Complex Analysis HOMEWORK VII Solution

1. C is the circle |z| = 2, positively oriented. Compute
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Solution: Let C; be the circle |z + i| = 1, C5 be the circle |z — i| = 1, both
positively oriented. The function f(z) is analytic on and in between C, Cy, Cs,
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2. f(2) = u(x,y) + iv(z,y) is entire. If there exists uy € R such that u(z,y) < ug
for all =, y, prove u(z,y) is a constant function. [Hint: consider e/(*)]

Solution: Since f(z) is entire, e/(*) is also entire.

e B)] = |euew)tiviey)| = cul@y) < evo g0 ef(2) is bounded, by Liouville’s Theo-
rem, we get e/(*) = C for some constant C.

We therefore have f(z) € {LogC + 2rki € C|k € Z}. Note f(z) is continuous
function on the connected domain C, and the set {LogC + 2wki € C|k € Z} is
discrete, so f(z) has to be a constant function.

3. p(z) € C[z] is a non-constant polynomial. ¢ is a root of p(z). Prove:
(i). 2" =" =(z— )"+ 22+ 2R Y

Solution:
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(ii). Making use of (i) to prove there exists a polynomial ¢(z) such that
p(z) = p(z) = p(c) = (2 = )q(2)

Solution:

Let p(2) = ap2™ + ...a1z + ag. (n >0, a, # 0)

p(2) =p(z) — p(c)
=a,(z" — ")+ ...+ ai(z —¢)

=a,(z — C)(Z ) 44 ay(z — )
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4. (i). C is the circle |z| = 1. Prove ¢g(z) = 2= maps U = {x + iy € C|lz > 0} to

z+1
the interior of C.

Solution: If z = z 4+ 1y with = > 0, then

lz—i| = e —1+iy| = V(x =12+ 92 < V(@ + 12+ 92 = [e+1+iy| = [+ 1]
So |g(2)| = || = IZH < 1, we see ¢(z) is inside C.

(ii). f is an entire function. L is a straight line on C. If the image of f all lie
on the same side of L, prove f is a constant function.
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Solution: We can find a translation 7" and a rotation R on C such that RoT
sends L to the y-axis and the image of RoT o f is to the right of y — axis.

Consider go Ro T o f, which is entire and by (i), its image is inside C, so it is
bounded. We conclude go RoT o f is constant, and g, R, T are all injective, we
conclude f is constant.

(iii). Prove Question (2) again using Question 4(ii).

Solution: If u(x,y) < ug, then the image of f all lies to the left of the straight
line x = uy, so by (ii), f is a constant.



