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General Ideas
Linear loss: decomposition as a sum along substructures. 

• sum of edge losses in a tree. 

• sum of edge losses along a path. 

• sum of other substructures losses in a discrete problem. 

• includes expert setting.
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FPL
General linear decision problem: 

• player selects                            ,                                    . 

• player receives                          ,                                          . 

• player incurs loss              ,                                       . 

Objective: minimize cumulative loss or regret. 

Notation:                                          .
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wt 2 W ✓ RN

xt 2 X ✓ RN

wt · xt

X ✓ {x : kxk1  X1}
sup

w2W,x2X
|w · x|  R

M(x) = argmin
w2W

w · x

(Kalai and Vempala, 2004)

l1-diam(W)  W1



pageAdvanced Machine Learning - Mohri@

FL
Follow the Leader (FL): use      at every round (aka fictitious 
play). 

FL problem: Suppose              and consider a sequence 
starting with            and then alternating        and        . Then, 

• FL incurs loss 1 at every round,     overall. 

• any single expert incurs loss          overall.
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FPL Algorithms
Additive bound Follow the Perturbed Leader (FPL): 

•                                  . 

•   

Multiplicative bound Follow the Perturbed Leader (FPL*): 

•          Laplacian with density                                . 

•  
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pt ⇠ U([0, 1/✏]N )

f(x) = ✏
2e

�✏kxk1pt ⇠

(Hannan 1957; Kalai and Vempala, 2004)

wt = argminw2W

Pt�1
s=1 w · xs +w · pt

= M(x1:t�1 + pt).

wt = argminw2W

Pt�1
s=1 w · xs +w · pt

= M(x1:t�1 + pt).
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FPL - Bound
Theorem: fix         . Then, the expected cumulative loss of 
additive FPL(  ) is bounded as follows
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E[LT ]  Lmin
T + ✏RX1T +

W1

✏
.

✏>0

For ✏ =

r
W1

RX1T

✏

E[LT ]  Lmin
T + 2

p
X1W1RT.
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FPL* - Bound
Theorem: fix          and assume that                       . Then, the 
expected cumulative loss of (multiplicative) FPL*(            ) is 
bounded as follows
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✏>0
✏/2X1

For ✏ = min
⇣
1/2X1,

q
W1(1 + logN)/X1Lmin

T

⌘

E[LT ]  Lmin
T + 4

q
Lmin
T X1W1(1 + logN) + 4X1W1(1 + logN).

E[LT ]  (1 + ✏)Lmin
T +

2X1W1(1 + logN)

✏
.

W,X ✓ RN
+
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Proof Outline
 Be the perturbed leader (BPL): 

1. Bound on regret of BPL: 

2. Bound on difference of regrets of FPL and BPL: 

3. Difference of expectations small because similar 
distributions.
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wt = M(x1:t + pt).

E[RT (BPL)]  W1
✏ .

E[M(x1:t�1 + p1) · xt]� E[M(x1:t + p1) · xt].
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Proof: BL Regret
Lemma 1:  

Proof: case             is clear. By induction,
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T = 1

PT
t=1 M(x1:t) · xt  M(x1:T ) · x1:T .

T+1X

t=1

M(x1:t) · xt

 M(x1:T ) · x1:T +M(x1:T+1) · xT+1 (induction)

 M(x1:T+1) · x1:T +M(x1:T+1) · xT+1 (def. of M(x1:T ) as minimizer)

= M(x1:T+1) · x1:T+1.
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Proof: BPL Regret
Lemma 2: let            . Then, the following holds: 

Proof: use Lemma 1 with                                        , then
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p0=0

x0
t = xt + pt � pt�1

Thus,

TX

t=1

M(x1:t + pt) · (xt + pt � pt�1)  M(x1:T + pT ) · (x1:T + pT )

 M(x1:T ) · (x1:T + pT )

= M(x1:T ) · x1:T +M(x1:T ) ·
TX

t=1

pt � pt�1.

TX

t=1

M(x1:t + pt) · xt  M(x1:T ) · x1:T +
TX

t=1

⇥
M(x1:T )�M(x1:t + pt)

⇤
·
⇥
pt � pt�1

⇤

 M(x1:T ) · x1:T +W1

TX

t=1

��pt � pt�1

��
1.

TX

t=1

M(x1:t + pt) · xt  M(x1:T ) · x1:T +W1

TX

t=1

kpt � pt�1k1.
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Proof: FPL vs. BPL Regrets
Proof: for the expected loss, we can just choose                for     
all           , which yields: 

Thus,
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pt = p1
t > 0
TX

t=1

M(x1:t + p1) · xt  M(x1:T ) · x1:T +W1kp1k1.

TX

t=1

E[M(x1:t�1 + p1) · xt]

=
TX

t=1

E[M(x1:t�1 + p1) · xt]� E[M(x1:t + p1) · xt] + E[M(x1:t + p1) · xt]


TX

t=1

h
E[M(x1:t�1 + p1) · xt]� E[M(x1:t + p1) · xt]

i
+ Lmin

T +W1kp1k1.



pageAdvanced Machine Learning - Mohri@

Proof: FPL
By definition of the perturbation,                      . 

Now,                  and                       both follow a uniform 
distribution over a cube. Thus, 

Two cubes                 and                          overlap over at least 
the fraction                       :  

• if                          but                                   then for at least        
one i,                                    , which has probability at    
most         .

12

kp1k1  1
✏

x1:t + p1 x1:t�1 + p1

E[M(x1:t�1 + p1) · xt]� E[M(x1:t + p1) · xt]  R(1� fraction of overlap).

[0, 1/✏]N v + [0, 1/✏]N

(1� ✏kvk1)
x 2 [0, 1/✏]N x 62 v + [0, 1/✏]N

xi 62 vi + [0, 1/✏]N

0 vi 1/✏ vi + 1/✏

✏|vi|mass

✏|vi|
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Proof: FPL
Thus, 

And,
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E[M(x1:t�1 + p1) · xt]� E[M(x1:t + p1) · xt]  R✏kxtk1  R✏X1.

E[RT ]  R✏X1T + W1
✏ .
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Proof: FPL*
Lemma 3:  

Proof: 
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E[M(x1:t�1 + p1) · xt]  e✏X1 E[M(x1:t + p1) · xt].

<latexit sha1_base64="I38zV9jcVADfuZakyIL85q1aWuk="></latexit>

E[M(x1:t�1 + p1) · xt]

=

Z

RN

M(x1:t�1 + u) · xt dµ(u)

=

Z

RN

M(x1:t + v) · xt dµ(xt + v) (change of var. v = u+ xt)

=

Z

RN

M(x1:t + v) · xt e
�✏(kxt+vk1�kvk1)
| {z }

e✏X1

d(v)

 e✏X1 E[M(x1:t + p1) · xt].
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Proof: FPL*
For                   ,                                    , thus,
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✏  1/X1
TX

t=1

E[M(x1:t�1 + p1) · xt] 
TX

t=1

(1 + 2✏X1) E[M(x1:t + p1) · xt]


TX

t=1

(1 + 2✏X1)(Lmin
T +W1 E[kp1k1]).

E[kp1k1] = E
h

max
i2[1,N ]

|p1,i|
i
=

Z +1

0
Pr

h
max

i2[1,N ]
|p1,i| > t

i
dt

 2

Z +1

0
Pr

h
max

i2[1,N ]
p1,i > t

i
dt

= 2

Z u

0
Pr

h
max

i2[1,N ]
p1,i > t

i
dt+

Z +1

u
Pr

h
max

i2[1,N ]
p1,i > t

i
dt

 2u+N

Z +1

u
Pr

h
p1,1 > t

i
dt

= 2u+N
e�✏u

✏
 2(1 + logN)

✏
(best choice of u).

Thus,

e✏X1  (1 + 2✏X1)
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Expert Setting
              ,                , and            ; for FLP*(  ) , 

More favorable bound: 

•                                            . 

• new           = old          . 

•                                    . 

• new guarantee: for FLP*(  ) ,
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W1 = 1 X1 = N R = 1

Lmin
NT Lmin

T

xt ! xt,1e1 . . . xt,NeN

✏

E[LT ]  (1 + 2✏)Lmin
T + 2(1+log(NT ))

✏ .

E[LT ]  (1 + 2N✏)Lmin
T + 2(1+log(N)

✏ .

✏

E[RT ]  2
p
2Lmin

T (1 + log(NT )).

E[Lold
T ]  E[Lnew

TN ]
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RWM = FPL
Let FPL(  ) be an instance of the general FPL algorithm with 
a perturbation defined by 

• where     is drawn according to the uniform distribution 
over        . 

Then, FPL(  ) and RWM(  ) coincide.
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⌘

uj

[0, 1]

⌘ ⌘

p1 =


log(� log(u1))

⌘
, . . . ,

log(� log(uN ))

⌘

�>
,
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