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Motivation
Online learning with side observation (Mannor and Shamir, 
2011): 

• side observation modeled as feedback graph. 

• full information and bandit: special cases. 

• intermediate regret guarantees expressed in terms of 
graph properties (mas-number, independence number, 
domination number).
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https://arxiv.org/pdf/1106.2436.pdf
https://arxiv.org/pdf/1106.2436.pdf
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Feedback Graph
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If arm 0 is selected, then the losses of arms 0, 1, 2, and 3 
are observed (but not the loss of arm 4).
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Applications
Undirected graph: 

Directed graph:
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(Valko, 2016)

https://hal.inria.fr/tel-01359757/document
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Graph Theory Notions
Given a directed graph                    (self-loops ignored), 

• the mas-number of    ,         , is the size of the maximum 
acyclic subgraph of     . 

• a subset of the vertices is independent if no two vertices 
in it are adjacent; the independence number of     ,         , 
is the size of the maximum independent set in    . 

• a dominating set of     is a subset             such that every 
vertex not in     is adjacent to    ; the domination number 
of    ,         , is the minimum size of a dominating set. 

• it follows that for any graph:
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<latexit sha1_base64="W50ywAQy+LbKKWjl1xO9yy/HMi8=">AAACFXicbVC7SgNBFJ31mcRX1EawGQxCBEl2LTSNEBTRMoJ5YBLC7GQ2GTKPZWZWiCHgRwhW+hH2dmJrLfgd1k4ehUk8cOFwzr3ce48fMqqN6345c/MLi0vLsXhiZXVtfSO5uVXSMlKYFLFkUlV8pAmjghQNNYxUQkUQ9xkp+53zgV++I0pTKW5MNyR1jlqCBhQjY6XbS3gK06VDeHHQSKbcjDsEnCXemKTyO/ff8YfXs0Ij+VNrShxxIgxmSOuq54am3kPKUMxIP1GLNAkR7qAWqVoqECe63hte3If7VmnCQCpbwsCh+neih7jWXe7bTo5MW097A/E/rxqZIFfvURFGhgg8WhREDBoJB+/DJlUEG9a1BGFF7a0Qt5FC2NiQJrZki9pKWS7bimYND7Oc+VJ2+jYobzqWWVI6ynjHGe/aJpYDI8TALtgDaeCBE5AHV6AAigADAR7BM3hxnpw35935GLXOOeOZbTAB5/MXLp2hBA==</latexit>

G = (V,E)
<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>

G
<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>

G

<latexit sha1_base64="DaUeyMGwNB4faWajjao2p0h0ByU=">AAACEXicbVC7SgNBFJ2NryS+ojaCzWAQYpPsWmjKoIWWEdwkkCxhdjKbjJnZWWZmhbgE/ATBSj/Dzk5s/QLB77B28ihM4oELh3Pu5d57/IhRpW37y0otLa+srqUz2fWNza3t3M5uTYlYYuJiwYRs+EgRRkPiaqoZaUSSIO4zUvf7FyO/fkekoiK80YOIeBx1QxpQjLSRai0eFy6P27m8XbTHgIvEmZJ8Zf/+O/Pwel5t535aHYFjTkKNGVKq6diR9hIkNcWMDLOtWJEI4T7qkqahIeJEecn42iE8MkoHBkKaCjUcq38nEsSVGnDfdHKke2reG4n/ec1YB2UvoWEUaxLiyaIgZlALOHoddqgkWLOBIQhLam6FuIckwtoENLOl5CojlbjoSVrSPCpx5gvRH5qgnPlYFkntpOicFp1rk1gZTJAGB+AQFIADzkAFXIEqcAEGt+ARPIMX68l6s96tj0lryprO7IEZWJ+/V62gtg==</latexit>

µ(G)

<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>

G
<latexit sha1_base64="S6kb6aIQFdanS0uadGxtin3z7p8=">AAACFHicbVDLSsNAFJ3UV1tfVTeCm2AR6qZJXGiXRRe6rGDaShvKZDpphs5kwsxEqKHgPwiu9CdcuxO37gW/w7XTx8K2HrhwOOde7r3HjymRyra/jMzS8srqWjaXX9/Y3Nou7OzWJU8Ewi7ilIumDyWmJMKuIoriZiwwZD7FDb9/MfIbd1hIwqMbNYixx2AvIgFBUGnptg1pHMLS5XGnULTL9hjmInGmpFjdv//OPbye1zqFn3aXo4ThSCEKpWw5dqy8FApFEMXDfDuROIaoD3u4pWkEGZZeOj54aB5ppWsGXOiKlDlW/06kkEk5YL7uZFCFct4bif95rUQFFS8lUZwoHKHJoiChpuLm6HuzSwRGig40gUgQfauJQiggUjqjmS2WK7VkMR4KYikWW4z6nPeHOihnPpZFUj8pO6dl51onVgETZMEBOAQl4IAzUAVXoAZcgAADj+AZvBhPxpvxbnxMWjPGdGYPzMD4/AWyyqH4</latexit>

↵(G)
<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>

G

(Goddard and Henning, 2013)

<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>

G
<latexit sha1_base64="YgdTzdHTl9DV3hb89u6NyqpyF2c=">AAACGHicbVC7SgNBFJ31GY2PNZZpBkWwSnYt1FKwsYxoHpAsYXZyY4bM7Gxm7goh5DsEK/0TO7G180cUrJw8Cl8HLhzOuZdzOXEqhcUgePMWFpeWV1Zza+v5jc2tbX+nULM6MxyqXEttGjGzIEUCVRQooZEaYCqWUI/75xO/fgvGCp1c4zCFSLGbRHQFZ+ik6Iq2bBZbQBjQWtvfD0rBFPQvCedk/yzvfzY+CsVK239vdTTPFCTIJbO2GQYpRiNmUHAJ4/VWZiFlvM9uoOlowhTYaDR9ekwPnNKhXW3cJEin6veLEVPWDlXsNhXDnv3tTcT/vGaG3dNoJJI0Q0j4LKibSYqaThqgHWGAoxw6wrgR7lfKe8wwjq6nHynlqnVSWemeEWVUaVnJWOv+2BUV/q7lL6kdlcLjUnjpGjslM+RIkeyRQxKSE3JGLkiFVAknA3JHHsijd+89ec/ey2x1wZvf7JIf8F6/AKeUo30=</latexit>

S ✓ V
<latexit sha1_base64="4l25ycVLORYXMrUhjvfMc6j7XeI=">AAACDnicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGbCwT4iaBuITZyWwyZGZnmZkVwpLSUrDSP5E0ausv+A321k4ehUk8cOFwzr3ce08QM6q043xZmZXVtfWN7GZua3tndy+/f1BXIpGYeFgwIZsBUoTRiHiaakaasSSIB4w0gv712G/cE6moiG71ICY+R92IhhQjbaRaDcJ2vuAUnQngMnFnpHD1Pqp+PxyPKu38z11H4ISTSGOGlGq5Tqz9FElNMSPD3F2iSIxwH3VJy9AIcaL8dHLqEJ4apQNDIU1FGk7UvxMp4koNeGA6OdI9teiNxf+8VqLDkp/SKE40ifB0UZgwqAUc/w07VBKs2cAQhCU1t0LcQxJhbdKZ22J7ykg2Fz1Jbc1jm7NAiP7QBOUuxrJM6udF96LoVp1CuQSmyIIjcALOgAsuQRncgArwAAZd8AiewYv1ZL1ab9bHtDVjzWYOwRysz197aKB2</latexit>

S
<latexit sha1_base64="4l25ycVLORYXMrUhjvfMc6j7XeI=">AAACDnicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGbCwT4iaBuITZyWwyZGZnmZkVwpLSUrDSP5E0ausv+A321k4ehUk8cOFwzr3ce08QM6q043xZmZXVtfWN7GZua3tndy+/f1BXIpGYeFgwIZsBUoTRiHiaakaasSSIB4w0gv712G/cE6moiG71ICY+R92IhhQjbaRaDcJ2vuAUnQngMnFnpHD1Pqp+PxyPKu38z11H4ISTSGOGlGq5Tqz9FElNMSPD3F2iSIxwH3VJy9AIcaL8dHLqEJ4apQNDIU1FGk7UvxMp4koNeGA6OdI9teiNxf+8VqLDkp/SKE40ifB0UZgwqAUc/w07VBKs2cAQhCU1t0LcQxJhbdKZ22J7ykg2Fz1Jbc1jm7NAiP7QBOUuxrJM6udF96LoVp1CuQSmyIIjcALOgAsuQRncgArwAAZd8AiewYv1ZL1ab9bHtDVjzWYOwRysz197aKB2</latexit>

S
<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>

G
<latexit sha1_base64="bP+lDqVfrqr2avThEG4lXvbhPyI=">AAACFHicbVC7SgNBFJ2NryS+ojaCzWAQYpPsWmjKoIWWEdwkkixhdjKbDJnZWWZmhbgE/AfBSn/C2k5s7QW/w9rJozCJBy4czrmXe+/xI0aVtu0vK7W0vLK6ls5k1zc2t7ZzO7s1JWKJiYsFE7LhI0UYDYmrqWakEUmCuM9I3e9fjPz6HZGKivBGDyLicdQNaUAx0ka6bXUR56hwedzO5e2iPQZcJM6U5Cv799+Zh9fzajv30+oIHHMSasyQUk3HjrSXIKkpZmSYbcWKRAj3UZc0DQ0RJ8pLxgcP4ZFROjAQ0lSo4Vj9O5EgrtSA+6aTI91T895I/M9rxjooewkNo1iTEE8WBTGDWsDR97BDJcGaDQxBWFJzK8Q9JBHWJqOZLSVXGanERU/SkuZRiTNfiP7QBOXMx7JIaidF57ToXJvEymCCNDgAh6AAHHAGKuAKVIELMODgETyDF+vJerPerY9Ja8qazuyBGVifv62/ofU=</latexit>

�(G)
<latexit sha1_base64="EDMpgtDOAMmX/e3XTTE9eKwlnPY="></latexit>

�(G)  ↵(G)  µ(G).

https://people.cs.clemson.edu/~goddard/papers/idomSurvey.pdf
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Graph Theory Notions
Computing domination number is NP-hard since it is 
equivalent to the minimum vertex cover problem. But, it 
can be approximated modulo logarithmic factor via greedy 
set cover: 

• at each round select vertex with largest uncovered 
adjacent set. 

When     is undirected (symmetric edges), then,

6

<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>

G
<latexit sha1_base64="HAix2GHCV17AYAyJfgJBk0dBa0Y="></latexit>

↵(G) = µ(G).
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Examples

Star graph: 

7
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<latexit sha1_base64="PVhVxYN+rCWb1m8gtYTh47p9Ys8="></latexit>

�(G) = 1,↵(G) = n� 1, µ(G) = n.
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Example

Auction graph:

8
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<latexit sha1_base64="5kEj1DhVRmSSoT9AdeshkNmE2to="></latexit>

�(G) = 1,↵(G) = (n� 1)/2, µ(G) = n.
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Adversarial Setting
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Protocols
Graph information: 

• pre-informed setting: feedback graph received before 
selecting arm. 

• uninformed setting: feedback graph received after 
selecting arm. 

Time-dependent or fixed feedback graph.

10
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EXP3-SET Algorithm
(Alon et al., 2013): variant of EXP3; 

• uninformed setting. 

• directed feedback graphs                      . 

• surrogate loss: 

11

<latexit sha1_base64="9mx98h6Ch8wclAie9gPHe1hDmWA=">AAACGXicbVBNS0JBFJ1n3/ZltQnaDElgEPpei3ITSBG1NEgT1GTeOE8HZ948Zu4LTIR+RtCqfkL/oF20bRX0O1o3aou0Dlw4nHMv53L8SHADrvvhJKamZ2bn5heSi0vLK6uptfWyUbGmrESVULriE8MED1kJOAhWiTQj0hfsyu+cDPyrG6YNV+EldCNWl6QV8oBTAla6PmsAPsKZ8h4+bcBuI5V2s+4Q+C/xfki6sHn7uXD3fFxspL5qTUVjyUKgghhT9dwI6j2igVPB+slabFhEaIe0WNXSkEhm6r3h1328Y5UmDpS2EwIeqr8vekQa05W+3ZQE2mbSG4j/edUYgny9x8MoBhbSUVAQCwwKDyrATa4ZBdG1hFDN7a+YtokmFGxRYym5krFSTqq25jmQUU4KX6lO3xblTdbyl5T3s95B1ruwjeXRCPNoC22jDPLQISqgc1REJUSRRvfoET05D86L8+q8jVYTzs/NBhqD8/4NjQSi0g==</latexit>

Gt = (V,Et)

<latexit sha1_base64="9gUS9Z1tp0FtUggZSVb1+DW2ESI="></latexit>

è
i,t =

`i,t
qi,t

I{(It, i) 2 Et}

<latexit sha1_base64="62oJl3CtQsKnHqs7uyypEXTC5P8="></latexit>

qi,t =
X

j : (j,i)2Et

pj,t

<latexit sha1_base64="NkpCQ+RrIR48BXEhoTxLKFbyOVM="></latexit>| {z }
Probability of observing i.

https://arxiv.org/pdf/1307.4564.pdf
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EXP3-SET

12

<latexit sha1_base64="rnqerYNmFNk8/TxTvBACXuafWfM="></latexit>

EXP3-SET(⌘)

1 8i 2 V,wi,1  1
2 for t 1 to T do
3 8i 2 V, pi,t  wi,tP

j2V wj,t

4 Sample(It ⇠ pt)
5 Receive({(j, `j,t) : (It, j) 2 Et})
6 Receive(Gt)
7 for i 1 to |V | do
8 qi,t  

P
j : (j,i)2Et

pj,t . probability of observing i.

9 è
i,t  `i,t

qi,t
I{(It, i) 2 Et}

10 wi,t+1  e�⌘èi,twi,t
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EXP3-SET Guarantee
Theorem: the pseudo-regret of EXP3-SET can be bounded 
as follows: 

• where                          

13

<latexit sha1_base64="f4aA4lBC5yISSVyNQo5yoALDM+k="></latexit>

Reg(EXP3-SET)  logK

⌘
+

⌘

2

TX

t=1

E[Qt],

<latexit sha1_base64="kS8TSJfdngYcNRTrux+cu0hTcFA="></latexit>

Qt =
X

i2V

pi,t
qi,t

.
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Proof
Potential:                                         , with                            . 

Upper bound: 

Summing up:

14

<latexit sha1_base64="9sAROBgqNKYJD5LoMEF8s2hDQTQ="></latexit>

eLi,t =
Pt

s=1
è
i,s

<latexit sha1_base64="meZQpO+imIslv4HMTbzU2l9Hlqw="></latexit>

�t+1 � �t = log

PK
i=1 e

�⌘eLi,t

PN
i=1 e

�⌘eLi,t�1

= log

PK
i=1 e

�⌘eLi,t�1e�⌘èi,t
PN

i=1 e
�⌘eLi,t�1

= log
h

E
i⇠pt

⇥
e�⌘èi,t

⇤i

 E
i⇠pt

⇥
e�⌘èi,t

⇤
� 1 (log x  x� 1)

 E
i⇠pt

⇥
� ⌘èi,t +

⌘2

2
è2
i,t

⇤
(e�x  1� x+ x2

2 ).

<latexit sha1_base64="cqiv1fxfTi88B0zokLMuEujqtxQ="></latexit>

�t+1 = log
PK

i=1 e
�⌘eLi,t

<latexit sha1_base64="YtXdbbvQaR16XK2oW3CHADdWMb0="></latexit>

�T+1 � �1  �⌘
TX

t=1

X

i2V

pi,t èi,t +
⌘2

2

TX

t=1

X

i2V

pi,t è2i,t.
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Proof
Lower bound: 

Comparison: 

Using conditional expectation                                        : 
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<latexit sha1_base64="2rbwCsGi7zRRJcvaoNGHn4YUa6E="></latexit>

TX

t=1

X

i2V

pi,t èi,t 
TX

t=1

è
j,t +

logK

⌘
+

⌘

2

TX

t=1

X

i2V

pi,t è2i,t.

<latexit sha1_base64="bY1H/Je8cpPkIgjgd4sDRFitYuc="></latexit>

�T+1 � �1 = log

 KX

i=1

e�⌘eLi,T � logK

�
� �⌘eLj,T � logK = �⌘

TX

t=1

è
j,t � logK.

<latexit sha1_base64="yoSppMSJLbK1epJLYTN2VLkBgF0="></latexit>

E
t
= E

It⇠pt
[·|I1, . . . , It�1]

<latexit sha1_base64="25IjtWfsZan++OGysY4MtGJn/ag="></latexit>

TX

t=1

X

i2V

E
h
pi,t E

t
[èi,t]

i


TX

t=1

E
h
E
t
[èj,t]

i
+

logK

⌘
+

⌘

2

TX

t=1

X

i2V

E
h
pi,t E

t
[è2i,t]

i
.
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Proof
Observe that: 

Similarly,

16

<latexit sha1_base64="6nY4ZpSB9+Esv0ktMc+jhZDxzYc="></latexit>

E
t

h
è2
i,t

i
= E

It⇠pt

"
`2i,t
q2i,t

I{(It, i) 2 E}
#

=
X

j2V

pj,t
`2i,t
q2i,t

I{(j, i) 2 E} = qi,t
`2i,t
q2i,t

=
`2i,t
qi,t

 1

qi,t
.

<latexit sha1_base64="32phSkNTQTzzc4OvorYYZJk8KbQ="></latexit>

E
t

h
è
i,t

i
= E

It⇠pt


`i,t
qi,t

I{(It, i) 2 E}
�

=
X

j2V

pj,t
`i,t
qi,t

I{(j, i) 2 E} = qi,t
`i,t
qi,t

= `i,t.
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Proof
Thus,  

• and,
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<latexit sha1_base64="70jU1up8flCwZzV7CYiQmT5Msjg="></latexit>

Reg(EXP3-SET)  logK

⌘
+

⌘

2

TX

t=1

E[Qi,t].

<latexit sha1_base64="qOtAva6tUldP1lHToxryou1GTlU="></latexit>

TX

t=1

X

i2V

E[pi,t`i,t] 
TX

t=1

E[`j,t] +
logK

⌘
+

⌘

2

TX

t=1

X

i2V

E

pi,t
qi,t

�
,
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EXP3-SET Guarantee
Theorem: the pseudo-regret of EXP3-SET can be bounded 
as follows for directed graphs: 

• for                         ,

18

<latexit sha1_base64="xi6KvVpsyHjvnFgoE4aXwj0ZVyo="></latexit>

Reg(EXP3-SET)  logK

⌘
+

⌘

2

TX

t=1

E[µ(Gt)].

<latexit sha1_base64="7T7Un4kxdxre/XaffGQKRK4dx4M="></latexit>

Reg(EXP3-SET) 

vuut2(logK)
TX

t=1

µt.

<latexit sha1_base64="qJqqVl4e9CfRf1XPPP+CpTZx0WE="></latexit>

E[µ(Gt)]  µt
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Proof
For any graph (dropping time indices), 

• Construct subset of vertices      inducing acyclic graph 
such that                                        . 

• define                                                and remove that vertex 
from the graph as well as all                  and all edges 
entering or leaving these vertices. 

• Observe that:

19

<latexit sha1_base64="31PHGVlw5gS4oY+obHW2guz4r4Y="></latexit>

KX

i=1

piP
j2IN(i) pj

 µ(G).

<latexit sha1_base64="+rQOiKXJ1X9IhlnQRLbgXQ2AwW8=">AAACDXicbVC7SgNBFJ31GeMrainIYhCtsrsWms6AjWUibhJIljA7mU2GzGOZmRXCktJOsNI/EVJIWr/Bb7C3dvIoTOKBC4dz7uXee8KYEqVd98taWV1b39jMbGW3d3b39nMHh1UlEomwjwQVsh5ChSnh2NdEU1yPJYYspLgW9m7Hfu0RS0UEf9D9GAcMdjiJCILaSPfV81Yu7xbcCexl4s1I/mY0rHw/nQzLrdxPsy1QwjDXiEKlGp4b6yCFUhNE8SDbTBSOIerBDm4YyiHDKkgnlw7sM6O07UhIU1zbE/XvRAqZUn0Wmk4GdVctemPxP6+R6KgYpITHicYcTRdFCbW1sMdv220iMdK0bwhEkphbbdSFEiJtwpnb4vjKSA4TXUkczWKH0VCI3sAE5S3GskyqlwXvquBV3HypCKbIgGNwCi6AB65BCdyBMvABAhF4Bq/gzXqx3q0PazRtXbFmM0dgDtbnLzF+oFY=</latexit>

V 0
<latexit sha1_base64="wdW7l/jnrvtrewTIk5oO7WUWgPA="></latexit>PK

i=1
piP

j2IN(i) pj
 |V 0|

<latexit sha1_base64="ch8Or/c13pC+wwi6LMZLD2VgOcU="></latexit>

i1 = argmini2V

P
j2IN(i) pj

<latexit sha1_base64="ELyhoprEvqRiAvf7W3XjPPBr29k="></latexit>

j 2 IN(i1)

<latexit sha1_base64="rq22J8+PIR7/s15+mf7b5ZvTKK4="></latexit> X

k2IN(i1)

pkP
j2IN(k) pj


X

k2IN(i1)

pkP
j2IN(i1)

pj
= 1.
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Proof
Thus, 

• reiterating until no vertex is left, with                             , 

• the graph induced by      cannot contain cycles since at 
each step all incoming edges of      and source vertices of 
those edges are removed.

20

<latexit sha1_base64="9bFkiAi67NDZJJ7IwGUjSeHGhnM="></latexit>

KX

i=1

piP
j2IN(i) pj


X

i 62IN(i1)

piP
j2IN(i) pj

+ 1.

<latexit sha1_base64="HR3IP8RJwwyhQPQVj9te7fYCxp0="></latexit>

V 0 = {i1, . . . , ik}
<latexit sha1_base64="a8uHICCAlGc2BXpSbtXZ6hQ3L2U="></latexit> X

k2IN(i1)

pkP
j2IN(k) pj

 |V 0|.

<latexit sha1_base64="+rQOiKXJ1X9IhlnQRLbgXQ2AwW8=">AAACDXicbVC7SgNBFJ31GeMrainIYhCtsrsWms6AjWUibhJIljA7mU2GzGOZmRXCktJOsNI/EVJIWr/Bb7C3dvIoTOKBC4dz7uXee8KYEqVd98taWV1b39jMbGW3d3b39nMHh1UlEomwjwQVsh5ChSnh2NdEU1yPJYYspLgW9m7Hfu0RS0UEf9D9GAcMdjiJCILaSPfV81Yu7xbcCexl4s1I/mY0rHw/nQzLrdxPsy1QwjDXiEKlGp4b6yCFUhNE8SDbTBSOIerBDm4YyiHDKkgnlw7sM6O07UhIU1zbE/XvRAqZUn0Wmk4GdVctemPxP6+R6KgYpITHicYcTRdFCbW1sMdv220iMdK0bwhEkphbbdSFEiJtwpnb4vjKSA4TXUkczWKH0VCI3sAE5S3GskyqlwXvquBV3HypCKbIgGNwCi6AB65BCdyBMvABAhF4Bq/gzXqx3q0PazRtXbFmM0dgDtbnLzF+oFY=</latexit>

V 0
<latexit sha1_base64="3SMnDHLZpao3u2o8Ys5FeDiKcB8=">AAACDnicbVDLSgNBEJyNrxiNRj16GQwBT9ldD5pjQBCPEd0kEJcwO5lNhsxjmZkVwpJPEDzpH/gJ3kTw5C/4I56dPA4msaChqOqmuytKGNXG876d3Nr6xuZWfruws1vc2y8dHDa1TBUmAZZMqnaENGFUkMBQw0g7UQTxiJFWNLyc+K0HojSV4s6MEhJy1Bc0phgZK93SruqWyl7VmwKuEn9OyvXiZ1q5Krw2uqWf+57EKSfCYIa07vheYsIMKUMxI+PCfapJgvAQ9UnHUoE40WE2PXUMK1bpwVgqW8LAqfp3IkNc6xGPbCdHZqCXvYn4n9dJTVwLMyqS1BCBZ4vilEEj4eRv2KOKYMNGliCsqL0V4gFSCBubzsIWN9BWcrkcKOoanricRVIOxzYofzmWVdI8q/rnVf/GJlYDM+TBMTgBp8AHF6AOrkEDBACDPngEz+DFeXLenHfnY9aac+YzR2ABztcvElafcA==</latexit>

ir
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EXP3-SET Guarantee
Corollary: the pseudo-regret of EXP3-SET can be bounded 
as follows for undirected graphs: 

• for                     ,

21

<latexit sha1_base64="gNOsBcEUxVXpMtRBGnmfGN0EL1E="></latexit>

Reg(EXP3-SET)  logK

⌘
+

⌘

2

TX

t=1

E[↵(Gt)].

<latexit sha1_base64="A40aQ5cbflz7una6COx4IhU1+kU="></latexit>

Reg(EXP3-SET) 

vuut2(logK)
TX

t=1

↵t.

<latexit sha1_base64="KWhy5KUiMBXGROMIcg90b0v9DK4="></latexit>

↵(Gt)  ↵t
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Adversarial Setting
(Mannor and Shamir, 2011): introduced online learning 
with side information modeled as feedback graph. 

(Alon et al., 2013): directed feedback graphs, variants of 
EXP3. 

(Alon et al., 2015): algorithm with             regret for weakly 
observable graphs (vertex with no self-loop or no entering 
edge from all other vertices). 

(Alon et al., 2014): high probability bounds based on mas-
number. 

(Neu 2015): high probability bounds based on 
independence number, implicit exploration.

22

<latexit sha1_base64="zhrxgmju5sY0yCdcJVjHPIK9RAI="></latexit>

O(T
2
3 )

https://arxiv.org/pdf/1106.2436.pdf
https://arxiv.org/pdf/1307.4564.pdf
http://proceedings.mlr.press/v40/Alon15.pdf
https://arxiv.org/pdf/1409.8428.pdf
https://arxiv.org/pdf/1506.03271.pdf
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Stochastic Setting
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UCB-N
(Caron et al., 2012): UCB-type algorithm; 

• number of observations of arm   up to time           ,           . 

• average reward of arm   up to time           ,            . 

• arm selected at time   :                                                            .

24

 

<latexit sha1_base64="exLmhvougTrcRDEh+QWOgAWO53A=">AAACDHicbVC7SgNBFJ31GeMrainIYBCssrsWms6AjWUCbhJIQpidzCZD5rHMzAphSWklWOmfWARES//Bb7C3dvIoTOKBC4dz7uXee8KYUW0878tZWV1b39jMbGW3d3b39nMHh1UtE4VJgCWTqh4iTRgVJDDUMFKPFUE8ZKQW9m/Gfu2eKE2luDODmLQ46goaUYyMlSq0nct7BW8CuEz8Gclff4wq3w8no3I799PsSJxwIgxmSOuG78WmlSJlKGZkmG0mmsQI91GXNCwViBPdSieHDuGZVTowksqWMHCi/p1IEdd6wEPbyZHp6UVvLP7nNRITFVspFXFiiMDTRVHCoJFw/DXsUEWwYQNLEFbU3gpxDymEjc1mbosbaCu5XPYUdQ2PXc5CKftDG5S/GMsyqV4U/MuCX/HypSKYIgOOwSk4Bz64AiVwC8ogABgQ8AiewYvz5Lw6b877tHXFmc0cgTk4n7/q8aA4</latexit>

i
<latexit sha1_base64="SI1id4phU0Swflp2zTYIICj5Avg=">AAACEnicbVC7SgNBFJ31mcRX1EawGQxCLEx2LTRl0MYygnlAEsLsZJIMO7OzzNwVYgj4C4KV/oWlndj6A4LfYe3kUZjEAxcO59zLvff4keAGXPfLWVpeWV1bTyRTG5tb2zvp3b2KUbGmrEyVULrmE8MED1kZOAhWizQj0hes6gdXI796x7ThKryFfsSaknRD3uGUgJWqWcCn2DtppTNuzh0DLxJvSjLFg/vv5MPrZamV/mm0FY0lC4EKYkzdcyNoDogGTgUbphqxYRGhAemyuqUhkcw0B+Nzh/jYKm3cUdpWCHis/p0YEGlMX/q2UxLomXlvJP7n1WPoFJoDHkYxsJBOFnVigUHh0e+4zTWjIPqWEKq5vRXTHtGEgk1oZku+bKyUl6qneR5klJfCVyoY2qC8+VgWSeUs553nvBubWAFNkECH6AhlkYcuUBFdoxIqI4oC9Iie0Yvz5Lw5787HpHXJmc7soxk4n7+9bqBN</latexit>

(t� 1)
<latexit sha1_base64="b4BakqfWnsMpR4DNE8B95qkgUdU=">AAACF3icbVC7TgJBFJ31BYIP1JJmIjGxUNi1UEqijZ2YyCMBQmaHASbM7Gxm7pqQDX9gbWKlf2JnbC39DQsrC4dHIeBJbnJyzr05N8cPBTfgup/Oyura+kYiuZlKb23v7Gb29qtGRZqyClVC6bpPDBM8YBXgIFg91IxIX7CaP7ga+7V7pg1XwR0MQ9aSpBfwLqcErNS8acf8BAM+xd6oncm5eXcCvEy8GcmVsl+XifTDT7md+W52FI0kC4AKYkzDc0NoxUQDp4KNUs3IsJDQAemxhqUBkcy04snPI3xklQ7uKm0nADxR/17ERBozlL7dlAT6ZtEbi/95jQi6xVbMgzACFtBpUDcSGBQeF4A7XDMKYmgJoZrbXzHtE00o2JrmUgoVY6WCVH3NCyDDghS+UoNxUd5iLcukepb3zvPerW2siKZIoiw6RMfIQxeohK5RGVUQRSF6RM/oxXlyXp035326uuLMbg7QHJyPX+Nmooc=</latexit>

Oi,t�1

<latexit sha1_base64="xpPExUDlupI5iszPUgX4IPozbQY="></latexit>

It = argmaxi2[K] Xi,t�1 +
q

2 log t

Oi,t�1

<latexit sha1_base64="7gpgcA8Em+jwI03rKseOD86aA7E=">AAACDHicbVA9SwNBEN3zM8avqKUgh0Gwyt1ZaDoDNpYJeEkgCWFvs5cs2b09dueEcKS0Eqz0n1gEREv/g7/B3trNR2ESHww83pthZl4Qc6bBdb+sldW19Y3NzFZ2e2d3bz93cFjVMlGE+kRyqeoB1pSziPrAgNN6rCgWAae1oH8z9mv3VGkmozsYxLQlcDdiISMYjFSBdi7vFtwJ7GXizUj++mNU+X44GZXbuZ9mR5JE0AgIx1o3PDeGVooVMMLpMNtMNI0x6eMubRgaYUF1K50cOrTPjNKxQ6lMRWBP1L8TKRZaD0RgOgWGnl70xuJ/XiOBsNhKWRQnQCMyXRQm3AZpj7+2O0xRAnxgCCaKmVtt0sMKEzDZzG1xfG0kR8ieYg6I2BE8kLI/NEF5i7Esk+pFwbsseBUvXyqiKTLoGJ2ic+ShK1RCt6iMfEQQRY/oGb1YT9ar9Wa9T1tXrNnMEZqD9fkL/XmgRA==</latexit>

t

<latexit sha1_base64="exLmhvougTrcRDEh+QWOgAWO53A=">AAACDHicbVC7SgNBFJ31GeMrainIYBCssrsWms6AjWUCbhJIQpidzCZD5rHMzAphSWklWOmfWARES//Bb7C3dvIoTOKBC4dz7uXee8KYUW0878tZWV1b39jMbGW3d3b39nMHh1UtE4VJgCWTqh4iTRgVJDDUMFKPFUE8ZKQW9m/Gfu2eKE2luDODmLQ46goaUYyMlSq0nct7BW8CuEz8Gclff4wq3w8no3I799PsSJxwIgxmSOuG78WmlSJlKGZkmG0mmsQI91GXNCwViBPdSieHDuGZVTowksqWMHCi/p1IEdd6wEPbyZHp6UVvLP7nNRITFVspFXFiiMDTRVHCoJFw/DXsUEWwYQNLEFbU3gpxDymEjc1mbosbaCu5XPYUdQ2PXc5CKftDG5S/GMsyqV4U/MuCX/HypSKYIgOOwSk4Bz64AiVwC8ogABgQ8AiewYvz5Lw6b877tHXFmc0cgTk4n7/q8aA4</latexit>

i
<latexit sha1_base64="SI1id4phU0Swflp2zTYIICj5Avg=">AAACEnicbVC7SgNBFJ31mcRX1EawGQxCLEx2LTRl0MYygnlAEsLsZJIMO7OzzNwVYgj4C4KV/oWlndj6A4LfYe3kUZjEAxcO59zLvff4keAGXPfLWVpeWV1bTyRTG5tb2zvp3b2KUbGmrEyVULrmE8MED1kZOAhWizQj0hes6gdXI796x7ThKryFfsSaknRD3uGUgJWqWcCn2DtppTNuzh0DLxJvSjLFg/vv5MPrZamV/mm0FY0lC4EKYkzdcyNoDogGTgUbphqxYRGhAemyuqUhkcw0B+Nzh/jYKm3cUdpWCHis/p0YEGlMX/q2UxLomXlvJP7n1WPoFJoDHkYxsJBOFnVigUHh0e+4zTWjIPqWEKq5vRXTHtGEgk1oZku+bKyUl6qneR5klJfCVyoY2qC8+VgWSeUs553nvBubWAFNkECH6AhlkYcuUBFdoxIqI4oC9Iie0Yvz5Lw5787HpHXJmc7soxk4n7+9bqBN</latexit>

(t� 1)
<latexit sha1_base64="i/hsXjdaBWKfXvqJJpQdbdmw3os="></latexit>

Xi,t�1
<latexit sha1_base64="dlt6jn70cO96CaEoAeQBTkuE3WI="></latexit>

Xi,t�1 =
1

Oi,t�1

t�1X

s=1

Xi,s1i2N(Is).

http://www.auai.org/uai2012/papers/236.pdf
http://www.auai.org/uai2012/papers/236.pdf
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UCB-N

25

<latexit sha1_base64="4Se0bpjFpn6kTmClO592M8WMZb8="></latexit>

UCB-N(G)

1 8i,Xi, Oi  0
2 for t 1 to T do

3 It  argmaxi2[K] Xi +
q

2 log T

Oi

4 for k 2 N(It) do
5 Ok  Ok + 1
6 Xk  1

Ok
Xk + (1� 1

Ok
)Xk
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Graph Theory Notions
A clique in an undirected graph                   : subset of     with 
any two vertices being adjacent. 

A clique covering    of     is a set of cliques such that

26

<latexit sha1_base64="W50ywAQy+LbKKWjl1xO9yy/HMi8=">AAACFXicbVC7SgNBFJ31mcRX1EawGQxCBEl2LTSNEBTRMoJ5YBLC7GQ2GTKPZWZWiCHgRwhW+hH2dmJrLfgd1k4ehUk8cOFwzr3ce48fMqqN6345c/MLi0vLsXhiZXVtfSO5uVXSMlKYFLFkUlV8pAmjghQNNYxUQkUQ9xkp+53zgV++I0pTKW5MNyR1jlqCBhQjY6XbS3gK06VDeHHQSKbcjDsEnCXemKTyO/ff8YfXs0Ij+VNrShxxIgxmSOuq54am3kPKUMxIP1GLNAkR7qAWqVoqECe63hte3If7VmnCQCpbwsCh+neih7jWXe7bTo5MW097A/E/rxqZIFfvURFGhgg8WhREDBoJB+/DJlUEG9a1BGFF7a0Qt5FC2NiQJrZki9pKWS7bimYND7Oc+VJ2+jYobzqWWVI6ynjHGe/aJpYDI8TALtgDaeCBE5AHV6AAigADAR7BM3hxnpw35935GLXOOeOZbTAB5/MXLp2hBA==</latexit>

G = (V,E)
<latexit sha1_base64="HZpP15ZOhqO+GWmwRHdZI3dbNu8=">AAACDHicbVC7SgNBFJ31GeMrainIYBCssrsWms6AjWUCbhJIQpidzCZD5rHMzAphSWklWOmfWARES//Bb7C3dvIoTOKBC4dz7uXee8KYUW0878tZWV1b39jMbGW3d3b39nMHh1UtE4VJgCWTqh4iTRgVJDDUMFKPFUE8ZKQW9m/Gfu2eKE2luDODmLQ46goaUYyMlSrVdi7vFbwJ4DLxZyR//TGqfD+cjMrt3E+zI3HCiTCYIa0bvhebVoqUoZiRYbaZaBIj3Edd0rBUIE50K50cOoRnVunASCpbwsCJ+nciRVzrAQ9tJ0empxe9sfif10hMVGylVMSJIQJPF0UJg0bC8dewQxXBhg0sQVhReyvEPaQQNjabuS1uoK3kctlT1DU8djkLpewPbVD+YizLpHpR8C8LfsXLl4pgigw4BqfgHPjgCpTALSiDAGBAwCN4Bi/Ok/PqvDnv09YVZzZzBObgfP4Cy3mgJQ==</latexit>

V

<latexit sha1_base64="2NtFXCRnaQhPUYLjo/PBlEMItCI=">AAACFnicbVA/T8JAHL3iP8R/qKOJaSQmTrR1UDZJWBwhsUBSGnI9rnDhrtfcXU1Iw+hHMHHSr8HEZlxd/Qzuzl6BQcCXXPLy3u+X37sXxJRIZdtfRm5jc2t7J79b2Ns/ODwqHp80JU8Ewi7ilIt2ACWmJMKuIoridiwwZAHFrWBYy/zWIxaS8OhBjWLsM9iPSEgQVFryOgyqAYI0rY27xZJdtmcw14mzIKW76aTx/XQ+qXeLP50eRwnDkUIUSuk5dqz8FApFEMXjQieROIZoCPvY0zSCDEs/nUUem5da6ZkhF/pFypypfzdSyKQcsUBPZhHlqpeJ/3leosKKn5IoThSO0PxQmFBTcTP7v9kjAiNFR5pAJIjOaqIBFBAp3dLSFcuVWrIYHwhiKRZbjAacD7OinNVa1knzuuzclJ2GXapWwBx5cAYuwBVwwC2ogntQBy5AgINn8ArejBdjarwbH/PRnLHYOQVLMD5/ASFjpKQ=</latexit>

C
<latexit sha1_base64="sy/QCZHKvI3EOiQIDMz6kG6FBd4=">AAACDHicbVC7SgNBFJ2NrxhfUUtBBoNgld210HQGLLRMwE0CyRJmJ7PJkJmdZWZWCEtKK8FK/8QiIFr6D36DvbWTR2ESD1w4nHMv994TxIwq7ThfVmZldW19I7uZ29re2d3L7x/UlEgkJh4WTMhGgBRhNCKeppqRRiwJ4gEj9aB/Pfbr90QqKqI7PYiJz1E3oiHFSBupetPOF5yiMwFcJu6MFK4+RtXvh+NRpZ3/aXUETjiJNGZIqabrxNpPkdQUMzLMtRJFYoT7qEuahkaIE+Wnk0OH8NQoHRgKaSrScKL+nUgRV2rAA9PJke6pRW8s/uc1Ex2W/JRGcaJJhKeLwoRBLeD4a9ihkmDNBoYgLKm5FeIekghrk83cFttTRrK56Elqax7bnAVC9IcmKHcxlmVSOy+6F0W36hTKJTBFFhyBE3AGXHAJyuAWVIAHMCDgETyDF+vJerXerPdpa8aazRyCOVifv7KhoBY=</latexit>
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UCB-N Guarantee
Theorem: the pseudo-regret of UCB-N can be bounded as 
follows for undirected graphs:
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Proof
Lemma: for any          , for                                               ,  

Proof: observe that 

• Now, for                                                         , 

• By definition of    , the number of non-zero terms in the 
sum is at most   .
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Proof
For any   and   define                                . At time   , if    is 
selected, then 

Thus, at least of one of these three terms is non-negative. 
Also, if one is non-positive, at least one of the other two is 
non-negative.
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Proof
To bound the pseudo-regret, we bound                          . 
Observe first that 

Thus,

30

<latexit sha1_base64="5OYwGafCbcPivZr19ARSTPF7PnE="></latexit>

Oi(t� 1) � sC = max
i2C

⇠
8 log T

�2
i

⇡
� 8 log T

mini2C �2
i

) 8i 2 C,�i � 2⌘i,t�1 � 0.

<latexit sha1_base64="HmWAwkGEyq9TclbX0pth191jOPY="></latexit>P
i2C E[Ti(T )]

<latexit sha1_base64="Cc01AQ01BAAny2+D26Zif4qyZc8="></latexit>

X

i2C

E[Ti(T )]�i = E
 TX

t=1

X

i2C

1It=i

�

 sC
⇣
max
i2C

�i

⌘
+ E

 TX

t=sC+1

X

i2C

1It=i 1TC(t�1)�sC
�i

�

 sC
⇣
max
i2C

�i

⌘
+ E

 TX

t=sC+1

X

i2C

1It=i 1Oi(t�1)�sC
�i

�

 sC
⇣
max
i2C

�i

⌘
+

TX

t=sC+1

X

i2C

�i P[bµi,t�1 � µi,t�1 � ⌘i,t�1 � 0] +�i P[µ⇤ � bµi⇤,t�1 � ⌘i⇤,t�1 � 0]

 sC
⇣
max
i2C

�i

⌘
+

TX

t=sC+1

X

i2C

�i

TX

t=1

2

t4
.



pageMohri@

Proof
The pseudo-regret of the algorithm can thus be upper-
bounded as follows:
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Stochastic Setting
(Caron et al., 2012): UCB-type algorithm for undirected 
feedback graphs in stochastic setting; guarantees in terms 
of graph clique structure. 

(Cohen et al., 2016): full feedback graph never revealed, 
regret guarantee based on independence number, contrast 
with adversarial setting where bandit bound remains 
optimal. 

(Buccapatnam et al., 2014): LP-based solution, regret 
guarantee based on domination number, lower bound.
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http://www.auai.org/uai2012/papers/236.pdf
https://arxiv.org/pdf/1605.07018.pdf
https://newslab.ece.ohio-state.edu/research/resources/mabSigfinal.pdf
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Stochastic Setting
(Buccapatnam et al., 2017): more general setting covering 
(Cohen et al., 2016). 

(Lykouris et al., 2020): analysis of algorithms using layering 
technique; e.g. independence number guarantee for UCB-N. 

(Cortes et al., 2019): sleeping experts with dependent 
losses and awake sets. 

(Cortes et al., 2020): dependent losses and feedback graphs 
varying stochastically. 

(Marinov, MM, Zimmert, 2022): notion of optimal finite-time 
regret not uniquely defined in this context! Algorithm with 
quasi-optimal pseudo-regret for a meaningful notion.
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https://arxiv.org/pdf/1605.07018.pdf
https://arxiv.org/pdf/1905.09898.pdf
https://cs.nyu.edu/~mohri/pub/saps.pdf
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Extensions
(Valko, 2016): general survey of feedback graphs. 

(Kocak et al., 2016): online learning with noisy side 
information. 

(Arora et al., 2019): adversarial setting with feedback 
graphs and switching costs. 

(Dann et al., 2020): reinforcement learning with feedback 
graphs.
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