Calculus II HOMEWORK VII Solution

1. Determine if the following sequences converge or diverge:
(i). {tan %}
(i). {57
(iii). {(1+ 2)"}

(iv). {32
Solution:

3
(i). lim — =0 and f(z) = tanx is continuous at x = 0, so
n—oo n,

3 3
lim tan(—) = tan(lim —) = tan0 =0

So the sequence converges.

(ii). By the L’Hospital’s Rule,

1 2 21 2
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So lim M = lim (Inz) = 0, the sequence converges.
n—o00 n T——+00 €T
(ii).
lim (1+ g)“f = lim (1+ 3)21/ = lim ((1+ 1)y)2 = ( lim (1+ 1)y)2 = ¢?
r—+00 x Yy—r+00 Q’y Yy——+00 Yy Yy—r—+0o0 Y

2 2
So lim (14 =)" = lim (14 =)* = €*, the sequence converges.
n—00 n T—+00 X

: 1 sin 3n 1
(IV)' T on_] < on_1q < on_1> and

1
lim — =0

= 1m =

= 0, so the sequence converges.

in 3
By Squeeze Theorem, lim S o



Calculus II HOMEWORK VII Solution

2. A sequence {a,} is given by a; = V2, api1 = /2 + an,. Show that the sequence
converges.

Solution: We first show a,, < 2 for all n by induction:
First, a; = V2 < 2.

Next, if a, < v/2, then a,.1 =2 +an, < V2+2=2.
So {a,} is bounded above by 2.

{a,} is increasing since 2+L = YZton — ,/ag + - >4/2 X (3)2+1

So by the Monotonic Convergence Theorem, conclude {a,} converges.

3. Show that if {a,} is bounded and lim b, = 0, then lim a,b, = 0.
n—oo

n—o0

Solution: If {a,} is bounded, then there exists constant K > 0 such that
la,| < K for all n. This implies —K|b,| < a,b, < K|b,|, and lim —K|b,| =
n—0o0

lim K|b,| = 0, so by Squeeze Theorem, lim a,b, = 0.
n—00 n—00

4. Determine if the following series converge or diverge:
(). 2(=1)"n
ii). Y In(1+3)

n=2
Solution:

(i). lim(—l)"n # 0, so the series diverges.

1 2 N+1
Zm“ n(ngx... N v

(ii). SN—Zln 1+
n=1

So lim Sy = +o0, the series dlverges.
N—o00
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1 n
2n—1 .

”1 m
n—oo = n—oo 2n — 1

diverges.

1
(iii). lim =3 # 0, and Y. 1 diverges, so by Limiting

n
1
Convergence Test, ) 5=

(iv). 0 < H(H;Ql)n < %, and Z% converges, so by the Comparison Test,

24(—1)"
> % converges.

(v). f(z) = - is a positive decreasing function on [2, +-00).
—+o0 t 1 t 1 t
dr = lim dr = lim —dlnzx = lim Inlnz| =400
s Tlnx t=too Jo wlnw t—=+oo [, Inx t—+o0 5

So the series diverges.

(vi). ﬁ is a positive decreasing sequence for n > 2, so by the Alternating

X 1\n

COIlVGI‘gGIlCG Test, Z <1 ) converges.
nn
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