
Vector Analysis HOMEWORK IV Solution

1. ~F (x, y, z) = (y, z, x) is a vector field. ~S is the unit sphere x2 + y2 + z2 = 1 with
outward orientation. Compute ∫∫

S

~F × d~S

Solution: The sphere is parameterized by ~r(φ, θ) = (sinφ cos θ, sinφ sin θ, cosφ),
which agrees with the outward orientation.

∫∫
S

~F × d~S

=

∫∫
D

~F (~r)× (
∂~r

∂φ
× ∂~r

∂θ
) dA

=

∫∫
D

(sinφ sin θ, cosφ, sinφ cos θ)× (sin2 φ cos θ, sin2 φ sin θ, sinφ cosφ) dA

=(

∫ 2π

0

∫ π

0

sinφ cos2 φ− sin3 φ sin θ cos θ dφ dθ,∫ 2π

0

∫ π

0

sin3 φ cos2 θ − sin2 φ cosφ sin θ dφ dθ,∫ 2π

0

∫ π

0

sin3 φ sin2 θ − sin2 φ cosφ cos θ dφ dθ)

=(
4π

3
,
4π

3
,
4π

3
)

2. ~F (x, y, z) = x + y + z is a scalar function. C is the oriented intersection curve
of the paraboloid z = x2 +y2 and the plane x+y = 0 from (0, 0, 0) to (1,−1, 2).
Compute ∫

C

f d~r

Solution:

The curve can be parameterized by ~r(t) = (t,−t, 2t2), 0 ≤ t ≤ 1.
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∫
C

f d~r

=

∫ 1

0

f(~r(t))(~r(t))′ dt

=

∫ 1

0

2t2(1,−1, 4t) dt

=

∫ 1

0

(2t2,−2t2, 8t3) dt

=(

∫ 1

0

2t2 dt,

∫ 1

0

−2t2 dt,

∫ 1

0

8t3 dt)

=(
2

3
,−2

3
, 2)

3. If f(x, y, z) is a scalar function and ~F (x, y, z) is a vector field, prove

~∇× (f ~F ) = f(~∇× ~F ) + ~∇f × ~F

Solution: Let ~F = (P,Q,R)

~∇× (f ~F )

=~∇× (fP, fQ, fR)

=((fR)y − (fQ)z, (fP )z − (fR)x, (fQ)x − (fP )y)

=f(Ry −Qz, Pz −Rx, Qx − Py) + (fyR− fzQ, fzP − fxR, fxQ− fyP )

=f(Ry −Qz, Pz −Rx, Qx − Py) + (fx, fy, fz)× (P,Q,R)

=f(~∇× ~F ) + ~∇f × ~F

4. If f(x, y, z) and g(x, y, z) are scalar functions, ~F = g~∇f , show that

~F .Curl(~F ) = 0

Solution: By Problem 3, we have

~∇× (g~∇f) = g(~∇× ~∇f) + ~∇g × ~∇f = ~∇g × ~∇f

So
(g~∇f).(~∇× (g~∇f)) = g~∇f.(~∇g × ~∇f) = 0
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5. Show that ~F (x, y, z) = (y, z, x) is not a conservative vector field.

Solution:

~∇× ~F = (−1,−1,−1) 6= ~0, so the vector field is not conservative.
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