
Vector Analysis HOMEWORK X Solution

1. If Tij represents a 2-tensor, prove Tii is independent of coordinates.

Solution:

T ′i′j′ = ai′iaj′jTij, so

T ′i′i′ = ai′iai′jTij = (AtA)ijTij = δijTij = Tii

2. If Ti and Sj represent 1-tensors, prove TiSj represents a 2-tensor.

Solution:

T ′i′ = ai′iTi and S ′j′ = aj′jSj since they are 1-tensors.

T ′i′S
′
j′ = ai′iTiaj′jSj = ai′iaj′jTiSj

So it represents a 2-tensor.

3. If Tijkl represents a tensor of rank 4, prove Tijjl represents a tensor of rank 2.

Solution:

T ′i′j′k′l′ = ai′iaj′jak′kal′lTijkl, so

T ′i′j′j′l′ = ai′iaj′jaj′kal′lTijkl = ai′ial′l(A
tA)jkTijkl = ai′ial′lδjkTijkl = ai′ial′lTijjl

4. Construct an isotropic 5-tensor on R3 and prove it is isotropic.

Solution: Claim Tijklm = δijεklm is an isotropic 5-tensor.

T ′i′j′k′l′m′ = ai′iaj′jak′kal′lam′mTijklm

= ai′iaj′jak′kal′lam′mδijεklm

= (ai′iaj′jδij)(ak′kal′lam′mεklm)

= δ′i′j′ε
′
k′l′m′

= δi′j′εk′l′m′

= Ti′j′k′l′m′
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5. (i). If xi represents a 1-tensor, and A = (aij) denotes the matrix of change of
basis, prove that

∂x′i
∂xj

= aij and
∂xi
∂x′j

= aji

Solution:

We know x′i = aikxk, so

∂x′i
∂xj

=
∂(aikxk)

∂xj
= aik

∂xk
∂xj

= aikδjk = aij

Similarly, xi = ajix
′
j, so

∂xi
∂x′j

=
∂(akix

′
k)

∂x′j
= aki

∂x′k
∂x′j

= akiδjk = aji

(ii). If f is a smooth function, prove ∂f
∂xi

represents a 1-tensor.

Solution:

∂f

∂x′i′
=
∂f

∂xi

∂xi
∂x′i′

= ai′i
∂f

∂xi

(iii). If ui represents a 1-tensor, prove ∂ui
∂xj

represents a 2-tensor.

Solution:

∂u′i′

∂x′j′
=
∂(ai′iui)

∂x′j′
= ai′i

∂ui
∂xj

∂xj
∂x′j′

= ai′iaj′j
∂ui
∂xj

6. σ ∈ Sn. Define the n× n matrix A = (δiσ−1(j)).

(i). If n = 3, σ(1) = 3, σ(2) = 1, σ(3) = 2, write out A explicitly.

Solution:

A =

0 0 1
1 0 0
0 1 0


(ii). Prove A ∈ On(R).
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Solution:

(AtA)ij = AtikAkj = AkiAkj = δσ−1(k)iδσ−1(k)j = δij

So AtA = In, the identity matrix, we get A−1 = At, A ∈ OnR
(iii). Prove A ∈ SOn(R) if and only if sgn(σ) = +1.

Solution: We need to show detA = 1 if and only if sgn(σ) = +1:

detA =
∑
τ∈Sn

sgn(τ)δ1σ−1(τ(1))...δnσ−1(τ(n))

=
∑
τ∈Sn

sgn(στ)δ1σ−1(στ(1))...δnσ−1(στ(n))

= sgn(σ)
∑
τ∈Sn

sgn(τ)δ1τ(1)...δnτ(n)

= sgn(σ) det In

= sgn(σ)

We see detA = 1 if and only if sgn(σ) = +1
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