Vector Analysis HOMEWORK IX Solution

1. If T € AK(V), ©,,..., T is a set of k linearly dependent vectors on V, prove
T(gl, ,Uk) - O
Solution: Since 7, ..., U} is a set of k linearly dependent vectors, there exists
ai, ...,ar € F such that
a1171 + ...+ akl_)'k =0

and at least one a; # 0. Then it implies we can write

B L Ai-1 i1 Ak -
Vi=——"V1 — ... — Vi—1 — Viy1 — ... — —Ug
a; a; a; ai
So
T(Ula ;'Un)
:T(Ula y Uiy eeey Uk)
. ai Ai-1 Ait+1 - ag -
:T(Ul, , —— U1 — ... — Vi1 — — U441 — -o. — — Vg, ~-~;Uk)
a; a; a; a;
= — —T(Ul, o Vi—1, U1, Ui 1y ooey U]C) — . T(Ul, o Vi—1,UVi—1, Ujt1, ...,Uk)
a; a;
az“l’l — k — — — — —
T (U, Vi1, Uig1, Ui 1y ooy Ug) — voo — — L (V1 . U1, Uk Ui 1y ovy Uk)
a; Q;
=—0-...-0-0—-..-0
=0

2. If T € A*(V) and S € AY(V), prove TAS = (—1)MSAT
Solution: If {#},...,7,} is a basis for V and ¢, ..., ¢, is the dual basis for V*.
First we show that ¢; A ¢; = —¢; A ¢;:
b1 A @j(t1, Ua)
= sng(0)i(iis(1)) b5 (lis2))

:¢i(ﬁ1)¢j(ﬁz> ( ) (ﬁ)
= — ¢;(tir) i (i >+¢J(ﬁ)
(1))

:—ngna

€Sy

= ij A ¢z‘(ﬁl, ﬁQ)

i)
i(Uo(2))
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This implies
Giy Ao N iy N djy Ao Ay, = (= D)F s A A Gy A iy A A G

T = Zl§i1<...<ik§n Ellkgbll A"'A¢ik and S = Zl§j1<...<jl§n Sjl---jl¢j1 /\"'A¢jzv

we get
TANS
=( ) Thada A AGINC D S b A Ay
1<ii<..<ip<n 1<51<...<gi<n

1<i1 <. .. <ip<n 1<j1 <...<ji<n

==y > TiSheg B A Ny Ay A A

1<ii << <n 1<j1<...<ji1<n

:(_1)kl Z Z Sjl---jlj—‘il---ikgbjl A A ¢jl N ¢i1 ARTA gbuc

1<i1<.<n<n 1<i1 <. <, <n

:(_1)kl( Z Sj1-~-jl¢j1 ARRRA ¢jz) A ( Z TZ1%¢11 N A ¢Zk)

1<ii<...<j<n 1<i1<...<ip<n

=(-1)"SAT

3. If {#,...,0,} is a basis for a n-dimensional vector space V' and {¢1, ..., ¢, } is
the dual basis for V*, prove for each o € 5,,,

Bo(1) A s A Go(m) = 5gn(0) 1 A .. A

Solution:
Method I: By (2), ¢ A ¢; = —¢; A ¢;. We can get from ¢o1) A ... A @o(n) to
1N ... \ ¢, by odd number of transpositions if sgn(o) = —1, and even number

of transpositions if sgn(c) = +1, so we get the conclusion.
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Method II:

o) A oo A Gy (V1 ..., U)
:n!Alt(gbg(l) X ...R ¢a(n))(171, ey Un)
= 59n(7) b1y (Tr1)) - Pon) (Trm))

TESH

= Z sgn(70)bo(1) (Vo)) - Pom) (Vro(n))

TES’n

=sgn(a) Y sgn(T)bo () (r(o(1)))--Botm) (Tr(o())

TESH

:sgn(O) Z sgn(T)¢1 (177(1))---%(777(71))

TESH
:sgn(a)n!Alt(¢1 ®.. & ¢n>(7717 e Un)
:sgn(a)qbl VANPYRIAN an(ﬁla 717n)

4. T € T*(V) is called a symmetric k-tensor if for any #,...,0% € V and any
o € Sk, T(Usrys s Usy) = T(1,...,0%). The set of all symmetric k-tensors
form the subspace Sym*(V') of T*(V).

(i). Given any T € T*(V), define Sym(T) to be the k-tensor:

. . 1 . .
Sym(T)(vla ...,Uk) = H Z T<U0(1)7 ) Ua(k))
) €Sk
Prove Sym(T) € Sym*(V).
Solution:

For any 7 € Sy,

Sym(T) (777(1)7 ceey UT(]{I))

1 R -
:y Z T<U07(1)7 X3 UO’T(l))

’ O'GSn

1 — —
:E Z T(Uo(l), ...,Ug(l)>

’ g€Sy
=Sym(T) (v, ..., Ug)
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The second last equality is because for fixed 7 € Sy, there is a bijection
Sk — Sk

given by o — o1

(ii). If T € Sym*(V), prove Sym(T) =T
Solution:

If T € Sym*(V),

Sym(T) (v, ..., Ux)

1 — —
:E Z T(Ua(l), e Ua(k))

" oeS),

:% > T

) €Sk

1 — —
=7 kT (v, ..., Uk)

—T(%, ... )

(ii). T € T*(V), prove T = Sym(T) + Al(T)
Solution: If T € T?(V),

T U1, U T (Vy, U
Sym(T) (v, U) 2| Z T(v, (1) UU 2) (01, ) ;_ (%2, 1)
g€S2
T (v, Uy) — T'(Vs, v)
Alt( Ulav2 2‘ ; Sgn (2)) = 5
0ES?

So

[Sym(T) + Alt(T)](vh, 02)
=Sym(T) (v}, Va) + Alt(T) (v, V)
T(0y,0) + T(Uy,vy)  T(0h,0) — T (U, ;)

B 2 * 2

=TV}, Vs)
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We conclude T' = Sym/(T) + Alt(T)

(iv). Prove Sym?(V) N A%*(V) = {0}

Solution: If T € Sym?(V), then T(0),v,) = T(th,vy). If T € A*(V), then
T (v, Ty) = =T (T, 1y).

Combining these two equations, we see if T € Sym?(V)NA%(V), then T'(v}, vy) =
0 for any vy, v, € V.

(v). T € T*(V). Prove T can be decomposed as the sum of a symmetric 2-
tensor and an alternating 2-tensor in a unique way. (Remark: This is equivalent

to say T*(V) = Sym?*(V) & A*(V))

Solution: By (iii), we know 7" = Sym(T) + Alt(T), which gives one such
decomposition. We next prove this decomposition is unique:

If T = wy + 11 = wy + 19, where wy,wy € Sym?(V) and ny,ny € A%(V), then
Wi —wW2 =T2—M
The left side belongs to Sym?(V') while the right side belongs to A%(V), so
Wy —wy =y —m € Sym*(V) N A*(V) = {0}

We conclude w; = ws and 17 = 19, so the decomposition is unique.

(vi). {dy,...,Un} isabasisof V. T € T*(V). A = (a;;) is the n X n matrix such
that a;; = T'(u;, U;). A square matrix A is called skew-symmetric if A" = —A,
where A’ denotes the transpose of A. Prove T' € Sym?(V) if and only if A is a
symmetric matrix, and 7' € A%(V) if and only if A is a skew-symmetric matrix.
Solution:

T € Sym?(V) < T(€,€;) =T(¢;,€) < a;; =a;; < Ais symmetric.
T € N2(V) < T(&,¢;) = -T(e;, &) < ay; = —a;; < A is skew-
symmetric.

(vii). Prove Each n x n matrix can be written as a sum of a symmetric matrix
and a skew-symmetric matrix in a unique way.

Solution: Fixing a basis {é7, ..., €,}, there is a one-to-one correspondence be-
tween 2-tensors on V' and n X n matrices as described in (vi). So given n x n
matrix A, it corresponds to some 2-tensor 7'. In (v) we proved T'= w + 1 can
be decomposed as a sum of a symmetric 2-tensor w and an alternating 2-tensor
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n in a unique way, and in (vi) we proved w € Sym?(V) if and only if its ma-
trix B is a symmetric matrix, and n € A*(V) if and only if its matrix C is a
skew-symmetric matrix, so A = B + C' can be written as a sum of a symmetric
matrix and a skew-symmetric matrix in a unique way.

123
(viii). Write the matrix |4 5 6| as the sum of a symmetric matrix and a
789
skew-symmetric matrix.
Solution: If the matrix of T'is A = (T'(€;,€);), then the matrix for Sym(T)
is (—T(ei’g)j;T(e”ai) = 1(A+ A") and the matrix for Al{(T) is (—T(ei’aj;T(ej’ai) =

1 2 3 1 35 0 -1 -2
4 5 6|=1|35T7+|1 0 -1
78 9 5 79 2 1 0



