HOMEWORK VIII Calculus I Solution

1. Use logarithmic differentiation to find the derivative of y = x°*

Solution: Iny = In2°** = (cos z) In x. Differentiation both sides with respect
to x:
% = —sinxlnx + <=

Yy =y(—sinzlnr 4 =2) = % (—sinzInr 4 <=2)

2. Strontium-90 has half life of 28 days. A sample has a mass of 50 mg initially.
Find a formula for the mass remaining after ¢ days.
Solution: Let m(t) = Ce™. Its half life is 28 days, so & = m(28) = Ce®*, i.e.

1 _ 28k — _In2
5 = e We get k= —52.

1n2t t

m(t) = Cet = Ce st = C27 2.
C' =m(0) = 50, so m(t) = 50 x 27 =
3. Prove that cos(sin™'z) = /1 — 22.

Solution: Let y = sin~! , then —5 <y < J,andr =siny. Since —§ <y <
cosy > 0, we get

cos(sin ™' z) = cosy = /1 —sin’y = V1 — 22

4. Find the derivative of the following functions:

(i). y = tan~!(2?)
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Solution: ¢/ = m@x) —
(ii). y = sin™'(cos z)
Solution: ¢’ = \/#m(— sinx) = _|Ssiian:|

5. Compute the following limits:

e —1—=x

2

(i). lim

z—0 xT
Solution: lim(e* —1 —2) = 0 and lim 2° = 0, so we apply the L'Hospital’s

z—0 x—0
Rule:
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e —1—=x .oet—1

lim ——— = lim
z—0 r? =0 2

lir%(ex —1)=0and lirr(l) 2x = 0, so apply the L’Hospital’s Rule again:
T— T—

.oet—1 e’ 1

lim =lim — = —
z—0 21 z—0 2 2

oy . 27
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Solution: lim 2 = oo and lim x = oo, so we apply the LL’Hospital’s Rule:

Tr—r00 xr—r00
A . 2%In2
lim — = lim =00
00 T T—00 1

(iii). xlirél+ (sinz)(lnx)

1 1
E, and lim Inx = co, lim

Solution: lim sinxlnz = lim = 00, SO

z—0+ z=0t = — z—0F z—0+ SIn T
apply the L’Hospital’s Rule:
1 .
Inz = sin x
lim — = lim —— = — lim lim tanz=1x0=0
z—0* e z—0* T inZa z—0+t T z—0t

iv). lim (tan2z)*
(iv) xgél+( an 2x)

Solution: In(tan 2z)® = zIn tan 2z = 220

71
lim In(tan2x) = —oo and lim 2~ = oo, so apply the L'Hospital’s Rule:
z—0t z—0t
1 2
lim ln(tan 21’) — lim tan 2z cos? 2z
z—0t 1 z—0+ —x2
. 222
=— lim ——
z—0+ Sin 2 cos 2x
) 2r . T
= — lim — lim
z—0+ Sin 2T z—0+ COS 2%
=—-1x0
=0
ot 201 lim In(tan2z)*
So lim (tan2z)® = lim M2 — 0 — camot = =1
z—0t z—0t
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Solution: In(1 + 2)* = bxIn(1 + %) = bln‘,ii%)

lim bIn(1 + E) =0and lim 27! =0, so we apply the L’'Hospital’s Rule:
x

T—00 T—00

_ bIn(1+4 ¢) ) bln(”“)
lim —lx = lim —15”
T—00 €T T—00 €T

~ lim b(ln(z + a) — Inx)
T—00 €T
11
= lim (H“ 5 x>
T—r00 — T
. abx
= lim
z—oo T + a
= ab

. a . a\bzx
lim (1 + —)% = lim eMH™ = e
T—00 €T T—00



