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This paper is about the ergodic theory of attractors and conservative dynamical
systems with hyperbolic properties on large parts (though not necessarily all) of
their phase spaces. The main results are for discrete time systems. To put this work
into context, recall that for Axiom A attractors the picture has been fairly complete
since the 1970’s (see [S1], [B], [R2]). Since then much progress has been made on
two fronts: there is a general nonuniform theory that deals with properties common
to all diffeomorphisms with nonzero Lyapunov exponents ([O], [P1], [Kal, [LY]),
and there are detailed analyses of specific kinds of dynamical systems including,
for example, billiards, 1-dimensional and Hénon-type maps ([S2], [BSC]; [HK], [J];
[BC2], [BY1)).

Statistical properties such as exponential decay of correlations are not enjoyed by
all diffeomorphisms with nonzero Lyapunov exponents. The goal of this paper is a
systematic understanding of these and other properties for a class of dynamical sys-
tems larger than Axiom A. This class will not be defined explicitly, but it includes
some of the much studied examples. By looking at regular returns to sets with good
hyperbolic properties, one could give systems in this class a simple dynamical rep-
resentation. Conditions for the existence of natural invariant measures, exponential
mixing and central limit theorems are given in terms of the return times. These
conditions can be checked in concrete situations, giving a unified way of proving
a number of results, some new and some old. Among the new results are the ex-
ponential decay of correlations for a class of scattering billiards and for a positive
measure set of Hénon-type maps.

The dynamical picture we wish to focus on is the following. Let f be the map in
question, and suppose that f admits a “horseshoe” A with infinitely many branches
and variable return times. More precisely, A has a product structure in the sense
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that it is the intersection of two transversal families of stable and unstable manifolds.
Dynamically, it is the disjoint union of a countable number of sets A; with the
property that each A; extends fully in the stable direction, and for each ¢ there is
an integer R; such that f maps A; onto a subset of A, crossing it completely in
the unstable direction. Let R be the return time function, i.e. R | A; = R;. We
prove the following;:

(1) if A intersects its unstable manifolds in positive Lebesgue measure sets, and
J Rdp* < oo where p* denotes Lebesgue measure on unstable manifolds,
then f admits a Sinai-Ruelle-Bowen measure v; and

(2) if additionally pu*{R > n} decreases exponentially with n, then (f, ) has ex-
ponential decay of correlations for Holder continuous test functions provided
that the usual aperiodicity conditions are met; under the same conditions
the central limit theorem also holds.

Conceptually, (2) says that under the usual aperiodicity assumptions, a sufficient
condition for exponential mixing is that “most” arbitrarily small pieces of unstable
manifolds grow to a fized size at exponential speeds. Precise formulations of these
results are given in Section 1. We remark that our setup bears a certain resemblance
to countable state Markov chains for which the corresponding results are also valid.
We must emphasize, however, that these results are for discrete time systems; (2)
above is false for flows; see e.g. [R3].

In order to apply these “abstract” results to specific dynamical systems, we must
ask the following questions: given f with some hyperbolicity, does A with pu*(A) > 0
exist, how to find it, and how to determine the nature of R? We do not know how
to deal with general diffeomorphisms, so let us specialize to the following situation:
suppose there is a recognizable set away from which f is uniformly hyperbolic, and
suppose that when an orbit passes near this set it suffers a certain setback in its
hyperbolicity from which it will attempt to recover. Assume further that we have
quantitative knowledge of both the setback and recovery. The methods of this paper
will suggest that under these conditions

(a) there is a systematic way of choosing A, namely by fixing a box, taking
points in it that approach the “bad set” not faster than a certain rate , and
running the system until the various parts of A return as desired;

(b) the speeds with which orbits recover from the influence of the “bad set” are
reflected in p*(A) and in the nature of the return time function R.

To give some examples of “bad sets”, for billiards they might be thought of as di-
rections that give rise to trajectories making tangential contacts with the boundary
of the table, whereas for Hénon-type maps it is clearly the “turns” that spoil hy-
perbolicity. Our scheme of proof is potentially applicable to dynamical systems for
which the mechanisms that cause hyperbolicity to fail are known and the source of
nonhyperbolicity is localized.

In Part I of this paper we will prove (1) and (2) assuming the existence of a
“horseshoe” with infinitely many branches and variable return times. In Part 1T we
will illustrate (a) and (b) for several relatively simple situations. In each case it will
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be shown that the return time function has the desired exponential estimate. It
then follows immediately from the results of Part I that they admit SRB measures,
have exponential decay of correlations etc.
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PART I. AN ABSTRACT MODEL AND ITS MIXING PROPERTIES

1. Setting and Assertions

Let f : M O be a C'*¢ diffeomorphism of a finite dimensional Riemannian
manifold M. In applications we will allow f to have discontinuities or singularities,
but these “bad” parts will not appear in the picture we are about to describe. Thus
as far as Part I is concerned we may assume that f and f~! are defined on all of
M. Let d(-,-) denote the distance between points. Riemannian measure on M will
be denoted by p; and if W C M is a submanifold, then py denotes the measure on
W induced by the restriction of the Riemannian structure to W. The basic object
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of interest here consists of a set A C M with a “hyperbolic product structure” and
a return map f® from A to itself. Precise definitions are given in 1.1 and 1.2; the
required properties are listed in (P1)-(P5); and the main results of Part I are stated
in 1.4.

1.1. A “horseshoe” with infinitely many branches and variable return
times.

We begin with some formal definitions.

An embedded disk v C M is called an unstable manifold or unstable disk if
Va,y € v, d(f "z, f~"y) — 0 exponentially fast as n — oo; it is called a stable
manifold or stable disk if Vx,y € v, d(f™x, f™y) — 0 exponentially fast as n — oo.

We say that I'* = {y%} is a continuous family of C* unstable disks if the following
hold:

* K?* is an arbitrary compact set; D" is the unit disk of some R";

* Pv: K% x D* — M is a map with the property that

- ®* maps K*° x D“ homeomorphically onto its image,
-z 0% | ({z} x DY) is a continuous map from K*® into Emb!(D%, M),
the space of C'' embeddings of D" into M,
- 4%, the image of each {x} x D", is an unstable disk.
Continuous families of C* stable disks are defined similarly.

Definition 1. We say that A C M has a hyperbolic product structure if there exist
a continuous family of unstable disks I'* = {7"} and a continuous family of stable
disks I'* = {~°} such that

(i) dim~A" + dim~* = dim M;

(ii) the y“-disks are transversal to the y*-disks with the angles between them

bounded away from 0;
(iii) each y“-disk meets each y*-disk in exactly one point; and
(iv) A= (Uy") N (Uy%).

We will assume throughout Part I that

(P1) there exists A C M with a hyperbolic product structure and with i, {yNA} >0
for every v € I'".

Next we define a return map on A that gives it the structure of a “horseshoe”
— except that unlike the standard horseshoe this one has infinitely many branches
returning at variable times. Let I'* and I'* be the defining families for A. A
subset Ag C A is called an s-subset if Ag also has a hyperbolic structure and its
defining families can be chosen to be I'* and I'g with I'fy C I'*; u-subsets are defined
analogously. For z € A, let v*(x) denote the element of I'* containing z. We
assume:

(P2) there are pairwise disjoint s-subsets A1, Aa, ... C A with the properties that
- on each y*-disk, pu{(A —UA;) Ny"} =0;
- for each i, AR; € ZT s.t. fFiA; is a u-subset of A; we require in fact that
for allz € Ay, fRi(v(2)) Cy*(fx) and f1(y"(2)) D v (fFx);



- for each n, there are at most finitely many i’s with R; = n;
- min R; > some Ry > 1 depending only on f. (Ry depends in fact only on
the constants C' and « in (P3)-(P5).)

1.2. Separation times and derivative estimates.

For every pair x,y € A, we assume there is a notion of separation time denoted by
so(z,y). The nature of the separation depends on the application in question and
will not be specified in this abstract part. Some examples of separation are when
two points move a certain distance apart, or land on opposite sides of a discontinuity
curve, or that their derivatives cease to be comparable. We say so(z,y) = n if the
orbits of z and y are “together” through their n*" iterates and f"*'z and fnt+ly
are “separated”. We assume that

(i) so(+,+) > 0 and depends only on the y*-disks containing the two points;
(ii) the maximum number of orbits starting from A that are pairwise separated
before time n is finite for each n;

(iii) for z,y € A;, so(x,y) > R; + so(fFiz, fFiy); in particular, so(z,y) > Ry;

(iv) for x € Aj,y € Aj,i # j but R; = R;, we have so(z,y) < R; — 1.

Conditions (iii) and (iv) describe the relation between sg(-,-) and returns to A,
namely that points in the same A; must not separate before they return, while
points in distinct A;’s must first separate if they are to return simultaneously. We
remark also that in the proofs to follow, it is only necessary that (ii) holds for
n < Ryp. (See the remark at the end of 3.5.)

We now state the required analytic estimates that accompany the topological
picture in 1.1. Let f* denote the restriction of f to y"-disks, and let det(Df") be
the Jacobian of D(f").

We assume there exist C' > 0 and « < 1 s.t. the following hold for all z,y € A:

(P3) Contraction along v*-disks. For y € v*(x), d(f"x, f"y) < Ca™ VYn > 0.

(P4) Backward contraction and distortion along 7. For y € 7"(z) and 0 < k <
n < so(z,y), we have

(a) d(f"z, fry) < Casol@y)—n,

(b)

(P5) Convergence of D(f*|y*) and absolute continuity of I'.
(a) Fory € v*(x),

(b) For~v,~" € T%, if © : yNA — ' NA is defined by O(x) = v*(x) Ny, then ©



1s absolutely continuous and

d(@ ny = det Df(f'x)
1_[deth“ (fiex)

(In practice, (P5)(b) is usually a consequence of (P3)-(P5)(a). To make this a
logical implication in an abstract setting, however, requires more technical formu-
lation of the other conditions than we would like to give.)

(P3)-(P5) are standard for Axiom A attractors. We wish to stress however that
they are strictly less stringent than uniform hyperbolicity: we allow oscillatory be-
havior along v*® as long as the cumulative contraction starting from A is uniform, and
the backward contraction conditions along v* are imposed only at certain check-
points allowing for a variety of behaviors in between. This is what allows us to
include, for example, the Hénon maps.

1.3. A Markov extension of f.
Our next step is to construct an extension of f : L;O f™A © which has on it a

natural Markov partition with a countable number of states. By an extension of
f:Uf"A O we refer to a dynamical system F : A O for which there is a projection
map 7 : A — Uf™A satisfying f om = mo F. In general 7w will not be 1 — 1.

Let R : A — ZT be the return time function, i.e. R|[A; = R;, and let f%: A O
denote the return map with f*|A; = f%i|A;. In ergodic theory there is a standard
construction called a special flow built over a map under a function. Our extension
F : A O will be the discrete time version of the special flow built over f% : A O
under R. More precisely, let

AY (2, 0):zeh; £=0,1,... Rz)—1}

and define
(z,0+1) if £+1< R(x)
(z,0) =

(fBz,0) if £+1= R(x).
An equivalent but less formal way of looking at A is to view it as the disjoint union

;LjOAg where Ay consists of those pairs (z,¢) € A the second coordinate of which is

¢. We picture A as a tower and refer to Ay as the £*" level of the tower. Clearly,
Ay is acopy of {x € A: R(z) > (}; welet ¢y : {x € A: R(x) > ¢} — A, denote this
canonical identification. It is clear that Le_l(Ag) is the union of a collection of A;’s.

We construct a Markov partition D = {A ;} for F': A O as follows. Let D|A,
be the trivial partition containing a single element. Assume inductively that D|A,
has been constructed and has the following properties:

(i) it is a finite partition and its elements are labeled Ay ;, j =1,2,---,js;
(i) for each j, ¢, (A, ;) is the union of a collection of A;’s;
(iii) for z,y € Lzl(Ae,j), so(z,y) > 1.
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To define D|Ay11, we consider ¢, '(Ay ;) N {R > ¢+ 1} and note that this set is
again a union of A;’s. By the second requirement on sg(-,-) in the last subsection,
the maximum number of points in A that are separated at or before time ¢ + 1 is
finite. We partition ¢, * (A ;) N{R > £+ 1} arbitrarily into finitely many sets called
I't,---, Ty in such a way that each I'; is the union of a collection of A;’s and for all
z,y €', so(z,y) > £+ 1. The t441-images of the I';’s will be elements of D|A/4;.

Our construction has ensured that the image of each A, ; under F is a finite
union of Ay jo’s together with possibly one u-subset of Ag. Thus D is a Markov
partition for F': A O in the usual sense. Let Aj ; = Ay ;N F~1(Ag). We think of
Ay j— A7, as “moving upward” under F', while A7 ; returns to the base. Note that
when A7, # ¢, it is in fact a copy of one of the A;’s (see the fourth requirement

on so(-,-)). Observe also that F'is 1 —1 on A — eU‘Azj’ but that the images of the
g

7 j’s could overlap.
Next we introduce a new notion of separation time s(-, -) defined for all pairs z, y
belonging in the same Ay ;:

def

s(z,y) the largest n > 0 such that for all ¢ < n,

F'z lies in the same element of D as F'y

Note that restricted to Ag, s(-, ) < so(-, ). Here is how I think of these two notions
of separation times: sg(-,-) describes when two orbits in phase space genuinely cease
to be comparable; this notion is natural to the dynamical system in question. On
the technical level, however, it is often more convenient if “separation time > n”
defines an equivalence relation, so we invent s(-,-) which is obtained from sq(-, -)
by artificially declaring that certain points are no longer related when in actuality
they can still be compared.

Note that (P4) is valid for z,y € v*N A, ; with s(-,-) in the place of so(-,-). This
is clearly true for x,y € A since s(x,y) < so(z,y). In general, for z,y € Ay ;, let
xg = F~ 'z, yo = F~%y be the unique inverse images of x and y in Ag. Then by
definition s(z,y) = s(xo, yo) — ¢, and (P4) is again valid for z and y.

From here on sg(-,-) is replaced by s(-,-) and (P4) is modified accordingly.

The two views of F': A O that we have presented can be summarized as follows.
One is to regard it as a special flow over the “horseshoe” map f®: A ¢ under the
return time function R. The other is to view it as the combinatorial object given by
the directed graph whose vertices correspond to {Ay ;}. In this graph each vertex
moves upward, branching where separation occurs — except that at many vertices
there is also the possibility of returning to Ag, the “root” of the tree.

1.4. Statements of theorems.
First we give some relevant facts and definitions.

Definition 2. An f-invariant Borel probability measure v on M is called a Sinai-
Ruelle-Bowen (SRB) measure for f if f has a positive Lyapunov exponent v— a.e.
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and the conditional measures of v on unstable manifolds are absolutely continuous
with respect to the Riemannian measures on these manifolds.

Let us restrict ourselves to systems with no zero Lyapunov exponents. If f is
conservative, i.e., if it preserves a measure v equivalent to the Riemannian measure
pon M, then from the point of view of physical observations v is the most natural
invariant measure — and it is a special case of an SRB measure. For dissipative
systems, SRB measures are, in some sense, the only invariant measures that are
physically observable: if v is SRB, then there is a positive u-measure set consisting of

points that are v-generic, i.e. %jZ:goofi(x) — [ @dv for all continuous ¢ : M — R.
(See [PS].)

If v is equivalent to Riemannian volume or is SRB, and there are no zero Lya-
punov exponents, then the phase space is decomposed into mixing components as
follows: (f,v) has at most a countable number of ergodic components supported
on, say, X1, X, X3, ... ; for each i, either f : (X;, v|X;) O is mixing or X; is further
decomposed into a finite cycle, i.e. X; = X} U -+ U XlN with inj = Xin and
FXN = X1 and fNi: (XY, v|X7) O is mixing.

Next we turn to the speed of mixing.

Definition 3. Let v be an f-invariant Borel probability measure and let F be a
class of functions on M. We say that (f,v) has exponential decay of correlations
for functions in F if 37 < 1 s.t. Y, € F, 3C = C(p, ) s.t.

‘ [teormypar = [ v [var

Let (f,v) be as above, and let ¢ : M — R. Consider the random variables
@, po f, wo f?, ... on the probability space (M,v). Then the exponential decay
of correlations for (f,r) says in particular that ¢ o f™ and ¢ become uncorrelated
exponentially fast in n. One could ask about other limit theorems.

<Ot V¥n>1.

Definition 4. Consider ¢ with [@dv = 0. We say that ¢ satisfies the Central
Limit Theorem with respect to (f,v) if the above random variables do, i.e. if

n—1
1 i distr
%Zwof — N(0,0)
i=0

for some o > 0.

We now state the main results of Part I. All notations are as in 1.1-1.3, and
(P1)-(P5) are assumed.



Theorem 1. If for some~vy €T

/ Rdp, < o0,
yNA

then f admits an SRB measure.

Recall from (P5) that for all v € I'*, | (yNA) are uniformly equivalent. Hence
the integrability condition above is equivalent to that on all v*“-disks.

Let H,, denote the class of Holder continuous functions on M with Holder expo-
nent 7, 1.e.

Hy ={p: M —-R|3C >0s.t. |p(z)—¢(y)| <Cd(z,y)" Vz,y € M},

and let v be the SRB measure given by Theorem 1.

Theorem 2. Suppose that
(a) ICo >0 and Oy <1 s.t. for somey T,

pr{z e yNA:R(x) >n} < Coby Vn > 0;

(b) (f™,v) is ergodic Vn > 1.
Then (f,v) has exponential decay of correlations for functions in 'H,, for everyn > 0,
with 7 = 7(n).

Theorem 3. Under the hypotheses of Theorem 2, every ¢ € H, with [ pdv =0
satisfies the Central Limit Theorem wrt (f,v), with o = 0 iff p = o f — for
some 1 € L?(v).

We prove Theorems 1-3 by working with F' : A . In particular the corresponding
results hold for F'. For a precise description of the class of functions on A to which
Theorems 2 and 3 apply, see Sections 3 and 4. Theorems 1-3 also have analogs in
the setting of countable state Markov chains. For example, a simplified version of
our proofs gives the following result which in all likelihood is known (and in any
case is not hard) but for which I have not been able to locate a reference:

Theorem. Let X1, Xs,... be a stationary Markov chain on the state space S =
{0,1,2,...}. Assume the usual ergodicity and aperiodicity conditions. Suppose also
that there exist C > 0 and 6 < 1 such that for alln > 1,

P(X1=0; X;#0 for i=2,...,n)<CO".
Then there exists T < 1 such that for all bounded ¢ : S — R,
|E(p(X1)p(Xn)) — (Bp(X1))?| < C(p)r™ ¥n > 1.
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2. Sinai-Ruelle-Bowen Measures

Our proof of Theorem 1 consists of the following 3 steps:

(1) We construct an fI-invariant finite Borel measure vy on A with absolutely
continuous conditional measures on ~y"-leaves; clearly 1y can be identified
with an FF-invariant measure 7y on Ay.

(2) We extend 7y to a finite F-invariant Borel measure o on A.

(3) We verify that v := #(A)~!7,7 has the SRB property.

To construct vy, we fix an arbitrary y*-leaf, call it vy, and let pg := p, | (voNA).
(P1) says that po > 0. Let p}y be the densities of the conditional measures of

. RN\j . .
(7)o on y*leaves, ie. g} = R /(7)o () whenever ((fR)epo)(7) > 0.
It follows from (P4)(b) that

p; ()

P, (y)

< exp{Cozs(m’y)} Ve, y € yNA.

In particular, My > 0 independent of j or « s.t.

(*) M()_lgp;SMo on yNA

n—1 .
while p} =0onvy—A. Let 1y be an accumulation point of {%jzo(f}%)iuo}
- n=1,2,...
in the weak*-topology, and let {v] } be the conditional measures of 1y on y*-leaves.

We claim that v] < p~ for a.e. ~ with uniform bounds Ml_1 < % < M;.
To see this, fix an arbitrary open set w C 7 with pp(Ow) = 0 and let S, denote
the s-subset of A corresponding to w. Also fix a u-subset U that is a compact
neighborhood of 7. Then (x) together with (P5) imply that for all j,

N (8 (PR NS a(S.)
™ M ® = ) S M)

for some M. (A stronger version of (P5)(b) would have allowed us to take M; near
My for U sufficiently thin.) The bounds in (k%) are passed on to vy. By taking U
arbitrarily small, the martingale convergence theorem allows us to conclude that

5 ¢ s < a5

Nv(A)
for a.e. 7. Since w is arbitrary, the density statement for v, follows.

For (2), let

Mt

F{ (oo | {R > j}),

Sz
I

<
I
o
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and observe that since v is uniformly equivalent to p, | (¥ N A), the finiteness of
7(A) is equivalent to [\ Rdp, < oo.

As for (3), the f-invariance of v is evident. The SRB property is also obvious
since f{vg clearly has absolutely continuous conditional measures on {f7y“} for
every j, and these are unstable manifolds.

3. Spectral Gap of an Associated Operator

The purpose of this section is to introduce a Perron-Frobenius operator or transfer
operator associated with F' : A O and to prove the existence of a spectral gap
under the usual aperiodicity conditions. What exactly this tells us about stochastic
processes generated by f : (M,v) O will be explained in Sections 4 and 5.

3.1. Reduction of F : A O to an “expanding map”.

Let A := A/ ~ where x ~ y iff y € v%(x). Since F takes y*-leaves to v*-leaves,
the quotient dynamical system F : A O is clearly well defined — topologically at
least. The purpose of this subsection is to study the differential properties of F in
the sense of the Jacobian of F with respect to a reference measure. Consider in
general a measurable bijection T : (X1, m;1) — (X3, mg) between two finite measure
spaces. We say that T' is nonsingular if it maps sets of mi-measure 0 to sets of
me-measure 0. If T is nonsingular, we define the Jacobian of T wrt m; and mso,

—1
written Jp,, .m,(T") or simply J(T'), to be the Radon-Nikodym derivative d(TC’;T:m).

To introduce a “differential structure” for F : A ) in the sense ‘above, it suffices
to define a reference measure m on A := A/ ~ in a way that J () makes sense.

(Notations such as fE:A O and A = LéJ Ay etc. are given the obvious meanings.)

We then let m | Ay be the measure induced from the natural identification of
A, with a subset of Ag, so that J(F) = 1 except on F~1(Ay), where J(F) =
J(fE o F~(B=1)) We will continue to use det(Df*) to denote J(f) wrt 1.

We now define m on A following ideas that have been used for Axiom A (see e.g.

[B]). Fix an arbitrary 4 € I'*. For x € A, let & denote the point in y*(x) N4, and
define

n—1

un(z) =Y (p(f'z) = o(f'1))

i=0
where () = log|det Df*(-)|. From (P5)(a) it follows that u,, converges uniformly
to some function u. On each v € I'*, we let m, be the measure whose density
wrt p is e - I;na where Iy is the indicator function. Clearly, f% | (A; N7y) is
nonsingular wrt these reference measures. If f (A; N~) C +/, then for x € A; N~y

we write J(f%)(z) = memw,(fRi (A Ny))(x).

Lemma 1. (1) Let ©, . : yNA — " N A be the sliding map along I'*. Then
O.my = m.y.

(2) J(f) (@) = J(FF)(y) Vy € v*(2).
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(3) 3Cy > 0 s.t. Vi and Vz,y € A; Ny,

J(fH) @) _ Qs )
'J(fR><y> 1' =G |

Lemma 1 (1) allows us to define /m on A to be the measure whose representative
on each v € I'* is m,. Statement (2) says that J(f%) is well defined wrt /m, and (3)
says that log J(f*) has a dynamically defined Hélder type property, in the sense
that a*(f"=:/™9) could be viewed as a notion of distance between fBx and fFy (see
(P4)).

Proof of Lemma 1. (1) Suppose Oz = z’. Then the density of ©,m, wrt p at 2’
is et(®) . % and the second factor is = e*(*)=(=) by (P5)(b).

Y

(2) For piy— a.e. € yN A, we have
J(fB)(x) = |det D(fRY"z| - 4 "0) . ul@)

We verify that J(f)(x) depends only on # and not on z itself:

R—1 0o

log (/) (@) = > w(Fe)+ 3 (elf1(f72) = o(f ()
1=0 =0

— > (e fix) = o(f'2))

=0
R—1 00

= e+ 3 (el (7)) — el ()
=0 =0

(3) We estimate |u(z) — u(y)| as follows. Let k &~ $s(x,y). Then

k— k—

z =Sl iy»‘

=0

Z( (f'z) ) =D (sl F)]|-

i=k i=k

—

Ju(x)

.

Using (P4)(b) for the first two sums and (P5)(a) for the latter two, we obtain
lu(z) — u(y)| < 2Ca*@¥)—k L 20k < 4Caz5(®¥). Now

J(f) (@) det D(f)"(x)

— - — 10 u RQS' — U R — \ulr) —u .
log 7)) lgdetD(fR)“(y) + (u(f2) —u(fy)) — (u(x) —u(y))

The first term is < Cas(U"@/™) by (P4)(b). The second and third have been
estimated above. |
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The Perron-Frobenius operator will shall introduce will in fact be associated with
F : A © and will act on a suitable Banach space of functions defined on A. If the
spectral properties of this operator are as desired, then it will have an eigenfunction
p corresponding to the eigenvalue 1; in other words, our function space must contain
an element p such that pdm is an invariant measure for F'. In part to motivate the
choice of this function space, we first discuss the regularity of p. Now we have
already encountered one invariant density in Section 2 obtained by collapsing ©
along stable disks. In the next lemma we give an alternate construction.

Lemma 2. Assume f Rdm < oo and let § > az. Then F : A O has an invariant
probability measure v of the form dv = pdm where p satisfies co < p < cal for some
co > 0 and B B
p(z) — A7) < CHY Va5 e Ay
Proof. We construct p by realizing it as the density wrt m of an accumulation point
n—1 _ _ _
of v, 1= =+ E)OFj(ﬁﬂAo). Let us consider first ,,|Ag. Let p,, be the density of 7,
wrt m. Then p,|Ag = lEﬁj where pJ is the density of F¥(1m|o7) and the ¢7’s range

over all components of F (Ag)N AO, i < n. The variation of each p? is estimated
as follows: Let Z,y € Ag, and let #’, 4’ € 07 be s.t. Fiz' =z, F'y’ = . Then

ﬁj(g) JFz / ﬁ[ JF sz 1= /)
ﬁ%(i’) JF@ g P sz 1

where i1 < iy < --- <1, =1 are the times when Frgi C Ap, and

JF(F—1g") o
———— - < ex C s(F'Rz’ FRY) < ex C (i—ir)+s(Z,7)
TF(Fr—Tg) = p{C18 } < exp{C1f3 }
by Lemma 1. Thus
(7)< ph(@) - exp{C1 3"},

an estimate that is easily seen to be valid also for p,,. To finish we must let n — oo.
Partitioning Ag successively into sets with the property that z,y in distinct sets
satisfy s(z,y) > k, k = 1,2,..., we obtain the corresponding distortion estimate
for p.

Reasoning as in the proof of Theorem 1, we see that {#,} has an accumulation
point 7 on A with 0 < 7(A) < co. Thus we have that on Ag, co < p < ¢! and

g o |p(@) s(2,7)
p(z) — p(y Spoo'——l‘SCﬁ v,
1p(z) — p(y)| < |pl 5G)
For 7,9 € Ay j,use p| Ay = po F~° [ |

We assume for the rest of Part I that p{R > n} < Coby for every v € T™.
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3.2. Choice of function space and definition of Perron-Frobenius opera-
tor.

Let F': A O and m be as in the last subsection, and let {A,;} be the Markov
partition for F': A O corresponding to {Ag;}. We collect below some important
facts about (F', A;m) and {Ay;}. All have been introduced or proved before except
for (I)(i), which is formulated precisely for the first time here. Let 8 be s.t. a2 <
B < 1, and let C; be as in Lemma 1(3).

(I) Height of tower.
i) R> N for some N satisfying C1e“' N < ﬁ;
ii) m{R >n} < Cy0§ Yn > 0 for some C{ >0 and 0y < 1.

(

(

(IT) Regularity of the Jacobian.
(i) JF=1on A—F~YAp),
(i)

)JF()
JE(y

I
S—

— 1) < O pFREY vy ge A

ins]]

We explain the reason for (I)(i). The exponent of [ is decreased by 1 with each
step up the tower; we want this gain to outdo the constants due to nonlinearities,
and (I)(i) guarantees this between consecutive returns to Ag.

We now choose a function space suitable for our purposes. Let € > 0 be s.t.

(i) e*6y < 1,

(ii) m(AO)—lzzm(A;;’j)eﬁs <2.

J
Note that (ii) is consistent with ZEjm(AZJ) = m(Ap), and property (I)(ii). We
remark also that 3 should be thought of as < e~¢, because VN < W%o while (ii)
above implies that e=¢N > %

Let X = {@g: A — C| ||| < oo} where || - || is defined as follows. We write
@e; =@ | Asj, and let ||, denote the LP-norm wrt the reference measure m. Then

1@l == Nl + [I@lln

where

[®lloe == sup |@e,jlloo, [l := sup[|@e;lln,
£,5 £,j

and ||@e,j]lco and ||@e ;l|n are defined by

0ot
(@) @(z})l) e

|@e,jlln := | ess sup —
! z,5€A, ﬁs(x’y)

1@ejlloo i = P05

It is straightforward to verify that (X, || - ||) is a Banach space. Note that p, the
invariant density of F, is an element of (X, || - ||).
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We record for future use the following relation: 3C{ s.t. Vo € X,
[2l1 < Coll@lloo-
This is true because

1 < @ejloo  MU(Bey) < |Gelloce“m(Be,),

|Pe. 5

and so B
ol < ||95Hoozm(Ae)ee6 < ||<,5HOOZC(I)9£€€€ < 00.
) )

The Perron-Frobenius operator or transfer operator associated with the dynami-
cal system F': A O and reference measure m is defined to be

The next few subsections are about the spectral properties of P as an operator on
the function space (X, || - ||).

To distinguish between F : A () and its quotient system F : A 9, we have, up
until now, used bars (-) to denote points, subsets and functions of the latter. The
rest of Section 8 will be exclusively about F : A O, and for the sake of notational

simplicity, we will drop all the bars.

3.3. Outline of proof of spectral gap.
Our main result is

Proposition A. (1) P is a bounded linear operator on (X, ||-||); its spectrum o(P)
is contained in {|¢| < 1}; and 319 < 1 s.t. o(P)N{|C| > 10} consists of a finite
number of points the eigenspaces corresponding to which are all finite dimensional.

(2) If the greatest common divisor (ged) of {R(z) : z € Ag} is =1, then 1 is the
only point of o(P) on {|(| =1} and it is a simple eigenvalue, i.e., its eigenspace is
1-dimensional.

Our proof of (1) follows a standard route. The two main ingredients are (i) con-
tractivity and (ii) approximation by an operator of finite rank. These two properties
are made precise in Lemmas 3 and 4 below; their proofs are given in 3.4 and 3.5.

Lemma 3. (a) P(X)C X, and P: X — X is a bounded operator.
(b) 3K >0 s.t. Vp € X,

1Pl < e Mol + Klols

where N and € are as in 3.2.
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Corollary to Lemma 3. o(P) C {[¢] < 1}.

Lemma 4. Let 7 be s.t. e =N < 78V < 1. Then there erists a finite rank operator
Q:X— X st
N N
1PY =@l <7 .

Lemma 4 implies the quasi-compactness of P. (See e.g. [D&S] VIIL.8.)

The main property of F' : A O used in the proof of Proposition A(2) is the
following. Let v be the F-invariant measure whose density is p (see e.g. Lemma 2).
Then:

Lemma 5. If gcd{R(z) : z € Ao} = 1, then (F,v) is exact, which in this case is
equivalent to (F™,v) being ergodic for all n > 1.

Aside from the fact that p needs to be bounded away from 0, the conclusion of
(2) follows from the exactness of (F,r) and general principles not specific to the
present setting. This will be explained in 3.6.

3.4. Contractivity of P.

The aim of this subsection is to prove Lemma 3 and its corollary. We distinguish
between the cases £ > N and ¢ < n. For x € A, with £ > N, F~"{x} consists of
a single point {y} and JF™ (y) = 1; hence the estimates are quite trivial. On Ay ;
with £ < N, F~" has infinitely many branches; they originate from distinct Ay ;’s,
and each passes through Ag exactly once.

Estimate #1. For £ > N,
I(PY@)e5ll00 < €™Ml co-

Proof.

def _
1PN @)ejllo0 = (PN @) jl00e™"

= ess sup |pyle " NE ) L emEN
yEFﬁNAg’j

< lelloce™".

Estimate #2. AK, > 0 s.t. V£ with 0 </ < N and Vo,
1(PY @) jllo0 < Koolplt + 2671 8Vl

Proof. We fix £, j and estimate || - ||oo by

(*) I(PY)eglloe < D

br

' }(pIFfNAg’j

oo

1
TEN TN A,

oo
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where “¥” means summing over all inverse branches of F~~and I () is the indicator
br

function. We further split this sum into two sums, (1) and (2), corresponding to
estimating each branch of |gpIF_NAM loo by

1 / d
T NA pam
m(F NA@J) F-NAg
Using the distortion estimate
1
‘ JEN LYo,

+ esssup oy — @yal.

‘SOIF_NA[J ‘OO S
y1,y2€F~NAy ;

Cl . m(F_NA£7.7>
m(Ag’j)

<e

oo

Y

we obtain that

Ch
e
1) < — |l 1< Ko

( )_%:m(AZJ) ‘QO F NAZ,J‘I_ |§0‘1
where Ko, = et - max{m(Ap )~ : ¢’ < N, all j'} is finite because there are
only finitely many Ay ;s with £/ < N. To estimate (2), let £, be the level of the
branch of F™N Ay ; in question. Let A}, = Aj, s, where Ay j is the component on
the top level of A through which this branch passes, and let ¢, = ¢'. Then

> . ( ess SUp Me—ew> _ eew] g
[e @]

- e FoN A, 3s(y1,y2)

1
TEN TN A,

(2) <

(**)

1 * y €
< e lplnBY - (m—A D mei )
br

In the first inequality above we have used the fact that Vy;,y2 € F~V A, i S(y1,y2)
> N, and in the second we have used the distortion estimate

' 1 o, m(Ag)

Ipna, | <eC™S0)
JENFNAL ] =0T A)

oo

The quantity in parenthesis in (**) is clearly < 2.

Estimate #3. For £ > N,
I(PY@)eilln < BY e =N lglln.

Proof.

def (PN @)z — (PN )z, -
I(PY@)eslln = ( veaca, golere2) o

$17$26Ag7j
1 — 2 —(f/— _
= ess sup 7‘(%8(% ;’;‘7{ | em(=N)e | gNg=eN
y1,Yy2€F "N Ay ; p ’

< lellnp™e=".
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Estimate #4. For £ < N,

(PN @)ejlln < CrEoolpli +4C1e9 BN |||

Proof. Writing y; = F~Na; for x1, 25 € Ay j, we have

Z Yyr - PY2 B—s(ml,mz) e te
JFNy,  JFNy,

br
ﬁ_s(:’/lvy2)) . 51\7

def
1PV o)l 9 ess sup (

1,2€A, ;

PY1 PY2
(**%) < ess sup O _

For each inverse branch,

lpy1 — pys 1
JFNy, JFENy,  JFNy,

|(10y1 - (;Oy2| |90y2| FN—t, pN—t
. O 35¢ Y1, Y2)
JFNy, + JE Ny, 18

PY1 PY2
’ Tl

JFENy,  JFNy,

(In the last line we have used the fact that FN =%y, € Ay, JENy; = JF(FN=*1y,),
and the distortion estimate for JF.) We may now write (x * %) < (3) + (4) where

‘ oy — eyl | o
(3) := Z N . ( ess sup Geurwe) -3

br y1,y2€F~NAy ;

1
TRV v,

and

' ‘SOIFfNAgyj}OO : ﬁN

oo

1
TEN 1P

(4):=C1)

br

Observe that (3) is exactly the line above (xx) in Estimate #2, and (4) differs only
by a constant from the right side of the inequality in (x) in the same estimate.

Putting these 4 estimates together and recalling that e=¢V > Y we conclude
that

1PNl < (1+C1)Koolplt + e N|¢lloo + 10C1“ BV (||
< Klpl +e =N |g||

for some K completing the proof of Lemma 3. |

Proof of Corollary to Lemma 3. To prove that the spectrum of P lies in the closed
unit disk, it suffices to show
sup || P"|| < 0.
n
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Using the fact that |[Py|; < |¢|1, we have for all k € Z* and ¢ € X,

[Pl < e =N PEDNg| 4+ K|PFDN gy

IN

e Nl + K e N | el
j

Since |p|1 < Cff|l¢llo (see 3.2), we have shown that ||P¥N || < Kollp]|| for some
Ko. For n = kN +1, i < N, we have |[P"p|| < Ko||Pip| < Ko||P||¥ |||l [

3.5. Approximation of P by an operator of finite rank.
The aim of this subsection is to prove Lemma 4. Let M be the partition of

N
A into Ay j-components (i.e. My = D in 1.3), and let My = \O/F_’./\/lo. For

v : A — C, we let Ex(¢) denote the expectation of ¢ wrt m on elements of My.
For k € Z*, we define p=F := oI | a,; similarly, =% := oI | a,. Consider the
<k 0>k

operator (Qr on X defined by

Qk(p) = PY (En (=),

Since the number of components on each level is finite, it is evident that @i has
finite rank. We will show that ||PY — Q|| < 7 for all sufficiently large k.
In the discussion to follow it is convenient to write

(PY = Qi) () = PN (v) + PN (¢7F)
where ¥ = (o — Ex(¢))SF. Note that Ex (1) = 0.

Estimate #5. ||[PY|| < 55 l@]|n-

Proof. As before there are 4 cases to consider: £ > N and £ < N, || - ||oo and || - ||5.
The || - ||oo term for £ > N is dealt with a little differently than before:

def —
1PV )il = [oIp-na, oo €™

< JAvg(y | FTNAg )|+ esssup [y — dysl.
y1,y2€F~N A, 5

Here, Avg(y) | F™N Ay ) = 0 and [¢y1 — thya| = [wy1 — wye| assuming £ — N < k
(otherwise there is nothing to prove). This gives [|[(PN)s oo < BN e V| ¢]ln

The other 3 cases follow closely their counterparts in 3.4 except that the | - |;-
terms are absent because En (1)) = 0. Note that as expected, ||¢||s does not appear
in the estimate.



20

Estimate #6. dep, with e, — 0 as kK — o0 s.t.

_ 1
IPY (@) < (e +en)llelloe + 75l

Proof. The estimates for £ > N are identical with those in Fstimates #1 and 8 and

we omit them. Consider the || - ||so-norm for ¢ < N. Let bE>k denote the sum over
T

all inverse branches with ¢, > k. Then

1

IPY ™ Me)llee € 30 7F | le-va,

br

m(F-NA, ;)
< >k Cl 57.7 o€
. Z m(ae,)

< ( Mume

>k

’ ‘SOIF_NAE,J"OO

oo

Zb,«a

which is < &} ||¢|loc for some &} with €}, — 0 as k — oo. The || - ||p-norm for £ < N
is dealt with as in Estimate #/; part of it refers back to the above estimate.

Choosing k s.t. e + eV < 7V and remembering that e~V > %, we have
proved that for all ¢ € X,

I(PY = Qr)ell < —||90||h +75 lelloo < 70" lleo]l-

|

We remark that Lemmas 3 and 4 are valid even when the number of Ay ;’s on
each level is not assumed to be finite for £ > N. (For ¢ < N, this finiteness is used
in a rather essential way in Estimate #2.) For ¢ > N it is used only to ensure that
Qy has finite rank. This can be modified as follows. For each k, define ¢=<F : —pIs,
where ¥y, is a union of finitely many components of Ay ; chosen in such a way that

Z m(Ag;)e® — 0 as k — oo.
IAVISTN

We may then define o=* := ¢ — ¢=F and proceed as before.

3.6. Ruling out other eigenvalues of modulus 1
Let B be the o-algebra of Borel subsets of A. Recall that (F,v) is called ezact if

QOF "B is trivial in the sense that it contains only sets having r-measure 0 or 1.
n

We begin with the following observation:
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Sublemma. Suppose that gcd{R(z)} = 1. Then for every {y € Z*, Ity € Z* s.t.
Fto (Ao) D ége Ay.
>~*0

Proof. Because of the nature of Markov partitions, it suffices to produce t{, s.t.
m(AgNF~tAg) > 0Vt > tf, for then we could take tg = t{,+£p. The existence of
follows from the gcd assumption as in the proof of pl(.?) > ( for irreducible aperiodic

finite state Markov chains. [ |

Proof of Lemma 5. We prove the exactness of (F,v). Let A € QOF_”B be s.t.

v(A) > 0. It suffices to show that v(A) > 1 — &y for every e > 0. From the
Sublemma it follows that 3t; = t1(e1) € Z* and §; = §1(e1,t1) > 0 s.t. if B € B
satisfies m(Ag — B) < 41, then v(f**B) > 1 — g;. We claim that it suffices to show
m(Ag — F"A) < 6; for some n > 0. Assuming this, we have, since A € F~("+tt)3,
that A = F~("*1) A’ for some A’ € B. Hence v(A) = v(A') = v(F*(F"A)) >
1-— 1.

To produce an n with the property above, let A; ; be s.t. m(AN A, ;) > 0, and
consider the increasing o-algebra on Ay ; defined by My, k =1,2,... (see 3.5 for
definition). Clearly, E(I4 | My) — 14 m-a.s. as k — oo. Pick a typical point
x € AN Ay ; and choose a sufficiently large n s.t. F"(M,(z)) = Ag. Then our
distortion estimate for m (see Lemma 2) gives

mF"(ANM,(x)) ~ m(ANM,(x))
m(Ao) m(Mn(z))

~ 1

as required. [ |

Proof of Proposition A(2). We finish by explaining how the exactness of (F,v)
implies the conclusion of Proposition A(2). Let ¢ € X, ¢ # 0, be s.t. P(p) =
Ep for some & € C with |£|] = 1. We write ¢ = 6p, which is legitimate since

p > co > 0 (Lemma 2), and observe that 6 € L?(m) because |0y | < lLell gee

and %e%gm(Ag) < oo. With m uniformly equivalent to v, this puts 0 € L?(v).
Consider U : L?(v) — L?*(v) defined by U(y) = ¢ o F and let U* be the adjoint
of U. Then U*(#) = £0 because [(U*0)pdv = [0(U)dv = [(¢ - F)pdm =
[wPOp)dm = [ (@) Ydy for all p € L2(v). It follows from this that = £U(6),

hence 6 = £"U"™(6) VYn > 1, which implies that € is measurable wrt F'~"B Vn > 1.
The exactness of (F,v) then tells us that § = const a.e. This in turn forces £ = 1
because OP(p) = P(0p) = 6&p (and 6 # 0), proving that 1 is the only spectral
point of P with modulus 1. Let X; be the image of the projection associated with
1 € o(P). We have shown that dim X; < oco. The number of Jordan blocks for
P | X1 cannot exceed 1 because p is the unique invariant density of F', and there can
be no subdiagonal 1’s in the block because that would contradict sup||P"|| < co. B
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We remark that there are other standard ways of dealing with eigenvalues on
the unit circle. One could, for instance, argue that for positive operators like P, all
eigenvalues of modulus 1 are n*® roots of unity, and for P their eigenfunctions are
invariant densities of . The problem then boils down once again to proving the
ergodicity of (F™,v) for all n > 1 as we have shown.

4. Exponential Decay of Correlations

Recall that we have constructed a Markov extension F' : (A, 7) O over our
dynamical system of interest f : (M, v) O where v is an SRB measure and 7 :
A — M sends 7 to v. We have also constructed a quotient system F : (A, 7) O by
collapsing y*-leaves in F': (A, 7) O, and the projection map 7 : A — A sends 7 to
.

Let us use the following convention: if ¢ is a function on M, then ¢ is the lift
of p to A, i.e. ¢ = pom; and if ¢ is constant on y*-leaves, then we will confuse it
with the function on A called . (It would have been logical to write £ : (A, #) O
instead of F': (A, ) O but let us not do that.)

We assume for the rest of Part I that (f™, v) is ergodic for all m > 1.

4.1. Reduction of problem.

The purpose of this subsection is to reformulate the problem of decay of cor-
relations for (f, v) in a way that the properties of the Perron-Frobenius operator
studied in Section 3 can be brought to bear. Recall that

Hy ={p: M —-R|3C =C, st.Vo,y € M, |px —@y| < Cd(x,y)"}.

We will use D,,(p,1;v) to denote the correlation between ¢ and 1 o f™ wrt the
probability measure v, i.e.

D, v) = ' Jwe s~ [ v [ vav

Our first observation is that to prove Theorem 2, it suffices to prove the corre-
sponding result for F': (A, D) O and test functions of the form @, ¥ with ¢, € H,,.
This is because D,,(p,;v) = Dy (P, ¥ V), which is straightforward to verify. Next
we observe that we may assume ged {R(z) : © € Ag} = 1. Suppose not. Let
N1 = ged{R}. Instead of F : (A,7) O, we will consider FNt : (AN H(N1)) ¢

where ANV .= kOLjOAkNl and oV .= p | AW pormalized. Since 7,01 is an

fNiinvariant probability measure on M and it is absolutely continuous wrt v, it
follows from the ergodicity of (f™,v) that m,#(N1) = v. Suppose we have the
desired result for FM : (A(Nl),ﬁ(Nl)) (9 and hence for fN1 : (M,v) O. For given
¢, € H,, exponential decay of Dy, (¢,% o fi;v) for i =0,1,...,N; — 1 clearly
implies that of D, (¢, ;). From now on we assume ged {R} = 1.

The following geometric fact about the “sizes” of the Ay ;’s is used to relate the
Holder property of functions in H, to a corresponding property for their lifts to A:
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Sublemma. Vr € A, diam(7F¥(Ma(z))) < 2Ca*.

Proof. Let y1,ys € Mog(z). Then 35 € v*(y1) Ny°(y2). Suppose Moy(z) C Ay.
Then 7wF %), mtF~%y, are both in Ay and they lie on the same y*-leaf. By (P3),
we have d(nFFq, nFFy,) < Cat**. Applying (P4)(a) to 4 and y; and noting that
s(F*9, F*y;) > k, we obtain that d(7F*j, mFFy,) < Cak. |

We now proceed to argue that D, (@, z;; V) can be approximated by a quantity

that involves only F : (A,7) O and functions on A, and that the error decreases

exponentially with n. For each n € Z*, let k = k(n) be a number < in to be

2
determined.

Approzimation #1. Define 1, on A (or A) by ¥, | A = inf{¢p(x) : x € FEA} for
every A € M. Then

1Dy (@y3p 0 FF5 ) — Dy 1o (@, 4035 9)| < C'alk?

for some C" = C'(p, ¥).

Proof. Tt follows from the Sublemma that [ o F¥ — 9, | < Cy(2Ca*)". Hence the
quantity in question is

< ‘/(&oF’“—%wF""“-@dﬁ

< 204 (2Ca*) - max |p| < C'aM.

+V(@EoF’€—Ek)dﬁ-/@dﬁ

[ |
The next 2 steps are made slightly more complicated by the fact that F' need

not be one-to-one.

Approzimation #2. Let 1, be as above, and let ;. be defined analogously. Let %, 7
denote the signed measure whose density wrt 7 is @y, and let ¢y, := d(FF¥(p,v))/dp.
Then

| Do (7,043 ) — Do (Prs, g3 )| < C" ™
for some € = " (%),

Proof. The quantity in question is

< \ [@eo e - pa

+ ‘/%dﬁ-/(@—@)dﬁ

< (2max [y]) - / 6 — Guldp.
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Letting | - | denote the total variation of a signed measure, and noting that F¥((@o
F®) = ¢, we have

[ 16 guldo =167 - us| = |FE((@0 F)5) ~ FEin)
< [(@goF* —)0 /IsooF’“—mdv
and this last quantity has been estimated above. [

Finally, we verify that D, (@, ¥;7) can be expressed purely in terms of ob-
jects related only to F : (A,7) O. First,

[ @ P i = [GaFr ) = [z @),

and since v, is constant on * and F' commutes with 7, we have

/@kd(Ff@ Z /wkd T F /wkd (@r7)),

which, in the language of Section 3, is equal to
/ Uy P (@rp)dm
Also,

/sékdﬂ/%dz?:/ d(F*(p /zpkdy_ /gpkdu-/wkdﬁ

4.2. Estimating D,,_; (@, ,; 7) and completing the proof.
JFrom the last subsection we have

D
< max | ‘P”(w) - ( / Wczm)

P"(@,p) — ( / @ﬁdm) ﬁ”

< max[¢] - Cf

where || - || is the norm introduced in 3.2.
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Sublemma. 3C, depending only on ¢ s.t. |P?*(5,p)|| < Cy, for all k.
Proof. On each Ay ;,p = P2k can be written as Y.pb, where pb, is the contribution

—2k
from each of the inverse branches of F ** Since ). is constant on elements of
Moy, P?%(5,p) on each Ay ; has the form Y¢;ph,, and
7

|P**(3,0) () — P (#,0) ()] < Z il D% (T) — Doy, (D)
< max|g| - p(T) - OV
as in the proof of lemma 2. [ |

Let 7 > sup{|(| : ¢ € o(P),( # 1}. The sublemma above suggests that we write

HPW@) - < / @ﬁdm) ﬁH = HP”‘Q’“(PQ’%@?)) - ( / PQ’“(@ﬁ)dm) ﬁH
Since for h € X, ( i hdm) p is the projection of h onto the 1 — d subspace spanned

by p, the quantity above is
P2 (yp) — ( / P”“(@ﬁ)dm) ﬁH

< const - 71”_%.

Combining the arguments in the last two subsections, we see that if for instance
we let k = kn, Kk € (0, %), then we have for all ¢, € H,,

Dn(@ﬂp; V) <Ccr"
for 7 = max{a"", 71(1_2”)}. |
5. Central Limit Theorem

5.1. CLT for dynamical systems: background information.

In this subsection we review three known results related to the asymptotic nor-
mality of random variables generated from dynamical systems. Notations in 5.1 are
independent of those in the rest of this paper.

A. Conditions for CLT for measure-preserving transformations: a theorem of
Gordin.
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Theorem [G]. Invertible case. Let T : (Q,M,v) O be an invertible measure
preserving transformation of a probability space, and let ¢ € L*(v) be s.t. Ep = 0.
Suppose there exists a sub-o-algebra Mo C M s.t. T-*My C Mg and

S IE( | T7Mo)la+ > |E(e | T9Mo) — ¢z < 00 ().
Jj=0 j>0
Then
1 w i distr
%;WOT — N(0,0)
where

n—1 2
1 .
2 : i
=1 — E T dv.
i nl_I)Igon/(i:OSOO ) Y

Noninvertible case. If T is not invertible, take My = M and disregard the second
term in (x). Otherwise same hypotheses and same conclusion.

Remark. Suppose for instance that (7,v) is a K-automorphism and M, is such
that T" Mg T M and T~/ M, | the trivial o-algebra as j — oo. Then (*) could
be viewed as an L2-version of the K-property seen through the eyes of the random
variable ¢.

B. Condition for CLT and the Perron-Frobenius operator. Exponential decay of
correlations (as defined in 1.4) alone does not imply (%), but if 7' : Q O is nonin-
vertible and admits some additional structures so that a Perron-Frobenius operator
P can be defined, then (x) can be expressed in terms of P. In particular, assuming
that all relevant functions belong in a suitable space, then a gap in the spectrum of
P implies that j§O|E (¢ | T7I M)l is a geometric series. Following [Ke] and putting

what is there into a slightly broader context, we make this connection precise:

Let T : (2, M,v) O be noninvertible, and suppose that on (2, M) there is a
reference measure m with respect to which 7" is nonsingular and v = pm for some
p with p > ¢ > 0. Let P(p) be the density wrt m of the measure T (¢m), and let
U : L*(v) O be the operator defined by U(p) = poT. It is straightforward to verify
that for all p € L?(v):

« U™ (p) =P (¢p)/p
x UIU*(p)=FE(p | T7M) where U* is the adjoint of U.

Using these, one sees immediately that
[ 1B T MPa = [wivriopas = [0t
= [ 1070 4) i < el [ 107760 T

= ¢leo / P (p)|dm.
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C. Positivity of the variance. The following fact is communicated to me by Bill
Parry (see also [PP]).

Lemma. Let T : (2, M,v) O be an mpt and let p € L*(v) be s.t. [ pdv =0. Sup-
n—1 . 2

pose also that [(poT™)pdv — 0 exponentially fast. Then % i ( %3 Yo T’) dv — 0

iff o =1 0T —1 for some ¢ € L*(v).

Note added in proof. Recent results [KV], [L2] (which have just come to the author’s
attention) have made it possible to relax the conditions in paragraphs A. and C.
above, although the version reported here is entirely adequate for our purposes.

5.2. Proof of Theorem 3.

We now return to the setting and notations prior to 5.1.

Let ¢ € H,. Again we lift to ¢ : A — R and note that a CLT for {po F"} implies
one for {pofi}. Also, once the convergence in distribution is proved, the positivity of
o2 follows automatically from Theorem 2 and the lemma above. Observe, however,
that technically we could not appeal to 5.1A, B and finish immediately, for our
Perron-Frobenius operator is associated with F : A ¢ while ¢ is defined on A.
Here is one way to reconcile these differences:

Let B be the Borel o-algebra on A. Let By := {7 'A: A € B}, and let i, :=
Ey (¢ | Bo).

Claim #1: It suffices to show §0|Eg(¢0 | F_jg)b < oo where | - |5 is wrt 7.
j>

Claim #2: The sum above is finite.

To verify Claim #1, let F : (A, v) O denote the natural extension of F': (A, D) O.
Then A is homeomorphic to

{t;fo,fl, . ) € (A/Fu) X ZN : Ffzq_l = fl}

where A/T'™ is the quotient of A obtained by collapsing along v"-leaves. Let By be
the o-algebra # 1B, where # : A — A is the natural projection. Then F'~18B, C By.

Let ¢ : A — R be the lift of $. Noting that a CLT for {¢ o F'} is equivalent
to one for {p o F'}, we proceed to verify Gordin’s condition (*) for the conditional
expectations ¢; 1= Ep (¢ | FiBy). For j > 0, F7(By) is generated by sets of the
form

{(t:T0,71,...) 1t € Fi7 G}, 7o = F'q,... ,7; =a}, acA.
Thus |$; — @] < Cad™ and so .§0|<,5j — @l < 00. As for ¢_;,j > 0, since the order
5>

of conditioning is immaterial, $_; can also be written as Ex(@, | F °B), and so it

suffices to prove §0|Eg(¢0 | F'B)|2 < 0o as claimed.
j>
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We are now in the situation of 5.1B. If we know p,p € X, then, recalling that
[ @ypdm = 0, we could finish by saying

|PY(@op)|| < CT7|[B0pl-

ﬂW%mmg%

Now P,p € X if §, € X (this uses the fact that p| Ay =po F_g). To prove Claim
#2, it remains only to show

Sublemma. ¢ € H, = p, € X provided that B in the definition of X satisfies
B> qmin(zm),

Proof. This is a straightforward exercise in conditioning. In the spirit of the proof

n—1

of Lemma 2, realize o as a limit of 7, = L % F!(m | vo N A) where 7 is a fixed
yU-leaf in T*. (See also Section 3.) Recall that M (z) = {y € A : Fix,Fly €
same Ay ; Vi < g}. Now pick x, 2’ lying the same A, ;. We assume z, 2" are typical
in the sense of the martingale convergence E;(p | M,) *> B,. Fix ¢ very large. We

will compare Ej (¢ | M,) at z and at 2’ for all large n.
Let {w;} be the collection of components of Ry (F'y0 N My(z)), and let {w}}

be the corresponding segments for z’, w; and w;- taken to be on the same ~v¥-leaf.
We assume ¢ is large enough that ¢ | w; ~ a constant which we denote by ¢;;
similarly ¢ | W} ~ ¢ (= a constant). We assume also that the densities wrt m

of Fi(m | 7 NA) on w; and w} are roughly constant, and call these constants
respectively p; and p;. Then

> L pipidm S pip;
By | My)() ~ 5=mp— T = S
j Juw,; P3G ij]

because m(w;) is independent of w; (Lemma 1(1)). There is of course a similar
estimate for E;(¢ | My)(z'). Now [p; — ¢} < Cp, max{d(ry,7y')" : y € wj,y’ €
wj}, which is Ca*@2)1; also |p; — 71 ija%s(m’m/) (Lemma 2). An easy
computation then gives

S 2 PP

< OﬁS(I,I’)
> P 2.0

as claimed provided 3 > Qmin(z.m), |
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PART 1II. EXAMPLES OF SYSTEMS THAT FIT MODEL

In each of the settings in Sections 6-10, we will

construct a set A with a hyperbolic product structure
define a return map f%: A O

verify properties (P1)-(P5) in Section 1

estimate the measure of {R > n}.

If we succeed in all of this, and if the measure of {R > n} decreases exponentially
in n, then in our statements of results we will summarize by saying

“f fits the model of Part I with an exponential estimate for {R > n}”,
and the conclusions of Theorems 2 and 3 will be abbreviated as
“f,v) has exponential decay of correlations and CLT”.

We remark briefly on the construction of f# : A 9. The choice of A is quite
arbitrary; if (f,v) is indeed mixing, it matters little where A is placed. If the
existence of stable or unstable manifolds is a concern, take only points that approach
the “bad set” sufficiently slowly. Technical considerations aside, f% is defined by
running f until some s-subset of A crosses over A completely in the u-direction; the
part that has landed back in A is then deleted and we continue to iterate the rest
— the key point here being that we do not view partial crossings of A as legitimate
returns.

The reader will notice that while each of the settings below has its own technical
aspects that require customized attention, the analyses needed to verify that they
fit our model do not differ substantially. It is this recurrent pattern of proof that
we hope can be mimicked in other situations.

6. Axiom A Attractors

6.1. Results and discussion.
Let f : M O be a C? diffeomorphism of a Riemannian manifold and let ¥ be an
attractor. By “attractor” we include also the Anosov case where M = X.

Theorem 4. (a) f fits the model of Part I with an exponential estimate for {R >
n}. As a consequence we obtain

(b) f admits an SRB measure v on ¥; and

(¢) if f|X is topologically mizing, then (f,v) has exponential decay of correla-
tions and CLT.

We remark that up to a finite cycle all Axiom A attractors are topologically
mixing. The results in Theorem 4 are not new; they were first proved using Markov
partitions (see [S1], [R1], [R2] and [B]). We would nevertheless like to illustrate our
scheme of proof (which does not require a priori knowledge of Markov partitions)
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for this much studied class of diffeomorphisms. The proof of (a) is quite simple in
dimension 2; the geometry of stable and unstable manifolds is more interesting in
higher dimensions.

Remark. The picture could be quite different when uniform hyperbolicity is relaxed.
In [HY] and [H], it is shown that for diffeomorphisms that are uniformly hyperbolic
except for the presence of an indifferent fixed point, one could, by adjusting the
derivatives at this point, arrange for the return time function R to have a variety
of tail behaviors.

Ezpanding maps. A mapping f : M O of a compact Riemannian manifold is said
to be uniformly expanding if IA > 1 s.t. |Df,v| > Mov| V& € M and all tangent
vectors v. Our model in Part I needs to be modified for noninvertible maps, but
the changes are quite obvious and are left to the reader.

Theorem 4°. The results of Theorem 4 hold for C? uniformly expanding maps.

The proofs are entirely parallel to — and considerably simpler than — those for
Axiom A and will be omitted.

6.2. Construction of f%: A O.

Let E* & E?® denote the usual splitting of the tangent bundle. For simplicity
we assume the metric is “adapted”, i.e. Ja < 1 s.t. |Dfv| < alv] Yo € E* and
|IDf~1v] < alv| Yo € ES. Let W% denote unstable manifolds, d“(-,-) denote the
distance measured along W*, and Wg'(x) := {y € W*(x) : d“(z,y) < §}. We
review a few properties of Axiom A attractors and set some notations:

(1) Distortion along W' There exist C,dp > 0 s.t. Vo € X and Vy € W§! (z),

o Jet DU ) (")
det D(f" W) (f~"y)

< Cd*(z,y) VYn > 1.

(2) Local product structure. 361 < do s.t. Vo € ¥, if z, € Wy (z) and 2, €
W5 (x) N3, then W§ (2,) meets Wi (25) transversally in exactly one point which
we denote by [z, zs]. For all d,,ds < 41,

N, s.(x) = {[zu, zs] : 2u € Ws (z), 2, € W5 ()}

is well defined and is an open neighborhood of x € ¥. Clearly, N, s5.(z) has a
hyperbolic product structure in the terminology of Section 1; it is the union of a
disjoint collection of W*-disks each one of which is homeomorphic to W' (z).

(3) “u-crossings” and topological transitivity. Let A, B C ¥ have hyperbolic product
structure. We say that f"A “u-crosses” B if there is an s-subset A° of A s.t. f"A®
is a u-subset of B. It follows from topological transitivity and standard hyperbolic
arguments that if A = N, s, (z) and B = N 5. (2'), then there exists N depending
only on d,, ds, 0., 0. s.t. f™A u-crosses B for some n < N.
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We now define ff : A (9. Pick an arbitrary & € ¥, and let § > 0 be sufficiently
small that Nyss(%) makes sense. Let us write N, := N 54(Z) for short, and let
A = Ni. Let Q = Wi(%). To define f% on A, it suffices to define it on .

The idea of the construction is as follows. Let Q,,_1 := Q—{R < n}, and suppose
that we let those parts of §2,,_1 whose f™-images u-cross A return at time n. Then
f™{R = n} is the union of a finite number of topological disks (with jagged edges!)
and "€, is a large sheet with many “holes” of varying sizes corresponding to the
different components of {R < n}. For each e-disk in f"€),, property (3) above
guarantees that a fixed percentage will return within a fixed number of iterates.
This is what is going to give the exponential tail estimate for R. Points that are not
contained in full e-disks in f"€2,, form “collars” around the holes. We will argue
that they escape from these collars exponentially fast because f|W*" is uniformly
expanding.

In the formal argument it seems simpler to fix all the expiration times for the
entire “collar” at the moment a “hole” is created. For bookkeeping purposes we
introduce a partition on Ny — N;. Let

fk ={x e W35(z) : 6(1 + ak) < d%(z, %) < 5(1+ ak—1>}’

so that I; is the outermost ring in W35(2) and kgljk = Q. Let I, ;== 7#~1I; where

7 No — Wik(&) is projection by sliding along W*-leaves. Let Ry be the first time
when returns are allowed (see (P2)); let Qg, := Q and set tg, = 0. For n > Ry,
the mechanics of the induction is as follows. We assume at the beginning of step
n that we are handed a set Q,,_1 := Q@ — {R < n} and a function ¢,,_; defined on
Q1 (tn_1(z) = k means that f* 'z will stay in a “collar” for the next k iterates).
Let A,—1 = {tn—1 =0}, B_1 = {tn—1 > 0}. Let £ > 0 be a small number to be
specified, and let Agfll ={z € Q1 :d"(f"x, f"An_1) < e}. To define {R = n},
we let {D;-l}j:1727___ be those components of Afll N f~"N, with the property that
the s-subsets of A through them are mapped under f™ onto u-subsets of Ny. Let
D; = D;* N f"N; for i = 1,2,3. We declare that R\D} = n and define t,, on
Q, =Q,_1 — LjJD]1 as follows: for x € L]_J(DJ2 — D}), let t,,(x) = k if Pz € I; set
(e) .

t, = 0 elsewhere on A, ; and for all other x, reset t,(z) = t,—1(x) — 1.

In order for these definitions to make sense, we must have ¢,,_; |A£L€ll < 1, other-
wise some points very near the boundary of €2,,_; may suddenly be assigned t¢,, = 0.
This is tantamount to requiring that the “collars” (i.e. f™{t,, > 0}) around differ-
ent holes be pairwise disjoint. We claim that this is true if € is sufficiently small.
To see this, let @ be a component of {R = n — i} for some i > 0, and let Qp
be that part of the collar around @ that u-crosses I under f®~*. We assume the
desired picture has been valid up to this point, so that ¢,_1|Q; =1 and ¢t,,_1 =0
in a neighborhood of Q U <kngk) Let 01Q; and 02Q); be the two components of

0Q;. We estimate the minimum d“-distance between f™(01Q;) and f™(92Q;). Let
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wy € fP7H01Q;), wa € f"7(92Q;). Then
d" (7w, 7wy) < ot d*(fiawy, firws)
< Cai{d(fiﬁwl, fiwl) + du(fiwl, fin) + d(fiw% fiffwz)}
< cat{d"(fiwr, fws) + 260’ };

but we also know that ‘
d“(rwy, Twy) = 0 (1 — a).

Comparing these two estimates, we see that d“(fwy, fiwy) > some go > 0 Vi >
some ig; hence it is > some e Vi. Choose ¢ < ¢;.

We assume also € < d, so that f"z ¢ N3 for z € Djn (A,(fll —Ap_1), ie. (DN
An—l) D) D;’

We have defined the return map f% on a subset of A that we will show in 6.3
includes a set of full measure on every unstable leaf. Modulo this fact, (P1) and
(P2) have been arranged. Here it is natural to define so(x,y) be the largest n with
d(fiz, fiy) < 8o Vi < n. (Formally this does not satisfy all the requirements of
So(+,+) in 1.2, but as we have explained in 1.3, the precise definition of sg is not
important.) (P3)-(P5) are standard for uniformly hyperbolic systems.

6.3. Estimation of uo{R > n}.

Recall that ©,,_1 = Q —{R < n} is the disjoint union A,,_1 U B,,_1, where B,
is a neighborhood of 0€2,,_1, and Aﬁfﬁl is a small neighborhood of A,,_1. As we go
from step n— 1 to step n, points near the outer edges of the collars move from B,, _{
to A,, some points in A,,_; return to A, and some points go from A,_; to B,, as
new collars are formed. The following two sublemmas describe the rules that govern

this 3-way exchange of mass. Recall that uq denotes the Riemannian measure on
Q.

Sublemma 1. (Flow of mass from A,,_1)
(i) Fa,cq witha+c1 <1 s.t. n,
ﬂQ(An—l N Bn) < a,uQ(An—1>
¥ pa(An—i N{R =n}) < cipa(An—1).
(This inequality is used only to simplify the argument.)
(i) Fe2>0and N=N(e) s.t. Vn,

* o pe (igo{R =n+ i}) > capa(A1) > capa(An-1)
Sublemma 2. (Flow of mass from B,_;) 3b> 0 s.t. Vn,

¥ pa(Bno1 NA) > bua(Bn-1).

Let us set R = oo on the part of {2 where it is not defined. To prove that uo{R >
n} < Cyby, it suffices to prove that ug (igo{R =n-+ z}) > chpa (1) for some

¢4, > 0. This will follow from Sublemma 1(ii) once we know that (ua(A,)/pa(Br)) is
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bounded away from 0 for all n. To see this, observe that whenever (a+c¢1)pua(An—1)
< buq(Bp—1), one step later we will have uq(A,) > po(A,—1) and po(B,) <
o (Bn_1), i.e. the situation improves. It remains to prove the two sublemmas.

Proof of Sublemma 1(i). We will show puq(A,—1 N{t, > 0}) < apn(A,—1) by
working with the neighborhood of one component of {R = n} at a time. Using the
notations in 6.2, letting 2 = W4 (&), and remembering that (D} NA,_1) D D3, we
have

Ho(DF = D)) g (F"DF = J"DJ) g (Wi (&) — Wi (&)
Ha (D7) o (FD7) Ha (W35 ()

More precisely, the last fraction is clearly < 1, and, using the fact that the Radon-
Nikodym derivative of 7 : f”D;* — (0 is bounded above and below, the second
fraction is also uniformly bounded away from 1. Finally, the first and second frac-
tions are comparable via the distortion estimate in 6.2.

The second inequality is proved similarly. |

< 1.

Proof of Sublemma 2. We observe that for all 7,

s (Uzo:i+1fk> N [5(1 + ak—|—1>]d _ 5
o (Ual) 0T @

~

where d = dim W*. This together with the same Radon-Nikodym derivative and
distortion estimates as above give

,LLQ{tn—l = 1} > bNQ{tn—l > O} = bNQ(Bn—l)

for some b. [ |

Proof of Sublemma 1(ii). Let &, = {z;} be a maximal set in f"A, _; with the
property that B“(z;,50) are pairwise disjoint (B* = balls in the d“-metric). We
observe that
() U B"(z,116) 2 /A7,
(ii) 3 N(e) s.t. for each j, 37 < N(e) s.t. f'B%(zj,¢) u—crosses Nj.
(i) is true because U, B*(zj,100) clearly D f™A,_1, and € < 4. (ii) is a conse-
€

z;€ER

quence of property (3) in 6.2. Let n; > 0 be the first time when t,, | f 7" B"(2;,¢)

is not identically zero. Then f" B“(zj,¢) must meet N5 and f~"BY(z;,e + 49)

must contain a component of {R =n+n,}. We know from (ii) that n; < N(e).
Now (i) together with the standard distortion estimate says that

[LQ(A,S:21> < Zugf_”B“(zj, 119) < const Zugf_”B“(zj,M);

J J
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and the disjointness of the B*(z;,50)’s together with the observation in the last
paragraph guarantee that

Z pof "B"(z;,50) < const - ug (Uicn{R=n+1}).
J

7. Piecewise Hyperbolic Maps

7.1. Results and discussion.

We consider in this section piecewise uniformly hyperbolic diffeomorphisms in
2-dimensions. More precisely, we consider f : M O where M is a compact 2-
dimensional Riemannian manifold possibly with boundary. We assume:

(H1) f is a piecewise C? diffeomorphism, i.e. there is a finite number of pairwise
disjoint open regions { M;} whose boundaries are C* curves of finite length such that
UM; = M, f|(UM;) is 1 — 1 and f restricted to each M; is a C? diffeomorphism
onto its i1mage.

We will sometimes refer to S := M — UM, as the “singularity set”. Note that we
allow f(M) ; M in particular, M could be a trapping region for an attractor.

(H2) f is uniformly hyperbolic, i.e. there exist two continuous D f-invariant fami-
lies of cones C" and C® defined on all of M and a number A > 1 s.t.

|Dfv| > Av| YveCY,
|IDfv| < A Y| Yo e CF.

(H3) On f(M), tangent vectors to S are bounded away from C".

We call v a u-curve if all of its tangent vectors are in C"; s-curves are defined
similarly.

(H4) 32,0 > 0 and N, K € ZT with K < AV s.t. the following holds: if v is a
u-curve with £(y) < &, and 0 < 6; < 9, i = 0,1,...N — 1, then the set {x € ~ :
d(f'x,S) > 6; fori=0,...,N —1} has < K connected components.

The motivation for (H4) will be given shortly.

Theorem 5. Let f: M O satisfy (H1)-(H4). Then

(a) f fits the model of Part I with an exponential estimate for {R > n};
as a consequence we obtain

(b) f admits an SRB measure v; and

(c) if (f™,v) is ergodic ¥Yn > 1, then (f,v) has exponential decay of correlations
and CLT.
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The existence of SRB measures for Lozi or Lozi-like mappings is first proved
independently in [CL], [Ry] and [Y1], and extended slightly in [P2]. Subexponential
decay (or “stretched” exponential decay) of correlations and CLT is proved in e.g.
[C2]. The area preserving case of (c¢) is first proved in [L1].

The following are perhaps the two biggest differences between Axiom A and the
present setting:

(1) Arbitrarily short W*- and W*-curves and the absence of a local product struc-
ture. This means that topologically A is necessarily the product of two Cantor sets,
and it is not likely to be open in M or in the attractor. An immediate problem is
how to make the Cantor sets “match” when the box spanned by A wu-crosses itself.

(2) Growth of u-curves. Consider the following scenario. Suppose that |D fv| ~
%|v| Vv € C*, and the u-curve v gets folded roughly around the middle when f is
applied. Assume further that each component of fivy gets folded in the same way
for i = 1,2,.... Then fy behaves increasingly like a point even though its total
length is growing exponentially! We do not know if this phenomenon can actually
occur ad infinitum, but to have uniform estimates we need an assumption of the
following type:

(H4) 3 N,K € Z" with K < AV s.t. if v is a sufficiently short u-curve, then
fN~ has < K smooth components.

For technical reasons it is convenient to assume a little more, hence (H4).

Piecewise expanding maps of [0,1]. Here S consists of a finite number of points,
(H4) is automatic, and a much simplified version of our proof gives

Theorem 5°. The results of Theorem 5 hold for piecewise C? expanding maps of
the interval.

The existence of absolutely continuous invariant measures for these maps is first
proved in [LaY]; (c) is first proved in [HK].

7.2. Preliminaries: stable and unstable manifolds.
By a curve we always mean a connected smooth curve. If v is a curve, the

n—1 .
connected components of f" (7 — .Uof_’S) are called the components of f"~.

We call v a local stable manifold only if f™v has exactly one component for all
n > 0. An analogous remark with n < 0 applies to local unstable manifolds.
The local stable manifold of length € through x, written W2?(z), is defined to be
{y e Wg _(z) : d°(x,y) < e}. The following are standard:

loc

(a) If z € M satisfies d(f"x, fS) > A\7"e Vn > 0, then W3(x) exists. (See e.g.
[KS].) In an analogous manner, if f~"z € M Vn > 0and d(f~"z,5) > A""e Vn < 0,
then W (x) exists.

(b) 3C > C’ > 0 s.t. if v is a u-curve with curvature < C’, then all components of
f"v, all n > 0, have curvatures < C'; moreover the distortion estimate in 6.2 holds
on each component of f™v. The proofs are identical to those for Axiom A.



36

We use the criterion above to establish the existence of (many) stable and unsta-
ble manifolds. In the conservative case, if y is Lebesgue measure and U, (S) denotes
the e-neighborhood of S, then 3C > 0 s.t. pU.(S) < Ce Ve > 0. Since

ZM(fnUA—na(S)) = ZM(UA—%(S» < 00,
n=0 n=0

we have, by the Borel-Cantelli Lemma, the p-a.e. existence of {_:“(m)(a:) for some
measurable function € > 0. The same argument gives an abundance of stable and
unstable manifolds in the dissipative case once we prove

Sublemma 1. FEvery f that satisfies (H1)-(H4) has a (nonatomic) invariant Borel
probability measure i with the property that for some C > 0, aU.(S) < Ce Ve > 0.

We postpone the proof of Sublemma 1 to 7.4 but will use the existence of stable
and unstable manifolds freely from this point forward.

7.3. Construction of ff:UA® ¢,

Without specific knowledge of f and without transitivity assumptions, it is hard
to know a priori where to place A. One solution is to first deploy copies of A
everywhere; call them AM, ... A% The A)’s may overlap, and they do not
necessarily cover M, but they will be chosen to capture enough of the dynamics for
our purposes — and it will become clear as the proof progresses that one of these
A®’s would have sufficed.

Let dg be s.t. (i) As, :={x € M : Wi (v) exists} # ¢ and (ii) 20dp < & where
¢ is as in (H4). Let d; < dp be a small positive number to be determined. For
x € As,, we define

Qz) = Ws (x)

and
Qoo(z) :={y € Qz) : d(f"y, S) > 01 A7" Vn > 0}.

Sublemma 2. Jdc > 0 s.t. if 01 is sufficiently small, then g m)(Qeo(z)) > ¢ Vo €
As, .

Sublemma 2 is proved in 7.4. We fix a small enough d; for the rest of Section 7.
For future convenience we make the following small alteration in the above definition
of Qs (x). Suppose inductively that €2,,_; is defined. Let {w;} be the connected
components of {y € Q,_1 : d(f"y,S) < 5127 "}. Delete w; from Q,,_; if and only if
the minimum distance between f"w; and S is < %51 A~". (This guarantees that no
arbitrarily small gaps in €,,_; are created.) Let €2,, be the resulting set, and define
Do = Q Q,. Thus if w is a component of €2,, then f"w is a connected smooth

curve with d(f"w,S) > %51)\_”; in particular, f"*t'w is also a connected smooth
curve.

Let 6 be such that 106 < 6;. Let us verify that for all x € A5, Wes(y) exists
Vy € Qoo(z). To see this, let v be an s-curve of length 106A\™" centered at f™y,
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and let vy be the component of f~"v containing y. We claim that vy has length
> 104. The only way it could be shorter is if it is cut when brought back by f="
i.e. there exists ¢y € vy with d(y,vy’) < 56 s.t. f/y' € £S for some 0 < j < n, or
equivalently, fiy’ € S for some 0 < j < n. That is impossible, for d(f’y’,S) >
d(fiy, S)—d(f7y, f7y'), which must be > 0 since the first term is > $6A77 > 5A
and the second is < 56\ 7. It is well known that W (y) is a limit of curves of the
type 7o with n — oo.

Associated with each x € A, we construct a set A(x) with a hyperbolic product
structure: let I'*(x) = {W§(y) 1 y € Quoo(x)}, and let I'*(x) = {all W}’ _-curves that
meet every 7° € I'*(z) and which extend > §y on both sides beyond the curves in
I'*(z)}. These two families define A(z).

We now choose the A(D’s mentioned at the beginning of this subsection. Let
Q(x) be a rectangular shaped region with the following properties: Q(x) D A(z); it
contains x in its interior, and Q) (x) is made up of 2 u-curves and 2 s-curves. The 2
u-curves are roughly 2dy in length; they are either from I'*(x) or they do not meet
any element of I'“(z). The 2 s-curves are approximately 2 long and have the same
property with respect to I'*(z). Let Q(az) be a proper u-subrectangle of Q(x), i.e. it
shares the s-boundaries of Q(x), and its u-boundaries, which must have the same
properties as those of Q(x), are strictly inside Q(z). Let int(-) denote the interior
of a set, and view {int(Q(z)) : © € As,} as an open cover of Aj,. Since Ay, is

clearly compact, one may choose a finite subcover {intQ(z1), ... ,intQ(x;)}. Let

We record below two very important facts:

(1) Let w be a connected component of €2, and let @, be an s-subrectangle of Q(x)
corresponding to w (there is some slight ambiguity in the definition of @, but it
will be clear what we mean). We claim that f7Q, NS = ¢ Vj < n. In fact, if by an
n-stable curve we mean a curve whose n'! iterate has exactly one component and
whose tangent vectors remain in the stable cones C* through the n" iterate, then we
claim that @, can be foliated with (n + 1)-stable curves interpolating between the
elements of I'. To see this, observe that by definition, d(f"y,S) > 15;:A™" Vy € w,
so it is entirely possible to pass a continuous family {F(-)} of 1-stable curves through
each point of f"w extending > dA~" on each side. We have argued that the pullback
of {F(-)} by f~™ foliates Q..

(2) Every Wijs, -curve v u-crosses one of the Q(x;)’s with two segments of length
> 20g sticking out at each end. This is true because the mid-point of v belongs in
As, and so must lie in some Q(x;).

Next we define the return map f% : U A® 9. Let i be fixed throughout, and

let Q,, = Q,(z;). Let us first define R on Q.. We let Q, =Q, — {R < n} and
introduce a partition P, on €2, as follows. Let Ry > Ry (where Ry is as in (P2))
be s.t. Vn > Ry, if w is a component of 2, s.t. f"w u-crosses Q(z;) for some j,
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then the entire rectangle f"Q,, u-crosses Q(z;). The definitions of P, are different
before and after time R;.

Forn < Ry: letw € 75n_1, and let w be a component of @N,,. Then w C Qn, and
P,, | w is defined as follows:

*if £(f"w) < 106g, then w € Pp;

* if £(f"w) > 1080, then we let P, |w be a partition of w into segments w; U- - -Uwy,
with 105y < ¢(wg) < 208y for each k.

Forn > R;: let w and & be as above, and put w € P,, as before if (f"w) < 106g. If
((f"w) > 108y, we partition w as above and select for each wy a AU, j = j(wp), s.t.
f"wy u-crosses Q(xj) with segments > 2§, in length sticking out on each side. (See
Fact (2) above.) On wy, N f~"AY), we declare that R = n. We put wy — {R = n}
in Q,, and let P, be the partition which divides wy — {R = n} into its (infinitely
many) connected components.

It is now time to confront the problem of “matching of Cantor sets” alluded to
in 7.1.

Sublemma 3. Let n > Ry, and let w be a segment contained in €, = Oy (x;)
whose f™-image u-crosses some Q(xj) with > 2dg sticking out on each side (e.g. w
is one of the wy’s in the n > Ry case above). Then w N Qo N f~"AY) £ ¢; and
if A is the smallest s-subset of AV containing w N Qoo N fF~"AU) | then f*(A) is a
u-subset of A9,

Proof. We will prove f™(wN€Qs) D fPwNAY) which would imply the first assertion.
Consider y € f"wNAY) andlet z € w bes.t. f"z = y. We must show that z € Q.
Since w C Q,, = € Q, by definition. To see that d(f™z,S) > HA™™ Ym > n,
let ¢’ be the point in Qo (x;) with y € W#(y’), and observe that d(f™x,S) =
d(fm="y,S) > d(f™ "y, S) —d(fm "y, fry) > 1%51>\_(m_”) which we may
assume is > 71 A" for n > R;.

To prove f"A C AU, let x € A, and let 2’ be the point in w s.t. = € y*(a').
Then f"z' € AY) by choice of A, and "z € °(f"z'). Also, it follows from Fact
(1) above that f™(y“(z") N Q) lies in one component and sticks out by > 2§, on
each side of Q(z;). Hence it must be one of the curves in I'*(x;). The assertion
that f™A is a u-subset of AY) follows from the product structure of f*A and the
fact that f™(wNQs) D ffwnN AU, [ |

We remark that Sublemma 3 does not assert that f(w N Q) C AY); indeed
much of 7.5 is concerned with the many small bits of f™(w N ) that fall through
the gaps of AU,

We discuss the status of (P1)-(P5). Instead of one A, we have constructed a
finite number of sets with hyperbolic product structures, namely A™) ... A®),
The positivity of Lebesgue measure of A®) N ~* follows from Sublemma 2 (applied
to ) and from the absolute continuity of I'* (i.e. (P5)). This completes (P1).
Sublemma 3 defines f% on a subset of UA®, but it remains to show that R < oo
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on a set of full measure on each v* N A, or equivalently, on Q2 N A, A natural
separation time for x,y € 4" is the largest n s.t. (i) f"z and f"y lie in the same
component of f"y* and (ii) they are < 305y apart. (For a formal definition of sq(-, -)
with the properties in 1.2, one should require in (ii) that the smallest s-subrectangle
of A containing x and y have diameter < 300¢.) Let us give an explicit construction
of {Ay;} in terms of the Py’s. To do this it suffices to specify for each £ a finite
partition P, on Q, for which P, is a refinement: let each element of P; be of the
form N, where v is a subsegment of  with the property that the points in 7 are
still “together” ¢ steps later. (P3)-(P5) are virtually indistinguishable from those
of Axiom A. In summary, it remains only to supply the proofs of Sublemmas 1 and
2 and to prove R < oo a.e. on QN A®.

7.4. A growth lemma.

In this subsection we introduce some stopping times ideas and prove a growth
lemma for u-curves. We will carry this out in the setting of Sublemma 2; a similar
argument is used in the proof of Sublemma 1 (which is given after that of Sublemma
2). Let us assume for simplicity that the N in (H4) is equal to 1.

Proof of Sublemma 2. Let Q and (), be as defined at the beginning of 7.3. We
introduce a sequence of stopping times 77 < 75 < - -- on subsets of {2 as follows. For
x € Q, let T1(z) be the smallest n > 0 s.t. the component of f™€),,_; containing f™x
has length > & (where £ is as in (H4)). If no such n exists, or if z is eliminated from
2, before T} is reached, we will say 71 (x) is not defined. Let O := {z € Q : T (x)
is defined}. Then ©; is the disjoint union of a countable number of segments {w}
each one of which belongs in some €2;_; and satisfies Th|w = j. On ©1, define
T5(x) = the smallest n > Ty (z) s.t. the component of f"€), ; containing f"x has
length > &. Let ©9 := {z € ©1 : Th(x) is defined}, and so on.

We begin by estimating the total measure on €2 deleted strictly before T;. Since
0(Q) < &, (H4) says that Qq, which is ~ {x € Q : d(z,S) > 61}, has < K connected
components. We stop considering those on which 77 = 1. By (H4), each of the rest
intersects {27 in < K components. We see inductively that 2,1 — {T7 < n} has
< K™ components. Consider one of these, w, with T}|w # n. Then f"w has length
< g, and it intersects Us, x-»(S) in < K + 1 segments (actually it is not exactly
Us, A-» that we want; see 7.3). Since all u-curves intersect S transversally with
uniform bounds, each subsegment of f"w removed has length < C9;A7". Pulling
back to w and summing first over all w in Q,,_1 — {77 < n} and then over n, we
obtain that

the total measure on €2 deleted strictly before time T is

<D KME 4+ 1)(CHANTNT" = C(K +1)81 Y KA
n=0 n=0

Since K < A by (H4), this number is arbitrarily small as §; — 0.
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Next we estimate the measure deleted between T}, and Tj;. Let w be a compo-
nent of ;1 with Ti|w = j. We wish to repeat the argument in the last paragraph
with f/w in the place of w, but can’t quite do it because £(fiw) > &. So we subdivide
w into w =wi U---Uw,, with %5 < U(fiw;) < & and argue that

the fraction of w deleted during the period [T}, Tk+1)

~ the fraction of each fw; deleted before the next stopping time

<2571y K™K +1)(CHAT AT
n=0

In “~” above, we have used the distortion estimate in 7.2 for f7 |w;. Since O is the
disjoint union of segments of the type w, the estimate above carries over to all of

Op. That is, we have shown that
the total measure of Oy deleted during the period [T}, Tk+1) is
0/51 —k > -2
<=\ K"\7“" . 4(Q).
<y )

Summing over k, we see that the total measure of €2 deleted can be made arbitrarily
small by choosing §; small. [ |

We now modify the argument above slightly to suit the setting of Sublemma 1.

N-1
Proof of Sublemma 1. Let v be an arbitrary u-curve, and let puy := % Eo falty-

Our invariant measure fi will be a limit point of {un }n=12, . normalized.

goee

Here we do not delete any part of 7, but otherwise define T}, and ©y as before.

Then
N-1
(Z fiuv) Ue(5) < /(To + e TN-1)dpy
i=0
where 75 := 0 and
Ti(x) = ]
H{n: ffeeU(S), T <n<tp} if €Oy

To estimate ka, let w = wy U---Uw,, be as in the proof of Sublemma 2 with
Tk | w = 7, and argue as before that

> podz: e e ULS), j+n < Tep(2)}
n=0

< 2

(i K™K + 1)(05»—”) ().
n=0

My |

Summing over components of O, we obtain [ 7dp, < C'l(7)e; hence pun (U:(S)) <
C'l(y)e VN. [ |
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7.5. Tail estimates for R.

The aim of this subsection is to prove pg,,){r € A® . R(z) > n} < CO™ for
some C' > 0 and 0 < 1. By (P5), this estimate (with possibly a larger C') will then
hold on all v € I'*(z;).

The proof is carried out in 3 steps. Let w be the f*-image of a subsegment of
Q(x;). We introduce a stopping time 7' on w Wthh gives the number of iterates
after time k& when the P,-element containing f~*z reaches a certain length. The
first step estimates the distribution of this stopping time for x € w. When a segment
makes a return, say to AY), a certain percentage of the segment is absorbed into
AY) | and infinitely many new elements of P,, corresponding to the gaps of AU) are
Created. The second step deals with the distribution of this stopping time starting
from the union of these gaps. The third step combines the results of the first two
to estimate the measure of {R > n}.

Let i be fixed throughout. We let Q = Q(z;), and let €, Q,, and P,, be as in
7.3. Forw C f*Qand n=0,1,..., we define w,, = w N kak+n, Wn =wnN f’“Q;H_n
and P = (f*Prin) | On.

Step 1. Let w be the f*-image of an element of P,. We define whenever possible
for x € w the following stopping time:

T(z) = the smallest n > 0 s.t. the component of f™(P¥_,(z) Nwy)
containing f"x has length > 10dq; this assumes in particular that

T € Wp.
Sublemma 4. D1 > 0 and 01 < 1 s.t. if w is as above, then Vn > 1,

po(wn —{T < n}) < D167

Proof. (Note that the return process to UAU ) is irrelevant in this estimate, for the
stopping time 7" must be reached before any return is possible.) Our hypothesis on
w implies that {(w) < £. Reasoning as in 7.4, we see that w,, —{T" < n} is the union
of < K" elements of 75;;’ and the f"-image of each has length < 104y. Hence
po (wn —{T < n}) < K"HL(1060) A ™. [ |

Step 2. In this second step we consider a segment w contained in the f k_image of a
Py._1-element making a return to UAU) at time k. Let us assume in fact that w is
stretched exactly across Q(x;) for some j. Let G = { subsegments of w corresponding

to the gaps of AU) }, and let w® := w — AU) = Ug W'. Let T : w® — Z* be defined
w'e
as in Step 1, using w’ in the definition of T'(z) for z € W’ € G.

Sublemma 5. dD; > 0 and 02 < 1 independent of w s.t. Yn > 1,

po(wy, = {T < n}) < Doby.
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We define the generation of w’ € G to be the time of its creation. More precisely,
let & be the subsegment of {(z;) corresponding to w’, i.e. they straddle the same
gap. Then gen(w’) = ¢ if ¢ is the first time part of @’ is removed in the construction
of Qoo (x;). We do not preclude the possibility that this initial break in € is enlarged
at a later stage. Let G, := {w' € G : gen(w') = ¢}.

Proof of Sublemma 5. Our strategy is to majorize p,, (wS — {7 < n}) by (I) + (II)
where

)= X Y (W

(D S s, (w'),

M=% S (e —{T<

W= % T gl —{T<n)
and € > 0 is a small number to be determined.

Sub-sublemma. Let w’ C w be a gap of generation q. Then fi' has only one
connected component and has length > %51)\_‘1.

Proof. We consider the segment &' C €(z;) that corresponds to w’. Gen(w') =
q implies, by definition, that & C Q4_1, so that f9&’ has only one component.
It also implies that the segment deleted at time ¢ does not run into previously
created gaps, i.e. d(f?(0(segment deleted at time ¢)), S) = d;A~?. The proof now
uses the small alteration in the definition of Q. (x;) made after the statement of
Sublemma 2, namely that there exists & € &’ s.t. d(fiz, 5) < %61)\_‘1. Therefore
we have d(f?0(deleted part), f92) > 26,277, proving £(f%&’) > 612~ 7. Recalling
the picture described in Fact (1) of 7.3, we see that f%w’ is roughly parallel to f9&’
with the Hausdorff distance between them < §A~%. Thus ¢(fw') =~ £(fi0"). [

To estimate (I), we fix n for now and suppose first that w = Q(z;). From
Sublemma 2, we see that the total measure of all the segments deleted at or after
time ¢ is < CK9X\724. Thus (I) < CA~*". Now for w # Q(z;), which is usually the
case, the last line of the last paragraph together with standard distortion estimates
allow us to conclude that ¢(w’) ~ ¢(&') for all w € G.

To estimate (II), we fix ¢ < en and consider w’ € G,. Our plan is to apply
Sublemma 4 to f9~'w’. ;From above we see that w’ = wy_q for 1 <i < q If
((f'w') > 103¢ for some i < g, then T'|w’ < q and there is no need to consider w’. If
not, then f9-1w’ satisfies the hypothesis of Step 1. Applying Sublemma 4 to f7— 1o’
and pulling back, we obtain

/ 0w’ .
ol AT <)) < €l Doy
R

= O ey W)

< CU(w') - max [Df|- 207 A\ D g7~ 1,

n—q+1
- D071



43

Choosing ¢ > 0 small enough that 6, := A*;~° < 1, we obtain that

Do D Helwn —{T <n}) < C'o7 ()" (Z z(w')) < C"(0)".

g=1 wlegq w'eg
Let 03 = max{0,, \~=}. |

Step 3. For z € Q, let F(x), the time of ejection, be the largest n s.t. = € Q,; in
particular, £ = oo on {),. We introduce a sequence of stopping times 77 < Tp < - - -
on subsets of Q as follows. Say 77 is defined at = if In > Ry s.t. E(x) > n and the
component of f™(P,_1(z) N Q,) containing f"z has length > 108y; T} (z) is then
defined to be the smallest such n. Note that according to our definition of ff in
7.3, Ty () is exactly the first time when part of the component of f™(P,_1(z)N€,)
containing f"z returns to UA®. Let ©; = {x : Ti(z) is defined}. We consider
x € ©1 —{R =T} and say T is defined at = if In > T1(x) s.t. E(x) > n and the
component of f™(P,_1(z) N,) containing f"z has length > 108y, and so on. In
general, we let O = {T} is defined} and attempt to define Ty 11 on O —{R = T} }.
We observe that for puo — a.e. x € Q, either R(x) < 0o or z € O Vk. This is
because T} is defined for pug — a.e. z € Q4 (Sublemma 4) and also that for each k,
Tk+1 is defined for pg — a.e. © € Qoo N (O — {R = T} }). This combined with the
estimate on o (0y) below shows that R < oo a.e. on Q.
Now there exists 1 > 0 s.t. if w is a component of 75n_1(~) N ,, part of which
returns at time n, then
po(wN{R =n})
po(w)

> £e1.
This implies that

po (O N{E > Ty and R # Ty })

<1—eq;
110,(O%) '

hence
1e(Or) < (1—ep)"

which says in particular that
po{r € Qoo : R> T} < (1 — 51)k.
For all n, k € ZT, we have on Q.:
{R>n} C {Tx >n}U{T, <nand R> Ty}.

To finish, then, it suffices to prove
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Sublemma 6. 3D3 >0, 03 <1 and &’ >0 s.t. Vn > 1,

poir € Q, Tiern)(z) > n} < D303

Proof (a similar argument is used in [C1]). Let 1 < k; < ky < --- < k, < n be fixed
for the time being. For k < n, we let Ay := {x € Qp : T;(z) = k; Vk; < k} and
estimate the measure of A; as follows:

(i)

(i)

(iii)

Assume k; > Ry, otherwise po(Ag) = 0. Since there are < C' elements in
Pr,, pa(Ar, 1) < CX~ Dlefl_l_Rl by applying Sublemma 4 to w = the
fFi-image of each element of Pg,.

Let w be a component of Ag, 1 NQy, with T} | w = k. We write w — {R =
k1} = (Uw!) U (Uw!”) where f¥1w is the union of gaps of some AUr) and
fF1w!” consists of 2 segments between 28 and 108, in length sticking out on
each side of Q(z;,). Applying Sublemma 5 to f*w/ and pulling back, we
obtain

Cl(wr)

LN Apyo1) S s Dofhr
MQ(wr ko 1) = Z(fkl(.v,/d) 2V9
C'l(w;) ko—ki—1
< T 2 1
o 200 D292

where @, is the shortest segment containing w!.. Sublemma 4 gives a similar
estimate for w,/. Combining, we have

po(Ak,—1) _ po(Ak,-1)

po(Ag 1) = po(Ak,)
where 05 = max(6,,602) and D5 is independent of k; or w.
Repeating (ii) from k;_; to k;, i = 2,...,p, we obtain

_ pe(An)  po(Ak,-1) po(Ar,—1)
Ha(dn) = po(Ak,—1)  po(Ak, ,—1) (A, —1) pa( i)

DI p
<C (—3) - (65)".
05
Choosing ¢’ small enough that

0 = (D)0 < 1.

< Dj(6a)" "

we conclude that

[e'n]

pofr € Qn i Ty >0} <> > e (An(kr, ... k)

p=0 (kl,...,kp)ilgklg---gkpgn

[e'n]
ey (5) e
p=0

which is < D365 by Sterling’s formula provided ¢’ is sufficiently small. 1
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7.6. Proofs of theorems.
Constructing a tower F : A ¢ over f%:UA® (9 as in Part I and using the fact

that [ Rdp, < oo (where 7 in this subsection denotes an arbitrary curve in I'*),
one constructs an F-invariant measure 7 on A that projects onto an SRB measure
on M. We will show that for A* = any A® with 7A@ > 0, if fB" : A* O is the
first return map to A* under f, then not only do we have [ R*du. < co but also
p{R* > n} < C.07 for some 0, < 1. This will prove that f fits (in the strictest
sense) the model of Part I; the exponential mixing results will also follow.

Let A, ..., A®) be the hyperbolic product sets constructed earlier on in this
section. Renumbering, let A* = AM) ... A@ bes.t. L<J A has positive 7-measure
i<q

and is f%f-invariant and irreducible (irreducibility means that Vi, j < ¢, 3In = n(i, j)
s.t. (FBY"A® N AY) has positive -measure.) The A®’s, i > ¢, will be discarded
from here on.

We introduce on UA®) the following stopping times: Sy = 0, and Si(z) :=
Sk_1(z) + R(f%1z). Let & be the partition of UA() into s-subsets AY sit. fRA%)
is a u-subset of some AU), and let &, := &V f~516 V-V f~5%-1£, Then f% maps
each element of &, onto a u-subset of some AW, and % | (y N & (+)) has uniform
distortion. These two facts will be relied upon heavily in the proofs of the following
claims:

(i) IN € ZT and € > 0 s.t. Vk, pryona-{R* > Spn} < (1 —€)*. This is because
fE: UA® 9 behaves like an irreducible finite state Markov chain.

(ii) 3’ > 0 s.t. pyna={SEn) > n} < D303 V¥n. The proof is the same as that in
Sublemma, 6; it uses the fact that Vx, k, pyne¢, (2){Sk+1 — Sk > n} < CO",
which is precisely the tail estimate for R.

The desired estimate for p,{R* > n} follows from (i) and (ii).
8. Billiards with Convex Scatterers

8.1. Results and discussions.

The purpose of this section is to illustrate how the model in Part I is applicable
to a class of billiards. We will not attempt to include as large a class as possible,
but will focus only on billiards bouncing off convex scatterers on the 2-torus. More
precisely, let {I';,i = 1,...,d} be pairwise disjoint C*® simply connected curves
on T? with strictly positive curvature, and consider billiards on the domain X :=
T2 — L%J{interior I';}. We assume the “finite horizon” condition, i.e. there is an

upper bound on how many consecutive times a billiard trajectory can meet UL
tangentially. Let M = UI'; x [—g, g] be the usual cross-section in the phase space
of the billiard flow, and let f : M O be the Poincaré map. The coordinates on M
are denoted by (r, ) where r € UI'; is parametrized by arc length and ¢ is the
angle a unit tangent vector at r makes with the normal pointing into the domain

X. It is well known that f preserves the measure v = ccos pdrdy where c is the
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normalizing constant, and it has been proved in [S2] that (f™,v) is ergodic for all
n > 1.

Theorem 6. Let f be the billiard map above. Then
(a) [ fits the model of Part I with an exponential estimate for {R > n};
(b) (f,v) has exponential decay of correlations and CLT.

“Subexponential” or “stretched exponential” decay of correlations and CLT are
proved in [BCS2] for a class of hyperbolic billiards larger than ours. We do not
claim the following, but remark that with suitable technical modifications our proof
is likely to give exponential mixing for scattering billiards on domains in R? with
piecewise smooth boundaries — provided the boundary components are “in general
position” and intersect with positive angles (see [BSC2]).

For the type of billiards we are considering, f : M O is essentially a piecewise
hyperbolic map in the sense of Section 7. Deferring precise statements to the next
subsection, we mention here three of the biggest differences between the present
setting and the previous one:

(1) due to the nature of near-tangential reflections, Df here is not bounded;
this leads to more complicated distortion estimates and other technical dif-
ficulties;

(2) billiards are conservative systems, and with respect to its natural invariant
measure v, f has been shown to be mixing;

(3) Condition (H4) in 7.1 is always valid for this class of billiards.

As pointed out by Chernov and Sinai, the methods of this paper will most likely
apply also to Sinai billiards in small external fields with Gaussian thermostats
[CELS], although some technical modifications of the proofs are needed due to
the fact that these dynamical systems are not conservative (and their derivatives
are not uniformly bounded as assumed in Section 7).

We remark that all of the basic technical work associated with (1) and (2) above
has been done by Sinai, Bunimovich and Chernov; a concise summary of it is given in
[BSC2]. The reasons for (3) are also observed by Bunimovich and noted in [BSC1].
We will give a brief review in 8.2 of what we use, referring to the above mentioned
papers for proofs, and then proceed to verify details that are more specific to our
constructions.

8.2. Background on billiards.

For the convenience of the reader we summarize below some elementary facts
about our class of billiards. Where no additional references are given, the material
in this subsection is taken from [BSC2], Sections 2.1 and 2.2. For more information
see [BSC2] and the references therein.

A. The discontinuity sets. Let So = OM = UI'; x {ﬂ:%} Then f~1S; is the
discontinuity set of f. It is easy to see that f~1Sj is the union of a finite number
of smooth segments, and that f maps each component of M — (Sq U f=18;) dif-
feomorphically onto its image. All the curves in f~!Sy have negative slopes which
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are bounded away from 0 and —oo. (See B. below.) More generally, for n > 1,
the discontinuity set of f”, namely igl %Sy, consists of a finite number of smooth
segments, all negatively sloped. We say that x € M is an n-multiple point if there
is more than one smooth curve segment from igl 7Sy passing through or ending

in . The following fact is key to proving (H4):

(*) ([BSC1], Lemma 8.4) the number of curves in Lrljf_iSO passing through or

ending in any one point in M is < Kgn, where Ky is a constant depending
only on f.

We will explain how (*) implies (H4) after paragraph C.

B. Invariant cones and hyperbolicity. Identifying the tangent space at each point
with the (r, ¢)-plane, D f maps the cone {r¢ > 0} strictly into itself with the image
uniformly bounded away from the r- and g-axes. Let us call the D f-image of
{ro > 0} the unstable cone C*. Similarly, Df~! maps {r¢ < 0} strictly into itself
and C* is defined accordingly. One could prove hyperbolicity directly ([S2], see C.
below), or conclude using [W] and [KS] that there are nonzero Lyapunov exponents
and stable and unstable manifolds a.e. Note that all unstable curves have positive
slopes bounded away from 0 and oco. Also, the angles between W*- and W?*-curves

as well as those between W*"-curves and the discontinuity curves in 161 f7'Sy are
1=

bounded away from 0.

C. The “p-metric”. Expansion and contraction coefficients are more conveniently

described in terms of the semi-metric cos ¢dr, which has geometric meaning and

which we will loosely call “the p-metric”. Norms with respect to this semi-metric

are denoted by | - |,, as opposed to | - | which refers to the Euclidean metric. We

will write p(-) for the p-length of a curve, while ¢(-) denotes its Euclidean length
and d(-, ) denotes Euclidean distance.

Facts. 1. (a) if v € T, M is such that v € C* or C*, then
[vlp = [v] - d(@, So) '

(b) if v is a u-curve (i.e. all of its tangent vectors are in C") or an s-curve, then

Cip(y) < L(y) < Cav/p(7)

for some C7,Cy depending only on f.

2. (a) 3A>1s.t.
|Dful, > Av|, YveC,

1The symbol “~”, which will be used many times in this section, has the following precise
meaning: “A &~ B” means that there is a ¢ > 0 depending only on f and on other universal
constants s.t. ¢ 1A < B < cA. Also, “A 2 B” is to be interpreted accordingly.
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|IDftol, > Alv], Vv e Cs.
(b) for v € T,M with v e C" and |v|, =1,
1 .
d(z,So) "’

in particular, |D fv|, — oo as x — OM.

|Dfxv|p ~

Justification of (H4). Because of the geometry of the singularity set, it suffices here
to have (H4) with 6; = 0 (see 8.4 for an explanation). Since n-multiple points are
isolated, all sufficiently short u-curves in sufficiently small neighborhoods of them

intersect Lljf_ng transversally in < Kgn points, i.e. fv has < Kgn + 1 connected

components. There clearly is no problem away from multiple points. Thus it suffices
to choose N s.t. KogN +1 < AN, (As we shall see, it is the expansion coefficient
wrt the p-metric that we want.)

D. “Homogeneity strips” and distortion control. Following [BSC2|, Section 3, we
subdivide a neighborhood of Sy or M into strips on which derivatives are roughly
comparable. Fix kg € Z™ sufficiently large. For k > ko, let
T 1 s 1

I, = == <= —

and
7 (r, ) s n 1 <o< s n 1
k=1 (rp):—+— —— 4+ —=7.

k TS T 12 =Y T2 TR
We say that a local unstable manifold v is homogeneous if for all n > 0, f~"y
is contained in three adjacent I;’s. (For convenience of language, let us agree to

call M — |k:\L>Jk: Ij; one of the I;’s also.) The homogeneity of a piece of local stable
ko

manifold is defined similarly.

Homogeneous stable and unstable manifolds are known to exist a.e.; we will prove
a version of this result that suits our purposes in the next subsection. Because of
the unboundedness of the derivatives, distortion along W% . and the Jacobians of
the maps between W} ’s obtained from sliding along W} ’s do not have uniform
estimates unless we restrict ourselves to homogeneous W% ’s and W ’s. We will
return to this when verifying (P3)-(P5).

8.3. Construction of f: A O and verification of (P1)-(P5).

When working with distances on W}? - and W} -curves, we will use exclusively
the p-metric. In particular, Wj'(x) denotes a piece of W} -curve with p(Wg'(z)) = 6,
and (f|vy)" denotes the derivative of f with respect to the p-metric.

Let A\ = AT where A > 1is as in 8.2, and let 9; > 0 be a small number. A finite
number of conditions will be imposed on §; as we go along. Let

B;i\—laél ={x €M :d(f "z, SoU f~'Sy) > A" Vn >0},
By s ={zeM:d(f "z, SoUfS) > 8" Vn >0},
and let § = 5%.
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Sublemma 1. (i) Vx € B 5, Wi s(x) exists and is homogeneous.
1,01
(ii) The corresponding statement about Wiys(x) holds for z € By 5 .

Proof. First we assume Wy 5(z) exists and prove homogeneity. Let f"z € I;. Then
2= > 01A7", and the (Euclidean) width of I; is &~ 75, which is > (5,:A7™)2. But
since p(f"Wiys(z)) < 100N, L(f"Wiis(x)) S 10(61A7™)* - k? < 10(6:A77)3.

The construction of W#*-curves is standard and is sketched in 7.3, but let us
verify that there are no new difficulties in the present situation. Let v be an s-
curve centered at f"x having p-length 200\~™". First we claim that v N fSy =
¢. Suppose not. Let 4 be the subsegment of v joining f"z to fS;. We may
assume 7 meets a branch S of fSy in a point that is not a multiple point. Now
S has two f~'-images depending on the side from which one approaches it: one
lies in Sy and the other in f~1Sy. In either case, ¢(f~ 1) > 51)\1_(n_1) because
d(fm 1z, So U f~18y) > 61)\1_(n_1). From the estimates in the last paragraph, on
the other hand, we have that 4 is contained in two contiguous I} s, and by Fact 2(b)
in 8.2C applied to f~1, (f7117) ~ k? < (1A\[") 7, giving p(f~19) < (6:07™)3
which is not compatible with the ¢-length estimate above.

We have shown that v N fSy = ¢, which means that f~!v is connected with
p(f~1y) > Ap(y) > 206\~ (=1, Continuing to iterate backwards we see that the
component of f~"~ containing = has p-length > 204. [ |

By the Borel-Cantelli Lemma, VB;\FI’%l and VB o5 are &~ 1 if d; is sufficiently
small. Let x; be a Lebesgue density point of B;\rh%l N By, 95, chosen away from
f71S0 U So U fSo. We construct A around z; as follows: Let Q = W¥(z;). For
n >0, let

Q,={yeQ:d(fly, f ) >6N" i=0,1,...,n

and d(f'y, So) > 61A[", i =0,1,....,n+1}.

In particular, if w is a component of €,,, then f"*lw is connected and d(f"*w, Sp)

> 01 )\1_(”+1). (The second condition in the definition of €2,, is redundant most of
the time.) Let Q. = N(,,. By Sublemma 1, W§(y) exists and is homogeneous for

all y € Q. Let I' = {W5(y) : y € Qoo }, I'™ = {all homogeneous W}’ -curves that
meet every v° € I'* and which stick out by > § on both sides of the curves in I'*},
and let A be the hyperbolic product set defined by I'* and I'*. As in 7.3, let Q) be
a rectangular shaped region containing A.

First we consider the measure of A. Since z; is a density point of B;’2 5,» there is
a v-positive measure set of points in @) through which W7 s-curves exist. Assuming
the absolute continuity of homogeneous W} -curves (see (P5) below), these curves
meet {2 in a set of positive measure, and points in the intersection clearly belong in
Qoo- This proves (P1). In fact, our choice of z; ensures the abundance of curves in
' as well, proving vA > 0. As we shall see, it follows from our a priori knowledge
of the mixing property of (f,v) that this arbitrary choice of A will suffice.
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We now proceed to verify (P3)-(P5). Since we are using exclusively the p-metric
on W"- and W#-curves, all distances and derivatives in (P3)-(P5)are wrt the p-
metric. For example, (P5)(b) is about the Radon-Nikodym derivative of the image
of one p-measure wrt another, where p-measure on v* € I'* is the measure induced
from the p-metric. (P3) is noted in 8.2C. For z,y € v* € T'*, recall that sg(z,y) =
n if flz and f'y are viewed as “together” for i < n while f**t'z and f"t! are
“separated”. In the present setting it is natural to interpret these notions as follows:
let [z, y] denote the subsegment of v* between x and y. Then so(x, y) = n if for every
i <mn, f'lz,y]is a connected smooth curve completely contained in 3 adjacent I}’s,
and that either f"![x,y] has more than one component or it meets four I;’s (see
7.3). With this interpretation, (P4)(a) is valid because of the backward contraction
constant of A™! (see 8.1 C.) and the fact that there is a finite upper bound to the p-
lengths of all connected (homogeneous) W} _-curves. (P4)(b) is Proposition A1.1(d)
in Appendix 1 of [BSC2] for backward iterates on unstable manifolds. (P5)(a) is
part (d) of the same Proposition, and (P5)(b) follows from (P5)(a) and standard
hyperbolic arguments (see [BSC2] and also [KS]).

It remains to define f% : A O and to verify (P2). As before, let Q,, = Q,, — {R <
n} and let P,, be a partition of §,, whose elements are thought of as representmg
distinct trajectories. For reasons to become clear in the next subsection, we will
allow returns to A only at times that are multiples of an integer m to be determined.
We describe the procedure below.

First we choose Ry > Ry large enough that if a component w of €2,, u-crosses the
middle half of @ under f" for n > Ry, then the entire s-subrectangle of () associated
with w u-crosses ) under f".

Let n € Z* be a multiple of m. We assume Qi and P,_,, are glven and
define ,, and P,,. But first let us introduce some intermediate partitions Pl mti
on Qe Ny m—i for i =1,2,...,m. Let w be a component of Qe N m41-
Then f*~™*lw is a smooth curve. We partition w into segments so that their
frtm=1limages are homogeneous, but will introduce new partition points only when
needed, i.e. if a partition point ¢ is introduced and f*~™*+!q € I}, then the f*—™*1-
images of both of its adjacent segments must have real length ~ O(k%) This defines
75’n_m+1. Next we consider each component of W' N, _,, 12 where W’ € 75’n_m+1,
and add partition points of P’ n—m+2 where necessary so that their f?~™*"2.images
are homogeneous, and so on. For n < R; we let 75n_m+i be the join of 75n_m+i
with the components of €2,,_,,4; for all i < m. For n > Ry, let 75n_m+¢ be similarly
defined for i < m, but define Q,, and P,, as follows: consider each w € P’,,. If fMw u-
crosses the middle half of @) with > § sticking out on each side, then we declare
that R =n on wN f~"A, put w — {R = n} into Q,, and let P,, | (w — {R =n}) be
the partition into connected components. If f™w does not u-cross A in the manner
required, then put w C €, and let it be an element of P,,.

This procedure defines f% on part of Q. To extend the definition to the cor-
responding part of A and to verify (P2), we observe that Sublemma 3 in Section
7 holds with essentially the same proof. Let w € P’,, be s.t. part of it returns at
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time n. By design, f"w is homogeneous and is therefore an element of I'*. As in
7.3, we consider y € f"wNA, and let x € w be s.t. f"z =y. We need to show that
d(fiz,So U f718y) > 81777 Vj > n. Let ¥ be the point in Qu, with y € W(y')
and proceed as before observing that

LFITWE(Y) S AU (AT VT T = (3 AT V)3

so that ‘ . .
d(fiz, SoUf15) = A7 "™ > s a7

This finishes (P2) modulo the a.e. finiteness of R, the proof of which is contained
in our estimate of p{R > n} in 8.4.

We close with the following remarks on our use of the p-metric on v* € I'*
in (P3)-(P5). Referring the reader to 3.1, we observe that there is no internal
inconsistency in this reduction argument as long as all the estimates in (P3)-(P5)
are wrt the p-metric. In fact, once the reference measure (called m there) is defined,
the p-measure is forgotten. Caution needs to be exercised, however, when making a
connection between F': A O and test functions on M, the Holder properties of which
are wrt real distance on M. The relevant estimate is contained in the sublemma
in 4.1. Using the notation there let v be a piece of stable or unstable manifold
stretched across mF*Ma(-). We have p(y) < Ca”, but need the corresponding
estimate for ¢(7). Since v is homogeneous, we may assume it is contained in some
I,; thus p(7) < %, and we conclude that £(y) =~ p(y) - n? < p(7) -p(y)~3 which is

~

< C'a* for some o < 1.

8.4. Tail estimate for R.

We prove in this subsection that p{z € Q. : R(z) > n} < CO" for some
C > 0 and 6 < 1. The proof follows in outline the 3 steps in 7.5, but some
modifications are needed within each step. Recall that returns to A are allowed
only at time steps that are multiples of an integer m which we now choose. Let

1
k2

oo
Qg 1= 2k Zk where {Iy, |k| > ko} are the homogeneity strips, and assume that
=Ko

A1+ ag < 1. Let Ky be the constant in (*) in 8.2A, and choose m large enough
that (Kom + 1)# (A1 + o) < 1. Furthermore we let € > 0 be small enough that
every W% -curve of /-length < & has the property that it intersects < Kym smooth

segments of '81 f~%8y. For simplicity we take & < 4.
1=

Step 1. Let w be the f*-image of an element of Py, where k is a multiple of m.
Observe that unlike Section 7, w here could be quite long compared to § without
any part of it having returned to A — although there is an upper bound C; on the
(¢-)lengths of all connected W"-curves. Let w,, @, and 75;;’ be as before, and let

P : have the obvious meaning (see 8.3). For x € w, define
T(z) = inf {n >0 : nis a multiple of m and £(f*(P'.. (z))) > &}.

Note that since &€ < the width of A, T must be reached at or before returns to A
are possible.
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Sublemma 2. 9D > 0 and 01 < 1 independent of w s.t. Vn > 1,

plwn, —{T < n}) < D167

Proof (following in large part [BSC2], Appendix 3). By (*) in 8.2A and our choice
of &, f™w has < C171(Kom + 1) connected components. The following slightly
technical point is a consequence of the geometry of f~1S;. We claim that each
component of f™w contains at most one component of f"w,,. To see this, consider
7 = the fi-image of a component of w;_1, i < m, and let v’ = v—{z : d(x, f~1Sy) <
01 /\1_(k+i)}, i.e. 7/ is the part that survives the first “half” of the deletions to take
place at the next step. Observe that ~ is a connected smooth curve with a strictly
positive slope, while all the segments in f~!Sy are negatively sloped. Moreover,
every point in f~1Sy lies in a continuous, piecewise smooth segment that extends
from ¢ = —% to ¢ = 5. This geometry guarantees that every component of v — '
either contains a point of v N f~15; or it lies at one of the two ends of v. Next we
delete from +' the set {z : d(fz, Sp) < 51)\1_(k+i+1)}. This may trim the edges of
some components of 7'; it does not create new components.

Label the connected components of f™w,, as v, ..., 7" Each element w’ of
P’ on wy, can then be uniquely identified with the (m+1)-tuple (i1, ... ,im; 7))
where v1) is the component of f™w,, containing f™w’ and f/w’ is associated
with I;; (write i; = = if f/w’ is associated with the “middle” part of M). If
0(fmw') > &, then T | w' = m and we stop considering w’. If not, we repeat the
above with f™w’ in the place of w, and if f™w’ C 41) we label the components of

2 ((Wam) as vU172) - jy = 1,... ,n1a. Proceeding inductively, we conclude that
each element of P¥ | (w, — {T' < n}) can be uniquely associated with an itinerary
i=(i1,...,in; ¥ "In/m)) where for each choice of i1, ... yime—1y and ji, ..., Je—1,

there are < (Kom+1) possibilities for j,. Let us call w(i) the segment with itinerary
1.

We estimate p(w, — {T' < n}) as follows. Remembering that f' | W%, on I is
~ k%, we have for those w(i) with ¢(f"w(i)) <&

o)) < CPUTW@) o 1) tei=n
pw(i)) S ) () < Ce j]l 7 A .

Note that this estimate depends only on the (i1, ..., i, )-part of the itinerary. Sum-
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ming over all 7, we have

n 1 o
plw, —{T <n}) < C1& H(Kom+1)m Z Ce H = | At =

(i15-0yin) jrigA* Y
k
n ’I’L n e 1 o
§D1(K0m+1)HZ(k) Z 5 \—(n—k)
h=0 [l =ko

n

< Dy(Kom + 1) Z (") ak A~ (n=k)
k=0

= Dy [(Kom+1)%(ao+x1)] = D67,
|

Step 2. As in 7.5 we consider here a subsegment w of the f k_image of an element
of Pr_1 making a return at time k£ and assume that w is stretched exactly across
A. Let v, G, G, etc. be as before.

Sublemma 3. dDs > 0 and 05 < 1 independent of w s.t. Vn > 1,

p(wl, — {T < n}) < D63

Proof. We will estimate (I) and (II) as in the proof of Sublemma 5 of Section 7, but
the estimates here need to be handled with more care. Let w’ C w be an element
of G, and let &’ be the corresponding subsegment of €.

Sub-sublemma 1. p(w') = p(Q’)

Proof. Tt follows from the definition of generation and the geometry of f~1S,
that f9&' must traverse fully the §;A] “-neighborhood of some branch of f~15,
(otherwise the deletion at step ¢ would run into a previously created gap); hence
0(f10") > 201A1 9. Also, as part of the requirement for being in €,_1,@" has the
property that d(f90',S0) > (512 %), so p(fi@’) = (6127 ?)?, which is >> A~
Thus f9Q), is a long thin rectangular region with its 2 u-sides much longer than
its 2 s-sides (see the proof of Sublemma 1 in 8.3). To pull back and conclude that
p(w') = p(&"), we need to subdivide f9@Q),  into homogeneous s-subrectangles and
compare the u-sides of each. This is necessary because our distortion estimate on
Wt-curves works only on homogeneous segments; see (P4)(b). To ensure that the
u-sides of these s-subrectangles are comparable, we must have that they continue
to be much longer than the corresponding s-sides. This is true because the s-curves
joining f9w’ to f90’ are some order of magnitude shorter than the widths of the
I} s that f?Q),, is allowed to intersect (again see Sublemma 1). [ |
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Estimation of (I): (Here we do not have an explicit estimate on the measure on 2
deleted after step ¢; the proof in 7.4 uses more uniform estimates than are available
here.) We argue instead that

Y > vQu)<Co" (%)

g>enw'€Gy

for some o < 1. This follows from
(i) the v-measure of A, := {z € M : d(fiz, f~1Sy U Sy) < 26,1, for some
j>en}is < Co™; and
(ii) Yo' € G, with ¢ > en, Q. C A, (Exercise: show that every y € v — A,y €
' can be attached to some x € Q — ), with the property that x is deleted
at time j and y lies on a j-stable curve through x).

> > W) <o,

g>enw'€Gy

To pass from (*) to

we use the fact that v-measure conditioned on y“-curves is equivalent to Lebesgue
measure and the Sub-sublemma above.

Estimation of (I1): Let T be the stopping time introduced in Step 1 starting from
w’. While no deletions are made on w’ in the first ¢ — 1 steps, w’ = w;_; can be
partitioned into many short segments for reasons of distortion control, and some of

them may reach their stopping times before time ¢. Let " € 75’:_1 | (W' —{T < q}).
Applying Sublemma 2 of this section to f9~'w” and pulling back, we obtain

/ Cp(w"” n—
plw,, —{T <n}) < Z W - D9}t

< Cp(w) (1A )72 D074

The first inequality uses the distortion estimate for f2=! | w”; the second follows
from the Sub-sublemma below. The constants € and 0> are then chosen as before.

Sub-sublemma 2. For all w" € 75’:_1 | (W' —A{T < q}),
p(fI71W") Z (810 9)°.

Proof. We argue the following 2 cases differently.
Case 1. w" # W', Let j be the first moment when w” is created. (For example,

’
w

if both end points of w” are partition points of 75’q_1, then 7 is the time when the
second one is inserted.) Recall that with no deletions or returns possible prior to
step ¢ — 1 on w’ — {T < ¢}, all relevant partition points here are introduced only to
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prevent the violation of homogeneity. Thus we have flw" ~ I, for some n; hence

(") Z 55 2 (0iA7)%2, and p(f910") > p(flw”) Z (010 7)%2 > (610, 1)%/2.
Case 2. W' = w, i.e. 75’:_1 consists of a single element. As noted in the proof of

Sub-sublemma 1, p(f&') > (§1A%)? and p(fiw’) ~ p(fI&'). We then conclude the

desired estimate using (f]f9 7 w’) <67 AT [ ]

Step 3. We will use (without proof) the following fact which is a weak version of
Theorem 3.13 in [BSC2]:

(**)  Given g > 0, Ing s.t. if w is a homogeneous W} -curve with p(w) > €o,
then dqg < ng s.t. flw contains a homogeneous segment which u-crosses the middle
half of QQ with > 20 sticking out from each side.

For simplicity let us assume for the rest of this proof that m = 1. Here is
how (**) fits into our scheme. Let T be the stopping time defined in Step 1. As
in 7.5, we introduce a sequence of stopping times 77 < Ty < ... on  with the
following properties: let Ty (z) be the time when T is reached for the k' time at z,
taking points which have returned to A out of circulation as is previously done. We
assume also that 77 > R, the number we choose to be the first allowable return
time. Unlike the set-up in Section 7, however, Ty |w = n does not imply that part of
w returns at time n. Instead we have the following: since f™w lies in 3 contiguous
I;,’s and has f-length > &, it cannot be in [ U Ix4q for £ > some ky. Thus there
exists g > 0 s.t. p(f"w) > e€p. Using this g, let ng be given by (**), and let
v C fM"w be s.t. f9y is homogeneous and u-crosses ) as desired.

A technical nuisance: because of our deletions part of v may be lost in the next
q iterates, and we must verify that what remains continues to u-crosse () with > 9
sticking out on each side. First, observe that since f9+ is connected, it follows from
the geometry of f~15, that all deletions from 7 are made at the two ends. Second,
p(fly — "9 4) < CHAT™ - (f9y). This can be made arbitrarily small by
proving an upper bound for (f9]7y)’ that is independent of n and then choosing R;
to be suitably large. To prove this bound, suppose that fiv is contained in I for
some large k. Then (f|f*y)" ~ k? and its image has p-length < k% Since fitly
is homogeneous, it is again contained in some Iy,. Clearly, k' cannot be arbitrarily
large in relation to k. Reasoning inductively, we see that there exists ko with the
property that Vi < q, fiy NI = ¢ V|k| > ks, otherwise its length will not be able
to grow back to 36 as required. Hence (f9]y) < ko™,

Next we need to argue that there exists €1 > 0s.t. if w C 2 is one of the segments
with T) | w = n, then

pwN{R <n+ng})

p(w)

- £&1.

This requires a distortion estimate for (f"|w)’ and a uniform bound on (f9|f"w)’
both of which we have. To estimate p{R > n}, it remains only to

(i) call on Sublemma 6 of Section 7 to obtain p{Tj./,) > n} < D303 for some
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g’ > 0 (the proof is essentially the same as before); and to
(ii) verify once again that

p{R> T +no} <(1—e1).

9. Logistic Maps

9.1. Results and discussions.
Let f : [-1,1] O be a C? unimodal map with f’(0) = 0 and f”(0) # 0. We
assume there exist o, >0 and X > 1,M € Z™ s.t.

(H1) outside of (=6,9), f is expanding in the sense that
(i) if o,..., [ e ¢ (=0,0), then |[(fM) x| > AM;
(ii) for any k, if x,..., f¥ 1o & (=6,8) and fFx € (=4,6), then |(f¥) x| > \F;

(H2) the critical orbit satisfies
(1) [f(0)] > e Vn >1
(ii) [(f™)'(f0)| = A™ ¥n > 1.

Theorem 7. Let f be as above. Then

(a) f fits the model of Part I with an exponential estimate for {R > n};
(b) f admits an absolutely continuous invariant probability measure v;
(

c) if (f™,v) is ergodic ¥Yn > 1, then (f,v) has exponential decay of correlations and
CLT.

Needless to say, the model in Part I has to be suitably interpreted for noninvert-
ible maps. We comment briefly below on related results and on how this setting fits
into the class of maps to which the methods of this paper may apply.

Remarks. 1. (H1) and (H2) are satisfied on positive measure sets of parameters
in generic 1-parameter families of unimodal maps passing through “Misiurewicz
points” ([BC2], [TTY]). This includes in particular the family f, : z — 1 — ax?.
For {f,} there is a positive measure set of a’s near 2 for which (f?, ) is ergodic for
alln > 1 ([Y2]).

2. Result (b) in Theorem 7 has been proved many times under similar conditions;
see e.g. [CE], [BC1] (also [BY1]), and [NS]. Jakobson [J] had the first proof of the
existence of acim’s for a positive measure set of parameters for {f,}. Assertion (c)
is proved in [Y2]; for a similar result see [KN].

3. The “bad set”—“recovery” process alluded to in the introduction is most trans-
parent in this 1-d setting: = = 0 is clearly the “bad point”, and (H1) and (H2)
guarantee that Vo € (—§,6),3 p(z) =~ log 1 s.t. Vj < p(z), fiz stays sufficiently
close to f70 that

* [(F) (fo)| = [(f7) (fO)] = N
* ‘(fP(I))’ﬂ > \P(@)/2
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This simple lemma is proved in [BC1]. It says that when an orbit gets near the “bad
point”, a loss of hyperbolicity of order ~ ¢ is compensated for in ~ log% iterates.
This is what we called “exponential recovery” in the introduction, and it translates
into an exponentially decaying tail for R.

Observe the difference between the recovery process in, for example, Section 7
and here. In Section 7, condition (H4) guarantees that statistically, most points
belong in a component that grows long exponentially fast, but for a small set of
points this could take arbitrarily long. By contrast, what we have here is that when
an orbit gets near 0, its derivative is guaranteed to recover within a time period
determined by its distance to 0. Condition (H2) above, however, is not robust under
perturbations. It holds only for a positive measure — but nowhere dense — set of
parameter values. In some sense, the statistical part in Section 7 corresponds to
parameter selection here.

9.2. Construction of f%: A .

The basic properties of maps satisfying (H1) and (H2) are developed in [BC1]
and [BC2]. For an exposition of the parts relevant to us, see also [Y2].

For purposes of dividing [—1,1] into intervals on which f’ is comparable, we
partition (—6,6) as follows: for k > some ko, let I, = (e~ F+1) e=F) T, = —1I4,
and partition each Iy into k? subintervals called {Iy;} of equal length. We will

sometimes refer to [—1, —¢) and (9, 1] as Ij;-intervals. The following are proved in
[BC1]:

(i) we may think of the function p(-) in 9.1 as constant on Ij j-intervals; and
for x € (—=4,9), if f'x € I} ; for some i < p(zx), then | [0, z]| < |Ix ;l;

(i) there exists C' > 0 such that for all n and all intervals w with fiw lying in 3
adjacent Iy;’s for all i < n, we have that (f*)'z/(f*)'y < C for all z,y € w.

Let w be as above. We may think of fiw,i =0,1,---,n, as being in one of two
phases: suppose n; is the first time w enters (—4,0) and p; = p(x) for z € fMw,
then following the language of [BC1] we say that w, fw,---, f"w are “free” while
fratly, ... fmtPiy are in a “bound” state. After time nq +p1, fiw is “free” again
until the next time it enters (—d,0) when a second “bound” period will begin, and
SO on.

In this setting we may take A to be an interval. We will in fact first work with
A = ATUA™ where AT and A~ are 2 intervals contained respectively in I, . Later
on we could eliminate one of them as in 7.6 if we so desire. Return times are defined
using an auxiliary partition P,, as before. Let w € P,_1. Forn < Ry, P partitions
w according to the Ij;-locations of its f"-images, and partition points are inserted
only to ensure that the f™-images of P,-elements do not intersect more than 3 I kj'S.
For n > Ry, do as above except that if f"w D 3A* or 3A~ (3AT := the interval
centered at the midpoint of A* and 3 times its length) then set R = n on f~ ™A%
and continue iterating w — {R < n} as before.

This construction may at first sight seem problematic since f"w may intersect
an infinite number of I}, ;’s. Recall, however, from 1.2 and the last paragraph in 3.5
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that we are only required to have a finite number of elements of D on the /th level
for £ < Ry, and that Ry depends only on f, not on A. The requirement above is
easily met by choosing A* so that fPA* N {0} =0 Vi < Ry.

We have now arranged for (P2) except for the a.e. finiteness of R; (P1) is trivial,
and (P3) and (P5) are void in this case. To verify (P4), observe first that in our
construction above, w is partitioned only if f™w is “long”, which, by observation
(i) can happen only when f"w is in a “free” state. That is to say, separation can
occur only when the points in question are free. Moreover, by (H1) and Remark 3
in 9.1, if an orbit beginning at z is in a free state at time k, then (f*)'z > A% . This
applied to z = f"z and f"y and k = s(z,y) — n gives (P4)(a).

As for (P4)(b), observe that it is used solely for the purpose of proving Lemma
1 (3), which for noninvertible maps is a weaker assertion than (P4)(b) itself. Thus
it suffices for us to prove Lemma 1 (3) directly, and that is a slight extension of (ii)
above:

Sublemma 1. There exists a constant C' such that if w is as in (ii) and f"w D
3A*, then for all x,y € w,

(f")x

1
By

< Cfre— fryl

Proof. In the proof of (ii) it is shown that for i < n,

=C

(f) = | firax — [yl 1
log —— < const. —— = < const. —

where k is positive, ij is the last time when a bound period for fiw, j < i, is
initiated from Iij, and S is the set of relevant k’s. Applying this inequality to
points in f**w for the time intervals [ix, n], we obtain that

|fiex — firy| |f"x — fry|
_ C .
Frwl . O 17w

Plugging this back in the first inequality, we conclude that

(f") = [ffrwl [fRa = iyl
lo < const. Z e

g .
(f™)y par | firw|
|frwl\ L2 =yl
< const. (Z s C AT
kes
< C'|f"z — fryl.
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9.3. Tail estimate for R.
To finish we need to argue that p{z € AT : R(x) > n} < CO™ for some 6 < 1.

The picture here is considerably simpler since 2 = Q, = A. Consider w € f kD,
and let P¥ := (f*P,11) | w as before. We define for z € w

T(x) = the smallest n s.t. f*(P“_,(z)) crosses 3AT or 3A~.

The following lemma is proved in [BC2] (see [BY2] for more details):

Lemma. [BC2]. 3D] > 0 and 0] < 1 independent of w s.t. if w ~ Ij; then
Vn > 6|k|,

p{r € w:T(x) >n} < DO |w].

As in previous sections, when w € Pj,_; makes a regular return to AT at time
kand {w;} = f*(Pr | (w— {R = k})), we need to have a version of the lemma
above for Uw; with T defined individually on each w;. Here the argument is simple
because there are no gaps in A*, and u(L@J{a: € w; : T(x) > n}) is easily estimated

to be

< 276 + Z p{x € w; : T(x) > n}
i w;~ some Ij;
with |k|<n/6

< 2e7F 4+ DO < DO}

for some D; > 0 and 6; < 1. An argument similar to that in Step 3 of Section 7
finishes the proof.

10. Hénon-type Attractors

10.1 Statement of results.
Let T, 4 : R? — R? be defined by

Ta,b(xa y) = (1 o ijQ + Y, b.’l?)

It is an elementary fact that for a < 2 and b > 0, b sufficiently small depending
on a, f = T, has an attractor ¥ in the sense that there is an open set U D X
with the property that Vz € U, f"z — ¥ as n — oo. (This is also true for b < 0
except that U is not known to be a neighborhood of 3.) In [BC2] Benedicks and
Carleson developed a machinery for analyzing the dynamics of T, ; on X for (a,b)
in a positive measure set A near a = 2 and b = 0. Building on their analysis we
prove the following result:
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Theorem 8. (joint with M. Benedicks [BY3]). Let f = Tup, (a,b) € A. Then
(a) f fits the model of Part I with an exponential estimate for {R > n};

(b) f admits an SRB measure v; and

(¢) (f,v) has exponential decay of correlations and CLT.

The existence of an SRB measure is proved in [BY2]; part (b) above gives an
alternate proof independent of this earlier work. In [BY2] it is also proved that
(f™, v) is ergodic for all n > 1; this part is used in our proof of (c).

Remark. While we have stated our results for the Hénon family, none of the argu-
ments depend on the specific formulas defining the Hénon maps. We do not attempt
to give a complete characterization of the 1-parameter families to which [BC2] and
our results apply, but point out only that the following properties play important
roles: (a) the maps in question are strongly hyperbolic on large parts of phase
space, and hyperbolicity is spoiled only by tangencies of stable and unstable mani-
folds; (b) these tangencies are quadratic, giving rise to unstable manifolds that are
parabolas in shape; indeed, for the “good” parameters local unstable manifolds are
either parabolas or “straight”; (c) if by varying parameters one is able to effectively
change the locations of these tangencies and their images, then it is likely that the
“good” parameters from a positive measure set. Let us loosely refer to attractors
with these properties as Hénon-type attractors. For example, Hénon-type attractors
have been shown to appear in certain homoclinic bifurcations (see e.g. [MV]) and
our results apply to them as well.

A complete proof of Theorem 8 is given in [BY3].

10.2. A synopsis of the proof.

When b is small, f = T, is not far from the 1-d map = — 1 — ax?, and the
attractor ¥ lies in a small neighborhood of [—1, 1] x {0} in R2. With the 1-d picture
in mind, one sees immediately that away from the origin roughly horizontal vectors
are expanded, and when an orbit passes near the origin these vectors could be
rotated into all possible directions. Previously established expanding behavior may
or may not be jeopardized depending on the position of this rotated vector as well
as the future orbit of the point in question. While it is clear that the switching
of stable and unstable directions is the main source of “badness”, it is not clear a
priori that the Hénon maps have well defined, localized “bad sets”.

In [BC2] the authors introduced into the subject fairly general techniques for
systematically identifying “bad sets”. In the case of the Hénon maps they gave
a complete analysis of the loss of hyperbolicity and subsequent recovery behavior.
This is done via an inductive procedure which is successfully carried through only
for parameters in A. We summarize in the next paragraph the dynamical picture
for f =T,p, (a,b) € A.

The attractor X is the closure of the unstable manifold W of a fixed point, and the
“bad set” could be regarded as the closure of a set C C W called the “critical set” in
[BC2]. C is located near the origin, and all z € C lie on roughly horizontal pieces of
W. Dynamically, a distinguishing feature of z € C is that the tangent vector to W at
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z is the asymptotically contracted direction under both Df™ and D fI' as n — o0;
in other words, points in C are homoclinic tangencies. Geometrically, C consists
of the points of origin of all the “turns”. Because temporary stable and unstable
manifolds (i.e. those that work for finite time) have quadratic tangencies near z € C,
the dynamics of f|WW near the turns resemble those of the maps x — 1 — ax?. The
idea of this last statement is used heavily in [BC2]; for a more transparent geometric
picture see [BY2].

Let us assume now the picture in the last paragraph and proceed to study f% :
A ©O. We will not delve into technical details of the Hénon maps here, but will
compare and contrast its various aspects with the other examples. For our purposes
the Hénon picture is a hybrid of those in Sections 7 and 9, although somewhat more
complicated. As in the case of the logistic maps, it suffices to construct A out of 2
boxes QT located to the left and right of C, with QT having the full thickness of
the attractor in the vertical direction; this is because roughly horizontal segments
of unstable leaves cannot grow indefinitely without cutting across the critical set
and hence Q1 or Q. As in the case of hyperbolic maps with discontinuities, our
hyperbolic product sets At C Q% are necessarily products of Cantor sets because
stable and unstable manifolds do not form product structures on open subsets of X.
Following earlier strategy, we take A* = {z € QF : dist(f"2,C) > de~ " Vn > 0},
although dist(:,C) here needs to be defined with greater care due to the fractal
nature of C. Finally, what is responsible for the exponential estimate in p,{R > n}
is the fact that properly controlled segments of W that pass near C are guaranteed
to grow back to “full length” at exponential speeds. The recovery mechanism here
is similar to that for the logistic maps. It is a consequence of the fact that the
“turns” are only allowed to approach the critical set very slowly. As in the 1-d case,
this is a special property of the parameters selected.
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