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Outline

B Online projected sub-gradient descent.
B Exponentiated Gradient (EG).
® Mirror descent.

® Dual Averaging.
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Set-Up

®m Convexset (.

® Fort=1to1'do
o predictw; € C.
* receive convex loss function f;: ' — R.
o incurloss fi(wy).

®m Regret of algorithm A:
T

Rr(A) = th(wt) - ViIé%th(W)-

t=1
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Online Projected Subgrad. Desc.

B Algorithm:
e wi € C arbitrary.
o w1 = llg|wy — ndfi(wy)], where
e [1- is the projection over C.
o )fi(Wy) € Oft (W) (sub-gradient of f, at wy).

*p > () parameter.
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Analysis

(Zinkevich, 2003)
B Assumptions: T

° lw; — w”|| < R where w" € argmiant(w).
weC T
o [lofe(wo)l| < G. =

B Theorem: the regret of online projected sub-gradient
descent (PSGD) is bounded as follows

R? nG*T
D) < | :
Rr(PSGD) < o 5

Choosing 1) to minimize the bound gives

R+ (PSGD) < RGVT.
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Proof

B The proof uses the definition of subgradient and the
property of projection:

I
&

Ry (PSGD) (fe(wy) — fe(w™))

[y
I
(S

(Wy) - (wy — w™) (def. of subgrad.)

VAN
MH
=

~
I
—

e — W 12] + | 0f(wa) |2 = lwe = ndfa(w) = w|?]

||
(]~
Sl

[y
I
=

Iwi — w* 2] +72G? — w1 — w*[|*| (prop. of proj.)

~
I
—

VAN
E
¥~

1 _

< g s = WP 4+ PGPT — [lws = ] (telescop. sum)
17 1

< = [llwy = w*|?] + n2G2T] < {32 +n2G2T].
2n L 2n
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Convex Optimization

B Application: mingec f(W).
e fixed loss function: f; = f.

® guarantee for average weight vector:

f(;iwt) — f(w") < ;iﬂwt) — f(w")
Rr(A) 1
T ¢ (ﬁ)
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Strong Convexity

m Definition: a convex function ® defined over a convex set C
is a-strongly convex with respect to norm || - || if the
functionw — ®(w) — & ||w||? is convex or, equivalently,

o forallw,w'in Cand §®(w) € 0P (w),
D(W') 2 B(w) +6(w) - (w' = w) + W = w].
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Strongly Convex Objectives

(Hazan et al., 2007)
B Theorem: assume that the functions f; are a-strongly
convex and ||df¢(w)|| < G for allwand df; € Ofi(w).
Then, the regret of online projected sub-gradient descent
(PSGD) with parameter ;41 = é is bounded as follows

2

Rr(PSGD) < S_oz(l + logT).
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Rr(PSGD)
T
=D (filwe) = fe(w"))
t=1
L o)
< Z Oft(Wy) - (W —w™) — §Hwt —w*[? (strong convexity)
t=1
o1 o
= Z 5 lwi — w1 + 02 [10fe(wo)l|? = [[we — 1me10fe (W) — W*HZ] - §HWt - W
=1 2TH+1 "
o1 o
< Cwrl2 2 G2 — _*2}__ T
< ;2m+1 _HWt LA (i /i Wy —w 2HWt w|

(prop. of proj.)

- - 2 2 G2 r 1

< 5; [(t— )| wi — w*||? — t]|wis1 — w*| } + _at;? (def. of 741
a Pl P G2

=357 w4 oY S S > S < (14 logT
S| = Tllwrses —w|?] + 221 S50 S gglHleeD)

(telescoping sum)
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Smoothness

| Definition: a continuously differentiable function f
is 8-smooth if its gradient is B-Lipschitz:

IVf(w') = Vf(w)| < Bllw —wl|,
for allw, w’

m Property: if fis convex and -smooth, then, for all w, w’,

0< f(w) — f(w') = V(W) - (w—w') < 2w — w2
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Exponentiated Gradient (EG)

(Kivinen and Warmuth, 1997)
m Convex set:simplexC' = {w € RY : w > 0 A ||w]; = 1}.

& Algorithm:
® W1 = (%7 * %)T
® Wiyl = bz exp(—; 0fi(W1)}i) where
t
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Analysis

B Assumption:
o [18f: (W)l < G

B Theorem: the regret of the Exponentiated Gradient (EG)
algorithm is bounded as follows

log N G2 T
RT(EG)S Oi | il 50 :

Choosing 7 to minimize the bound gives

Rr(EG) < 2Gs+/Tlog N.
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: W
B Potential: &, = D(w* || w;) = Y w}log —-.
N i=1 Wi
Wi i
| (I)t—|—1 — (I)t = W, 10g ,
Z ' Wii1,4

1=1

N
= > willog Z, +n[d fi(wy)]s] = log Z; +nw* - f¢(Ws),
1=1

N
B logZ;, =log [Zwt,ie_n[aft(wt)]i}

1=1

=log E _6_77[5ft(wt)]i:|

1~W¢ L

—log B |e-n(0roli=E [Bfwal])=nE [185: w0l ]

1~W

4 2
< n? C;OO — Wy - 0 fr(wy). (Hoeffding’s lemma))
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Proof

B Combining equality and inequality:

2G2
Oy 1 — P < UR-E n(w* —wy) - 0 fr(wy)
772G2

S n(w* —wy) - dfi(wy) < =+ (P — Pyy1)

d 22T &, —d
:>Z(W* _Wt) ) 5ft(wt) S n 200 + 1 , T+1

t=1

T 2 2

T &

:>Z W — W) - O fr(wy) < 1 G2°° + 771. (Rel. Ent. non-neg.)

t=1

E

B Rr(EG) =) (filwi) — fe(w"))

t=1

E

Ofe(wy) - (Wi — W)

t=1
G:2T & G2T Dw*|w G2 T logN
L NGsT | P nGe T DW [ wh) o nGET | log N
2 7 2 n 2 ]
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Generalization

B PSGD and EG both special instances of a more general
algorithm: Mirror Descent.

B Mirror Descent is based on a Bregman divergence:
o PSGD: B(w || w') = 2||lw — w'||3.

e EG: unnormalized relative entropy;

B(w || w') = Ziil {wz log [%} — w; + w;}

(A
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Bregman Divergence

m Definition: ® convex differentiable over open convex setC'.
The Bregman divergence associated to ¢ is defined by

Be(w || W) = ®(w) — ®(w') — (VO(W'),w — w').
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Properties

B Proposition: the following properties hold for a Bregman
divergence.

e non-negativity: Vw,w’ € C, Bo(w || w') > 0.

* linearity: Baq)_|_5\p = aBg + 6By.

o projection: for any closed convex set K C C, the
projection of Bg-projection of w'over K is unique:
Pr(w') = argmin Bp(w || w').
weK
* Triangular identity:
(VO(w) = V&(v)) - (w—u) = B(u || w) + B(w || v) = B(u | v).

* Pythagorean theorem:
Bo(w || w') > Bo(w || Px(W')) + Be(Px(w') || w').
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Pythagorean theorem
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Legendre Type Functions

(Rockafellar, 1970)

B Definition: a real-valued function® defined over a non-
empty open convex set (' is said to be of Legendre type if it
is proper closed convex and differentiable over C' and if
one of the following equivalent conditions holds:

o V& isone-to-one mapping from C toV®(C).

o lim ||V®(w)| = +oo.
w—0C

o proper: (Vz € C,®(x) > —00) A (Fzg € C, ®(x0) < +00).

* closed: sublevel set{x € C': ®(x) < t}closed for anyt € R.
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Mirror Descent

(Nemirovski and Yudin, 1983)
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Mirror Descent

MIRROR-DESCENT(P)

1 Wi < argming . pneo (W)

2 fort<1to T do

3 Vii] < [VCI)]_l(VCI)(Wt) — 775ft(wt))
4 Wil <= argming e gno B(W || vigr)
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MD Guarantee

B Theorem: let C'be a non-empty open convex set and K C C
a compact convex set. Assume that ®: C'— Ris of
Legendre type and a-strongly convex with respect to|| - ||

and f,s convex and G ,-Lipschitz with respect to || - ||.
Then, the regret of Mirror Descent can be bounded as
follows: x 2
B(w* || w GZT
M 2

Choosing 1 to minimize the bound gives

[ 27T
87

with B(w* || w1) < Dj.
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Proof

Ry (MD)

I
E

(ft(wt) - ft(W*)>

1

~
I

E

Oft(Wy) - (wy — w™) (def. of subgrad.)

~
I

[~ "

1
=0 [VO(wi) = VO(viqr)] - (W — W) (def. of v;)
t=1
| T
= EZ [B(w™ || wi) = B(W" || vit1) + B(wy || vig)] (Triang. Identity)
t=1
| T
< EZ [B(W* | wi) = B(W™ || Wip1) — B(Wyg || Vigr) + B(wy || Vt_|_1)]
t=1

(Pythagorean ineq.)

ET: [ (Wetr || vigr) + B(we || Vt+1)}

1
=~ [BW" || w1) = BW" || wria)| +
n t=1

I |+

(Telescoping sum)

B( |W1

IA

=D [ Wi || Vig1) = B(Wig || Vt+1)}-

1
i
(Non-negativity of Breg. div.)
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Proof

Bwe || Vi) = B || Vi)
= Q(wy) = P(Wip1) = VO(vigr) - (W — Wig1)
< (VO(wy) = VO(viq1)) - (W — Wigq) — %Hwt — Wi’

(a-strong convexity)

o
=0 0fe(We) - (Wi = Wep1) = o f[we — w1 (def. of vii1)
o . :
< nGi|lwg — Wi || — §||Wt — Wi |]? (G«-Lipschitzness)
G.)?
< (772 ) . (max. of 2nd deg. eq.)
o

Foundations of Machine Learning
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Example: PSGD

B Mirror map: ®(w) = 1||w
respect to | - ||2.

2, clearly strongly convex with

® Bregman divergence: B(w || w') = ||lw — w'||3.
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Example: EG

® Mirror map: ®(w) = 3%, w;logw;, defined over RY,
differentiable over (R* )"

* thus, the negative entropy function.

e 1-strongly convex with respectto|| - |1 on the simplex:

Z [wj log

N

+ W — w]] = Z [wj log wa] (w and w’ in simplex)
=1 wj
]- /112 . . .

> 5 |lw —w'||{. (Schiitzenberger-Pinsker ineq.)

J

B Bregman divergence: unnormalized relative entropy
defined over (R* )"

B(w || w') = Zfll [wz log [5—] — w; +w7’l

S (S

Foundations of Machine Learning page 27



Example: Spectrahedron

® Mirror map: (M) = .7, A;(M)log A;(M), defined over

the set of semi-definite positive symmetric matrices S
® thus, negative von Neumann entropy.

o 1-strongly convex with respect to the Shatten 1-norm
N

My =D s (M) = 3 A;(M).

g=1
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Conjugate Functions

B Definition: let®: C' — R be a convex function defined over
a subset C C R". Then, the conjugate function &* is defined

by:
y ®*(u) = sup ({z,u) — (x)).

xeC

® For a Legendre function®, (V®) ™' = Vo*.

B For a convex function ® taking value +oo outside a convex
and compact set K, ® not necessarily Legendre but o*
differentiable, a variant of MD can be used.
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Strongly Convex Objectives

B Theorem: assume additionally that f;s are o-strongly
convex with respect to ®. Then, the regret of Mirror

Descent with parameter n:+1 = = can be bounded as

follows: 5

Rr(MD) < G, (1 +logT).

200
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Proof

< Z Oft(wy) - (wy —w*) —oB(w™ || wy) (P-strong convexity)

=3 [VO(w,) = VO] - (Wi — W) —oB(w" W) (Def. of vy)

T
=3 LBt ) - B vin) £ B [ vern)] - B | wo

(Breg. div. Identity)

< Z 1 [B(w™ || wt) = B(W" || Wiy1) = B(Wiga || Vig1) + B(we || vig1)] — o B(w™ || wy)

(Pyth. ineq.)
T

T
* * 1
=Y [(t—1)B(wW" || w;) — tB(W" || wis1)] +
t=1 i1 M+l

[_ B(wip || vigr) + B(we || Vt“)}

(Def. of 7;41)

T
. 1
< —oTBW" || wrin) + > —— | B(W || V1) = B(Wesa || Vi)

(Telescoping sum)

T

=1 Tt+1

<

[B(Wt | vie1) — B(witq || Vt_|_1)}. (Non-negativity of Breg. div.)
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Proof

B(w || viyr) = Bwig || ver)]

= ®(wy) — P(Wiy1) — VO(vig1) - (W — Wigq) (Def. of Breg. div.)
«

< (VO(wy) = VO(vit1)) - (W — Wig1) — EHWt — w1

(a-strong convexity)

e
= Mt+1 5ft(wt) . (Wt — Wt—|—1) — §HW75 — Wt-|-1H2 (Def. of Vt_|_1)
a . .

< N1 Gyl |We — Wiaq]| — §]|Wt — wip|]? (G «-Lipschitzness)
G

< (nt+21 ) (Max. of 2nd deg. polynomial)
e

Thus,

T
1
IS

t=1

T
1
> ——|Bwi | vir1) = BWes || vir)| < 5

Foundations of Machine Learning
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Equivalent Description

MIRROR-DESCENT(®)

1 Wi < argming g (W)
2 fort<+ 1to (I'—1)do

. 1
3 Wiyl <= arging e gne 0ft(We) - W+ - B(W || wy)
linearization of f; regularization
& Proof:
w1 = argmin B(w || vii1)
weKNC
= argmin ®(w) — VP®(vyiq) -w (def. of Breg. div.)
weKNC
= argmin ®(w) — (V®(w;) —ndfe(wy)) - w (def. of viiq)
weKNC
= argmin 7 df(wy) - w + B(W || wy). (def. of Breg. div.)
weKNC
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Dual Averaging

(louditski and Nesterov, 2010)

DUAL-AVERAGING(P)
1 v+ 0
w1 < argming, ¢ gnc B(w || v1)
fort < 1to T do
Vit1 < (VO] HVO(vy) — ndfi(wy))

Wil <= argmingc gno B(W || vig1)

CU = W N

Equivalently:
t

vier ¢ (V0] (V(w) <y Yot (we) )

s=1
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Equivalent Description

B Equivalent form:

w1 = argmin B(w || viyq)

weKNC

= argmin ®(w) — VP(viyq) - w (def. of Breg. div.)
weKNC

= argmin ®(w) — (VO(vy) — ndfi(wy)) - w  (def. of viqq)
wecKNC .

= argmin 7 Z Oft(ws) + @ (w). (recurrence)
weKNC T,

® |n particular, for linear losses, f;(w) = a; - w, Dual
Averaging coincides with regularized FL (FTRL):
t

1
W11 = argmin Zas W+ —P(w).

weKNC Y
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DA Guarantee

B Theorem: under the same assumptions as for MD, the
following holds for the regret of Dual Averaging,

*\ 2
Ry(DA) < d(w*) 77 d(wq) | 277G*T.
o

Choosing 17 to minimize the bound gives

[ 2T
87

with ®(w*) — ®(w;) < D3.
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