
Complex Analysis - November 15

Topics: Infinite products, canonical products, genus, order, Hadamard’s The-
orem, Reflection Principle, analytic continuation, branch point, harmonic func-
tions.

Problems: J07#2, J03#4, S95#5, S99#5 (note: prove this, don’t just state
the Poisson Integral Formula!), J02#5, J02#1, J92#5, J93#2.

———————————————————————————————–

Infinite Product The product
∏∞

j=1 pj , pj ∈ C is defined to converge if
pj → 1 and

∑
log pj converges (sum only over terms for which pj 6= 0). The

value of the product is defined to be 0 if ∃pj = 0, and exp(
∑

log pj) otherwise.
Using the fact that t/2 ≤ log(1+ t) ≤ t, it is possible to show that for tj ≥ 0,∏

(1 + tj) < ∞⇔
∑

tj < ∞.

Weierstrass Product Theorem (Canonical Product) There exists an entire
function with arbitrarily prescribed zeros zk and multiplicities nk provided that,
in the case of infinitely many zeros, ak → ∞. Every entire function with these
and no other zeros can be written in the form
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∞∏

k=1

(1− z

zk
)nke

nk( z
zk

+ z2

2z2
k

+ z3

3z3
k

+...+ zmk

mkz
mk
k

)
, (1)

where g(z) is entire, and each mk is large enough to guarantee convergence
of the product.

Genus The genus of an entire function is the smallest integer h such that f(z)
can be represented in the form

f(z) = eg(z)
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where g(z) is a polynomial of degree ≤ h. In other words, the mk’s in (1)
can all be bounded by h. If there is no such representation, the genus is infinite.

It turns out that h is the smallest integer for which
∑

1/|zk|h+1 converges.

Order Let M(r) be the maximum of |f(z)| on |z| = r. The order of the entire
function f(z) is defined to be

λ = lim sup
r→∞

log log M(r)
log r

.

According to this definition, λ is the smallest number such that M(r) ≤ erλ+ε

for any ε > 0, as long as r is sufficiently large (r > R(ε)).
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Hadamard’s Theorem The genus and the order of an entire function satisfy

h ≤ λ ≤ h + 1.

Big ‘O’ notation f(z) = O(h(z)) as z → z0 means there is a constant C
such that |f(z)| ≤ C|h(z)| for z near z0.

Reflection Principle Let f be analytic in some domain D which contains a
segment of the real x axis and whose lower half is the reflection of the upper
half with respect to that axis. Then f(z) = f(z) if and only if f(x) is real for
each point x on the segment.

Given a function f(z) which is analytic the upper half plane (or part of it),
continuous up to the real axis, and real on the real axis. Then f has an analytic
continuation to the whole plane (or reflection of the original domain) which
satisfies f(z) = f(z).

Analytic continuation Let D1, D2 be two overlapping domains. If f1 is
analytic on D1 and f2 is analytic on D2, then f1 = f2 on D1 ∩ D2, and f2 is
said to be the analytic continuation of f1 to D2. Whenever this continuation
exists, it is unique.

Suppose f(z) can be continued analytically along the path γ(t), a ≤ t ≤ b.
For each n ≥ 0 the coefficient an(t) of the Taylor series expansion of f about
each point γ(t) depends continuously on t, and the radius of convergence of the
series depends continuously on t.

Branch point Let D be the punctured disk {0 < |z| < ε}. If f(z) has an
analytic continuation along any path in D, but f does not extend analytically
to D, then f has a branch point at z = 0.

For example, f(z) = log z has a branch point at z = 0.
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