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Set-Up

B Convex set C.

M Fort=1toTdo
 predictx; € C.
®* receive convex loss function f;: C — R.
® incur loss fi(x;).

B Bandit setting: only loss revealed, no gradient information.

B Regret of algorithm A:

T

Ry(A) =) filx:) — inf }  fi(x).

t=1
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Single-Point Gradient Estimate

(Flaxman et al., 2005)
B Definitions:

o B={xcR": x| <1}.
e S={xeR": x| =1}.

AN

° f(x) = VEB[f(x + 6v)]: smoothed version of f(x).

B Lemma:fixd > 0. Then, the following equality holds:

5 -
E [f(x+ duju] = SV F(x).
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Proof

B By Stokes' theorem,

V| fx+v)dv= | f(x+u)—du.
5B 5S |
& Thus,
N [ f(x 4+ V)dv [« f(x+V)dv
Vi) =V [ 6BVOIN(5IB%) ] 5Sv01N(5B>
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Algorithm

(Flaxman et al., 2005)
® Assume that C centered in the origin and let C5 = C.

FKM(T)
1 Y1 0
2 fort<+1to 1 do
3 u; < SAMPLE(S)
4 X; — Y +ouy
5 LOSS < RECEIVE( f:(x¢))
6 gt < %ft(xt)ut
7 Yi+1 — ey (ye — n8e)
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Analysis

B Assumptions:
o diam(C) < D.
* fibounded by Mand G-Lipschitz.

B Theorem: the regret of the FKM algorithm is bounded by
D2 pM2N2T

— 6(D + 2)GT.
o t—om 1 (D+2)G
o choosingn = . \"= and d = \/ pi5s Tli yields the
upper bound

2/D(D +2)GMN T3 = O(VNT7%).

Advanced Machine Learning - Mohri@ page6



Proof

B Letz; be the projection of z*on Cs, then||z™ — x5|| < dD.
Thus, since f;s are G -Lipschitz,

E

(E[ft(Xt)] - ft(X*))

=Y " (E[fi(x)] = E[fs(x0)] + E[fe(x0)] — fr(x5) + fr(x5) = fr(x3) + fr(x3) — folx))
<Y " (Elfi(x)] — fi(x})) +20GT + 6DGT
<Y " (Elfe(xe)] — fe(x})) + 3(D + 2)GT.

~
I

1
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Proof

B [emma: fix a sequence of convex and differentiable
functionsuq,...,ur: C — Randn > 0. Let zg, ...,z € C be
defined by zp = 0andz.y1 = llc(z: — ng:), where g;s are
random variables such that

e B|g:|z:| = Vue(z:)and||g:|| < G; then,

E [Z ut(zt)] — minz ui(z) < E[Rp(PSGD, g1,...,g7)].

®m Proof: define hy by hi(z) = ui(z) + [gr — Vuy(z)] - 2.
Then, Vhi(z;) = gi, E[hi(z¢)] = E|lui(z¢)] since E[g¢|z:] = Vug(z)
and for any fixed z, E[h:(z)] = E[u¢(2z)]. Thus, running
deterministic PSGD on i;s is equivalent to expected PSGD
on the fixed functions u;s.
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Proof

B Regret bound for online projected gradient descent:

S (Elfi(xo)] - fo(x}))

t=1
T
< ZE {gt (xt — X(;)}
t=1
S|
=3 5 [l =il + Pl = e — e — ]
= 2
T o
< t:Zl % E {th — x§|\2] + 772]\425_2 — HXt—l—l - X(;H } (prop. of proj,)
1 . N2
: 2n = {||X1 —x3|°] + 772M25—2 — X741 — x5||2}
1 N2 1 N2
< o2 QMQ—T} < _[DQ 2M2_T:|
=5 {||X1 x5 |11 +n = o i i
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