vllLzacy + lw @ hllpa(ac)

<Hlollpsqacy lwllisaey + lwllieaey Il ac)
UR 1 2
SEVE (=4 < +LE)EVE+LE|.
sovt | (T g re) v
Here we used Equation (3.9) and Theorem 3.1.4. Setting ¢ = 2 in the estimate from Equation

< EV2, we get

~

(3.15) and recalling that ||w|-

Now, if we fix another cut-off function ¢, supported in %C and ¢ = 1in gC with derivative bounds

as in Equation (3.8), then v; := curl (—A)~!(¢w) satisfies

i (2)| = C

/ (¢1w)(x —y)
R?

S ay <o [ oo -l

5
1 (3
S lprwllpersy (/3c 3 dy)

for every x € R3, where we may additionally bound

1 BB 1
[ Y e E——
sc |yl ~rRJ-RrRJR (Y7 +y35 +93)

R R 1 3
~RJ-R (Y3 +y35)™

ulo
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Therefore

i1 (UR 1 2

Similarly, we can define h; = ( — vy, which is harmonic, and use our previous argument to get

||h1||Loo(c) SLE, so
UR 1
Clmio 2RV (G4 L v 12) @4 22
This completes the proof of Theorem 3.1.1. O

3.1.4 Ansatz

Suppose that for some gg >0, 0 < 4§ < 1—52 to be determined later, the following holds:

é
o (L UR 1
< (Z) <e(Z=+=). .
L _R(R> ~6°<L R) (3.16)

(1]

With such an ansatz, we have

I\’ fUR 1\ /L\U 5+ UR 1
b-val-eso(g) (Tw) () (T w)

UR 1
5 €0 (L + R) . (317)

This is the ansatz with which we can prove Liouville theorems in the following sections.

3.2 Capsules and a Covering Lemma

We introduce a way of putting a capsule satisfying the ansatz around every point in R?, and we
prove a covering lemma for this collection of capsules. To begin with, recall that Theorem 3.1.1
controls the oscillation of u in C but it uses information of |Vu|? in 2C, which is not desirable. In

the first subsection, we introduce the maximal functions, with which we can control |Vu|? in 2C
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using only the information in C.

3.2.1 Maximal Functions

Recall the definition of the maximal function M f of any f € LL (R3):

loc

Miw) =swpf 1)y

r>0

We also introduce a streamwise maximal function Mg f associated with the flow map ® of an

incompressible vector field.

Definition 3.2.1. Let ®, : R? — R3 with s € R be the flow map associated with the divergence free

vector field u. In particular, ® is given by the solution to the following initial value problem:
— &, () = u(Py(a)), Dy(x) = x.

For any continuous function f € C(R3), we define the streamwise mazimal function Mg f : R® — R
by

S

(Mo f)(x) :=sup 1 [(f o ®,)(x)|dT. (3.18)

s>0 45 J_;5

By continuity, Mg f > f in the pointwise sense. In analogy with the classical maximal function,

Mg is also an operator of strong (p, p)-type for p > 1.

Lemma 3.2.2. If f € C(R3) N LP(R?) with 1 < p < oo, then

[Ma fllLere) S I1f o @)

Proof. Without loss of generality, assume f > 0. For T' > 0, denote

S

Moxf)(@) = sup ~— [ |(fo®,)(x)dr.

0<s<T 28 J_g
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Since u is incompressible, ®; is a measure preserving map. Then for any s’ € [-T,T] we have

1 P
Mo 1 oy = | <Sup ? fo<I> d7> d
R3 \0<s<T 48

p
:/ sup — fO(bT_,_é/dT) dx

0<s<T 28

is P
/ sup — fo®,.dr | dx
R3 \ 0<s<T 28 —s

S +s p
/ sup — Fr(r,x)dr | de,
’3 \0<s<T 28 Jgr_s

where we have denoted Fr(r,x) := (f o ®-(x)) - 1(—27,27)(7). The previous equality holds for any

"€ [-T,T], so we may take an average in s’:

s'+s p
Mo fI70ms) = / / ( sup — Fr(r,x) d7'> dzds’
R3 \0<s<T 25 Jgr_g

s'+s p
/ / sup —/ Fr(r,z)dr | ds'dx.
R3 5>0 28 Jor_g

We know that the classical one-dimensional maximal function maps LP to LP, so we get

’ p
oo 1 s +s oo
/ <Sup 7/ Fr(r,z) dT) ds’ < C’/ Fr(r,z)Pdr
—o0o \ s>0 2s s'—s

—C/ Fr(r,z)? dr.

In the second step, we used that Fr(7,x) is supported in {—27 < 7 < 2T'}. Once again using the
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fact that ®; is measure preserving, we have

C
HM¢,TfHIL)/p(R3) < 7T/ / FT 7‘ x pdr;—dx
Rs
d )Pdxd
2T /]R3 o® )P dxdr

1 2T
e T — / dr
LPED 2T [ _op

< 20N %0 rsy-

Since Mo rflle < C||f]lLe for a constant C' independent of T', we may use the monotone conver-

gence theorem to conclude | Mg f||zr < C|| fl|z» as well. O

Recall that u is a smooth vector field, so |[Vu|? is globally Lipschitz continuous. Its maximal

function

MUTu)) = sup f 19U A’ = sup (L, « [Vul) ),

is also Lipschitz continuous with the same Lipschitz bound. Therefore, the composition of maximal

functions Mg [M (|Vu|?)] in the following lemma is well-defined.

Lemma 3.2.3. Given C = Cr ., (0), assume there exist U,Z > 0, such that

][ udz = Uey, 7[/\/14) (|Vu)?)] dz = =2. (3.19)
Br

There exist absolute constants C > 0 and €1 > 0 such that if either L < 2R or L= < 51% -U, then
f |Vul|? dz < C][M¢[M(|Vu|2)] dz = C=2. (3.20)
2C 1

Proof. If L < 2R, we do not require use of the streamwise maximal function. Indeed, since Br(z) C
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2C C Bgg(z) for any x € C, we have
f Vul? da 5f Vul? dz < M(Val?)(2) < Mo M(Vul)(z).
2C BGR(QI)

As this holds for any « € C, we can take average of the right-hand side and conclude (3.20).

From now on, we may assume L > 2R. Applying Theorem 3.1.3 twice, we have

C (LR
/ |Vu|*dz < —/ / |Vu(z + tey)|* de dt
CoR,L+R R —L+R JBygr

C [L-R
< */ M(|Vul?)(x + tey) de dt
R —L+R JBRr

<C M(|Vul?)dz < C Mo [M(|Vul?)] dz.

CR,L CR,L

Since the volume of Cag, 1.4 r is comparable to Cg, 1, we conclude

][ |Vu|? dz < CZ2.
CoR,L+R

The length L + R is smaller than the desired 2L length of 2C in Equation (3.20). To improve it, we

use a bootstrap argument.

Step 1: The Dirichlet Integral Controls the Proximity of Streamlines We claim that for

any L' € [L + R,2L), if
][ |Vau|? dz < CZ2,
C2R‘L’
then

|(I)t1[;t0 (BR(toel)) n BR(t161>| > ,U,|BR|, V|t0‘7 ‘tll < L' —2R
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with g =1 — Ce;. Indeed, the measure on the left-hand side of (3.22) is given by

3]
P (a SU> dlL’7
~/BR(t1€1) U

where p(s, ) is the solution to the following transport equation:

. t
Osp +div(pu) =0, p ([3, l‘) = 1B, (tper)(T)-

Note that |p| < 1 everywhere in space and time. We observe that

d / d
— p(s,z)dx = —/ p(s,z+ sUer)dx
ds Br(sUe1) ds Br(0) '
:/ asp(&m)dx—i—/ Uy, p(s,z)dx
Br(sUe1) Br(sUe1)

= / div(p(Uey — u)) dx
Br(sUe1)

z/ p(Uey — u) - ndo.
aBR(SUel)

Here |p| <1 and n is the unit outward normal vector. By the Trace Theorem, we can estimate:

),
— p(s,z)dx
ds Br(sUe1)

By (3.21), we can apply Theorem 3.1.2 to Cap 1 instead of Cag o1, and deduce for all [sU| < L' —2R

< / Vu|dz + |0Bg| - [Uer — a(sU)). (3.23)
Bgr(sUe1)

that
\Ue, —a(sU)| < CLE.

Without loss of generality, assume to < ¢;. Integrate Equation (3.23) from s = %0 tos =2, we
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get

t to 7
pl—=,z)de> pl=,z)de—-C |Vu|dzds
BR(tlel) U BR(toel) U tﬁo BR(sUel)

t1 —to

—|0Bg| - CLE o

For the first term on the right, using the initial condition of p we get

t
o (,x) dz = |Bg|.
/BR(toel) U

The second term is estimated using Theorem 3.1.3:

% 1 [t
/ / |[Vu|dzds = —/ / |Vu|dz dt
tﬁo Br(sUey) U to Br(te1)

2R3L Y2 2R3

< 24 <2 IE.

=TT (]ﬁ Ve ‘”’“’) =T
R,L

The third term is bounded by

fadl t] _t() 2 ,;L/ RQL =
OBRr|-CLE - ——— < R°LE— < L=.
|0BR| TS TR

By assumption, L= < 61% -U, so

t CR® - CRL - 5
p(,:ﬂ) d$2 ‘BR|7 L= — L:.Z ‘BR|7C€1R .
/]33(75161) U U U

This completes the proof for Equation (3.22).

Step 2: The Proximity of Streamlines controls the Dirichlet Integral We claim if (3.22)

holds at u = %, then

][ |Vu|? da < C=2 (3.24)
C

2R,L'4+2R
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So we can improve (3.21) from length L’ to a longer length L' + 2R. To show (3.24), we use
Theorem 3.1.3 and the definition of Me:

/ Ma[M(|Vul*)] dz > —/ Mo [M(|VuP)](z + tey) da dt
CR,L,e; L+R

/ / M(|Vul?)] dz dt
L+R BR(tel)
4L

7/ / M(|Vul*) o @, dsdxdt
L+R BR(tel) —4L

/ / M(|Vul?) dz dt” dt.
—L+R t/ (Br(te1))

For t' € (-4L,4L), t € (-L+ R,L — R), we have t; := ¢ +t € (-4L+L—- R, AL—- L+ R) D

I \%

ZV

(—L' + 2R, L' — 2R). So

4L
/ / M(|Vul?) dx dt’
—4L J® (BR(tel))

L'-2R
=[] M(Vul?) da dt,
—L'+2R q>t1 t (Br(te1))

L'—2R
z/ / M(|Vu)?) dz dt;.
—L'"+2R @L[;t (BR(tel))ﬁBR(tlel)

Since for each z € Br(tie1),

M(|Vul?)(x) z][ Vul? da,
Bsr(tie1)

so we can use the assumption in Equation (3.22) with u = %, to deduce

1
/ M(|Vul?)dz > =|Bg |Vu|? dz
<I>%(BR(tel))ﬂBR(tlel) Bsr(tie1)

/ |Vu|? da.
Bgr(tie1)

Q
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Using Theorem 3.1.3 we have

L'—2R
/ / M(|Vul?) dzdt, dt
—L'"+2R (bf,lff, (BR(tel))ﬂBR(tlel)

U

L'—2R
2 / / \Vu|?dzdt, > R |Vu|? da.
- Bsr(tiel)

L'+2R C4R,L/+2R,el
Therefore,
1
/ Mg[M(|Vul?)]dz > — - (2L — 2R) - R/ |Vu|? da
CR,L,e LR Cun. Lt
Lier R,L'+2R,eq

> / |Vu|? da.
c

2R,L'+2R,eq
This proves (3.24), as Cgr 1, and Cag 1/+2r have comparable volumes.
Step 3: Bootstrap Combining the previous two steps, we know by choosing &; < %, (3.21)

implies (3.24) for every L' € [L + R,2L]. Therefore, after finitely many iterations, we conclude
(3.21) is true for L’ = 2L, which proves (3.20). O

3.2.2 Capsule Construction

For every point z € R2, we find a capsule that satisfies our ansatz.

Proposition 3.2.4. Fizr0<ey<1,0<0< % and o > 6. Let &1 < y. For every x € R3, there
exists a capsule Cu = CRr(z),L(x),e(x)(z) with radius R(x) and length L(x) pointing in the direction

e(z) € S? such that
][ udx = b(x) = U(z)e(x), Ma[M(|Vu|?)] dz = (), (3.25)
Br(a)(2)

where U(x) and Z(x) satisfy
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The right-hand-side inequality for U(x) becomes an equality when L(x) > R(x). Moreover, it holds

that

—_

Ju = b)) < Fy if L(z) = R(z),

R(x)
L(x)

[ = b(2) |00 (c,) S €0 -Ul(z), if L(z) > R(x).

In particular

Proof. We first describe an algorithm for constructing the capsule C,. To begin with, for each

z € R3, R >0, define
Cr(z) :=Cr e+ (x)
with L* > R and e* € S? determined by
][ wdz = b* = U*e”, L* = max{U*R,1} T+ R.
Br(z)

Here U* = [b*| > 0, so U* and e* are uniquely determined whenever the average velocity b* is
nonzero. If the average velocity is zero, U* = 0, but the definition of e* is ambiguous. However,
in this case we have L* = R, so the definition of Cr(x) is the same for whichever e* one wishes to
pick.

From the above construction, we see that U* and L* change continuously in R and z, so let us
denote U* =: Ur(x) and L* =: Lg(x). The capsule Cr(z) also changes continuously in R and z,

because e* is only discontinuous in the closed set {(z, R) € R? x [0,00) : Ur(z) = 0}, but Cg(z) is

106



a ball whenever Ug(z) < %. Therefore, = r(x) defined below is also continuous in R and x:

1
2

r(2) = ( Ma[M(|Vul*)] dx)
Cz(R)

[1]2

It remains to find a critical value R > 0 for each x such that

Er(x) Ly ()R = ¢,
For a fixed x, we have shown that ER(:U)L}{_‘s(x)RH‘S is a continuous function of R € [0, c0]. Note

the following limits:

() = (Ma[M(|IVul’)](2))?,

Ry V) = [l g, Eale) =0, iy =n
Rll_rgo Ugr(z) =0, }%1_1)20 Lr(x) = o0, ngnoo Er(z)=0.
Therefore,
lim = 10 146
ngl() R(Jj) R ()R 07
3
lim Zp(z)LE 0 (z)R™ = lim ( M<1>[M(|Vu|2)dx> L} %(x) R
R—o0 R—o g
1
2
> lim L}{Q‘S(x)R%/ |Vu|? dz
3
= lim (L}%_Q‘S(a:)RQ‘s/ |Vu|2d:z:> = +o00.
R— o0 R3

By continuity, equality = RL}{‘SRH“S = g9 must be achieved at some R* > 0. We pick the smallest

R* for which the equality is achieved. We can now finally define

Cr := Cpr+ ().
We remark again that even though e is not uniquely defined when U = 0, the capsule C,
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degenerates to a ball in this case, so the choice of e is unimportant. Now each = € R? is associated
with a cylinder C,. Moreover, we have chosen R(x), b(z), U(z), e(z), L(x), Z(x), with the equalities
in Equation (3.25) holding precisely. As functions of z, these functions are not necessarily continuous
due to the way we pick R, however, in the next subsection we shall show they are locally comparable.

Let us verify the ansatz (3.16) is satisfied with Z(z)? = f2cz |Vu|?dz. The conclusions in

Equation (3.26) follow from our construction. If L = R, then

E(p) — €0 L(x) J B €1
=) = I R@) (R(z)) = LwRE)’

By Theorem 3.2.3, if we choose &1 < &eo then Z(z) < %, and (3.16) is true. If L > R, then

since o > ¢

and (3.16) is still true.

By our choice of L(z), we see that if L(x) = R(x), then U(x)R(x) < 1, so U(x) < R(la:)7 then

Equation (3.17) gives the desired estimate. If L(z) > R(z), then since ¢ > 0:

. 1 /(L\" _ L
L= 140 = — | — > —
(URT™R — U=+ < R) > =
Equation (3.17) once again yields the desired estimate. O

Remark 3.2.5. Since u and Vu are globally bounded from above, we can see that R(x) and L(x)
are globally bounded from below. Equivalently we have that 1/R(x), 1/L(x) are globally bounded

from above.
It will be useful to distinguish the two cases L = R and L > R.

Definition 3.2.6. We call x € R? a round point if L(z) = R(x), and we call z € R3 a long point

otherwise. The set of round points is denoted by R, and the set of long points is denoted by L.
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3.2.3 Comparability and a Vitali Covering Lemma

Let z € £ be a long point, then by Theorem 3.2.4 we know

= b(@) e e, < Jjg)) U(a) < 20U ().

In particular, |u(y) — b(x)| < eoU(z) for every y € C,.. Therefore

(1 —20)U(z) < Ju(y)] < (1 +0)U (), lu(z) —u(y)| < 2e0U ().

This means that u(z) ~ u(y) ~ b(z) up to an order g, relative error.

Lemma 3.2.7. Suppose x and z are long points such that C, NC, # @. If R(z) < 2R(x), then

C, C KC, for some absolute constant K.

Proof. If x,z € L such that C, and C, intersect at some point y, then we may conclude that

b(z) = u(y) = b(z) and consequently U(z) ~ U(z), e(x) ~ e(z). Since z, z € L, we know

2 140 24o
— @)~ U(z) = 2D — L(z) <255 L(x) < L(x),

where we have used that ¢ > 0. Moreover, since

b(a) = B(:)| < b(a) ~ )] + () = B2 < 20 FU@) + 207 T U2
we know that
e(e) — e(2) S0 (9 + £1F)-

Without loss of generality, assume z is at the origin and e(z) = e; is the first basis vector. Then
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e(z) = ele; + eZeqy + e3eg satisfies

Lo e (22 4 Y,

Taking any y € C,, we compute its distance from y. For the first coordinate, we control it directly

using the diameter:

ly1 — 91| < 2L(2) < KL(x).

For the second coordinate, we use the fact that the direction e(z) is close to e;. Since y € z +

te(2) + Bp(») and § € z + te(z) + Bp(s) for some t,t € [—L(z) + R(z), L(z) — R(2)], we have

lya — 2| S |t — )]€?| + 2R(2)

< 2L(z) - &g (fg)) + ]Zg))) +2R(z)
= 2¢g L) . R(z) + 2e0R(2) + 2R(z2)

L(z)
< eoCR(z) + 4R(z) < KR(x),

if g9 is chosen small. By a similar estimate for the third coordinate, we conclude that y — g €
(K +1)C,. Because y € C,, we have § € (K + 2)C,, so C, C (K + 2)C,. O

We now show that the property proven in Theorem 3.2.7 guarantees that we have the following

Vitali-type covering lemma:

Lemma 3.2.8. Let A C L be a set such that sup,c, R(x) < co. Then there exists a countable

collection of pairwise disjoint capsules {Cy,}; such that A C |J, KC,, and

Je.

z€A

<) IKC,
Proof. Let Q) := {C,},c4 be the whole collection of capsules. For any j > 1, we first let x; be
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any point such that

R(xj) sup R(z).

>
2 C,eQi—-1)

Then we eliminate from the collection QU—1) any capsule C, that intersects C,, to create the
collection QU). This algorithm may cease after finitely many iterations if the collection QU+1) = &
for some j > 0, or it may never cease. In any case, we have constructed a countable collection of
capsules {C, } ;>0 that are pairwise disjoint by construction.

Suppose that > j ’K Czj| < 00, otherwise the final claim is already true. It follows that either
{Cs, }j>0 is a finite collection, or it is an infinite collection with R(x;) — 0 as j — oo. In either
case, every capsule C, must be removed from Q) at some iteration step. Otherwise, we would have
C, € QU=Y for all 4, and the first step in the algorithm would then imply that R(z;) > 1 R(z) for all
j. However, the sequence R(x;) would then not converge to zero. Now suppose C, € QuU-1 \ Qu),

Then we have C, NC,, # @ and R(z) < 2R(z;). By Theorem 3.2.7 we have
C. C KCy,.

Thus U,e 4 Cx C U;5o KCz; and we have:

Je.

z€A

< | KC.y| <D IKC,, .

=0 720

This proves the covering lemma. O
A corollary of the covering lemma is that = € L2 +°°(R3).

Corollary 3.2.9. For any € > 0, we have that E is in L2+6°(R3) with bound

||EHL2+5~°°(]R3) ,Se HVUHL2+€(R3) .
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Proof. We denote the set
So = {z € R®: Z(2)* > a},

then |Sy| = |So N R| + |S, N £L|. Note that Z(x)? > « implies R? < £ is bounded in S,. For the

long points, we have by Theorem 3.2.8 that

1Sa N L] <

U e

ze€S,NL

< |KCy,|.
i

In the last inequality, a Vitali covering is chosen so that the capsules C,, are pairwise disjoint, and

KC,, covers S, N L. By Jensen’s inequality, we have for any € > 0:

1

]i Ma[M(|Vul?)]dz < (]i Mo [M(|Vu|?)] e dx) o

Moreover, Z(z;)? > a now means

1

<7[ MalM(Tu) e dw) T

— / Mo M(IVu)] < dz > a+[C,,|
Czi

— |Ca,

1
< [ MalM(Ta)

Hence

1Sa N L| < aie Z/ Ma[M(|Vul?)] e da
[ Czi

C 2\11+e€
e [ MalMATUP o

¢ |V 2119 dg
O[1+6 R3 '

In the last inequality, we used that Mg o M is a bounded map from L'*¢ to L'T¢. For the round
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points, we can use the usual Vitali covering for balls. Combining the inequalities we have

Sul < <0z [ VP da,
[0 € R3

Recall Vu € L2NL, so the right-hand side is finite. Therefore 22 is in L1T¢% so = is in L2(1+e)00,

Replacing € with ¢/2 in the course of the proof gets us our claimed result. O
From this, we deduce that
Proposition 3.2.10. If L/R is bounded then u is trivial.

Proof. If L/R is bounded, then L and R are comparable. Then by Theorem 3.2.4

L(z) (L(z)\” _ C ~ D)

Therefore u € L4+7°°(R3). Together with u € L, we know that u € L? and thus u = 0 by Galdi’s

result. O

3.3 Conditional Liouville Theorems

Here we give some conditions under which u is trivial, proving the theorems claimed in our intro-

duction.

3.3.1 Bounded Line Integral Hypothesis

The stretching ratio L/R is comparable in size to a certain line integral, as the following lemma

will demonstrate.

Lemma 3.3.1. Let x € L be a long point. Then

z+L(z)e(x)
/ u-dl = L(z)U(x). (3.27)
z—L(z)e(x)

Here L(x), U(x) and e(x) are constructed in Theorem 3.2.4.
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Proof. According to Theorem 3.2.4, we know that in C, we have u(y) = U(x)e(z) + ((y) with
(] < CeoU(z) < U (x). We thus have

z+L(z)e(x)
/ C-dl

<2L(z) 2U@)
z—L(z)e(x) 2

1 z+L(z)e(x)
= f/ U(z)e(z) - de.
2 z—L(z)e(x)

We can thus bound the line integral from above and below by:

1 z+L(z)e(x) z+L(z)e(x) 3 z+L(z)e(z)
f/ U(z)e(z)-dl < / u-dl < f/ U(z)e(x) - de.
2 z—L(z)e(x) z—L(z)e(x) 2 z—L(z)e(x)

The upper and lower bounds are both of order L(x)U(z), which is exactly the right-hand side of
Equation (3.27). O

Suppose that the line integral of u is globally bounded:

/ u-df < C, Vzo,z € R3,

Zo

then the stretching ratio LU ~ (%)Ha is bounded by Theorem 3.3.1. Theorem 3.2.10 would then

imply that the solution is trivial. Since there is still a gap between L4"> and L%, we can relax the

boundedness assumption and allow an assumption like Equation (1.12) in Theorem 1.3.2.

Proof of Theorem 1.3.2. Combining the assumption in Equation (1.12) with Equation (3.27), we

know that at any x € L:
L 240
LU ~ () SLP.

As discussed in Theorem 3.2.5, L is bounded from below, so the above inequality is also true for
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round points. Now by Theorem 3.2.4
1 L 240 |u|p L (240)p—248
< (= < rzrRr?( =
W () = e ()

. I (240)p—26—2
— A Z
(%)

< [AP B2

If the power of L satisfies

4—p+ﬁ<p—2(5+1)> =0,

240

then |u[?/Z2 is bounded. Because 22 € L' we conclude that u € LPT°°. We get the optimal

_ 4-34B/29
= ==

u € L3. Galdi’s criterion then asserts that u = 0. O

If < 2% then p < 2, and u € LP* N L™ implies

- 5 - 5
when we set 0 = 35 and ¢ = 63 5
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3.3.2 Mean Oscillation Hypothesis

Previous results showed that if w € BMO™ !, then u is trivial. We make some refinements in this

1
loc*

direction. Suppose v = curl ¢ with ¢ € L

Lemma 3.3.2. Let x € L be a long point. Then

/ (W(Y) = () Baey) - (e(z) x (y —x)) dy =~ U(z)R(x)". (3.28)
BR(z)(z)

Here L(x), R(x) and e(x) are constructed in Theorem 3.2.4.

Proof. For simplicity, assume z = 0 is the origin and e(z) = e1, and let us abbreviate R = R(x),
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L =L(z), and U = U(z). We observe that

/B ($(y) — () Ba) - (er X ) dy = / (6(y) — (W) 5y) - cwrl (y1y) dz

Br

=/ curlw-ylydw/ (1) X ¥ -ndo
Br OBRr

z/ - y1y dy.
Br

We used that y is parallel to n on dBg. We want to use the fact that u =~ Ue; with small relative

error. Note that

v U
/Uel‘ylydy:U/ yfdy=f/ ly>dy = —R®.
Br Br 3 JBx 15

By Theorem 3.2.4, we know

U
/ (u(y)—U€1)~y1ydy‘§eoU(m‘) [ weay< Sp
Br Br 30

Therefore, we have
/ w-yydy ~ UR®.
Br

This finishes the proof of the lemma. O

Write ¢ = an 1. Notice that for any s > 1:

/BR(w—w)-(m X y)dy < R (]{BR |¢—w|5dx)1/s. (3.29)

If Y] gpro < C, then UR = (%)H(7 S 1%l garo» @and we conclude that the ratio L/R is globally

bounded, so v = 0 by Theorem 3.2.10. Again, there is some room for improvement.

Proof of Theorem 1.3.1. Combining Equation (3.28), Equation (3.29), and the assumption in Equa-
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tion (1.11), we know that for x € £ with R(z) > 1 it holds that

140
(é) <R

The set R(x) < 1is a bounded set, and R is bounded from below, so the above holds for all z € R3.
Again by Theorem 3.2.4
1 I 140 ‘u|p I (14+0)p—26
N — — <SL?R* 7P (=
55 (5) s see ()

, 7\ (HHo)p—25+2
— Rir (=2
(%)

< Ri-pro-(r= 22

If the power of R satisfies

4—p+a(p+2(1_5)) =0,

14+0

then |u|?/Z? is bounded, and we conclude u € Lp' oo, By sending ¢ — 400, we get any p > ﬁ.

Ifa< é then we can find some p < %, and again u = 0. O

3.3.3 Alternative Proofs

In the previous proof, we can see our construction in Theorem 3.2.4 and Theorem 3.2.10, u is in
L4+’°°(R) for the round points, and additional assumptions added in Theorem 1.3.1 and 1.3.2 are
used to show LP*°(L) for the long points. We can also use an alternative ansatz to weaken what
we can obtain for the round points, and strengthen the conclusions for the long points. We briefly

illustrate the ideas here.
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New Ansatz and Construction

In Section 3.1.4, instead of assuming (3.16), we replace it by the following alternative assumption

for A > 1:

€0

(3.30)

This would lead to the following bounds instead of (3.17), provided R > 1:

UR 1 UR 1
— 4+ = L=< — 4+ —].
(L +R>—|— N€0<L +R>‘>

N

le = Uer |l ¢y S ERZV

In the proof of Theorem 3.2.4, instead of setting L* = max{U*R, I}H%R, we fix some v € [0, )]

and set
L* = max{U*R",1}R.

We would end up with U(z) satisfying

rather than (3.26). Again, equality is achieved for the long points. The following conclusions will

hold:

[u = 0(2) [l e,y < €0 ; if L(z) = R(x),

lu = 5@l ey S 07yt Ul), if L(z) > R(x),
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New Proof of Theorem 1.1

By Theorem 3.3.2, we conclude for a long point z it holds that

[ W) - @) elo) x (v - ) dy = URS ~ LR,
BR(z)(z)
Therefore
B 1/s
LR < R? (][ | — de) < R** — L <R,
Br
By setting v = 1 — «, we know L/R is globally bounded. Therefore

L _ €o
MSWNR T Ex

~ p—1-) |ul?
e ST T

(1]

< R—py+2+2k .

Setting A = 1, we have the following consequence in the region {R > 1}:

4
1—a’

[uPf <2 = —py+2+20<0 <= p(l—a)>4 < p>

New Proof of Theorem 1.2

By Theorem 3.3.1, we conclude for a long point x it holds that

z+L(z)e(x) L(l‘)z
u-dd~Lx)U(r) = ———.
/ac—L(.r)e(m) (=)U () R(z)tv

Therefore

2
Rfﬂ <L = L?*P <RY.

Setting v = 1— 3, we know L/R is globally bounded. Proceeding as in the proof for Theorem 1.3.1,

4—343/29

we show u € LP" > with D> ﬁ. Unfortunately, this method cannot cover the entire p > —— 4

range.
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3.4 Estimates for the Poisson Equation with Drift

In this section, we discuss the Poisson equation with constant drift b = Ue;:
b-VO— A0 = f+divg. (3.31)
We find the fundamental solution and derive LP estimates.

3.4.1 The Fundamental Solution

We first find the fundamental solution to Equation (3.31) in three dimensions.

Lemma 3.4.1. The fundamental solution T' that solves b- VI' — AT = dq is

T e
I'(z) = me Alr xl), A=

v
=3

Here © = (v1,x2,23), b=Uey, r = |z|, and U > 0.
Proof. To verify its validity, we first compute away from r = 0 the gradient VI' = I'V logI' with
z R 1, .
Viegl = —Vlilogr — AV(r —x1) = == = M@ —e1) = ——=% — AZ + Aey.
r r
Here we used the notation & = x/r. Next we compute the Laplacian:

AT = div VT = div(I'V1ogT) = I'|VlogT|? + TAlogT,

where

1 1 2 1 1 2
AlogF:div(—i:—AaE) :—(+/\>+2 :—(+/\> + A2
T T T T T
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Substituting this into AI', we get

2 1 2
- (+/\> + A?
,

1
= 72)\61 . (<r + /\) T — )\61) = 2A61 . VlogF

1
[V1ogT|? + AlogT = ’<r +)\) &= dep

Hence, AT = (2Xe; - ViogD)I' =Ue; - VI' = b - VI
We have verified that b- VI’ — AT’ = 0 in the open set R3\ {0}. It remains to check the behavior

near = 0. Taking a smooth test function ¢ supported in B,., we compute

/(b-VF—AF)(pdw:/ (=b- Vo —Ap)l'dz
B'V‘

B’V‘

+ / (Tb — pVI' +T'Vy) - ndo.
9B,

Fixing ¢, the left-hand side is independent on the value of r, so we may let r — 0. We notice that

I has the following trivial bound:

1
r < —.
P < -

All the integrals on the right-hand-side except the one with VI' will vanish as r — 0. Moreover,

VF-gondaz/

I'ViegT - pndo = —/
0B,

1
r (ﬁ: + AT — /\61) -pndo.
OB,

B, r

Only the term with % will survive in the limit » — 0. Note that n = &, so we have

. : P
71'1—% 8B,,‘(_vr) ondo = Th—% 4B, ;(pdg =#l0)

This finishes the proof. O

From the form of the fundamental solution, we see immediately that [I'| < 1 and I' € L*>. We
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would like to establish an upper bound for |VT| that is uniform in the size of . Note that
Ir(@—e))? = (x1 —r)2 +a3+a2=(r—a1)? +72 — 22 =2r(r — a1).

Therefore

1 2(r —zy) 2
< S/ < - -
|[ViegT| < . + A " < AMr—-z1)+1) " p——

We used the inequality 0 < r — x7 < 2r. It follows that

2

— < Cri(r—m) R,
T(T_xl)fcr (r—x)

1
|VT| < He*“*wl)(x(r —x1)+1)

We used that e=*"=#1)(1 + \(r — 21)) is bounded uniformly in 21, r, and .
3.0 3
Lemma 3.4.2. VI is bounded in L;{OOLiz@-S uniformly in X.

Proof. By direct integration:

/}R2 [7*%(7“ - xl)fé] : dzo das

o0
4
=2w/ (0 +23)7% (P +ad) — pdp < o
0 T

3 3
Since :711 € L;’loo, we conclude that VI' € L%{DOLQ%,“M. O

3.4.2 Local L? Estimates

3 50, 8
We have found I' € L3* and VI' € L2~ L2, .,, with bounds uniform in the size of the drift.

Therefore, if f € LP(R?), 1 < p < 3, it holds that

[T f

v S Il
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with 1 :%—% If g € LY(R3), 1 < ¢ < 3, then

I+ div gllpr < llglle

with 1 = % — %. A proof of these convolution inequalities is given in [72].
Recall b = Uey. Suppose 8 solves Equation (3.31) in a capsule C of radius R, length L > R. We

want to derive a local estimate on 6.

Lemma 3.4.3. If 0 € LY(C) solves Equation (3.31) in C with f,g € L4(C) for some 1 < q < 3, then

UR

1
HQHU( ) SR Hf||L<1(C) + ||g||L<1(C) + (L + R) H9||Lq(c) = RHS,

1
2

where + =1 1,
r q 3

Proof. Fix a non-negative cut-off function ¢ € C°(C) with ¢ = 1 inside %C, satisfying bounds as

in Equation (3.8). Then
b-V(pl) — A(p9) = o f +div(eg) + 0b- Vo — 2div(0Ve) + 0Ad — g - V.
Denote

f=¢f+0b-Vo+0Ad—g-Vo, = $g — 20V ¢.

@

Then ¢80 solves

b-V(40) — A(¢h) = f + div §.

The function ¢6 is the unique compactly supported solution, so ¢ = T * ( f+div g). First, for the

forcing term in divergence form, we note that

~ 1
HgHLq(C) S ||9||Lq(c) + R ||0||Lq(C) < RHS.
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Therefore,
[T dng”LT(C) S ||§||Lq(c) < RHS.

For the forcing term not in divergence form, we notice that

U
sy 5 U by + & Wollscer + (7 + 72 ) D9l

Here we used that |b- V| < % Moreover, we have the elementary bound:

]_ E
i), / Lar<cor?,
3CTr2

L2 (3C)

where the constant C' does not depend on L. Suppose I' = ¢TI, where ¢; is a smooth function
supported on 2C and vanishing off 3C. Since f is supported in C, we have that (U« f)(z) = (U« f)(z)

for all x € C. In addition, we have by Young’s convolution inequality:

Ol = 77 < [P
(LA IR P RS 1 IS 1 PP e
UR 1
< Bl o) + Nl C)+( 2 ) Wl
Since ¢ =1 in %C’, we have completed the proof. O
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Chapter 4

Non-Uniqueness

4.1 Preliminaries

4.1.1 Notation

We use the convention N = {0,1,2,...}. Capital letters such at N, M, etc. are reserved for
parameters taking values in the dyadic natural numbers 2.

We write (z) := (14 |z[2)2 for z € R3. For any positive expression Y, O(Y) stands in for any
quantity X satisfying X < CY. The expressions X <Y, X 2 Y, and X ~ Y take on their usual
meanings: X < CY, X > CY, and !X <Y < CX respectively. We add subscripts to O, <,
etc. to indicate that the constants can depend on the variables in the subscript. See §4.1.4 for more
precise details on the dependencies of the constants.

We write a Vb and a A b for max{a,b} and min{a, b}, respectively.

For a,b € R?, define the symmetric tensor product a®b := 1(a®@b+b®a). Let $3*3(R) be the
space of real symmetric 3 x 3 matrices equipped with the Frobenius inner product, which we denote

by A: B := A;; B;j. Here and elsewhere, repeated indices are summed according to the Einstein

convention.
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We use the following Fourier series convention: if f € C°°(T3;R),
f© = fla)eSdn, f(z)=Y f(E)ec".
b cezs

Occasionally we write Ff for f. Here and elsewhere, T3 denotes the length-27 torus (R/27Z)? and

frs is the normalized integral (2m)~2 [L.

4.1.2 Littlewood—Paley Estimates

Let us define a dyadic partition of unity of R3,

o€+ m(NTIE) =1

N>1

for o € C({€ € R : |¢] < 1}) and 7 € C({€ € R® : L < |¢] < 2}), where N takes values in the
dyadic natural numbers 2. The details are standard and we refer the reader to, for instance, [5].
For f a distribution on T3, one can define the Littlewood-Paley projections as Fourier multipliers

according to

Pyf(x) =Y w(NT')f()e"*,

¢ez?
Penf(z) =Y (a(&)+ > w(M7'€)f(€)e™ s,
¢ez? M<N

with the obvious interpretation for related notation such as P~ y, etc.
More generally, for m € C*®(R?\ 0;C) and f € S(T?), we define the Fourier multiplier with

symbol m by

m(V/i)f(x) =Y m(&)f(&)e™ .

gez?

Important examples for our purpose are constant coefficient differential operators with m a poly-

nomial, the heat propagator with m(§) = e~t1€1” and the Leray projection P with m(§) = Id —
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|€]726 ® €. Recall that these operators are all mutually commuting.
Let us state some basic estimates on the interaction of Littlewood—Paley projection with these
multipliers. Note that by applying them component-wise, they extend easily to vector- and matrix-

valued multipliers.

Lemma 4.1.1 (Bernstein inequalities). Let m € C(R?\ 0;C) obeying
[Vim(€)] < Al¢]*™ (4.1)
fori=0,1,...,10. For all1 <p < q<oo and f € LP(T3R),
|PNm(V /D)oy Sp.a AN 73| f ey, (42)

In particular, one obtains the usual Bernstein inequalities for Py V™.

Lemma 4.1.2 (Estimates on the heat propagator). Let f € LP(T3;R) and p € [1,00]. Then for

all t >0,
HetAPNfHLP(T?’) Sp eXP(—Nzt/O(l)) HfHLP(T?’)- (4.3)
More generally,
||€tAPNb(V/i)f||Lp(T3) §p,b N? eXP(*Nzt/O(l)) Hf||LP(’]I‘3) (4.4)

where b € C®(R3 \ 0;C) is any a-homogeneous symbol. In other words, b(u&) = p®b(€) for all
w> 0.

Moreover, if b is as above with o > 0,

€2l Locry Sp exp(=t/ODIf | Locrs), (4.5)

120(V /1) fll o rsy Sp ¢t~ % exp(=t/O(W))|| fll Lo rs) (4.6)
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where, in (4.5), one must assume additionally that fy, f = 0.

In (4.4), one should think of b(§) as being a component of V, VI, etc. The proofs are deferred

to the final sections 4.7.

4.1.3 Function Spaces

In the sequel we make use of an equivalent definition of BMO~™': w € BMO™! if u = div ¢ for
some vector field ¢ € (BMO)3. Recall that ¢ € L}, is in BMO if

loc
Iellao = sup ][Q p(x) — paldz < o0

where the supremum runs over cubes @ C R?® and ¢g = fQ @. BMO thus defined is obviously
only a norm when taken modulo constants, but this issue vanishes for BMO~!. These definitions
are adapted without issue to functions on T3, considering them as periodic functions on R3. It is
easy to see that averages on large cubes are comparable to averages over a single period. Thus, for
instance, the spaces BMO~! and bmo~! from [59] coincide in the periodic setting.

We also use the homogeneous Holder—Zygmund spaces, which are the spaces of distributions

satisfying
lulle: = sup N*||Pyufze < oo
Ne2N

where s € R. It is well-known that for s € (0,1), C* coincides with the standard homogeneous
Holder space C°. More generally, when s = m + « with m € N and a € (0,1), the space C*
coincides with C"™“. For all s € R, C° coincides with the Besov space Bgooo In particular,
cl= Bgofoo is a space discussed previously that is strictly weaker than BMO~!. We shall use the

fact that for all s > 0, C° N L* is a multiplicative algebra. Namely, for f,g € C°* N L> we have

Cs Cs.

I f9l

Cs Ss Hf|

gl + [ fllz=llg|

128



We remark that C* and C* defined as above are homogeneous and do not control the function
at frequency zero. This is as intended, and typically does not make a difference, since most of
the fields we shall measure have zero average on T2. For such fields, it is clearly the case that
1fll < I lle- for all s > 0.

Let us also record the following heat estimate in the Holder—Zygmund scale, which is an easy

consequence of (4.4): for all m > 0, s1, s2 € R satisfying m + s1 — so > 0, and f € C*2, we have

m4sy —so

Cs1 ,Sm,shsz i 2 ||f|

le" v f]

cos. (4.7)

The estimate holds just as well if f on the left-hand side is replaced by Pf. Furthermore, one can
replace C° by the stronger norm L>, with the exception of the endpoint case [|e!2Pf||r < |||z

which fails.

4.1.4 Parameters

We summarize the dependencies of the parameters in the construction and their relation to the
various constants that appear in the inequalities.

We introduce a parameter « € (0, %) that measures the subecriticality of the perturbations w")
and w®. The data and solutions we construct are active on two sequences of scales Mj, and Ny,

which we take to be of the form
My=[A"|, Npy=M/|M™], k=0,1,2,...

where b > 5V 1_18a and 1_14a <y < 4(1_‘_% can be chosen freely. Here |z] is the largest integer

> x. It is easy to see that the condition on b makes the condition on « satisfiable. One should think
of the length scales M, Land N 'y ! as the period of the Mikado flow and the oscillation wavelength,

respectively.
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We record the following elementary estimate which will be useful:
da<l—yt<l—b1, (4.8)

Here we provide some detail on the dependencies of the parameters and constants. Having
fixed b, v, and « to satisfy the above relations, one can choose § smaller than an absolute constant
specified in the course of the proof of Lemma 4.2.3. Then Jy is chosen small depending on § to satisfy
(4.9), and depending on an absolute constant to satisfy (4.12). The additional parameters chosen
throughout Sections 4.2-4.3 (e.g., €, 8, 51, ¢1, ) are chosen to lie in explicit intervals depending
on b, a, and . Throughout the proof (with the exception of Lemma 4.2.3 where § is chosen), the
implicit constants implied by the notation <, O(-), etc. may depend on a, 3, v, 6, do, €, &, b, and ¢;
but not A. The named constants Cy,Cs, ... are chosen large depending on implicit constants and
all parameters other than A. Finally, throughout the construction and proofs, the scale parameter

A in the definition of M}, is taken to be as large as needed, depending on all the other parameters.

4.2 The Principal Part

4.2.1 Mikado Flow Potentials

The starting point for the construction of our initial data is the Mikado pipe flow introduced by
Daneri and Székelyhidi [37]. Fix a small § > 0 to be determined which will be the total volume of
the Mikado flow support in each period of T3. For j € {1,2,...,6}, let 6; € Z*® as in Lemma 4.5.1
and n; € Z* \ 0 such that 6; - n; = 0, which will give the orientation of the shear flows. Let ¢; be
the 2m-periodic line z; + 6;R mod (27Z)? for some z; € T? to be specified in Lemma 4.2.2. Note
that since each 0; € Z3, each ¢; has finite winding number.

We fix the radial profile of the pipes ¢ € C'°([0,1)) to be even and satisfy ¢(0) = 1. Let dy be
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the pipe width, chosen small enough to keep the total volume of the pipes below §:
6
0 Y 16| <6, (4.9)
j=1
where |¢;| is the length of £; N [0,27]3. Then we let

@j(x) = SZJ(‘SO_ldTF3 (xvfj))ld@ (x,£;)<d0

be the profile that defines the support of the pipes. Let us emphasize that ¢; should be interpreted
as a function on T3, i.e., as a 2m-periodic function on R3.
For technical reasons related to localization in space, we define the Mikado flows in terms of

vector potentials rather than velocity fields directly.

Definition 4.2.1. We define the Mikado flow vector potential
9 (x) = N 2@ (M) sin(Ny (z — ;) - n;)0;
as well as the (approximately) heat evolved potential
U k(x, t) = WY (x) exp(—|n; |2 Nit).

Further, we define slight expansions of the regions on which they are supported:
e ()1 is the dp-neighborhood of supp ¥; 1,
° (NZM is the (2dp)-neighborhood of supp ¥ j, and

e O and ﬁk are regions containing the intersection of the pipes up to and including those at

scale k,

6 6
Qk = m U Qj’m, ﬁk = m U ﬁj’m.
m<kj=1

m<k j=1 j
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Defined in this way, ¥, solve the heat equation up to a small error with data \Ilg_k. Let us

record several basic properties of the Mikado potentials.
Lemma 4.2.2. With \I/;)-J€ and W, 1. as in Definition 4.2.4, we have the following:

1. \Il?’k and ¥, 1. are smooth, 2m-periodic, and not identically zero. Moreover
IV oo (r2y S N 2™ (4.10)
2. The vector fields \I/g,k and ¥, ,(t) at a fized time solve the steady pressureless Euler equations:
div(¥;, @ ¥;5) =0, div¥;, =0. (4.11)

3. Fach \II?JC and W, 1, is supported in the periodic pipe region {z € T3 : dist(Myx, {;) < do}. Taking

do > 0 smaller if necessary, there exist (x;);=1

¢ such that the supports satisfy

dist(supp @;,,supp @;,) > 100p Vi1 # jo. (4.12)

In particular, it follows that dist(ﬁjl,k, Qj%k) > 550Mk_1.

4. With

Ajg = 7[3 @?(Mka:) sinz(Nk(x —xj) - n;)dx, (4.13)
T

we have Ajj ~ 6.

Proof. Properties 1-3 are elementary consequences of Definition 4.2.4. We emphasize that the

6

choices of (z;)}

_; and &g made to achieve (4.12) do not depend on k. Property 4 follows from an
easy application of Lemma 4.5.5, using the fact that ng @? ~ 0, and that Ni/Mj can be made

larger than any absolute constant by choosing a sufficiently large A. O

Next we prove sharp estimates on the volume of (NZk. A useful tool will be the “improved Hélder’s

inequality” from [70] following [14] which we quote in Section 4.5 for the reader’s convenience. Note

132



that for X C T3, the volume |X| is defined in the natural way, namely the volume of X restricted

to a single period.

Lemma 4.2.3. We have
|| < 27F|T3).
Moreover, there is a constant Cy > 1 such that for all cubes Q C R3,
QN | <27 H@Q| vk > k(Q) (4.14)

where we define k(Q) == inf{k € N : M, > Col(Q)~'}.

Proof. We emphasize that in this proof, the constants (implicit and otherwise) do not depend on §
or dp. Recall the functions ¢;(Mj-) that define the supports of the ¥, ;. Let ¢ € C*°(T?;[0,1]) be

such that
e ¢ =1onlJ;suppp;(z),
e ¢ = 0 outside of the dp-neighborhood of |J; supp @;(z), and
e |Vp| < C'6;" for an absolute constant C".

Clearly, by (4.9), we have

]l <D Isupp@;| < 46. (4.15)
j

Then we define ¢ (x) = ¢(Myx) leading to the pointwise inequality 15, < ¢od1 -+ ¢ < 1ps. The

lemma will follow from the stronger claim

lpodr - - - drllr < (88)%|T3,

and it suffices to take, say, § = 2—10. We proceed by induction. There is nothing to prove for £ = 0.
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For k > 1, we apply Lemma 4.5.5 with f = ¢¢--- ¢r_1, g = ¢, and A = M}, to obtain

podr -« bkl < ||dodt -+ dr—1llr1l|dll L + OM | podr - -+ dr—1llcrl| Bl 1)

k—1
< 45(80)F T3+ O(M;, Y il cn),
j=0

in the last line using the inductive hypothesis and (4.15). Note that the constants implied by O()
are absolute, coming from Lemma 4.5.5. The first term is precisely %(85)k|’]l‘3|, so it remains to

show the second has the same upper bound. We compute

k—1 k—1
S ldsller <3 "My < C'kM;y

Jj=0 Jj=0

so it suffices to show

O(C'kMy_1 M71) < = (86)%|T3). (4.16)

N =

One finds by differentiation that k& +— k(86)*kMk_1Mk_1 is decreasing for k > 1 as long as 1 +
log(80) " — (b—1)(log A)(log b) < 0, which can be arranged by taking A sufficiently large depending
on b and 6. Thus (4.16) reduces to O(C'MoM; ') < 6|T3| which indeed holds, using that MyM; " <
2A'"% and again taking A sufficiently large depending on 4, b, and the absolute constants that
appeared.

Next, (4.14) can be proven analogously, letting f be the product of ¢g---¢r_1 and a bump

function localized around Q. O
Now, with ¢ and g fixed, the constants in the remainder of the chapter are allowed to depend

on them, and we shall not make this dependence explicit.

4.2.2 Construction of the Data

Having defined suitable potentials for the Mikado flows, we proceed to fix the remaining elements

that go into the construction of the initial data.
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Definition 4.2.4. We define:

e The differential operator that takes vector fields to fields of symmetric rank-2 tensors,
Df :=—-Vf—VfT+2(div f)Id;
e A cutoff function y; which is identically 1 in Qj_1, identically 0 outside of ﬁk_l, and obeys

V™ Xkl oo () Sim My (4.17)

_1
3

e A standard mollifier ¢, at length scale Nk+1N,;%, supported in B(0,1) with [, ¢x = 1;

e The Nash operators (T';)S_; which obey

for all M € $3*3 within a radius ¢y = ﬁ of the identity; see Lemma 4.5.1 for details.

One readily sees that D has the property divDf = curl curl f; see Remark 4.2.3 for further
explanation of this choice.
Finally we can build the velocity potential for the initial data. The construction is carried out

inductively on scales.

Definition 4.2.5. Let ¢ := Nogo * ¥9 ;. Given any ¢)_; and k > 1, we inductively define

Y = oy, * Zaj,k(x)‘l'?,k(x) (4.18)
J
where
1
20Dy o\ ? Dui_(@)
osu(e) =N (SRR ) oot (0

with D, x&, ¢k, and I'; as in Definition 4.2.4.
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When k = 0, (4.18) holds just as well upon setting a; o = No when j = 1 and a;,o = 0 otherwise.

It is important to point out that a; j is well-defined because the tensor at which we evaluate I';
lies in the domain as specified in Section 4.5. Here and elsewhere, the notation j denotes a sum
over j € {1,2,...,6}.

Let us comment on the inclusion of the mollifier in (4.18). Because ’DI,Z)271 appears in the defi-
nition of ¢ (via a; ), there is a potential loss-of-derivatives problem in the proofs of Lemma 4.2.6
and Proposition 4.2.1. Similar to many convex integration constructions, mollification at a sequence
of length scales shrinking to zero plays a Nash—-Moser-type role in the iteration.

We also point out that the coefficients a;; have amplitude ~ Ny, as the factors besides the
Ny, are of unit size. Furthermore, the frequency support of a; ; is essentially supported (neglecting
a small error) at and below [£| ~ Mj. Thus, a, is effectively constant compared to ‘If?,k which
oscillates near the higher frequency Ny.

From Definition 4.2.5, one can extract the following inductive estimates.

Lemma 4.2.6. There is an absolute constant C1 > 0 such that

1
[URllze < CiNZHIDYR_ ll7 (4.19)
and
1 1 1 IVDYR_ e
DY L < =C1||DYY_ 1|12 <1+N 1 e 4.20
1P9Rle < 5CalIDUR 2 B T (4:20)
forall k > 1.

Proof. We begin by estimating the coefficient functions a;. First, by (4.45) and part 4 of

Lemma 4.2.2 one has

1/2
laj )z S Nell D |12, (4.21)
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Then, for the gradient,

Dyy_ ()
IVaj il < Nel|DUQ_y |2 <|VXk|L°° + V(T (1d +eo et ))||L°o> .

1Py}l
The first term is easily estimated with (4.17). For the second we have

Dy (w)
DY)l

IVDYR_y [l
IPYR_ sl

V(I (1d +co NS

using (4.45). We conclude

(4.22)

1 VDwO_ Lo
IVajlre < NkHDi/),gﬂHim (Mk + | pell > ’

DY _s e

Now we can proceed toward proving (4.19)—(4.20). From the definition of ¢, the L> bound-

edness of the mollifier ¢y*, (4.21), and (4.10), we have
_ 1/2
168l < D (lag (@)l 199 ]l ) S N DR |12
J

Choosing C large enough to absorb the constants, we immediately have (4.19). Towards (4.20),

recall that D is a first-order differential operator so we may apply the Leibnitz rule to find

DYl < Z(Haj,k||L°°||V‘I’?,kHL°° + IVa gl o |99 1]l o).
j

Then (4.10), (4.21), and (4.22) immediately yield

||VD1/)21||L00>

1 _ 1
D6~ S 1Pl + NPl (30 + 100
TP

Taking C larger if needed and using the fact that My < Ny, we arrive at (4.20). O

Iteratively combining the estimates from Lemma 4.2.6 yields the following. Note that lower

bounds will be crucial, both because |Dy9_,| 1~ appears in the denominator in Definition 4.2.5,
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and because establishing non-uniqueness will require precise asymptotics.

Proposition 4.2.1. With Cy an absolute constant, we have
O3 (C3IDUll=)"" < DUl < C3(CR DY) (4.23)
for all k > 0. Furthermore
IV YR oo S N (4.24)

for all k,m > 0.

Proof. First, we establish (4.23) by induction. Suppose the claim holds for 9 for all m =
1,2,...,k — 1. We begin with the lower bound in (4.23) and decompose Dy = I + I+ I11 + IV
depending on where the derivative falls: I when it falls on the sine within \II% x; 11 when it falls on
¢; within \I/?’k; 111 when it falls on xj; within a;; and IV when it falls on I'; within a;;. We

start with the dominant contribution I, and further decompose to extract the unmollified part:

I=L+1L; = N];Z Zaj7k¢j(ka)D(sin(Nk(x - ,Tj) -nj)Qj)

J

IQ :(pk*ll 7]1.
We compute

L= =2N;' Y~ a5 (Myx) (05 © 1) cos(Ny(w — x5) - ).
j

Note that the terms in the sum have disjoint supports 2, , so let us restrict to a particular one.

Recall that within Q; 1, the cutoff x; is identically 1. Thus

Dy

DYY_y || 1) 2T (1d +cq
’ ||,D¢)I(3—1||L°o (425)

3 _ _
L Q. = 27 njl(co lAj,li
x@j(Myz)(0; © n;) cos(Ng(x — x5) - ;).
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Recall from (4.45) that I'; is bounded from below; meanwhile the 7); are fixed vectors specified to
be orthogonal to §; from Lemma 4.5.1. For = x; on the line ¢;, both the cosine and ¢ factors are

exactly 1. We conclude that
Iallee 2 IPY 1 = O3 HCE DY)
by the induction hypothesis. With a large enough choice of Cs, this implies
|0l > 10005 *(C3IDYR]L=)" "

It remains to show that the other terms are uniformly much smaller.

To estimate I, we need to bound the gradient of I;:

_ 19P9) 1

+ DY) |12 Ny
~ 1/2
[

V]|

2 1
The numerator in the first term is O(N2 N,?_,), using the mollifier to absorb the derivatives. The
denominator is 1/0(1) by the inductive hypothesis. Similarly the second term is O(Ny). Thus, by

a standard mollifier estimate,
12 .
Hallzee S N 2N, P IV S (Ni/Njj1)3 = A=57(0-1b",

Next, consider I1. Recall that ¢; is a fixed smooth function, so clearly V(p;(Myx)) is O(My).

From this and the inductive hypothesis, we have
_ _ _ _ k
1l S N MDY N2 Sy Nt My = A0

The argument for I11 is identical: when the derivative lands on x, it yields a factor of My _; due
to (4.17), which is even better than the factor My that appeared in I1.

We finish by estimating IV. When D falls on I';, the chain rule produces a factor VD) ;. Asin
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2
3

the analysis of VI above, one places derivatives on the mollifier to obtain [|[VDy)_, |1~ < NZNZ |

~ —

which yields

k

1TV || pe < (Njor /Ng)s = ATYA=0700,

~

To summarize, we have shown

1Dyl Lo > illpoe = 2llpoe = 11| poe = [TTT ]| poe = IV ||z

_ —k e(bAbE
> 100C; *(C3||DYgll Lo )? " = Ocy g (A1)

for some c(b,y) > 0. Notice that the first term stays bounded from below as k — oo. Thus,
choosing A sufficiently large depending on 13, Ca, b, and 7, the second term becomes negligible
and we arrive at the desired lower bound.

To prove the upper bound in (4.23), the same upper bounds on I, I, I1I, and IV still suffice.
One need only recognize that the estimate on I is reversible and one can proceed from (4.25) to
obtain [|Ty ]| S Ca(C3| DY L<)? "

To see (4.24), one proceeds directly by differentiating the definition. When all the derivatives
fall onto the sine, the upper bound is as claimed (analogously to I;). When derivatives fall onto
any other part, the upper bound is strictly smaller, which can be easily seen by arguing as above
for II-1V . For instance, when derivatives fall onto I';, the resulting higher derivatives of 1[12_1 can
be adequately estimated using the mollifier and the inductive hypothesis (4.23) as was done above

for VDY _,. 0

The velocity potentials ¢{ will be the building blocks for the initial velocity U°. The following
proposition paves the way to properly defining U° as a distribution and proving that it lies in

BMO—.

Proposition 4.2.2. With ¢} as in Definition 4.2.5, the sum > p-, curl ¥§) converges in L'(T?).
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Furthermore,

> curl ¥y € BMO.

k=0

Proof. For brevity we write ¢, = curl ¢9. By (4.24), we have ||(x|[z~ = O(1). It follows from this
and Lemma 4.2.3 that [|¢x||z1 < |supp Ce| < 27%|T3|. Convergence in L' then follows because of

the absolute convergence of the series

Z HCkHLl(W,) < oQ.
k

To show ¢ =), (i lies in BMO, we recall the definition from §4.1.3,

ICllsaro = sup ][ €~ Cal-
QCR3JQ

By periodicity it is easy to see that it suffices to consider cubes @ C R?® with side length £(Q) €
(0, My '), say. Fix any such @ and recall k(Q) = inf{k € N: My > Col(Q)~'} from Lemma 4.2.3.

We estimate

— (ol <2 + - iy = +1I.
éc al ]é S oGt Y G- el

k2k(Q)—1 k<k(Q)—2

To bound I, observe that the amplitude of ( is O(1) from (4.24), while the volume of the support

can be estimated with (4.14) in Lemma 4.2.3. We arrive at

Qﬂﬁk —(k—
2][ Z Gl < Z |@|§ Z 27 (FHQ) <,
k>k(Q)-1

Q k>k(Q)-1 k>E(Q)—1

141



Now consider II. For any z € Q and k < k(Q) — 2,

(@) — (el = |]£2 (Ge() — Cu(w))dy]
< ]{2 IV Gl 1= Q) dy
< Nel(Q)

using (4.24). Summing over k < k(Q) — 2, we obtain the upper bound O(Nyg)—2£(Q)). By

definition of k(Q), in particular the minimality, we have My, g)—1 < Col(Q)~* and conclude

— 1-b
IS Nie)—2t(@) 5 Nk(Q)—QMk(é))fl = Nk(Q)/jZ

which is bounded, recalling from §4.1.4 that v < b. 0
Finally we may define the velocity initial data.

Definition 4.2.7. With ¢} as in Definition 4.2.5, we define the data

U° = curl Z curl 9. (4.26)
k=0
This is well-defined and in BMO~! because of Proposition 4.2.2, with the outer curl taken in

the distributional sense.

4.2.3 Construction of the Principal Parts of the Solutions

The initial data constructed in Definition 4.2.7 has the essential property that at each frequency
level k, there are two different continuations consistent with the Navier—Stokes equations up to
a small error: one with dissipation dominating and another with the inverse cascade dominating.
(See §1.4.3 for further discussion.) We shall call these two alternatives v and Ty respectively. By
interposing them in different ways we can construct two approximate Navier-Stokes solutions v(!)

and v with data U°.
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Definition 4.2.8. Recalling the definitions from §4.2, we define for & > 0 the heat-dominated

evolution
vg(t, ) = ¢y, * curl curl Zajyk(x)\lljyk(x,t)
J
as well as the inverse cascade-dominated evolution
_ 1. . _ 1272
Ui(t, @) = §NkE1PdIVZAj7k+1|nj|26 AnilNeta? L (2)6; © 6.
J

We occasionally write ¢x = ¢ * 3 ; a;x ¥k, which are the corresponding continuations forward

in time from data 1. Then we define the pair of vector fields

7}(1): Z v + Z Vg

k>0 even k>0 odd

and
k>0 odd k>0 even
Remark 4.2.3. The operator curl curl = —A + V div has the advantage that vy = curl curl ¥y

1s both divergence-free and of the form vy = div Dy, where Dy, is a symmetric tensor. The latter

property is essential for our eventual use of Lemma 4.5.1.

Remark 4.2.4. In §4.4, we give a precise proof that the two solutions constructed have identical

data. Nonetheless, it is enlightening to observe at this point that this is true formally for the
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principal parts vV and v . Indeed, we compute

_ [ .
vk(O, 1’) = §Nkflp leZ Aj1k+1\nj|2a?’k+1(ac)9j ® 9j
J

_ . Dy
= ¢y | DYl =P div (Xk+1 E F?(Id +COW)‘% ® Qj)
- Ol pee
i

DYy

= CO_1 HDngL""PdiV(Xk-‘rl(Id +co ||D¢0HL
k oo

= Pdiv(xg+1 DY)

= curl curl ¢

where we have used Lemmas 4.5.1 and 4.5.3, the fact that P div annihilates scalar function multiples
of the identity, and that xr41 is identically equal to 1 on supp Dwg, Meanwhile, the fact that
v (0, 2) = curl curl 1!12 is immediate from the construction in Definitions 4.2.5 and 4.2.8. It follows

that formally we have the equality

v(i)|t:0 = Z curl curl ¢ = U°
k>0

for both i =1 and 2.

Later in §4.3, we shall see that v and v solve the Navier-Stokes up to a small subcritical
error and that the error can be corrected by a small perturbation. Before doing so, we need some

basic estimates on their sizes.

Proposition 4.2.5. The two vector fields vV and v®) are divergence-free and obey the estimates
V70 ()| e (1) S 87 F € NG/ Om D (4.27)
for allm >0 and t > 0. Moreover

O e tapanzm) + 10D 2 by S 1 (og A Hoglta/ts)  (428)
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for 0 <ty <ty <1, where one may recall the large parameter A from §4.1.4.

We remark that we almost never take advantage of the exponential factor in (4.27), since all of

the nontrivial behavior of v(*) is confined to times ¢ € [0, Ny 2.

Proof. The divergence-free property is immediate from Definition 4.2.8 because the constituent
parts of v, namely vy, and Ty, appear inside of curl and P, respectively.

Next we proceed to the estimates, suppressing the dependence of v(¥) on i for conciseness. We
recall the coefficient functions a; j from Definition 4.2.5. With (4.24), (4.17), and (4.46), one can

use the Leibnitz rule to estimate

IV™aj k]l Lo Sm Niy Ni (4.29)
for m > 0. It follows from (4.29) and (4.10) that

IV 0| e S NEF™eNEL, (4.30)

For 7y, one runs into the difficulty that P is not bounded on L*°. Instead, we carry out the estimate
in the Hélder space C#t where ) = 1 A L. By (4.17), (4.29), and (4.24),

~

IV Tkl S IV Tl S NpHPFmeNewat, (4.31)

Note that the homogeneous C#* norm controls L™ in this case because ¥, has zero average on T%.

To see (4.27), we combine the bounds on vy and Ty to find

IV ()20 S D (NFFme Nit 4 N Nit), (4.32)
k>0

We analyze the two terms separately. Because Nj grows rapidly, the first term in the sum
is controlled by the largest summand; when ¢t < Ny 2 the largest possible value occurs near

Nj = t~2, leading to a sum of O(t=(+m)/2) When t > N; 2, the summands decrease mono-
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tonically leading to an upper bound of NOHme_Ngt. Using that tNZ > 1, this is controlled by
Om(t_(l"’m)/Qe_Ngt/O""(l)) due to the exponential decay. This yields the desired bound (4.27) for
the first term in (4.32). The second is estimated in the same way: the sum is controlled by its

largest contribution which occurs when Ny is near t~2. In total, one finds that (4.32) leads to

IV ()] oo S £ +min (£ 2 NEFAEm NI

By definition of 81, we have Hg% < HT’” It follows that when ¢t < NO_Q, t_1+521b+m can be

absorbed into the first term. When ¢ > NO_Q, we have

1481 +m_— N2t Lgim nzp—ttm nze_ (No\" Ng T
Ny Me= Mt < ) Ny TP T (NTE) ™72 e ot = =2 e Vol

Ny N

Recall that Ny < N; and, more strongly, NgHBl < Nj because p; < b — 1. We conclude that

14+m

the second contribution in (4.32) can be absorbed into t~ 2z as well. This completes the proof of
(4.27).
Next we turn to (4.28). We remark that it suffices to prove the L! estimate because the L?

estimate is immediate by Holder’s inequality, combining the L! bound with (4.27). We decompose

to
— _1
1ol s o - Batsoey < Zk:/t (||vk(t)|\Loo1tSN;2 +or(@)llz=1psy 2 + Hvk(t)HLoo)t 2 dt

N,:z/\tg .
Y /t Nyt~ 2dt +

kiNp<t; V200 kN >ty V2

ta
+Z/ NP Ninti=3 4.
Kt

ta
/ Nype Nitt=3qt

N,;Z\/tl

Let I, II, and III be the three terms in the final lines. For I we simply use the fundamental

theorem of calculus to find

1< Y NWNPEaw)r< > NP+ > 1.
kN <ty '/? kN <t; '/? kity V2SN <ty /2
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Clearly the first contribution is O(1), while the second is the number of Ny found in the interval

(ty 1/ 2, t;l/ 2). We estimate this in a wasteful way: N is more lacunary than the geometric sequence

pE+1 _pk

with ratio A1 because Niy1/Ny = A( ) > A=) Therefore,

—1/2
_1 1 t
#{k: Ny, € [ty 2,t; 2]} < loggre-1) (151_1/2> = (2y(b—1)log A)*l log(ta/t1)

2

which yields the desired estimate on I. For II, we have

IIS Z Nk—l(Nk—Qvtl)—%e—N}?(N;Z\/tl)

kN >t; /2
1,—3% — N2t
- 2 ,— 1
< E 1+ E N, 'ty 2e Tk
_1 _1 _1
kity 2<Np<t, 2 k:Np>t, 2

1o
which is once again O(1 + #{k : My, € [t, ?,t; ?]}), and we conclude as in I. For III, we bound

72 in the trivial way and evaluate the integral to find

1481 \—2 ,— 5 — N2, t -5
TS NNty 2e Ninl 27750
k

Recall that 81 < b — 1 by definition so the power is positive. As we assumed ¢; < 1, we conclude

that ITT = O(1). O

4.3 Construction of the Perturbation

To summarize our progress to this point, we have constructed two vector fields ") and v(®) with
common initial data U° and reasonable estimates for ¢ > 0. The purpose of this section is to show

that they nearly solve the Navier—Stokes equations and can be perturbed into exact solutions.
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4.3.1 Estimates on the Residual

For i € {1,2}, we shall define the residuals F() € C>((0,1] x T?%; $%*3) in divergence form which

satisfy
—Pdiv F® = 8,0 — Av® + Pdive® @@, (4.33)

Note that Pdiv does not have a unique right inverse because F(9) has too many degrees of freedom.
In fact, an arbitrary choice of F() satisfying (4.33) would probably lack the required smallness to
complete the construction. In the following proposition, we fix a suitable pair F(1), F(®),

In order to state the proposition, we introduce two important parameters: the subcriticality
parameter o € (0, 1) and the Hélder exponent x € (0,3 — % — 2a). We also recall the growth
rate A for the frequency scales Ny, M}, from §4.1.4. The objective is to find an F(*) that can be
estimated in, say, L™ in such a way that the upper bound has slightly subcritical dependence on
time. There are two types of terms that appear: those with subcritical amplitude with an upper
bound of the form N, ,i_c exp(—N ,?t), and those with subcritical decay with an upper bound similar

to Ny exp(—N,3+Ct) for some ¢ > 0. In either case, we can extract some smallness in C™* for k > 0

as above with a subcritical weight in time.
Proposition 4.3.1. For any ¢y > 0 and all sufficiently large A > 1 (depending on ), there exist

FMF® c C((0,1] x T3; §3%3) obeying (4.33) and

sup (17 FD || poe + 127 VFD o) < e, i€ {1,2}.
t€(0,1]

Proof. Before beginning to define and estimate the residual, we extract the part of vy that will not

be perturbative, decomposing vy, = v}, + v§ where

vf = N2 nilPai i,
3

1 2 3 4
vp = vy o o 4ot
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having defined

v;’l = (¢r — 9) * curl curl Zaj,k‘l’j,kv
J

vz’2 =-N;? Z A(ajrpj(Myz)) sin(Ng(z — x;) - n;)0; exp(—|nj|2N,?t),
J
v = 2N - Va s (My)) cos(Ni(@ — ;) - 1;)0; exp(—|n|*Nit)
J

vz’4 = Nk_2v Z 0; - Va;ppj(Mygzx)sin(Ng(x — ;) - n;) exp(—|nj|2N,?t).
J

Here, vZ’l captures the effect of the mollifier, while the rest consists of the terms arising when
curl curl = —A + V div acts on vg. Note that for 02’4, we have used (4.11). The dominant term is
v}, which appears when the Laplacian falls on the sine in ¥, ;. Sharp estimates for v} are immediate

from (4.10) and (4.29),
V™0 | oo S N exp(—N21). (4.34)

The “error part” vy, is slightly more involved to bound because we require smallness in a subcritical

norm. By (4.29),

4 _1
V™05 e S NZ TN exp(—N2t)
IV 082 | poe S Ny ™ M2 exp(— N2t)
”vmvzﬁan S NITM/? eXp(*N,ft)

V™08 | e S Ni—1 NJ™ exp(—NEt)

for all m > 0. Each of the right-hand sides is of the form A*C(bﬁ)bkMkN;” exp(—N;ft) for some

¢(b,y) > 0, and in fact ¢ = 0 is achieved for v;’?’ (see §4.1.4 for the relevant parameter relations),
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leading to
[V 05| Loe S Me N[ exp(—NZt). (4.35)
To define F) and F®), we need to further decompose the interaction
@V = NS i PInss 2 ag, kg, 1k V5 6 @ Uiy g = Nigt + Ni2 + N s
Ji,J2

where

o 4 _—2|n;|2N2t 2
Nea =Y ajiln|*e™m " Neta? 0, @ 0;,
j

— . 2 2 ~ .
Ni2 = Z Il *e= 2PNt a2 | (33 (M) sin®(Ni (2 — ;) - 1) — Ajx)0; ® 05,
J

4 2 2
Nea=N¢ S ng P gl ag, v, 1V, 5 © U,
J1#72

where A; j was defined in (4.13). N 1 is the leading part that acts as a “force” on Ty_1, while Nj, o
will be perturbative. Meanwhile, A 3 consists of cross terms which vanish identically due to the
pipe separation assumption (4.12).

Let us also define the tensor fields

Ry = ¢ * Dzaj,k‘l’jyk
J

- 1 A7—2 2 —2|n;|?N? 2
Ry =27"N, ° ZAj,k+1|77j\ e 2l "“tflj,kﬂ(m)ej ® 0,
J
which are constructed so that

Pdiv R, = vy, Pdlvﬁk = Vg. (436)

At this point we specialize to the case i = 1 in which, we recall from Definition 4.2.8, v(}) =
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vg + 01 + vg + U3 + -+ -. To simplify this expansion, we define the consolidated parts of the velocity

VP = g vy, v = E vy, U= E Uk

k>0 even k>0 even k>1 odd
so that we may write v() = vP + v¢ + 7. From (4.34) we easily have

_14+m

IV 0P || poe S Y N exp(=NZt) Smt™ 7. (4.37)
k
Next, from (4.35),

IV pee S Z M N exp(—Nit)
k>0

< (sup My /Ni)® > (M Ny,)2 N exp(—NZt).
k k>0
The factor in front is comparable to supy A== /2 = A=(=1D/2 With a sufficiently large choice
of A (depending on «), this is majorized by €y/C5 where C5 can be chosen as needed to absorb
incidental constants that appear. With ¢ > 0 fixed, we estimate the sum. Observe that the
summands increase rapidly until Ny ~ t_%, then they decrease rapidly. As a result, the sum is
controlled by the largest term. We can crudely provide an upper bound by letting Nj run over

(0, 00) and maximizing; clearly the maximum is attained at Ny ~ t—2. We arrive at
£2|[v°]| oo + | V0| or < CglegtT~ 15 < Oy tept™ (4.38)

by (4.8), since My, = N;/A/ and t < 1. Similarly, using (4.31),

3 1
97Tl S 32 NP NEn /O (sup Ni/Nipa) 30 NN e MO
E>1 k>1
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and therefore, by analogous reasoning and a sufficiently large choice of A depending on b,

_3/4+8 1_ 1 _ s 3_3/44B1

30|z + | VOllor S C5leo(t5 ™ 2 - 4 t3Tm 5 R m ) < O Legt?, (4.39)

where 81 = min{?3%, 1} as before, and estimating using (4.8) that 3 - 3/427:& >i1-bv"h>a
and that K < 1 —b~'. A nearly identical argument will be used for every contribution to extract
some smallness in exchange for a bit of criticality so we shall not repeat the details each time.

Finally we can construct F(1):
FO =Y 4 fY 4 BV 4+ PV

where

F1(1> —_ Z (0y — ARy,
k>0 even
F2(1) - Z ARy,
k>1 odd
F{V = -RdivNos — > (0B +Nig11)
k>1 odd

FiV=—0Weu®+ 37 (F @l — RdivNis)

k>0 even

where R is the anti-divergence operator defined in Lemma 4.5.2. Let us briefly verify that F()
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defined in this way satisfies (4.33). We compute

~PdivF®) = 3" (0 - A)PdivR,— Y APdivER, +Pdivy,
k>0 even k>1 odd

+ Y (0Pdiv Ry +PdivNii1) + Pdivo® @ o®

E>1 odd
- ) Pdiveieol+ Y PdivNis
k>0 even k>0 even
= > @ =Dwe+ Y (0 — AT +Pdive® @ ol (4.40)
k>0 even k>1 odd
+ Pdiv (N()J + Z Nk+1’1 — Z (’Uz & UZ —./\/k’z)) (4.41)

k>1 odd k>0 even

using (4.36) and the fact that divR acts as the identity on zero-average fields (which, indeed, is
the case throughout by the divergence theorem). Clearly the expression on line (4.40) is precisely
O™ — Av® 4+ Pdive® @ v(1). Meanwhile, the expression on the next line (4.41) identically
vanishes because v} ® vj, = N1 + Nj,2. Thus we conclude that (4.33) indeed holds for F.

Now we proceed to prove the claimed estimate on F(1). Consider the contribution to F. 1(1) from a
fixed j € {1,2,...,6} and k even. The key observation is that the heat operator exactly annihilates
the sin(Ny(z — ;) - n;) exp(—|n;|* N2t) factor within W; ;; thus one is left with the remaining terms

from the Laplacian,
Nk_Z‘qZSk * D(A(¢jaj7k) sin © + 27}j . V(géjaij)Nk Ccos @) ‘Ci‘njFNst ,S MkaeiN’ft

by (4.29), having written © in place of Ny(x — x;) - n; for brevity. Once again by (4.29), additional

derivatives cost a factor of N each and we obtain

IV E e S Y MuNIF™ exp(~NEt)

k>0 even

153



for m € {0,1}. This implies
HIEM e + 3| VED | ox < C5leot T~ < C5 ept™ (4.42)

by (4.8) and identical reasoning as above to extract the ¢ factor.

For FQ(I)7 we use the crude upper bound coming from (4.29),

1 2 2 2
-2 2 —2|n:|*N, t 2 2 —N t
§Nk+1\A Y Ajkgaln el Nenta? L (0)0; @ 0;] S Nem Nt
j

Once again, additional derivatives cost Nj so

IV Fallpe S Y NZT™exp(=Niiqt).
E>1 odd

By the same reasoning as before, we may extract some smallness from the fast time decay and

obtain
HIFS) e + 13| VS [on S Cs et ™% < O3 tept®

by (4.8) and a sufficiently large choice of A.

Next, we claim that Fél) vanishes identically. Indeed, Ny is a constant because a;o are
constants, so it is annihilated by div. Then, it is a trivial calculation from the definitions that
Oy Rk, + Njy11 identically vanishes for all k > 1.

Moving to F4(1), recall the decomposition v(!) = v 4 v¢ + T from which we can expand

F4(1):—( Z Uﬁ@vfn)—v(1)®(5+ve)—(@+ve)®vp_ Z R div N2

k#m>0 even k>0 even

= Fy1+Fyo+ Fy3+Fua.

We immediately have from (4.27), (4.37), (4.38), (4.39), and the product rule for C** N L* that

Fy 5 and Fj, 3 obey the desired estimates.
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Next consider Fy ;1. By (4.34),

1Ea 1@z < Y llof @ bl S D NuNow exp(—=(NF + N3, )t)

k#m k#m
< Z < m eXP Z Nk)
k<m

<> N1 N exp(=N2t)

—1 _3_ 1
< Cilet i

where, to obtain the second line from the first, we invoke the symmetry of & and m and sum over
only the indices k < m without losing of generality.

Similarly, for the derivative,

IVEL1(®)llox £ D (Ni+ No) Ny Now exp (= Niy,t)

k#m
Z <N2+" exp Z Nk>
m k<m

S N i NZ T exp(=Nzt/O(1))

With (4.8) and the fact that £ < 3 — & — 2a, we conclude that

3 —
tFaa ()l + 2| Fan ()]~ S C5 eot™.

Finally we estimate Fy 4:

. _ 12 A2 ~ .
—Rdiv Z Z n;|*e2Ims] N’cta?}k (@?(ka) sin®(Ng(z — 2;) - nj) — Ajr)0; ® 6.

k>0 even j

Let us fix a particular j, k. The first observation is that when div falls on the expression in
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parentheses, the result vanishes due to (4.11). What remains is

12872
Fra=— Y > |nl'e il NEE 500,00

k>0 even j

where Fj 4 ;1 can be written in coordinates as
Fjj = Rt (9, (a2 ) ($3 (M) sin? (Ni(w — 25) - ;) = Agi) ).

We shall henceforth omit the coordinates because they play no role in the estimates. We observe
that Fy 4 ;0 vanishes identically because a; is a constant.

Recall by definition that Ny is an integer multiple of Mj; thus we may write
hj i (Myx) = @3 (Myx) sin® (N (z — x;) - n;) — Ajx

for a 27-periodic function h;j € C®°(T3;R). Most importantly, due to (4.13), h; 1 has zero average

on T3. Thus, taking a Fourier series of h; k, we obtain

Fragn(@) = > hin(@R(V(a2 ) (@)e™€). (4.43)

£€Z3\0

We need to estimate the Fourier coefficients of hjx = @5() sin?(N, M, ' (x — Myzx;) -n;) — Ajg.

Obviously the sin? factor has Fourier support at just & = 0 and & = +2N, M, & 177j. Thus

(€)= (50F (B + 1 F(BE + 2NeM ) + 51 F(G)(E — 2NM ) ) L

where sy and s; are the Fourier coefficients of sin®(NM, '(z — Myz;) - n;) at £ = 0 and & =

+ Ny M, 'n;, respectively. One readily computes |so| = 47 and |s;| = 27%. This implies

k()] S ()71 + (€ + 2Nk My M) ™10 + (€ — 2N M ) .
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Finally, we can estimate (4.43) with an application of Lemma 4.5.4 with Holder parameter /3 freely

chosen in the range
0<B<1l—vy(4a+b")

where the coeflicient function “a” in the lemma becomes V(ai «)- Note that this range is non-empty
by definition of v. Using (4.29), we have, for all £ € Z3 \ 0,

IR (V (a3 1) (@)e™ ) [[on S Neoa NE (M P 4 M PNy + MNP,

)

The third term is clearly dominated by the second and can be dropped. By choosing m > b/(1—v/b),
we can make (Np_1/Mp)™ < Ml;l, allowing the second term to be dropped as well. This leaves

us with

|Faajnlice S NeoaMy 7ONE S <<€>710 €+ 2N My ) T+ (€ 2NkMk_l77j>710)'
gezs

Clearly this is summable with a uniform constant; thus

_ A2
[Faa®)lle S > NeoiMj PN Nit

k>2 even

S sup(Ne MRS Ny My PN N
k

S, (Sup A(%—l-&-ﬁ)bk)%t—ﬁ—&-%—l-
k

By definition of 3, the power 7 — 14 3 < —4ay is negative so the prefactor can be made as small
as needed with the choice of A, as usual.

Finally, we estimate the gradient. Recall that VR is a Calderén—Zygmund operator so it is
bounded on C*(T3). Thus, by (4.29) and interpolation,

IVEyajkllex S IV(a,) (85 (M) sin®(Ne(z — z;) - n;) — Ajr) lox S Ne—t NFTP
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Let ¢; € (0,1 — 25200y " hep

—c1 _ 24nr+teg
2

1
VELa()ler S Sl}ip(Nk—l/Nk)Cl > ¢~2NEH/O() Nl-er y2bnter < 415
k>2 even

We conclude

1-8

HFLa (]l + 2 [Vl S Cyleo(t ™ 5 ¢ 7~ 20),

Both powers are bounded from below by «: the first because of the definitions of 3, b, and -, and
the second because of the definitions of ¢1, x, and b.

With F) fully estimated, let us now address F(?) which corresponds to v = 5y + v, + Ty +
vg + - --. We have an exactly analogous decomposition v(?) = v? +v¢ +T where v?, v¢, and T are as
before, the only change being that “even” and “odd” are reversed in the definitions. The estimates

(4.37)(4.39) still hold by the same arguments. Now we can define F(?):
F® =F? + FP + F® + Y

where

= Z (Or — A) Ry,
k>1 odd
Y= Y AR
k>0 even
F?SZ) =- Z (OuRk + Nig1,1)
k>0 even

F4(2) _ 7,0(2) ® ”U(2) + Z (’UZ ®1}£ — RdiVNk’Q).
E>1 odd

From here, identical calculations to the ones for F!) can be used to verify (4.33) and the claimed

estimates for F3. O
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4.3.2 Semigroup of the Linearization around the Principal Part

Recall the subcriticality parameter o € (0, %) and Holder exponent k € (0,% - % — 2a). We

consider the Banach space

Y = {a € C°((0,1]; CM(T% 8%*%)) : [|ally = Sup}(tl_a||a|\Loo(1r3) + 137 Val|cx(rs)) < 00}
te(0,
in which we shall measure, for instance, the F() and w® @ w®. This choice is natural in light of
Proposition 4.3.1.

Fori € {1,2},a€Y,and 0 <t <t <1, we define the semigroup S®(t,#')a as the solution of

28D (t,tYa — ASD(t, 1) + 2P div(vD (t) © SO (t,t')a) = 0

SO ) =Pdiva(t).

There is no difficulty with S®(¢,#') being well-defined and smooth because v(¥) is smooth with
uniform estimates on [t',1] x T3. For the reader’s convenience, we give a proof of existence in
Section 4.6.1, or see [61, Theorem 21.3]. What is not so clear is whether one can obtain bounds
that degenerate only mildly near ¢’ = 0, given that the smoothness of v(¥) breaks down.

The effect of the following proposition is that S (t,#) behaves comparably to e(t~t)AP div,
with the slight loss (¢/t')¢ (¢ > 0 as small as desired) because v(¥) does not belong to LZ(R; L)
or Ll(R+,t_%dt; L>). If () were an arbitrary vector field in, say, the Koch-Tataru space X gt
and additionally obeyed (4.27), we do not expect the loss would be so mild. It is essential that the
loss is, in particular, smaller than the subcriticality window (#')®. Fortunately, due to v(*) being
supported on a lacunary sequence of scales, quantities such as ||v(* ||L?([t,7t];L;o) can be arranged to

deteriorate as slowly as desired as t'/t — 0; see the proof of Propostion 4.2.5.

Proposition 4.3.2. For alli € {1,2},a €Y, and 0 <t <t <1, we have

1S9 (¢, )al ooy + (¢ — ) [VSD (1, )allongray < ()<t~ 1+ ]y
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Proof. We suppress the dependence on i and write v for either v(*) or v(?). For a fixed t' € (0,1),

the semigroup obeys the Duhamel formula

t
S(t,t")a = AP diva(t) — 2 / e Pdiv(v(s) © S(s,t')a)ds

t

=IT+I1+1I1

where I is the linear propagator and I and III are the pieces of the integral over [¢/,¢ V (t/2)]
and [t' V (t/2),t] respectively.

Consider I. There are two ways to estimate: either by moving to C* on which e(t=t)AP jg
uniformly bounded, or applying the C' — L> boundedness of the heat kernel from Lemma 4.1.2.

We use whatever upper bound is more favorable and obtain

1]z S IVa(t)on A ((E= )2 |a(t')] =)
SE) TN () TEE) T fally

= ()7 V (t— )" la]ly

S @) ally.
Next we have by (4.27)

~

t'V(t/2)
11T = </ (t = )2 |[o(s) | L= [|S(s, ¢')a]| L= ds
t/

Nl=

t'v(t/2) 1 1
St / s 2 [|v(s)|[L= 1S (s, ')al| Lo s2ds
tl

where we have used the fact that the integral vanishes identically unless ¢t > 2t', so t/(t — s) <

t/(t —t/2) = 2. Also by (4.27),

t
11T L~ S/ (t = )2 [o(s) =1 S(s, ¢')al| L= ds
t'V(t/2)

t
St’%/ (t—s)"2[[o(s) L= S (st )all L~ 52 ds,
tV(t)2)
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since (t/s)1/2 < /2 on the interval s € [t V (t/2),t]. Letting h(t) = ¢2S(t,¢')al| L~ and summing

the estimates for I, I, and I11, we have arrived at

h(t) < ()7 ally + / (572 + (t— 5)72)|[o(s) | = h(s)ds.

¢/

This is in a form where we can apply Lemma 4.6.2 with p = 3 (say), g1(s) = 572 ||v(s)||L~ and

g2(s) = ||v(s)|| e which lead to
—lta 1
h(t) S ()7 lally exp(O(IIUIILl([t,,M%dwc) + HS”HL;?;([t',tD||“||2L2<[t',t];m°>))~
By (4.27)—(4.28), we may estimate the norms in the exponent to obtain
h(t) $ ()7 lally exp(O(1 + (log A) ™' log(t/))).

The exponential factor becomes O((t/t')°(*/1°84))  Choosing A sufficiently large depending on e,

the power becomes smaller than €¢/2. Unpacking the definition of h thus yields
I1S(t,t)all e S 72 ()70 (/) E fally - (4.44)

Next we address the C1* norm. To do so, we redefine the decomposition of S(¢,t')a: I stays
the same but IT and I1T split the integral into [/, (¢ +¢')/2] and [(t + t)/2,t] respectively. Then,

by a similar calculation using (4.7),

IVIlex S ((t= )72 Va(t)llox) A (=) F a(t)] =)

S((E=)2 @) 3 A=) @) ) lally

~

S (=) 2(E) T faly,

having used the fact that ¢ v (¢t — ¢/)1T* > (¢/2)!™* which can be seen by considering the cases
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t' > t/2 and t' < /2 and using t < 1. Next, by (4.7), (4.27), and (4.44), we have

(t+t")/2
IVII|[cx 5/ (t =)' 5 o(s)l Lo S (s, t)al| L~ ds
tl

(t+t")/2
Sy et [ -9 s dsally
t/

S (= 1) E ()T S o]y

and, additionally using (4.44) and that C'* N L® is a multiplication algebra,

t
VI low S / (t=5)"2(IVo(s)llex 1S (s, t)allLoe + [[0(s)] L= [V S(s, t)allox )ds

(t+t)/2
t -

5/ (t— )72 (s a5 ()T ally + [[o(s) |||V S(s, ¢')al o= )ds.
(t+t)/2

The first term in the integrand contributes O((#')~'**~3¢='*5=%||a|y). Thus, defining h(t) =

(t—t')2t 2" |VS(t, )| cw, we have

t

ht) S )7t/ ally + /(m/)m(t —5) 72 [[u(s) | L= h(s)ds,

using that ¢ and s are comparable on this time interval. We conclude once again by Lemma 4.6.2,

(4.27), and (4.28). O

4.3.3 Fixed Point Argument

We construct the perturbation w by means of a fixed point argument on the Banach space
X ={V € CO(0,1; M (T4 R%)) : [V]|x = sup (¢27F|[V]|pe + 7% VV]|ox) < oo}
te(0,1]

Recall the parameter ¢y from Proposition 4.3.1 which quantifies the smallness of the residuals
F()_ This smallness, combined with the zero initial data, enables us to construct the perturbations

w® by a standard fixed point argument in X.
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Proposition 4.3.3. There exists Cy > 0 such that for all €1 € (0,0471) and sufficiently large
A > 1, there exist ™, w? € Bx(0,€1) such that P = v 4+ w® and v = v +w® both

satisfy (1.13). Furthermore, w¥(t) — 0 in C™1*% ast — 0.

Note that at this point, we do not make any claim about the initial data of the u(¥. The second
statement will eventually play a role by, in effect, enforcing that the data is determined only by

v, We point out that w(® € X alone does not imply any control near the initial time.

Proof. Once again in this proof, we suppress the dependence on i of v, w®, F(®) and @,

In order for v = v 4+ w to solve (1.13), the perturbation w should solve

Ow — Aw 4 2Pdive © w = Pdiv(F —w ® w)

w|t:0 = 0

where F' is as in Proposition 4.3.1, in particular satisfying (4.33). We solve for w as a fixed point

of the map

T(w)(t) = /0 St ) (F —wew)t)dt

where S(t,t’) is the semigroup of the linearization around v defined in §4.3.2. Recall as well the
function space Y defined in §4.3.2. From the following estimates, it will follow that T is a well-
defined operator on X.

Based on the definitions of X and Y, we have the elementary product estimate

3_ —
lwouly  sup (ol [Tullcs + 8- fuOlF~) S ol
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Combining this with Propositions 4.3.1 and 4.3.2 and the fact that € < «,

D=

t
IT)(0) e S 3 / () | F - w @ wlly
0

t
s [y escar(ul + 1Flly)
0

St (Jwlk + €o)
and

t
IVT()®)len S ¢4 (@)1t — o) | F - w s uly
0

St (|lwllk + €o)-
It can be arranged via Proposition 4.3.1 that € is so small that

1
IT(@)lx < O(llwl%) + Ze,

having also used t < 1. By a similar calculation,
[T (w1) = T(w2)llx S [lwr — wellx (Jwillx + [[wellx).

Choosing Cj sufficiently large to compensate for the implicit constants, it follows that 7' is a
contraction on the ball Bx (0, €;) for all ¢; € (0,C; '), and we conclude by the Banach fixed point
theorem.

Finally, we prove control of w near the initial time using the Duhamel formula

t
w(t) = / AP div(—20 0w — w @ w + F)(')dt'.
0
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By (4.7), (4.27), Proposition 4.3.1, interpolation, and the fact that ||w||x < €1, we have

t
[w(®)llc-1+a/2 5/ =200 wt') —wewlt)+ F{t)|casdt
0

< ta/4

for all £ € (0,1]. O

4.4 Proof of the Non-Uniqueness Theorem

We have shown that for i € {1,2}, there exist v € C*°((0,1] x T?) and w® € C°((0,1]; C**)
obeying suitable equations such that u(9 = v® 4+ w(®) obey (1.13). By standard regularity theory,
u® is in fact smooth on (0,1] x T2.

Next we argue that both solutions attain the data U°. We showed in Proposition 4.3.3 that
w®(t) — 0 in C~1+/2(T3). This subcritical topology is too strong for the principal part of the
solutions; instead we claim that v (t) — U° in W=1P(T3), for all 1 < p < co. Recall from

Definitions 4.2.7-4.2.8 that for i € {1, 2}, we can write

p® (t) = curl Z curl Y (t) + Z T(t), UY = curl Z curl ¥

keN; KEN\N; keN

where N; := 4 — 1,44+ 1,i+ 3,... for i € {1,2}. For the heat-dominated part of the data, we use
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Definition 4.2.8, (4.29), and (4.10) to estimate

H Z (curl ¥ (t) — curl wg)H

S llewrl (a x (W50 — W9 4)l|e
keN; k

Lr

1282
S IV %0 )| oe (1 — e N
gk

< D0 19%[F (LA (NED))
k
< > NE+ > 27
k:Np<t—1/4 k:Np>t—1/4

In the last two lines, we used the fact that [|V(a;x¥) ;)| = O(1) and that supp(a; ¥} ;) C Q.
whose volume is bounded by 27% as shown in Lemma 4.2.3. The terms in the first sum grow faster
than exponentially so the sum is controlled by the largest term which is O(t% ). For the second sum,
clearly the first index k satisfying Nyp; > ¢t~ /4 will grow to infinity as ¢ — 0. Since the terms
themselves are independent of ¢, the sum is the shrinking tail of a convergent series so it goes to

zero. We conclude that curl 37, o curl ¢ (t) — curl 37, o curl ¢ in W1,

Likewise for the nonlinear evolution-dominated part, with Definition 4.2.8, we compute

curl curl ¥ — T ()

= curl curl ¢ — P div(e~2mi*Nitatg—1 N2 A paq|ni|?a? r)0; ®0;
k k+1445.k+ 1151 @ k1 J J
J

= Pdivy (1 —e 2Nt 2 N2 Ay 2l 4 ()0 @ 6
J

+ (curl curl ¥ — 271N;€_f1PdiVZaj,k+1|77j|20§7k+1(17)9j ® Gj).
J

By the same computation from Remark 4.2.4, the quantity in the last line identically vanishes. For
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the remaining part, we estimate using (4.29) and Lemma 4.2.3 that

. p— . 2 2 — —
[Pdiv (1 —e 2l Neaat)2 N2 A 4 [ng 262 0 ()05 © 0, -
J
S Y (1= e 2N N2 la g [ F o
J

S (LA (N4y0)) O]

for all p € (1,00), since [|a; ki1l < Niy1 and suppaj i1 C € by Definitions 4.2.4 and 4.2.5.
Summing, we find for all ¢ <1 that , y\y, (V(t) — curl curl ¥9) is absolutely summable in the

W=LP norm and obeys the bound

| D2 @k(t) = curl curl )l S D7 1|7 (1A (NE41)
EEN\N; k
which converges to zero by the same reasoning as in the previous case. This completes the proof
that the initial data is attained by both solutions.
Finally, we show that the two solutions are distinct. We consider a time scale when all but
the lowest frequency mode should have dissipated away, for instance ty = Ny 2. Recall from

Proposition 4.3.3 that w € Bx(0,¢€1). From the triangle inequality,

o™ (t0) = v® (to)llz= = [lvo(to) |z = D llon(to)llz= — Y I7k(to)l|z=

k>1 k>0

— o)l — w0 (to)] .
We estimate using (4.30) that

> llveto)llze S Nwexp(—NiNg ®) < Nyexp(—NPN; %)
E>1 k>1

< No(Ny/Ny)~1°
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and

S Ieto) o= £ 3 Niexp(—NZ Ny ®) < Noexp(~N2N;?)
k>0 k>0

which is even smaller than the previous bound. For the w(¥), we have by Proposition 4.3.3

@

. -1
[w® (to) ||z S ertg 278 = el NI~ = g AN,

It remains only to prove a lower bound on vy(tg). Recall the notation of the proof of Proposi-

tion 4.3.1, in particular the decomposition vy = v} + v§. By (4.35),
[06 (to)l| L= S Mo < 2Ng A7V

We prove the lower bound on v (x,t) = N§|n1|>¥q o(z, t), recalling from Definition 4.2.5 that a; o
takes a particularly simple form when & = 0. By inspection of Definition 4.2.1, we easily have
W1 0(to)||n= = Ny 2 from which it follows [[v(to)|z~ > C5*Np for a large enough constant Cs.

Collecting everything,
0D (t0) — @ (to) ||z > C5ENy — A2 N,

for a ¢(b, o, y) > 0. With a sufficiently large choice of A, we conclude that v(!) and v(?) are distinct.
Finally, let us extend our solutions on [0,1] to be global solutions. Recall from (4.27) that

[V 0@ ;1| < exp(—NG/Opm(1)) for all m > 0. It follows that
[1PnoP izl S (N) 7% exp(—A%7)

and therefore v("|;—; can be made arbitrarily small in, say, H%('I[‘?’) or B;}’Q C BMO™!, and

existence of a global-in-time solution follows. O
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4.5 Tools from Convex Integration

The construction of the initial data U in §4.2 makes use of several tools appearing in works on
convex integration. In the following sections we quote those results for the reader’s convenience.
First, we have the following rank-1 decomposition of a symmetric tensor field. This idea appeared

first in the work of Nash [71], and subsequently in many of the modern works on fluid equations.

Lemma 4.5.1 (Nash lemma). There exist cg > 0, 61,...,06 € Z3, and T'y,..., T € C>®(B;R)

such that

M =Y "T;(M)%; ®0;

j=1

for all M € B, where B = B(Id, cg) is the closed ball of radius co centered at the identity in S3*3.

The I'; obey the estimates

1
—_<T. < .
g STi<1 VMeB (4.45)

and
V"Ll () Sm 1 (4.46)

for allm > 1.

Proof. Let us define the vectors

0; =(0,0,1), 6,=(2,0,1), 65=(1,1,1),

0y=(-1,1,1), 65=(-2,0,1), 6= (0,-2,1).
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For any M € B, let ¢ = M — Id. One can verify that the claim holds if

(M)?=-—— - ——=_ =
(M) =g =~ €33
1 €11 €12 €13 €22 €23
Do(M? = — + — - =24 =2 _ = _ =
2(M) 128 4 4 24 12
1 €12 €92 €3
Ly(M)? = - + ==+ == 4 =2
sM)" =5+ 5+ 5 T3
T (]V[>2 _ J; _ G2 €22 €23
4 6 2 "6 ' 3
1 €11 | €12 €13 €2 €3
Ds(M?= — 4 = 4 =% =2 =22 =2
5(M) s Ty 4 24 12
1  exn €23
De(M)? = = + = — =,
6(M) 6+6 6

By taking cg = 1455 (say), one can arrange that each of these expressions is bigger than 1/100. Thus

there is a smooth positive choice of (I'j) =1, 6. The estimates (4.45)—(4.46) are elementary. O

Next, we define the following anti-divergence operator which first appeared in [38].
Definition 4.5.2. We define the operator R : C°(T3; R?) — C°(T3; 53%3) by (RV)ij = Rijr Vi
where

1 1
Rijk = fQA*Qafjk - iAfl(sijak + AT 50, + AT10,.0;

where § denotes the Kronecker delta.

The utility of Definition 4.5.2 is that R is a right inverse for the divergence operator acting on

symmetric tensor fields. For a proof, see for instance Lemma 4.3 in [38].

Lemma 4.5.3. For any V € C™(T3;R?), we have RV € C>=(T3; S**3(R)) as well as the identity

divRV:V—][ V.
T3

Variants of the following stationary phase lemma can be found in the papers of Buckmaster—De

Lellis-Isett—Székelyhidi [13] and De Lellis-Székelyhidi [38].
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Lemma 4.5.4. With R as in Definition 4.5.2,
IR(a(z)e™ ) los Spom A P lallpe + A"V ™ o + A7V ™a] s

Finally, we quote the following “improved Holder’s inequality” that first appeared in work of
Modena—Székelyhidi [70, Lemma 2.1], inspired by a similar lemma of Buckmaster—Vicol [14]. The

idea, roughly speaking, is that the gains due to intermittency at separated scales is multiplicative.

Lemma 4.5.5. For f,g € C°°(T?) and X\ € N,

1F gz < I fllellglize + ONT I fller lgllz)-

4.6 Tools for Constructing the Semigroup

4.6.1 Existence for the Perturbed Stokes System

In the interest of the argument being self-contained, we construct solutions to the Navier—Stokes lin-
earized around the principal part of the solutions. This will be necessary for defining the semigroup
S(t;t') in §4.3.2. Ome can find a much more precise result in the book of Lemarie-Rieusset [61,

Theorem 21.3] where the drift is allowed to be in a very refined critical space.

Proposition 4.6.1. Fizty € R. Let v € C>([tg,00) x T3 R?) and w® € C>(T3;R3) be divergence-

free vector fields. Then there exists a solution w € C*([tg,00) x T3; R3) of

ow—Aw+v-Vw+w-Vo+Vp=0
divw =0 (4.47)
w(te, z) = w'(z).
Proof. 1t suffices to prove the proposition on the finite interval [to,T] for all T > 0. We begin

by proving the existence of a weak solution in L{L2 N L2HL([ty,T] x T3;R3) by the Galerkin

method as in [92, Theorem 3.5]. Fix {¢;}72; C C*° (T3;R3), a divergence-free orthonormal basis
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of H*(T4;R%). Consider the finite rank approximation of wq in this basis:
wh, () =D () (ds,w°) 2.
j=1
We search for a solution of (4.47) in this basis, namely a vector field of the form
wa(@,t) =Y g;(t)d;(x) (4.48)
j=1

and desire to solve a system of ODE’s for the coefficient functions g;(¢) with initial data given by
9;(to) = (5, w°).

We would like to choose the coefficients in the ansatz (4.48) so that w,, exactly obeys (4.47).
Of course this is not possible because the partial basis is not closed under the operations in the

equation; instead, we solve (4.47) projected onto the subspace. Namely,

m

(60, (9565 — 9085 + 950 - Vo + ;65 - Vo)) 12 = 0

Jj=1

which leads to the ODE system

gi(t) + ai;(t)g; =0

Gilt=to = (¢i,w°) 2
for:=1,2,...,m, where
aij(t) = (i, —Apj +o(t) - V; + 95 - Vo(t))re.

Because v € L*([tg, 00); C*(T?)), the norm of a;; is integrable and standard ODE theory gives
a unique global solution ¢ (t),...gm(t) to the system. Having constructed the coefficients, we can

build the function w,, as defined in (4.48). By construction, w,, obeys (4.47) projected onto any
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of the ¢1,..., ¢n,. In particular we may test against w,, to obtain

1 K 1 !
f/ Wy, ()] ?dx —|—/ / |Vw, |2dzdt = 7/ [w? |2dx +/ / (Wi, - Vwy,) - vdzdt,
2 Td to Td 2 Td to Td

having used that v and w,, are divergence-free. We estimate the last term using the Peter-Paul

inequality:

t t
/ / (W - Vi) - vzt < / |22 [ V| 2 ] o
tg JTd to

t
1
< [ (GI9wnls + AhwnlZelol ) dr
to

Inserting this back in to the energy equality, we conclude that

1 I 1 ¢
5 [ un®Pde g [ [ (VwnPdede <5 [ P+ [ dlwnlaloldr
2 Td 4 to JTe 2 Td to

By Gronwall’s inequality, we have

1
2 2 02 2
meHLgOLg([tO,T]de) + §||Vwm||LngT([tmT]xqrd) < flw HLZ(’H‘3) +8eXP(\|U||L3Lgo([t0,T]xqrd)>-

Thus w,, is a priori bounded in the energy space, uniformly in m. As a result, there exists a limiting
function wu (7,t) such that w,, converges weak-* to wo in L{°L2 and w,, converges weakly to
Weo in LZL2. Moreover wy, satisfies the same a priori bound as the w,,. To show that ws is a
weak solution of (4.47), it suffices to test against functions of the form ((x,t) := 6(¢t)¢;(z). By

construction, for all m > j we have

T
/ / — Wy - O — Wy - AC — (VO wyy,) : V{dz = 0.
to JTd

By the weak convergence of w,,, we can pass to the limit and conclude wy, satisfies (4.47). From
the energy bounds on w = wy, it is easy to see that dyw., € LZH ! exists in the weak sense, so

we in fact have ws, € C([to,T],L2) and convergence to the initial data w°.
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Finally, one can upgrade this weak solution to a strong one. One approach is to consider w as

a solution of the forced Stokes equation

dw — Aw + Vp =div f
divw =0

w(ty,z) = wo(:c)

where f =2v®w € L{°L2. The weak solution can be expressed in terms of the Stokes semigroup

AP as

¢
w(t) = e*w’ +/ e(t=tAP diy f(t)Hat'.
0

From this formula, one can iteratively bootstrap regularity using the smoothing effect of the heat

kernel via (4.6). For instance,

t
_3
lwo@ll,, 3 S Ile®ls + / (t— ) A F(¢)] 2dt’ < oo,
and so on. 0

4.6.2 Gronwall Inequalities

The following nonlinear Gronwall inequality will be used to prove the fractional Gronwall inequality
(Lemma 4.6.2). It is similar to some that have appeared before (e.g. [97]) but we could not locate

the version necessary for our purposes in the literature.

Lemma 4.6.1. Let f(t), hi(t), b;(t), and a(t) be non-negative continuous functions on [tg,c0),

with b;(t) and a(t) non-decreasing. Suppose for some p > 1,

t

£ < a®) +01(0) [ M Fds + 0a(0) [ ha(o)f(Pds)5.

t(J tO
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Then for any constant Cg large enough so that C’6_1 + (C’Gp)_% < 1, we have

(1) < Coaltyexp (Colbr (1) /t b (s)ds + () /t t ha(s)ds))- (4.49)

Proof. First, assume a and b; are constant. In this case the b; can be absorbed into the h;. The

proof is by a continuity argument. Consider the set I C [tg, 00) defined by

I ={T € [tyg,00) : (4.49) for all t € [to,T]}.

Then I is clearly closed (by continuity) and non-empty (because of the trivial point ¢ = tg). The

lemma is proved once we show that I is open in [tg,00). Suppose we have T' € I. Then

T T
fGWSa+[ m@ﬁ@MwuL'mwvwwwﬁ
T

<a-+ C’6a/ hi(s) exp(C’ﬁ/ (h1 + h2)>ds
to

to

+ C6a(/t0T ha(s)exp <pC6 /S(hl + h2)> ds)%

to

T s
§a+a/ dexp(Cg/ (h1+h2))d5
to ds

to

_1 T a s 1
+ (Csp) PCW(/ 75 &P <P06/ (h1 + h2)>d5)”
to

to

T T
= aexp (Cg/ (h1 + h2)> + (C’6p)7%CGa(exp (pCﬁ/ (h1 + hg)ds> - 1)%

1 T 0
< a(l+ (Csp)~»Cp) exp (C@/ (h1 + hg)).

to

By assumption, the coefficient is strictly less than Cy; thus by continuity, there is an ¢ > 0 such

that [T',T + €) C I. We conclude that I = [tg, 00).

Now we consider the case of non-decreasing a and b;. Fix any 7' > 0. We have

fmsmwmm/m@mm+@m/mwmwﬁ

to to
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for all ¢ € [tg, T]. We may apply the “constant” version of the lemma proved above to conclude

t

f(t) S CG(I(T) exp (Cﬁ(bl (T)/ hl(S)dS + bQ(T)/

to to

hg(S)dS)) Vit € [to, T).

In particular, this holds at t = T which proves the general claim.

O

Gronwall-type inequalities similar to the one below have appeared in the literature and are

known as “fractional Grénwall” inequalities (e.g., [96]). The one required in §4.3.2 has an endpoint

character. One can see, for instance, that the extra factor ||s2 ||~ in the exponential reflects the

failure of the Hardy—Littlewood—Sobolev inequality at the L>° endpoint.

Lemma 4.6.2. If a(t), f(t), g1(t), and g2(t) are positive continuous functions on [tg, 00) with a(t)

non-decreasing and

ft) <alt) +/t (g1(5) + (t— 8) "7 ga(s)) f(s)ds Vit > tg

then for any p > 2,

t

t
£(t) <p a(t) exp (op(/ gl(s)ds+||3592||1£;2([t0?t])/ gz(s)ws)) vt > to.
to

to
Proof. By Holder’s inequality,

1
7

to to to

The first factor on the right-hand side is controlled by

1 1_% ! —a -8 1—1
52 gall " (| (t—s)"%s Pds)' 5
to

_ _p
where o« = -2
2(p—1)

t
/(t—s)*as*5d5§ I

to sin mov
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/ (t— )" Fga(s) F(s)ds < ( / (t— 55 g2()0 D7 ds) 7 ( / 42(5)* f(s)Pds) .

(4.50)

and 3 = 2(’%_21). In general we have that when o € (0,1) and o + 8 = 1 then



with equality when ¢35 = 0. In summary,

t

10 <a)+ [ s + 0y}l ([ 9292 F(575)%)

to t

1—2
so we conclude by Lemma 4.6.1, using that the coefficient function ¢ ”5%92”L°@p([t0 4 1 non-

decreasing. O

4.7 Multiplier Estimates

Proving the basic properties of Littlewood—Paley calculus is slightly more subtle on the torus than in
the whole space due to the lack of scaling symmetry, so we include the proofs in the interest of being
self-contained. The idea is that one can move between T3 and R?® using the Poisson summation

formula; see for instance the book of Schmeisser and Triebel [79].

4.7.1 A General Estimate

Let a : Z2 — C. We reserve the notation F and F~! for the forward and inverse Fourier transforms
on T3; see §4.1.1. We also recall the forward and inverse Fourier transforms on R3: for Schwartz

functions ¢ € S(R?;C), we define

Ewm:@wm%%;%wm:wﬁ/ﬂwwﬁ

R3

Let us briefly recall a version of the Poisson summation formula. Let f € S(R?;C) be Schwartz

and define the periodization

fr:T?=C;  folz) = Z flx+n).

ne(2nz)3
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Then it is straightforward to compute the following relation between the Fourier series of f, and

the Fourier transform of f:

fp(€) = 2m) P Fas f(€) VE€ZP. (4.51)

By setting £ = 0 in (4.51), one obtains the standard version of the Poisson summation formula.
More useful for us is the following observation: let f = Fp,'¢ with ¢ € S(R3;C). Then (4.51)
implies that f,(€) = (2m)3p(€) for all £ € Z3. Viewing ¢ as a function Z* — C, it follows that
F~ 1o = (2m)3 f,. In other words,

Flo(z) = (2m)? Z Foso(z +2m€) Vo € T3 (4.52)
£ez3

Having established (4.52), we can proceed to prove the multiplier bounds.

Lemma 4.7.1 (General multiplier boundedness). If m € S(R3;C), 1 < p < q < oo, and n > 4,

then

Im(V /i) fllLacr2) Sp.am Cn(m)lfllLe(re)
for all f € LP(T3;R) where
1-3/n

_1p1+1/g—1 n_3/n _
Cn(m) = ||]-"R31mHLJf(H£§) /P max(||m/| L1 (rs), ||m||L1(R3)||V m||L/1(R3))1/p 1/q.

Proof. By density, we may assume without loss of generality that f € C°°(T3;R).

The operator m(V /i) can be expressed as convolution on T? with the kernel

K(z)=F 'm(x) = (2m)* > Fpa'm(x + 27k)
keZ3
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using (4.52). Recalling that we identify T3 with [0, 273,

HKHLI(T?’) S (27‘()3 Z ||]~'Hg31m(x + 27Tk)HL1(’]I‘3) = (27r)3||f]1£31m||L1(]R3).
kez3

Moreover, by the Riemann-Lebesgue lemma,

K ()] < (2m)° Y |[Fram(x + 27k)|
kez3

5 Z min(||m||L1(Rs), |$ + 27rk:\‘"||V"m\|L1(R3)).

keZ3

If [|[V™m| L1 msy > ||m|[1(rsy, then one splits the sum based on which item in the minimum domi-
nates to obtain ||m||;ésﬂé%||vnm|\i/l?m). Otherwise, one can estimate at |k| < 10 using ||m|/;: and
at |k| > 10 with the other bound to obtain |m||p: + [|[V™m| 1 < ||m]| -

The lemma follows by Young’s inequality and interpolation,
1 1-1
Kl < I IR

where 1 =14

=

=

1
q

We are now equipped to prove the Lemmas 4.2—4.1.2.

4.7.2 Proof of Lemma 4.1.1 and Lemma 4.1.2

Recall from §4.1.2 the symbol 7(§/N) for the Fourier multiplier Py. Then we have
1P (m(-/N)m) |1 sy = N (Fgs! (m(N)m)) (V)| 21 sy = [[Fgs' (m(N)7) | 1 s

by homogeneity. Recall that by definition, 7(-/N) is supported in an annulus at spatial scale ~ N.

By the Riemann—Lebesgue lemma, Holder, and (4.1), we have both the L> bound
[Pt (m(N)7) | oo sy S lm(N-)ml| o S AN
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and the weighted L*° bound
" Fgs (m(N)7)| Lo sy S IV (m(N-)m) |2 S AN,
One may easily combine these pointwise estimates to control the L! norm and obtain
1Fgs (e (-/N)m) | i sy S AN
Finally, one estimates
IV (m(-/NYm) [l ey = AN 1| 21 supp m( /)y = O(ANT2T")

and the claim follows by Lemma 4.7.1.

With m the multiplier for Pyet®, it is straightforward to obtain the bound

1+ N2t
|z|

Fatm(a)| < min(1, (F) ") exp (-2 /0(1))

which implies || Fgs'm| 11 (zs) S exp(—N?t/O(1)). Then (4.3) follows by Lemma 4.7.1.

Let us turn to (4.4), first assuming that + < N~2. Define the multiplier
m(&) = e an (©)b(e).
We easily have
[V m(E)] S JEl*HE (#21E) T e
for all n > 0 which leads to

IV m(€)|lpr sy S NPT
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and thus
[ Fpsm|| 2 mey S N®
for this set of times. On the other hand, when ¢t > N~2,
IV m(€)] < 1€]°t% exp(=N?t/O(1))1j¢n-

Note that we can remove all factors of (¢ |¢]) by enlarging the O(1) in the exponential, as needed.

It follows that
|F ' m| sy S t3 N3t exp(—N?t/O(1)) < N®exp(—N?t/O(1)).

Thus we conclude the desired bounds for all times by Lemma 4.7.1.

Next, if f(0) = 0 and ¢t > 1, we can decompose f = >_n>1 Pnf and directly obtain (4.5) from
(4.3). If instead ¢ < 1, that approach would not lead to the optimal estimate because there is a
O(1) contribution for each of the modes between N = 1 and N ~ t~2, leading to a logarithmic
loss. Instead we decompose

e flloeqrey S 1P _ -3 Sl + D [Pyl

(e

N>t

The sum over large N can be controlled by O(1) using (4.3). Then one can see the operator
Pic <12 e!” is uniformly bounded on L* by appealing to Lemma 4.7.1.
Finally, (4.6) follows from (4.3) in a similar (more straightforward) way. Because a > 0, the low

modes are summable even when ¢ is small. O
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Chapter 5

Miscellany

The contents of this chapter are the result of discussions with Tim Binz and Stan Palasek.

This chapter presents miscellaneous results on self-similar solutions of the incompressible Euler
equations that complement our work in [9] on the stability of the inviscid power-law vortex. Our
work in the first section shows that any homogeneous self-similar solution of the Euler equations
cannot have an unstable eigenvalue. Our work in the second section proves that bounded self-similar

solutions of the two-dimensional Euler equations are necessarily equal to zero (and a bit more).

5.1 Linearizing around Homogeneous Solutions

Consider the incompressible Euler equations in R™ (where n = 2 or n = 3) in vorticity form:

Ow+ (u-Vw=(w-V)u
Kps *w(-,t) = u(-,t) (5.1)

w(,t=0)=wi(-)

We have denoted the Biot-Savart kernel by Kggs. When n = 2 the vortex stretching term w - Vu

disappears, but this will have no influence on what follows. Let a be a nonzero real parameter. We
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say that (&) is a self-similar profile or a self-similar solution to the Euler equations if and only if
w(x,t) ==t Q™)

is a solution to the Euler equations. We consider self-similar profiles 2 that are stationary in the
physical coordinates. In particular, if w is defined as above, then 9;w = 0. We call these self-similar
profiles Homogeneous Solutions to the Euler equations. Evidently, a self-similar profile is a

homogeneous solution to the Euler equations if and only if
Q+Z.va=o
a

It is not difficult to see that any homogeneous solution to the Euler equations is of the form

() = |al° f (g')

for some function f. Expressing coordinates in R™ as (r,#) where § € S~ we may write
Q(r,0) =r=*f(0).

We also make the remark that any “del” operation in these polar coordinates will always be of the
form

1
v:8r+;D97

where Dy is a linear differential operator involving only derivatives with respect to components
of  and multiplication by functions of 8. We now introduce the following operator, invertible on

practically any space we could consider:

SsQ(z) = Qs - x).
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The inverse is evidently given by S;! = S,-1. By our remark on “del” operations V, it is clear that

VS,U = sS,VU, (5.2)

where V may denote the gradient, divergence, directional derivative, etc. and U may denote a
function, vector field, tensor, etc.

Now let us suppose that we have a homogeneous self-similar solution 2. Evidently, Q2 is a
stationary solution of the Euler equations; therefore, we may linearize the Euler equations around

) and obtain the operator

L= —(TU -V)Q—(U-V)Q+ (Q-V)U +(Q-V)U
Kps*Q() =U() (5-3)

Kps+Q() =U()

Before continuing, we prove a short lemma about commuting S; with the Biot-Savart operator.

Lemma 5.1.1. The Biot Savart kernel Kps has the property that

KBS * (SSQ) = s‘lSs(KBS * Q)

Proof. In R™, the Biot-Savart kernel, or the kernel of the operator V-A™!, is given, up to constants,

by
1
Y
K s\WY)=—-.
psl) =y
Therefore, up to constants, we have
1
o —
K+ (5.0)@) = [ =00ty
re |7 =yl

Performing the change of variables sy — y, we get

Kps * (SQ)(z) = / Mn(y)dy = 5718, (Kpg * Q).

no sz -yl
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O

We call a Banach space 8 Scaling-Adapted if and only if S, is a bounded invertible operator

on B. We are now fully equipped to prove the following theorem.

Theorem 5.1.2. Let B be any scaling-adapted Banach space on which Ly is a densely defined

operator generating a continuous semigroup. Then

o(Lgy,B) C iR.

In fact, we have:

U(L¢a sB) € {Q)v iR’ Z(Oa OO), Z[Oa OO), i(*OO, 0)7 i(*oov O]v iR \ {O}a {0}}

Proof. Since B is a scaling-adapted Banach space, S, is a bounded invertible operator on 8 with

bounded inverse. In particular, for any s > 0

o(Ly,B) = 0(S; LySs,B).

Note indeed, that conjugation of L, with the bounded operator S5 does not change the domain or
spectral property of the operator. On the other hand, we may use Equation (5.2) and Lemma 5.1.1
to conclude

S71LySs = s*Ly.
We conclude that for any s > 0:

0(Ly,B) = 0(S; ' LsSs,B) = (5 Ly, B). (5.4)

Now suppose there exists an element of the spectrum A € o(Lg,B) with Re(A) # 0. By time
irreversibility of the Euler equations, we may assume without loss of generality that Re(A) > 0. By

Equation (5.4), we conclude that s*A € o(Lg,B) for any s > 0. This would contradict that L
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generates a continuous semigroup on *B. The second claimed conclusion is obvious. O

Interestingly, a similar result holds for stationary self-similar solutions of the Navier-Stokes
equations. It turns out that self-similar stationary solutions of the Navier-Stokes equations have
(—1)-homogeneous velocity, (—2)-homogeneous vorticity, and are in fact Landau solutions, see
[92] and [86]. The linearization of the Navier-Stokes equations around such a (—2)-homogeneous
vorticity Q is precisely

Lys = Lg + AQ.

It turns out that our simple rescaling argument can (more or less) rule out unstable eigenvalues of

Landau solutions:

Theorem 5.1.3. Let B be any scaling-adapted Banach space on which Lyg is a densely defined

operator generating a continuous semigroup. Then

o(Lns,B) C {z: Re(z) < 0}.

Proof. Since B is a scaling-adapted Banach space, S, is a bounded invertible operator on 9 with

bounded inverse. In particular, for any s > 0

O’(LNs',%) = a(Ss‘lLNSSS,‘B).

Note indeed, that conjugation of Lyg with the bounded operator S5 does not change the domain
or spectral property of the operator. On the other hand, we may use Equation (5.2) and Lemma
5.1.1 to conclude

ST1LyS, = %Ly

and

STIAS, = s2A.
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We conclude that for any s > 0:
o0(Lns,B) = 0(S; ' LnsSs,B) = 0(s’LnsB). (5.5)

Now suppose there exists an element of the spectrum A € o(Lyg,B) with Re(\) > 0. By Equation
(5.5), we conclude that s?X € o(Lg,B) for any s > 0. This would contradict that Lyg generates a

continuous semigroup on ‘B. O

We encourage the reader to compare our result above with linear asymptotic stability theorems

such as in [65] and the references therein.

5.2 Irregularity of Self-Similar Solutions

We now focus on self-similar profiles of the Euler equations in dimension two. It is not difficult to

see that a self-similar profile Q(§) satisfies

—<1+£~V>Q+(U~V)Q:0
@ (5.6)
KBS * Q('vT) = U(a T)'

The first thing we do is prove the following interesting integral identity:
Proposition 5.2.1. Let 0 < a < 1. Let Q be a self similar profile with velocity U. Suppose

Qe CYR?\ {0}). Then there exists a constant K such that on any circle 9Br(0) we have

2 K
O 2/ap _ & -
/0 IQUR,0)*( RUT(R,H)W 72’

where U, denotes the radial component of U.

Proof. We consider polar coordinates (r,0). Let Ry < Ry be arbitrary. Then Equation (5.6) is

satisfied pointwise in the annulus B, (0) \ Bg, (0) and we may test Equation (5.6) with QQ]a 2
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and integrate to get

[/ ((U _ é) . VQ) Q|Q‘72+2/ad£ _ // |Q|2/O‘d§.
BR2 (0)\BR1 (0) o BR2 (0)\BR1 (0)

We can rewrite the equality above as

s v - £)-v(0pyie - | 9/
2 ) Br, 0)\Br, (0) a Bry (0)\Br, (0)

Integrating by parts yields

// div ((U - g)|Q|2/a> de = 0.
Br, (0)\Br, (0) @

Now the divergence theorem yields:
2 o 27 o
Rg/ Q(Ra, )21 — U, (R», 0))d6 = Rf/ (R, 0)[7/°(1 — - U,(Ry, 0))do.
0 Ry 0 Ry

Since R; < Ry were arbitrary, the conclusion of the proposition is finished.

Equipped with Proposition 5.2.1, we can prove:

Theorem 5.2.2. Let 0 < a < 1. Let Q € CHR?\ {0}) be a self-similar profile. Assume that

Q € L{ (R?) for some ¢ > 1+ 2 and that Q@ ~ [{|™* as & — oco. Assume that the velocity

loc

U := (Kps *Q)(0) = 0. With these assumptions, we have = 0 in R2.

Proof. Without loss of generality, we may assume the weakest hypothesis, namely that Q €

2
1JF‘J“(JRQ). Since U = Kpg * ), we have that U € W1’1+2/Q(R2) and by the Sobolev embed-

loc

L

loc

2—a
ding, U € C2+a(R?). By our assumption that U(0) = 0, we conclude there exists a constant C

—2a
such that % < C|¢| 2+« in B1(0). Now from the integral identity in Proposition 5.2.1, we get

K 2-a (27 2/a , o —a m 2.4 s
& S CaR2a | |Q(R,0)/*do < CL R IR, 0)[5 ' RdI) |
0 0
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where C\, and C/, are constants depending only on a. Rearranging we have
s 27 R E%E
KRz < C! (/ IQ(R, 9)|a+1Rd0)
0

or

27
KR™'< c;"/ (R, 6)|5+! Rdf.
0

The right-hand-side above is integrable in R on the interval (0, 1), but the left-hand-side is evidently
not. We necessarily conclude that the constant K = 0.

In this case, the integral identity from Proposition 5.2.1 gets us for all R:

2 2

/ (R, 0)]/° Rdf — a/ (R, 0)]/°U, (R, 0)do. (5.7)
0 0

However, assuming Q ~ |£|7% as £ — oo, Equation (5.7) yields
27 27
R7! N/ IQ(R, 0)|*/*Rd6 = a/ IQ(R, 0))*°U,(R,0)d) ~ R~
0 0

as R — oo, which is a contradiction. We conclude that €2 = 0 for R large. Likewise, for R small,

we use the bound on |U] to get from Equation (5.7):
P 27
0

From this inequality, we see that 2 = 0 when R is small. In particular, Q € C'(R?) and is compactly

supported. Now we may test Equation (5.6) by Q itself and integrate by parts to get

2
— Q2dx =
(5 )/RQI |"dx =0,

which implies that 2 = 0 everywhere in R2. O

We remark that the assumption that we are in two-dimensions is essential for the proof above,

since, otherwise, the vortex stretching term presents a major obstacle to a similar result.
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Finally, we present some arguments explaining why the results above are certainly not optimal.
In two dimensions, the vorticity is transported along the flowlines of the solution, in particular every
LP and LP*° norm should by conserved by the evolution. The idea is that a self-similar profile to
the Euler equations is more or less a “re-arrangement of vorticity” of the inviscid power-law vortex
w =gl

Suppose we have a self-similar profile Q(£) € L?*°. Given the self-similar profile (&), the

corresponding self-similar solution in-time is
w(z,t) =t (at ),

and vice versa.

1 a0 = (iligsqm({ft Q)] > s})) =C,

where m is the usual Lebesgue measure on R?. We also have that the following norm should be

conserved in time t:
la(, ) 1% = (supsim({a : |w(z, t)| > s})) = (supstm({x : [t~ Qat™ /)| > s})).
s>0 s>0
Let S = {£ : |Q(&)] > s}. Thus, we know

(sulgsqm({x Qx| > s})) = (Sul(:)) sqm(tl/o‘St.s)) = t2/a_q(su[5(t-s)qm(5’t.s)) = Ctaa.
s> s> s>

If ¢ # 2/, then as t — 0, this quantity goes to zero (or co), so it is not conserved. We conclude
that necessarily ¢ = 2/a.. We observe that the self-similar profile (&) = €|~ lies in L%/ ®*, so
this is of course not an empty class.

Also, suppose we have a self-similar profile Q(¢) € L9 (or L' N L7 to make sure the Biot-
Savart law behaves nicely). The corresponding self-similar solution is w(z,t) := t~1Q(zt~'/*) with
homogeneous initial data that does not lie in any Lebesgue space. Nevertheless, at ¢t = 1, w(x,1) =

Q(z) € L4. By standard existence theory, there exists a solution wj(z,t) solving backwards (and
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forwards) in time from ¢ = 1 that always lies in L2. Now, it is straightforward to observe that

2
-1
|

[wille =tea " [|Q La,

so it should be that ¢ = 2/«. Indeed, if uniqueness for this class of initial data held, then at
t = 0, w; would cease to be in L9, a contradiction. Thus, either no self-similar profile 2 € L4
with ¢ # 2/« exists or the hypothesis that solutions from integrable vorticity data are unique fails.
Our conclusion is that, given the scaling parameter «, the only natural class in which to search for
self-similar solutions should be L?/® or L?/®> (the latter class is known to contain solutions such
as the homogeneous self-similar solutions).

However, we argue in [9] that any weighted L? space X is inadequate for the proof of non-
uniqueness, following Vishik in [93] and [94], if the background vortex lies in the class L?/®>. The
inability to perform the linear analysis in a Hilbert space presents great difficulties for Vishik’s
approach towards the “Yudovich Problem” of uniqueness for integrable vorticity solutions of the

incompressible Euler equations.
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