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Outline
Online projected sub-gradient descent. 

Exponentiated Gradient (EG). 

Mirror descent. 

Dual Averaging.
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Set-Up
Convex set     . 

For            to     do 

• predict               . 

• receive convex loss function                      . 

• incur loss             . 

Regret of algorithm     :
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Online Projected Subgrad. Desc.
Algorithm: 

•              arbitrary. 

•                                                    , where  

•      is the projection over    . 

•                                 (sub-gradient of     at      ). 

•          parameter.
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Analysis
Assumptions: 

•                               where                                             . 

•                           . 

Theorem: the regret of online projected sub-gradient 
descent (PSGD) is bounded as follows
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(Zinkevich, 2003)
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Proof
The proof uses the definition of subgradient and the 
property of projection:
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Convex Optimization
Application:                            . 

• fixed loss function:  

• guarantee for average weight vector: 

• thus, convergence in              .
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Strong Convexity
Definition: a convex function     defined over a convex set     
is    -strongly convex with respect to norm         if the 
function                                          is convex or, equivalently, 

• for all    ,      in     and                                ,
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Strongly Convex Objectives
Theorem: assume that the functions     are    -strongly 
convex and                            for all     and                         . 
Then, the regret of online projected sub-gradient descent 
(PSGD) with parameter                    is bounded as follows
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k�ft(w)k  G w �ft 2 @ft(w)
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(Hazan et al., 2007)
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Proof
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Smoothness
Definition: a continuously differentiable function                  
is   -smooth if its gradient is   -Lipschitz: 

for all           . 

Property: if   is convex and   -smooth, then, for all           , 
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Exponentiated Gradient (EG)
Convex set: simplex                                                                     . 

Algorithm: 

•                                   . 

•                                                               where 
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C = {w � RN : w � 0 � �w�1 = 1}
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(Kivinen and Warmuth, 1997)
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Analysis
Assumption: 

•                                  . 

Theorem: the regret of the Exponentiated Gradient (EG) 
algorithm is bounded as follows
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Proof
Potential:  
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Proof
Combining equality and inequality: 
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Generalization
PSGD and EG both special instances of a more general 
algorithm: Mirror Descent. 

Mirror Descent is based on a Bregman divergence: 

• PSGD:                                                    . 

• EG: unnormalized relative entropy;

16

B(w k w0) = 1
2kw �w0k22
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.
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Bregman Divergence
Definition:    convex differentiable over open convex set    . 
The Bregman divergence associated to     is defined by
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B�(w k w0) = �(w)� �(w0)� hr�(w0),w �w0i.

�(w)

�(w0)

|
{z

}

w0 w

�(w)

w

B�(w k w0)

�(w0) + hr�(w0),w �w0i



pageFoundations of Machine Learning

Properties
Proposition: the following properties hold for a Bregman 
divergence. 

• non-negativity:                                                           . 

• linearity:                                              . 

• projection: for any closed convex set               , the 
projection of      -projection of      over     is unique: 

• Triangular identity: 

• Pythagorean theorem:
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8w,w0 2 C, B�(w k w0) � 0

B↵�+� = ↵B� + �B 

K ✓ C
B� w0 K
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w2K

BF (w k w0).

B�(w k w0) � B�(w k PK(w0)) +B�(PK(w0) k w0).

(r�(w)�r�(v)) · (w � u) = B(u k w) +B(w k v)�B(u k v).
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Pythagorean theorem 

19

K

w
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B�(w k w0) � B�(w k PK(w0)) +B�(PK(w0) k w0).
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Legendre Type Functions
Definition: a real-valued function    defined over a non-
empty open convex set     is said to be of Legendre type if it 
is proper closed convex and differentiable over     and if 
one of the following equivalent conditions holds: 

•        is one-to-one mapping from     to              . 

•                                            . 

• proper:  

• closed: sublevel set                                closed for any          .
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Mirror Descent

21

(Nemirovski and Yudin, 1983)
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Mirror Descent

22

Mirror-Descent(�)

1 w1  argminw2K\C �(w)
2 for t 1 to T do
3 vt+1  [r�]�1

�
r�(wt)� ⌘ �ft(wt)

�

4 wt+1  argminw2K\C B(w k vt+1)
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MD Guarantee
Theorem: let     be a non-empty open convex set and           
a compact convex set. Assume that                   is of 
Legendre type and   -strongly convex with respect to         
and    s convex and      -Lipschitz with respect to           . 
Then, the regret of Mirror Descent can be bounded as 
follows:
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Proof

24
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Proof

25
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Example: PSGD
Mirror map:                           , clearly strongly convex with 
respect to         . 

Bregman divergence:                                                   .
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Example: EG
Mirror map:                                         , defined over       , 
differentiable over            . 

• thus, the negative entropy function. 

• 1-strongly convex with respect to         on the simplex: 

Bregman divergence: unnormalized relative entropy 
defined over            ,
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Example: Spectrahedron
Mirror map:                                                       , defined over 
the set of semi-definite positive symmetric matrices      : 

• thus, negative von Neumann entropy. 

• -strongly convex with respect to the Shatten 1-norm
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Conjugate Functions
Definition: let                   be a convex function defined over 
a subset              . Then, the conjugate function      is defined 
by: 

For a Legendre function    ,  

For a convex function    taking value        outside a convex 
and compact set    ,     not necessarily Legendre but      
differentiable, a variant of MD can be used.
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Theorem: assume additionally that    s are   -strongly 
convex with respect to    . Then, the regret of Mirror 
Descent with parameter                  can be bounded as 
follows:

30

Strongly Convex Objectives
ft �

�
⌘t+1 = 1

�t

RT (MD)  G2
⇤

2�↵
(1 + log T ).
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Proof

31
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ft(wt)� ft(w

⇤)
�


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�ft(wt) · (wt �w⇤)� �B(w⇤ k wt) (�-strong convexity)

=
TX

t=1

1

⌘t+1
[r�(wt)�r�(vt+1)] · (wt �w⇤)� �B(w⇤ k wt) (Def. of vt)
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t=1

1

⌘t+1

⇥
B(w⇤ k wt)�B(w⇤ k vt+1) +B(wt k vt+1)

⇤
� �B(w⇤ k wt)

(Breg. div. Identity)
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1

⌘t+1

⇥
B(w⇤ k wt)�B(w⇤ k wt+1)�B(wt+1 k vt+1) +B(wt k vt+1)

⇤
� �B(w⇤ k wt)

(Pyth. ineq.)

= �
TX

t=1

⇥
(t� 1)B(w⇤ k wt)� tB(w⇤ k wt+1)

⇤
+

TX

t=1

1

⌘t+1

h
�B(wt+1 k vt+1) +B(wt k vt+1)

i

(Def. of ⌘t+1)

 ��TB(w⇤ k wT+1) +
TX

t=1

1

⌘t+1

h
B(wt k vt+1)�B(wt+1 k vt+1)

i

(Telescoping sum)


TX

t=1

1

⌘t+1

h
B(wt k vt+1)�B(wt+1 k vt+1)

i
. (Non-negativity of Breg. div.)
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Proof
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Equivalent Description

33

Mirror-Descent(�)

1 w1  argminw2K\C �(w)
2 for t 1 to (T � 1) do
3 wt+1  argminw2K\C �ft(wt) ·w + 1

⌘B(w k wt)

linearization of ft regularization

Proof: 
wt+1 = argmin

w2K\C
B(w k vt+1)

= argmin
w2K\C

�(w)�r�(vt+1) ·w (def. of Breg. div.)

= argmin
w2K\C

�(w)�
�
r�(wt)� ⌘ �ft(wt)

�
·w (def. of vt+1)

= argmin
w2K\C

⌘ �ft(wt) ·w +B(w k wt). (def. of Breg. div.)
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Dual Averaging

34

(Iouditski and Nesterov, 2010)

Dual-Averaging(�)

1 v1  0
2 w1  argminw2K\C B(w k v1)
3 for t 1 to T do
4 vt+1  [r�]�1

�
r�(vt)� ⌘ �ft(wt)

�

5 wt+1  argminw2K\C B(w k vt+1)

Equivalently:
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Equivalent Description
Equivalent form: 

In particular, for linear losses,                             , Dual 
Averaging coincides with regularized FL (FTRL):

35

wt+1 = argmin
w2K\C

B(w k vt+1)

= argmin
w2K\C

�(w)�r�(vt+1) ·w (def. of Breg. div.)

= argmin
w2K\C

�(w)�
�
r�(vt)� ⌘ �ft(wt)

�
·w (def. of vt+1)

= argmin
w2K\C

⌘
tX

s=1

�ft(ws) + �(w). (recurrence)

ft(w) = at ·w

wt+1 = argmin
w2K\C

tX

s=1

as ·w +
1

⌘
�(w).
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DA Guarantee
Theorem: under the same assumptions as for MD, the 
following holds for the regret of Dual Averaging,

36

RT (DA)  �(w⇤)� �(w1)

⌘
+

2⌘G2
⇤T

↵
.

Choosing    to minimize the bound gives�

RT (DA)  2D�G⇤

r
2T

↵
,

with �(w⇤)� �(w1)  D2
�.
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