Calculus II HOMEWORK II1 Solution

1. fis a function defined on [0, 1]. Some of its values are shown in the table below:

z |0]0.125]025]0375[0.5]0.625]0.75|0.875 | 1
f@y|2] 25 [35] 3 [ 4] 45 |35 2 |15

Approximate fol f(z) dz by the following rules:
(). Midpoint Rule for n = 4

/Olf(x)dxz

(£(0.125) + £(0.375) + f(0.625) + f(0.875))

(2.5+3+4.5+2)

W s = ]

(ii). Trapezoid Rule for n = 4

1

/0 Fla)di ~ o (F(0) +2f(0.25) + [(0.5) + 2/(0.75) + f(1)

1
:§(2+2><3.5—|—2><4+2><3.5+1.5)
= 3.1875

(iii). Simpson’s Rule for n =8

Solution:

/01 &) dz ~ 3—>1<8(f(0) +4£(0.125) + 2£(0.25) + 4£(0.375)
+2£(0.5) + 4£(0.625) + 2£(0.75) + 4£(0.875) + (1))

1
= 2+ 4x25+2x35+4x3

+2x4+4x45+2x35+4x%x2+1.5)
= 3.0625
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2. How large should n be to guarantee that the Midpoint Rule Approximation to
fol e dz is accurate to within 0.00001 = 10757

Solution: The error formula for the Midpoint Rule is |Ep| < Kéﬁ;g)g, where

|f"(x)] < K on [a,b)].
flx) = e, f'(z) = 2ze*, f"(z) = 2(1 4 22%)e*”. Since f”(z) is an increasing
function, on [0, 1] we have |f"(z)| = f"(z) < f"(1) = 6e, so we can take K = 6e.

6e x (1 —0)3
24n?
We get n > 504/10e ~ 260.7, so we need to take n = 261.

<107°

3. Determine if each of the following improper integrals is convergent or divergent,
and evaluate if it is convergent:
() +oo 1

3 (x—Q)%
Solution:
| b 2 | 2
Sy WA I
3 (x—2)2 3 (x—2)2 T — 2|5 t—2
+oo 1 t 1 2
/ ———dr = lim ———dr= lim 2— =2
3 (ZE‘ — 2)5 t—+oo [fq (I‘ _ 2)2 t—+o0 t—2
. +oo gz
(ii). J, mdw
Solution:

2WITB 1)

d(1+27%) = 3

/m /m
So

+00 x2 2
L dr= = lim c(VI+B—1)=
o V1+a3 v H+OO/ V14 a3 de HlerOO?)( * ) = +oo

The improper integral diverges.

(iii). [ e da
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Solution:
1t 1 1—e®
/ ze " dr = ——/ e d(—2?) = —Ze | = ‘
2 J, 2" |, 2
+oo t —t2
1-— 1
/ 2 dr = lim re ™ dr = lim ¢ -
0 t—+o0 0 t—+o0 2 2
0 0 0 _¢2
1 1 —1
/ ze ™ dr = —§/t e d(—a?) = —56_:02 t _ 5
0 0 2
-1 1
/ e~ dr = lim e dr = lim € = ——
oo t——co [, t——o00 2 2
So

Solution:

/t thId /11nxdﬁ

:2(\/Elnx:—/tl\/5dlnx)

= 2(—VtInt — a:l)
= 2(—VtInt — 2+ 2V/1)

By the L'Hospital’s Rule,

t t
2= lim ;= lim —2v7=0
t—0+ t—0t 732  t—0t (_%)fa t—0+
So
' 1
nxdx—hm 2T gz = lim 2(—VtInt — 2+ 2vt) = —

\/_ t—0+ \/_ t—0+
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fo \/—dx

Solutlon.

-1

sin” "t
dsin@z/ 1df =sin~ ¢
0

t 1 sin~1¢ 1
——dx = I
/0 Vv1—a? 0 V1 —sin26

dr = lim sin”'t = —

1 1 ‘ 1
[ [
0o V1—a? t=1- Jo 1 — 2?2 t—1-

fo ﬁdx
Solution:
/9 1 J /1 1 J N /9 1 p
— dr = T .
0 \/31'—1 0 \3/.1'—1 1 Fr—1

t

§(9§— 1)§

d(x—l):2

1 1
dx = ‘
o vVr—1 0 vVr—1

= 5-ni-

do = lim S((t—1)F —1) = _g

1 ¢
1 1
—dr =i  —
/0 vi—1 v t—lgl/o Jr—1 et

/o vao—1 /0 g — 1 1 Vo —1 2 2

1 T __

Vll

Solution:

/ : di'?:/ ‘ dm+/ S
_161_1 _161—1 Oez—l
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t

boet |
/ dr = (" —1)=1Inle* —1]| =1Inle' = 1] —Inle ! —1]

T __ Tr __
L€ 1 € 1 1

0 P t e®
/ dxr = lim - 1dx:limln|et—1|—ln|e_1—1|:—

et —1 t—0— J_; e¥ — t—0-

diverges, which implies f | 7+ dx diverges.

eee +o0
(Vlll). fO m dx

Solution:

Foo 1 1 1 Foo 1
— dz= | ————dz+ —
o vr(l+x) / Vil+ao) ) Vet

! 1 ! 1 L |
——dr = - du’=2 du = 2(tan™!
/t Vr(l+z) v /\/g u(1l+ u?) Y /\/];1—i-u2 Y (tan™" u)

1 s
—————dz = lim 2(~ —tan ' Vt) =
/0\/5(1+x) T o0 (4 an”! Vi)

|

Lo Vi ) Vi .
——dr = ———du* =2 du = 2(tan™
/1 Vr(l+z) v /1 u(l + u?) Y /1 1+ u? Y (tan™" u)

+o0 1 L _E
/1 ﬁd:ﬁ— lim 2(tan™ \/_——)_2

(14 x) t—+oo 4
So

o / et L T T
0 \/_1+$ \/_ 1 Va(ta) T 22
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4. Show that

too 2 2 1 +OO 2
/ e dr = —/ e " dx
0 2 Jo

Solution:

Taking the limit t — +o00, we get

t t
: 2 : i .1 2
lim 22 = — lim —5 + lim - [ e ¥ dx
t——+o00 0 t—+o0 2€t t—+4o0 2 0

t 1
By the L’Hospital’s Rule, tlim =1 = 0, so we conclude

im —
Stoo 26t t—o+oo Atel’

oo 2 1 [T _,
/ rle v A — —/ e ¥ dx
0 2 Jo



