Vector Analysis HOMEWORK IV Solution

1. F(z,y,2) = (y, 2,2) is a vector field. S is the unit sphere 22 + 3% + 22 = 1 with

outward orientation. Compute
/ / F x dS
S

Solution: The sphere is parameterized by 7(¢, #) = (sin ¢ cos 6, sin ¢ sin 0, cos ¢),
which agrees with the outward orientation.

// Fx dS

= P < G < g
://D(sinqﬁsin 0, cos ¢, sin ¢ cos 0) x (sin® ¢ cos @, sin® ¢ sin 6, sin ¢ cos ¢) dA
Z(/O27r /07r sin ¢ cos? ¢ — sin® ¢ sin @ cos 0 de db,

/027r /07r sin® ¢ cos® f — sin® ¢ cos ¢ sin 0 de db),

/027r /07r sin® ¢ sin® @ — sin® ¢ cos ¢ cos O d¢ df)
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2. F (x,y,2) = x4+ y + z is a scalar function. C' is the oriented intersection curve
of the paraboloid 2z = x? +? and the plane x +y = 0 from (0,0, 0) to (1, -1, 2).

Compute
/ fdr
c
Solution:

The curve can be parameterized by 7(t) = (¢, —t,2t*), 0 <t < 1.
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/Cfdf

_ / S (F(E) dt
:/l 2t%(1, —1,4t) dt

0

1
:/ (212, =212, 8t3) dt
0

1 1 1
(/ 2t2dt,/ —2t2dt,/ 8t* dt)
0 0 0
2 2
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3. If f(z,vy,2) is a scalar function and ﬁ(x, Yy, z) is a vector field, prove
Vx(fF)=f(VXF)+VfxF
Solution: Let F = (P,Q,R)

V x (fﬁ)
=V x (fP. fQ, fR)
=((fR)y — (fQ)z (fP). = (fR)s, (fQ)x — (fP)y)
=f(Ry = Q., P. — Ry, Qs — P)) + (fyR — .Q, f.P — [+ R, f:Q — f,P)
=f(Ry — Q., P. — Ry, Qu — P)) + (fur o [-) X (P,Q, R)
—f(VXF)+VfxF

4. If f(x,y,2) and g(x,y, z) are scalar functions, F = gV, show that
F.Curl(F) =0
Solution: By Problem 3, we have
V x (gﬁf):g(ﬁxﬁf)Jrﬁgxﬁf:ﬁgxﬁf
So B . . L .
GV)AVx(gV]) =gV (VgxVf)=0
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5. Show that ﬁ(x, y,2) = (y, z,2) is not a conservative vector field.
Solution:

VxF= (=1,-1,—-1) # 0, so the vector field is not conservative.



