Vector Analysis HOMEWORK X Solution

1. If T;; represents a 2-tensor, prove Tj; is independent of coordinates.
Solution:
T}, = aviay Ty, 0

= @iy Tij = (AtA)ijz‘j =0;;T;; =Ty

1’

2. If T; and Sj represent 1-tensors, prove 7;S; represents a 2-tensor.
Solution:

T, = ayT; and S}, = a;;S; since they are 1-tensors.

! /
,I;’Sj’ == ai/iTiaj/ij - ai/iaj/jTZ-Sj
So it represents a 2-tensor.

3. If T, represents a tensor of rank 4, prove Tj;j; represents a tensor of rank 2.
Solution:

/
,‘Ti’j’k’l’ - ai’iaj’jak’kal’lﬂjkla S0

T

t
iy = i@k Tigg = apap (A A) i Tij = aviamdTijn = aiam T

4. Construct an isotropic 5-tensor on R3 and prove it is isotropic.

Solution: Claim T}z, = 0ij€xm 1S an isotropic 5-tensor.

T ity = Qiri g Q@ G Tijim
= Gz’/iaj'jak/kal/lam/m5ij€klm
= (airi@j10i5) (AR k QI A ERim )
= G €t
= Oirjt €'t/

== ﬂ/‘jlk/l/ml
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5. (i). If x; represents a 1-tensor, and A = (a;;) denotes the matrix of change of
basis, prove that

ox!

]

O

= CLij an % = Csz‘

J
Solution:

We know 2 = a;xxy, so

Ox;  O(aprs) " Oxy,

. - ,
Similarly, z; = aj;x’;, so

Ox;  O(apx},) oz},

o, = o, Migg M0k =i
ii). If f is a smooth function, prove 2L represents a 1-tensor.
ox
Solution:
of of Ox; af
— —_— = Qi —
oz,  Oz; 0x), o,
iii). If u; represents a 1-tensor, prove Quy represents a 2-tensor.
o
J
Solution:
au;, 3(azlzuz) 8UZ 8ZEJ 8uz
= = Q;1;—— = Qir; Qi ——
ox’ ox’y "o, oxl " B

6. o € S,. Define the n x n matrix A = (J;,-1(;))-
(i). f n=3,0(1) =3,0(2) = 1,0(3) = 2, write out A explicitly.

Solution:

N

I
oo
oo
oo

(ii). Prove A € O,(R).
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Solution:

(A" A)ij = A Ar; = AkiArj = 001 w)ido—1 (g = ij
So A'A = I,,, the identity matrix, we get A~! = A!, A € O,R
(iii). Prove A € SO, (R) if and only if sgn(c) = +1.
Solution: We need to show det A =1 if and only if sgn(o) = +1:

detA = Z sgn(T)éh,_l(T(l))...57“,_1(T(n))

TESY

=" 59n(07)010-1 om0y B (o)

TESH

= sgn(o) Z 5gn(T)01-(1---Onr(n)

TESn
= sgn(o)det I,
= sgn(o)

We see det A =1 if and only if sgn(c) = +1



