Vector Analysis HOMEWORK II Solution

1. Compute fc ﬁ.df, where F = (—y,x), and C is the closed path on the circle
22 +y? = R? along counterclockwisely direction.

Solution: The circle can be parameterized by 7(t) = (Rcost, Rsint), t €
0, 27].

27
= / R*(sin®t + cos® t) dt
0

= 21 R?

2. If C'is a smooth curve in R? parameterized by 7(t),a < t < b, and ¥ is a
constant vector, show that

/adﬁﬂrwm—ﬂm
C

Solution: Let 7 = (vy,vq), 7(t) = (z(t), y(t))

b
= / vz’ (t) + vay/(t) dt

b b
v1/ z'(t) dt+v2/ y'(t) dt

= vy (2(b) — 2(a)) + v2(y(b) = y(a))
= 7.[F(b) — 7(a)]

3. Find a potential function of the vector field

F(a,y) = (xy?, 2%)
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Solution: Assume ﬁ(x, y) = Vf, then we get

By the first equation we get f(x,y) = # + g(y), then we see

af_Q /
ga—xy+g@)

So ¢'(y) = 0, which implies g(y) = C for some constant C. The potential
function f(z,y) = # + C for some constant C.

4. (i). Show that the line integral is independent of path

/Qxe Vdr + 2y — z%e7Y) dy
c

C'is any path from (1,0) to (2,0).

Solution: The vector field F = (2ze™¥,2y — 2%7¥) is defined on R, which is
open and simply-connected, so we can check:

L2y —a?e™¥) = —2z¢Y = %(Qxe*y)
So the vector field is conservative, hence the line integral is independent of path.
(ii). Evaluate the above integral

Solution: Since it is conservative, we are going to find a potential function:

ﬁ:Vf:
{er y—a—f
_ of
2y — x?e” V=5,

Y

By the first equation we get f(x,y) = x%e™¥ + g(y), then take —, we get
=244y

So ¢'(y) = 2y, g(y) = y* + C for some constant C', and we may take C' = 0, to
get f(z,y) = x%e™Y + y%

Jo2zeVdr + (2y — 2”7 ¥)dy = f(2,0) — f(1,0)=4—-1=3
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5. F(x,y) = (P(x,y),Q(z,y)) is a conservative vector field defined on R? such that
P and @) are smooth functions, and F # (0,0) for all points. If g : R? — R is
a smooth function, prove gF is conservative if and only if Vg is parallel to F
everywhere.

oP _ 0Q

Solution: F is conservative, so B = o

Since the plane is open and simply-connected, gﬁ = (gP, gQ) is conservative if

and only if
O(gP) _ 9(9Q)

dy ox

if and only if

dg oP  Jg (‘3@
Ipypg -2
dy T oy Ox T e

if and only if

dg dg

Ip_

dy ox
if and only if

ag dg. =

F=0
(= 8y 8x)
if and only if F' L (_g_f/’ %) if and only if F is parallel to Vg, since Vg L
(~2, 2
oy’ dx/°



