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Abstract

In this dissertation, we prove several results about the incompressible Navier-Stokes and Euler

equations.

First, we prove that there is a family of pseudodifferential equations, containing the hyperdis-

sipative incompressible Navier-Stokes equations, that simultaneously admits a partial regularity

theory and the possibility of singularity formation. In particular, our results strongly suggest that

a proof of global regularity for the incompressible Navier-Stokes equations cannot rely solely on a

development of partial regularity theory.

Second, we present a novel approach to the Liouville problem for the stationary Navier-Stokes

equations. As an application of our method, we prove conditional Liouville theorems with assump-

tions on the antiderivative of the velocity that represent substantial improvements on what was

heretofore known. In particular, under some conditions, the solution u ≡ 0 is the unique solution

to the stationary Navier-Stokes equations.

Third, we construct initial data in the critical space BMO−1 from which there exist two distinct

global solutions to the incompressible Navier-Stokes equations, both smooth for all t > 0. This

result is the first example of non-uniqueness for the Navier-Stokes equations with data at the

critical regularity.

The last chapter contains miscellaneous results on self-similar solutions to the incompressible

Euler equations.
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Chapter 1

Introduction

1.1 The Navier-Stokes Equations

The principal object of our study is the incompressible Navier-Stokes equations in a three dimen-

sional domain without boundary (i.e. R3 or T3). This mathematical object is a system of nonlinear

partial differential equations that models the motion of an incompressible, viscous, Newtonian fluid.

In particular, if u(x, t) is the velocity field of a fluid in R3 × [0, T ) dynamically changing in time t,

with initial vector field u0, external force f and fluid pressure p, then the Navier-Stokes equations

state that u satisfies:

∂tu− ν∆u+ (u · ∇)u+∇p = f

div u = 0

u(t = 0) = u0

(1.1)

The parameter ν determines the viscosity of the fluid. Since its value has no influence on our

work, we may always assume that the viscosity ν = 1. We also assume that there is no external

force, i.e. f = 0, and that the density of the fluid is everywhere equal to 1.

The Navier-Stokes equations are phenomenological, in contrast with the incompressible Euler
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equations that model incompressible ideal fluids. The derivation of the Navier-Stokes equations

relies on the first principles of the conservation of mass and the conservation of momentum as well

as an assumption on the constitutive law of the viscous stresses in a fluid. The assumption placed

on the viscous stress tensor is that it depends in a linear and isotropic way on the strain tensor (the

symmetric part of ∇u, where u is the velocity of the fluid), and this assumption more or less leads

to the presence and precise form of the “dissipation term” ν∆u in the equations.

For differential equations derived from physical principles that admit an initial value problem,

one expects well-posedness in the sense of Hadamard (due perhaps to the apparently deterministic

nature of macroscopic physics). In particular, given a reasonable initial condition, one expects

the existence of a unique solution in-time of the differential equation. In addition, one expects

some sort of continuity of the solution in-time with respect to the initial condition. Due to the

phenomenological nature of the incompressible Navier-Stokes equations, the question of whether

the equations are well-posed becomes fundamental to our understanding of fluid dynamics. Indeed,

if the equations are not well-posed, then the assumption made in their derivation can be put into

question: the assumed model may not function in all physically reasonable scenarios. For example,

the motion of turbulent fluids (or the onset of turbulence) may not be adequately described (or

predicted) by the equations.

A fluid occupying some portion of R3 with smooth, compactly supported velocity u(x, t) (i.e.

the fluid is at rest far from the origin and smooth in both space and time variables) is in addition

a continuous medium that has total kinetic energy

ˆ
R3

|u|2dx.

The total kinetic energy of a fluid happens to be, for the incompressible Navier-Stokes equations

without force, one of only two quantities known to have an a priori estimate. Indeed, if we test

Equation (1.1) with u itself and integrate by parts using the divergence free condition, we obtain:

d

dt

ˆ
R3

|u|2dx+ 2

ˆ
R3

|∇u|2dx = 0.

2



If we further integrate in time, we get

ˆ
R3

|u(x, t)|2dx+ 2

ˆ t

0

ˆ
R3

|∇u(x, t)|2dxdt =

ˆ
R3

|u(x, 0)|2dx. (1.2)

Therefore, the kinetic energy and the enstrophy
˜
|∇u|2dxdt are formally bounded for all time by

the kinetic energy of the initial condition.

Jean Leray, in his seminal work [64], introduced a notion of weak solution to the Navier-Stokes

equations. His notion of weak solution is essentially based on the previous observation that the

kinetic energy satisfies an a priori estimate under the evolution of the equations. Leray then proved

the global-in-time existence of weak solutions that satisfy the global energy inequality (i.e. Equation

(1.2) with “=” replaced with “≤”) and strong convergence in L2 to the initial data. In fact, Leray’s

notion of solution is stronger than what is necessary for the previously mentioned properties and is

more akin to the notion of suitable weak solution introduced in [16], which we shall discuss shortly.

After Leray, Serrin proved two striking facts in [84]. First, he proved that if a weak solution u

on R3 × (0, T ) is in LstL
q
x for 2/s + 3/q < 1 and q > 3, then u ∈ C∞t,x(R3 × (0, T ]). Second, he

proved that if a weak solution is in LstL
q
x(B1(0) × (−1, 0)) for 2/s + 3/q < 1 and q > 3 then the

weak solution is in fact in L∞t,x(B1/2(0) × (−1/4, 0)). The first statement is a global regularity

result that provides a sufficient condition for the existence of a global-in-time smooth solution. The

second result is a local regularity result that has as a consequence that if singularity formation

occurs for the Navier-Stokes equations, then the velocity field becomes unbounded in the L∞ norm.

The latter statement means that singularity formation for the Navier-Stokes equations is inherently

unphysical (the speed of light is one such bound on the velocity for real fluids). We also remark

that the critical case (when 2/s+ 3/q = 1) of the results described above was proved independently

by Sohr in [85] and Giga in [48].

The importance of the question of well-posedness for the Navier-Stokes equations is also high-

lighted by its proposal as one of the Clay Problems [42]. For various well-justified technical reasons,

the Clay problem formulates the initial value problem with physically reasonable, Schwartz initial

data, for which local-in-time existence of a smooth solution is known. It is a striking fact, consid-
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ering that they have been studied for several hundred years, that the questions of global existence

and uniqueness questions for the three-dimensional incompressible Navier-Stokes equations are open

problems.

In this dissertation, we contribute some results to our knowledge of the Navier-Stokes equations.

First, we prove that there is a family of pseudodifferential equations, containing the hyperdissipative

incompressible Navier-Stokes equations, that simultaneously admits a partial regularity theory and

the possible of singularity formation. In particular, our results strongly suggest that a proof of global

regularity for the incompressible Navier-Stokes equations cannot simply rely on a development of

the partial regularity theory. Second, we present a novel approach to the Liouville problem for

the stationary Navier-Stokes equations. As an application of our method, we prove conditional

Liouville theorems with assumptions on the antiderivative of the velocity that represent substantial

improvements on what was heretofore known. Third, we construct initial data in the critical space

BMO−1 from which there exist two distinct global solutions to the incompressible Navier-Stokes

equations, both smooth for all t > 0. One consequence of this construction is the sharpness of the

small data global well-posedness result of Koch and Tataru.

We also include, in the final chapter of this dissertation, some miscellaneous results on self-

similar solutions of the incompressible Euler equations. These results complement our work in [9]

on the stability of the inviscid power-law vortex. Our work in the first section of this chapter shows

that the linearization around any homogeneous steady state of the Euler equations cannot have

an unstable eigenvalue if the operator also generates a semigroup. Our work in the second section

proves that bounded self-similar solutions of the two-dimensional Euler equations are necessarily

equal to zero (and a bit more).

Before delving into the proofs, we introduce the context behind each problem regarding the

Navier-Stokes equations in the following sections.

1.2 Partial Regularity and Blowup

This chapter presents our work in [28].
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We may consider the Navier-Stokes equations with “fractional dissipation”. In particular let

α ≥ 0 and consider the pseudodifferential operator (−∆)α whose Fourier symbol is |ξ|2α. Whenever

α equals a positive integer k, the operator coincides, up to a sign, with the composition of the

classical Laplacian (−∆) with itself k times. The unforced α-dissipative Navier-Stokes system in

R3 is the following system of pseudodifferential equations:

∂tu+ (−∆)αu+ (u · ∇)u+∇p = 0

div u = 0

u(t = 0) = u0

(1.3)

The α-dissipative Navier-Stokes system is typically called hyperdissipative if α > 1 and hypodis-

sipative if α < 1. The case when α = 1 coincides with the classical Navier-Stokes equations. For

α ≥ 5/4 and for any smooth function u0 which decays sufficiently fast at infinity, it is known that

the system in Equation (1.3) has a classical global-in-time solution. In the case of Equation (1.3)

on Rn, classical global-in-time solutions are guaranteed whenever α > (n+2)/4 and the initial data

is smooth and has sufficient decay. We shall offer a proof of the latter fact. Global regularity in R3

is also known for an open set of initial data if α is slightly less than 5/4, see [33]. Generally, when

α < 5/4, the global existence of classical solutions is still a major open question [42].

One approach towards proving global regularity is to show that the set where singularities of

the vector field develop is small in some sense. In particular, one might want to find a bound

on the Hausdorff dimension of such a set. Finding such bounds is within the scope of partial

regularity theory. We now provide a short summary of the partial regularity theory for the classical

Navier-Stokes equations.

Leray showed in [63] that the set of singular times has Lebesgue measure equal to zero. Without

too much additional effort, one can improve this to the statement that the 1/2-dimensional Hausdorff

measure of the set of singular times is equal to zero (cf. [92]). Scheffer wrote several papers,

beginning with [76], bounding the Hausdorff dimension of the singular set in space at the time

of first blowup. The best known partial regularity result was obtained by Caffarelli, Kohn, and
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Nirenberg in [16] for a particular class of weak solutions called suitable weak solutions. Let u be

a suitable weak solution on any open subset of spacetime R3 × R. If we define the singular set (in

space-time) as

S = {(x, t) : u 6∈ L∞ in any neighborhood of (x, t)}

then the 1-dimensional Hausdorff measure of S is equal to zero. Away from the set S, the vector

field u is bounded, which implies that u is smooth in the spatial variable by the Serrin higher

regularity theorem, see [84] for more details. The bound on the Hausdorff dimension obtained by

Caffarelli, Kohn, and Nirenberg in 1982 has not been improved.

The work of Colombo, De Lellis, and Massaccesi in [32] provides the optimal extension of the

Caffarelli-Kohn-Nirenberg theory, dealing definitively with the hyperdissipative case. Tang and

Yu in [87] and the erratum [88] were the first to analyze the hypodissipative case 3/4 < α < 1.

Kwon and Ożański in [60] further sharpened the work done in [87]. Additionally, the only partial

regularity results that we know of for non-stationary higher-dimensional Navier-Stokes equations

are found in [40], where Dong and Gu prove a result analogous to the one in [16] in four dimensions,

and in the paper [98] of Wu. However, we cannot see a way to transfer these techniques to the

setting of our interest.

Our present work is inspired by the paper [57] of Katz and Pavlovic. The authors of [57] prove

a partial regularity theorem like Scheffer’s in [76] by using Fourier analysis to reduce the problem

to the study of an infinite-dimensional system of ordinary differential equations. The fluid vector

field is decomposed into wavelet energy packets by localizing in both physical and frequency space

in a way compatible with the Heisenberg Uncertainty Principle, and the dynamics of the wavelet

coefficients can be considered a system of ordinary differential equations. One of the advantages

of their approach when compared to the work of Scheffer or Caffarelli, Kohn, and Nirenberg is

that the local energy inequality is unnecessary for the proof. Ożański’s work in [73], which clarifies

and extends the Fourier analytic method of Katz and Pavlovic, gets a partial regularity result for

Leray-Hopf weak solutions of the hyperdissipative Navier-Stokes equations in R3 as well as a bound

on the box-counting dimension of the singular set.

6



We now briefly discuss some work done in the “negative” direction of the global regularity

problem. Besides numerical studies like [51] that suggest the development of a finite-time singularity

for the Navier-Stokes equations, the paper [89] by Tao provides evidence that at the very least,

attacking the problem of global regularity using abstract methods depending on basic Lp bounds

for the nonlinearity is a direction certain to fail. Let P denote the Leray projection on divergence-

free vector fields (see Section 1.6 in [92]). Tao constructs a nonlinearity C(u, v) that is an averaged

version of the Euler bilinear operator

E(u, v) =
1

2
P
(

(u · ∇)v + (v · ∇)u

)
,

satisfies the cancellation identity and various “harmonic-type” estimates such as

‖C(u, v)‖p ≤ K
(
‖u‖q‖∇v‖r + ‖v‖q‖∇u‖r

)
where 1/p = 1/q + 1/r and 1 < p, q, r < ∞, and whose associated partial differential equation

admits a finite-time singularity. Here and in the sequel, that an operator C is an “averaged version

of E” means that:

〈C(u, v), w〉 =

=

ˆ
Ω

〈E(m1,ωRotR1,ω
Dilλ1,ω

u,m2,ωRotR2,ω
Dilλ2,ω

v),m3,ωRotR3,ω
Dilλ3,ω

w〉dµ(ω) (1.4)

for all Schwartz vector fields u, v, w. Here, ω is a variable in the probability space (Ω, µ), and the

maps Ri,ω : Ω→ SO(3), λi,ω : Ω→ [C−1, C], and mi,ω : Ω→M0 are measurable maps. We use the

notation M0 for the space of all Fourier multipliers m of order 0 with Schwartz symbols equipped

with the topology (hence also the σ-algebra) generated by the Schwartz seminorms. The operators

Dil and Rot are respectively the dilation and rotation operator in R3. See [89] for more details.

Similarly, Scheffer proves in [77] that suitable weak solutions of the Navier-Stokes inequality admit

interior singularities. Later in [78], Scheffer shows that singularity formation can occur on a fractal

set of any dimension less than one, thereby proving that the method used in [16] to achieve partial

7



regularity is sharp.

Our main result in this chapter suggests that improving partial regularity results for the Navier-

Stokes equations is not a path to answering the global regularity question, unless one uses more

specific structural properties of the Navier-Stokes nonlinearity. We denote the parabolic cylinder

of radius r at (x, t) by:

Pr(x, t) := {(y, s) : |y − x| < r and t− r2 < s < t}

Here and in the sequel we denote the closed singular set at blowup time T by

ST := {x ∈ Rn : ∀r > 0, u 6∈ L∞t C∞x (Pr(x, T ))}.

Our main theorem provides an upper bound on the Hausdorff dimension of ST for blowup solutions

of an averaged three-dimensional α-dissipative Navier-Stokes Equation. In particular, we prove:

Theorem 1.2.1. Let 1 < α < 5/4 be arbitrary. There exists a symmetric bilinear operator C that

is an averaged version of E, that obeys the cancellation identity

〈C(u, u), u〉 = 0

for all u ∈ H10(R3) that are divergence-free in the distributional sense, and such that, for some

Schwartz divergence-free initial vector field u0, there is no global-in-time solution to

∂tu+ (−∆)αu+ C(u, u) +∇p = 0

u(t = 0) = u0 div u = 0.

Moreover, if T is the time of first blowup, then the closed set ST has Hausdorff dimension at most

5− 4α.

The partial regularity portion of Theorem 1.2.1 follows from a more general partial regularity

theorem for a family of pseudodifferential equations of “Navier-Stokes type”. Then, proving The-
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orem 1.2.1 amounts to finding an equation in the family admitting a finite-time singularity. First

we define a certain class B of bilinear operators.

Definition 1.2.2. We call a symmetric bilinear operator B amenable if and only if:

1. B is defined for Schwartz vector fields

2. B satisfies the Cancellation Identity:

〈PB(u, u), u〉 = 0 for divergence-free u (1.5)

3. The linear maps B1
v(u) := PB(u, v), B2

v(u) := PB(v, u) are pseudodifferential operators in the

class OPSm1,1 for some real number m (we define this class in the last section of Chapter 2)

4. For all 0 < γ < 3 and for all 1 ≤ p1, p2, r ≤ ∞ satisfying

1

p1
+

1

p2
+
γ

3
=

1

r

we have for some constant K depending only on γ, p1, p2, and r:

‖PB(u, v)‖Lr ≤ K‖u‖Lp1 (‖v‖Lp2 + ‖∇v‖Lp2 ) (1.6)

for all u ∈ Lp1 and v ∈ W 1,p2 with support of diameter at most 2100 (note that the endpoint

cases of integrability are included).

5. Scaling: There exists a number λ > 1 such that for any k ∈ Z:

B(u(λky), u(λky))(x) = λkB(u(y), u(y))(λkx)

The class B is the collection of all amenable operators. Throughout the rest of our work, we

may alternately say that B ∈ B or that B is amenable. Our partial regularity theorem is:
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Theorem 1.2.3. Let n ≥ 3 and let (n + 1)/4 < α < (n + 2)/4. Let B be an amenable bilinear

operator, and let u0 be a Schwartz vector field. Suppose u(t) is a smooth vector field on Rn×[0, T )→

Rn and suppose there exists a smooth function p on Rn × [0, T ) such that:

∂tu+ (−∆)αu+B(u, u) +∇p = 0

div u = 0

u(t = 0) = u0

If T is the time of first blowup, then the closed set ST has Hausdorff dimension at most n+ 2− 4α.

One corollary of Theorem 1.2.3 is a partial regularity result for the α-dissipative Navier-Stokes

equations for any dimension n ≥ 3 whenever α > (n + 1)/4, which, since it is an improvement on

what is already known, we state separately:

Corollary 1.2.4. Let n ≥ 3 and let (n + 1)/4 < α < (n + 2)/4. Let u0 be a Schwartz vector

field. Suppose u(t) is a smooth vector field on Rn × [0, T )→ Rn and suppose there exists a smooth

function p on Rn × [0, T ) such that:

∂tu+ (−∆)αu+ (u · ∇)u+∇p = 0

div u = 0

u(t = 0) = u0

If T is the time of first blowup, then the closed set ST has Hausdorff dimension at most n+ 2− 4α.

Previously, there was no known partial regularity result for the non-stationary α-dissipative

Navier-Stokes equations in Rn with spatial dimension n ≥ 5. By performing a highly technical

analysis of pseudodifferential operators, we get a partial regularity result that also holds for a

large family of pseudodifferential equations in addition to the fractionally dissipative Navier-Stokes

equations. In particular, this allows us to apply our partial regularity theorem to a pseudodifferential

equation admitting a solution blowing up in finite time. Thus, while the conditions placed on an

amenable operator suffice to prove a partial regularity result for its associated pseudodifferential
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equation, they are insufficient to prove regularity for all time. We note that while previous results

prove partial regularity of the solution in space-time, our result only concludes that the solution

is “partially regular” in space at the blowup time. Thus, although our technique does not require

the local energy inequality (and this is one reason why we can generalize to equations arising from

amenable bilinear operators) our theorem has a weaker conclusion and does not prove a space-time

partial regularity result.

This chapter is organized as follows. In the first section we prove Theorem 1.2.3. In particular,

given the vector field solution u, we construct a set E of Hausdorff dimension n+ 2− 4α and prove

that it contains the singular set ST . The proof necessitates the use of the “barrier” construction

also found in [57] and [73], which is the main obstacle to applying our method to the case of classical

dissipation. The energy estimates used in the first section are proven in the subsequent section,

where we test the pseudodifferential equation against “wavelet” localizations of the solution (local-

izations in both frequency and physical space). Then, we show that Tao’s method is flexible enough

to construct a blowup solution to the pseudodifferential equation associated to some amenable bi-

linear operator, which, together with Theorem 1.2.3, proves Theorem 1.2.1. In the last section, we

prove some technical lemmas that are used throughout the chapter.

1.3 Uniqueness

This chapter presents our work in [30], which is joint work with Jincheng Yang.

The Navier-Stokes equations are a model for the motion of viscous incompressible fluid. The

viscosity of the fluid causes an energy dissipation that is typical of parabolic partial differential

equations (like the heat equation). In this sense, we may consider the Navier–Stokes equations as

dissipating the energy of a fluid until it approaches a limiting end state, which we expect should be

a stationary solution of the equations. Our quotidian observation of fluids further suggests that the

end-state should be a fluid at rest, i.e. with Eulerian velocity u ≡ 0. Rigorous mathematical proof

of this expectation has so far been elusive, but work on the stationary Navier–Stokes equations

remains an important part of the field of mathematical fluid mechanics. The present chapter thus
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concerns the stationary Navier–Stokes equations in R3:

−∆u+ u · ∇u+∇p = 0, (1.7)

div u = 0, (1.8)

where u denotes the velocity field of the fluid and p denotes the scalar pressure field of the fluid.

Weak solutions with u ∈ L3
loc(R3) of Equation (1.7) are smooth, see Theorem X.1.1 in Galdi’s

monograph [44]. For this reason, we may always assume that u and p are smooth functions on R3.

We shall also assume that u satisfies the natural vanishing condition at infinity:

lim
|x|→+∞

u(x) = 0. (1.9)

The question remains open, however, whether there exist any nontrivial solutions (i.e. solutions

besides u ≡ 0). In particular, do there exist nontrivial solutions of Equation (1.7) with finite

Dirichlet energy, i.e. with

ˆ
R3

|∇u|2 dx <∞? (1.10)

Solutions with finite Dirichlet energy and satisfying the vanishing condition Equation (1.9) are often

called D-solutions, and the question whether nontrivial D-solutions exist is called the Liouville

problem for the three-dimensional Navier–Stokes equations. We note here that for the stationary

Navier–Stokes equations in Rn with n 6= 3, there are no nontrivial D-solutions.

We now survey some of the progress done towards resolving this question. Observe that the

vanishing condition in Equation (1.9), the assumption of finite Dirichlet energy as in Equation

(1.10), and the Sobolev embedding in R3 together imply that a D-solution u lies in L6(R3). Galdi

proves in [44] that if one assumes more decay at infinity, in particular if one assumes that u ∈

L9/2(R3), then u is trivial. Chae and Wolf prove a logarithmically improved version of the L9/2(R3)

criterion in [18].

Another direction for resolving the Liouville problem seems to have begun with the work of
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Seregin, Silvestre, Šverák, and Zlatos in [82], where the authors consider linear elliptic and parabolic

systems with a divergence-free drift term. In particular, they prove a Liouville theorem for the

Laplace equation with drift when the drift term is divergence-free and in the scale-invariant space

BMO−1. We recall that a divergence-free drift vector field bi can be written as the divergence of

some tensor Tij , and the assumption that T ∈ BMO implies b ∈ BMO−1. The authors of [82] suggest

that proving deep properties, like a Liouville theorem for an elliptic system, requires scale-invariant

information: one should not be able to break the scaling. The assumption that u ∈ BMO−1 lies

exactly in this category of hypotheses for the stationary Navier–Stokes system as well. Indeed,

Seregin proves in [80] that if a solution u of Equation (1.7) is in L6(R3) ∩ BMO−1(R3), then u is

trivial (we note that the finite Dirichlet energy assumption is not directly used in Seregin’s proof).

Seregin proves the first Liouville-type result with a quantitative version of the BMO−1 condition

in [81]. We denote balls of radius R centered at the origin as BR(0) or also as BR when there is no

confusion. Suppose u = curl ψ is a smooth solution of Equation (1.7). Seregin proves in [81] that

with the assumption

( 
BR

|ψ − (ψ)BR |s dx

) 1
s

≤ CRα(s),

for some s > 3 and constant C > 0 with α(s) = s−3
6(s−1) , the smooth solution u of Equation (1.7) is

trivial. In their article [19], Chae and Wolf prove that if u = div T for some tensor T with

( 
BR

|T − (T )BR |s dx

) 1
s

≤ CRα(s)

for some s > 3 and constant C > 0 with α(s) = min{ 1
3 −

1
s ,

1
6}, then u is trivial. The recent

work [6] of Bang and Yang provides a logarithmic improvement of the Chae–Wolf result. Lastly, we

recommend Section 6 in the survey article [83] as another short summary of what has been done in

this direction for the Liouville problem. The references in [83] are exhaustive up to the year of its

publication.

The goal of the present work is to present a novel approach to the Liouville problem of the
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stationary Navier–Stokes equations. The main difference to our approach, in comparison with

previous methods of attack, is that we perform local estimates on domains called capsules that we

allow to vary in size from point to point, depending on the local Dirichlet energy and local average

velocity. The main point is that if the velocity does not stretch too much, we can prove a Liouville

theorem. The best elucidation of our new approach will be in proving the following theorems:

Theorem 1.3.1. Suppose u ∈ C∞(R3) is a D-solution of the stationary Navier–Stokes equations.

Let s ≥ 1 be arbitrary. If u = curl ψ and satisfies

( 
BR(x0)

|ψ − (ψ)BR(x0)|s dx

) 1
s

≤ CRα, ∀R > 1,∀x0 ∈ R3 (1.11)

for some constants C > 0 and 0 < α < 1, then u ∈ Lp,∞ for any p > 4
1−α . Moreover, if α < 1

9 ,

then u ≡ 0.

Theorem 1.3.2. Suppose u ∈ C∞(R3) is a D-solution of the stationary Navier–Stokes equations.

If u satisfies:

ˆ x

x0

u · d` ≤ C|x− x0|β , ∀x0, x ∈ R3, (1.12)

for some constants C > 0 and 0 < β < 1, then u ∈ Lp,∞ for any p > 4−34β/29
1−β . Moreover, if

β < 29
193 , then u ≡ 0.

Our Theorem 1.3.1 improves the result of Seregin by allowing Ls control on the mean oscillation

for 1 ≤ s ≤ 3 as well. In addition, our hypothesis is weaker then Seregin’s for 3 < s < 7. Likewise,

our Theorem 1.3.1 improves the Chae–Wolf result: our hypothesis is weaker than their hypothesis

when 3 < s < 9/2. We also remark that our threshold α = 1/9 is uniform across the exponents.

Our Theorem 1.3.2 shows that u ≡ 0 when we control the line integral of u. The integral
´ x
x0

means integration on a straight line segment connecting x0 and x. For β < 1, the assumption in

Equation (1.12) holds automatically if |x − x0| is small since u is bounded. Therefore, Equation

(1.12) is also a type of growth condition.
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We remark that the hypotheses of our results encode quantitative information about the an-

tiderivative of solutions of the stationary Navier–Stokes equations, in line with the previous works

outlined above. Indeed, if u is a potential flow, then the left-hand side of (1.12) defines its potential

function φ(x) with u = ∇φ. However, in this scenario the triviality of u follows directly from

the Liouville theorem for harmonic functions: there are no non-constant entire harmonic functions

with sublinear growth. The stream function ψ can be defined by a similar line integral of (1.12)

with −u⊥ replacing u for 2D incompressible flows. In this way, the stream function can also be

understood as a type of antiderivative.

The rest of this chapter lies in setting up our capsule approach and applying it to prove our

theorems. We also prove a more general conditional Liouville theorem with a hypothesis on the

capsules alone, quantifying the stretching condition mentioned before.

In the first section of this chapter, we prove local estimates for the Navier–Stokes system. In

the following section, we use the capsules to get global control on the shearing of the solution of

Equation (1.7). Then we prove some conditional Liouville theorems as consequences of the capsule

method. We perform some technical estimates on the kernel of the Poisson equation with drift in

the final section. A short remark on notation: an inequality denoted with . will always mean an

inequality up to an absolute computable constant. For scalars or vectors f and g, f ≈ g means

|f − g| . min{|f |, |g|}. Lastly, we denote the positive part of a real number α by α+ := max(0, α).

1.4 Non-Uniqueness

This chapter presents our work in [29], which is joint work with Stan Palasek.

Recall the initial value problem for the unforced incompressible Navier–Stokes equations on T3

or R3:

∂tu−∆u+ u · ∇u+∇p = 0

div u = 0

u(0, x) = U0(x)

(1.13)

where the given initial data U0(x) is divergence-free, and u(x, t) and p(x, t) are the unknown
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velocity and pressure fields. Initiated in 1934 by the pioneering work of Leray [64], there is now a

well-developed theory of local well-posedness of (1.13) from initial data in many reasonable classes

of functions, as well as global well-posedness from data that is sufficiently small in certain scale-

invariant norms; see, for instance, [61] for an extensive survey. The strongest result in this direction

is the following well-known theorem of Koch and Tataru [59]:

Theorem 1.4.1. There exists ε > 0 such that if U0 is divergence-free with ‖u‖BMO−1 < ε, then

there exists a unique global-in-time solution that is regular for t > 0.

To this point, it was unknown whether any of the positive results for small data are sharp in

the sense that global well-posedness can fail for large initial data. This question was asked, for

instance, by Koch and Tataru in [59] in relation to Theorem 1.4.1. We answer their question in the

affirmative:

Theorem 1.4.2. There exists divergence-free initial data U0 ∈ BMO−1 such that the Cauchy

problem (1.13) admits two distinct global solutions

u(1), u(2) ∈ C∞t,x((0,∞)× T3) ∩ L∞([0,∞);BMO−1(T3)) ∩ C0([0,∞); Ẇ−1,p(T3))

for all p <∞.

Remark 1.4.1. The solutions constructed in the proof of Theorem 1.4.2 belong precisely to the same

class as those constructed by Koch and Tataru; the only difference is that they are not perturbative

around zero. Indeed, one can verify that our solutions obey the following bounds:

‖u‖XKT := sup
t>0

t
1
2 ‖u(t)‖L∞(T3) + sup

x0∈T3

sup
R>0

(
R−3

ˆ R2

0

ˆ
B(R)

|u(x, t)|2dxdt

)1/2

<∞.

In other words, they lie in the natural path space corresponding to solutions of (1.13) (or even

the heat equation) with initial values in BMO−1. It was shown in [59] that the bilinear operator

appearing in the mild form of the Navier–Stokes equations is bounded on XKT , which allows one

to use Kato’s method to construct global solutions from small data.
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Remark 1.4.2. The BMO−1 norm is critical with respect the Navier–Stokes scaling symmetry.

In other words, if u(t, x) is a global solution of (1.13) with initial data U0, then

uλ(x, t) = λu(λx, λ2t), U0
λ(x) = λU0(λx) (1.14)

is also a solution for any λ > 0, and furthermore

‖uλ‖XKT = ‖u‖XKT , ‖U0
λ‖BMO−1 = ‖U0‖BMO−1 .

Critical spaces are a natural setting for the questions we consider because they are at the threshold

of the well-posedness theory; there are many theorems to the effect that certain classes of critical

solutions are well-behaved [41, 45, 7, 8, 20, 3, 69, 68, 67, 62, 24, 50]. To our knowledge, Theo-

rem 1.4.2 is the first ill-posedness result in a critical space strong enough to support well-posedness

for small data. Moreover, it appears to be the first example of non-uniqueness for the Navier–Stokes

equations from data in any critical space that does not rely on the presence of an external force.

See §1.4.2 for a comparison of our solutions to those constructed previously in the literature.

Remark 1.4.3. Let us emphasize that the solutions constructed in Theorem 1.4.2 are not in the

Leray–Hopf class due to the fact that the initial velocity is not in L2(T3). The construction here uses

a simplified version of the mechanism proposed by Palasek in [74] and this simplification requires

the data to have infinite energy. If the full mechanism from [74] could be implemented, we expect it

would yield solutions of (1.13) in a similar class as those of Jia and Šverák [54, 55] (but without

exact self-similarity), namely Leray–Hopf solutions belonging to improved critical spaces at least as

good as B
−1+3/p
p,∞ for p > 3. There does not appear to be any obstruction in principle to realizing the

mechanism proposed in [74], but there exists a substantial technical challenge in finding the correct

building blocks that embed the behavior of the Obukhov dyadic model (cf. the discussion in Section

1.3 of [89]).

Remark 1.4.4. The initial data U0 is smooth outside of a measure zero set Σ ⊂ T3. Indeed, it

can be written as U0 =
∑∞
k=1 V

0
k where each component V 0

k is smooth on T3 and the supports are
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monotone, suppV 0
k ⊂ suppV 0

k−1. Thus Σ ⊂
⋂
k≥0 Ω̃k, with Ω̃k as in Definition 4.2.1. The claim

then follows because |Ω̃k| ≤ 2−k from Lemma 4.2.3.

Remark 1.4.5. For convenience, we carry out the construction on the torus T3 = R3/(2πZ)3. The

argument should extend with straightforward modifications to the Navier–Stokes equations posed on

R3 with decay at spatial infinity. In principle, our methods extend to the two-dimensional case as

well (which is likewise covered by the small data well-posedness results of [59], see also [46]), but

there are technical difficulties similar to those faced in the approach to Onsager’s conjecture due to

the geometry of Mikado flows. We leave open the problem of non-unique solutions with critical data

on T2 and R2, but we point out the preprint of Albritton et al. in [2] as an example of recent work

relevant to the non-uniqueness question in the two-dimensional case.

We also note that Cheskidov, Zeng, and Zhang posted a preprint [27] in which they use convex

integration to construct wild weak solutions of the Navier–Stokes and MHD from any H
1
2 initial

data. This is an interesting contribution that implies the lack of weak-strong uniqueness of dis-

sipative solutions. We wish to emphasize that the solutions produced in [27] do not overlap with

Theorem 1.4.2 at all; while they have the advantage that the data is in L2(R3), they do not appear

to possess any further regularity for t > 0, nor does the energy inequality hold. The present chapter

is concerned with the question of well-posedness of mild solutions, which is orthogonal to the setting

treated in [27]. This can be seen from the fact that they construct distinct solutions even for small

data in H
1
2 (R3).

1.4.1 Well-posedness and Ill-posedness at the Critical Regularity

We recall the scale of Besov spaces Bsp,q equipped with the norms ‖u‖Bsp,q =
∥∥Ns‖PNu‖Lp

∥∥
`qN

where

PN are the Littlewood–Paley projections defined in §4.1.2. The spaces B
−1+3/p
p,q are critical for the

three-dimensional Navier–Stokes equations for all p, q ∈ [1,∞], although they primarily play a role

in the negative regularity regime p > 3. They are related to the other well-known critical spaces as
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follows:

H
1
2 ⊂ L3 ⊂ B−1+3/p

p,∞ ⊂ BMO−1 ⊂ B−1
∞,∞

where 3 < p < ∞. Global well-posedness from small data in the first three spaces was proved

by Fujita–Kato [43], Kato [56], Cannone [17], and Planchon [75], at which point the belief was

that the natural endpoint of the hierarchy is the space B−1
∞,∞ which is so large it contains all

translation-invariant spaces of tempered distributions at the critical regularity. The insight of Koch

and Tataru [59] was that BMO−1, defined as the distributions with

‖u‖BMO−1 := sup
R>0

sup
x0∈R3

(ˆ R2

0

ˆ
B(x0,R)

|et∆u|2dxdt

) 1
2

<∞,

falls in between B
−1+3/p
p,∞ and B−1

∞,∞ and is such that the Navier–Stokes bilinear operator

u 7→ −
ˆ t

0

e(t−t′)∆P div u(t′)⊗ u(t′)dt′

is bounded, allowing one to implement Kato’s method for constructing mild solutions from small

data.

One can argue that BMO−1 is the largest reasonable critical space with this property. Indeed, to

make sense of the nonlinearity, even in the sense of distributions, u must be L2
loc in spacetime. This

must be true in particular for the zeroth Picard iterate et∆u0, so we need ‖et∆u0‖L2
t,x([0,1]×B(1)) =

C <∞. Due to the symmetries of (1.13), this bound must be invariant under spatial translation as

well as the scaling defined in (1.14). Thus, one is led precisely to the above definition of BMO−1,

corresponding to the Carleson formulation of BMO.

In critical spaces weaker than BMO−1 in which Theorem 1.4.1 does not apply, there has been

progress in showing ill-posedness in the form of norm inflation. The first such result was due to

Bourgain and Pavlović [11], who showed that arbitrarily small data in B−1
∞,∞ can become arbitrarily

large in a short time. In other words, the data-to-solution map is not continuous at 0 in the B−1
∞,∞
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topology. Germain [47] ruled out the fixed point argument for constructing mild solutions from data

in B−1
∞,q for q > 2. Explicit ill-posedness in this class was proven by Yoneda [99] following the ideas

of [11]. Later, Wang [95] proved the surprising result that norm inflation from small data is possible

in the spaces Ḃ−1
∞,q even for q ∈ [1, 2], which are continuously embedded in BMO−1. Thus, although

these solutions are globally regular and stay small in the BMO−1 norm, they nonetheless become

large in the stronger norm B−1
∞,q. The fact that the presence of norm inflation is not “monotone”

in the class of data is interesting and suggests that non-uniqueness (or the lack thereof) may be a

better benchmark for the well-posedness of (1.13). Let us also mention a slight strengthening of

these results in a logarithmically subcritical Besov space due to Cui [36].

When one allows a force, recent works by Córdoba, Mart́ınez-Zoroa, and Zheng demonstrate

that finite-time blow-up is possible for Euler, hypodissipative Navier–Stokes, and other related

models. For instance, see [34] and [35]. These constructions have a similar spirit to the one in

the present work in the sense that they build an explicit multi-scale initial datum whose evolution

forward in time can be reasonably well-understood.

1.4.2 Known Approaches towards Non-Uniqueness

Up to this point, there have been two strategies for producing non-unique solutions to (1.13) and

other equations of fluid dynamics. Here we briefly summarize the state of the art.

Convex Integration

Inspired by Nash’s C1 isometric embedding theorem [71], De Lellis and Székelyhidi introduced

convex integration to the field of mathematical fluid dynamics in their seminal papers [39, 38].

Whereas for the Euler equations these methods produced essentially sharp results (culminating,

for instance, in the resolution of Onsager’s conjecture [53]), for the Navier–Stokes equations there

remain some persistent gaps between the regularity reached by convex integration schemes and the

known well-posedness results. This area has been highly active so we refer the reader to [15] for a

more thorough survey.

The first example of non-unique weak solutions of (1.13) was constructed in the space CtH
ε
x
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for ε > 0 small in the breakthrough work of Buckmaster and Vicol [14]. For comparison, the

critical space in this scale in dimension three is CtH
1/2
x , and Leray–Hopf solutions additionally lie

in L2
tH

1
x. Tao [90] observed that one can reach regularity CtH

1
2−ε
x by taking the dimension n large

depending on ε, but then the critical Sobolev space is CtH
n
2−1
x , which is far out of reach. Among

the subsequent convex integration constructions following [14], for instance [12, 66, 25, 26], the

sharpest in terms of the scaling of the space are those of Cheskidov and Luo: first in [25], they

construct solutions in L2−ε
t L∞x (Rn) for n ≥ 2 and all ε > 0. Later in [26], they exhibit solutions

in the space CtL
2−ε
x (R2), where ε > 0 can be taken arbitrarily small. For comparison, L2

tL
∞
x and

L∞t L
n
x are critical in dimension n; thus, their solutions can get arbitrarily close to certain critical

spaces on the Prodi–Serrin–Ladyzhenskaya scale and possess some additional favorable properties

outside of a small set of times.

Unfortunately, convex integration at or above critical regularity appears out of reach. Indeed,

the nonlinearity must be at least as large as the Laplacian in order for the error correction to

function, so there is no room to lose anything during the iteration. Moreover, convex integration is

only known to be applicable in settings where the solution space has flexibility, which is certainly not

the case for solutions that immediately regularize like the ones in Theorem 1.4.2, nor (one might

expect) for Leray–Hopf solutions, which exhibit weak-strong uniqueness. There are additional

difficulties related to finding sufficiently intermittent building blocks which present an obstacle to,

among other things, proving the sharpness of the full Prodi–Serrin–Ladyzhenskaya scale.

The Jia–Šverák Program

The other known strategy for demonstrating non-uniqueness was set forth by Jia and Šverák in

[54, 55]. They propose to consider (1.13) in self-similar coordinates ξ = x/t1/2, τ = log t with the

ansatz u(t, x) = t−1/2U(ξ, τ). Thus the question of non-uniqueness for u at t = 0 is transferred

to U at τ = −∞, which would be settled if one can find a steady solution U(ξ, τ) = U(ξ) that

is nonlinearly unstable in the self-similar dynamics. This scenario seems plausible in light of com-

pelling numerical evidence by Guillod and Šverák [49]. Recently, Albritton, Brué, and Colombo [1]

used this framework to construct non-unique Leray–Hopf solutions to the forced Navier–Stokes
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equations by building a profile U out of the unstable vortex constructed by Vishik in [93, 94]. The

force is necessary for their construction because U does not satisfy the Navier–Stokes in self-similar

coordinates. Removing the force appears extremely difficult because the only suspected unstable

self-similar profile is the one numerically discovered in [49]. It follows that one would have to verify

spectral properties of the equation linearized around a numerical profile. Hou, Wang, and Yang

[52] have announced a computer-assisted proof that would complete the Jia-Šverák Program.

1.4.3 Strategy of the Proof

The non-uniqueness mechanism that leads to Theorem 1.4.2 is based on the one proposed by

Palasek in the context of the Obukhov dyadic model in [74], with certain simplifications to make

the construction feasible in the full PDE setting. Let us now sketch the strategy of the proof,

neglecting some details for the purpose of the exposition.

Non-Uniqueness Mechanism

The initial data is constructed as a lacunary series U0 =
∑
k≥0 V

0
k where each V 0

k is (approximately)

localized in Fourier space to a band around |ξ| = Nk, with Nk a rapidly growing sequence of

frequency scales. The essence of the construction is the following claim: there exists a choice of the

(V 0
k )k∈N such that at each frequency level k, there exist two evolutions forward in time that are

consistent with (1.13), up to a small error:

• The Heat-Dominated Flow : let vk(x, t) be the flow of the data under the heat equation,

namely

∂tvk −∆vk = l.o.t.

vk|t=0 = V 0
k

(1.15)

where we add some lower order terms as a matter of convenience. Clearly ‖vk(t)‖L∞ decays

exponentially on the time scale N−2
k .
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• The Inverse Cascade-Dominated Flow : let vk(x, t) be the flow of the data under the equation

∂tvk + P∼NkP div vk+1 ⊗ vk+1 = 0

vk|t=0 = V 0
k

(1.16)

where vk+1 is the “heat-dominated flow” emanating from the data V 0
k+1 as described above,

and P∼Nk is a Littlewood–Paley-type projection to a frequency shell around Nk. Crucially,

by a particular choice of V 0
k+1, we can arrange that ‖vk(t)‖L∞ decays exponentially to zero

on the time scale N−2
k+1.

Taking for granted the assertions made so far (which, indeed, most of the chapter will be

occupied with justifying), we can write down two distinct approximate solutions of (1.13) with data

U0 =
∑
k≥0 V

0
k :

v(1) := v0 + v1 + v2 + v3 + · · · and v(2) := v0 + v1 + v2 + v3 + · · · . (1.17)

The distinctness is immediate from the fact that vk and vk have different decay rates.

Let us give a more heuristic description of how the non-uniqueness arises. Fixing k ≥ 1, one

should interpret (1.16) as asserting that V 0
k+1 is capable of using its nonlinear self-interaction to

“annihilate” the mode below that has initial data V 0
k , and this annihilation occurs on time scale

N−2
k+1. Likewise, V 0

k is capable of annihilating the mode at V 0
k−1 on time scale N−2

k . However, these

two events are incompatible because the kth mode would vanish on a time scale (i.e., N−2
k+1) much

shorter than the time it needs to act on vk−1 (i.e., N−2
k ). Thus, if V 0

k is in fact annihilated by V 0
k+1

(i.e., its continuation vk(t) satisfies (1.16)), then there are no nonlinear dynamics to act on V 0
k−1,

which then evolves as the heat-dominated flow vk−1(t) according to (1.15).

The conclusion of the discussion above is that these dynamics are only self-consistent if (1.15)

and (1.16) occur at alternating sequences of k’s, which justifies the choice (1.17). The non-

uniqueness then is a consequence of the fact that (1.15) can occur at either every odd k or every

even k.
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Structure of the Principal Part

An obvious difficulty is that even if we can arrange (1.15)–(1.16), there remains a plethora of nonlin-

ear interactions between the vk’s and vk’s that need to be small for us to claim these as approximate

solutions. It turns out that if the data is chosen appropriately, the terms appearing in (1.15)–(1.16)

are the only ones that are non-perturbative. Toward this end, we borrow certain elements from

convex integration constructions where a central difficulty is also minimizing nonlinear interactions

between solution components at different frequencies.

Now we give the rough ideas for how to select data obeying (1.15)–(1.16) while keeping all

other interactions minimized. The initial data V 0
k (x) is (very roughly, and locally) of the form

ak(x)θ sin(Nkx · η) for some fixed η, θ ∈ Z3 with η · θ = 0, where ak(x) is a scalar coefficient

that is principally supported at frequencies |ξ| � Nk. Then, according to (1.15), we should take

vk(x, t) = ak(x)θ sin(Nkx · η) exp
(
−N2

k |η|2t
)

up to various small errors. Having defined the (vk)k∈N

in this way, the requirement (1.16) becomes

∂tvk = −P∼NkP div
(
a2
k+1θ ⊗ θ sin2(Nk+1x · η)

)
exp
(
−2N2

k+1|η|2t
)

vk|t=0 = V 0
k .

One recalls that a2
k+1(x) is mainly localized to frequencies � Nk+1, while sin2(Nk+1x · η) is sup-

ported at frequencies |ξ| = 0 and |ξ| = 2|η|Nk+1. Thus the interaction of a2
k+1 with the high-

frequency part of sin2 cannot concentrate significantly in the shell |ξ| ∼ Nk, so only the zeroth

mode of sin2 contributes. This lets us reduce (1.16) by integrating in time to

vk(t) = V 0
k − CN−2

k+1P∼NkP div(a2
k+1θ ⊗ θ)(1− exp

(
−2N2

k+1|η|2t
)
)

up to errors, where C is a computable constant. Thus, our claim that ‖vk(t)‖L∞ decays on time

scale Nk+1 is achievable if ak+1 is chosen so that

V 0
k = CN−2

k+1P∼NkPdiv(a2
k+1θ ⊗ θ). (1.18)
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As stated, this is not quite possible, but the reader familiar with convex integration will recognize

the issue is analogous to a problem first encountered by Nash in [71] that can be solved, for

instance, by replacing the simple ansatz V 0
k = ak(x)θ sin(Nkx · η) with one based on a Mikado flow,

i.e., a superposition of spatially disjoint shear flows. These have the advantage that the rank-1

stress a2
k+1θ ⊗ θ now becomes a linear combination

∑
j a

2
j,k+1θj ⊗ θj . We observe that V 0

k can be

constructed to be in the form ψ0
k which makes it not only divergence free, but also in the form

divRk for some symmetric tensor Rk. Thus ak+1 can be chosen to satisfy (1.18) exactly.

Imposing (1.18) at every k ≥ 0 creates a recursive dependence between the modes of the initial

data: having chosen V 0
0 , the requirement (1.18) determines a1, which in turn determines V 0

1 , which

then determines a2, and so on. Based on this, we can estimate the amplitudes of the V 0
k . Roughly

speaking, ‖V 0
k ‖L∞ ∼ ‖ak‖L∞ . Then (1.18) leads to

‖V 0
k+1‖L∞ ≈ C1Nk+1

(
‖V 0

k ‖L∞
Nk

) 1
2

. (1.19)

As an immediate consequence, we should expect the kth component of the data V 0
k to have ampli-

tude on the order Nk, in accordance with the critical scaling of (1.13). Two important observations

are in order. First, (1.19) shows why there is no danger from losing constants during the iteration,

which is a fatal issue for convex integration schemes at the critical regularity. Indeed, any large

constants (independent of k) that appear in constructing V 0
k+1 from V 0

k are removed by successively

taking the 1/2 power. Second, (1.19) shows why this method cannot produce solutions with small

data (which would contradict Theorem 1.4.1). We are free to initiate the process with an arbitrarily

small choice of V 0
0 , but as k → ∞ the amplitude invariably approaches the fixed point of (1.19),

which is presumably large.

One may notice at this point that the solutions described above belong to B−1
∞,∞ but not

BMO−1. The required improvement is now a consequence of improving the spatial support of

each V 0
k . Recall that Mikado flows are supported on a periodic collection of pipe regions, and there

is no difficulty in making the volume of the support smaller than, say, |T3|/100. If one is sufficiently

careful, it is further possible to select ak+1 satisfying (1.18) such that supp ak+1 ⊂ suppV 0
k . It
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follows inductively that the support of V 0
k is contained in the intersection of the supports of the

Mikado flows that were used to define v0
0 , v

0
1 , . . . , V

0
k . Because these flows are at different scales, the

volume of this intersection is multiplicative and one can bound | suppV 0
k | ≤ 2−k|T3|, which suffices

to improve the regularity to BMO−1.

Construction of the Perturbation

Finally, let us address the last challenge of the proof which is constructing perturbations w(1) and

w(2) that correct the errors, i.e., so that u(i) = v(i) + w(i) are exact solutions of (1.13) with data

U0. The idea is in a similar spirit to the constructions by Chemin and Gallagher [21, 22, 23] of

global solutions of (1.13) from initial data that is large in BMO−1 (or even B−1
∞,∞) while satisfying

a nonlinear smallness condition. Suppose v(i) solves (1.13) with a small error in divergence form,

∂tv
(i) −∆v(i) + P div v(i) ⊗ v(i) = divF (i)

v(i)|t=0 = U0.

Then w(i) must satisfy the perturbed Navier–Stokes equations

∂tw
(i) −∆w(i) + P div(2v(i) � w(i) + w(i) ⊗ w(i)) = − divF (i)

w(i)|t=0 = 0.

This equation is of the same type faced in [21, 22, 23]. The obvious strategy is to construct solutions

via a fixed point argument, but this is complicated by the additional linear terms which are not

contractive when v(i) is large. In the papers cited, this difficulty is handled by taking the initial data

U0 to be in H1/2 (or at least B−1
∞,2), leading to et∆U0 ∈ L2

tL
∞
x . Unfortunately, the v(i) constructed

above are not contained in L2
tL
∞
x (nor is that the case for, say, the self-similar solutions posited by

Jia and Šverák) so those methods break down.

Instead, we proceed as follows. For i = 1, 2, let S(i)(t, t′) be the semigroup associated to the the
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linearized equation for w(i), defined for all 0 < t′ ≤ t. Then w(i) should obey the mild formulation

w(i)(t) =

ˆ t

0

S(i)(t, t′)(w(i) ⊗ w(i) − F (i))dt′. (1.20)

Note that w(i) has zero initial data, so to make sense of this mild formulation, we need only define

the semigroup for t′ > 0. Of course, it is also important that the estimates on S(i)(t, t′) do not

deteriorate too severely as t′/t → 0. We show that S(i)(t, t′) has estimates slightly worse than

e(t−t′)∆P div. This loss is tolerable because by taking the sequence Nk to increase faster than

exponentially, the errors F (i) become not just small, but small when measured in a subcritical

norm; for instance ‖F (i)(t)‖L∞ . t−1+α for an α > 0 (cf. the critical power α = 0). Combining all

these elements, we construct the w(1) and w(2) as fixed points of the operator in the mild form (1.20)

in a small ball around zero measured in a slightly subcritical norm. We conclude by showing that

w(i) → 0 weakly near the initial time and that w(i) are small enough to not disturb the distinctness

of v(1) and v(2).

1.4.4 Plan of the Chapter

In §4.1, we state some of the basic Littlewood–Paley theory and related estimates (§4.1.2–4.1.3) and

introduce some of the key parameters that go into the construction (§4.1.4). In §4.2 we build the

data U0 and the leading parts v(i) of the solutions: first we construct the Mikado building blocks for

the initial data and prove estimates on the supports (§4.2.1); then we run the iterative procedure

to construct the initial data and prove estimates (§4.2.2); followed by construction of the leading

parts of the two distinct solutions forward in time (§4.2.3). §4.3 is concerned with constructing the

perturbation w(i) that will correct the principal parts v(i): first we estimate the residuals F (i) that

are to be corrected (§4.3.1); then we construct the semigroup S(i) of the Navier–Stokes linearized

around the principal parts v(i) (§4.3.2); and finally we construct the perturbations with a fixed

point argument (§4.3.3). In §4.4, we complete the proof of Theorem 1.4.2, proving that the two

solutions constructed attain the initial data and are distinct. Sections 4.5–4.7 give some technical

tools used in the proofs.

27



Chapter 2

Partial Regularity and Blowup

2.1 Partial Regularity

2.1.1 Covering the Singular Set

Let P denote the Leray projection. Let F denote the Fourier transform. We shall employ a

Littlewood-Paley partition of frequency space. In particular, for j ∈ Z we have pseudodifferential

operators Pj with positive and smooth symbols pj(ξ) that are supported in 2
32j < |ξ| < 3 · 2j and

that also satisfy pj(ξ) = p0(2−jξ) and ∑
j∈Z

pj(ξ) = 1. (2.1)

We also define P̃j :=
∑2
k=−2 Pj+k to be the sum of all Littlewood-Paley projections whose symbols’

supports intersect the support of pj(ξ). Likewise we may define p̃j(ξ) as
∑k=2
k=−2 pj+k(ξ). We can

consider Pjf as a combination of wavelets supported on cubes of sidelength 2−j . Keeping this

heuristic in mind, we localize on cubes of sidelength almost equal to 2−j . That is, we fix an ε > 0

and localize within slightly larger cubes of sidelength 2−j(1−ε). Such a localization will allow us

to commute cutoffs in frequency space with cutoffs in physical space, with only the addition of

a negligible error. Since the Hausdorff dimension estimate is a closed condition, an approximate

localization like this will be acceptable. Our localization is achieved with the use of particularly
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chosen bump functions that we describe below. See also [57] and [73].

Let Q be a cube of sidelength greater than 2−j(1−ε). We denote λQ to be the cube with the same

center as Q and with sidelength(λQ) = λ · sidelength(Q). We define a bump function 1 ≥ φQ,j ≥ 0

such that φQ,j = 1 on Q and is zero outside of (1+2−εj)Q. We also require that for every multi-index

α, there is a constant Cα depending on α but independent of Q and j such that

|DαφQ,j | ≤ Cα2|α|j(1−ε) (2.2)

Following [57], we call these bump functions of type j. In line with our previous discussion, we

consider φQ,jPj as a projection onto a localized wavelet, and, if Q is a cube with side length exactly

equal to 2−j(1−ε), we denote the “wavelet coefficient” by

‖φQ,jPjf‖2 := fQ

and say that Q is at level j. For convenience, we shall use the following notation for a particular

dilation of a cube at level j:

Qj := (1 + 2−εj)Q.

Also, if Q is a cube at level j, we denote:

uN 1(Q) := ‖φQj ,jPj−2≤k≤j+2u‖L2 ,

which is a shorthand for the kinetic energy supported on nearby frequencies. We shall also use the

notation N(A) to denote the cardinality of a set A.

Throughout this chapter we use various properties satisfied by the bump functions φQ,j and

the Littlewood-Paley projections Pj . Most of these properties can be classified as “commutator

estimates” that allow us to move bump functions across Littlewood-Paley projections and vice

versa with only the addition of a negligible error. For the benefit of exposition, we defer the

technical proofs of these lemmas to the last section of this chapter; however, we shall use these
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technical results freely here.

We shall now prove a general partial regularity theorem for systems of pseudodifferential equa-

tions. These systems will generalize the Navier-Stokes equations in the sense that they arise from

the Stokes equations equipped with a nonlinearity of the form B(u, u), where B is an amenable

operator in the sense of Definition 1.2.2. Without loss of generality, we may assume in this section

that the scaling term λ in the fifth part of Definition 1.2.2 is equal to 2.

We denote the Leray Projection of B by B̂ := PB for the rest of this section. By the incom-

pressibility condition on u in the statement of the theorem, we can instead consider the following

system of pseudodifferential equations:

∂tu+ (−∆)αu+ B̂(u, u) = 0

u(t = 0) = u0.

(2.3)

Then we prove Theorem 1.2.3, which we reformulate as

Theorem 2.1.1. Let n ≥ 3 and (n+1)/4 < α < (n+2)/4, let B be an amenable bilinear operator,

and let u0 be a Schwartz vector field. Suppose that u(t) is a smooth vector field on Rn× [0, T )→ Rn

that solves Equation (2.3). If T is the time of first blowup, then the closed set ST has Hausdorff

dimension at most n+ 2− 4α.

The next subsection is devoted to proving Theorem 2.1.1. We remark that if we take

B(u, v) =
1

2

(
(u · ∇)v + (v · ∇u)

)

then we have the usual α-dissipative Navier-Stokes equations in Equation (2.3). Subsequently, we

get Corollary 1.2.4.

We recall that our solution u is smooth up to time T and that the initial data u0 is Schwartz.

These are facts that we shall use frequently and usually without reference. Pairing Equation (2.3)

with u and using the cancellation identity in Equation (1.5), we get:

〈∂tu, u〉+ 〈(−∆)αu, u〉 = 0. (2.4)
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Integrating in time then gives us what we shall refer to as the energy dissipation law:

‖u(t)‖22 = ‖u0‖22 − 2

ˆ t

0

‖(−∆)α/2u‖22dt ≤ ‖u0‖22 ∀t ∈ [0, T ). (2.5)

We shall examine the dynamics of the “wavelet coefficients” uQ := ‖φQ,jPjf‖2, where φQ,j is a

bump function of type j and Q is a cube at level j. To this end, we pair Equation (2.3) with

Pjφ
2
Q,jPju, and get, after simplification:

∂t

(
1

2
u2
Q

)
= 〈−B̂(u, u), Pjφ

2
Q,jPju〉 − 〈(−∆)αu, Pjφ

2
Q,jPju〉. (2.6)

We note that the “wavelet coefficients” uQ are continuous in time, see Lemma 2.4.24 and Corollary

2.4.25. We prove the two main estimates for the terms on the right-hand-side of Equation (2.6) in

a later section. We estimate the “dissipation” term by

〈(−∆)αu, Pjφ
2
Q,jPju〉 ≥ −K2−200j +K22αju2

Q −K2(2α−ε)ju2
N 1(Q). (2.7)

We estimate the “nonlinear” term by

∣∣∣〈−B̂(u, u), Pjφ
2
Q,jPju〉

∣∣∣ ≤ K2j(1+nδ
2 +nγ

3 )uN 1(Q)uQ+

+K

j−10∑
k=δj

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQ +K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22+

K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2 +K2−150j . (2.8)

We have used the following notation: for a cube Q at level j we denoted

k < j ⇒ Qk := 2(j−k)(1−ε)Q, k ≥ j ⇒ Qk = (1 + 2−εk)Q.

The estimates hold for all cubes Q at level j ≥ 0, and we shall now clarify the role of the symbol

K.
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Throughout the rest of this chapter, the symbol K will denote a constant appropriately chosen

so that every inequality where it appears is satisfied. The choice of K will be clear at each instance

of its use, and it will only depend on the L2 norm of the initial data, the blowup time T , the

dimension n ≥ 3, and the parameters ε, α, and γ. Also, we introduce another parameter δ that

depends on α and the dimension n ≥ 3. The parameter δ will be used later when we estimate the

nonlinear term in Equation (2.6). Given n ≥ 3 and α > (n + 1)/4, we shall carefully choose the

parameters δ, γ, and ε so that our argument closes.

We now describe the construction of a collection of cubes, away from which we have “critical

regularity”, as in [57] and [73]. We call a cube Q at level j bad if and only if:

ˆ T

0

ˆ ∑
k≥j

22αk
∣∣φQj ,jPku∣∣2dxdt ≥ 2−(n+2−4α)j−εj .

We shall consider the reverse inequality as the hypothesis of an ε-regularity statement compatible

with the scaling of the equations. In other words,

(2m)2α−1u((2m)x, (2m)2αt)

is a solution of Equation (2.3) for any m ∈ Z, if u(x, t) is a solution of the same equation. We define

the set Mj to be the union of cubes Q for all bad cubes Q at level j. We first obtain a convenient

cover of Mj :

Proposition 2.1.2. There exists a constant K depending only on ε so that for all j ≥ K, there is

a covering Cj of Mj by cubes at level j such that for some other constant K independent of j:

N(Cj) ≤ K2(n+2−4α)j+εj .

Proof. Let A be the collection of cubes 2Q where Q is bad and at level j. By the Vitali Covering

Lemma (Lemma 2.4.22), there are disjoint cubes 2Q′ in A such that the collection of cubes 10Q′

covers Mj . However, any cube of sidelength 10 · 2−j(1−ε) can be covered by K cubes at level j (K

depending on ε and n ≥ 3 only), so we are led to define Cj to be the collection of the cubes at level j
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that cover the cubes 10Q′. Now since the cubes Q′ are bad with cubes 2Q′ disjoint, the cubes Q′j are

also disjoint. Indeed, by always choosing j ≥ 100/ε, each such cube Q′j = (1 + 2−εj)Q′ ⊂ (3/2)Q′

is strictly contained in the cube 2Q′. By the energy dissipation law and Lemma 2.4.13 we may

conclude:

N(Cj)2−(n+2−4α)j−εj ≤

≤ K
∑
Q′

∑
k≥j

22αk

ˆ T

0

ˆ ∣∣∣φQ′j ,jPku∣∣∣2dxdt ≤ K∑
k≥j

22αk

ˆ T

0

ˆ ∑
Q′

∣∣∣φQ′j ,jPku∣∣∣2dxdt ≤
≤ K

∑
k≥j

22αk

ˆ T

0

ˆ
Rn
|Pku|2dxdt ≤ K,

which shows that there are at most K2(n+2−4α)j+εj cubes in the collection.

2.1.2 Critical Regularity Away from Bad Cubes

Note that the cube Q in the following proposition may actually be bad. The only condition that we

place on Q is that some large dilations of Q are not bad, and this will be sufficient for the following

proposition.

Proposition 2.1.3. There exists j0 sufficiently large so that for any cube Q at level j such that

the cubes Qk are not bad for any k ∈ [δj, j − 10], we have for all t ∈ [0, T ]:

uQ(t) < 2−
j
2 (n+2−4α+ε).

Proof. The claim is true for sufficiently small t ≥ 0 because our initial data is Schwartz. Let

t0 > 0 be the first time when the claim is not true. More explicitly, we assume that for any j0

there exists Q at some level j such that the cubes Qk are not bad for all k ∈ [δj, j − 10] but

uQ(t0) ≥ 2−
j
2 (n+2−4α+ε). Let t1 ∈ (0, t0) be the largest time so that uQ(t1) ≤ 1

22−
j
2 (n+2−4α+ε), so

that

1

2
2−

j
2 (n+2−4α+ε) ≤ uQ(t) ≤ 2−

j
2 (n+2−4α+ε) (2.9)
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for all t ∈ (t1, t0). Recall that our estimate in Equation (2.8) states that for any δ > 0:

∣∣∣〈−B̂(u, u), Pjφ
2
Q,jPju〉

∣∣∣ ≤ K2j(1+nδ
2 +nγ

3 )uN 1(Q)uQ+

+K

j−10∑
k=δj

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQ′ +K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ′‖φQj ,jPku‖22+

+K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2 +K2−150j .

We thus conclude from Equation (2.6) and Equation (2.7) that

3

4
2−j(n+2−4α+ε) ≤ u2

Q(t0)− u2
Q(t1) ≤

ˆ t0

t1

(
K2j(1+nδ

2 +nγ
3 )uN 1(Q)uQ+

+K

j−10∑
k=δj

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQ +K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22+

+K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2

)
dt−

ˆ t0

t1

K22αju2
Qdt+

ˆ t0

t1

K2(2α−ε)ju2
N 1(Q) +K2−150j . (2.10)

We observe that since Qj−10 is not a bad cube we have, for some constant K depending on α, ε, n:

ˆ T

0

ˆ ∑
k≥j−10

22αk
∣∣φQj−10,j−10Pku

∣∣2dxdt ≤ K2−(n+2−4α+ε)j (2.11)

and in particular

ˆ T

0

u2
Qdt ≤

ˆ T

0

u2
N 1(Q)dt ≤

ˆ T

0

‖φQj ,jPj−10≤k≤j+10‖2L2dt ≤ K2−(n+2−2α+ε)j . (2.12)

In addition, since Qk is not bad for any k ∈ [δj, j − 10], we have

ˆ T

0

u2
Qk
dt ≤ K2−(n+2−2α+ε)k (2.13)
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for any k ∈ [δj, j − 10]. We shall reach a contradiction by appropriately bounding the terms in the

estimate of the nonlinearity. First we observe by the Cauchy-Schwarz inequality:

2j(1+nδ
2 +nγ

3 )

ˆ t0

t1

uN 1(Q)uQ ≤ 2j(1+nδ
2 +nγ

3 )

(ˆ t0

t1

u2
N 1(Q)dt

)1/2(ˆ t0

t1

u2
Qdt

)1/2

.

Using Equation (2.12), we have that

K2j(1+nδ
2 +nγ

3 )

ˆ t0

t1

uN 1(Q)uQ ≤ K2j(1+nδ
2 +nγ

3 −(n+2−2α+ε))j ≤ K2−(n+2−4α+ε)j2(1+nδ
2 +nγ

3 −2α)j .

Since α > (n+ 1)/4, we may choose δ < (n− 1)/n and γ sufficiently small so that

1 +
nδ

2
+
nγ

3
− 2α <

nγ

3
+ 2
(n+ 1

4
− α

)
< 0.

Thus, choosing j0 sufficiently large, we have for all j ≥ j0:

K2(1+nδ
2 +nγ

3 −2α)j ≤ 1

1000
.

Therefore

K2j(1+nδ
2 +nγ

3 )

ˆ t0

t1

uN 1(Q)uQ ≤
1

1000
2−(n+2−4α+ε)j . (2.14)

We continue our analysis with the low-high terms. We observe by the Cauchy-Schwarz inequality

and Equation (2.9) that

2
nk
2 +j+nγj

3

ˆ t0

t1

uQkuN 1(Q)uQ ≤ 2
nk
2 +j+nγj

3 2−
j
2 (n+2−4α+ε)

(ˆ t0

t1

u2
Qk
dt

)1/2(ˆ t0

t1

u2
N 1(Q)dt

)1/2

.

Thus, by Equation (2.12) and Equation (2.13), we have

K2
nk
2 +j+nγj

3

ˆ t0

t1

uQkuN 1(Q)uQ ≤ K2
nk
2 +j+nγj

3 2−
j
2 (n+2−4α+ε)2−(n+2−2α+ε) k2 2−(n+2−2α+ε) j2 .
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Simplifying, we get

K2
nk
2 +j+nγj

3

ˆ t0

t1

uQkuN 1(Q)uQ ≤ K2−j(n+2−4α+ε)2−(2−2α+ε) k2 2j+
nγj
3 −αj . (2.15)

Recall that n ≥ 3 and α > (n+ 1)/4 ≥ 1, so we get (also assuming 0 < ε < 2α− 2) from Equation

(2.15):

j−10∑
k=δj

K2
nk
2 +j+nγj

3

ˆ t0

t1

uQkuN 1(Q)uQ ≤ K2−j(n+2−4α+ε)2−(2−2α+ε) j2 2j+
nγj
3 −αj .

Assuming that γ < 3ε/(2n) gets us

−(1− α+ ε/2) + 1 +
nγ

3
− α = nγ/3− ε/2 < 0.

Then choosing j0 large enough, we may conclude that

K2−(2−2α+ε) j2 2j+
nγj
3 −αj ≤ 1

1000

for all j ≥ j0. This allows us to conclude that

j−10∑
k=δj

K2
nk
2 +j+nγj

3

ˆ t0

t1

uQkuN 1(Q)uQ ≤
1

1000
2−j(n+2−4α+ε). (2.16)

We proceed to examine the high-high terms. By Equation (2.9) and Equation (2.11) we have

ˆ t0

t1

K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22dt ≤

≤ 2−(n+2−4α+ε) j2

ˆ t0

t1

K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)‖φQj ,jPku‖22dt ≤

≤ K2−(n+2−4α+ε) j2 2
nj
2 −

2γnj
3 2−j(n+2−4α+ε)

∑
k>j+10

2k(nγ+1−2α).
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Since α > 1, and since we can always assume that γ < 1/n, we have that the sum converges,

yielding ˆ t0

t1

K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22dt ≤

≤ K2−(n+2−4α+ε)j2j(
n
2−

2γn
3 −

(n+2−4α+ε)
2 +nγ+1−2α).

However, choosing γ < 3ε
2n , we can guarantee that

n

2
− 2γn

3
− (n+ 2− 4α+ ε)

2
+ nγ + 1− 2α =

nγ

3
− ε

2
< 0,

so that, for some j0 large enough, we in fact have

ˆ t0

t1

K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22dt ≤

1

1000
2−(n+2−4α+ε)j . (2.17)

The local terms are dealt with by using Equation (2.12) and Equation (2.9). First, we see that

ˆ t0

t1

K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10‖2L2dt ≤

≤ K2
(n+2)j

2 +nγj
3 −2αj2−

j
2 (n+2−4α+ε)2−(n+2−4α+ε)j .

Then, choosing γ < 3ε
2n , we can guarantee that

n+ 2

2
+
nγ

3
− 2α− (n+ 2− 4α+ ε)

2
=
nγ

3
− ε

2
< 0,

so that, for some j0 large enough, we in fact have

ˆ t0

t1

K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10‖2L2dt ≤

1

1000
2−(n+2−4α+ε)j . (2.18)
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Finally, by Equation (2.12), there exists j0 large enough so that

ˆ t0

t1

K2(2α−ε)ju2
N 1(Q)dt ≤ 2−εjK2−(n+2−4α+ε)j ≤ 1

1000
2−(n+2−4α+ε)j . (2.19)

By Equation (2.10), Equation (2.14), Equation (2.16), Equation (2.17), Equation (2.18), and Equa-

tion (2.19), we conclude that

3

4
2−j(n+2−4α+ε) ≤ 1

100
2−j(n+2−4α+ε) −K

ˆ t0

t1

22αju2
Qdt ≤

1

100
2−j(n+2−4α+ε),

which implies that 3/4 ≤ 1/100, a contradiction.

2.1.3 The Barrier

We follow the construction of the barrier as presented by Ożański in [73], and we attempt to use

similar notation, wherever we can. Recall that we denoted the union of all bad cubes at level j by

Mj and we found a collection of cubes at level j, denoted Cj , that covers Mj and satisfies

N(Cj) ≤ K2(n+2−4α+ε)j .

As in [73], we wish to find another (possibly larger) cover of Mj , Bj , of cubes at level j satisfying

the barrier property: for all x 6∈ ∪Q∈BjQ, there exists 0 < r < 1 such that ∂(rQj(x))∩∪Q∈BkQ =

∅ for all k ≥ j. We denoted the cube at level j centered at x by Qj(x), and we shall call the set

∂(rQj(x)) the barrier at x.

The following geometric lemma is proven in [73] for cubes in R3, but it in fact carries over

to cubes in any spatial dimension Rn, whenever n ≥ 3, since the proof only involves the use of

dilations. See [73] for details of the proof.

Lemma 2.1.4 ([73]). Let n ≥ 3. Let x, y be two different points in Rn and let Q(y) and Q′(x) be

cubes of sidelength 2a and 2b, respectively. If ∂(rQ(y))∩Q′(x) 6= ∅, then r ∈ [rQ′ − b/a, rQ′ + b/a],

where rQ′ > 0 is such that x ∈ ∂(rQ′Q).
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We now proceed to construct a collection of cubes at level j ≥ 0 that satisfies the barrier

property and covers the set Mj .

Lemma 2.1.5. There exists a collection Bj of cubes at level j ≥ 0 that satisfies the barrier property

and covers the set Mj. In addition, the cardinality of Bj is at most

N(Bj) ≤ K2j(n+2−4α+ε). (2.20)

Proof. First we find a cover B′j of Mj by cubes at level j so that for any cube Q disjoint from every

element of B′j , there exists a number r > 0 such that ∂(rQ) is disjoint from every bad cube at level

k for all k ≥ j. In addition the cover B′j will satisfy

N(B′j) ≤ K2j(n+2−4α+ε).

Then, the cover Bj will be obtained by replacing each cube Q in the cover B′j by its dilation 3Q

and then covering each dilated cube by at most 10n cubes at level j. This process will result in

a cover Bj having the desired cardinality bound, as in Equation (2.20), but with a slightly larger

constant K. In addition, for any point x 6∈ Bj , Qj(x) is a cube disjoint from all the elements B′j , so

the barrier property also gets transferred to the cover Bj . We thus proceed to construct the cover

B′j .

Following [73], we call a cube Q at level j k-naughty if and only if Q intersects more than

η2(k−j)(n+2−4α+2ε) elements of Ck, where η is a parameter to be chosen later in this proof. We

remark here that, for sufficiently large k, there are in fact no k-naughty cubes because there are

only at most K2k(n+2−4α+ε) cubes in the entire collection Ck. We call a cube Q at level j naughty

if and only if it is k-naughty for all k ≥ j. As before, we remark that this imposes only finitely

many conditions on the cube Q.

We construct a cover Bj,k of all the k-naughty cubes at level j such that

N(Bj,k) ≤ Kη−12j(n+2−4α+ε)2ε(j−k).
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Let Q1 be a k-naughty cube at level j and given the k-naughty cubes Q1, . . . Ql, let Ql+1 be a

k-naughty cube at level j disjoint from 3Qi for all i ∈ {1, . . . , l}. Then Ql+1 must intersect at least

η2(k−j)(n+2−4α+2ε) elements of Ck that are disjoint from the elements of Ck intersected by the cubes

Qi for i ∈ {1, . . . , l}. Since we have a definite bound on the number of cubes in Ck, we see that this

iterative process terminates after

L ≤ N(Ck)/(η2(k−j)(n+2−4α+2ε)) ≤ Kη−12(n+2−4α)j2ε(j−k)

steps. In particular the family {3Q1, . . . 3QL} covers the k-naughty cubes at level j. Covering each

dilated cube 3Qi by at most 4n cubes at level j gives us our desired cover.

Next we let

B′j := ∪k≥jBj,k,

which covers the set Mj , because Bj,j covers all the j-naughty cubes at level j. Let Q be a cube

disjoint from all elements of B′j . Recall that we want to find some 0 < r < 1 such that ∂(rQ) does

not intersect any bad cube at level k for any k ≥ j. Let Ck(Q) be the collection of cubes Q′ from

Ck intersecting Q. Since Q is not naughty, we have

N(Ck(Q)) ≤ η2(k−j)(n+2−4α+2ε).

Now let Q′ be an arbitrary element of Ck that intersects ∂(rQ) with 2−(1−ε) < r < 1. Since r < 1,

we necessarily have that Q′ ∈ Ck(Q), and since r > 2−(1−ε), we necessarily have that the center of

Q′ is different than the center of Q (this is a requirement on r that is present but unexplained in

[57] while omitted in [73]). Now we may let rQ′ be such that ∂(rQ′Q) contains the center of Q′, so

by the geometric Lemma 2.1.4 (with 2a = 2−j(1−ε) and 2b = 2−k(1−ε)), we have

∂(rQ) ∩Q′ 6= ∅ =⇒ r ∈ [rQ′ − 2(1−ε)(j−k), rQ′ + 2(1−ε)(j−k)].
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Thus if fk(r) is the number of bad cubes at level k that intersect ∂(rQ), we may estimate

fk(r) ≤
∑

Q′∈Ck(Q)

χ[rQ′−2(1−ε)(j−k),rQ′+2(1−ε)(j−k)](r).

Integrating we have

‖fk(r)‖L1(2−(1−ε),1) ≤ 2N(Ck(Q))2(1−ε)(j−k) ≤ 2η2(4α−n−1−3ε)(j−k).

Denoting
∑
k≥j fk := f , we conclude, by using that α > (n+1)/4 (choosing 0 < ε < (4α−n−1)/3)

and summing, that

‖f‖L1((2−(1−ε),1)) ≤ cη.

By choosing η small enough we can use the fact that f takes only integer values to guarantee the

existence of r ∈ (2−(1−ε), 1) such that f(r) = 0. This number r is the number desired so that B′j

has the barrier property. Indeed, by Chebyshev’s inequality and assuming η sufficiently small (here

m(·) denotes the Lebesgue measure on R)

m({r ∈ (2−(1−ε), 1) : f(r) ≥ 1}) ≤
ˆ 1

2−(1−ε)
|f |dr < 1

1000
(1− 2−(1−ε)),

so there certainly exists some r ∈ (2−(1−ε), 1), with the desired property.

We let

E := lim sup
j→∞

Bj

and our goal is to show

ST ⊂ E. (2.21)

By the bound in Equation (2.20) and Lemma 2.4.21, we know that H(E) ≤ n+ 2− 4α+ ε, which

combined with Equation (2.21) and the arbitrary smallness of ε, will finish the proof of Theorem

1.2.3.
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2.1.4 Regularity Away from Naughty Cubes

We prove Equation (2.21). Our partial regularity result requires the use of the barrier in an essential

way. The barrier construction allows the critical regularity proven in Proposition 2.1.3 to propagate

throughout an open neighborhood of every point x 6∈ E, which is essential for showing regularity

within an open set (in the sense of u(x, t) having two continuous spatial derivatives).

Theorem 2.1.6. Let x 6∈ E. There exists j1(x) ∈ Z such that

uQ(t) < 2−jρ(Q)/2

for all times t ∈ [0, T ] and for every cube Q ⊂ rQj1(x) at any level j. Here r := r(x, j1) ∈

(2−(1−ε), 1) is the number found in the proof of Lemma 2.1.5,

ρ(Q) := n+ 2− 4α+ min(2n+ 7, εδ(Q)/10),

and δ(Q) denotes the smallest integer k such that Qj−k intersects ∂(rQj1(x)).

Proof. First we observe that x 6∈ E implies that there exists some integer j2 ≥ 0 such that x 6∈ Q

for any Q ∈ Bj and for any j ≥ j2. Recall that j0 is the integer found in the proof of Proposition

2.1.3. Suppose the claim of the Theorem is not true, then for any j1 ≥ (max(j0, j2) + 10)/δ2 (we

assume that j1 is much larger than j0 in order to apply Proposition 2.1.3 on dilations of cubes) we

can let t0 > 0 be the first time such that

uQ′(t) ≤ 2−kρ(Q
′)/2 (2.22)

for all t ∈ [0, t0] and all cubes Q′ ⊂ rQj1(x) at any level k while there exists some j and some cube

Q ⊂ rQj1 at level j such that

uQ(t0) > 2−jρ(Q)/2. (2.23)

That Equation (2.23) holds follows from continuity of the energy integral proven in Lemma 2.4.24,

also compare with Equation (3.32) in [73]. Once again, let t1 be the largest time such that uQ(t1) =
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1
22−jρ(Q)/2, so that

1

2
2−jρ(Q)/2 ≤ uQ(t) ≤ 2−jρ(Q)/2 (2.24)

for all t ∈ [t1, t0]. Recall that our estimate in Equation (2.8) states that for any δ > 0:

∣∣∣〈−B̂(u, u), Pjφ
2
Q,jPju〉

∣∣∣ ≤ K2j(1+nδ
2 +nγ

3 )uN 1(Q)uQ+

+K

j−10∑
k=δj

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQ′ +K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ′‖φQj ,jPku‖22+

+K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2 +K2−150j .

We thus conclude from Equation (2.6) and Equation (2.7) that

3

4
2−jρ(Q) = u2

Q(t0)− u2
Q(t1) ≤

ˆ t0

t1

(
K2j(1+nδ

2 +nγ
3 )uN 1(Q)uQ+

+K

j−10∑
k=δj

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQ +K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22+

+K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2

)
dt−

ˆ t0

t1

K22αju2
Qdt+

+

ˆ t0

t1

K2(2α−ε)ju2
N 1(Q) +K2−150j . (2.25)

We first claim that δ(Q) ≥ 11. Otherwise if δ(Q) ≤ 10 (which implies ρ(Q) ≤ n+ 2− 4α + ε),

then there exists some k0 ≤ 10 such that the cube Qj−k0 intersects the barrier ∂(rQj1(x)). It follows

then that the larger cubes Qk also intersect the barrier for all k ∈ [δj, j−10]. By Proposition 2.1.3,

and since δj > j0, we conclude that

uQ(t0) < 2−j(n+2−4α+ε)/2 ≤ 2−jρ(Q)/2,

which contradicts Equation (2.23). We take note of one consequence of the fact that δ(Q) > 10
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separately in

ρ(Q) ≥ n+ 2− 4α+ ε. (2.26)

Having shown that the cube Q is necessarily “far” from the barrier, we proceed to show a con-

tradiction to our contradiction hypothesis. First we show that large dilations of Q have critical

regularity, or that:

uQk(t) < K2−(n+2−4α+ε)k/2 (2.27)

for all times t < t0 and for all k ∈ [δj, j − 5]. If δ(Qk) ≥ 11, then Qk ⊂ rQj1(x) and ρ(Qk) ≥

n+ 2− 4α+ ε. Indeed, in this case, the smallest dilation of Qk that still intersects the barrier is at

worst Qk−11, so the original cube Qk remains within the cube rQj1 . But then by Equation (2.22)

we conclude, when δ(Qk) ≥ 11:

uQk(t) < 2−kρ(Qk)/2 < K2−(n+2−4α+ε)k/2.

In the case when δ(Qk) ≤ 10, we argue as before and get that the larger cubes Ql−10 intersect the

barrier for all l ∈ [δk, k], so by Proposition 2.1.3, and since k ≥ δj > j0, we obtain the desired

critical regularity.

Next we show that cut-offs at high frequency have better than critical regularity. Let k ≥

j + 10(2n+ 7)/ε be arbitrary, we aim to show that

‖φQj ,jPku‖2 < K2−nj2−(n+9−4α)k/2 (2.28)

for all times t < t0. Recall that for k ≥ j, Qk := (1+2−εk)Q, so, by also choosing j1 sufficiently large

(i.e. j1 > 1/ε), we have that Qj ⊂ (3/2)Q. We may thus cover (3/2)Q by at most K2n(k−j)(1−ε)

cubes at level k (we denote the cover by Sk(3Q/2)). Therefore we estimate:

‖φQj ,jPku‖2 ≤ K
∑

Q′∈Sk(3Q/2)

uQ′ .

Each Q′ ∈ Sk(3Q/2) is a cube at level k ≥ j + 10(2n + 7)/ε, so Q′j = 2−(j−k)(1−ε)Q′ ⊂ Qj−2, and
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in particular δ(Q′) = δ(Q′j) + k − j ≥ δ(Qj−2) + 10(2n + 7)/ε > 10(2n + 7)/ε. It follows from the

definition that ρ(Q′) ≥ 3n+ 9− 4α. Then we conclude:

‖φQj ,jPku‖2 ≤ N(Sk(3Q/2))2−(3n+9−4α)k/2 ≤ K2−nj2εn(j−k)2−(n+9−4α)k/2 ≤ 2−nj2−(n+9−4α)k/2.

For the local frequencies, we would like to show for all t < t0 that for all k ∈ (j−5, j+10(2n+7)/ε],

we have

‖φQj ,jPku‖L2 ≤ K2−j(ρ(Q)− 2ε
5 )/2. (2.29)

Let j1 be sufficiently large so that Qj ⊂ (3/2)Q. Let k ∈ (j−5, j+10(2n+7)/ε], and let Sk((3/2)Q)

be a cover of (3/2)Q by cubes Q′ at level k. There are at most K such cubes Q′, where K depends

only on ε and n. Moreover, by the fact that δ(Q) ≥ 11, we have

δ(Qk) ≥ δ(Q) + k − j ≥ δ(Q)− 4 ≥ 7,

so, since r > 2−(1−ε), we have Qk ⊂ rQj1(x), ρ(Qk) ≥ ρ(Q) − 2ε
5 , and Equation (2.22) applies.

Thus, we can estimate, if k < j,

‖φQj ,jPku‖L2 ≤ uQk ≤ 2−ρ(Qk)k/2 ≤ 2−(ρ(Q)− 2ε
5 )k/2 ≤ K2−(ρ(Q)− 2ε

5 )j/2.

If k ≥ j, then Q′j ⊂ Qj−2, so δ(Q′) = δ(Q′j) + k − j ≥ δ(Qj−2) = δ(Q) − 2, from which ρ(Q′) ≥

ρ(Q)− ε/5. By Equation (2.22) we conclude

uQ′ ≤ 2−ρ(Q
′)k/2 ≤ 2−j(ρ(Q)−ε/5)/2.

From which we conclude

‖φQj ,jPku‖L2 ≤ K2−j(ρ(Q)−ε/5)/2,

which completes the proof of Equation (2.29). Now we begin estimating the terms on the right-

hand-side of Equation (2.25). Since α > (n + 1)/4 ≥ 1, we can assume that δ, ε, γ are sufficiently
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small so that

1 +
nδ

2
+
nγ

3
+ ε < 2 < 2α.

Then, by Equation (2.24) and our estimate on the local frequencies in Equation (2.29), we have

ˆ t0

t1

K2j(1+nδ
2 +nγ

3 )uN 1(Q)uQdt ≤ K(t0 − t1)2(2α−ρ(Q)−4ε/5)j . (2.30)

Likewise, by our estimate on the local frequencies in Equation (2.29), we have

K

ˆ t0

t1

2(2α−ε)ju2
N 1(Q)dt ≤ K(t0 − t1)2j(2α−ρ(Q)−3ε/5)). (2.31)

Similarly, by Equation (2.24), Equation (2.27), and Equation (2.29), we can estimate the low-high

terms:

K

j−10∑
k=δj

ˆ t0

t1

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQdt ≤
j−10∑
k=δj

ˆ t0

t1

2
nk
2 +j+nγj

3 2−k(n+2−4α+ε)/22j(−ρ(Q)+ ε
5 )dt ≤

≤
j−10∑
k=δj

ˆ t0

t1

2j+
nγj
3 −ρ(Q)j+ εj

5 2−k(2−4α+ε)/2dt ≤ K(t0 − t1)2j+
nγj
3 −ρ(Q)j+ εj

5 2−j(2−4α+ε)/2.

Where we have summed over k after using that α > 1. Simplifying we have

K(t0 − t1)2j+
nγj
3 −ρ(Q)j+ εj

5 22αj2−j(2+ε)/2 ≤ K(t0 − t1)2(2α−ρ(Q)− 3ε
10 +nγ

3 )j .

We can choose γ < 3ε/(100n) so that

K

j−10∑
k=δj

ˆ t0

t1

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQdt ≤ K(t0 − t1)2j(2α−ρ(Q)− ε
10 )j . (2.32)

We estimate the high-high terms as follows:

ˆ t0

t1

K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22 ≤
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ˆ t0

t1

K
∑

k>j+10(2n+7)/ε

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22+

+

ˆ t0

t1

K

j+10(2n+7)/ε∑
k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22 ≤

≤ K
ˆ t0

t1

2−ρ(Q)j/22nj(1/2−2γ/3)2−2nj
∑

k>j+10

2k(nγ+1−(n+9−4α))+

K

ˆ t0

t1

2−ρ(Q)j/22nj(1/2−2γ/3)2j(nγ+1−ρ(Q)+ 2ε
5 ).

Since α < (n + 2)/4, we can choose γ small enough (e.g. γ < 6/n) so that the infinite sum is

convergent, yielding

ˆ t0

t1

K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22 ≤

≤ K(t0 − t1)2−ρ(Q)j/22nj(1/2−2γ/3)2−2nj2j(nγ+1−(n+9−4α))+

K(t0 − t1)2−ρ(Q)j/22nj(1/2−2γ/3)2j(nγ+1−ρ(Q)+ 2ε
5 ).

Recall that by Equation (2.26), we know −ρ(Q) ≤ −(n+ 2−4α+ ε). It follows that (after choosing

γ < 3ε/(100n)):

K2−ρ(Q)j/22nj(1/2−2γ/3)2j(nγ+1−ρ(Q)+ 2ε
5 ) ≤ K2(2α−ρ(Q)−ε/20)j .

Recall that (by definition) ρ(Q) ≤ 3n+ 9− 4α, so that (choosing γ < 3/n and ε < n+ 5/2)

K2−ρ(Q)j/22nj(1/2−2γ/3)2−2nj2j(nγ+1−(n+9−4α)) ≤ 2j(−ρ(Q)+ρ(Q)/2+n/2+nγ/3−2n+1−n−(9−4α))j ≤

≤ K2j(−ρ(Q)+3n/2+(9−4α)/2−5n/2+nγ/3−(8−4α))j ≤ K2j(−ρ(Q)−n+2α−7/2+nγ/3) ≤ K2j(2α−ρ(Q)−ε).
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We can now conclude that:

ˆ t0

t1

K
∑

k>j+10

2nj(
1
2−

2γ
3 )+k(nγ+1)uQ‖φQj ,jPku‖22 ≤ K(t0 − t1)2j(2α−ε/20−ρ(Q)). (2.33)

The estimate for the local terms proceeds as:

ˆ t0

t1

K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2dt ≤ K

ˆ t0

t1

2j(−ρ(Q)−ρ(Q)/2+n+2
2 +nγ

3 + 2ε
5 )dt ≤

≤ K
ˆ t0

t1

2j(−ρ(Q)−n2−1+2α− ε2 +n+2
2 +nγ

3 + 2ε
5 ) ≤ K(t0 − t1)2j(2α−ρ(Q)− ε

10 +nγ
3 ),

where we have used Equation (2.26). Choosing γ < 3ε/(100n), we conclude

ˆ t0

t1

K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2dt ≤ K(t0 − t1)2(2α−ρ(Q)−ε/20)j . (2.34)

From Equation (2.30), Equation (2.31), Equation (2.32), Equation (2.33), and Equation (2.34), we

know, choosing j1 large enough and ε small enough:

3

4
2−jρ(Q) ≤ K−150j −K

ˆ t0

t1

22αju2
Qdt+K2(2α−ε/20−ρ(Q))j .

Since uQ ≥ 2−ρ(Q)j/2/2 on the domain of time-integration, we can choose j1 large enough so that

3

4
2−jρ(Q) ≤ −K(t0 − t1)2(2α−ρ(Q))j

(
1−K2−εj/20

)
< 0

which implies 3
4 < 0, a contradiction.

Corollary 2.1.7. Let x 6∈ E. There exists a neighborhood U of x such that ‖u(t)‖C∞(U) is bounded

for all t ∈ [0, T ].

Proof. By changing the definition of ρ(Q), we can get arbitrarily stronger control on the energy

away, as long as we are far from the barrier, which would allow us to conclude arbitrarily high

regularity in the proof that now follows. It thus suffices to show here that, for example, there exists
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a neighborhood U of x such that ‖u(t)‖C2(U) is bounded for all t ∈ [0, T ]. We have proven that

there exists j1 and r such that uQ(t) ≤ 2−jρ(Q)/2 for all t ∈ [0, T ] and for all cubes Q ⊂ rQj1(x) at

level j. Let j2 be the smallest integer such that δ(Q) ≥ 10(2n+ 7)/ε for all cubes Q ⊂ Qj2 at level

j, so that ρ(Q) ≥ 3n+ 9− 4α for any such cube Q at level j. Let U := Qj2+2(x). Let Sj(U) be a

cover of U by cubes at level j. Then for j ≥ j2:

‖Pju‖C2(U) ≤ ‖Pju‖W 3+n/2,2(U) ≤ 2j(3+n/2)‖Pju‖L2 ≤ 2j(3+n/2)
∑

Q∈Sj(U)

‖φQPju‖L2 ≤

≤ K2nj(1−ε)2nj/2+3juQ ≤ 2(n(1−ε)+n/2+3−ρ(Q))j/2 ≤ K2−j/2.

Thus, summing over j, we have

‖u‖C2(U) ≤ K(j2).

Corollary 2.1.7, the fact that H(E) ≤ n + 2 − 4α + ε, and the arbitrary smallness of ε finishes

the proof of Theorem 1.2.3.

2.2 Estimates for the Local Energy

2.2.1 Estimate for the Dissipation Term

We first consider the dissipation term in Equation (2.6).

Proposition 2.2.1. Let Q be a cube at level j ≥ 0. We have:

〈(−∆)αu, Pjφ
2
Q,jPju〉 ≥ −K2−200j +K22αju2

Q −K2(2α−ε)ju2
N 1(Q)

Proof. We have:

〈(−∆)αu, Pjφ
2
Q,jPju〉 = 〈(−∆)αφQ,jPju, φQ,jPju〉+ 〈[(−∆)α, φQ,jPj ]u, φQ,jPju〉. (2.35)
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It remains to estimate the two terms on the right-hand-side of Equation (2.35). We begin by using

Lemma 2.4.15 to state:

∣∣∣〈(−∆)αφQ,jPju, φQ,jPju〉 − 〈(−∆)αP̃jφQ,jPju, φQ,jPju〉
∣∣∣ ≤ K2−400j (2.36)

and ∣∣∣〈φQ,jPju, φQ,jPju〉 − 〈P̃jφQ,jPju, φQ,jPju〉∣∣∣ ≤ K2−400j . (2.37)

Then, because of the localization in frequency space, we have

〈(−∆)αP̃jφQ,jPju, φQ,jPju〉 =

=

ˆ
|ξ|2αp̃j(ξ)|F(φQ,jPju)(ξ)|2dξ ≥ K22αj〈P̃jφQ,jPju, φQ,jPju〉. (2.38)

Using Equation (2.36), Equation (2.37), and Equation (2.38) we conclude that

〈(−∆)αφQ,jPju, φQ,jPju〉 ≥ −K2−200j + 22αju2
Q. (2.39)

Now we turn to the second term on the right-hand-side of Equation (2.35).

First, by Lemma 2.4.4, we have [(−∆)α, φjPj ] ∈ OPS2α−ε
1,1−ε. Thus, the symbol of this operator,

which we denote by q(x, ξ), satisfies

|q(x, ξ)| ≤ K((1 + |ξ|2)1/2)2α−ε.

Because of this bound and the localization of frequency, we get, proceeding as above:

|〈[(−∆)α, φjPj ]u, φQ,jPju〉| ≤ K(2(2α−ε)j + 1)|〈u, φQ,jPju〉| ≤ K2(2α−ε)j |〈u, φQ,jPju〉|.

Letting Q̃ = (1 + 2−εj)Q, we conclude using Lemma 2.4.15 (to commute Littlewood-Paley projec-

tions), Lemma 2.4.19 (to commute bump functions), the energy dissipation law, and the Cauchy-
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Schwartz inequality that:

|〈[(−∆)α, φjPj ]u, φQ,jPju〉| ≤ K2(2α−ε)j
∣∣∣〈u, φQ̃,jP̃jφQ,jPju〉∣∣∣+K2−150j ≤

≤ K2(2α−ε)j‖φQ̃,jP̃ju‖2 · uQ +K2−150j ≤ K2(2α−ε)j‖φQ̃,jP̃ju‖
2
2 +K2−150j .

Finally using Lemma 2.4.20, we have

|〈[(−∆)α, φjPj ]u, φQ,jPju〉| ≤ K2(2α−ε)ju2
N 1(Q) +K2−150j . (2.40)

Combining Equations (2.35), (2.39), and (2.40) yields the desired inequality.

2.2.2 Estimate for the Nonlinear Term

The next term we consider from Equation (2.6) is

〈−B̂(u, u), Pjφ
2
Q,jPju〉 = 〈−φQ,jPjB̂(u, u), φQ,jPju〉.

We shall use a scheme for estimating multilinear functions that is inspired by the Bony-Coifman-

Meyer paradifferential calculus (for the details of which, see [10], [31], and [91]). It involves the

following partition of frequency space, which is also used by the authors of [57] and [73]. We may

write

PjB̂(u, u) = Hj,lh +Hj,hl +Hj,hh +Hj,loc

where

low-high frequncies: Hj,lh =
∑

k<j−10

PjB̂(Pku, P̃ju)

high-low: Hj,hl =
∑

k<j−10

PjB̂(P̃ju, Pku)

high-high: Hj,hh =
∑

k>j+10

PjB̂(P̃ku, Pku) +
∑

k>j+10

PjB̂(Pku, P̃ku)

51



local: Hj,loc =
∑

j−10<k<j+10

PjB̂(P̃ku, Pku) +
∑

j−10<k<j+10

PjB̂(Pku, P̃ku).

For the rest of this subsection we fix a cube Q at level j and introduce the following notation:

k < j ⇒ Qk := 2(j−k)(1−ε)Q, k ≥ j ⇒ Qk = (1 + 2−εk)Q.

We first estimate the low-high frequency terms:

Lemma 2.2.2. There exists a constant K > 0 such that for any arbitrary δ > 0 and j ∈ Z+ we

have:

|〈−φQ,jHj,lh, φQ,jPju〉| ≤

K2j(1+nδ
2 +nγ

3 )uN 1(Q)uQ +K

j−10∑
k=δj

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQ +K2−150j .

Proof. We first deal with the case when δj ≤ k < j − 10 and consider a term in the sum Hj,lh:

〈−φQ,jPjB̂(Pku, P̃ju), φQ,jPju〉.

Now by an application of Lemma 2.4.15, we know that for any f ∈ L2:

‖φQ,jPjf − P̃jφQ,jPjf‖2 ≤ K2−200j . (2.41)

Since B is an amenable bilinear operator, we have by assumption that B1
v(u) = B̂(u, v) and B2

v(u) =

B̂(v, u) are pseudodifferential operators with symbols in some class Sm1,1. Thus by an application of

Lemma 2.4.11, also using Equation (2.41), we see:

‖φQj ,jPjB̂(Pku, P̃ju)− φQj ,jPjB̂(φQk,kPku, P̃ju)‖2 ≤ K2−200j . (2.42)

We may therefore write

〈−φQ,jPjB̂(Pku, P̃ju), φQ,jPju〉 = 〈φQ,jPjB̂(φQk,kPku, P̃ju), φQ,jPju〉+Rj,k
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where Rj,k is an error term with absolute value less than K2−195j for all k. In a similar fashion,

we can commute bump functions to get:

∣∣∣〈−φQ,jPjB̂(Pku, P̃ju), φQ,jPju〉
∣∣∣ ≤

∣∣∣〈φQ,jPjB̂(φQk,kPku, φQj ,jP̃ju), φQ,jPju〉
∣∣∣+K2−180j . (2.43)

We therefore have the estimate:

∣∣∣〈φQ,jPjB̂(φQk,kPku, φQj ,jP̃ju), φQ,jPju〉
∣∣∣ ≤ K‖B̂(φQk,kPku, φQj ,jP̃ju)‖2 · uQ.

Since B is an amenable bilinear operator, we use the property in Equation (1.6) and get

∣∣∣〈φQ,jPjB̂(φQk,kPku, φQj ,jP̃ju), φQ,jPju〉
∣∣∣ ≤

uQ · ‖φQk,kPku‖∞(‖∇φQj ,jP̃ju‖q(γ) + ‖φQj ,jP̃ju‖q(γ)), (2.44)

where q(γ) := 6/(3− 2γ). For the rest of this proof we refer to q(γ) by q only. Now, we use Lemma

2.4.18 to get:

‖φQk,kPku‖∞ ≤ K2nk/2uQk +K2−(250/δ)k ≤ K2nk/2uQk +K2−250j (2.45)

‖φQj ,jP̃ju‖q ≤ K2nj(1/2−1/q)uN 1(Q) +K2−250j = K2
nγj
3 uN 1(Q) +K2−250j . (2.46)

We recall that derivatives of a Sobolev-smoothing operator remain Sobolev smoothing, so we may

use the “commutator” lemmas of the final section of this chapter “within derivatives” as well. Now,

to deal with the gradient term, we use P̃jPj = Pj and Lemma 2.4.15 to commute Littlewood-Paley

projections and get:

∇(φQj ,jP̃ju) = ∇(PjφQj ,jP̃ju) +Rj = Pj∇(φQj ,jP̃ju) +Rj ,
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where Rj is an error term of absolute value at most K2−300j . By Lemma 2.4.13, we thus have

‖∇(φQ,jP̃ju)‖q ≤ 2j+
nγj
3 uN 1(Q) +K2−200j . (2.47)

Combining our estimates in Equations (2.43), (2.44), (2.45), (2.46), (2.47), we get:

∣∣∣〈−φQ,jPjB̂(Pku, P̃ju), φQ,jPju〉
∣∣∣ ≤ 2nk/2+j+nγj

3 uQkuN 1(Q)uQ +K2−150j .

Summing over δj ≤ k < j − 10 and recognizing that there are only around j terms gets us the first

term with the sum. For the case when k < δj, we directly use the inequality satisfied by B̂, our

commutator estimates from the final section, and the energy dissipation law to get:

∣∣∣〈−φQ,jPjB̂(Pku, P̃ju), φQ,jPju〉
∣∣∣ ≤

≤ 2juQ‖Pku‖∞‖φQj ,jP̃ju‖q +K2−150j ≤ K2j+nδj/2+nγj
3 uQuN 1(Q) +K2−150j ,

which finishes the proof.

By symmetry of B̂, the same result holds for the high-low terms:

Lemma 2.2.3. There exists a constant K > 0 such that for any arbitrary δ > 0 and j ∈ Z+ we

have:

|〈−φQ,jHj,hl, φQ,jPju〉| ≤

K2j(1+nδ
2 +nγ

3 )uN 1(Q)uQ +K

j−10∑
k=δj

2
nk
2 +j+nγj

3 uQkuN 1(Q)uQ +K2−150j .

Our next effort is towards estimating the high-high frequency terms.

Lemma 2.2.4. For some constant K and for all j ∈ Z+ we have

|〈φQ,jHj,hh, φQ,jPju〉| ≤ K
∑

k>j+10

2nj(
1
2−

2γ
3 )+γj+k(nγ+1)uQ‖φQj ,jPku‖22 +K2−150j .
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Proof. As usual, we examine and wish to estimate a single term in the high-high sum where k >

j + 10, which by symmetry we may write:

〈φQ,jPjB̂(P̃ku, Pku), φQ,jPju〉.

As in the proof of Lemma 2.2.2, we can commute bump functions across our operators to get

∣∣∣〈φQ,jPjB̂(P̃ku, Pku), φQ,jPju〉
∣∣∣ ≤

K
∣∣∣〈φQ,jPjB̂(φQj ,jP̃ku, φQj ,jPku), φQ,jPju〉

∣∣∣+K2−200j . (2.48)

Since B is amenable we can bound the trilinear expression:

∣∣∣〈φQ,jPjB̂(φQj ,jP̃ku, φQj ,jPku), φQ,jPju〉
∣∣∣ ≤

(‖φQj ,jP̃ku‖p1 + ‖∇φQj ,jP̃ku‖p1)‖φQj ,jPku‖p2‖φQ,jPju‖r

where

1

p1
+

1

p2
+
γ

3
+

1

r
= 1.

Henceforth, we can always assume that 0 < γ < 1/2. With this assumption, we can pick p1, p2, r

so that

1

p1
=

1

2
,

1

p2
=

1

2
− γ, 1

r
=

2γ

3

By Lemma 2.4.18 we know that

‖φQ,jPju‖r ≤ 2nj(
1
2−

2γ
3 )uQ +K2−200j (2.49)

and

‖φQj ,jPku‖p2 ≤ 2nkγ‖φQj ,jPk‖2 +K2−200j . (2.50)
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By the same reasoning as in the proof of Lemma 2.2.2, we get

‖∇φQj ,jPku‖2 ≤ K2k
l=2∑
l=−2

‖φQj ,jPk+lu‖2 (2.51)

Combining our estimates from Equations (2.48), (2.49), (2.50), (2.51) yields:

|〈φQ,jHj,hh, φQ,jPju〉| ≤ K
∑

k>j+10

uQ2nj(
1
2−

2γ
3 )+k(nγ+1)‖φQj ,jPku‖22 +K2−150j .

Next we deal with the “local” frequencies around level j:

Lemma 2.2.5. For some constant K we have for all j ∈ Z+:

|〈φQ,jHj,loc, φQ,jPju〉| ≤ K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2 +K2−150j .

Proof. We can explicitly write out the term we wish to bound by

〈φQ,jHj,loc, φQ,jPju〉 = 2

l=2∑
l=−2

k<j+10∑
j−10<k

〈φQ,jPjB̂(Pk+lu, Pku), φQ,jPju〉.

As in the proof of Lemma 2.2.2, we can use the triangle inequality and commute bump functions

to get:

|〈φQ,jHj,loc, φQ,jPju〉| ≤

K2−200j +K

l=2∑
l=−2

k<j+10∑
j−10<k

∣∣∣〈φQ,jPjB̂(φQj ,jPk+lu, φQj ,jPku), φQ,jPju〉
∣∣∣ (2.52)

For appropriate choices of k = k0, l = l0 that maximize the expression in the sum in Equation

(2.52), and since our constants K are allowed to depend on ε, we have:

K

l=2∑
l=−2

∑
j−10<k<j+10

∣∣∣〈φQ,jPjB̂(φQj ,jPk+lu, φQj ,jPku), φQ,jPju〉
∣∣∣ ≤
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≤ K
∣∣∣〈φQ,jPjB̂(φQj ,jPk0+l0u, φQj ,jPk0u), φQ,jPju〉

∣∣∣ (2.53)

We remark that by Lemma 2.4.20:

‖φQj ,jPku‖2 ≤ ‖φQj ,jPj−10≤k≤j+10‖L2 (2.54)

and by Lemma 2.4.18:

‖φQ,jPju‖∞ ≤ 2nj/2uQ +K2−200j . (2.55)

As in the proof of Lemma 2.2.2, we have, where q = 6/(3− 2γ):

‖∇(φQj ,jPk0+l0u)‖q ≤ 2j+
nγj
3 ‖φQj ,jPj−10≤k≤j+10‖L2 +K2−200j . (2.56)

Combining our estimates from Equations (2.52), (2.53), (2.54), (2.55), (2.56), we get:

|〈φQ,jHj,loc, φQ,jPju〉| ≤ K2
(n+2)j

2 +nγj
3 uQ‖φQj ,jPj−10≤k≤j+10u‖2L2 +K2−150j .

2.3 Partial Regularity and Blowup

In this section we deal only with functions and vector fields defined on R3. For this reason, the

parameter n does not denote the dimension of space but rather an index of summation.

2.3.1 Flexibility of Blowup

We shall assume that the reader has a familiarity with the paper [89] of Tao. We first give an

overview of the construction in [89]. Afterwards, we show the flexibility of the blowup result

therein. Indeed, Tao notes himself (in footnote 12 of [89]), that his methods show blowup even

when hyperdissipation approaches the critical value of α = 5/4. In this subsection we give some

details showing why this is the case while also modifying the technique to prove the existence of a
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blowup solution to the pseudodifferential equation associated to some amenable operator.

As before, we let 〈, 〉 be the L2 pairing for vector fields. Let 1 < λ < 2. We denote by H10
df (R3)

the space of vector fields on R3 that are divergence free in the distributional sense and whose first

ten weak derivatives are square integrable.

A basic local cascade operator is a bilinear operator C : H10
df (R3)×H10

df (R3)→ H10
df (R3)∗ defined

via duality by:

〈C(u, v), w〉 =
∑
n∈Z

λ5n/2〈u, ψ1,n〉〈v, ψ2,n〉〈w,ψ3,n〉

where for i ∈ {1, 2, 3},

ψi,n(x) = λ3n/2ψi(λ
nx)

and ψi is a Schwartz vector field whose Fourier transform is compactly supported within a small

spherical shell around the unit sphere in R3. We also define a local cascade operator to be a finite

linear combination of basic local cascade operators. Lastly, we call a basic local cascade operator a

zero-momentum basic local cascade operator if its constituent Schwartz vector fields satisfy

ˆ
R3

ψidx = 0.

Likewise, we may define a zero-momentum local cascade operator.

In [89], Tao proves the existence of a local cascade equation that admits a solution blowing up

in finite time. In particular, Tao proves the following:

Theorem 2.3.1 ([89]). Let 1 < λ < 2 be arbitrary. Then there exists a symmetric local cascade

operator C and a Schwartz divergence-free vector field u0 such that the cancellation identity holds

〈C(u, u), u〉 = 0 for all u ∈ H10
df (R3) (2.57)
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and there does not exist any global mild solution u : [0,∞)→ H10
df (R3) to the initial value problem

∂tu−∆u+ C(u, u) = 0

u(·, t = 0) = u0

(2.58)

In this subsection we show that Tao’s result is flexible in the sense that we find a local cascade

operator with more restraints on the constituent Schwartz vector fields ψi whose corresponding

local cascade equation admits a blowup solution with fractional dissipation. In particular we prove:

Theorem 2.3.2. Let 1 < λ < 2 and 0 < α < 5/4 be arbitrary. Then there exists a zero-momentum

symmetric local cascade operator C and a Schwartz divergence-free vector field u0 such that the

cancellation identity holds

〈C(u, u), u〉 = 0 for all u ∈ H10
df (R3) (2.59)

and there does not exist any global mild solution u : [0,∞)→ H10
df (R3) to the initial value problem

∂tu+ (−∆)αu+ C(u, u) = 0

u(·, t = 0) = u0

(2.60)

First, we determine the structure our local cascade operator must have in order to fulfill some

basic requirements like the cancellation property. In particular, following Tao, we consider four

balls B1, B2, B3, B4 in the spherical shell {ξ : 1 < |ξ| ≤ λ+1
2 }, and we choose the balls so that

the unions Bi ∪ (−Bi) are mutually disjoint for i ∈ {1, 2, 3, 4}. We choose four zero-momentum

divergence-free Schwartz vector fields ψi such that F(ψi) has support in Bi∪−Bi, and we normalize

them so that ‖ψi‖2 = 1. We have the L2-rescaled functions ψi,n := λ3n/2ψi(λ
nx) that also satisfy

‖ψi,n‖2 = 1. Let S = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}. We define the following local cascade

operator (in other words, a linear combination of basic local cascade operators):

C(u, v) :=
∑
n∈Z

∑
i1,i2,i3∈{1,2,3,4}
(µ1,µ2,µ3)∈S

ai1,i2,i3,µ1,µ2,µ3λ
5n/2〈u, ψi1,n+µ1〉〈v, ψi2,n+µ2〉ψi3,n+µ3
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To ensure that C is a symmetric bilinear operator we require that

ai1,i2,i3,µ1,µ2,µ3 = ai2,i1,i3,µ2,µ1,µ3 .

The cancellation property is satisfied if we require

∑
{a,b,c}={1,2,3}

aia,ib,ic,µa,µb,µc = 0.

With these first conditions imposed on C, we are ready to study the basic dynamics of the pseudodif-

ferential equation associated to C. Whenever applicable, we define the following Fourier projections

that will act as “wavelets”:

ui,n(t)(x) := F−1(χξ∈λn(Bi∪−Bi)(ξ) · F(u(t))(ξ))

and the following functions of time that behave like “wavelet coefficients”:

Xi,n(t) := 〈u(t), ψi,n〉 = 〈ui,n(t), ψi,n〉.

Lastly, we define the following “local energies”:

Ei,n(t) :=
1

2
‖ui,n(t)‖22.

The behavior of the pseudodifferential equation is determined by the dynamics of the functions

Xi,n(t). This is described in Lemma 4.1 of [89]. Below, we only note the modifications necessary

in the case of fractional dissipation (assuming that ψ is a zero-momentum vector field has no effect

on the lemma’s conclusions).

Lemma 2.3.3. Suppose u is a global mild solution to the pseudodifferential equation associated to
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C with initial data ψ1,n0 for some n0 integer. For any i, n we have

∂tXi,n =
∑

i1,i2∈{1,2,3,4}

∑
(µ1,µ2,µ3)∈S

ai1,i2,i,µ1,µ2,µ3λ
5(n−µ3)/2Xi1,n−µ3+µ1Xi2,n−µ3+µ2 +O(λ2αnE

1/2
i,n )

and

1

2
X2
i,n(t) ≤ Ei,n(t) ≤ 1

2
X2
i,n(t) +O

(
λ2αn

ˆ t

0

Ei,n(s)ds

)
.

Proof. The vector field u(t) is a mild solution of the pseudodifferential equation associated to C.

Thus we write

u(t) = e−t(−∆)αu0 +

ˆ t

0

e(s−t)(−∆)αC(u(s), u(s))ds. (2.61)

As noted before, we have the “wavelet” decomposition of u:

u(t) =
∑
n,i

ui,n(t)

with

Xi,n(t) = 〈u(t), ψi,n〉 = 〈ui,n(t), ψi,n〉.

We pair Equation (2.61) with ψi,n and get

ui,n(t) = e−t(−∆)αXi,n(0)ψi,n + ψi,n

( ∑
i1,i2∈{1,2,3,4},(µ1,µ2,µ3)∈S

ai1,i2,i,µ1,µ2,µ3λ
5(n−µ3)/2

ˆ t

0

〈u, ψi1,n+µ1−µ3〉〈u, ψi2,n+µ2−µ3〉
)
.

If we differentiate with respect to the time variable t and simplify we obtain

∂tui,n = −(−∆)αui,n+

∑
i1,i2∈{1,2,3,4},(µ1,µ2,µ3)∈S

ai1,i2,i,µ1,µ2,µ3
λ5(n−µ3)/2Xi1,n−µ3+µ1

Xi2,n−µ3+µ2
ψi,n (2.62)
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Now, by the localization in frequency space, we observe that (where K depends only on ψi):

|〈−(−∆)αui,n, ψi,n〉| = |〈ui,n,−(−∆)αψi,n〉| ≤ KE1/2
i,n (t)λ2αn. (2.63)

Pairing Equation (2.62) with ψi,n and using Equation (2.63) gets us the first statement in the

lemma. The first inequality in the second statement follows from Cauchy-Schwarz. It remains

to prove the second inequality. We recall the “local energy inequality” found by Tao, which is

independent of the dissipation parameter α. Equation (4.11) in [89] is

∂tEi,n ≤
∑
i1,i2

∑
(µ1,µ2,µ3)∈S

ai1,i2,i,µ1,µ2,µ3
λ5(n−µ3)/2Xi1,n−µ3+µ1

Xi2,n−µ3+µ1
Xi,n. (2.64)

Now, if we multiply the evolution inequality for Xi,n by Xi,n, subtract this from Equation (2.64),

and integrate in time, we have the second desired inequality

Ei,n(t) ≤ 1

2
X2
i,n(t) +Kλ2αn

ˆ t

0

Ei,n(s)ds.

The only significant change from the work in [89] is the presence of α in the exponent of λ in

the dissipation term.

Tao’s construction of a blowup solution to the pseudodifferential equation associated to C contin-

ues with an intricate analysis of an infinite dimensional ODE system whose dynamics are contained

within the dynamics of C. Tao proves that there exist a sequence of times tm converging to some

finite T so that for some ε0 > 0, at least λ−ε0n of the energy is concentrated in the ball of radius

λ−n around the spatial origin.

An essential part of the blowup construction is that the aforementioned concentration of energy

occurs on timescales of order tn+1 − tm = λ(− 5
2 +O(ε0))n which are signicantly smaller than the

dissipation time scale which (for fractional dissipation of order α) is λ2αn by Lemma 2.3.3. This can

occur so long as α < 5/4. Since Tao never uses any assumption about the integral of the functions
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ψi,n, one can follow through Tao’s construction and get a blowup solution to the pseudodifferential

equation (with hyperdissipation of order α < 5/4) associated to some zero-momentum cascade

operator. This is nothing less than Theorem 2.3.2 above.

2.3.2 Additional Properties of Local Cascade Operators

We have established Theorem 2.3.2, where we constructed a zero-momentum, symmetric, local

cascade operator C(u, v) satisfying the cancellation identity for divergence-free vector fields whose

associated α-dissipative pseudodifferential equation has a solution blowing up in finite time from

Schwartz initial data. Recall that we proved a partial regularity result for α-dissipative pseudod-

ifferential equations with nonlinearities arising from amenable bilinear operators. It follows that if

we desire to use Theorem 2.1.1 and get a partial regularity result for the pseudodifferential equation

from Theorem 2.3.2, we have to verify that C(u, v) is an amenable bilinear operator.

That C(u, v) is defined for Schwartz vector fields is clear. That C(u, v) satisfies the cancellation

identity

〈PC(u, u), u〉 = 0 for divergence-free u

is equally clear. Indeed, since C(u, u) is always divergence-free, we have PC(u, u) = C(u, u). It

follows that

〈PC(u, u), u〉 = 〈C(u, u), u〉 = 0 for all divergence-free u.

The scaling property, with the choice of scaling parameter λ, is clearly satisfied by C. Tao also

makes this observation. Thus, it remains to show that C1
v (u) = PC(u, v) is a pseudodifferential

operator in some class OPSm1,1 and to show the bilinear operator bound. First we need to prove an

auxiliary lemma.

Lemma 2.3.4. Let ψ be a Schwartz divergence-free vector field that has zero momentum, i.e.
´
ψ = 0. Let Ψi be the vector field given by Lemma 2.4.23 so that div Ψi = ψi, the ith component

of ψ. Let ψn := λ3n/2ψ(λnx) be the L2 rescaling of ψ and let Ψi,n be the L2 rescaling of Ψi. Then
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for any vector field v ∈ H10
df , we have:

λn〈ψn, v〉 = −
∑
i

ˆ
Ψi,n · ∇vi

Proof. Since ψ has zero momentum, we can use Lemma 2.4.23 and write

λnψi,n(x) = λ5n/2ψi(λ
nx) = λ5n/2(div Ψi)(λ

nx) = λ3n/2div (Ψi(λ
nx)) = div Ψi,n(x).

Then we integrate by parts:

λn〈ψn, v〉 =
∑
i

ˆ
λ5n/2ψi(λ

nx)vidx =
∑
i

ˆ
vidiv Ψi,ndx = −

∑
i

ˆ
Ψi,n · ∇vidx

Proposition 2.3.5. Let C(u, v) be a zero-momentum, symmetric local cascade operator. Then, for

arbitrary 0 < γ < 1 and for any 1 ≤ p1, p2, r ≤ ∞ satisfying

1

p1
+

1

p2
+
γ

3
=

1

r
,

we have that the following inequality holds

‖C(u, v)‖Lr ≤ K‖u‖Lp1 (‖v‖Lp2 + ‖∇v‖Lp2 )

for all u ∈ Lp1 and v ∈ W 1,p2 . The constant K depends on γ, λ, and the vector fields ψi used in

the definition of C(u, v).

Proof. It suffices to prove the proposition for any (zero-momentum, symmetric) basic local cascade

operator:

C(u, v) =
∑
n∈Z

λ5n/2〈u, ψ1,n〉〈v, ψ2,n〉ψ3,n(x).

64



Since the sum above is absolutely convergent, we can divide the operator C into two parts:

C+(u, v) :=
∑
n≥0

λ5n/2〈u, ψ1,n〉〈v, ψ2,n〉ψ3,n(x)

and C−(u, v) := C(u, v)− C+(u, v). By a change of variables we observe that

‖ψ3,n‖Lr = λ3n/2‖ψ3(λnx)‖Lr = λ3n/2−3n/r‖ψ3(u)‖Lr = λ3n/2−3n/r‖ψ3‖Lr . (2.65)

By the absolute convergence of the sum, we may bound each component in turn. We begin with

C−, which is the more straightforward term. We observe that

‖C−(u, v)‖Lr = ‖
∑
n<0

λ5n/2〈u, ψ1,n〉〈v, ψ2,n〉ψ3,n(x)‖Lr ≤

≤
∑
n<0

∣∣∣λ5n/2〈u, ψ1,n〉〈v, ψ2,n〉
∣∣∣ · ‖ψ3,n(x)‖Lr ≤

≤ ‖ψ3‖Lr
∑
n<0

λ4n−3n/r|〈u, ψ1,n〉||〈v, ψ2,n〉| ≤

≤ ‖ψ3‖Lr
∑
n<0

λ4n−3n/r‖u‖Lp1 ‖ψ1,n‖Lp′1‖v‖Lp2‖ψ2,n‖Lp′2

where the first inequality is the triangle inequality, the second is due to Equation (2.65), and the

third inequality is Holder’s inequality, where p′ denotes the Holder conjugate exponent of a number

p. Then, by the same reasoning that justifies Equation (2.65), we can perform a change of variables

in the integration and get

‖C−(u, v)‖Lr ≤ ‖ψ3‖Lr‖ψ1‖Lp′1 ‖ψ2‖Lp′2
∑
n<0

λ7n−3n(1/r+1/p′1+1/p′2)‖u‖Lp1‖v‖Lp2 .

Now by the hypothesis on our exponents, it follows that

1

r
+

1

p′1
+

1

p′2
=

1

r
+ 2− 1

p1
− 1

p2
= 2 +

γ

3
.
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Thus, we conclude, since 0 < γ < 1 and λ > 1:

‖C−(u, v)‖Lr ≤ ‖ψ3‖Lr‖ψ1‖Lp′1‖ψ2‖Lp′2
∑
n<0

λn(1−γ)‖u‖Lp1 ‖v‖Lp2 ≤ K‖u‖Lp1‖v‖Lp2

where K depends only on λ, γ, ψi. Now we proceed to estimate C+. As with C− we can use

Holder’s inequality, a change of variables in the integration, and Lemma 2.3.4 (to exchange λn for

a derivative) to get:

‖C+(u, v)‖Lr ≤ ‖ψ3‖Lr‖ψ1‖Lp′1 sup
i
‖Ψ2,i‖Lp′2

∑
n≥0

λ−γn‖u‖Lp1 ‖∇v‖Lp2

where div Ψ2,i = ψ2,i. This is where we use the zero-momentum condition. Because γ > 0 we

conclude that

‖C+(u, v)‖Lr ≤ K‖u‖Lp1 ‖∇v‖Lp2

where K depends only on λ, γ, ψi. Combining our estimates with one final application of the triangle

inequality gets us

‖C(u, v)‖Lr ≤ K‖u‖Lp1 (‖v‖Lp2 + ‖∇v‖Lp2 )

where K depends only on λ, γ, ψi.

We note that the conclusion of Proposition 2.3.5 is in fact stronger than what is necessary for

C to be amenable. To finish showing that C(u, v) is an amenable bilinear operator, it remains to

prove that C1
v (u) = PC(u, v) is a pseudodifferential operator in some class Sm1,1. That C2

v (u) is also

in the same symbol class would follow immediately from the symmetry of C.

Proposition 2.3.6. Let C(u, v) be a symmetric local cascade operator, then C1
v (u) is a pseudodif-

ferential operator with symbol in the class S
5/2
1,1 .

Proof. It suffices to prove the proposition for basic local cascade operators of the form:

C(u, v) =
∑
n∈Z

λ5n/2〈u, ψ1,n〉〈v, ψ2,n〉ψ3,n(x)
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where we only deal with scalar functions. Using the fact that the Fourier transform is a unitary

operator on L2 and the absolute convergence of the sum, we write

C1
v (u) =

¨ ∑
n∈Z

λ5n/2ψ3,n(x)〈v, ψ2,n〉F(ψ2,n)(ξ)F(u)(ξ)dξ.

Expanding this and putting it into the form of a pseudodifferential operator we write (up to some

dimensional constant):

C1
v (u) =

¨ (∑
n∈Z

λ5n/2ψ3(λnx)〈v, ψ2,n〉F(ψ2)(λ−nξ)e−ix·ξ
)
F(u)(ξ)eix·ξdξ.

The infinite sum, however, has only one nonzero term for any given choice of ξ, because F(ψ2) has

nicely chosen compact support. In particular, the only nonzero term for any given ξ is the nth term

where |ξ| ∼ λn. It follows readily then that the symbol of the pseudodifferential operator C1
v , the

“infinite” sum in the expression above, is in fact in the symbol class S
5/2
1,1 .

As a consequence of the two previous propositions as well as Theorems 2.3.2 and 2.1.1, we have:

Theorem 2.3.7. Let C(u, v) be the bilinear operator from Theorem 2.3.2. Let T be the blowup

time to the associated pseudodifferential equation with 1 < α < 5/4. Then the closed set ST has

Hausdorff dimension at most 5− 4α.

We recall here the following general theorem about local cascade operators proven by Tao in

[89].

Theorem 2.3.8 (Theorem 3.2 in [89]). Let λ0 > 1 be an absolute constant sufficiently close to 1.

Then every local cascade operator (not necessarily zero-momentum) is an averaged (in the sense of

Equation (1.4)) Euler bilinear operator.

Due to the theorem above, we have the following corollary of Theorem 2.3.7 (taking λ near

enough to 1):

Corollary 2.3.9. Let 1 < α < 5/4 be arbitrary. There exists a symmetric averaged Euler bilinear

operator obeying the cancellation identity for u ∈ H10
df (R3) and a Schwartz divergence-free vector
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initial vector field so that there is no global-in-time solution to the associated α-dissipative pseudod-

ifferential equation Moreover if T is the time of first blowup, then the closed set ST has Hausdorff

dimension at most 5− 4α.

2.4 Technical Lemmas

Throughout this subsection we shall work in the general Euclidean space Rn. All our spaces will be

of functions with domain Rn, unless otherwise stated. Our shorthand for the Lp norm will be ‖ · ‖p,

and we denote the Fourier transform by F . We denote the fractional (inhomogeneous) Sobolev

space of order s and integrability p by:

W s,p(Rn) :=

{
f ∈ Lp(Rn) : F−1

(
(1 + |ξ|2)

s
2F(f)(ξ)

)
∈ Lp(Rn)

}
.

Lastly, we denote W s,2(Rn) by Hs(Rn) and use the shorthand ‖ · ‖s for the norm of Hs(Rn). Since

we almost always deal with the spaces Hs(Rn), the use of this shorthand will always be clear in

context. The following embedding theorem is standard. A proof may be found in [5].

Lemma 2.4.1 (Theorem 1.66 in [5]). The space Hs(Rn) embeds continuously in the Hölder Space

Ck,α(Rn) provided that s ≥ n/2 + k + α.

We shall also require the use of the Schwartz-Paley-Wiener theorem, which we state as the

following lemma.

Lemma 2.4.2. The vector space C∞c (Rn) of smooth and compactly supported functions is alge-

braically and topologically isomorphic, via the Fourier transform, to the space of entire functions F

on Cn which satisfy the following growth bounds: there exists B > 0 such that for every M ∈ Z+

there exists real constant KM such that for all ξ ∈ Cn,

|F (ξ)| ≤ KM (1 + |ξ|)−MeB|Im (ξ)|.
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2.4.1 Pseudodifferential Operators

A pseudodifferential operator is an operator P on Schwartz functions u ∈ S with the property that:

P (x,D)u := (2π)−n/2
ˆ
eix·ξp(x, ξ)F(u)(ξ)dξ.

where p(x, ξ) is a smooth function on R2n. It is clear that such operators map the Schwartz space

into itself. We can write Pu = F−1(p · F(u)) if the function p(x, ξ) is a function of ξ only. These

operators are often called Fourier multipliers. Operators that are Fourier multipliers commute. In

particular, if P1, P2 are two Fourier multipliers, then P1P2 = P2P1.

We call p(x, ξ) the symbol of P , and we say that p is in the symbol class Smρ,δ where m ∈ R, 0 ≤

ρ, δ ≤ 1 if and only if ∣∣Dβ
xD

α
ξ p(x, ξ)

∣∣ ≤ Cα,β((1 + |ξ|2)1/2)m−ρ|α|+δ|β|

for some constants Cα,β . The associated operator P is said to be in the class OPSmρ,δ. If δ < 1,

pseudodifferential operators in the class Smρ,δ can be defined instead on the dual of the Schwartz

space, which we denote S ′.

Let Λs be the pseudodifferential operator with symbol (1 + |ξ|2)s/2, which is in the class Ss1,0.

We may recognize the Sobolev space Hs(Rn) as Λ−sL2(Rn). We call a pseudodifferential operator,

P , Sobolev-smoothing if and only if P (Hs) ⊂ Ht for any real numbers s and t. In other words, a

Sobolev-smoothing operator P continuously maps any Sobolev space into any other Sobolev space.

We also define the symbol class S−∞ρ,δ to be

S−∞ρ,δ :=
⋂
m∈R

Smρ,δ

However, there is really only one class of symbols of infinitely negative order, a fact which we note

below.

Lemma 2.4.3. Let 0 ≤ ρ, δ ≤ 1 and let p(x, ξ) ∈ S−∞ρ,δ . Then p(x, ξ) ∈ S−∞1,0 .

Proof. Suppose p(x, ξ) ∈ S−∞ρ,δ . Let α, β and real number N be arbitrary. By hypothesis we can
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choose m < N − (1− ρ)|α| − δ|β| so that for all (x, ξ):

∣∣Dβ
xD

α
ξ p(x, ξ)

∣∣ ≤ Cα,β(1 + |ξ|2)(m−ρ|α|+δ|β|)/2 ≤ Cα,β(1 + |ξ|2)(N−|α|)/2.

The arbitrariness of N proves that p(x, ξ) ∈ S−∞1,0 .

Henceforth we denote S−∞1,0 by S−∞. We now recall three standard lemmas below. The proofs

may be found in Chapter 0 of [91].

Lemma 2.4.4. Let Pj ∈ OPS
mj
ρj ,δj

. Let ρ = min(ρ1, ρ2) and δ = max(δ1, δ2). Suppose

0 ≤ δ2 < ρ1 ≤ 1.

Then P1P2 ∈ OPSm1+m2

ρ,δ , and we have P1P2 = TN +RN where

TN (x, ξ) =
∑
|α|≤N

i|α|

α!
Dα
ξ p1(x, ξ)Dα

xp2(x, ξ)

and RN ∈ OPSm1+m2−N(ρ−δ)
ρ,δ .

Lemma 2.4.5. If P ∈ OPSmρ,δ, ρ > 0, and m < −n+ ρ(n− 1), then

P : Lp(Rn)→ Lp(Rn), ∀ 1 ≤ p ≤ ∞

is continuous.

Lemma 2.4.6. If P ∈ OPS0
ρ,δ and 0 ≤ δ < ρ ≤ 1, then

P : L2(Rn)→ L2(Rn)

is continuous.

The following lemma, which deals with the “exotic” symbol classes Sm1,1, is proven in the ap-

pendix of [4]. It provides an asymptotic expansion for operators in the exotic class.
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Lemma 2.4.7. Let 0 ≤ δ < 1. Suppose P ∈ OPSm1,1 and Q ∈ OPSµ1,δ. Then PQ ∈ OPSm+µ
1,1 and

we have PQ = TN +RN where

TN (x, ξ) =
∑
|α|≤N

i|α|

α!
Dα
ξ p(x, ξ)D

α
x q(x, ξ)

and RN ∈ OPSm+µ−N(1−δ)
1,1 .

Our next lemma gives us an inclusion of the operators with symbols in S−∞ into the Sobolev-

smoothing operators.

Lemma 2.4.8. If P has its symbol in S−∞, then it is a Sobolev-smoothing operator.

Proof. Let s, t be arbitrary real numbers, and suppose that f ∈ Ht = Λ−tL2, i.e. we may write

f = Λ−tu for some function u ∈ L2. We have to show that Pf ∈ Hs = Λ−sL2, but this amounts

to showing that ΛsPΛ−tu ∈ L2.

Since P ∈ S−∞, we have, for some m small enough, that P ∈ Sm1,0 with m+ s− t < −1. Then,

by Lemma 2.4.4, ΛsPΛ−t ∈ Sm+s−t
1,0 , which is continuous from L2 → L2 by Lemma 2.4.5. This

proves that P is Sobolev-smoothing.

The three lemmas that follow are also about pseudodifferential operators. The first two say that

certain products of operators are guaranteed to be Sobolev-smoothing.

Lemma 2.4.9. Let P be a pseudodifferential operator with symbol p(ξ) in the class Sm1,0. Let φ1, φ2

be two smooth functions with disjoint supports (and assume they are pseudodifferential operators

in the class S0
1,δ with 1 > δ ≥ 0). Then, the composition φ1Pφ2 is a smoothing pseudodifferential

operator.

Proof. We first compute the symbol p2 of P2 = Pφ2. Since 1 > δ, a standard result (see [91]) gets

us the asymptotic expansion:

p2(x, ξ) ∼
∑
α≥0

i|α|

α!
Dα
ξ p(ξ)D

α
xφ2(x)
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where the sum and asymptotic expression is interpreted in the sense that the sum over |α| < N

differs from p2(x, ξ) by an element of S
m−N(1−δ)
1,δ . Then, a similar asymptotic expansion can be

found for the symbol of Q = φ1P2 = φ1Pφ2, which is given by:

q(x, ξ) ∼
∑
α≥0

i|α|

α!
Dα
ξ φ1(x)Dα

xp2(x, ξ).

It follows that up to a smoothing operator we have:

q(x, ξ) ∼ φ1(x)p2(x, ξ).

Now, for any arbitrary N , we have that

q(x, ξ) ∼ φ1(x)
∑

N>α≥0

i|α|

α!
Dα
ξ p(ξ)D

α
xφ2(x)

up to an operator in S
m−N(1−δ)
1,δ . Since φ1, φ2 have disjoint supports, the above sum is zero for all

N . We conclude that q(x, ξ) ∈ S−∞1,δ , so Q = φ1Pφ2 is an operator in OPS−∞, which, by Lemma

2.4.8, means that Q is Sobolev-smoothing.

We separate the next lemma from the previous one since it deals with the exotic class. The

proof, however, is the same as for Lemma 2.4.9.

Lemma 2.4.10. Let φ1, φ2 be two smooth functions with disjoint supports in the class S0
1,δ, with

1 > δ ≥ 0. Let P be a pseudodifferential operator in the class OPSm1,1. Then the composition φ1Pφ2

is a Sobolev-smoothing pseudodifferential operator.

Proof. We first deal with the composition P2 = Pφ2, which by Lemma 2.4.7 lies in the class OPSm1,1.

However, the same Lemma 2.4.7 also gives us the asymptotic expansion:

p2(x, ξ) ∼
∑
|α|≤N

i|α|

α!
Dα
ξ p(x, ξ)D

α
xφ2(x)
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up to a term in OPS
m−N(1−δ)
1,1 . But then the symbol of Q = φ1Pφ2 is given by:

q(x, ξ) ∼ φ1(x)
∑
|α|≥0

i|α|

α!
Dα
ξ p(x, ξ)D

α
xφ2(x)

up to an operator in S−∞. Since φ1, φ2 have disjoint support, the above sum is zero, so it follows

that q ∈ S−∞, as desired.

The next lemma gives us a quantitative version of the smoothing property:

Lemma 2.4.11. Let j ∈ Z and let Pj be a Littlewood-Paley projection operator. Let β be an

arbitrary real number, and assume that ‖f‖Hβ ≤ 1. Let Q be a pseudodifferential operator with

symbol q(x, ξ) in the class Sm1,1. Let φ1, φ2 be two smooth functions with disjoint supports in the

class S0
1,δ where 1 > δ ≥ 0. Then for any positive integer N , the composition φ1Qφ2 satisfies the

following quantitative bound

‖Pjφ1Qφ2f‖2 ≤ K2−jN

with constant K depending only on N and β.

Proof. By Lemma 2.4.10, we know that Q̃ := φ1Qφ2 is a smoothing operator. In particular, we

have for any real number s:

‖Q̃f‖s ≤ K‖f‖β ≤ K,

where the constant K depends only on s and β. By Lemma 2.4.13, we have

2sj‖PjQ̃f‖2 ≤ K‖Q̃f‖s.

Together we get, for some other constant K depending only on s and β:

‖Pjφ1Qφ2f‖2 ≤ K2−sj .

Since s was arbitrary, we achieve what we desired.
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2.4.2 Littlewood-Paley Decomposition and Localization

We use a Littlewood-Paley partition of frequency space. Namely, for j ∈ Z we have pseudodiffer-

ential operators Pj with smooth symbols pj(ξ) that are supported in 2
32j < |ξ| < 3 · 2j , which also

satisfy pj(ξ) = p0(2−jξ) and ∑
j∈Z

pj(ξ) = 1. (2.66)

We define P̃j :=
∑2
k=−2 Pj+k to be the sum of all Littlewood-Paley projections whose symbols’

supports intersect the support of pj(ξ). Likewise we may define p̃j(ξ). We also define ˜̃Pj :=∑4
k=−4 Pj+k to be the sum of all Littlewood-Paley projections whose symbols’ supports intersect

the support of p̃j . Likewise we may define ˜̃pj .

We also note that

P̃jPj = Pj (2.67)

These Littlewood-Paley projections satisfy the following inequalities

Lemma 2.4.12. For any 2 ≤ q ≤ ∞ there exists a constant K independent of j such that

‖Pjf‖q ≤ K2nj
(

1
2−

1
q

)
‖Pjf‖2

Proof. Let φj = F−1(p̃j). Recalling the scaling law satisfied by the symbols pj , we see that

φj(x) = 2njφ0(2jx). (2.68)

By definition, P̃jf = φj ∗ f . By Young’s convolution inequality (for which we need q ≥ 2) and the

projection property Equation (2.67) we have

‖Pjf‖q = ‖P̃jPjf‖q ≤ ‖Pjf‖2‖φj‖2q/(2+q)
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By the scaling property in Equation (2.68) and a change of variables we get:

‖φj‖2q/(2+q) = 2nj‖φ0(2jx)‖2q/(2+q) = 2nj(1/2−1/q)‖φ0‖2q/(2+q).

Combining the last two inequalities yields our result.

The next two lemmas may together be characterized as representative of the “finite band prop-

erty” relating derivatives with Littlewood-Paley projections using the localization in frequency

space. For more details on the finite band property, see [58] and Chapter 2 in [5]. The following

result is just a restatement of a lemma from [5] in our notation.

Lemma 2.4.13 (Lemma 2.1 in [5]). For any s ≥ 0 there exists a constant K such that for any

j ∈ Z and for all 1 ≤ p ≤ ∞ we have

‖Pjf‖W s,p(Rn) ≤ K2js‖Pjf‖Lp(Rn)

2js‖Pjf‖Lp(Rn) ≤ K‖Pjf‖W s,p(Rn).

We shall need the following L∞ estimates on the high-frequency cutoff of each bump function

φQ.

Lemma 2.4.14. Let φ = φQ,j be a bump function of type j (as before). Define

φ2 := F−1(χ|ξ|> 1
100 2j (ξ)Fφ(ξ)).

We call φ2 the high frequency cutoff of φ. Then, given any N , there is a constant K depending only

on N and ε such that:

max(‖φ2(x)‖∞, ‖F(φ2)(ξ)‖∞) ≤ K2−jN .

Proof. By the Schwartz-Paley-Wiener Theorem stated in Lemma 2.4.2, and since φ2 is smooth and

compactly supported with Fourier transform F(φ2) supported away from the origin of frequency
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space, we may conclude that there is a constant K depending only on N such that

‖Fφ2(ξ)‖∞ ≤ K2−jN .

We prove a similar inequality for ‖φ2(x)‖∞ by a rescaling argument. Let N be arbitrary. Let ψ be

a smooth function with compact support such that supp(F(ψ)) = {ξ : |ξ| ≥ 1
100}. We claim that if

‖Dαψ(x)‖∞ ≤ Cα2(−ε|α|−n)j for all α, then ‖ψ(x)‖∞ ≤ K(N, ε)2(−N−n)j , where K(N, ε) depends

only on N and ε but not on j. Assuming the claim, let ψ be a function satisfying the hypotheses

of the claim and consider the rescaled function

ψ̃(x) := 2njψ(2jx).

The Fourier transform of this function is

F(ψ̃)(ξ) = F(ψ)(2−jξ).

The support of F(ψ̃) is {ξ : |ξ| ≥ 1
1002j}, our claim yields

‖ψ̃(x)‖∞ ≤ 2−Nj ,

and the following derivative bounds hold:

∣∣∣Dαψ̃(x)
∣∣∣ ≤ Cα2(|α|(1−ε))j .

Proving the L∞ bound for ψ̃ assuming the above derivative bounds and high frequency support is

equivalent to proving the L∞ bound claimed before for ψ. We recognize φ2 as one such function ψ̃,

so we just have to prove the statement regarding ψ to finish the proof of the lemma.

Consider instead f = 2njψ, and assume to the contrary that there exists an N such that for
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any K, we have

‖f‖∞ > K2−Nj and ‖Dαf‖∞ ≤ Cα2−ε|α|j ∀α > 0

However, the uniform derivative bounds preclude the arbitrary size of f , which is a contradiction.

In the statement of the following lemmas, the constant 100 appears. The particular value of

this constant is unimportant and may be replaced by any large number of our choice. In addition,

the hypothesis k ≥ j appears. This hypothesis can be weakened to k ≥ j − K for any given

positive constant K without any significant modification to the arguments used. The next lemma

is a commutator estimate similar to Proposition 5.2 in [57].

Lemma 2.4.15. Let 2 < q < ∞ be arbitrary. Suppose ‖f‖2 ≤ K. Suppose φ is a bump function

of type j and let k ≥ j − 2 be arbitrary. Then, for a constant K depending only on q:

‖φPkf − P̃kφPkf‖2 ≤ K2−j(100·b q
q−2 c),

and

‖φP̃kf − ˜̃PkφP̃kf‖2 ≤ K2−j(100·b q
q−2 c).

Proof. Given our bump function, we can decompose it into the sum φ = φ1 +φ2 such that Fφ2(ξ) =

χ|ξ|> 1
100 2j (ξ)Fφ(ξ) for some M . By Lemma 2.4.14, we know there is a constant K depending only

on q such that:

max
(
‖φ2(x)‖∞, ‖Fφ2(ξ)‖∞

)
≤ K2−j(100·b q

q−2 c).

On the other hand, we have:

P̃kφ1Pkf = φ1Pkf (2.69)

and

˜̃Pkφ1P̃kf = φ1P̃kf. (2.70)
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Indeed, up to a dimensional constant we can write

P̃kφ1Pkf =

¨
eix·ξp̃k(ξ)F(φ1)(z)pk(ξ − z)F(f)(ξ − z)dzdξ

and

˜̃Pkφ1P̃kf =

¨
eix·ξ ˜̃pk(ξ)F(φ1)(z)p̃k(ξ − z)F(f)(ξ − z)dzdξ.

Now if ξ − z is in the support of pk and |z| < 1
1002j , then, since k ≥ j − 2, we have that ξ remains

well inside the support of p̃k. It follows that the p̃k term in the integrand can be discounted, so

Equation (2.69) is true. Likewise if ξ − z is in the support of p̃k and |z| < 1
1002j , then, since

k ≥ j − 2, we have that ξ remains well inside the support of ˜̃pk. It follows that the ˜̃pk term in the

integrand can be discounted, so Equation (2.70) is true. Now observing that

φPkf − P̃kφPkf = φ1Pkf − P̃kφ1Pkf + φ2Pkf − P̃kφ2Pkf

and that ‖f‖2 ≤ K, we conclude that

‖φPkf − P̃kφPkf‖2 = ‖φ2Pkf − P̃kφ2Pkf‖2 ≤ K max(‖φ2(x)‖∞, ‖F(φ2)(ξ)‖∞) ≤

≤ K2−j(100·b q
q−2 c)

Likewise we have

φP̃kf − ˜̃PkφP̃kf = φ1P̃kf − ˜̃Pkφ1P̃kf + φ2P̃kf − ˜̃Pkφ2P̃kf

and that ‖f‖2 ≤ K, we conclude that

‖φP̃kf − ˜̃PkφP̃kf‖2 = ‖φ2P̃kf − ˜̃Pkφ2P̃kf‖2 ≤ K max(‖φ2(x)‖∞, ‖F(φ2)(ξ)‖∞) ≤

≤ K2−j(100·b q
q−2 c)
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One case of the next commutator estimate is used implicitly in [57], although neither a statement

nor a proof is given there.

Lemma 2.4.16. Let 2 < q < ∞ be arbitrary. Suppose ‖f‖2 ≤ K. Suppose φ is a bump function

of type j and let k ≥ j − 2 be arbitrary. Then, for a constant depending only on q:

‖φPkf − P̃kφPkf‖∞ ≤ K2−j(100·b q
q−2 c).

Proof. As before, we decompose φ = φ1 + φ2 where φ2 is the high frequency cutoff. By Lemma

2.4.14, where we let N = (100 · b q
q−2c), there is a constant K depending only on q such that:

max
(
‖φ2(x)‖∞, ‖Fφ2(ξ)‖∞

)
≤ K2−j(100·b q

q−2 c).

As in the proof of Lemma 2.4.15, we just have to estimate:

‖φ2Pkf − P̃kφ2Pkf‖∞.

Now using the fact that ‖f‖L2 ≤ K, our L∞ bounds for φ2 and F(φ2), and Lemma 2.4.12, we reach

our desired conclusion.

Lemma 2.4.17. Let φ be a bump function of type j, let k ≥ j − 2 and 2 < q < ∞ be arbitrary.

Suppose also that ‖f‖2 ≤ K. Then:

‖φPkf‖∞ ≤ K2nk/2‖φPkf‖2 +K2−j(100·b q
q−2 c)

Proof. This follows immediately from Lemma 2.4.16, Lemma 2.4.12, and the observation that

φPkf = φPkf − P̃kφPkf + P̃kφPkf.
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The next lemma extends Lemma 5.3 in [57].

Lemma 2.4.18. Let 2 ≤ q ≤ ∞, ‖f‖2 ≤ K, and let φ be a bump function of type j. Let k ≥ j − 2

be arbitrary. Then:

‖φPkf‖q ≤ K2nk(1/2−1/q)‖φPkf‖2 +K2−100j

Proof. When q = 2 there is nothing to show. When q =∞, the result is proven in Lemma 2.4.17,

and the exponent in the error term can be made arbitrarily negative. We prove the remaining

cases by interpolation. First, it is evident from Lemma 2.4.12 that the function φPkf ∈ Lq for all

2 ≤ q ≤ ∞. In particular, since the Lp norms are log-convex:

‖φPkf‖q ≤ ‖φPkf‖2/q2 ‖φPkf‖1−2/q
∞

For the remainder of the proof, we denote A := ‖φPkf‖2. Using Lemma 2.4.17, which is the case

q =∞ in the statement of our lemma, we have that:

‖φPkf‖q ≤ A2/q

(
2nk/2A+K2−100jb q

q−2 c
)(q−2)/q

Using the elementary inequality (a+ b)p ≤ 2p(ap + bp) for p ≥ 0 and the fact that q > 2 gets us:

‖φPkf‖q ≤ 2(q−2)/qA2/q

(
2
nk
2 ·

q−2
q A(q−2)/q +K2−100j

)

Using the fact that ‖f‖2 ≤ K we conclude:

‖φPkf‖q ≤ K2nk( 1
2−

1
q )‖φPkf‖2 +K2−100j

as desired.

We can commute bump functions with Littlewood-Paley projections, as long as we multiply

with another bump function with slightly larger support.

80



Lemma 2.4.19. Let k ≥ j − 2, let φQ,j be a bump function at level j. Let β < 100 and consider

f with ‖f‖Hβ ≤ K. Then

‖(1− φ(1+2−εj)Q,j)PkφQ,jf‖2 ≤ K2−100j

and

‖(1− φ(1+2−εj)Q,j)P̃kφQ,jf‖2 ≤ K2−100j .

Proof. By Lemma 2.4.9, we see that

(1− φ(1+2−εj)Q,j)PkφQ,j

is a smoothing pseudodifferential operator. By Lemma 2.4.15 and since P̃kPk = Pk, we have

(1− φ(1+2−εj)Q,j)PkφQ,j = PkφQ,j − φ(1+2−εj)Q,jPkφQ,j =

= P̃kPkφQ,j − P̃kφ(1+2−εj)Q,jPkφQ,j +Rj = P̃k((1− φ(1+2−εj)Q,j)PkφQ,j) +Rj ,

where Rj is an error term satisfying |Rj | ≤ K2−200j . By Lemma 2.4.11, we have a quantitative

bound on the Sobolev smoothing operator that appears, thus proving our desired inequality. By

Lemma 2.4.9, we see that

(1− φ(1+2−εj)Q,j)P̃kφQ,j

is a smoothing pseudodifferential operator. By Lemma 2.4.15 and since ˜̃PkP̃k = P̃k, we have

(1− φ(1+2−εj)Q,j)P̃kφQ,j = P̃kφQ,j − φ(1+2−εj)Q,jP̃kφQ,j =

= ˜̃PkP̃kφQ,j − ˜̃Pkφ(1+2−εj)Q,jP̃kφQ,j +Rj = ˜̃Pk((1− φ(1+2−εj)Q,j)P̃kφQ,j) +Rj ,

where Rj is an error term satisfying |Rj | ≤ K2−200j . By Lemma 2.4.11, we have a quantitative

bound on the Sobolev smoothing operator that appears, thus proving our desired inequality. The
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same proof works to get an arbitrarily negative exponent in the error term instead.

Note that in the previous lemma, the order of the bump functions in the composition was

unimportant. The only essential fact was disjointness of support.

Lemma 2.4.20. Let A be a collection of cubes at level j covering a measurable set E. For any

f ∈ L2, we have:

‖χEPjf‖22 ≤
∑
Q∈A

f2
Q

Proof. We notice that

ˆ
χE |Pjf |2 ≤

ˆ ( ∑
Q∈A

φ2
Q,j

)
|Pjf |2 =

∑
Q∈A

f2
Q.

2.4.3 Hausdorff Measure and Dimension

We denote a ball of radius r in Rn by Br. Let E ⊂ Rn. We recall that, up to a dimensional constant

multiple, the d-dimensional Hausdorff measure of E is given by

Hd(E) := sup
δ>0

inf
Cδ(E)

∑
Br∈Cδ(E)

rd

where we have taken an infimum over all coverings Cδ(E) of E by balls of radius less than or equal

to δ. We define the Hausdorff dimension of E to be:

H(E) = inf{d : Hd(E) = 0}.

We need a way to compute the Hausdorff dimension that follows from a discretization by sets of

scale 2j . In particular we have the following lemma from [57]:

Lemma 2.4.21. Let Aj be a sequence of collections of balls in Rn so that each element of Aj has

radius 2−j. Suppose that the number of balls in each Aj, denoted N(Aj), is bounded by N(Aj) ≤
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C2jd where C is independent of j. Let

E = lim sup
j→∞

Aj := ∩j∈N ∪k>j ∪B∈AkB

be the set of points in infinitely many of the unions ∪B∈AjB. Then H(E) ≤ d.

Proof. By the definition of the Hausdorff dimension, it suffices to show that Hs(E) = 0 for all

s > d. To that end, pick j large enough that 2−j < δ. By construction of our set, E can be covered

by ∪k>j ∪B∈Ak B. Evidently, we have

Hs(E) ≤
∑
k>j

N(Ak)(2−k)s ≤ C
∑
k>j

2kd(2−k)s

and the right-hand side above converges to zero as j →∞ so long as d < s.

We also include in this subsection the standard Vitali covering lemma, which is often used in

estimating the Hausdorff dimension of a set.

Lemma 2.4.22 (Vitali). Let A be a collection of cubes. Then there is subcollection A′ so that any

two cubes in A′ are pairwise disjoint and

⋃
Q∈A

Q ⊂
⋃
Q∈A′

5Q.

2.4.4 Zero-Momentum Schwartz Vector Fields

Lemma 2.4.23. A Schwartz function ψ : R3 → R can be written as ψ = div Ψ for some Schwartz

vector field Ψ if and only if
´
R3 ψ = 0.

Proof. One direction is relatively straightforward. Indeed suppose that ψ = div Ψ for some

Schwartz vector field and let BR be some ball centered at the origin of radius R. Then the di-

vergence theorem gets us: ˆ
BR

ψ =

ˆ
BR

div Ψ =

ˆ
∂BR

Ψ · n
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Since Ψ is Schwartz and decays faster than any polynomial at infinity, the right hand side above

tends to zero as R→∞ and the result is shown.

Now assume that
´
R3 ψ = 0; we desire to construct Ψ. Let f(z) be any real-valued function in

C∞c (R). Let

Γ(x, y, z) = f(z) ·
ˆ x

−∞

ˆ y

−∞

ˆ ∞
−∞

ψ(r, s, t)dtdsdr

By our assumption on the integral of ψ, the function Γ is a Schwartz function. Now,

∂xΓ = f(z)

ˆ y

−∞

ˆ ∞
−∞

ψ(x, s, t)dtds

and

∂yΓ = f(z)

ˆ x

−∞

ˆ ∞
−∞

ψ(r, y, t)dtdr.

So defining (a function that is also a Schwartz function by our assumption on ψ):

Ξ(x, y, z) =

ˆ z

−∞
(ψ − ∂xΓ− ∂yΓ)(x, y, t)dt

we observe that

ψ = ∂xΓ + ∂yΓ + ∂zΞ

so our desired vector field Ψ = (Γ,Γ,Ξ).

2.4.5 The Continuity of the Energy Integral

Lemma 2.4.24. Let u be any smooth solution of Equation (2.3) with Schwartz initial value u0, let

Q be any cube at level j, and let t0 < T be any time before blowup. Then the function of time uQ(t)

is continuous on [0, T ) and the following equality holds:

lim
ε→0

ˆ T−ε

t0

d

dt
u2
Qdt =

ˆ T

t0

d

dt
u2
Qdt
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Proof. The vector field u(t) is a smooth (mild) solution of Equation (2.3),

∂tu+ (−∆)αu+ B̂(u, u) = 0,

with Schwartz initial data u0. In particular, its L2 norm is strongly continuous in time, so it remains

to show that the localized norm uQ remains continuous in time. For this we proceed as in the proof

of Lemma 2.7 in [73].

We observe that

‖φQ,jPju(x, t)− φQ,jPju(x, s)‖2L2(Rn) ≤
ˆ

2Q

∣∣∣∣ˆ
Rn
pj(x− ξ)(F(u)(ξ, t)−F(u)(ξ, s))dξ

∣∣∣∣2dx.
The integral inside the absolute value on the right-hand side above converges to zero because u

is a smooth mild solution whose L2 norm is strongly continuous in time and because the Fourier

transform is a unitary operator on L2. Moreover, since ‖u‖L2 ≤ K, the integral is dominated by:

∣∣∣∣ˆ
Rn
pj(x− ξ)(F(u)(ξ, t)−F(u)(ξ, s))dξ

∣∣∣∣ ≤ Kp̃j(x)

Thus, by the dominated convergence theorem, we conclude that the localization uQ remains strongly

continuous in time. The desired limit then follows in a straightforward manner.

As a corollary, we have:

Corollary 2.4.25. Let t0 < T be any time. Then

ˆ T

t0

d

dt
u2
Qdt = lim

t→T
u2
Q(t)− u2

Q(t0).

Proof. Indeed, we may write

ˆ T−ε

t0

d

dt
u2
Qdt = u2

Q(T − ε)− u2
Q(t0)

and take the limit of the above expression as ε→ 0, using Lemma 2.4.24.
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2.4.6 The Critical Exponent in Higher Dimensions

We determine the critical exponent of hyperdissipation that guarantees global regularity for solu-

tions of Equation (1.3). A proof along the same lines for the hyperdissipative three-dimensional

Navier-Stokes equations may be found in [57].

Proposition 2.4.26. Let α > (n + 2)/4 and let u(t) : Rn × [0, ε) → Rn be a smooth solution of

Equation (1.3) from Schwartz initial data. Then, u(t) is smooth for all times t ≥ 0.

Proof. We let β > 0 and test Equation (1.3) against (−∆)βu to get:

〈∂tu, (−∆)βu〉+ 〈(−∆)αu, (−∆)βu〉+ 〈(u · ∇)u, (−∆)βu〉 = 0.

Using that div u = 0, we may rewrite the equation as:

d

dt

(1

2
‖u‖2β

)
+ ‖u‖2α+β + 〈(−∆)

β
2 div(u⊗ u), (−∆)

β
2 u〉 = 0. (2.71)

We estimate the trilinear term by:

∣∣∣〈(−∆)
β
2 div(u⊗ u), (−∆)

β
2 u〉
∣∣∣ ≤ ‖u‖W 1,p‖u‖Wβ,q‖u‖β (2.72)

where 1/p+ 1/q = 1/2. Now, α = (n+ 2)/4 is the minimum value of α so that both inequalities

1

2
− α

n
≤ 1

p
− 1

n
, and

1

2
− α

n
≤ 1

q

hold for some choice (p, q) with 1/p+ 1/q = 1/2 depending on n ≥ 3. Since these inequalities hold,

we may use the Sobolev Embedding Theorem and then Young’s inequality to conclude that:

‖u‖W 1,p‖u‖Wβ,q‖u‖β ≤ ‖u‖α‖u‖α+β‖u‖β ≤
1

2
‖u‖2α+β +

1

2
‖u‖2α‖u‖2β . (2.73)
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Using Equations (2.71), (2.72), and (2.73), we get

d

dt

(1

2
‖u‖2β

)
≤ 1

2
‖u‖2α‖u‖2β

It follows that

‖u(t)‖2β ≤ ‖u(0)‖2β exp
( ˆ t

0

‖u(s)‖2αds
)
.

However, by the energy dissipation law, we know

ˆ t

0

‖u(s)‖2αds ≤ ‖u(0)‖L2

for all times t whenever u(t) is smooth. Since β was arbitrary, u0 was Schwartz, and u(t) was

smooth for small times t ∈ [0, ε), we get regularity for all times t ≥ 0.
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Chapter 3

Uniqueness

3.1 Local Estimates for the Navier–Stokes System

We define a capsule C of radius R, half-length L ≥ R in the direction e ∈ S2, and center x to be

defined by

CR,L,e(x) :=
⋃

t∈[−L+R,L−R]

(te+BR(x)). (3.1)

Here BR(x) ⊂ R3 is a ball of radius R centered at x, and we shall abbreviate BR = BR(0).

Note that CR,R,e(x) = BR(x) for any e. Given a capsule CR,L,e(x) and any λ > 0, we denote

λCR,L,e(x) := CλR,λL,e(x). Where there is no confusion, we may omit dependencies on R,L, e, or x.

Occasionally, we may denote the capsule by Cx to highlight the dependency on the center point x.

Take C = CR,L,e1(0) to be a capsule centered at the origin, pointing in the direction of e1. In

this section, suppose u is a smooth solution to the stationary Navier–Stokes equations in a dilated

capsule 2C. We further assume there exist U,Ξ > 0, such that

 
BR

udx = Ue1,

 
2C
|∇u|2 dx = Ξ2. (3.2)
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We shall now derive a local L∞ bound in C on u−Ue1. Let V denote the volume of the capsule C,

or V = |C|. Note that V ≈ LR2.

Lemma 3.1.1. If u is a smooth solution to the stationary Navier–Stokes equations satisfying the

assumptions in Equation (3.2), then

‖u− Ue1‖L∞(C) . ΞR
1
2V

1
2

(
UR

L
+

1

R
+ LΞ

)
(ΞV

2
3 + 1) + LΞ. (3.3)

The proof of this lemma will occupy the following three subsections.

3.1.1 Control of the Average Velocity

Denote

ū(t) :=

 
BR(te1)

udx.

Then ū(0) = Ue1. In this subsection we show that |ū(t)−Ue1| . LΞ provided that |t| ≤ 2(L−R).

Lemma 3.1.2. For every |t| ≤ 2(L−R), we have

|ū(t)− Ue1| . L

( 
C2R,2L,e1

|∇u|2 dx

) 1
2

.

To do this, we require the following short lemma.

Lemma 3.1.3. Let f(x) be a nonnegative function. Then for every l > R, we have

√
3− 1

2
R

ˆ
CR/2,l+R/2,e1

f(x) dx ≤
ˆ l

−l

ˆ
BR

f(x+ te1) dx dt ≤ 2R

ˆ
CR,l+R,e1

f(x) dx.

Proof. We first rewrite:

ˆ l

−l

ˆ
BR

f(x+ te1) dxdt =

ˆ l

−l

ˆ
BR(te1)

f(x) dxdt. (3.4)

89



Let 1A(x) be the characteristic function of a set A. We rewrite

ˆ l

−l

ˆ
BR(te1)

f(x) dxdt =

ˆ l

−l

ˆ
R3

f(x)1BR(te1)(x) dxdt.

Using the Fubini–Tonelli Theorem we have:

ˆ l

−l

ˆ
BR(te1)

f(x) dx dt =

ˆ
R3

f(x)

(ˆ l

−l
1BR(te1)(x) dt

)
dx. (3.5)

Now observe that x ∈ BR(te1) implies |x− te1| < R, or equivalently

(t− x1)2 + x2
2 + x2

3 < R2,

where x = (x1, x2, x3). We thus have that t necessarily lies in the interval

t ∈
(
x1 −

√
R2 − (x2

2 + x2
3), x1 +

√
R2 − (x2

2 + x2
3)

)
.

The integral of the characteristic function is thus equal to

ˆ l

−l
1BR+te1(x) dt = max

{
min

{
l, x1 +

√
R2 − (x2

2 + x2
3)

}
−max

{
−l, x1 −

√
R2 − (x2

2 + x2
3)

}
, 0

}
= min

{
2
√
R2 − (x2

2 + x2
3),(√

R2 − (x2
2 + x2

3) + l − |x1|
)

+

}
.

(3.6)

Let us compute (3.6). On the one hand, if x ∈ CR/2,l+R/2,e1 , which is equivalent to (|x1|− l)2
+ +

x2
2 + x2

3 < (R/2)2, then

√
R2 − (x2

2 + x2
3) >

√
R2 − (R/2)2 =

√
3R/2.
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Therefore

ˆ l

−l
1BR+te1(x) dt ≥ min

{√
3R,
√

3R/2−R/2
}

=

√
3− 1

2
R.

This is true for any x ∈ CR/2,l+R/2, therefore we obtain a lower bound on the integral in Equation

(3.6):

ˆ l

−l
1BR+te1(x) dt ≥

√
3− 1

2
R · 1CR/2,l+R/2(x).

On the other hand, for the integral (3.6) to be positive, one must have

√
R2 − (x2

2 + x2
3) + l − |x1| > 0,

equivalent to (|x1| − l)2
+ + x2

2 + x2
3 < R2, or x ∈ CR,l+R,e1 . Moreover, in this situation, the integral

is always smaller than

ˆ l

−l
1BR+te1(x) dt ≤ 2

√
R2 − (x2

2 + x2
3) ≤ 2R,

so we obtain an upper bound on the integral in Equation (3.6):

ˆ l

−l
1BR+te1(x) dt ≤ 2R · 1CR,l+R,e1 (x).

Combine the lower and upper bound, the conclusion of the lemma is immediate from Equation

(3.5).

Using this auxiliary Lemma, we now prove Theorem 3.1.2.

Proof of Theorem 3.1.2. For any t1, t2 ∈ [−2L + 2R, 2L − 2R], we have, using Equation (3.4) and

91



Theorem 3.1.3 with l = 2L− 2R that

|ū(t2)− ū(t1)| =
∣∣∣∣ 
BR

u(x+ t2e1)− u(x+ t1e1) dx

∣∣∣∣
=

∣∣∣∣ 
BR

ˆ t2

t1

∂x1u(x+ te1) dtdx

∣∣∣∣
≤
ˆ 2L−2R

−2L+2R

 
BR

|∂x1u(x+ te1)|dx dt

≤ 2R

|BR|

ˆ
2C
|∇u|dx ≤ 16RV

|BR|

( 
2C
|∇u|2 dx

)1/2

. LΞ. (3.7)

In particular, |ū(t)− Ue1| = |ū(t)− ū(0)| . LΞ for every t ∈ [−2L+ 2R, 2L− 2R].

3.1.2 Velocity Decomposition

In the next subsection, to avoid the typical difficulties that arise when analyzing the nonlocal

pressure field, we shall work instead on the vorticity equation, which does not explicitly depend on

the pressure. As a preparation, we now introduce the velocity decomposition.

Fix a non-negative cut-off function φ ∈ C∞c (2C) with φ ≡ 1 in 3
2C and satisfying the following

pointwise bounds for some constant C > 0:

|∂x1
φ| ≤ C

L
, |∇φ| ≤ C

R
, |∇2φ| ≤ C

R2
. (3.8)

We decompose u = Ue1 + v + h, where

v = curl (−∆)−1(φω)

and h = u−Ue1− v. Note that v and h are both divergence-free. The vector field v represents the

rotational part of the velocity because curl v = ω in 3
2C. The vector field h is the potential part

of the velocity because a simple computation reveals that h is harmonic in 3
2C: ∆h = ∆u−∆v =

−curl ω + curl (φω) = −curl ((1− φ)ω), which is zero on the set {φ = 1}.

Note that, since φω is a bounded, smooth, compactly supported function, and since the Biot-
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Savart kernel decays at infinity, we have

lim
|x|→∞

v(x) = 0.

Moreover, by the Sobolev embedding and the Calderón–Zygmund estimate for singular integral

operators, we have

‖v‖L6(R3) . ‖∇v‖L2(R3) . ‖ω‖L2(2C) . ΞV
1
2 . (3.9)

By the same argument as in the previous subsection, we have

|v̄(t2)− v̄(t1)| . LΞ, ∀t1, t2 ∈ [−2L+ 2R, 2L− 2R].

We have bounded the oscillation of v̄. To get a bound for its size we use the facts that V . LR2,

‖v‖L6(R3) . ΞV 1/2, and Theorem 3.1.3 to control the average:

∣∣∣∣∣
 2L−2R

−2L+2R

v̄(t) dt

∣∣∣∣∣ ≤ R

L|BR|

∣∣∣∣ˆ
2C
|v(x)|dx

∣∣∣∣ . V −1 ‖v‖L6(2C) V
5
6 ≤ ΞV

1
3 .

Since L ≥ R, we know V
1
3 . L, so

|v̄(t)| . LΞ + ΞV
1
3 . LΞ, ∀t ∈ [−2L+ 2R, 2L− 2R].

Since |ū(t)− Ue1| . LΞ, we conclude

|h̄(t)| . LΞ, ∀t ∈ [−2L+ 2R, 2L− 2R].

In other words, v̄ and h̄ both enjoy the same bound for ū−Ue1 that we obtained from the previous

subsection.

Since h is harmonic inside 3
2C, we have by the mean-value-property that h(t) = h(te1) for all
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applicable t, whence it follows that

sup
t∈[−2L+2R,2L−2R]

|h(te1)| . LΞ. (3.10)

Moreover, from Equation (3.9) we also have

‖∇h‖L2(2C) ≤ ‖∇u‖L2(2C) + ‖∇v‖L2(2C) . ΞV
1
2 . (3.11)

In the following lemma, we show that since h is harmonic, we can in fact extend the same bound

to the interior of 3
2C.

Lemma 3.1.4. Let h be a harmonic function in a capsule 3
2C satisfying Equations (3.10) and

(3.11). Then ‖h‖L∞( 4
3C)

. LΞ.

Proof. Take x ∈ B 4
3R

, |t| ≤ 4
3 (L − R), then x + te1 ∈ 4

3C. By the mean-value property for ∇h in

3
2C, we have

∇h(x+ te1) =

 
B 1

6
R

∇h(x+ te1 + y) dy,

which immediately implies that

|∇h(x+ te1)| . 1

|B 1
6R
|

ˆ
2C
|∇h|dx .

V

|BR|

( 
2C
|∇h|2

)1/2

.
L

R
Ξ.

This is true for any t, x, so h is CLΞ
R -Lipschitz in 4

3C. We now have

|h(x+ te1)− h(te1)| . |x|L
R

Ξ . LΞ.

Together with Equation (3.10), we know |h(x+ te1)| . LΞ. Since t and x were arbitrary, the claim

is proven.

Since h is bounded in 4
3C with bound given by LΞ, we certainly have

‖h‖L6( 3
2C)

. LΞV
1
6 + ΞV

1
2 . LΞV

1
6 .
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Here we used V
1
3 . L. Combined with the L6 bound on v in Equation (3.9), we have obtained an

L6 bound for ζ := u− Ue1 = v + h:

‖ζ‖L6( 3
2C)

. LΞV
1
6 + ΞV

1
2 . LΞV

1
6 . (3.12)

3.1.3 The Vorticity Equation

The vector field ζ = u − Ue1 satisfies the stationary Navier–Stokes equations with constant back-

ground drift b = Ue1:

b · ∇ζ + ζ · ∇ζ +∇p = ∆ζ. (3.13)

We shall use the Bernoulli head pressure (in the moving frame) H = |ζ|2
2 + p and write Equation

(3.13) in the following form using vorticity ω = curl u = curl ζ:

b · ∇ζ + ω× ζ +∇H = ∆ζ. (3.14)

Taking the curl of Equation (3.14) yields

b · ∇ω + curl (ω× ζ) = ∆ω.

We use the local estimates proven for the Poisson equation in Theorem 3.4.3 of Section 3.4 (we

recognize that curl (ω × ζ) = div T , for the tensor Tij = εijk(ω × ζ)k and where εijk is the

antisymmetric symbol). We then have for all 1 < q < 3 and 1/r = 1/q − 1/3:

‖ω‖Lr( 4
3C)

. ‖ω ⊗ ζ‖Lq( 3
2C)

+

(
UR

L
+

1

R

)
‖ω‖Lq( 3

2C)
. (3.15)

However, we already know that (also using Equation (3.12))

‖ω‖
L

3
2 ( 3

2C)
≤ ΞV

2
3 , ‖ω ⊗ ζ‖

L
3
2 ( 3

2C)
≤ ‖ω‖L2( 3

2C)
‖ζ‖L6( 3

2C)
≤ LΞ2V

2
3 .
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Setting q = 3
2 in the estimate from Equation (3.15), we get

‖ω‖L3( 4
3C)

.

(
UR

L
+

1

R
+ LΞ

)
ΞV

2
3 .

Vorticity in L3 only guarantees that the velocity lies in BMO, not L∞. To get an L∞ bound for

ζ, we therefore need to refine our estimates. We first note that

‖ω ⊗ ζ‖L2( 4
3C)
≤ ‖ω ⊗ v‖L2( 4

3C)
+ ‖ω ⊗ h‖L2( 4

3C)

≤ ‖v‖L6( 4
3C)
‖ω‖L3( 4

3C)
+ ‖ω‖L2( 4

3C)
‖h‖L∞( 4

3C)

. ΞV
1
2

[(
UR

L
+

1

R
+ LΞ

)
ΞV

2
3 + LΞ

]
.

Here we used Equation (3.9) and Theorem 3.1.4. Setting q = 2 in the estimate from Equation

(3.15) and recalling that ‖ω‖L2 . ΞV
1
2 , we get

‖ω‖L6( 5
4C)

. ΞV
1
2

[(
UR

L
+

1

R
+ LΞ

)
ΞV

2
3 + LΞ

]
+

(
UR

L
+

1

R

)
ΞV

1
2

= ΞV
1
2

(
UR

L
+

1

R
+ LΞ

)
(ΞV

2
3 + 1).

Now, if we fix another cut-off function φ1 supported in 5
4C and φ1 ≡ 1 in 6

5C with derivative bounds

as in Equation (3.8), then v1 := curl (−∆)−1(φ1ω) satisfies

|v1(x)| = C

∣∣∣∣ˆ
R3

(φ1ω)(x− y)× y
|y|3

dy

∣∣∣∣ ≤ C ˆ
3C
|(φ1ω)(x− y)||y|−2 dy

. ‖φ1ω‖L6(R3)

(ˆ
3C

1

|y| 125
dy

) 5
6

for every x ∈ R3, where we may additionally bound

ˆ
3C

1

|y| 125
dy ≤

ˆ R

−R

ˆ R

−R

ˆ
R

1

(y2
1 + y2

2 + y2
3)

6
5

dy1 dy2 dy3

= C

ˆ R

−R

ˆ R

−R

1

(y2
2 + y2

3)
7
10

dy2 dy3 = CR
3
5 .
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Therefore

‖v1‖L∞ . ΞR
1
2V

1
2

(
UR

L
+

1

R
+ LΞ

)
(ΞV

2
3 + 1).

Similarly, we can define h1 = ζ − v1, which is harmonic, and use our previous argument to get

‖h1‖L∞(C) . LΞ, so

‖ζ‖L∞(C) . ΞR
1
2V

1
2

(
UR

L
+

1

R
+ LΞ

)
(ΞV

2
3 + 1) + LΞ.

This completes the proof of Theorem 3.1.1.

3.1.4 Ansatz

Suppose that for some ε0 > 0, 0 ≤ δ ≤ 5
12 to be determined later, the following holds:

LΞ ≤ ε0

R

(
L

R

)δ
. ε0

(
UR

L
+

1

R

)
. (3.16)

With such an ansatz, we have

‖u− Ue1‖L∞(C) . ε0

(
L

R

)δ− 1
2
(
UR

L
+

1

R

)(
L

R

)(δ− 1
3 )+

+ ε0

(
UR

L
+

1

R

)
. ε0

(
UR

L
+

1

R

)
. (3.17)

This is the ansatz with which we can prove Liouville theorems in the following sections.

3.2 Capsules and a Covering Lemma

We introduce a way of putting a capsule satisfying the ansatz around every point in R3, and we

prove a covering lemma for this collection of capsules. To begin with, recall that Theorem 3.1.1

controls the oscillation of u in C but it uses information of |∇u|2 in 2C, which is not desirable. In

the first subsection, we introduce the maximal functions, with which we can control |∇u|2 in 2C
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using only the information in C.

3.2.1 Maximal Functions

Recall the definition of the maximal function Mf of any f ∈ L1
loc(R3):

Mf(x) = sup
r>0

 
Br(x)

|f(y)|dy.

We also introduce a streamwise maximal function MΦf associated with the flow map Φ of an

incompressible vector field.

Definition 3.2.1. Let Φs : R3 → R3 with s ∈ R be the flow map associated with the divergence free

vector field u. In particular, Φ is given by the solution to the following initial value problem:

∂

∂s
Φs(x) = u(Φs(x)), Φ0(x) = x.

For any continuous function f ∈ C(R3), we define the streamwise maximal functionMΦf : R3 → R

by

(MΦf)(x) := sup
s>0

1

2s

ˆ s

−s
|(f ◦ Φτ )(x)|dτ. (3.18)

By continuity,MΦf ≥ f in the pointwise sense. In analogy with the classical maximal function,

MΦ is also an operator of strong (p, p)-type for p > 1.

Lemma 3.2.2. If f ∈ C(R3) ∩ Lp(R3) with 1 < p <∞, then

‖MΦf‖Lp(R3) . ‖f‖Lp(R3).

Proof. Without loss of generality, assume f ≥ 0. For T > 0, denote

(MΦ,T f)(x) := sup
0<s<T

1

2s

ˆ s

−s
|(f ◦ Φτ )(x)|dτ.
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Since u is incompressible, Φs is a measure preserving map. Then for any s′ ∈ [−T, T ] we have

‖MΦ,T f‖pLp(R3) =

ˆ
R3

(
sup

0<s<T

1

2s

ˆ s

−s
f ◦ Φτ dτ

)p
dx

=

ˆ
R3

(
sup

0<s<T

1

2s

ˆ s

−s
f ◦ Φτ+s′ dτ

)p
dx

=

ˆ
R3

(
sup

0<s<T

1

2s

ˆ s′+s

s′−s
f ◦ Φτ dτ

)p
dx

=

ˆ
R3

(
sup

0<s<T

1

2s

ˆ s′+s

s′−s
FT (τ, x) dτ

)p
dx,

where we have denoted FT (τ, x) := (f ◦ Φτ (x)) · 1(−2T,2T )(τ). The previous equality holds for any

s′ ∈ [−T, T ], so we may take an average in s′:

‖MΦ,T f‖pLp(R3) =
1

2T

ˆ T

−T

ˆ
R3

(
sup

0<s<T

1

2s

ˆ s′+s

s′−s
FT (τ, x) dτ

)p
dxds′

≤ 1

2T

ˆ
R3

ˆ ∞
−∞

(
sup
s>0

1

2s

ˆ s′+s

s′−s
FT (τ, x) dτ

)p
ds′ dx.

We know that the classical one-dimensional maximal function maps Lp to Lp, so we get

ˆ ∞
−∞

(
sup
s>0

1

2s

ˆ s′+s

s′−s
FT (τ, x) dτ

)p
ds′ ≤ C

ˆ ∞
−∞

FT (τ, x)p dτ

= C

ˆ 2T

−2T

FT (τ, x)p dτ.

In the second step, we used that FT (τ, x) is supported in {−2T ≤ τ ≤ 2T}. Once again using the
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fact that Φt is measure preserving, we have

‖MΦ,T f‖pLp(R3) ≤
C

2T

ˆ
R3

ˆ 2T

−2T

FT (τ, x)p dτ dx

=
C

2T

ˆ 2T

−2T

ˆ
R3

(f ◦ Φτ )p dx dτ

= C‖f‖pLp(R3) ·
1

2T

ˆ 2T

−2T

dτ

≤ 2C‖f‖pLp(R3).

Since ‖MΦ,T f‖Lp ≤ C‖f‖Lp for a constant C independent of T , we may use the monotone conver-

gence theorem to conclude ‖MΦf‖Lp ≤ C‖f‖Lp as well.

Recall that u is a smooth vector field, so |∇u|2 is globally Lipschitz continuous. Its maximal

function

M(|∇u|2)(x) = sup
r>0

 
Br(x)

|∇u(x′)|2 dx′ = sup
r>0

1

|Br|
(1Br ∗ |∇u|2)(x),

is also Lipschitz continuous with the same Lipschitz bound. Therefore, the composition of maximal

functions MΦ[M(|∇u|2)] in the following lemma is well-defined.

Lemma 3.2.3. Given C = CR,L,e1(0), assume there exist U, Ξ̃ > 0, such that

 
BR

udx = Ue1,

 
C
MΦ[M(|∇u|2)] dx = Ξ̃2. (3.19)

There exist absolute constants C > 0 and ε1 > 0 such that if either L ≤ 2R or LΞ̃ ≤ ε1
R
L · U , then

 
2C
|∇u|2 dx ≤ C

 
C
MΦ[M(|∇u|2)] dx = CΞ̃2. (3.20)

Proof. If L ≤ 2R, we do not require use of the streamwise maximal function. Indeed, since BR(x) ⊂
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2C ⊂ B6R(x) for any x ∈ C, we have

 
2C
|∇u|2 dx .

 
B6R(x)

|∇u|2 dx ≤M(|∇u|2)(x) ≤MΦ[M(|∇u|2)](x).

As this holds for any x ∈ C, we can take average of the right-hand side and conclude (3.20).

From now on, we may assume L > 2R. Applying Theorem 3.1.3 twice, we have

ˆ
C2R,L+R

|∇u|2 dx ≤ C

R

ˆ L−R

−L+R

ˆ
B4R

|∇u(x+ te1)|2 dxdt

≤ C

R

ˆ L−R

−L+R

ˆ
BR

M(|∇u|2)(x+ te1) dxdt

≤ C
ˆ
CR,L
M(|∇u|2) dx ≤ C

ˆ
CR,L
MΦ[M(|∇u|2)] dx.

Since the volume of C2R,L+R is comparable to CR,L, we conclude

 
C2R,L+R

|∇u|2 dx ≤ CΞ̃2.

The length L+R is smaller than the desired 2L length of 2C in Equation (3.20). To improve it, we

use a bootstrap argument.

Step 1: The Dirichlet Integral Controls the Proximity of Streamlines We claim that for

any L′ ∈ [L+R, 2L], if

 
C2R,L′

|∇u|2 dx ≤ CΞ̃2, (3.21)

then

|Φ t1−t0
U

(BR(t0e1)) ∩BR(t1e1)| ≥ µ|BR|, ∀|t0|, |t1| ≤ L′ − 2R (3.22)
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with µ = 1− Cε1. Indeed, the measure on the left-hand side of (3.22) is given by

ˆ
BR(t1e1)

ρ

(
t1
U
, x

)
dx,

where ρ(s, x) is the solution to the following transport equation:

∂sρ+ div(ρu) = 0, ρ

(
t0
U
, x

)
= 1BR(t0e1)(x).

Note that |ρ| ≤ 1 everywhere in space and time. We observe that

d

ds

ˆ
BR(sUe1)

ρ(s, x) dx =
d

ds

ˆ
BR(0)

ρ(s, x+ sUe1) dx

=

ˆ
BR(sUe1)

∂sρ(s, x) dx+

ˆ
BR(sUe1)

U∂x1ρ(s, x) dx

=

ˆ
BR(sUe1)

div(ρ(Ue1 − u)) dx

=

ˆ
∂BR(sUe1)

ρ(Ue1 − u) · n dσ.

Here |ρ| ≤ 1 and n is the unit outward normal vector. By the Trace Theorem, we can estimate:

∣∣∣∣∣ d

ds

ˆ
BR(sUe1)

ρ(s, x) dx

∣∣∣∣∣ .
ˆ
BR(sUe1)

|∇u|dx+ |∂BR| · |Ue1 − ū(sU)|. (3.23)

By (3.21), we can apply Theorem 3.1.2 to C2R,L′ instead of C2R,2L and deduce for all |sU | ≤ L′−2R

that

|Ue1 − ū(sU)| . CLΞ̃.

Without loss of generality, assume t0 < t1. Integrate Equation (3.23) from s = t0
U to s = t1

U , we
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get

ˆ
BR(t1e1)

ρ

(
t1
U
, x

)
dx ≥

ˆ
BR(t0e1)

ρ

(
t0
U
, x

)
dx− C

ˆ t1
U

t0
U

ˆ
BR(sUe1)

|∇u|dxds

−|∂BR| · CLΞ̃ · t1 − t0
U

.

For the first term on the right, using the initial condition of ρ we get

ˆ
BR(t0e1)

ρ

(
t

U
, x

)
dx = |BR|.

The second term is estimated using Theorem 3.1.3:

ˆ t1
U

t0
U

ˆ
BR(sUe1)

|∇u|dx ds =
1

U

ˆ t1

t0

ˆ
BR(te1)

|∇u|dxdt

≤ 2R3L

U

( 
CR,L′

|∇u|2 dx

)1/2

≤ 2R3

U
LΞ̃.

The third term is bounded by

|∂BR| · CLΞ̃ · t1 − t0
U

. R2LΞ̃
L′

U
.
R2L

U
LΞ̃.

By assumption, LΞ̃ . ε1
R
L · U , so

ˆ
BR(t1e1)

ρ

(
t1
U
, x

)
dx ≥ |BR| −

CR3

U
LΞ̃− CR2L

U
LΞ̃ ≥ |BR| − Cε1R

3.

This completes the proof for Equation (3.22).

Step 2: The Proximity of Streamlines controls the Dirichlet Integral We claim if (3.22)

holds at µ = 1
2 , then

 
C2R,L′+2R

|∇u|2 dx ≤ CΞ̃2 (3.24)

103



So we can improve (3.21) from length L′ to a longer length L′ + 2R. To show (3.24), we use

Theorem 3.1.3 and the definition of MΦ:

ˆ
CR,L,e1

MΦ[M(|∇u|2)] dx ≥ 1

R

ˆ L−R

−L+R

ˆ
BR

MΦ[M(|∇u|2)](x+ te1) dxdt

=
1

R

ˆ L−R

−L+R

ˆ
BR(te1)

MΦ[M(|∇u|2)] dxdt

≥ 1

R

ˆ L−R

−L+R

ˆ
BR(te1)

 4L
U

− 4L
U

M(|∇u|2) ◦ Φs dsdx dt

&
1

RL

ˆ L−R

−L+R

ˆ 4L

−4L

ˆ
Φ t′
U

(BR(te1))

M(|∇u|2) dxdt′ dt.

For t′ ∈ (−4L, 4L), t ∈ (−L + R,L − R), we have t1 := t′ + t ∈ (−4L + L − R, 4L − L + R) ⊃

(−L′ + 2R,L′ − 2R). So

ˆ 4L

−4L

ˆ
Φ t′
U

(BR(te1))

M(|∇u|2) dx dt′

≥
ˆ L′−2R

−L′+2R

ˆ
Φ t1−t

U

(BR(te1))

M(|∇u|2) dxdt1

≥
ˆ L′−2R

−L′+2R

ˆ
Φ t1−t

U

(BR(te1))∩BR(t1e1)

M(|∇u|2) dxdt1.

Since for each x ∈ BR(t1e1),

M(|∇u|2)(x) &
 
B8R(t1e1)

|∇u|2 dx,

so we can use the assumption in Equation (3.22) with µ = 1
2 , to deduce

ˆ
Φ t1−t

U

(BR(te1))∩BR(t1e1)

M(|∇u|2) dx &
1

2
|BR|

 
B8R(t1e1)

|∇u|2 dx

≈
ˆ
B8R(t1e1)

|∇u|2 dx.
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Using Theorem 3.1.3 we have

ˆ L′−2R

−L′+2R

ˆ
Φ t1−t

U

(BR(te1))∩BR(t1e1)

M(|∇u|2) dx dt1 dt

&
ˆ L′−2R

−L′+2R

ˆ
B8R(t1e1)

|∇u|2 dxdt1 & R

ˆ
C4R,L′+2R,e1

|∇u|2 dx.

Therefore,

ˆ
CR,L,e1

MΦ[M(|∇u|2)] dx &
1

LR
· (2L− 2R) ·R

ˆ
C4R,L′+2R,e1

|∇u|2 dx

≥
ˆ
C2R,L′+2R,e1

|∇u|2 dx.

This proves (3.24), as CR,L and C2R,L′+2R have comparable volumes.

Step 3: Bootstrap Combining the previous two steps, we know by choosing ε1 ≤ 1
2C , (3.21)

implies (3.24) for every L′ ∈ [L + R, 2L]. Therefore, after finitely many iterations, we conclude

(3.21) is true for L′ = 2L, which proves (3.20).

3.2.2 Capsule Construction

For every point x ∈ R3, we find a capsule that satisfies our ansatz.

Proposition 3.2.4. Fix 0 < ε0 < 1, 0 ≤ δ ≤ 5
12 and σ ≥ δ. Let ε1 � ε0. For every x ∈ R3, there

exists a capsule Cx = CR(x),L(x),e(x)(x) with radius R(x) and length L(x) pointing in the direction

e(x) ∈ S2 such that

 
BR(x)(x)

udx = b(x) = U(x)e(x),

 
Cx
MΦ[M(|∇u|2)] dx = Ξ̃(x)2, (3.25)

where U(x) and Ξ̃(x) satisfy

0 ≤ U(x) ≤ L(x)

R(x)2

(
L(x)

R(x)

)σ
, Ξ̃(x) =

ε1

L(x)R(x)

(
L(x)

R(x)

)δ
. (3.26)
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The right-hand-side inequality for U(x) becomes an equality when L(x) > R(x). Moreover, it holds

that

‖u− b(x)‖L∞(Cx) .
1

R(x)
, if L(x) = R(x),

‖u− b(x)‖L∞(Cx) . ε0
R(x)

L(x)
· U(x), if L(x) > R(x).

In particular

|u(x)| . L(x)

R(x)2

(
L(x)

R(x)

)σ
.

Proof. We first describe an algorithm for constructing the capsule Cx. To begin with, for each

x ∈ R3, R > 0, define

CR(x) := CR,L∗,e∗(x)

with L∗ ≥ R and e∗ ∈ S2 determined by

 
BR(x)

udx = b∗ = U∗e∗, L∗ = max{U∗R, 1}
1

1+σR.

Here U∗ = |b∗| ≥ 0, so U∗ and e∗ are uniquely determined whenever the average velocity b∗ is

nonzero. If the average velocity is zero, U∗ = 0, but the definition of e∗ is ambiguous. However,

in this case we have L∗ = R, so the definition of CR(x) is the same for whichever e∗ one wishes to

pick.

From the above construction, we see that U∗ and L∗ change continuously in R and x, so let us

denote U∗ =: UR(x) and L∗ =: LR(x). The capsule CR(x) also changes continuously in R and x,

because e∗ is only discontinuous in the closed set {(x,R) ∈ R3 × [0,∞) : UR(x) = 0}, but CR(x) is
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a ball whenever UR(x) < 1
R . Therefore, Ξ̃R(x) defined below is also continuous in R and x:

Ξ̃R(x) :=

( 
Cx(R)

MΦ[M(|∇u|2)] dx

) 1
2

.

It remains to find a critical value R > 0 for each x such that

Ξ̃R(x)L1−δ
R (x)R1+δ = ε0.

For a fixed x, we have shown that Ξ̃R(x)L1−δ
R (x)R1+δ is a continuous function of R ∈ [0,∞]. Note

the following limits:

lim
R→0

UR(x) = |u(x)|, lim
R→0

LR(x) = 0, lim
R→0

Ξ̃R(x) = (MΦ[M(|∇u|2)](x))1/2,

lim
R→∞

UR(x) = 0, lim
R→∞

LR(x) =∞, lim
R→∞

Ξ̃R(x) = 0.

Therefore,

lim
R→0

Ξ̃R(x)L1−δ
R (x)R1+δ = 0,

lim
R→∞

Ξ̃R(x)L1−δ
R (x)R1+δ = lim

R→∞

( 
Cx(R)

MΦ[M(|∇u|2) dx

) 1
2

L1−δ
R (x)R1+δ

≥ lim
R→∞

(
L1−2δ
R (x)R2δ

ˆ
Cx(R)

|∇u|2 dx

) 1
2

= lim
R→∞

(
L1−2δ
R (x)R2δ

ˆ
R3

|∇u|2 dx

) 1
2

= +∞.

By continuity, equality Ξ̃RL
1−δ
R R1+δ = ε0 must be achieved at some R∗ > 0. We pick the smallest

R∗ for which the equality is achieved. We can now finally define

Cx := CR∗(x).

We remark again that even though e is not uniquely defined when U = 0, the capsule Cx
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degenerates to a ball in this case, so the choice of e is unimportant. Now each x ∈ R3 is associated

with a cylinder Cx. Moreover, we have chosen R(x), b(x), U(x), e(x), L(x), Ξ̃(x), with the equalities

in Equation (3.25) holding precisely. As functions of x, these functions are not necessarily continuous

due to the way we pick R, however, in the next subsection we shall show they are locally comparable.

Let us verify the ansatz (3.16) is satisfied with Ξ(x)2 =
ffl

2Cx |∇u|
2dx. The conclusions in

Equation (3.26) follow from our construction. If L = R, then

Ξ̃(x) =
ε0

L(x)R(x)

(
L(x)

R(x)

)δ
=

ε1

L(x)R(x)
.

By Theorem 3.2.3, if we choose ε1 ≤ 1
C ε0 then Ξ(x) ≤ ε0

L(x)R(x) , and (3.16) is true. If L > R, then

since σ ≥ δ

U(x) =
L(x)

R(x)2

(
L(x)

R(x)

)σ
≥ L(x)

R(x)2

(
L(x)

R(x)

)δ
,

and (3.16) is still true.

By our choice of L(x), we see that if L(x) = R(x), then U(x)R(x) ≤ 1, so U(x) ≤ 1
R(x) , then

Equation (3.17) gives the desired estimate. If L(x) > R(x), then since σ ≥ 0:

L = (UR)
1

1+σR =⇒ U =
1

R

(
L

R

)1+σ

≥ L

R2
.

Equation (3.17) once again yields the desired estimate.

Remark 3.2.5. Since u and ∇u are globally bounded from above, we can see that R(x) and L(x)

are globally bounded from below. Equivalently we have that 1/R(x), 1/L(x) are globally bounded

from above.

It will be useful to distinguish the two cases L = R and L > R.

Definition 3.2.6. We call x ∈ R3 a round point if L(x) = R(x), and we call x ∈ R3 a long point

otherwise. The set of round points is denoted by R, and the set of long points is denoted by L.

108



3.2.3 Comparability and a Vitali Covering Lemma

Let x ∈ L be a long point, then by Theorem 3.2.4 we know

‖u− b(x)‖L∞(Cx) ≤ ε0
R(x)

L(x)
· U(x) ≤ ε0U(x).

In particular, |u(y)− b(x)| ≤ ε0U(x) for every y ∈ Cx. Therefore

(1− ε0)U(x) ≤ |u(y)| ≤ (1 + ε0)U(x), |u(x)− u(y)| ≤ 2ε0U(x).

This means that u(x) ≈ u(y) ≈ b(x) up to an order ε0 relative error.

Lemma 3.2.7. Suppose x and z are long points such that Cx ∩ Cz 6= ∅. If R(z) ≤ 2R(x), then

Cz ⊂ KCx for some absolute constant K.

Proof. If x, z ∈ L such that Cx and Cz intersect at some point y, then we may conclude that

b(x) ≈ u(y) ≈ b(z) and consequently U(x) ≈ U(z), e(x) ≈ e(z). Since x, z ∈ L, we know

L(x)1+σ

R(x)2+σ
= U(x) ≈ U(z) =

L(z)1+σ

R(z)2+σ
=⇒ L(z) . 2

2+σ
1+σL(x) . L(x),

where we have used that σ ≥ 0. Moreover, since

|b(x)− b(z)| ≤ |b(x)− u(y)|+ |u(y)− b(z)| ≤ ε0
R(x)

L(x)
U(x) + ε0

R(z)

L(z)
U(z),

we know that

|e(x)− e(z)| . ε0

(
R(x)

L(x)
+
R(z)

L(z)

)
.

Without loss of generality, assume x is at the origin and e(x) = e1 is the first basis vector. Then
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e(z) = e1
ze1 + e2

ze2 + e3
ze3 satisfies

|1− e1
z|+ |e2

z|+ |e3
z| . ε0

(
R(x)

L(x)
+
R(z)

L(z)

)
.

Taking any ỹ ∈ Cz, we compute its distance from y. For the first coordinate, we control it directly

using the diameter:

|y1 − ỹ1| ≤ 2L(z) ≤ KL(x).

For the second coordinate, we use the fact that the direction e(z) is close to e1. Since y ∈ z +

te(z) +BR(z) and ỹ ∈ z + t̃e(z) +BR(z) for some t, t̃ ∈ [−L(z) +R(z), L(z)−R(z)], we have

|y2 − ỹ2| . |t− t̃||e2
z|+ 2R(z)

≤ 2L(z) · ε0

(
R(x)

L(x)
+
R(z)

L(z)

)
+ 2R(z)

= 2ε0
L(z)

L(x)
·R(x) + 2ε0R(z) + 2R(z)

≤ ε0CR(x) + 4R(x) ≤ KR(x),

if ε0 is chosen small. By a similar estimate for the third coordinate, we conclude that y − ỹ ∈

(K + 1)Cx. Because y ∈ Cx, we have ỹ ∈ (K + 2)Cx, so Cz ⊂ (K + 2)Cx.

We now show that the property proven in Theorem 3.2.7 guarantees that we have the following

Vitali-type covering lemma:

Lemma 3.2.8. Let A ⊂ L be a set such that supx∈AR(x) < ∞. Then there exists a countable

collection of pairwise disjoint capsules {Cxi}i such that A ⊂
⋃
iKCxi and

∣∣∣∣∣ ⋃
x∈A
Cx

∣∣∣∣∣ ≤∑
i

|KCxi |.

Proof. Let Q(0) := {Cx}x∈A be the whole collection of capsules. For any j ≥ 1, we first let xj be
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any point such that

R(xj) >
1

2
sup

Cx∈Q(j−1)

R(x).

Then we eliminate from the collection Q(j−1) any capsule Cx that intersects Cxj to create the

collection Q(j). This algorithm may cease after finitely many iterations if the collection Q(j+1) = ∅

for some j ≥ 0, or it may never cease. In any case, we have constructed a countable collection of

capsules {Cxj}j≥0 that are pairwise disjoint by construction.

Suppose that
∑
j

∣∣KCxj ∣∣ < ∞, otherwise the final claim is already true. It follows that either

{Cxj}j≥0 is a finite collection, or it is an infinite collection with R(xj) → 0 as j → ∞. In either

case, every capsule Cx must be removed from Q(j) at some iteration step. Otherwise, we would have

Cx ∈ Q(j−1) for all j, and the first step in the algorithm would then imply that R(xj) >
1
2R(x) for all

j. However, the sequence R(xj) would then not converge to zero. Now suppose Cx ∈ Q(j−1) \Q(j).

Then we have Cx ∩ Cxj 6= ∅ and R(x) < 2R(xj). By Theorem 3.2.7 we have

Cx ⊂ KCxj .

Thus
⋃
x∈A Cx ⊂

⋃
j≥0KCxj and we have:

∣∣∣∣∣ ⋃
x∈A
Cx

∣∣∣∣∣ ≤
∣∣∣∣∣∣
⋃
j≥0

KCxj

∣∣∣∣∣∣ ≤
∑
j≥0

|KCxj |.

This proves the covering lemma.

A corollary of the covering lemma is that Ξ̃ ∈ L2+,∞(R3).

Corollary 3.2.9. For any ε > 0, we have that Ξ̃ is in L2+ε,∞(R3) with bound

‖Ξ̃‖L2+ε,∞(R3) .ε ‖∇u‖L2+ε(R3) .
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Proof. We denote the set

Sα = {x ∈ R3 : Ξ̃(x)2 > α},

then |Sα| = |Sα ∩ R|+ |Sα ∩ L|. Note that Ξ̃(x)2 > α implies R2 ≤ ε0
Ξ̃

is bounded in Sα. For the

long points, we have by Theorem 3.2.8 that

|Sα ∩ L| ≤

∣∣∣∣∣ ⋃
x∈Sα∩L

Cx

∣∣∣∣∣ ≤∑
i

|KCxi |.

In the last inequality, a Vitali covering is chosen so that the capsules Cxi are pairwise disjoint, and

KCxi covers Sα ∩ L. By Jensen’s inequality, we have for any ε > 0:

 
Cx
MΦ[M(|∇u|2)] dx ≤

( 
Cx
MΦ[M(|∇u|2)]1+ε dx

) 1
1+ε

.

Moreover, Ξ̃(xi)
2 > α now means

( 
Cxi
MΦ[M(|∇u|2)]1+ε dx

) 1
1+ε

> α

⇐⇒
ˆ
Cxi
MΦ[M(|∇u|2)]1+ε dx > α1+ε|Cxi |

⇐⇒ |Cxi | ≤
1

α1+ε

ˆ
Cxi
MΦ[M(|∇u|2)]1+ε dx.

Hence

|Sα ∩ L| ≤
C

α1+ε

∑
i

ˆ
Cxi
MΦ[M(|∇u|2)]1+ε dx

≤ C

α1+ε

ˆ
R3

MΦ[M(|∇u|2)]1+ε dx

≤ C

α1+ε

ˆ
R3

|∇u|2(1+ε) dx.

In the last inequality, we used that MΦ ◦M is a bounded map from L1+ε to L1+ε. For the round
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points, we can use the usual Vitali covering for balls. Combining the inequalities we have

|Sα| ≤
C

α1+ε

ˆ
R3

|∇u|2(1+ε) dx.

Recall ∇u ∈ L2∩L∞, so the right-hand side is finite. Therefore Ξ̃2 is in L1+ε,∞, so Ξ̃ is in L2(1+ε),∞.

Replacing ε with ε/2 in the course of the proof gets us our claimed result.

From this, we deduce that

Proposition 3.2.10. If L/R is bounded then u is trivial.

Proof. If L/R is bounded, then L and R are comparable. Then by Theorem 3.2.4

|u(x)| ≤ L(x)

R(x)2

(
L(x)

R(x)

)σ
≈ C

R(x)
≈ Ξ̃(x)

1
2 ,

Therefore u ∈ L4+,∞(R3). Together with u ∈ L∞, we know that u ∈ L
9
2 and thus u ≡ 0 by Galdi’s

result.

3.3 Conditional Liouville Theorems

Here we give some conditions under which u is trivial, proving the theorems claimed in our intro-

duction.

3.3.1 Bounded Line Integral Hypothesis

The stretching ratio L/R is comparable in size to a certain line integral, as the following lemma

will demonstrate.

Lemma 3.3.1. Let x ∈ L be a long point. Then

ˆ x+L(x)e(x)

x−L(x)e(x)

u · d` ≈ L(x)U(x). (3.27)

Here L(x), U(x) and e(x) are constructed in Theorem 3.2.4.
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Proof. According to Theorem 3.2.4, we know that in Cx we have u(y) = U(x)e(x) + ζ(y) with

|ζ| ≤ Cε0U(x) < 1
2U(x). We thus have

∣∣∣∣∣
ˆ x+L(x)e(x)

x−L(x)e(x)

ζ · d`

∣∣∣∣∣ ≤ 2L(x) · 1

2
U(x)

=
1

2

ˆ x+L(x)e(x)

x−L(x)e(x)

U(x)e(x) · d`.

We can thus bound the line integral from above and below by:

1

2

ˆ x+L(x)e(x)

x−L(x)e(x)

U(x)e(x) · d` ≤
ˆ x+L(x)e(x)

x−L(x)e(x)

u · d` ≤ 3

2

ˆ x+L(x)e(x)

x−L(x)e(x)

U(x)e(x) · d`.

The upper and lower bounds are both of order L(x)U(x), which is exactly the right-hand side of

Equation (3.27).

Suppose that the line integral of u is globally bounded:

ˆ x

x0

u · d` ≤ C, ∀x0, x ∈ R3,

then the stretching ratio LU ≈
(
L
R

)2+σ
is bounded by Theorem 3.3.1. Theorem 3.2.10 would then

imply that the solution is trivial. Since there is still a gap between L4+,∞ and L
9
2 , we can relax the

boundedness assumption and allow an assumption like Equation (1.12) in Theorem 1.3.2.

Proof of Theorem 1.3.2. Combining the assumption in Equation (1.12) with Equation (3.27), we

know that at any x ∈ L:

LU ≈
(
L

R

)2+σ

. Lβ .

As discussed in Theorem 3.2.5, L is bounded from below, so the above inequality is also true for
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round points. Now by Theorem 3.2.4

|u| . 1

L

(
L

R

)2+σ

=⇒ |u|p

Ξ̃2
. L2−pR2

(
L

R

)(2+σ)p−2δ

= L4−p
(
L

R

)(2+σ)p−2δ−2

. L4−p+β(p− 2(δ+1)
2+σ ).

If the power of L satisfies

4− p+ β

(
p− 2(δ + 1)

2 + σ

)
= 0,

then |u|p/Ξ̃2 is bounded. Because Ξ̃2 ∈ L1+,∞, we conclude that u ∈ Lp+,∞. We get the optimal

p = 4−34β/29
1−β when we set σ = 5

12 and δ = 5
12 , If β < 29

193 then p < 9
2 , and u ∈ Lp,∞ ∩ L∞ implies

u ∈ L
9
2 . Galdi’s criterion then asserts that u ≡ 0.

3.3.2 Mean Oscillation Hypothesis

Previous results showed that if u ∈ BMO−1, then u is trivial. We make some refinements in this

direction. Suppose u = curl ψ with ψ ∈ L1
loc.

Lemma 3.3.2. Let x ∈ L be a long point. Then

ˆ
BR(x)(x)

(ψ(y)− (ψ)BR(x)
) · (e(x)× (y − x)) dy ≈ U(x)R(x)5. (3.28)

Here L(x), R(x) and e(x) are constructed in Theorem 3.2.4.

Proof. For simplicity, assume x = 0 is the origin and e(x) = e1, and let us abbreviate R = R(x),
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L = L(x), and U = U(x). We observe that

ˆ
BR

(ψ(y)− (ψ)BR) · (e1 × y) dy =

ˆ
BR

(ψ(y)− (ψ)BR) · curl (y1y) dx

=

ˆ
BR

curl ψ · y1y dy +

ˆ
∂BR

(y1y) × ψ · ndσ

=

ˆ
BR

u · y1y dy.

We used that y is parallel to n on ∂BR. We want to use the fact that u ≈ Ue1 with small relative

error. Note that

ˆ
BR

Ue1 · y1y dy = U

ˆ
BR

y2
1 dy =

U

3

ˆ
BR

|y|2 dy =
U

15
R5.

By Theorem 3.2.4, we know

∣∣∣∣ˆ
BR

(u(y)− Ue1) · y1y dy

∣∣∣∣ ≤ ε0U(x)

ˆ
BR

|y|2 dy ≤ U

30
R5.

Therefore, we have

ˆ
BR

u · y1y dy ≈ UR5.

This finishes the proof of the lemma.

Write ψ̄ =
ffl
BR

ψ. Notice that for any s ≥ 1:

ˆ
BR

(ψ − ψ̄) · (e1 × y) dy ≤ R4

( 
BR

|ψ − ψ̄|s dx

)1/s

. (3.29)

If ‖ψ‖BMO ≤ C, then UR ≈
(
L
R

)1+σ
. ‖ψ‖BMO, and we conclude that the ratio L/R is globally

bounded, so u ≡ 0 by Theorem 3.2.10. Again, there is some room for improvement.

Proof of Theorem 1.3.1. Combining Equation (3.28), Equation (3.29), and the assumption in Equa-
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tion (1.11), we know that for x ∈ L with R(x) > 1 it holds that

(
L

R

)1+σ

. Rα.

The set R(x) ≤ 1 is a bounded set, and R is bounded from below, so the above holds for all x ∈ R3.

Again by Theorem 3.2.4

|u| . 1

R

(
L

R

)1+σ

=⇒ |u|p

Ξ̃2
. L2R2−p

(
L

R

)(1+σ)p−2δ

= R4−p
(
L

R

)(1+σ)p−2δ+2

. R4−p+α·(p− 2(δ−1)
1+σ ).

If the power of R satisfies

4− p+ α

(
p+

2(1− δ)
1 + σ

)
= 0,

then |u|p/Ξ̃2 is bounded, and we conclude u ∈ Lp
+,∞. By sending σ → +∞, we get any p > 4

1−α .

If α < 1
9 then we can find some p < 9

2 , and again u ≡ 0.

3.3.3 Alternative Proofs

In the previous proof, we can see our construction in Theorem 3.2.4 and Theorem 3.2.10, u is in

L4+,∞(R) for the round points, and additional assumptions added in Theorem 1.3.1 and 1.3.2 are

used to show Lp,∞(L) for the long points. We can also use an alternative ansatz to weaken what

we can obtain for the round points, and strengthen the conclusions for the long points. We briefly

illustrate the ideas here.
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New Ansatz and Construction

In Section 3.1.4, instead of assuming (3.16), we replace it by the following alternative assumption

for λ ≥ 1:

LΞ =
ε0

Rλ
. (3.30)

This would lead to the following bounds instead of (3.17), provided R ≥ 1:

‖u− Ue1‖L∞(C) . ΞR
1
2V

1
2

(
UR

L
+

1

R

)
+ LΞ . ε0

(
UR

L
+

1

Rλ

)
.

In the proof of Theorem 3.2.4, instead of setting L∗ = max{U∗R, 1}
1

1+σR, we fix some γ ∈ [0, λ]

and set

L∗ = max{U∗Rγ , 1}R.

We would end up with U(x) satisfying

U(x) ≤ L(x)

R(x)1+γ

rather than (3.26). Again, equality is achieved for the long points. The following conclusions will

hold:

‖u− b(x)‖L∞(Cx) . ε0
1

R(x)γ
, if L(x) = R(x),

‖u− b(x)‖L∞(Cx) . ε0
R(x)

L(x)
· U(x), if L(x) > R(x),

|u(x)| . L(x)

R(x)1+γ
.
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New Proof of Theorem 1.1

By Theorem 3.3.2, we conclude for a long point x it holds that

ˆ
BR(x)(x)

(ψ(y)− (ψ)BR(x)
) · (e(x)× (y − x)) dy ≈ UR5 ≈ LR4−γ .

Therefore

LR4−γ . R4

( 
BR

|ψ − ψ̄|s dx

)1/s

. R4+α =⇒ L . Rα+γ .

By setting γ = 1− α, we know L/R is globally bounded. Therefore

|u| . L

R1+γ
≈ R−γ ,Ξ ≈ ε0

LRλ
≈ R−1−λ =⇒ |u|p

Ξ̃2
. R−pγ+2+2λ.

Setting λ = 1, we have the following consequence in the region {R ≥ 1}:

|u|p . Ξ̃2 ⇐= −pγ + 2 + 2λ ≤ 0 ⇐⇒ p(1− α) ≥ 4 ⇐⇒ p ≥ 4

1− α
.

New Proof of Theorem 1.2

By Theorem 3.3.1, we conclude for a long point x it holds that

ˆ x+L(x)e(x)

x−L(x)e(x)

u · d` ≈ L(x)U(x) ≈ L(x)2

R(x)1+γ
.

Therefore

L2

R1+γ
. Lβ =⇒ L2−β . R1+γ .

Setting γ = 1−β, we know L/R is globally bounded. Proceeding as in the proof for Theorem 1.3.1,

we show u ∈ Lp
+,∞ with p ≥ 4

1−β . Unfortunately, this method cannot cover the entire p ≥ 4−34β/29
1−β

range.

119



3.4 Estimates for the Poisson Equation with Drift

In this section, we discuss the Poisson equation with constant drift b = Ue1:

b · ∇θ −∆θ = f + div g. (3.31)

We find the fundamental solution and derive Lp estimates.

3.4.1 The Fundamental Solution

We first find the fundamental solution to Equation (3.31) in three dimensions.

Lemma 3.4.1. The fundamental solution Γ that solves b · ∇Γ−∆Γ = δ0 is

Γ(x) =
1

4πr
e−λ(r−x1), λ =

U

2
.

Here x = (x1, x2, x3), b = Ue1, r = |x|, and U ≥ 0.

Proof. To verify its validity, we first compute away from r = 0 the gradient ∇Γ = Γ∇ log Γ with

∇ log Γ = −∇ log r − λ∇(r − x1) = − x̂
r
− λ(x̂− e1) = −1

r
x̂− λx̂+ λe1.

Here we used the notation x̂ = x/r. Next we compute the Laplacian:

∆Γ = div∇Γ = div(Γ∇ log Γ) = Γ|∇ log Γ|2 + Γ∆ log Γ,

where

∆ log Γ = div

(
−1

r
x̂− λx̂

)
= −

(
1

r
+ λ

)
2

r
+

1

r2
= −

(
1

r
+ λ

)2

+ λ2.
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Substituting this into ∆Γ, we get

|∇ log Γ|2 + ∆ log Γ =

∣∣∣∣(1

r
+ λ

)
x̂− λe1

∣∣∣∣2 − (1

r
+ λ

)2

+ λ2

= −2λe1 ·
((

1

r
+ λ

)
x̂− λe1

)
= 2λe1 · ∇ log Γ.

Hence, ∆Γ = (2λe1 · ∇ log Γ)Γ = Ue1 · ∇Γ = b · ∇Γ.

We have verified that b ·∇Γ−∆Γ = 0 in the open set R3 \{0}. It remains to check the behavior

near r = 0. Taking a smooth test function ϕ supported in Br, we compute

ˆ
Br

(b · ∇Γ−∆Γ)ϕdx =

ˆ
Br

(−b · ∇ϕ−∆ϕ)Γ dx

+

ˆ
∂Br

(Γb− ϕ∇Γ + Γ∇ϕ) · n dσ.

Fixing ϕ, the left-hand side is independent on the value of r, so we may let r → 0. We notice that

Γ has the following trivial bound:

|Γ(x)| ≤ 1

4πr
.

All the integrals on the right-hand-side except the one with ∇Γ will vanish as r → 0. Moreover,

ˆ
∂Br

∇Γ · ϕn dσ =

ˆ
∂Br

Γ∇ log Γ · ϕndσ = −
ˆ
∂Br

Γ

(
1

r
x̂+ λx̂− λe1

)
· ϕndσ.

Only the term with 1
r will survive in the limit r → 0. Note that n = x̂, so we have

lim
r→0

ˆ
∂Br

(−∇Γ) · ϕn dσ = lim
r→0

ˆ
∂Br

Γ

r
ϕdσ = ϕ(0).

This finishes the proof.

From the form of the fundamental solution, we see immediately that |Γ| ≤ 1
r and Γ ∈ L3,∞. We

121



would like to establish an upper bound for |∇Γ| that is uniform in the size of λ. Note that

|r(x̂− e1)|2 = (x1 − r)2 + x2
2 + x2

3 = (r − x1)2 + r2 − x2
1 = 2r(r − x1).

Therefore

|∇ log Γ| ≤ 1

r
+ λ

√
2(r − x1)

r
≤ (λ(r − x1) + 1)

√
2

r(r − x1)
.

We used the inequality 0 ≤ r − x1 ≤ 2r. It follows that

|∇Γ| ≤ 1

4πr
e−λ(r−x1)(λ(r − x1) + 1)

√
2

r(r − x1)
≤ Cr− 3

2 (r − x1)−
1
2 .

We used that e−λ(r−x1)(1 + λ(r − x1)) is bounded uniformly in x1, r, and λ.

Lemma 3.4.2. ∇Γ is bounded in L
3
2 ,∞
x1 L

3
2
x2,x3 uniformly in λ.

Proof. By direct integration:

ˆ
R2

[
r−

3
2 (r − x1)−

1
2

] 3
2

dx2 dx3

= 2π

ˆ ∞
0

(ρ2 + x2
1)−

9
8

[
(ρ2 + x2

1)
1
2 − x1

]− 3
4

ρdρ ≤ 4

|x1|
.

Since 1
x1
∈ L1,∞

x1
, we conclude that ∇Γ ∈ L

3
2 ,∞
x1 L

3
2
x2,x3 .

3.4.2 Local Lp Estimates

We have found Γ ∈ L3,∞ and ∇Γ ∈ L
3
2 ,∞
x1 L

3
2
x2,x3 , with bounds uniform in the size of the drift.

Therefore, if f ∈ Lp(R3), 1 < p < 3
2 , it holds that

‖Γ ∗ f‖Lr . ‖f‖Lp
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with 1
r = 1

p −
2
3 . If g ∈ Lq(R3), 1 < q < 3, then

‖Γ ∗ div g‖Lr . ‖g‖Lq

with 1
r = 1

q −
1
3 . A proof of these convolution inequalities is given in [72].

Recall b = Ue1. Suppose θ solves Equation (3.31) in a capsule C of radius R, length L ≥ R. We

want to derive a local estimate on θ.

Lemma 3.4.3. If θ ∈ Lq(C) solves Equation (3.31) in C with f, g ∈ Lq(C) for some 1 < q < 3, then

‖θ‖Lr( 1
2C)

. R ‖f‖Lq(C) + ‖g‖Lq(C) +

(
UR

L
+

1

R

)
‖θ‖Lq(C) := RHS,

where 1
r = 1

q −
1
3 .

Proof. Fix a non-negative cut-off function φ ∈ C∞c (C) with φ ≡ 1 inside 1
2C, satisfying bounds as

in Equation (3.8). Then

b · ∇(φθ)−∆(φθ) = φf + div(φg) + θb · ∇φ− 2 div(θ∇φ) + θ∆φ− g · ∇φ.

Denote

f̃ = φf + θb · ∇φ+ θ∆φ− g · ∇φ, g̃ = φg − 2θ∇φ.

Then φθ solves

b · ∇(φθ)−∆(φθ) = f̃ + div g̃.

The function φθ is the unique compactly supported solution, so φθ = Γ ∗ (f̃ + div g̃). First, for the

forcing term in divergence form, we note that

‖g̃‖Lq(C) . ‖g‖Lq(C) +
1

R
‖θ‖Lq(C) ≤ RHS.
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Therefore,

‖Γ ∗ div g̃‖Lr(C) . ‖g̃‖Lq(C) . RHS.

For the forcing term not in divergence form, we notice that

‖f̃‖Lq(R3) . ‖f‖Lq(C) +
1

R
‖g‖Lq(C) +

(
U

L
+

1

R2

)
‖θ‖Lq(C) .

Here we used that |b · ∇φ| . U
L . Moreover, we have the elementary bound:

‖Γ‖
3
2

L
3
2 (3C)

.
ˆ

3C

1

r
3
2

dx ≤ CR 3
2 ,

where the constant C does not depend on L. Suppose Γ̃ = φ1Γ, where φ1 is a smooth function

supported on 2C and vanishing off 3C. Since f̃ is supported in C, we have that (Γ̃∗ f̃)(x) = (Γ∗ f̃)(x)

for all x ∈ C. In addition, we have by Young’s convolution inequality:

∥∥∥Γ ∗ f̃
∥∥∥

Lr(C)
=
∥∥∥Γ̃ ∗ f̃

∥∥∥
Lr(C)

≤
∥∥∥Γ̃ ∗ f̃

∥∥∥
Lr(R3)

≤ ‖Γ‖
L

3
2 (3C)

‖f̃‖Lq(C)

. R‖f‖Lq(C) + ‖g‖Lq(C) +

(
UR

L
+

1

R

)
‖θ‖Lq(C) .

Since φ ≡ 1 in 1
2C, we have completed the proof.
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Chapter 4

Non-Uniqueness

4.1 Preliminaries

4.1.1 Notation

We use the convention N = {0, 1, 2, . . .}. Capital letters such at N , M , etc. are reserved for

parameters taking values in the dyadic natural numbers 2N.

We write 〈x〉 := (1 + |x|2)
1
2 for x ∈ R3. For any positive expression Y , O(Y ) stands in for any

quantity X satisfying X ≤ CY . The expressions X . Y , X & Y , and X ∼ Y take on their usual

meanings: X ≤ CY , X ≥ CY , and C−1X ≤ Y ≤ CX respectively. We add subscripts to O, .,

etc. to indicate that the constants can depend on the variables in the subscript. See §4.1.4 for more

precise details on the dependencies of the constants.

We write a ∨ b and a ∧ b for max{a, b} and min{a, b}, respectively.

For a, b ∈ R3, define the symmetric tensor product a� b := 1
2 (a⊗ b+ b⊗a). Let S3×3(R) be the

space of real symmetric 3×3 matrices equipped with the Frobenius inner product, which we denote

by A : B := AijBij . Here and elsewhere, repeated indices are summed according to the Einstein

convention.
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We use the following Fourier series convention: if f ∈ C∞(T3;R),

f̂(ξ) =

 
T3

f(x)e−ix·ξdx, f(x) =
∑
ξ∈Z3

f̂(ξ)eiξ·x.

Occasionally we write Ff for f̂ . Here and elsewhere, T3 denotes the length-2π torus (R/2πZ)3 and
ffl
T3 is the normalized integral (2π)−3

´
T3 .

4.1.2 Littlewood–Paley Estimates

Let us define a dyadic partition of unity of R3,

σ(ξ) +
∑
N≥1

π(N−1ξ) = 1

for σ ∈ C∞c ({ξ ∈ R3 : |ξ| < 1}) and π ∈ C∞c ({ξ ∈ R3 : 1
2 < |ξ| < 2}), where N takes values in the

dyadic natural numbers 2N. The details are standard and we refer the reader to, for instance, [5].

For f a distribution on T3, one can define the Littlewood–Paley projections as Fourier multipliers

according to

PNf(x) =
∑
ξ∈Z3

π(N−1ξ)f̂(ξ)eix·ξ,

P≤Nf(x) =
∑
ξ∈Z3

(σ(ξ) +
∑
M≤N

π(M−1ξ))f̂(ξ)eix·ξ,

with the obvious interpretation for related notation such as P>N , etc.

More generally, for m ∈ C∞(R3 \ 0;C) and f ∈ S(T3), we define the Fourier multiplier with

symbol m by

m(∇/i)f(x) :=
∑
ξ∈Z3

m(ξ)f̂(ξ)eix·ξ.

Important examples for our purpose are constant coefficient differential operators with m a poly-

nomial, the heat propagator with m(ξ) = e−t|ξ|
2

, and the Leray projection P with m(ξ) = Id −
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|ξ|−2ξ ⊗ ξ. Recall that these operators are all mutually commuting.

Let us state some basic estimates on the interaction of Littlewood–Paley projection with these

multipliers. Note that by applying them component-wise, they extend easily to vector- and matrix-

valued multipliers.

Lemma 4.1.1 (Bernstein inequalities). Let m ∈ C∞(R3 \ 0;C) obeying

|∇im(ξ)| ≤ A|ξ|α−i (4.1)

for i = 0, 1, . . . , 10. For all 1 ≤ p ≤ q ≤ ∞ and f ∈ Lp(T3;R),

‖PNm(∇/i)f‖Lq(T3) .p,q AN
α+ 3

p−
3
q ‖f‖Lp(T3). (4.2)

In particular, one obtains the usual Bernstein inequalities for PN∇n.

Lemma 4.1.2 (Estimates on the heat propagator). Let f ∈ Lp(T3;R) and p ∈ [1,∞]. Then for

all t ≥ 0,

‖et∆PNf‖Lp(T3) .p exp
(
−N2t/O(1)

)
‖f‖Lp(T3). (4.3)

More generally,

‖et∆PNb(∇/i)f‖Lp(T3) .p,b N
α exp

(
−N2t/O(1)

)
‖f‖Lp(T3) (4.4)

where b ∈ C∞(R3 \ 0;C) is any α-homogeneous symbol. In other words, b(µξ) = µαb(ξ) for all

µ > 0.

Moreover, if b is as above with α > 0,

‖et∆f‖Lp(T3) .p exp(−t/O(1))‖f‖Lp(T3), (4.5)

‖et∆b(∇/i)f‖Lp(T3) .p t
−α2 exp(−t/O(1))‖f‖Lp(T3) (4.6)
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where, in (4.5), one must assume additionally that
ffl
T3 f = 0.

In (4.4), one should think of b(ξ) as being a component of ∇, ∇P, etc. The proofs are deferred

to the final sections 4.7.

4.1.3 Function Spaces

In the sequel we make use of an equivalent definition of BMO−1: u ∈ BMO−1 if u = divϕ for

some vector field ϕ ∈ (BMO)3. Recall that ϕ ∈ L1
loc is in BMO if

‖ϕ‖BMO := sup
Q

 
Q

|ϕ(x)− ϕQ|dx <∞

where the supremum runs over cubes Q ⊂ R3 and ϕQ =
ffl
Q
ϕ. BMO thus defined is obviously

only a norm when taken modulo constants, but this issue vanishes for BMO−1. These definitions

are adapted without issue to functions on T3, considering them as periodic functions on R3. It is

easy to see that averages on large cubes are comparable to averages over a single period. Thus, for

instance, the spaces BMO−1 and bmo−1 from [59] coincide in the periodic setting.

We also use the homogeneous Hölder–Zygmund spaces, which are the spaces of distributions

satisfying

‖u‖Cs := sup
N∈2N

Ns‖PNu‖L∞ <∞

where s ∈ R. It is well-known that for s ∈ (0, 1), Cs coincides with the standard homogeneous

Hölder space Cs. More generally, when s = m + α with m ∈ N and α ∈ (0, 1), the space Cs

coincides with Cm,α. For all s ∈ R, Cs coincides with the Besov space Ḃs∞,∞. In particular,

C−1 = Ḃ−1
∞,∞ is a space discussed previously that is strictly weaker than BMO−1. We shall use the

fact that for all s > 0, Cs ∩ L∞ is a multiplicative algebra. Namely, for f, g ∈ Cs ∩ L∞ we have

‖fg‖Cs .s ‖f‖Cs‖g‖L∞ + ‖f‖L∞‖g‖Cs .
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We remark that Cs and Cs defined as above are homogeneous and do not control the function

at frequency zero. This is as intended, and typically does not make a difference, since most of

the fields we shall measure have zero average on T3. For such fields, it is clearly the case that

‖f‖L∞ . ‖f‖Cs for all s > 0.

Let us also record the following heat estimate in the Hölder–Zygmund scale, which is an easy

consequence of (4.4): for all m ≥ 0, s1, s2 ∈ R satisfying m+ s1 − s2 ≥ 0, and f ∈ Cs2 , we have

‖et∆∇mf‖Cs1 .m,s1,s2 t
−m+s1−s2

2 ‖f‖Cs2 . (4.7)

The estimate holds just as well if f on the left-hand side is replaced by Pf . Furthermore, one can

replace C0 by the stronger norm L∞, with the exception of the endpoint case ‖et∆Pf‖L∞ . ‖f‖L∞

which fails.

4.1.4 Parameters

We summarize the dependencies of the parameters in the construction and their relation to the

various constants that appear in the inequalities.

We introduce a parameter α ∈ (0, 1
8 ) that measures the subcriticality of the perturbations w(1)

and w(2). The data and solutions we construct are active on two sequences of scales Mk and Nk

which we take to be of the form

Mk = bAb
k

c, Nk = MkbMγ−1
k c, k = 0, 1, 2, . . .

where b > 5 ∨ 1
1−8α and 1

1−4α < γ < 1
4α+b−1 can be chosen freely. Here bxc is the largest integer

≥ x. It is easy to see that the condition on b makes the condition on γ satisfiable. One should think

of the length scales M−1
k and N−1

k as the period of the Mikado flow and the oscillation wavelength,

respectively.

129



We record the following elementary estimate which will be useful:

4α < 1− γ−1 < 1− b−1. (4.8)

Here we provide some detail on the dependencies of the parameters and constants. Having

fixed b, γ, and α to satisfy the above relations, one can choose δ smaller than an absolute constant

specified in the course of the proof of Lemma 4.2.3. Then δ0 is chosen small depending on δ to satisfy

(4.9), and depending on an absolute constant to satisfy (4.12). The additional parameters chosen

throughout Sections 4.2–4.3 (e.g., ε, β, β1, c1, κ) are chosen to lie in explicit intervals depending

on b, α, and γ. Throughout the proof (with the exception of Lemma 4.2.3 where δ is chosen), the

implicit constants implied by the notation ., O(·), etc. may depend on α, β, γ, δ, δ0, ε, κ, b, and c1

but not A. The named constants C1, C2, . . . are chosen large depending on implicit constants and

all parameters other than A. Finally, throughout the construction and proofs, the scale parameter

A in the definition of Mk is taken to be as large as needed, depending on all the other parameters.

4.2 The Principal Part

4.2.1 Mikado Flow Potentials

The starting point for the construction of our initial data is the Mikado pipe flow introduced by

Daneri and Székelyhidi [37]. Fix a small δ > 0 to be determined which will be the total volume of

the Mikado flow support in each period of T3. For j ∈ {1, 2, . . . , 6}, let θj ∈ Z3 as in Lemma 4.5.1

and ηj ∈ Z3 \ 0 such that θj · ηj = 0, which will give the orientation of the shear flows. Let `j be

the 2π-periodic line xj + θjR mod (2πZ)3 for some xj ∈ T3 to be specified in Lemma 4.2.2. Note

that since each θj ∈ Z3, each `j has finite winding number.

We fix the radial profile of the pipes ϕ ∈ C∞c ([0, 1)) to be even and satisfy ϕ(0) = 1. Let δ0 be
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the pipe width, chosen small enough to keep the total volume of the pipes below δ:

πδ2
0

6∑
j=1

|`j | ≤ δ, (4.9)

where |`j | is the length of `j ∩ [0, 2π]3. Then we let

ϕ̃j(x) = ϕ(δ−1
0 dT3(x, `j))1dT3 (x,`j)≤δ0

be the profile that defines the support of the pipes. Let us emphasize that ϕ̃j should be interpreted

as a function on T3, i.e., as a 2π-periodic function on R3.

For technical reasons related to localization in space, we define the Mikado flows in terms of

vector potentials rather than velocity fields directly.

Definition 4.2.1. We define the Mikado flow vector potential

Ψ0
j,k(x) = N−2

k ϕ̃j(Mkx) sin(Nk(x− xj) · ηj)θj

as well as the (approximately) heat evolved potential

Ψj,k(x, t) = Ψ0
j,k(x) exp

(
−|ηj |2N2

k t
)
.

Further, we define slight expansions of the regions on which they are supported:

• Ωj,k is the δ0-neighborhood of supp Ψj,k,

• Ω̃j,k is the (2δ0)-neighborhood of supp Ψj,k, and

• Ωk and Ω̃k are regions containing the intersection of the pipes up to and including those at

scale k,

Ωk :=
⋂
m≤k

6⋃
j=1

Ωj,m, Ω̃k :=
⋂
m≤k

6⋃
j=1

Ω̃j,m.
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Defined in this way, Ψj,k solve the heat equation up to a small error with data Ψ0
j,k. Let us

record several basic properties of the Mikado potentials.

Lemma 4.2.2. With Ψ0
j,k and Ψj,k as in Definition 4.2.4, we have the following:

1. Ψ0
j,k and Ψj,k are smooth, 2π-periodic, and not identically zero. Moreover

‖∇mΨ0
j,k‖L∞(T3) .m N−2+m

k . (4.10)

2. The vector fields Ψ0
j,k and Ψj,k(t) at a fixed time solve the steady pressureless Euler equations:

div(Ψj,k ⊗Ψj,k) = 0, div Ψj,k = 0. (4.11)

3. Each Ψ0
j,k and Ψj,k is supported in the periodic pipe region {x ∈ T3 : dist(Mkx, `j) ≤ δ0}. Taking

δ0 > 0 smaller if necessary, there exist (xj)j=1,...,6 such that the supports satisfy

dist(supp ϕ̃j1 , supp ϕ̃j2) > 10δ0 ∀j1 6= j2. (4.12)

In particular, it follows that dist(Ω̃j1,k, Ω̃j2,k) > 5δ0M
−1
k .

4. With

Aj,k :=

 
T3

ϕ̃2
j (Mkx) sin2(Nk(x− xj) · ηj)dx, (4.13)

we have Aj,k ∼ δ.

Proof. Properties 1–3 are elementary consequences of Definition 4.2.4. We emphasize that the

choices of (xj)
6
j=1 and δ0 made to achieve (4.12) do not depend on k. Property 4 follows from an

easy application of Lemma 4.5.5, using the fact that
ffl
T3 ϕ̃

2
j ∼ δ, and that Nk/Mk can be made

larger than any absolute constant by choosing a sufficiently large A.

Next we prove sharp estimates on the volume of Ω̃k. A useful tool will be the “improved Hölder’s

inequality” from [70] following [14] which we quote in Section 4.5 for the reader’s convenience. Note
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that for X ⊂ T3, the volume |X| is defined in the natural way, namely the volume of X restricted

to a single period.

Lemma 4.2.3. We have

|Ω̃k| ≤ 2−k|T3|.

Moreover, there is a constant C0 > 1 such that for all cubes Q ⊂ R3,

|Q ∩ Ω̃k| ≤ 2−(k−k(Q))|Q| ∀k ≥ k(Q) (4.14)

where we define k(Q) := inf{k ∈ N : Mk ≥ C0`(Q)−1}.

Proof. We emphasize that in this proof, the constants (implicit and otherwise) do not depend on δ

or δ0. Recall the functions ϕ̃j(Mk·) that define the supports of the Ψj,k. Let φ ∈ C∞(T3; [0, 1]) be

such that

• φ ≡ 1 on
⋃
j supp ϕ̃j(x),

• φ ≡ 0 outside of the δ0-neighborhood of
⋃
j supp ϕ̃j(x), and

• |∇φ| ≤ C ′δ−1
0 for an absolute constant C ′.

Clearly, by (4.9), we have

‖φ‖L1 ≤
∑
j

| supp ϕ̃j | ≤ 4δ. (4.15)

Then we define φk(x) = φ(Mkx) leading to the pointwise inequality 1Ω̃k
≤ φ0φ1 · · ·φk ≤ 1T3 . The

lemma will follow from the stronger claim

‖φ0φ1 · · ·φk‖L1 ≤ (8δ)k|T3|,

and it suffices to take, say, δ = 1
20 . We proceed by induction. There is nothing to prove for k = 0.
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For k ≥ 1, we apply Lemma 4.5.5 with f = φ0 · · ·φk−1, g = φ, and λ = Mk to obtain

‖φ0φ1 · · ·φk‖L1 ≤ ‖φ0φ1 · · ·φk−1‖L1‖φ‖L1 +O(M−1
k ‖φ0φ1 · · ·φk−1‖C1‖φ‖L1)

≤ 4δ(8δ)k−1|T3|+O(M−1
k

k−1∑
j=0

‖φj‖C1),

in the last line using the inductive hypothesis and (4.15). Note that the constants implied by O()

are absolute, coming from Lemma 4.5.5. The first term is precisely 1
2 (8δ)k|T3|, so it remains to

show the second has the same upper bound. We compute

k−1∑
j=0

‖φj‖C1 ≤
k−1∑
j=0

C ′Mj ≤ C ′kMk−1

so it suffices to show

O(C ′kMk−1M
−1
k ) ≤ 1

2
(8δ)k|T3|. (4.16)

One finds by differentiation that k 7→ k(8δ)−kMk−1M
−1
k is decreasing for k ≥ 1 as long as 1 +

log(8δ)
−1−(b−1)(logA)(log b) < 0, which can be arranged by taking A sufficiently large depending

on b and δ. Thus (4.16) reduces to O(C ′M0M
−1
1 ) ≤ δ|T3| which indeed holds, using that M0M

−1
1 ≤

2A1−b and again taking A sufficiently large depending on δ, b, and the absolute constants that

appeared.

Next, (4.14) can be proven analogously, letting f be the product of φ0 · · ·φk−1 and a bump

function localized around Q.

Now, with δ and δ0 fixed, the constants in the remainder of the chapter are allowed to depend

on them, and we shall not make this dependence explicit.

4.2.2 Construction of the Data

Having defined suitable potentials for the Mikado flows, we proceed to fix the remaining elements

that go into the construction of the initial data.
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Definition 4.2.4. We define:

• The differential operator that takes vector fields to fields of symmetric rank-2 tensors,

Df := −∇f −∇fT + 2(div f) Id;

• A cutoff function χk which is identically 1 in Ωk−1, identically 0 outside of Ω̃k−1, and obeys

‖∇mχk‖L∞(T3) .m Mm
k−1; (4.17)

• A standard mollifier φk at length scale N
− 1

3

k+1N
− 2

3

k , supported in B(0, 1) with
´
T3 φk = 1;

• The Nash operators (Γj)
6
j=1 which obey

M =

6∑
j=1

Γj(M)2θj ⊗ θj

for all M ∈ S3×3 within a radius c0 = 1
1000 of the identity; see Lemma 4.5.1 for details.

One readily sees that D has the property divDf = curl curl f ; see Remark 4.2.3 for further

explanation of this choice.

Finally we can build the velocity potential for the initial data. The construction is carried out

inductively on scales.

Definition 4.2.5. Let ψ0
0 := N0φ0 ∗Ψ0

1,0. Given any ψ0
k−1 and k ≥ 1, we inductively define

ψ0
k := φk ∗

∑
j

aj,k(x)Ψ0
j,k(x) (4.18)

where

aj,k(x) = Nk

(
2‖Dψ0

k−1‖L∞
c0|ηj |2Aj,k

) 1
2

χk(x)Γj
(

Id +c0
Dψ0

k−1(x)

‖Dψ0
k−1‖L∞

)
with D, χk, φk, and Γj as in Definition 4.2.4.
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When k = 0, (4.18) holds just as well upon setting aj,0 = N0 when j = 1 and aj,0 = 0 otherwise.

It is important to point out that aj,k is well-defined because the tensor at which we evaluate Γj

lies in the domain as specified in Section 4.5. Here and elsewhere, the notation
∑
j denotes a sum

over j ∈ {1, 2, . . . , 6}.

Let us comment on the inclusion of the mollifier in (4.18). Because Dψ0
k−1 appears in the defi-

nition of ψ0
k (via aj,k), there is a potential loss-of-derivatives problem in the proofs of Lemma 4.2.6

and Proposition 4.2.1. Similar to many convex integration constructions, mollification at a sequence

of length scales shrinking to zero plays a Nash–Moser-type role in the iteration.

We also point out that the coefficients aj,k have amplitude ∼ Nk, as the factors besides the

Nk are of unit size. Furthermore, the frequency support of aj,k is essentially supported (neglecting

a small error) at and below |ξ| ∼ Mk. Thus, aj,k is effectively constant compared to Ψ0
j,k which

oscillates near the higher frequency Nk.

From Definition 4.2.5, one can extract the following inductive estimates.

Lemma 4.2.6. There is an absolute constant C1 > 0 such that

‖ψ0
k‖L∞ ≤ C1N

−1
k ‖Dψ

0
k−1‖

1
2

L∞ (4.19)

and

‖Dψ0
k‖L∞ ≤

1

2
C1‖Dψ0

k−1‖
1
2

L∞

(
1 +N−1

k

‖∇Dψ0
k−1‖L∞

‖Dψ0
k−1‖L∞

)
(4.20)

for all k ≥ 1.

Proof. We begin by estimating the coefficient functions aj,k. First, by (4.45) and part 4 of

Lemma 4.2.2 one has

‖aj,k‖L∞ . Nk‖Dψ0
k−1‖

1/2
L∞ . (4.21)
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Then, for the gradient,

‖∇aj,k‖L∞ . Nk‖Dψ0
k−1‖

1/2
L∞

(
‖∇χk‖L∞ + ‖∇(Γj

(
Id +c0

Dψ0
k−1(x)

‖Dψ0
k−1‖L∞

)
)‖L∞

)
.

The first term is easily estimated with (4.17). For the second we have

|∇(Γj
(

Id +c0
Dψ0

k−1(x)

‖Dψ0
k−1)‖L∞

)
)| .

‖∇Dψ0
k−1‖L∞

‖Dψ0
k−1‖L∞

using (4.45). We conclude

‖∇aj,k‖L∞ . Nk‖Dψ0
k−1‖

1
2

L∞

(
Mk +

‖∇Dψ0
k−1‖L∞

‖Dψ0
k−1‖L∞

)
. (4.22)

Now we can proceed toward proving (4.19)–(4.20). From the definition of ψ0
k, the L∞ bound-

edness of the mollifier φk∗, (4.21), and (4.10), we have

‖ψ0
k‖L∞ ≤

∑
j

(‖aj,k(x)‖L∞‖Ψ0
j,k‖L∞) . N−1

k ‖Dψ
0
k−1‖

1/2
L∞ .

Choosing C1 large enough to absorb the constants, we immediately have (4.19). Towards (4.20),

recall that D is a first-order differential operator so we may apply the Leibnitz rule to find

‖Dψ0
k‖L∞ .

∑
j

(‖aj,k‖L∞‖∇Ψ0
j,k‖L∞ + ‖∇aj,k‖L∞‖Ψ0

j,k‖L∞).

Then (4.10), (4.21), and (4.22) immediately yield

‖Dψ0
k‖L∞ . ‖Dψ0

k−1‖
1
2

L∞ +N−1
k ‖Dψ

0
k−1‖

1
2

L∞

(
Mk +

‖∇Dψ0
k−1‖L∞

‖Dψ0
k−1‖L∞

)
.

Taking C1 larger if needed and using the fact that Mk . Nk, we arrive at (4.20).

Iteratively combining the estimates from Lemma 4.2.6 yields the following. Note that lower

bounds will be crucial, both because ‖Dψ0
k−1‖L∞ appears in the denominator in Definition 4.2.5,
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and because establishing non-uniqueness will require precise asymptotics.

Proposition 4.2.1. With C2 an absolute constant, we have

C−2
2 (C2

2‖Dψ0
0‖L∞)2−k ≤ ‖Dψ0

k‖L∞ ≤ C2
2 (C2

2‖Dψ0
0‖L∞)2−k (4.23)

for all k ≥ 0. Furthermore

‖∇mψ0
k‖L∞ .m N−1+m

k (4.24)

for all k,m ≥ 0.

Proof. First, we establish (4.23) by induction. Suppose the claim holds for ψ0
m for all m =

1, 2, . . . , k − 1. We begin with the lower bound in (4.23) and decompose Dψ0
k = I + II + III + IV

depending on where the derivative falls: I when it falls on the sine within Ψ0
j,k; II when it falls on

ϕ̃j within Ψ0
j,k; III when it falls on χk within aj,k; and IV when it falls on Γj within aj,k. We

start with the dominant contribution I, and further decompose to extract the unmollified part:

I = I1 + I2; I1 = N−2
k

∑
j

aj,kϕ̃j(Mkx)D(sin(Nk(x− xj) · ηj)θj)

I2 = ϕk ∗ I1 − I1.

We compute

I1 = −2N−1
k

∑
j

aj,kϕ̃j(Mkx)(θj � ηj) cos(Nk(x− xj) · ηj).

Note that the terms in the sum have disjoint supports Ω̃j,k, so let us restrict to a particular one.

Recall that within Ωj,k, the cutoff χk is identically 1. Thus

I1
∣∣

Ωj,k
= −2

3
2 |ηj |(c−1

0 A−1
j,k‖Dψ

0
k−1‖L∞)

1
2 Γj(Id +c0

Dψ0
k−1

‖Dψ0
k−1‖L∞

)

×ϕ̃j(Mkx)(θj � ηj) cos(Nk(x− xj) · ηj).
(4.25)
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Recall from (4.45) that Γj is bounded from below; meanwhile the ηj are fixed vectors specified to

be orthogonal to θj from Lemma 4.5.1. For x = xj on the line `j , both the cosine and ϕ̃ factors are

exactly 1. We conclude that

‖I1‖L∞ & ‖Dψ0
k−1‖

1
2

L∞ ≥ C
−1
2 (C2

2‖Dψ0
0‖L∞)2−k

by the induction hypothesis. With a large enough choice of C2, this implies

‖I1‖L∞ ≥ 100C−2
2 (C2

2‖Dψ0
0‖L∞)2−k .

It remains to show that the other terms are uniformly much smaller.

To estimate I2, we need to bound the gradient of I1:

‖∇I1‖L∞ .
‖∇Dψ0

k−1‖∞
‖Dψ0

k−1‖
1/2
L∞

+ ‖Dψ0
k−1‖

1/2
L∞Nk.

The numerator in the first term is O(N
2
3

k N
1
3

k−1), using the mollifier to absorb the derivatives. The

denominator is 1/O(1) by the inductive hypothesis. Similarly the second term is O(Nk). Thus, by

a standard mollifier estimate,

‖I2‖L∞ . N
− 1

3

k+1N
− 2

3

k ‖∇I1‖L∞ . (Nk/Nk+1)
1
3 = A−

1
3γ(b−1)bk .

Next, consider II. Recall that ϕ̃j is a fixed smooth function, so clearly ∇(ϕ̃j(Mkx)) is O(Mk).

From this and the inductive hypothesis, we have

‖II‖L∞ . N−1
k Mk‖Dψ0

k−1‖
1/2
L∞ .C2,ψ0

0
N−1
k Mk = A−(γ−1)bk .

The argument for III is identical: when the derivative lands on χk, it yields a factor of Mk−1 due

to (4.17), which is even better than the factor Mk that appeared in II.

We finish by estimating IV . When D falls on Γj , the chain rule produces a factor∇Dψ0
k−1. As in
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the analysis of∇I1 above, one places derivatives on the mollifier to obtain ‖∇Dψ0
k−1‖L∞ . N

2
3

k N
1
3

k−1

which yields

‖IV ‖L∞ . (Nk−1/Nk)
1
3 = A−γ(1−b−1)bk .

To summarize, we have shown

‖Dψ0
k‖L∞ ≥ ‖I1‖L∞ − ‖I2‖L∞ − ‖II‖L∞ − ‖III‖L∞ − ‖IV ‖L∞

≥ 100C−2
2 (C2

2‖Dψ0
0‖L∞)2−k −OC2,ψ0

0
(A−c(b,γ)bk)

for some c(b, γ) > 0. Notice that the first term stays bounded from below as k → ∞. Thus,

choosing A sufficiently large depending on ψ0
0 , C2, b, and γ, the second term becomes negligible

and we arrive at the desired lower bound.

To prove the upper bound in (4.23), the same upper bounds on I2, II, III, and IV still suffice.

One need only recognize that the estimate on I1 is reversible and one can proceed from (4.25) to

obtain ‖I1‖L∞ . C2(C2
2‖Dψ0

0‖L∞)2−k .

To see (4.24), one proceeds directly by differentiating the definition. When all the derivatives

fall onto the sine, the upper bound is as claimed (analogously to I1). When derivatives fall onto

any other part, the upper bound is strictly smaller, which can be easily seen by arguing as above

for II–IV . For instance, when derivatives fall onto Γj , the resulting higher derivatives of ψ0
k−1 can

be adequately estimated using the mollifier and the inductive hypothesis (4.23) as was done above

for ∇Dψ0
k−1.

The velocity potentials ψ0
k will be the building blocks for the initial velocity U0. The following

proposition paves the way to properly defining U0 as a distribution and proving that it lies in

BMO−1.

Proposition 4.2.2. With ψ0
k as in Definition 4.2.5, the sum

∑∞
k=0 curl ψ0

k converges in L1(T3).
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Furthermore,

∞∑
k=0

curl ψ0
k ∈ BMO.

Proof. For brevity we write ζk = curl ψ0
k. By (4.24), we have ‖ζk‖L∞ = O(1). It follows from this

and Lemma 4.2.3 that ‖ζk‖L1 . | supp ζk| . 2−k|T3|. Convergence in L1 then follows because of

the absolute convergence of the series

∑
k

‖ζk‖L1(T3) <∞.

To show ζ =
∑
k ζk lies in BMO, we recall the definition from §4.1.3,

‖ζ‖BMO = sup
Q⊂R3

 
Q

|ζ − ζQ|.

By periodicity it is easy to see that it suffices to consider cubes Q ⊂ R3 with side length `(Q) ∈

(0,M−1
0 ), say. Fix any such Q and recall k(Q) = inf{k ∈ N : Mk ≥ C0`(Q)−1} from Lemma 4.2.3.

We estimate

 
Q

|ζ − ζQ| ≤ 2

 
Q

∑
k≥k(Q)−1

|ζk|+
∑

k≤k(Q)−2

‖ζk − (ζk)Q‖L∞(Q) = I + II.

To bound I, observe that the amplitude of ζk is O(1) from (4.24), while the volume of the support

can be estimated with (4.14) in Lemma 4.2.3. We arrive at

2

 
Q

∑
k≥k(Q)−1

|ζk| .
∑

k≥k(Q)−1

|Q ∩ Ω̃k|
|Q|

≤
∑

k≥k(Q)−1

2−(k−k(Q)) . 1.
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Now consider II. For any x ∈ Q and k ≤ k(Q)− 2,

|ζk(x)− (ζk)Q| = |
 
Q

(ζk(x)− ζk(y))dy|

≤
 
Q

‖∇ζk‖L∞`(Q)dy

. Nk`(Q)

using (4.24). Summing over k ≤ k(Q) − 2, we obtain the upper bound O(Nk(Q)−2`(Q)). By

definition of k(Q), in particular the minimality, we have Mk(Q)−1 < C0`(Q)−1 and conclude

II . Nk(Q)−2`(Q) . Nk(Q)−2M
−1
k(Q)−1 = N

1−b/γ
k(Q)−2

which is bounded, recalling from §4.1.4 that γ < b.

Finally we may define the velocity initial data.

Definition 4.2.7. With ψ0
k as in Definition 4.2.5, we define the data

U0 = curl

∞∑
k=0

curl ψ0
k. (4.26)

This is well-defined and in BMO−1 because of Proposition 4.2.2, with the outer curl taken in

the distributional sense.

4.2.3 Construction of the Principal Parts of the Solutions

The initial data constructed in Definition 4.2.7 has the essential property that at each frequency

level k, there are two different continuations consistent with the Navier–Stokes equations up to

a small error: one with dissipation dominating and another with the inverse cascade dominating.

(See §1.4.3 for further discussion.) We shall call these two alternatives vk and vk respectively. By

interposing them in different ways we can construct two approximate Navier–Stokes solutions v(1)

and v(2) with data U0.
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Definition 4.2.8. Recalling the definitions from §4.2, we define for k ≥ 0 the heat-dominated

evolution

vk(t, x) = φk ∗ curl curl
∑
j

aj,k(x)Ψj,k(x, t)

as well as the inverse cascade-dominated evolution

vk(t, x) =
1

2
N−2
k+1Pdiv

∑
j

Aj,k+1|ηj |2e−2|ηj |2N2
k+1ta2

j,k+1(x)θj ⊗ θj .

We occasionally write ψk := φk ∗
∑
j aj,kΨj,k, which are the corresponding continuations forward

in time from data ψ0
k. Then we define the pair of vector fields

v(1) =
∑

k≥0 even

vk +
∑

k≥0 odd

vk

and

v(2) =
∑

k≥0 odd

vk +
∑

k≥0 even

vk.

Remark 4.2.3. The operator curl curl = −∆ + ∇ div has the advantage that vk = curl curl ψk

is both divergence-free and of the form vk = divDψk where Dψk is a symmetric tensor. The latter

property is essential for our eventual use of Lemma 4.5.1.

Remark 4.2.4. In §4.4, we give a precise proof that the two solutions constructed have identical

data. Nonetheless, it is enlightening to observe at this point that this is true formally for the
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principal parts v(1) and v(2). Indeed, we compute

vk(0, x) =
1

2
N−2
k+1P div

∑
j

Aj,k+1|ηj |2a2
j,k+1(x)θj ⊗ θj

= c−1
0 ‖Dψ0

k‖L∞P div
(
χk+1

∑
j

Γ2
j (Id +c0

Dψ0
k

‖Dψ0
k‖L∞

)θj ⊗ θj
)

= c−1
0 ‖Dψ0

k‖L∞Pdiv(χk+1(Id +c0
Dψ0

k

‖Dψ0
k‖L∞

))

= P div(χk+1Dψ0
k)

= curl curl ψ0
k

where we have used Lemmas 4.5.1 and 4.5.3, the fact that P div annihilates scalar function multiples

of the identity, and that χk+1 is identically equal to 1 on suppDψ0
k. Meanwhile, the fact that

vk(0, x) = curl curl ψ0
k is immediate from the construction in Definitions 4.2.5 and 4.2.8. It follows

that formally we have the equality

v(i)|t=0 =
∑
k≥0

curl curl ψ0
k = U0

for both i = 1 and 2.

Later in §4.3, we shall see that v(1) and v(2) solve the Navier–Stokes up to a small subcritical

error and that the error can be corrected by a small perturbation. Before doing so, we need some

basic estimates on their sizes.

Proposition 4.2.5. The two vector fields v(1) and v(2) are divergence-free and obey the estimates

‖∇mv(i)(t)‖L∞(T3) .m t−
(m+1)

2 e−N
2
0 t/Om(1) (4.27)

for all m ≥ 0 and t > 0. Moreover

‖v(i)‖2L2([t1,t2],dt;L∞) + ‖v(i)‖
L1([t1,t2],t−

1
2 dt;L∞)

. 1 + (logA)−1 log(t2/t1) (4.28)
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for 0 < t1 ≤ t2 ≤ 1, where one may recall the large parameter A from §4.1.4.

We remark that we almost never take advantage of the exponential factor in (4.27), since all of

the nontrivial behavior of v(i) is confined to times t ∈ [0, N−2
0 ].

Proof. The divergence-free property is immediate from Definition 4.2.8 because the constituent

parts of v(i), namely vk and vk, appear inside of curl and P, respectively.

Next we proceed to the estimates, suppressing the dependence of v(i) on i for conciseness. We

recall the coefficient functions aj,k from Definition 4.2.5. With (4.24), (4.17), and (4.46), one can

use the Leibnitz rule to estimate

‖∇maj,k‖L∞ .m Nm
k−1Nk (4.29)

for m ≥ 0. It follows from (4.29) and (4.10) that

‖∇mvk‖L∞ . N1+m
k e−N

2
kt. (4.30)

For vk, one runs into the difficulty that P is not bounded on L∞. Instead, we carry out the estimate

in the Hölder space Cβ1 where β1 = b−1
4 ∧

1
2 . By (4.17), (4.29), and (4.24),

‖∇mvk‖L∞ . ‖∇mvk‖Cβ1 . N1+β1+m
k e−N

2
k+1t. (4.31)

Note that the homogeneous Cβ1 norm controls L∞ in this case because vk has zero average on T3.

To see (4.27), we combine the bounds on vk and vk to find

‖∇mv(t)‖L∞x .m
∑
k≥0

(N1+m
k e−N

2
kt +N1+β1+m

k e−N
2
k+1t). (4.32)

We analyze the two terms separately. Because Nk grows rapidly, the first term in the sum

is controlled by the largest summand; when t ≤ N−2
0 , the largest possible value occurs near

Nk = t−
1
2 , leading to a sum of O(t−(1+m)/2). When t > N−2

0 , the summands decrease mono-
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tonically leading to an upper bound of N1+m
0 e−N

2
0 t. Using that tN2

0 > 1, this is controlled by

Om(t−(1+m)/2e−N
2
0 t/Om(1)) due to the exponential decay. This yields the desired bound (4.27) for

the first term in (4.32). The second is estimated in the same way: the sum is controlled by its

largest contribution which occurs when Nk+1 is near t−
1
2 . In total, one finds that (4.32) leads to

‖∇mv(t)‖L∞ .m t−
1+m

2 + min
{
t−

1+β1+m
2b , N1+β1+m

0 e−N
2
1 t
}
.

By definition of β1, we have 1+β1+m
2b ≤ 1+m

2 . It follows that when t ≤ N−2
0 , t−

1+β1+m
2b can be

absorbed into the first term. When t > N−2
0 , we have

N1+β1+m
0 e−N

2
1 t .m N1+β1+m

0 (N2
1 t)
− 1+m

2 e−N
2
0 t =

(
N0

N1

)m
N1+β1

0

N1
t−

1+m
2 e−N

2
0 t.

Recall that N0 < N1 and, more strongly, N1+β1

0 < N1 because β1 < b − 1. We conclude that

the second contribution in (4.32) can be absorbed into t−
1+m

2 as well. This completes the proof of

(4.27).

Next we turn to (4.28). We remark that it suffices to prove the L1 estimate because the L2

estimate is immediate by Hölder’s inequality, combining the L1 bound with (4.27). We decompose

‖v‖
L1
t ([t1,t2],t−

1
2 dt;L∞x )

≤
∑
k

ˆ t2

t1

(
‖vk(t)‖L∞1t≤N−2

k
+ ‖vk(t)‖L∞1t>N−2

k
+ ‖vk(t)‖L∞

)
t−

1
2 dt

.
∑

k:Nk≤t−1/2
1

ˆ N−2
k ∧t2

t1

Nkt
− 1

2 dt+
∑

k:Nk≥t−1/2
2

ˆ t2

N−2
k ∨t1

Nke
−N2

ktt−
1
2 dt

+
∑
k

ˆ t2

t1

N1+β1

k e−N
2
k+1tt−

1
2 dt.

Let I, II, and III be the three terms in the final lines. For I we simply use the fundamental

theorem of calculus to find

I ≤
∑

k:Nk≤t−1/2
1

Nk(N−2
k ∧ t2)1/2 ≤

∑
k:Nk≤t−1/2

2

Nkt
1/2
2 +

∑
k:t
−1/2
2 ≤Nk≤t−1/2

1

1.
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Clearly the first contribution is O(1), while the second is the number of Nk found in the interval

(t
−1/2
2 , t

−1/2
1 ). We estimate this in a wasteful way: Nk is more lacunary than the geometric sequence

with ratio Ab−1 because Nk+1/Nk = Aγ(bk+1−bk) ≥ Aγ(b−1). Therefore,

#{k : Nk ∈ [t
− 1

2
2 , t

− 1
2

1 ]} ≤ logAγ(b−1)

(
t
−1/2
1

t
−1/2
2

)
= (2γ(b− 1) logA)−1 log(t2/t1)

which yields the desired estimate on I. For II, we have

II ≤
∑

k:Nk≥t−1/2
2

N−1
k (N−2

k ∨ t1)−
1
2 e−N

2
k(N−2

k ∨t1)

.
∑

k:t
− 1

2
2 ≤Nk≤t

− 1
2

1

1 +
∑

k:Nk>t
− 1

2
1

N−1
k t
− 1

2
1 e−N

2
kt1

which is once again O(1 + #{k : Mk ∈ [t
− 1

2
2 , t

− 1
2

1 ]}), and we conclude as in I. For III, we bound

t−
1
2 in the trivial way and evaluate the integral to find

III .
∑
k

N1+β1

k N−2
k+1t

− 1
2

1 e−N
2
k+1t1 . t

1
2−

1+β1
2b

1 .

Recall that β1 < b − 1 by definition so the power is positive. As we assumed t1 ≤ 1, we conclude

that III = O(1).

4.3 Construction of the Perturbation

To summarize our progress to this point, we have constructed two vector fields v(1) and v(2) with

common initial data U0 and reasonable estimates for t > 0. The purpose of this section is to show

that they nearly solve the Navier–Stokes equations and can be perturbed into exact solutions.
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4.3.1 Estimates on the Residual

For i ∈ {1, 2}, we shall define the residuals F (i) ∈ C∞((0, 1] × T3;S3×3) in divergence form which

satisfy

−P divF (i) = ∂tv
(i) −∆v(i) + P div v(i) ⊗ v(i). (4.33)

Note that Pdiv does not have a unique right inverse because F (i) has too many degrees of freedom.

In fact, an arbitrary choice of F (i) satisfying (4.33) would probably lack the required smallness to

complete the construction. In the following proposition, we fix a suitable pair F (1), F (2).

In order to state the proposition, we introduce two important parameters: the subcriticality

parameter α ∈ (0, 1
8 ) and the Hölder exponent κ ∈ (0, 1

2 −
1

2γ − 2α). We also recall the growth

rate A for the frequency scales Nk,Mk from §4.1.4. The objective is to find an F (i) that can be

estimated in, say, L∞ in such a way that the upper bound has slightly subcritical dependence on

time. There are two types of terms that appear: those with subcritical amplitude with an upper

bound of the form N1−c
k exp

(
−N2

k t
)
, and those with subcritical decay with an upper bound similar

to Nk exp
(
−N2+c

k t
)

for some c > 0. In either case, we can extract some smallness in C1,κ for κ > 0

as above with a subcritical weight in time.

Proposition 4.3.1. For any ε0 > 0 and all sufficiently large A > 1 (depending on ε0), there exist

F (1), F (2) ∈ C∞((0, 1]× T3;S3×3) obeying (4.33) and

sup
t∈(0,1]

(
t1−α‖F (i)‖L∞ + t

3
2−α‖∇F (i)‖Cκ

)
≤ ε0, i ∈ {1, 2}.

Proof. Before beginning to define and estimate the residual, we extract the part of vk that will not

be perturbative, decomposing vk = vpk + vek where

vpk = N2
k

∑
j

|ηj |2aj,kΨj,k,

vek = ve,1k + ve,2k + ve,3k + ve,4k ,
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having defined

ve,1k = (φk − δ) ∗ curl curl
∑
j

aj,kΨj,k,

ve,2k = −N−2
k

∑
j

∆(aj,kϕ̃j(Mkx)) sin(Nk(x− xj) · ηj)θj exp
(
−|ηj |2N2

k t
)
,

ve,3k = −2N−1
k

∑
j

ηj · ∇(aj,kϕ̃j(Mkx)) cos(Nk(x− xj) · ηj)θj exp
(
−|ηj |2N2

k t
)

ve,4k = N−2
k ∇

∑
j

θj · ∇aj,kϕ̃j(Mkx) sin(Nk(x− xj) · ηj) exp
(
−|ηj |2N2

k t
)
.

Here, ve,1k captures the effect of the mollifier, while the rest consists of the terms arising when

curl curl = −∆ +∇ div acts on vk. Note that for ve,4k , we have used (4.11). The dominant term is

vpk which appears when the Laplacian falls on the sine in Ψj,k. Sharp estimates for vpk are immediate

from (4.10) and (4.29),

‖∇mvpk‖L∞ .m N1+m
k exp

(
−N2

k t
)
. (4.34)

The “error part” vek is slightly more involved to bound because we require smallness in a subcritical

norm. By (4.29),

‖∇mve,1k ‖L∞ .m N
4
3 +m

k N
− 1

3

k+1 exp
(
−N2

k t
)

‖∇mve,2k ‖L∞ .m N−1+m
k M2

k exp
(
−N2

k t
)

‖∇mve,3k ‖L∞ .m Nm
k Mk exp

(
−N2

k t
)

‖∇mve,4k ‖L∞ .m Nk−1N
m
k exp

(
−N2

k t
)

for all m ≥ 0. Each of the right-hand sides is of the form A−c(b,γ)bkMkN
m
k exp

(
−N2

k t
)

for some

c(b, γ) ≥ 0, and in fact c = 0 is achieved for ve,3k (see §4.1.4 for the relevant parameter relations),
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leading to

‖∇mvek‖L∞ .m MkN
m
k exp

(
−N2

k t
)
. (4.35)

To define F (1) and F (2), we need to further decompose the interaction

vpk ⊗ v
p
k = N4

k

∑
j1,j2

|ηj1 |2|ηj2 |2aj1,kaj2,kΨj1,k ⊗Ψj2,k = Nk,1 +Nk,2 +Nk,3

where

Nk,1 =
∑
j

aj,k|ηj |4e−2|ηj |2N2
kta2

j,kθj ⊗ θj ,

Nk,2 =
∑
j

|ηj |4e−2|ηj |2N2
kta2

j,k

(
ϕ̃2
j (Mkx) sin2(Nk(x− xj) · ηj)−Aj,k

)
θj ⊗ θj ,

Nk,3 = N4
k

∑
j1 6=j2

|ηj1 |2|ηj2 |2aj1,kaj2,kΨj1,k ⊗Ψj2,k

where Aj,k was defined in (4.13). Nk,1 is the leading part that acts as a “force” on vk−1, while Nk,2

will be perturbative. Meanwhile, Nk,3 consists of cross terms which vanish identically due to the

pipe separation assumption (4.12).

Let us also define the tensor fields

Rk = φk ∗ D
∑
j

aj,kΨj,k

Rk = 2−1N−2
k+1

∑
j

Aj,k+1|ηj |2e−2|ηj |2N2
k+1ta2

j,k+1(x)θj ⊗ θj

which are constructed so that

PdivRk = vk, P divRk = vk. (4.36)

At this point we specialize to the case i = 1 in which, we recall from Definition 4.2.8, v(1) =
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v0 + v1 + v2 + v3 + · · · . To simplify this expansion, we define the consolidated parts of the velocity

vp :=
∑

k≥0 even

vpk, ve :=
∑

k≥0 even

vek, v :=
∑

k≥1 odd

vk

so that we may write v(1) = vp + ve + v. From (4.34) we easily have

‖∇mvp‖L∞ .m
∑
k

N1+m
k exp

(
−N2

k t
)
.m t−

1+m
2 . (4.37)

Next, from (4.35),

‖∇mve‖L∞ .m
∑
k≥0

MkN
m
k exp

(
−N2

k t
)

. (sup
k
Mk/Nk)

1
2

∑
k≥0

(MkNk)
1
2Nm

k exp
(
−N2

k t
)
.

The factor in front is comparable to supk A
−(γ−1)bk/2 = A−(γ−1)/2. With a sufficiently large choice

of A (depending on γ), this is majorized by ε0/C3 where C3 can be chosen as needed to absorb

incidental constants that appear. With t > 0 fixed, we estimate the sum. Observe that the

summands increase rapidly until Nk ∼ t−
1
2 , then they decrease rapidly. As a result, the sum is

controlled by the largest term. We can crudely provide an upper bound by letting Nk run over

(0,∞) and maximizing; clearly the maximum is attained at Nk ∼ t−
1
2 . We arrive at

t
1
2 ‖ve‖L∞ + t‖∇ve‖Cκ . C−1

0 ε0t
1
4−

1
4γ−

κ
2 ≤ C−1

0 ε0t
α (4.38)

by (4.8), since Mk = N
1/γ
k and t ≤ 1. Similarly, using (4.31),

‖∇mv‖L∞ .m
∑
k≥1

N1+β1+m
k e−N

2
k+1t/O(1) . (sup

k
Nk/Nk+1)

1
4

∑
k≥1

N
3
4 +β1+m

k N
1
4

k+1e
−N2

k+1t/O(1)
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and therefore, by analogous reasoning and a sufficiently large choice of A depending on b,

t
1
2 ‖v‖L∞ + t‖∇v‖Cκ . C−1

3 ε0(t
3
8−

3/4+β1
2b + t

1
2−

1
2b−

κ
2 t

3
8−

3/4+β1
2b ) ≤ C−1

3 ε0t
α, (4.39)

where β1 = min{ b−1
4 , 1

2} as before, and estimating using (4.8) that 3
8 −

3/4+β1

2b ≥ 1
4 (1 − b−1) > α

and that κ < 1 − b−1. A nearly identical argument will be used for every contribution to extract

some smallness in exchange for a bit of criticality so we shall not repeat the details each time.

Finally we can construct F (1):

F (1) := F
(1)
1 + F

(1)
2 + F

(1)
3 + F

(1)
4

where

F
(1)
1 = −

∑
k≥0 even

(∂t −∆)Rk

F
(1)
2 =

∑
k≥1 odd

∆Rk

F
(1)
3 = −RdivN0,1 −

∑
k≥1 odd

(∂tRk +Nk+1,1)

F
(1)
4 = −v(1) ⊗ v(1) +

∑
k≥0 even

(vpk ⊗ v
p
k −R divNk,2)

where R is the anti-divergence operator defined in Lemma 4.5.2. Let us briefly verify that F (1)
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defined in this way satisfies (4.33). We compute

−P divF (1) =
∑

k≥0 even

(∂t −∆)P divRk −
∑

k≥1 odd

∆P divRk + PdivN0,1

+
∑

k≥1 odd

(∂tP divRk + P divNk+1,1) + P div v(1) ⊗ v(1)

−
∑

k≥0 even

P div vpk ⊗ v
p
k +

∑
k≥0 even

P divNk,2

=
∑

k≥0 even

(∂t −∆)vk +
∑

k≥1 odd

(∂t −∆)vk + Pdiv v(1) ⊗ v(1) (4.40)

+ Pdiv
(
N0,1 +

∑
k≥1 odd

Nk+1,1 −
∑

k≥0 even

(vpk ⊗ v
p
k −Nk,2)

)
(4.41)

using (4.36) and the fact that divR acts as the identity on zero-average fields (which, indeed, is

the case throughout by the divergence theorem). Clearly the expression on line (4.40) is precisely

∂tv
(1) − ∆v(1) + P div v(1) ⊗ v(1). Meanwhile, the expression on the next line (4.41) identically

vanishes because vpk ⊗ v
p
k = Nk,1 +Nk,2. Thus we conclude that (4.33) indeed holds for F (1).

Now we proceed to prove the claimed estimate on F (1). Consider the contribution to F
(1)
1 from a

fixed j ∈ {1, 2, . . . , 6} and k even. The key observation is that the heat operator exactly annihilates

the sin(Nk(x− xj) · ηj) exp
(
−|ηj |2N2

k t
)

factor within Ψj,k; thus one is left with the remaining terms

from the Laplacian,

N−2
k |φk ∗ D

(
∆(ϕ̃jaj,k) sin Θ + 2ηj · ∇(ϕ̃jaj,k)Nk cos Θ

)
|e−|ηj |

2N2
kt .MkNke

−N2
kt

by (4.29), having written Θ in place of Nk(x− xj) · ηj for brevity. Once again by (4.29), additional

derivatives cost a factor of Nk each and we obtain

‖∇mF (1)
1 ‖L∞ .

∑
k≥0 even

MkN
1+m
k exp

(
−N2

k t
)

153



for m ∈ {0, 1}. This implies

t‖F (1)
1 ‖L∞ + t

3
2 ‖∇F (1)

1 ‖Cκ . C−1
3 ε0t

1
4−

1
4γ ≤ C−1

3 ε0t
α (4.42)

by (4.8) and identical reasoning as above to extract the ε0 factor.

For F
(1)
2 , we use the crude upper bound coming from (4.29),

1

2
N−2
k+1|∆

∑
j

Aj,k+1|ηj |2e−2|ηj |2N2
k+1ta2

j,k+1(x)θj ⊗ θj | . N2
ke
−N2

k+1t.

Once again, additional derivatives cost Nk so

‖∇mF2‖L∞ .
∑

k≥1 odd

N2+m
k exp

(
−N2

k+1t
)
.

By the same reasoning as before, we may extract some smallness from the fast time decay and

obtain

t‖F (1)
2 ‖L∞ + t

3
2 ‖∇F (1)

2 ‖Cκ . C−1
3 ε0t

1
2−

1
2b ≤ C−1

3 ε0t
α

by (4.8) and a sufficiently large choice of A.

Next, we claim that F
(1)
3 vanishes identically. Indeed, N0,1 is a constant because aj,0 are

constants, so it is annihilated by div. Then, it is a trivial calculation from the definitions that

∂tRk +Nk+1,1 identically vanishes for all k ≥ 1.

Moving to F
(1)
4 , recall the decomposition v(1) = vp + ve + v from which we can expand

F
(1)
4 = −

( ∑
k 6=m≥0 even

vpk ⊗ v
p
m

)
− v(1) ⊗ (v + ve)− (v + ve)⊗ vp −

∑
k≥0 even

RdivNk,2

=: F4,1 + F4,2 + F4,3 + F4,4.

We immediately have from (4.27), (4.37), (4.38), (4.39), and the product rule for C1,κ ∩ L∞ that

F4,2 and F4,3 obey the desired estimates.
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Next consider F4,1. By (4.34),

‖F4,1(t)‖L∞ ≤
∑
k 6=m

‖vpk ⊗ v
p
m‖L∞ .

∑
k 6=m

NkNm exp
(
−(N2

k +N2
m)t
)

.
∑
m

(
Nm exp

(
−N2

mt
) ∑
k<m

Nk

)

.
∑
m

Nm−1Nm exp
(
−N2

mt
)

. C−1
3 ε0t

− 3
4−

1
4b

where, to obtain the second line from the first, we invoke the symmetry of k and m and sum over

only the indices k < m without losing of generality.

Similarly, for the derivative,

‖∇F4,1(t)‖Cκ .
∑
k 6=m

(Nk +Nm)1+κNkNm exp
(
−N2

k∨mt
)

.
∑
m

(
N2+κ
m exp

(
−N2

mt
) ∑
k<m

Nk

)

.
∑
m

Nm−1N
2+κ
m exp

(
−N2

mt/O(1)
)

. C−1
3 ε0t

− 5
4−

1
4b−

κ
2 .

With (4.8) and the fact that κ < 1
2 −

1
2b − 2α, we conclude that

t‖F4,1(t)‖L∞ + t
3
2 ‖F4,1(t)‖L∞ . C−1

3 ε0t
α.

Finally we estimate F4,4:

−R div
∑

k≥0 even

∑
j

|ηj |4e−2|ηj |2N2
kta2

j,k

(
ϕ̃2
j (Mkx) sin2(Nk(x− xj) · ηj)−Aj,k

)
θj ⊗ θj .

Let us fix a particular j, k. The first observation is that when div falls on the expression in
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parentheses, the result vanishes due to (4.11). What remains is

F4,4 = −
∑

k≥0 even

∑
j

|ηj |4e−2|ηj |2N2
ktF4,4,j,k : θj ⊗ θj

where F4,4,j,k can be written in coordinates as

F j1j2j3j44,4,j,k := Rj1j2j3
(
∂j4(a2

j,k)
(
ϕ̃2
j (Mkx) sin2(Nk(x− xj) · ηj)−Aj,k

))
.

We shall henceforth omit the coordinates because they play no role in the estimates. We observe

that F4,4,j,0 vanishes identically because aj,0 is a constant.

Recall by definition that Nk is an integer multiple of Mk; thus we may write

hj,k(Mkx) = ϕ̃2
j (Mkx) sin2(Nk(x− xj) · ηj)−Aj,k

for a 2π-periodic function hj,k ∈ C∞(T3;R). Most importantly, due to (4.13), hj,k has zero average

on T3. Thus, taking a Fourier series of hj,k, we obtain

F4,4,j,k(x) =
∑

ξ∈Z3\0

ĥj,k(ξ)R
(
∇(a2

j,k)(x)eiMkξ·x
)
. (4.43)

We need to estimate the Fourier coefficients of hj,k = ϕ̃2
j (x) sin2(NkM

−1
k (x −Mkxj) · ηj) − Aj,k.

Obviously the sin2 factor has Fourier support at just ξ = 0 and ξ = ±2NkM
−1
k ηj . Thus

ĥj,k(ξ) =
(
s0F(ϕ̃2

j )(ξ) + s1F(ϕ̃2
j )(ξ + 2NkM

−1
k ηj) + s1F(ϕ̃2

j )(ξ − 2NkM
−1
k ηj)

)
1ξ 6=0

where s0 and s1 are the Fourier coefficients of sin2(NkM
−1
k (x − Mkxj) · ηj) at ξ = 0 and ξ =

±NkM−1
k ηj , respectively. One readily computes |s0| = 4π3 and |s1| = 2π3. This implies

|ĥj,k(ξ)| . 〈ξ〉−10 + 〈ξ + 2NkM
−1
k ηj〉−10 + 〈ξ − 2NkM

−1
k ηj〉−10.
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Finally, we can estimate (4.43) with an application of Lemma 4.5.4 with Hölder parameter β freely

chosen in the range

0 < β < 1− γ(4α+ b−1)

where the coefficient function “a” in the lemma becomes ∇(a2
j,k). Note that this range is non-empty

by definition of γ. Using (4.29), we have, for all ξ ∈ Z3 \ 0,

‖R
(
∇(a2

j,k)(x)eiMkξ·x
)
‖Cβ .m Nk−1N

2
k (M−1+β

k +M−m+β
k Nm

k−1 +M−mk Nm+β
k−1 ).

The third term is clearly dominated by the second and can be dropped. By choosingm > b/(1−γ/b),

we can make (Nk−1/Mk)m � M−1
k , allowing the second term to be dropped as well. This leaves

us with

‖F4,4,j,k‖Cβ . Nk−1M
−1+β
k N2

k

∑
ξ∈Z3

(
〈ξ〉−10 + 〈ξ + 2NkM

−1
k ηj〉−10 + 〈ξ − 2NkM

−1
k ηj〉−10

)
.

Clearly this is summable with a uniform constant; thus

‖F4,4(t)‖L∞ .
∑

k≥2 even

Nk−1M
−1+β
k N2

ke
−N2

kt

. sup
k

(Nk−1M
−1+β
k )

1
2

∑
k

N
1
2

k−1M
−(1−β)/2
k N2

ke
−N2

kt

. (sup
k
A( γb−1+β)bk)

1
2 t−

1
4b+ 1−β

4γ −1.

By definition of β, the power γ
b − 1 + β < −4αγ is negative so the prefactor can be made as small

as needed with the choice of A, as usual.

Finally, we estimate the gradient. Recall that ∇R is a Calderón–Zygmund operator so it is

bounded on Cκ(T3). Thus, by (4.29) and interpolation,

‖∇F4,4,j,k‖Cκ . ‖∇(a2
j,k)
(
ϕ̃2
j (Mkx) sin2(Nk(x− xj) · ηj)−Aj,k

)
‖Cκ . Nk−1N

2+κ
k .
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Let c1 ∈ (0, 1− b(κ+2α)
b−1 ). Then

‖∇F4,4(t)‖Cκ . sup
k

(Nk−1/Nk)c1
∑

k≥2 even

e−2N2
kt/O(1)N1−c1

k−1 N
2+κ+c1
k . t−

1−c1
2b −

2+κ+c1
2 .

We conclude

t‖F4,4(t)‖L∞ + t
3
2 ‖∇F4,4(t)‖L∞ . C−1

3 ε0(t
1−β
4γ −

1
4b + t

1−κ−c1
2 − 1−c1

2b ).

Both powers are bounded from below by α: the first because of the definitions of β, b, and γ, and

the second because of the definitions of c1, κ, and b.

With F (1) fully estimated, let us now address F (2) which corresponds to v(2) = v0 + v1 + v2 +

v3 + · · · . We have an exactly analogous decomposition v(2) = vp + ve + v where vp, ve, and v are as

before, the only change being that “even” and “odd” are reversed in the definitions. The estimates

(4.37)–(4.39) still hold by the same arguments. Now we can define F (2):

F (2) := F
(2)
1 + F

(2)
2 + F

(2)
3 + F

(2)
4

where

F
(2)
1 = −

∑
k≥1 odd

(∂t −∆)Rk

F
(2)
2 =

∑
k≥0 even

∆Rk

F
(2)
3 = −

∑
k≥0 even

(∂tRk +Nk+1,1)

F
(2)
4 = −v(2) ⊗ v(2) +

∑
k≥1 odd

(vpk ⊗ v
p
k −R divNk,2).

From here, identical calculations to the ones for F (1) can be used to verify (4.33) and the claimed

estimates for F (2).
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4.3.2 Semigroup of the Linearization around the Principal Part

Recall the subcriticality parameter α ∈ (0, 1
8 ) and Hölder exponent κ ∈ (0, 1

2 −
1

2γ − 2α). We

consider the Banach space

Y = {a ∈ C0((0, 1];C1,κ(T3;S3×3)) : ‖a‖Y := sup
t∈(0,1]

(t1−α‖a‖L∞(T3) + t
3
2−α‖∇a‖Cκ(T3)) <∞}

in which we shall measure, for instance, the F (i) and w(i) ⊗ w(i). This choice is natural in light of

Proposition 4.3.1.

For i ∈ {1, 2}, a ∈ Y , and 0 < t′ ≤ t ≤ 1, we define the semigroup S(i)(t, t′)a as the solution of

∂tS
(i)(t, t′)a−∆S(i)(t, t′) + 2Pdiv(v(i)(t)� S(i)(t, t′)a) = 0

S(i)(t′, t′) = Pdiv a(t′).

There is no difficulty with S(i)(t, t′) being well-defined and smooth because v(i) is smooth with

uniform estimates on [t′, 1] × T3. For the reader’s convenience, we give a proof of existence in

Section 4.6.1, or see [61, Theorem 21.3]. What is not so clear is whether one can obtain bounds

that degenerate only mildly near t′ = 0, given that the smoothness of v(i) breaks down.

The effect of the following proposition is that S(i)(t, t′) behaves comparably to e(t−t′)∆P div,

with the slight loss (t/t′)ε (ε > 0 as small as desired) because v(i) does not belong to L2
t (R+;L∞x )

or L1(R+, t
− 1

2 dt;L∞). If v(i) were an arbitrary vector field in, say, the Koch–Tataru space XKT

and additionally obeyed (4.27), we do not expect the loss would be so mild. It is essential that the

loss is, in particular, smaller than the subcriticality window (t′)α. Fortunately, due to v(i) being

supported on a lacunary sequence of scales, quantities such as ‖v(i)‖L2
t ([t
′,t];L∞x ) can be arranged to

deteriorate as slowly as desired as t′/t→ 0; see the proof of Propostion 4.2.5.

Proposition 4.3.2. For all i ∈ {1, 2}, a ∈ Y , and 0 < t′ ≤ t ≤ 1, we have

‖S(i)(t, t′)a‖L∞(T3) + (t− t′) 1
2 ‖∇S(i)(t, t′)a‖Cκ(T3) . (t′)−1+α−εt−

1
2 +ε‖a‖Y .
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Proof. We suppress the dependence on i and write v for either v(1) or v(2). For a fixed t′ ∈ (0, 1),

the semigroup obeys the Duhamel formula

S(t, t′)a = e(t−t′)∆P div a(t′)− 2

ˆ t

t′
e(t−s)∆P div(v(s)� S(s, t′)a)ds

=: I + II + III

where I is the linear propagator and II and III are the pieces of the integral over [t′, t′ ∨ (t/2)]

and [t′ ∨ (t/2), t] respectively.

Consider I. There are two ways to estimate: either by moving to Cκ on which e(t−t′)∆P is

uniformly bounded, or applying the C1 → L∞ boundedness of the heat kernel from Lemma 4.1.2.

We use whatever upper bound is more favorable and obtain

‖I‖L∞ . ‖∇a(t′)‖Cκ ∧ ((t− t′)− 1
2 ‖a(t′)‖L∞)

. (t′)−
3
2 +α ∧ ((t− t′)− 1

2 (t′)−1+α)‖a‖Y

= (t′)−1+α(t′ ∨ (t− t′))− 1
2 ‖a‖Y

. (t′)−1+αt−
1
2 ‖a‖Y .

Next we have by (4.27)

‖II‖L∞ .
ˆ t′∨(t/2)

t′
(t− s)− 1

2 ‖v(s)‖L∞‖S(s, t′)a‖L∞ds

. t−
1
2

ˆ t′∨(t/2)

t′
s−

1
2 ‖v(s)‖L∞‖S(s, t′)a‖L∞s

1
2 ds

where we have used the fact that the integral vanishes identically unless t > 2t′, so t/(t − s) ≤

t/(t− t/2) = 2. Also by (4.27),

‖III‖L∞ .
ˆ t

t′∨(t/2)

(t− s)− 1
2 ‖v(s)‖L∞‖S(s, t′)a‖L∞ds

. t−
1
2

ˆ t

t′∨(t/2)

(t− s)− 1
2 ‖v(s)‖L∞‖S(s, t′)a‖L∞s

1
2 ds,

160



since (t/s)1/2 ≤
√

2 on the interval s ∈ [t′ ∨ (t/2), t]. Letting h(t) = t
1
2 ‖S(t, t′)a‖L∞ and summing

the estimates for I, II, and III, we have arrived at

h(t) . (t′)−1+α‖a‖Y +

ˆ t

t′
(s−

1
2 + (t− s)− 1

2 )‖v(s)‖L∞h(s)ds.

This is in a form where we can apply Lemma 4.6.2 with p = 3 (say), g1(s) = s−
1
2 ‖v(s)‖L∞ and

g2(s) = ‖v(s)‖L∞ which lead to

h(t) . (t′)−1+α‖a‖Y exp
(
O(‖v‖

L1([t′,t],t−
1
2 dt;L∞)

+ ‖s 1
2 v‖L∞t,x([t′,t])‖v‖2L2([t′,t];L∞))

)
.

By (4.27)–(4.28), we may estimate the norms in the exponent to obtain

h(t) . (t′)−1+α‖a‖Y exp
(
O(1 + (logA)−1 log(t/t′))

)
.

The exponential factor becomes O((t/t′)O(1/ logA)). Choosing A sufficiently large depending on ε,

the power becomes smaller than ε/2. Unpacking the definition of h thus yields

‖S(t, t′)a‖L∞ . t−
1
2 (t′)−1+α(t/t′)

ε
2 ‖a‖Y . (4.44)

Next we address the C1,κ norm. To do so, we redefine the decomposition of S(t, t′)a: I stays

the same but II and III split the integral into [t′, (t+ t′)/2] and [(t+ t′)/2, t] respectively. Then,

by a similar calculation using (4.7),

‖∇I‖Cκ . ((t− t′)− 1
2 ‖∇a(t′)‖Cκ) ∧ ((t− t′)−1−κ2 ‖a(t′)‖L∞)

. ((t− t′)− 1
2 (t′)−

3
2 +α) ∧ ((t− t′)−1−κ2 (t′)−1+α)‖a‖Y

. (t− t′)− 1
2 (t′)−1+αt−

1+κ
2 ‖a‖Y ,

having used the fact that t′ ∨ (t − t′)1+κ ≥ (t/2)1+κ which can be seen by considering the cases
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t′ > t/2 and t′ ≤ t/2 and using t ≤ 1. Next, by (4.7), (4.27), and (4.44), we have

‖∇II‖Cκ .
ˆ (t+t′)/2

t′
(t− s)−1−κ2 ‖v(s)‖L∞‖S(s, t′)a‖L∞ds

. (t′)−1+α− ε2
ˆ (t+t′)/2

t′
(t− s)−1−κ2 s−1+ ε

2 ds‖a‖Y

. (t− t′)−κ2 (t′)−1+α− ε2 t−1+ ε
2 ‖a‖Y

and, additionally using (4.44) and that C1,κ ∩ L∞ is a multiplication algebra,

‖∇III‖Cκ .
ˆ t

(t+t′)/2

(t− s)− 1
2 (‖∇v(s)‖Cκ‖S(s, t′)a‖L∞ + ‖v(s)‖L∞‖∇S(s, t′)a‖Cκ)ds

.
ˆ t

(t+t′)/2

(t− s)− 1
2 (s−

3
2 + ε

2−
κ
2 (t′)−1+α− ε2 ‖a‖Y + ‖v(s)‖L∞‖∇S(s, t′)a‖Cκ)ds.

The first term in the integrand contributes O((t′)−1+α− ε2 t−1+ ε
2−

κ
2 ‖a‖Y ). Thus, defining h(t) =

(t− t′) 1
2 t

1+κ
2 ‖∇S(t, t′)‖Cκ , we have

h(t) . (t′)−1+α(t/t′)
ε
2 ‖a‖Y +

ˆ t

(t+t′)/2

(t− s)− 1
2 ‖v(s)‖L∞h(s)ds,

using that t and s are comparable on this time interval. We conclude once again by Lemma 4.6.2,

(4.27), and (4.28).

4.3.3 Fixed Point Argument

We construct the perturbation w(i) by means of a fixed point argument on the Banach space

X = {V ∈ C0((0, 1];C1,κ(T3;R3)) : ‖V ‖X := sup
t∈(0,1]

(t
1
2−

α
2 ‖V ‖L∞ + t1−

α
2 ‖∇V ‖Cκ) <∞}.

Recall the parameter ε0 from Proposition 4.3.1 which quantifies the smallness of the residuals

F (i). This smallness, combined with the zero initial data, enables us to construct the perturbations

w(i) by a standard fixed point argument in X.
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Proposition 4.3.3. There exists C4 > 0 such that for all ε1 ∈ (0, C−1
4 ) and sufficiently large

A > 1, there exist w(1), w(2) ∈ BX(0, ε1) such that u(1) = v(1) + w(1) and u(2) = v(2) + w(2) both

satisfy (1.13). Furthermore, w(i)(t)→ 0 in C−1+α
2 as t→ 0.

Note that at this point, we do not make any claim about the initial data of the u(i). The second

statement will eventually play a role by, in effect, enforcing that the data is determined only by

v(i). We point out that w(i) ∈ X alone does not imply any control near the initial time.

Proof. Once again in this proof, we suppress the dependence on i of v(i), w(i), F (i), and S(i).

In order for u = v + w to solve (1.13), the perturbation w should solve

∂tw −∆w + 2Pdiv v � w = P div(F − w ⊗ w)

w|t=0 = 0

where F is as in Proposition 4.3.1, in particular satisfying (4.33). We solve for w as a fixed point

of the map

T (w)(t) =

ˆ t

0

S(t, t′)(F − w ⊗ w)(t′)dt′

where S(t, t′) is the semigroup of the linearization around v defined in §4.3.2. Recall as well the

function space Y defined in §4.3.2. From the following estimates, it will follow that T is a well-

defined operator on X.

Based on the definitions of X and Y , we have the elementary product estimate

‖w ⊗ w‖Y . sup
0<t≤1

(t
3
2−α‖w(t)‖L∞‖∇w(t)‖Cκ + t1−α‖w(t)‖2L∞) . ‖w‖2X .
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Combining this with Propositions 4.3.1 and 4.3.2 and the fact that ε < α,

‖T (w)(t)‖L∞ . t−
1
2 +ε

ˆ t

0

(t′)−1+α−εdt′‖F − w ⊗ w‖Y

. t−
1
2 +ε

ˆ t

0

(t′)−1+α−εdt′(‖w‖2X + ‖F‖Y )

. t−
1
2 +α(‖w‖2X + ε0)

and

‖∇T (w)(t)‖Cκ . t−
1
2 +ε

ˆ t

0

(t′)−1+α−ε(t− t′)− 1
2 dt′‖F − w ⊗ w‖Y

. t−1+α(‖w‖2X + ε0).

It can be arranged via Proposition 4.3.1 that ε0 is so small that

‖T (w)‖X ≤ O(‖w‖2X) +
1

2
ε1,

having also used t ≤ 1. By a similar calculation,

‖T (w1)− T (w2)‖X . ‖w1 − w2‖X(‖w1‖X + ‖w2‖X).

Choosing C4 sufficiently large to compensate for the implicit constants, it follows that T is a

contraction on the ball BX(0, ε1) for all ε1 ∈ (0, C−1
4 ), and we conclude by the Banach fixed point

theorem.

Finally, we prove control of w near the initial time using the Duhamel formula

w(t) =

ˆ t

0

e(t−t′)∆P div(−2v � w − w ⊗ w + F )(t′)dt′.
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By (4.7), (4.27), Proposition 4.3.1, interpolation, and the fact that ‖w‖X ≤ ε1, we have

‖w(t)‖C−1+α/2 .
ˆ t

0

‖ − 2v � w(t′)− w ⊗ w(t′) + F (t′)‖Cα/2dt′

.
ˆ t

0

((t′)−1+α
4 + (t′)−1+ 3α

4 )dt′

. tα/4

for all t ∈ (0, 1].

4.4 Proof of the Non-Uniqueness Theorem

We have shown that for i ∈ {1, 2}, there exist v(i) ∈ C∞((0, 1] × T3) and w(i) ∈ C0((0, 1];C1,κ)

obeying suitable equations such that u(i) = v(i) + w(i) obey (1.13). By standard regularity theory,

u(i) is in fact smooth on (0, 1]× T3.

Next we argue that both solutions attain the data U0. We showed in Proposition 4.3.3 that

w(i)(t) → 0 in C−1+α/2(T3). This subcritical topology is too strong for the principal part of the

solutions; instead we claim that v(i)(t) → U0 in Ẇ−1,p(T3), for all 1 < p < ∞. Recall from

Definitions 4.2.7–4.2.8 that for i ∈ {1, 2}, we can write

v(i)(t) = curl
∑
k∈Ni

curl ψk(t) +
∑

k∈N\Ni

vk(t), U0 = curl
∑
k∈N

curl ψ0
k

where Ni := i − 1, i + 1, i + 3, . . . for i ∈ {1, 2}. For the heat-dominated part of the data, we use
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Definition 4.2.8, (4.29), and (4.10) to estimate

∥∥∥ ∑
k∈Ni

(curl ψk(t)− curl ψ0
k)
∥∥∥
Lp

.
∑
k

‖curl (aj,k(Ψj,k −Ψ0
j,k))‖Lp

.
∑
j,k

‖∇(aj,kΨ0
j,k)‖Lp(1− e−|ηj |

2N2
kt)

.
∑
k

|Ω̃k|
1
p (1 ∧ (N2

k t))

≤
∑

k :Nk≤t−1/4

N2
k t+

∑
k :Nk>t−1/4

2−
k
p .

In the last two lines, we used the fact that ‖∇(aj,kΨ0
j,k)‖L∞ = O(1) and that supp(aj,kΨ0

j,k) ⊂ Ω̃k,

whose volume is bounded by 2−k as shown in Lemma 4.2.3. The terms in the first sum grow faster

than exponentially so the sum is controlled by the largest term which is O(t
1
2 ). For the second sum,

clearly the first index k satisfying Nk+1 > t−1/4 will grow to infinity as t → 0. Since the terms

themselves are independent of t, the sum is the shrinking tail of a convergent series so it goes to

zero. We conclude that curl
∑
k∈Ni curl ψk(t)→ curl

∑
k∈N curl ψ0

k in Ẇ−1,p.

Likewise for the nonlinear evolution-dominated part, with Definition 4.2.8, we compute

curl curl ψ0
k − vk(t)

= curl curl ψ0
k −

∑
j

Pdiv(e−2|ηj |2N2
k+1t2−1N−2

k+1Aj,k+1|ηj |2a2
j,k+1(x)θj ⊗ θj)

= P div
∑
j

(1− e−2|ηj |2N2
k+1t)2−1N−2

k+1Aj,k+1|ηj |2a2
j,k+1(x)θj ⊗ θj

+
(

curl curl ψ0
k − 2−1N−2

k+1Pdiv
∑
j

aj,k+1|ηj |2a2
j,k+1(x)θj ⊗ θj

)
.

By the same computation from Remark 4.2.4, the quantity in the last line identically vanishes. For
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the remaining part, we estimate using (4.29) and Lemma 4.2.3 that

‖P div
∑
j

(1− e−2|ηj |2N2
k+1t)2−1N−2

k+1Aj,k+1|ηj |2a2
j,k+1(x)θj ⊗ θj‖Ẇ−1,p

.
∑
j

(1− e−2|ηj |2N2
k+1t)N−2

k+1‖aj,k+1‖2L2p

. (1 ∧ (N2
k+1t))|Ω̃k|

1
p

for all p ∈ (1,∞), since ‖aj,k+1‖L∞ . Nk+1 and supp aj,k+1 ⊂ Ω̃k by Definitions 4.2.4 and 4.2.5.

Summing, we find for all t < 1 that
∑
k∈N\Ni(vk(t) − curl curl ψ0

k) is absolutely summable in the

Ẇ−1,p norm and obeys the bound

‖
∑

k∈N\Ni

(vk(t)− curl curl ψ0
k)‖Ẇ−1,p .

∑
k

|Ω̃k|
1
p (1 ∧ (N2

k+1t))

which converges to zero by the same reasoning as in the previous case. This completes the proof

that the initial data is attained by both solutions.

Finally, we show that the two solutions are distinct. We consider a time scale when all but

the lowest frequency mode should have dissipated away, for instance t0 = N−2
0 . Recall from

Proposition 4.3.3 that w ∈ BX(0, ε1). From the triangle inequality,

‖v(1)(t0)− v(2)(t0)‖L∞ ≥ ‖v0(t0)‖L∞ −
∑
k≥1

‖vk(t0)‖L∞ −
∑
k≥0

‖vk(t0)‖L∞

− ‖w(1)(t0)‖L∞ − ‖w(2)(t0)‖L∞ .

We estimate using (4.30) that

∑
k≥1

‖vk(t0)‖L∞ .
∑
k≥1

Nk exp
(
−N2

kN
−2
0

)
. N1 exp

(
−N2

1N
−2
0

)
≤ N0(N1/N0)−100
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and

∑
k≥0

‖vk(t0)‖L∞ .
∑
k≥0

Nk exp
(
−N2

k+1N
−2
0

)
. N0 exp

(
−N2

1N
−2
0

)

which is even smaller than the previous bound. For the w(i), we have by Proposition 4.3.3

‖w(i)(t0)‖L∞ . ε1t
− 1

2 +α
2

0 = ε1N
1−α
0 = ε1A

−αγN0.

It remains only to prove a lower bound on v0(t0). Recall the notation of the proof of Proposi-

tion 4.3.1, in particular the decomposition v0 = vp0 + ve0. By (4.35),

‖ve0(t0)‖L∞ .M0 ≤ 2N0A
−γ+1.

We prove the lower bound on vp0(x, t) = N3
0 |η1|2Ψ1,0(x, t), recalling from Definition 4.2.5 that aj,0

takes a particularly simple form when k = 0. By inspection of Definition 4.2.1, we easily have

‖Ψ1,0(t0)‖L∞ & N−2
0 from which it follows ‖vp0(t0)‖L∞ ≥ C−1

5 N0 for a large enough constant C5.

Collecting everything,

‖v(1)(t0)− v(2)(t0)‖L∞ ≥ C−1
5 N0 −A−c(b,α,γ)N0

for a c(b, α, γ) > 0. With a sufficiently large choice of A, we conclude that v(1) and v(2) are distinct.

Finally, let us extend our solutions on [0, 1] to be global solutions. Recall from (4.27) that

‖∇mv(i)|t=1‖L∞ ≤ exp
(
−N2

0 /Om(1)
)

for all m ≥ 0. It follows that

‖PNv(i)|t=1‖L∞ . 〈N〉−5 exp
(
−A2γ

)
and therefore v(i)|t=1 can be made arbitrarily small in, say, H

1
2 (T3) or B−1

∞,2 ⊂ BMO−1, and

existence of a global-in-time solution follows.
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4.5 Tools from Convex Integration

The construction of the initial data U0 in §4.2 makes use of several tools appearing in works on

convex integration. In the following sections we quote those results for the reader’s convenience.

First, we have the following rank-1 decomposition of a symmetric tensor field. This idea appeared

first in the work of Nash [71], and subsequently in many of the modern works on fluid equations.

Lemma 4.5.1 (Nash lemma). There exist c0 > 0, θ1, . . . , θ6 ∈ Z3, and Γ1, . . . ,Γ6 ∈ C∞(B;R)

such that

M =

6∑
j=1

Γj(M)2θj ⊗ θj

for all M ∈ B, where B = B(Id, c0) is the closed ball of radius c0 centered at the identity in S3×3.

The Γj obey the estimates

1

100
≤ Γj ≤ 1 ∀M ∈ B (4.45)

and

‖∇mΓj‖L∞(B) .m 1 (4.46)

for all m ≥ 1.

Proof. Let us define the vectors

θ1 = (0, 0, 1), θ2 = (2, 0, 1), θ3 = (1, 1, 1),

θ4 = (−1, 1, 1), θ5 = (−2, 0, 1), θ6 = (0,−2, 1).
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For any M ∈ B, let ε = M − Id. One can verify that the claim holds if

Γ1(M)2 =
1

3
− ε11

4
− 5ε22

12
− ε23

3
+ ε33

Γ2(M)2 =
1

12
+
ε11

8
− ε12

4
+
ε13

4
− ε22

24
− ε23

12

Γ3(M)2 =
1

6
+
ε12

2
+
ε22

6
+
ε23

3

Γ4(M)2 =
1

6
− ε12

2
+
ε22

6
+
ε23

3

Γ5(M)2 =
1

12
+
ε11

8
+
ε12

4
− ε13

4
− ε22

24
− ε23

12

Γ6(M)2 =
1

6
+
ε22

6
− ε23

6
.

By taking c0 = 1
1000 (say), one can arrange that each of these expressions is bigger than 1/100. Thus

there is a smooth positive choice of (Γj)j=1,...,6. The estimates (4.45)–(4.46) are elementary.

Next, we define the following anti-divergence operator which first appeared in [38].

Definition 4.5.2. We define the operator R : C∞(T3;Rd)→ C∞(T3;S3×3) by (RV )ij :− RijkVk

where

Rijk = −1

2
∆−2∂3

ijk −
1

2
∆−1δij∂k + ∆−1δjk∂i + ∆−1δik∂j

where δ denotes the Kronecker delta.

The utility of Definition 4.5.2 is that R is a right inverse for the divergence operator acting on

symmetric tensor fields. For a proof, see for instance Lemma 4.3 in [38].

Lemma 4.5.3. For any V ∈ C∞(T3;Rd), we have RV ∈ C∞(T3;S3×3(R)) as well as the identity

divRV = V −
 
T3

V.

Variants of the following stationary phase lemma can be found in the papers of Buckmaster–De

Lellis–Isett–Székelyhidi [13] and De Lellis–Székelyhidi [38].
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Lemma 4.5.4. With R as in Definition 4.5.2,

‖R(a(x)eiλk·x)‖Cβ .β,m λ−1+β‖a‖L∞ + λ−m+β‖∇ma‖L∞ + λ−m‖∇ma‖Cβ .

Finally, we quote the following “improved Hölder’s inequality” that first appeared in work of

Modena–Székelyhidi [70, Lemma 2.1], inspired by a similar lemma of Buckmaster–Vicol [14]. The

idea, roughly speaking, is that the gains due to intermittency at separated scales is multiplicative.

Lemma 4.5.5. For f, g ∈ C∞(T3) and λ ∈ N,

‖f(·)g(λ·)‖L1 ≤ ‖f‖L1‖g‖L1 +O(λ−1‖f‖C1‖g‖L1).

4.6 Tools for Constructing the Semigroup

4.6.1 Existence for the Perturbed Stokes System

In the interest of the argument being self-contained, we construct solutions to the Navier–Stokes lin-

earized around the principal part of the solutions. This will be necessary for defining the semigroup

S(t; t′) in §4.3.2. One can find a much more precise result in the book of Lemarie-Rieusset [61,

Theorem 21.3] where the drift is allowed to be in a very refined critical space.

Proposition 4.6.1. Fix t0 ∈ R. Let v ∈ C∞([t0,∞)×T3;R3) and w0 ∈ C∞(T3;R3) be divergence-

free vector fields. Then there exists a solution w ∈ C∞([t0,∞)× T3;R3) of

∂tw −∆w + v · ∇w + w · ∇v +∇p = 0

divw = 0

w(t0, x) = w0(x).

(4.47)

Proof. It suffices to prove the proposition on the finite interval [t0, T ] for all T > 0. We begin

by proving the existence of a weak solution in L∞t L
2
x ∩ L2

tH
1
x([t0, T ] × T3;R3) by the Galerkin

method as in [92, Theorem 3.5]. Fix {φj}∞j=1 ⊂ C∞(T3;R3), a divergence-free orthonormal basis
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of H1(Td;Rd). Consider the finite rank approximation of w0 in this basis:

w0
m(x) =

m∑
j=1

φj(x)(φj , w
0)L2 .

We search for a solution of (4.47) in this basis, namely a vector field of the form

wm(x, t) =

m∑
j=1

gj(t)φj(x) (4.48)

and desire to solve a system of ODE’s for the coefficient functions gj(t) with initial data given by

gj(t0) = (φj , w
0).

We would like to choose the coefficients in the ansatz (4.48) so that wm exactly obeys (4.47).

Of course this is not possible because the partial basis is not closed under the operations in the

equation; instead, we solve (4.47) projected onto the subspace. Namely,

(φi,

m∑
j=1

(g′jφj − gj∆φj + gjv · ∇φj + gjφj · ∇v))L2 = 0

which leads to the ODE system

g′i(t) + aij(t)gj = 0

gi|t=t0 = (φi, w
0)L2

for i = 1, 2, . . . ,m, where

aij(t) = (ϕi,−∆ϕj + v(t) · ∇ϕj + ϕj · ∇v(t))L2 .

Because v ∈ L1([t0,∞);C1(T3)), the norm of aij is integrable and standard ODE theory gives

a unique global solution g1(t), . . . gm(t) to the system. Having constructed the coefficients, we can

build the function wm as defined in (4.48). By construction, wm obeys (4.47) projected onto any
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of the φ1, . . . , φm. In particular we may test against wm to obtain

1

2

ˆ
Td
|wm(t)|2dx+

ˆ t

t0

ˆ
Td
|∇wm|2dxdt =

1

2

ˆ
Td
|w0
m|2dx+

ˆ t

t0

ˆ
Td

(wm · ∇wm) · vdxdt,

having used that v and wm are divergence-free. We estimate the last term using the Peter-Paul

inequality:

ˆ t

t0

ˆ
Td

(wm · ∇wm) · vdxdt ≤
ˆ t

t0

‖wm‖L2‖∇wm‖L2‖v‖L∞dt

≤
ˆ t

t0

(1

4
‖∇wm‖2L2 + 4‖wm‖2L2‖v‖2L∞

)
dt.

Inserting this back in to the energy equality, we conclude that

1

2

ˆ
Td
|wm(t)|2dx+

1

4

ˆ t

t0

ˆ
Td
|∇wm|2dxdt ≤

1

2

ˆ
Td
|w0
m|2dx+

ˆ t

t0

4‖wm‖2L2‖v‖2L∞dt.

By Grönwall’s inequality, we have

‖wm‖2L∞t L2
x([t0,T ]×Td) +

1

2
‖∇wm‖2L2

tL
2
x([t0,T ]×Td) ≤ ‖w

0‖2L2(T3) + 8 exp
(
‖v‖2L2

tL
∞
x ([t0,T ]×Td)

)
.

Thus wm is a priori bounded in the energy space, uniformly in m. As a result, there exists a limiting

function w∞(x, t) such that wm converges weak-∗ to w∞ in L∞t L
2
x and wm converges weakly to

w∞ in L2
tL

2
x. Moreover w∞ satisfies the same a priori bound as the wm. To show that w∞ is a

weak solution of (4.47), it suffices to test against functions of the form ζ(x, t) := θ(t)φj(x). By

construction, for all m ≥ j we have

ˆ T

t0

ˆ
Td
−wm · ∂tζ − wm ·∆ζ − (v � wm) : ∇ζdx = 0.

By the weak convergence of wm, we can pass to the limit and conclude w∞ satisfies (4.47). From

the energy bounds on w = w∞, it is easy to see that ∂tw∞ ∈ L2
tH
−1
x exists in the weak sense, so

we in fact have w∞ ∈ C([t0, T ], L2
x) and convergence to the initial data w0.
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Finally, one can upgrade this weak solution to a strong one. One approach is to consider w as

a solution of the forced Stokes equation

∂tw −∆w +∇p = div f

divw = 0

w(t0, x) = w0(x)

where f = 2v � w ∈ L∞t L2
x. The weak solution can be expressed in terms of the Stokes semigroup

et∆P as

w(t) = et∆w0 +

ˆ t

0

e(t−t′)∆Pdiv f(t′)dt′.

From this formula, one can iteratively bootstrap regularity using the smoothing effect of the heat

kernel via (4.6). For instance,

‖w(t)‖
H

1
2
. ‖w0‖

H
1
2

+

ˆ t

0

(t− t′)− 3
4 ‖f(t′)‖L2dt′ <∞,

and so on.

4.6.2 Grönwall Inequalities

The following nonlinear Grönwall inequality will be used to prove the fractional Grönwall inequality

(Lemma 4.6.2). It is similar to some that have appeared before (e.g. [97]) but we could not locate

the version necessary for our purposes in the literature.

Lemma 4.6.1. Let f(t), hi(t), bi(t), and a(t) be non-negative continuous functions on [t0,∞),

with bi(t) and a(t) non-decreasing. Suppose for some p > 1,

f(t) ≤ a(t) + b1(t)

ˆ t

t0

h1(s)f(s)ds+ (b2(t)

ˆ t

t0

h2(s)f(s)pds)
1
p .
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Then for any constant C6 large enough so that C−1
6 + (C6p)

− 1
p < 1, we have

f(t) ≤ C6a(t) exp
(
C6(b1(t)

ˆ t

t0

h1(s)ds+ b2(t)

ˆ t

t0

h2(s)ds)
)
. (4.49)

Proof. First, assume a and bi are constant. In this case the bi can be absorbed into the hi. The

proof is by a continuity argument. Consider the set I ⊂ [t0,∞) defined by

I =
{
T ∈ [t0,∞) : (4.49) for all t ∈ [t0, T ]

}
.

Then I is clearly closed (by continuity) and non-empty (because of the trivial point t = t0). The

lemma is proved once we show that I is open in [t0,∞). Suppose we have T ∈ I. Then

f(T ) ≤ a+

ˆ T

t0

h1(s)f(s)ds+ (

ˆ T

t0

h2(s)f(s)pds)
1
p

≤ a+ C6a

ˆ T

t0

h1(s) exp

(
C6

ˆ s

t0

(h1 + h2)

)
ds

+ C6a(

ˆ T

t0

h2(s) exp

(
pC6

ˆ s

t0

(h1 + h2)

)
ds)

1
p

≤ a+ a

ˆ T

t0

d

ds
exp

(
C6

ˆ s

t0

(h1 + h2)

)
ds

+ (C6p)
− 1
pC6a(

ˆ T

t0

d

ds
exp

(
pC6

ˆ s

t0

(h1 + h2)

)
ds)

1
p

= a exp

(
C6

ˆ T

t0

(h1 + h2)

)
+ (C6p)

− 1
pC6a(exp

(
pC6

ˆ T

t0

(h1 + h2)ds

)
− 1)

1
p

≤ a(1 + (C6p)
− 1
pC6) exp

(
C6

ˆ T

t0

(h1 + h2)

)
.

By assumption, the coefficient is strictly less than C6; thus by continuity, there is an ε > 0 such

that [T, T + ε) ⊂ I. We conclude that I = [t0,∞).

Now we consider the case of non-decreasing a and bi. Fix any T > 0. We have

f(t) ≤ a(T ) + b1(T )

ˆ t

t0

h1(s)f(s)ds+ (b2(T )

ˆ t

t0

h2(s)f(s)pds)
1
p
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for all t ∈ [t0, T ]. We may apply the “constant” version of the lemma proved above to conclude

f(t) ≤ C6a(T ) exp
(
C6(b1(T )

ˆ t

t0

h1(s)ds+ b2(T )

ˆ t

t0

h2(s)ds)
)
∀t ∈ [t0, T ].

In particular, this holds at t = T which proves the general claim.

Grönwall-type inequalities similar to the one below have appeared in the literature and are

known as “fractional Grönwall” inequalities (e.g., [96]). The one required in §4.3.2 has an endpoint

character. One can see, for instance, that the extra factor ‖s 1
2 g2‖L∞ in the exponential reflects the

failure of the Hardy–Littlewood–Sobolev inequality at the L∞ endpoint.

Lemma 4.6.2. If a(t), f(t), g1(t), and g2(t) are positive continuous functions on [t0,∞) with a(t)

non-decreasing and

f(t) ≤ a(t) +

ˆ t

t0

(g1(s) + (t− s)− 1
2 g2(s))f(s)ds ∀t ≥ t0 (4.50)

then for any p > 2,

f(t) .p a(t) exp
(
Op(

ˆ t

t0

g1(s)ds+ ‖s 1
2 g2‖p−2

L∞([t0,t])

ˆ t

t0

g2(s)2ds)
)
∀t ≥ t0.

Proof. By Hölder’s inequality,

ˆ t

t0

(t− s)− 1
2 g2(s)f(s)ds ≤ (

ˆ t

t0

(t− s)−
p′
2 g2(s)(1− 2

p )p′ds)
1
p′ (

ˆ t

t0

g2(s)2f(s)pds)
1
p .

The first factor on the right-hand side is controlled by

‖s 1
2 g2‖

1− 2
p

L∞ (

ˆ t

t0

(t− s)−αs−βds)1− 1
p

where α = p
2(p−1) and β = p−2

2(p−1) . In general we have that when α ∈ (0, 1) and α+ β = 1 then

ˆ t

t0

(t− s)−αs−βds ≤ π

sinπα
∀t ≥ t0

176



with equality when t0 = 0. In summary,

f(t) ≤ a(t) +

ˆ t

t0

g1(s)f(s)ds+Op(‖s
1
2 g2‖

1− 2
p

L∞([t0,t])
(

ˆ t

t0

g2(s)2f(s)pds)
1
p )

so we conclude by Lemma 4.6.1, using that the coefficient function t 7→ ‖s 1
2 g2‖

1− 2
p

L∞([t0,t])
is non-

decreasing.

4.7 Multiplier Estimates

Proving the basic properties of Littlewood–Paley calculus is slightly more subtle on the torus than in

the whole space due to the lack of scaling symmetry, so we include the proofs in the interest of being

self-contained. The idea is that one can move between T3 and R3 using the Poisson summation

formula; see for instance the book of Schmeisser and Triebel [79].

4.7.1 A General Estimate

Let a : Z3 → C. We reserve the notation F and F−1 for the forward and inverse Fourier transforms

on T3; see §4.1.1. We also recall the forward and inverse Fourier transforms on R3: for Schwartz

functions ϕ ∈ S(R3; C), we define

FR3ϕ(x) :=

ˆ
R3

ϕ(ξ)e−ix·ξdξ, F−1
R3 ϕ(x) := (2π)−3

ˆ
R3

ϕ(ξ)eix·ξdξ.

Let us briefly recall a version of the Poisson summation formula. Let f ∈ S(R3;C) be Schwartz

and define the periodization

fp : T3 → C; fp(x) :=
∑

n∈(2πZ)3

f(x+ n).
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Then it is straightforward to compute the following relation between the Fourier series of fp and

the Fourier transform of f :

f̂p(ξ) = (2π)−3FR3f(ξ) ∀ξ ∈ Z3. (4.51)

By setting ξ = 0 in (4.51), one obtains the standard version of the Poisson summation formula.

More useful for us is the following observation: let f = F−1
R3 ϕ with ϕ ∈ S(R3;C). Then (4.51)

implies that f̂p(ξ) = (2π)−3ϕ(ξ) for all ξ ∈ Z3. Viewing ϕ as a function Z3 → C, it follows that

F−1ϕ = (2π)3fp. In other words,

F−1ϕ(x) = (2π)3
∑
ξ∈Z3

F−1
R3 ϕ(x+ 2πξ) ∀x ∈ T3. (4.52)

Having established (4.52), we can proceed to prove the multiplier bounds.

Lemma 4.7.1 (General multiplier boundedness). If m ∈ S(R3;C), 1 ≤ p ≤ q ≤ ∞, and n ≥ 4,

then

‖m(∇/i)f‖Lq(T3) .p,q,n Cn(m)‖f‖Lp(T3)

for all f ∈ Lp(T3;R) where

Cn(m) = ‖F−1
R3 m‖1+1/q−1/p

L1(R3) max(‖m‖L1(R3), ‖m‖
1−3/n
L1(R3)‖∇

nm‖3/nL1(R3))
1/p−1/q.

Proof. By density, we may assume without loss of generality that f ∈ C∞(T3;R).

The operator m(∇/i) can be expressed as convolution on T3 with the kernel

K(x) = F−1m(x) = (2π)3
∑
k∈Z3

F−1
R3 m(x+ 2πk)
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using (4.52). Recalling that we identify T3 with [0, 2π]3,

‖K‖L1(T3) ≤ (2π)3
∑
k∈Z3

‖F−1
R3 m(x+ 2πk)‖L1(T3) = (2π)3‖F−1

R3 m‖L1(R3).

Moreover, by the Riemann–Lebesgue lemma,

|K(x)| ≤ (2π)3
∑
k∈Z3

|F−1
R3 m(x+ 2πk)|

.
∑
k∈Z3

min(‖m‖L1(R3), |x+ 2πk|−n‖∇nm‖L1(R3)).

If ‖∇nm‖L1(R3) > ‖m‖L1(R3), then one splits the sum based on which item in the minimum domi-

nates to obtain ‖m‖1−3/n
L1(R3)‖∇

nm‖3/nL1(R3). Otherwise, one can estimate at |k| ≤ 10 using ‖m‖L1 and

at |k| > 10 with the other bound to obtain ‖m‖L1 + ‖∇nm‖L1 . ‖m‖L1 .

The lemma follows by Young’s inequality and interpolation,

‖K‖Lr ≤ ‖K‖1/rL1 ‖K‖1−1/r
L∞

where 1
r = 1 + 1

q −
1
p .

We are now equipped to prove the Lemmas 4.2–4.1.2.

4.7.2 Proof of Lemma 4.1.1 and Lemma 4.1.2

Recall from §4.1.2 the symbol π(ξ/N) for the Fourier multiplier PN . Then we have

‖F−1
R3 (π(·/N)m)‖L1(R3) = Nd‖(F−1

R3 (m(N ·)π))(N ·)‖L1(R3) = ‖F−1
R3 (m(N ·)π)‖L1(R3)

by homogeneity. Recall that by definition, π(·/N) is supported in an annulus at spatial scale ∼ N .

By the Riemann–Lebesgue lemma, Hölder, and (4.1), we have both the L∞ bound

‖F−1
R3 (m(N ·)π)‖L∞(R3) . ‖m(N ·)π‖L1 . ANα
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and the weighted L∞ bound

‖|x|10F−1
R3 (m(N ·)π)‖L∞(R3) . ‖∇10(m(N ·)π)‖L1 . ANα.

One may easily combine these pointwise estimates to control the L1 norm and obtain

‖F−1
R3 (π(·/N)m)‖L1(R3) . ANα.

Finally, one estimates

‖∇n(π(·/N)m)‖L1(R3) = ANα−n‖1‖L1(suppπ(·/N)) = O(AN3+α−n)

and the claim follows by Lemma 4.7.1.

With m the multiplier for PNe
t∆, it is straightforward to obtain the bound

|F−1
R3 m(x)| . min(1,

(1 +N2t

|x|

)10

) exp
(
−N2t/O(1)

)
which implies ‖F−1

R3 m‖L1(R3) . exp
(
−N2t/O(1)

)
. Then (4.3) follows by Lemma 4.7.1.

Let us turn to (4.4), first assuming that t ≤ N−2. Define the multiplier

m(ξ) = e−t|ξ|
2

πN (ξ)b(ξ).

We easily have

|∇nm(ξ)| . |ξ|αtn2 (t
1
2 |ξ|)−n1|ξ|∼N

for all n ≥ 0 which leads to

‖∇nm(ξ)‖L1(R3) . N3+α−n
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and thus

‖F−1
R3 m‖L1(R3) . Nα

for this set of times. On the other hand, when t > N−2,

|∇nm(ξ)| . |ξ|αtn2 exp
(
−N2t/O(1)

)
1|ξ|∼N .

Note that we can remove all factors of (t
1
2 |ξ|) by enlarging the O(1) in the exponential, as needed.

It follows that

‖F−1m‖L1(R3) . t
3
2N3+α exp

(
−N2t/O(1)

)
. Nα exp

(
−N2t/O(1)

)
.

Thus we conclude the desired bounds for all times by Lemma 4.7.1.

Next, if f̂(0) = 0 and t > 1, we can decompose f =
∑
N≥1 PNf and directly obtain (4.5) from

(4.3). If instead t ≤ 1, that approach would not lead to the optimal estimate because there is a

O(1) contribution for each of the modes between N = 1 and N ∼ t−
1
2 , leading to a logarithmic

loss. Instead we decompose

‖et∆f‖L∞(T3) . ‖P1≤·≤t−
1
2
et∆f‖L∞ +

∑
N>t−

1
2

‖PNet∆f‖L∞ .

The sum over large N can be controlled by O(1) using (4.3). Then one can see the operator

P1≤·≤t−1/2et∆ is uniformly bounded on L∞ by appealing to Lemma 4.7.1.

Finally, (4.6) follows from (4.3) in a similar (more straightforward) way. Because α > 0, the low

modes are summable even when t is small.
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Chapter 5

Miscellany

The contents of this chapter are the result of discussions with Tim Binz and Stan Palasek.

This chapter presents miscellaneous results on self-similar solutions of the incompressible Euler

equations that complement our work in [9] on the stability of the inviscid power-law vortex. Our

work in the first section shows that any homogeneous self-similar solution of the Euler equations

cannot have an unstable eigenvalue. Our work in the second section proves that bounded self-similar

solutions of the two-dimensional Euler equations are necessarily equal to zero (and a bit more).

5.1 Linearizing around Homogeneous Solutions

Consider the incompressible Euler equations in Rn (where n = 2 or n = 3) in vorticity form:

∂tω + (u · ∇)ω = (ω · ∇)u

KBS ∗ ω(·, t) = u(·, t)

ω(·, t = 0) = ωin(·)

(5.1)

We have denoted the Biot-Savart kernel by KBS . When n = 2 the vortex stretching term ω · ∇u

disappears, but this will have no influence on what follows. Let α be a nonzero real parameter. We
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say that Ω(ξ) is a self-similar profile or a self-similar solution to the Euler equations if and only if

ω(x, t) := t−1Ω(xt−1/α)

is a solution to the Euler equations. We consider self-similar profiles Ω that are stationary in the

physical coordinates. In particular, if ω is defined as above, then ∂tω = 0. We call these self-similar

profiles Homogeneous Solutions to the Euler equations. Evidently, a self-similar profile is a

homogeneous solution to the Euler equations if and only if

Ω +
x

α
· ∇Ω = 0.

It is not difficult to see that any homogeneous solution to the Euler equations is of the form

Ω(x) = |x|−αf
(
x

|x|

)

for some function f . Expressing coordinates in Rn as (r, θ) where θ ∈ Sn−1, we may write

Ω(r, θ) = r−αf(θ).

We also make the remark that any “del” operation in these polar coordinates will always be of the

form

∇ ' ∂r +
1

r
Dθ,

where Dθ is a linear differential operator involving only derivatives with respect to components

of θ and multiplication by functions of θ. We now introduce the following operator, invertible on

practically any space we could consider:

SsΩ(x) = Ω(s · x).
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The inverse is evidently given by S−1
s = Ss−1 . By our remark on “del” operations ∇, it is clear that

∇SsU = sSs∇U, (5.2)

where ∇ may denote the gradient, divergence, directional derivative, etc. and U may denote a

function, vector field, tensor, etc.

Now let us suppose that we have a homogeneous self-similar solution Ω. Evidently, Ω is a

stationary solution of the Euler equations; therefore, we may linearize the Euler equations around

Ω and obtain the operator

LφΩ = −(U · ∇)Ω− (U · ∇)Ω + (Ω · ∇)U + (Ω · ∇)U

KBS ∗ Ω(·) = U(·)

KBS ∗ Ω(·) = U(·)

(5.3)

Before continuing, we prove a short lemma about commuting Ss with the Biot-Savart operator.

Lemma 5.1.1. The Biot Savart kernel KBS has the property that

KBS ∗ (SsΩ) = s−1Ss(KBS ∗ Ω).

Proof. In Rn, the Biot-Savart kernel, or the kernel of the operator∇⊥∆−1, is given, up to constants,

by

KBS(y) =
y⊥

|y|n
.

Therefore, up to constants, we have

KBS ∗ (SsΩ)(x) =

ˆ
Rn

(x− y)⊥

|x− y|n
Ω(sy)dy.

Performing the change of variables sy → y, we get

KBS ∗ (SsΩ)(x) =

ˆ
Rn

s−1(sx− y)⊥

|sx− y|n
Ω(y)dy = s−1Ss(KBS ∗ Ω).
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We call a Banach space B Scaling-Adapted if and only if Ss is a bounded invertible operator

on B. We are now fully equipped to prove the following theorem.

Theorem 5.1.2. Let B be any scaling-adapted Banach space on which Lφ is a densely defined

operator generating a continuous semigroup. Then

σ(Lφ,B) ⊂ iR.

In fact, we have:

σ(Lφ,B) ∈ {∅, iR, i(0,∞), i[0,∞), i(−∞, 0), i(−∞, 0], iR \ {0}, {0}}.

Proof. Since B is a scaling-adapted Banach space, Ss is a bounded invertible operator on B with

bounded inverse. In particular, for any s > 0

σ(Lφ,B) = σ(S−1
s LφSs,B).

Note indeed, that conjugation of Lφ with the bounded operator Ss does not change the domain or

spectral property of the operator. On the other hand, we may use Equation (5.2) and Lemma 5.1.1

to conclude

S−1
s LφSs = sαLφ.

We conclude that for any s > 0:

σ(Lφ,B) = σ(S−1
s LφSs,B) = σ(sαLφ,B). (5.4)

Now suppose there exists an element of the spectrum λ ∈ σ(Lφ,B) with Re(λ) 6= 0. By time

irreversibility of the Euler equations, we may assume without loss of generality that Re(λ) > 0. By

Equation (5.4), we conclude that sαλ ∈ σ(Lφ,B) for any s > 0. This would contradict that Lφ
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generates a continuous semigroup on B. The second claimed conclusion is obvious.

Interestingly, a similar result holds for stationary self-similar solutions of the Navier-Stokes

equations. It turns out that self-similar stationary solutions of the Navier-Stokes equations have

(−1)-homogeneous velocity, (−2)-homogeneous vorticity, and are in fact Landau solutions, see

[92] and [86]. The linearization of the Navier-Stokes equations around such a (−2)-homogeneous

vorticity Ω is precisely

LNS := Lφ + ∆Ω.

It turns out that our simple rescaling argument can (more or less) rule out unstable eigenvalues of

Landau solutions:

Theorem 5.1.3. Let B be any scaling-adapted Banach space on which LNS is a densely defined

operator generating a continuous semigroup. Then

σ(LNS ,B) ⊂ {z : Re(z) ≤ 0}.

Proof. Since B is a scaling-adapted Banach space, Ss is a bounded invertible operator on B with

bounded inverse. In particular, for any s > 0

σ(LNS ,B) = σ(S−1
s LNSSs,B).

Note indeed, that conjugation of LNS with the bounded operator Ss does not change the domain

or spectral property of the operator. On the other hand, we may use Equation (5.2) and Lemma

5.1.1 to conclude

S−1
s LφSs = s2Lφ

and

S−1
s ∆Ss = s2∆.
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We conclude that for any s > 0:

σ(LNS ,B) = σ(S−1
s LNSSs,B) = σ(s2LNSB). (5.5)

Now suppose there exists an element of the spectrum λ ∈ σ(LNS ,B) with Re(λ) > 0. By Equation

(5.5), we conclude that s2λ ∈ σ(Lφ,B) for any s > 0. This would contradict that LNS generates a

continuous semigroup on B.

We encourage the reader to compare our result above with linear asymptotic stability theorems

such as in [65] and the references therein.

5.2 Irregularity of Self-Similar Solutions

We now focus on self-similar profiles of the Euler equations in dimension two. It is not difficult to

see that a self-similar profile Ω(ξ) satisfies

−
(

1 +
ξ

α
· ∇
)

Ω + (U · ∇)Ω = 0

KBS ∗ Ω(·, τ) = U(·, τ).

(5.6)

The first thing we do is prove the following interesting integral identity:

Proposition 5.2.1. Let 0 < α ≤ 1. Let Ω be a self similar profile with velocity U . Suppose

Ω ∈ C1(R2 \ {0}). Then there exists a constant K such that on any circle ∂BR(0) we have

ˆ 2π

0

|Ω(R, θ)|2/α(1− α

R
Ur(R, θ))dθ =

K

R2
,

where Ur denotes the radial component of U .

Proof. We consider polar coordinates (r, θ). Let R1 < R2 be arbitrary. Then Equation (5.6) is

satisfied pointwise in the annulus BR2
(0) \ BR1

(0) and we may test Equation (5.6) with Ω|Ω| 2α−2
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and integrate to get

¨
BR2

(0)\BR1
(0)

(
(U − ξ

α
) · ∇Ω

)
Ω|Ω|−2+2/αdξ =

¨
BR2

(0)\BR1
(0)

|Ω|2/αdξ.

We can rewrite the equality above as

α

2

¨
BR2

(0)\BR1
(0)

(U − ξ

α
) · ∇(|Ω|2/α)dξ =

¨
BR2

(0)\BR1
(0)

|Ω|2/αdξ.

Integrating by parts yields

¨
BR2

(0)\BR1
(0)

div

(
(U − ξ

α
)|Ω|2/α

)
dξ = 0.

Now the divergence theorem yields:

R2
2

ˆ 2π

0

|Ω(R2, θ)|2/α(1− α

R2
Ur(R2, θ))dθ = R2

1

ˆ 2π

0

|Ω(R1, θ)|2/α(1− α

R1
Ur(R1, θ))dθ.

Since R1 < R2 were arbitrary, the conclusion of the proposition is finished.

Equipped with Proposition 5.2.1, we can prove:

Theorem 5.2.2. Let 0 < α ≤ 1. Let Ω ∈ C1(R2 \ {0}) be a self-similar profile. Assume that

Ω ∈ Lqloc(R2) for some q ≥ 1 + 2
α and that Ω ∼ |ξ|−α as ξ → ∞. Assume that the velocity

U := (KBS ∗ Ω)(0) = 0. With these assumptions, we have Ω ≡ 0 in R2.

Proof. Without loss of generality, we may assume the weakest hypothesis, namely that Ω ∈

L
1+

2
α

loc (R2). Since U = KBS ∗ Ω, we have that U ∈ W
1,1+2/α
loc (R2) and by the Sobolev embed-

ding, U ∈ C
2−α
2+α (R2). By our assumption that U(0) = 0, we conclude there exists a constant C

such that |U(ξ)|
|ξ| ≤ C|ξ|

−2α
2+α in B1(0). Now from the integral identity in Proposition 5.2.1, we get

K

R
≤ CαR

2−α
2+α

ˆ 2π

0

|Ω(R, θ)|2/αdθ ≤ C ′αR
−α
2+α

(ˆ 2π

0

|Ω(R, θ)| 2α+1Rdθ

) 2
2+α

,
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where Cα and C ′α are constants depending only on α. Rearranging we have

KR
−2
2+α ≤ C ′′α

(ˆ 2π

0

|Ω(R, θ)| 2α+1Rdθ

) 2
2+α

or

KR−1 ≤ C ′′′α
ˆ 2π

0

|Ω(R, θ)| 2α+1Rdθ.

The right-hand-side above is integrable in R on the interval (0, 1), but the left-hand-side is evidently

not. We necessarily conclude that the constant K = 0.

In this case, the integral identity from Proposition 5.2.1 gets us for all R:

ˆ 2π

0

|Ω(R, θ)|2/αRdθ = α

ˆ 2π

0

|Ω(R, θ)|2/αUr(R, θ)dθ. (5.7)

However, assuming Ω ∼ |ξ|−α as ξ →∞, Equation (5.7) yields

R−1 ∼
ˆ 2π

0

|Ω(R, θ)|2/αRdθ = α

ˆ 2π

0

|Ω(R, θ)|2/αUr(R, θ)dθ ∼ R−1−α

as R → ∞, which is a contradiction. We conclude that Ω ≡ 0 for R large. Likewise, for R small,

we use the bound on |U | to get from Equation (5.7):

ˆ
|Ω(R, θ)|2/αRdθ ≤ R

2−α
2+αα

ˆ 2π

0

|Ω(R, θ)|2/αdθ.

From this inequality, we see that Ω ≡ 0 when R is small. In particular, Ω ∈ C1(R2) and is compactly

supported. Now we may test Equation (5.6) by Ω itself and integrate by parts to get

(
2

α
− 1)

ˆ
R2

|Ω|2dx = 0,

which implies that Ω ≡ 0 everywhere in R2.

We remark that the assumption that we are in two-dimensions is essential for the proof above,

since, otherwise, the vortex stretching term presents a major obstacle to a similar result.
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Finally, we present some arguments explaining why the results above are certainly not optimal.

In two dimensions, the vorticity is transported along the flowlines of the solution, in particular every

Lp and Lp,∞ norm should by conserved by the evolution. The idea is that a self-similar profile to

the Euler equations is more or less a “re-arrangement of vorticity” of the inviscid power-law vortex

ω = |ξ|−α.

Suppose we have a self-similar profile Ω(ξ) ∈ Lq,∞. Given the self-similar profile Ω(ξ), the

corresponding self-similar solution in-time is

ω(x, t) = t−1Ω(xt−1/α),

and vice versa.

‖Ω‖qLq,∞ =
(

sup
s>0

sqm({ξ : |Ω(ξ)| > s})
)

= C,

where m is the usual Lebesgue measure on R2. We also have that the following norm should be

conserved in time t:

‖ω(·, t)‖qLq,∞ =
(

sup
s>0

sqm({x : |ω(x, t)| > s})
)

=
(

sup
s>0

sqm({x : |t−1Ω(xt−1/α)| > s})
)
.

Let Ss = {ξ : |Ω(ξ)| > s}. Thus, we know

(
sup
s>0

sqm({x : |t−1Ω(xt−1/α)| > s})
)

=
(

sup
s>0

sqm(t1/αSt·s)
)

= t2/α−q
(

sup
s>0

(t · s)qm(St·s)
)

= Ct
2
α−q.

If q 6= 2/α, then as t → 0, this quantity goes to zero (or ∞), so it is not conserved. We conclude

that necessarily q = 2/α. We observe that the self-similar profile Ω(ξ) = |ξ|−α lies in L2/α,∞, so

this is of course not an empty class.

Also, suppose we have a self-similar profile Ω(ξ) ∈ Lq (or L1 ∩ Lq to make sure the Biot-

Savart law behaves nicely). The corresponding self-similar solution is ω(x, t) := t−1Ω(xt−1/α) with

homogeneous initial data that does not lie in any Lebesgue space. Nevertheless, at t = 1, ω(x, 1) =

Ω(x) ∈ Lq. By standard existence theory, there exists a solution ω1(x, t) solving backwards (and
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forwards) in time from t = 1 that always lies in Lq. Now, it is straightforward to observe that

‖ω1‖Lq = t
2
αq−1‖Ω‖Lq ,

so it should be that q = 2/α. Indeed, if uniqueness for this class of initial data held, then at

t = 0, ω1 would cease to be in Lq, a contradiction. Thus, either no self-similar profile Ω ∈ Lq

with q 6= 2/α exists or the hypothesis that solutions from integrable vorticity data are unique fails.

Our conclusion is that, given the scaling parameter α, the only natural class in which to search for

self-similar solutions should be L2/α or L2/α,∞ (the latter class is known to contain solutions such

as the homogeneous self-similar solutions).

However, we argue in [9] that any weighted L2 space X is inadequate for the proof of non-

uniqueness, following Vishik in [93] and [94], if the background vortex lies in the class L2/α,∞. The

inability to perform the linear analysis in a Hilbert space presents great difficulties for Vishik’s

approach towards the “Yudovich Problem” of uniqueness for integrable vorticity solutions of the

incompressible Euler equations.
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