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The man in the wilderness asked me

How many strawberries grow in the sea;

And I answered him as I thought good,

As many as red herrings grow in the wood.
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Abstract

The ocean is filled with fast, small-scale motions called internal waves, which are

too small to be resolved by numerical models, yet which are energetic motions in the

ocean’s interior. Can they contribute to the larger-scale circulation? This thesis

develops stochastic models to investigate how the waves might enhance small-scale

mixing, a process which ultimately controls the large-scale energy transport.

First, we consider how a small-amplitude random wave field can disperse par-

ticles vertically, by modelling breaking regions as excursion sets of a Gaussian

random field and relating this to a coefficient of vertical dispersion. We apply

this to the Garrett-Munk spectrum for the background wave field in the ocean to

estimate the diffusivity in the abyssal ocean, and obtain results consistent with

observations.

Next, we consider how the same field can contribute to horizontal particle

dispersion even without wave-breaking, through a combination of nonlinear wave-

wave interactions and correlations between the waves’ Eulerian velocity field and

the particles’ Lagrangian trajectories. We compare solutions for the shallow-water

and the Boussinesq equations with a heuristic model based on pseudomomentum .

Finally, we consider a mechanism for how wave energy might cascade to the

small scales at which it can contribute to mixing, by investigating how random

topography scatters the large-scale internal waves generated by tidal forcing. We

derive an analytic formula for the scattering efficiency based on a diffusion approx-

imation to the governing equations, and apply our results to an empirical spectrum
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for topography in the Pacific basin to estimate the e-folding scale of the internal

tide.
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Introduction

The ocean is filled with dynamics at a multitude of scales. From astronomical scales

of lunar forcing, to planetary scales of global circulation patterns like the merid-

ional overturning circulation or the Antarctic circumpolar current, down through

vortical geostrophic circulations to submesoscale turbulence to waves to the mi-

crophysics of the air-sea transfer, the ocean is a laboratory requiring measuring

sticks of all sizes where dynamics at one scale are intertwined with dynamics at all

others. There are no sharp separations between the scales, and understanding the

ocean at one scale requires understanding it at many.

At the smaller end of the spectrum is a class of motions called internal waves.

These owe their existence to the continuously changing density, but unlike waves

on sharp density interfaces such as surface waves, they can travel in all three

dimensions inside the ocean. Generated mainly by winds at the surface and by

tides over rough topography, they propagate freely in the ocean interior, where

they interact with the mean flow, reflect off boundaries and critical layers, exchange

energy through wave-wave interactions, undergo various forms of instabilities, and

eventually transfer energy to the smallest scales of dissipation. They are energetic

and ubiquitous in the ocean, appearing in measurements as a form of noise; and

noise they are considered to be in many dynamical and numerical studies of the

larger-scale circulation. Reduced equations and analytic studies often focus on

dynamics induced by the potential vorticity and either use simple terms to model

the effects of the waves, or appeal to non-interaction theorems to ignore them
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completely. In numerical models that allow wave-like solutions they are a nuisance,

as they lead to numerical blow-up in finite time unless they are filtered out at each

step or unless the viscosity is unrealistically high. We are many decades from being

able to resolve these small, fast motions explicitly, so we must gain a theoretical

understanding of their effects on the larger, slower circulation patterns so these

effects can be eventually parameterized.

This thesis concentrates on one of the ways through which internal waves can

contribute to larger-scale circulation patterns: the mechanism of mixing. Small-

scale mixing is tied to larger-scale processes in important ways; for example the

location and strength of vertical mixing determines the abyssal stratification and

controls the strength of the meriodional overturning circulation, while horizontal

mixing at submesoscales helps determine the overall transport properties important

for climate predictions [Ferrari and Wunsch, 2009]. We will consider two different

mechanisms by which waves might enhance mixing significantly above molecular

diffusion, and we also look at a mechanism by which waves might cascade from

the large scales at which they are generated, to the small scales at which they can

then contribute to mixing. We maintain the theme of stochastic models, as this set

of tools can lead to simple ways to characterize otherwise unwieldy phenomena.

Small-scale phenomena are difficult to incorporate in large-scale studies, but often

look like a single realization of an ergodic process, so that replacing them with a

simple stochastic model and averaging over a large enough domain leads to useful

information. We will be particularly interested in the kind of information we can

gain by very low-order statistics, such as what a spectrum or covariance function
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of a process might tell us about its contribution to a particular effect.

We look at two different types of mixing, or particle dispersion: horizontal

and vertical. By “horizontal” dispersion we mean dispersion along the undulating

constant-density (or constant-entropy) stratification surfaces of the fluid, while

“vertical” dispersion means dispersion across such surfaces. There is a funda-

mental physical distinction between these in a stratified fluid at high Reynolds

number. In a perfectly inviscid fluid, statification surfaces are materially invari-

ant, so horizontal dispersion is easy to achieve by any mechanism which mixes

a two-dimensional fluid. However, particles can only disperse across the surfaces

when dissipative terms become important, such as during wave-breaking events,

which leads to pockets of vigorous three-dimensional turbulence and therefore to

strong viscous effects. This dynamical difference means that each process requires

a different modelling approach.

Chapter 1 looks at vertical mixing. We being by modelling waves as a random

field on space-time, and identifying regions where the wavefield is unstable. Since

regions of instability should correspond to places where waves are breaking, we

calculate how the shapes and frequencies of the breaking regions are related to an

overall diffusion coefficient for a particle dispersing in the vertical. We draw upon

tools from the asymptotic theory of excursion sets of random fields to derive an

analytic formula relating the covariance function of a Gaussian random wave field

to the vertical diffusivity it should be expected to induce.

Horizontal mixing can be achieved in the framework of small-amplitude asymp-

totic theory, with no wave-breaking required. It may seem surprising that a linear
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wavefield can disperse particles: a single wave is periodic so to first order, particles

in a wavefield simply oscillate about their initial positions while the size of the

collection remains constant. However, both non-linear interactions between the

waves, and correlations between a particle’s trajectory and the Eulerian velocity

field, induce persistent non-wave-like motions on a particle’s Lagrangian trajec-

tory, giving rise to dispersion. In chapter 2 we compute these effects for a Gaus-

sian random wavefield constrained by the rotating shallow-water equations; these

equations are the simplest model for ocean dynamics which provide insight into

the fundamental mechanisms at work. In chapter 3 we deal with the more complex

rotating Boussinesq equations, which can be directly applied to the oceanographic

situation.

Both mixing studies are based on a model of the waves as a Gaussian random

wavefield, which in turn is based on oceanic observations [e.g., Levine et al., 1997].

These show that the wave field in the ocean can be divided into three parts: (i)

near-inertial waves with frequencies close to the local inertial frequency, (ii) tides

at both the semidiurnal and diurnal frequencies, and (iii) an internal wave contin-

uum between inertial and buoyancy frequency. The first two depend sensitively

on the local geography and forcing conditions, but the continuum is remarkably

steady in space and time, and can be well-described as a statistically stationary,

homogeneous random wave field. The spectrum of this wavefield was derived by

Garrett and Munk [1972] by fitting a simple analytic form to various measure-

ments from different locations and depths. It was subsequently modified [Garrett

and Munk, 1975, Munk, 1981], but since 1981 its basic shape remains robust, and
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is typically taken as the defining spectrum for the backgorund wavefield in the

ocean. While any particular measurement of the wave spectrum can deviate from

the spectrum, it usually only does so by a factor of up to 3-4 [Ferrari and Wunsch,

2009]. In fact, it is rather remarkable how uniform it appears to be over space

and time. Oceanographers have tried, but failed, to find systematic deviations

from the spectrum [e.g. Wunsch, 1976], so it appears that once waves have been

generated, the non-linear interactions with waves, vortical flows, and boundaries

act to essentially homogenize the wave field, erasing all trace of history. We will

apply our results for both horizontal and vertical diffusivity to this spectrum, to

see how the ocean’s background wave field might contribute to small-scale mixing.

In the fourth chapter we change gears, and ask how a given, fixed internal wave

with a scale the order of the depth of the ocean, is scattered to smaller waves by

random topography. We are motivated by the need to understand how the ocean’s

response to tidal forcing at large scales, which looks like large internal waves,

cascades to small scales where it can contribute to mixing. Our study is similar

in vocabulary to other scattering studies, such as for acoustic or electromagnetic

waves, but mathematically distinct because of a peculiar property of internal waves

which makes the governing equations hyperbolic in space. Again, we appeal to

stochastic models, but this time for the topography, assuming it is rough enough

and statistically uniform enough that it can be characterized as a random surface

with a given spectrum. The problem will require new mathematical techniques to

incorporate a random dynamical system into a wave equation, and we will again

be able to make estimates for the real oceanographic setting.
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Chapter 2 is co-authored with Oliver Bühler and has been published [Bühler

and Holmes-Cerfon, 2009], and chapter 3 is co-authored with Oliver Bühler and

Raffaele Ferrari and is under consideration for publication in JFM. Both of these

are included with only minor modifications from the versions submitted. Chapters

1 and 4 have never been published.
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1
Vertical particle diffusion

induced by breaking internal

waves

1.1 Introduction

Vertical diffusivity has a bipolar relationship with the study of oceanography. Small

enough that it is often neglected in idealized studies of the larger-scale circulation,

at the same time its ubiquity means that when multipied by the vast volume of

the ocean it can give rise to non-negligible effects. The tiny amount of local mix-

ing that it represents, the equivalent of one hand-blender per 7 soccer fields of

ocean area, is the single most important factor in controlling energy dissipation

and vertical heat transport away from boundaries, so understanding and quantify-

ing the vertical diffusivity is crucial to our understanding of ocean dynamics. Yet,

because it is so small, it is also notoriously difficult to characterize through either

measurements, mechanistic explanations, or numerical parametrizations.

One of the first attempts to estimate a numerical value for the vertical dif-

fusivity was made by Munk [1966], using the Pacific ocean as a test case. He

observed that water which sinks due to convection near the poles, to an amount

of Q ≈ 25 − 30 × 109 kg/s, must eventually return to the surface elsewhere with
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some upwelling velocity w, and that this in turn must be balanced with a vertical

diffusivity κ so that a steady-state vertical temperature distribution is possible.

He used these simple dynamics to model the tracer transport in the deep ocean

with a one-dimensional advection-diffusion equation:

κ
∂2C

∂z2
= w

∂C

∂z
, (1.1)

where C is any tracer such as temperature, salt, or chemical compounds. By

fitting the solution to (1.1) to observed vertical profiles of temperature and radio-

carbon data in the subtropical gyres, and by using Q and the area of the ocean

to estimate a uniform upwelling velocity w, he estimated an diapycnal diffusivity

of κ ≈ 10−4m2/s. While strikingly small compared to isopycnal turbulent diffu-

sivities, this is still strikingly larger than molecular values of O(10−7)m2/s and

O(10−9)m2/s for temperature and salt respectively, implying that the estimated

vertical diffusivity is a turbulent diffusivity which arises because of dynamical pro-

cesses, rather than random molecular motions.

Munk’s calculation was essentially a Fermi problem, with the goal of finding

the most realistic estimate using the minimum amount of information and the

maximum amount of common sense, but what is startling about his estimate and

makes it so frequently cited is that the number appears to be robust. Many

other studies have repeated his calculation in other basins using varying pieces of

information, but they consistently show spatially-averaged values in unventilated

waters (roughly below 2000m) of κ ≈ O(10−4) m2/s [Wunsch and Ferrari, 2004].

Later Munk and Wunsch [1998] constructed a more detailed model than (1.1) to

include lateral advection and allow for non-constant diffusivity, but when they
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averaged their model laterally and compared the more complicated solution to

measurements of the stratification, they obtained the same basin-averaged value

as Munk.

This led to a general consensus on the globally-averaged magnitude of κ, which

sets the net energy balances. However, there is still much debate about its spatial

and temporal distribution, and how much extra information these would bring.1

Clearly the solution to a PDE with a constant diffusivity is not the same, in

general, as the solution to a PDE where the diffusivity is large in some regions and

small in others, so it is important to understand the variability of κ as well as its

mean. Yet precision so often succumbs to pragmatism, and most general circulation

models parametrize diffusivity looking largely at its mean value, choosing it to be

either a uniform constant that gives the correct global mean, or to have a simple

structure in the vertical tuned to give realistic simulations. These methods could

pose problems if we want to represent physical mechanisms such as energy flow

pathways correctly, and it leads to several interesting questions for theorists.

One problem is to determine how sensitive the circulation is to the values of

diffusivity, a question with diverse approaches from areas such as PDEs, oceanog-

raphy, and numerical methods, among others. It is possible that lateral advection

along isopycnals is so large that it essentially homogenizes the vertical mixing so

that the lateral strucutre of diffusivity does not matter, which a toy model by

Munk and Wunsch [1998] suggests. Or, it could be that changing the location and

1There is also an issue of whether vertical mixing can be modelled with a diffusivity, but we

will not touch on this here.
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strength of the mixing alters the mean or variability of certain bulk quantities fun-

damentally. Some numerical simulations have looked at how ocean models respond

to changing the spatial distribution of κ and have found significant responses in

large-scale quantities such as the strength of the meriodional overturning circula-

tion, magnitude of vertical heat transfer, and the structure of the thermocline (eg

if mixing is enhanced at lateral boundaries) [Samelson, 1998, Scott and Marotzke,

2002, Saenko, 2006], although there is much work that remains to be done in this

area.

Another problem is to understand the spatial variability of κ, by identifying

the dynamical processes which give rise to a turbulent diffusivity and relating

these to spatial properties of ocean flow. This is the aspect that we will focus

on. Ultimately, one would then want to relate these mechanisms to the quantities

which are resolved in numerical models, so they can be accurately parameterized.

A first step in this direction is to describe the variability of κ. Measuring κ

is difficult and depends on extraneous assumptions and parameterizations, but by

combining different approaches we have gained scientific confidence in the values

measured. Broadly speaking there are two common ways to measure vertical dif-

fusivity. One is indirect, measuring the turbulent kinetic energy dissipation rate

and using an efficiency factor to convert it to an estimate for diffusivity, as in the

Brazil Basin Tracer Release experiments [Polzin et al., 1997]. A more direct but

more resource-intensive way is to release tracer on an isopycnal surface and track

its dispersal, as was done during the the NATRE experiment in 1991-1993 [J. Led-

well, 1993, 1998] and the Brazil Basin Tracer Release experiments [Polzin et al.,
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1997]. Both types of measurements consistently show that diffusivities in the open

ocean are ≤ O(10−5)m2/s, while values over rough topography, near continental

shelves, or in abyssal canyons are at least 10−4m2/s, but can reach up to 10−2m2/s

and possibly higher. This suggests that the diffusivity in most of the ocean is very

low, but is interspersed with “hot spots” of very high mixing. Although the mean

value of κ may be 10−4m2/s, it appears rare for it to actually take on this value!

These measurements suggest that there is more than one mechanism giving

rise to a turbulent vertical diffusivity. The mechanisms are likely different at

boundaries, over complicated topography such as ridges, and in the interior away

from any topographic features, so each will require a different approach. We would

like to address the question of what sets the diffusivity in the interior of the ocean,

away from boundaries. In this region, the only major source of energy that has

been identified as being available for mixing is breaking internal waves.2 We would

like to construct a simple model that relates properties of the internal wave field

to the shapes and frequency of the wave-breaking regions, and from this find a

simple way to derive the diffusivity. While such calculations have been attempted

before [e.g. Garrett and Munk, 1972, Munk, 1981], they were essentially estimates

based on mean values, and as such do not incorporate more detailed information

that one could have about the wave spectrum. This is potentially an important

oversimplification. For example, the diffusivity could result from a large number of

small breaking events, in which case a mean value might be adequate, or it could

2Another idea is that it comes from the movement of biological organisms, but this is recent

and controversial.
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be dominated by a few very large, very rare breaking events, in which case the

tails of the distribution become important. We hope to introduce a framework for

calculating diffusivity from breaking internal waves, which is simple and tractable,

yet rigourous enough to show where all assumptions enter, so that it is possible to

adapt to scenarios other than the one we consider in this paper.

Our model has several components. We start by assuming that wave-breaking

regions are discrete, randomly-shaped patches which completely homogenize the

fluid in the patch. We show how a particle moving in such an environment behaves

diffusively over long times, and given a probability distribution for the frequency

and shapes of the patches, we show how to obtain its diffisivity.

Next, we introduce our model for the breaking regions. We take the back-

ground internal wave field to be a Gaussian random wave field satisfying the linear

Boussinesq equations, and use this to diagnose breaking regions as places where

the wave field is convectively unstable. This constraint is simple to represent using

the variables describing the wave field, and we will be able to express breaking

regions as the set {φ(~x) > a}, where φ(~x) is a Gaussian random field with variance

1 and known covariance structure, and a is a known, large parameter. Note that

we only use the wave field to diganose regions of instability, and do not let these

regions affect the wave field itself. We suppose that any feedback effects have al-

ready been taken into account by the assumption of Gaussianity, which is intended

to be a simple model for the entire set of nonlinear interactions of a wave field in

forced-dissipative equilibrium.

Next we show how to compute the probability distributions of the breaking
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regions, given that they are excursion sets of a Gaussian random field. When a

is large, each region can be well approximated by a small random ellipse, and the

collection of regions is distributed as a Poisson point process. We use the rate of the

process and the probability law on the ellipse, to find the shapes and frequencies

of the breaking regions which then imply a vertical diffusivity.

After developing the theoretical model and obtaining an analytic formula for

the diffusivity, which can be computed for any Gaussian random wave field using

only knowledge of its covariance function, we will apply this to the Garrett-Munk

energy spectrum and compute a numerical estimate of diffusivity in the real ocean.

Our formula predicts analytically how the diffusivity should vary with parameters

in the spectrum, such as depth and latitude, and we discuss the implications.

Finally, we conclude with some numerical simulations validating the asymptotic

theories and the Garrett-Munk calculations.

Section 1.2 sets up our theoretical model, section 1.3 applies it to the oceano-

graphic setting, and section 1.4 shows our numerical results.

1.2 Theoretical model

1.2.1 Diffusivity from a collection of breaking regions

As a measure for diffusivity we look at how a single particle moves in the vertical.

Let X(t) be the vertical coordinate of the particle, which is a random process. We

say the particle’s motion is diffusive if it looks like Brownian motion up to second

moments: 1
2
E(X(t)−X(0))2 = κt, where E means expectation with respect to the
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probability measure on X(t). The constant κ is taken to be the diffusivity.

We suppose the velocity field in which the particle moves is random, and that

it is made up of regions of non-breaking linear waves, interspersed with turbulent

regions where waves are breaking. Consider how a particle moves in this field.

When the particle is in a region where there are only waves, it simply performs

small oscillations about its starting point, so the mean position of the particle

over several wave periods is its initial position, and we say the particle stays in

one place. When the particle is in a region of wave-breaking it moves around

vigorously because of the turbulence. This motion is complicated to describe, but

after the turbulence has died out, the particle has taken a random step s from its

original position (see Figure 1.1). It then waits a random time τ until it is caught

in another breaking region, after which it takes another random step. The entire

motion of the particle is a continuous-time random walk in the vertical, which,

provided the steps are independent of each other and of the waiting times, and

that the required moments exist, is diffusive with diffusivity

κ =
1

2

Es2

Eτ
. (1.2)

Note that while the second moment of the particle displacement always agrees

with that of a Brownian motion with the correct variance, the higher moments

do not. However, under very mild conditions on s and τ , the full displacement

density function of the particle approaches that of Brownian motion after long

times [Vanneste and Haynes, 2000].

The problem of determining the diffusivity becomes that of determining the

statistics of the step-size s and waiting time τ , which we assume to be indepedent.
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Let us suppose that the wave-breaking regions are small, randomly-shaped

patches which occur as a homogeneous, ergodic Poisson point process with a certain

rate in space-time. Such a process is called a mosaic process. We additionally

assume that the chance of two regions overlapping is very small, in which case it is

called a sparse mosaic process. The shape of each patch could be very complicated,

but we suppose that the only variable which determines the step size of the particle

is the maximal vertical height of the region, a random variable h which we will

call the height. More precisely, h is the difference between the maximum vertical

coordinate of each patch over time, and the minimum vertical coordinate (see

Figure 1.1). This is justified if we believe that turbulence spreads very effectively

in the horizontal, so we do not need to consider the shape of the region in other

spatial dimensions, and if we believe that the turbulence is so rapid that we do

not need to consider how the top and bottom of the region evolve over time.

We will also assume that it is enough to consider the height on a 2-D plane in

(z, t)-space only, although this is simply for convenience and it is easy to adapt the

theory to get rid of this assumption. Therefore we have two objects which describe

the relevant parts of the wave-breaking regions: λ, the rate of a homogeneous,

ergodic Poisson process in (z, t)-space associated with a particular point identifying

the region, and p(h)dh, the probability density of the heights of the regions. From

these we need to find the statistics of s and τ .

The probability density for step size can be written as

p(s) =

∫ ∞
0

p(s|h)ppart(h)dh, (1.3)

where p(s|h) is the probability that a particle takes a step of size s, given it is in a
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mixing region of height h, and ppart(h)dh is the probability that if a particle is in a

mixing region, it is a region with height h. This latter is like a Lagrangian version

of the height density, which is related to the Eulerian version by ppart(h) = hp(h)
Eh .

To calculate p(s|h), we follow the model introduced by Dewan [1981] and suppose

that the turbulence is so rapid that a particle which is caught in a breaking region

has a uniform probability of being found anywhere in the region. If y is the

distance from the particle’s initial location to the centre of the patch, the step size

is uniformly distributed on [−h/2− y, h/2− y]. Since y is uniform on [−h/2, h/2],

the conditional probability for step size is [Vanneste and Haynes, 2000]

p(s|h) =
1

h

(
h− |s|
h

)
1(|s|<h). (1.4)

Combining (1.3) and (1.4) to get p(s) and calculating the second moment gives

Es2 =
1

6

∫ ∞
0

h3p(h)

Eh
dh. (1.5)

The next step is to find Eτ . Since the breaking regions are assumed to occur

independently of each other, we can neglect the vertical displacement of the particle

during a mixing event, and it is enough to consider the rate of events which hit a

fixed vertical position z = z0, that is, the marginal rate in time. We denote this

rate as λt, so that Eτ = 1
λt

.

The marginal rate is related to the full rate by λt = λEh.3 Substituting Eτ =

3This is easy to show heuristically. Let us take a large rectangle with sides of length H,T

in the z, t directions respectively. The expected number of events in the box is λTH. The

probability that any particular event of height h hits a line z = z0 is the probability that its

centre lies within a distance of h/2 of the line, which is approximately h/H if H is large, so
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Figure 1.1: A particle caught in a breaking region of height h taking a random

step. The region should actually be 4-dimensional to describe the three spatial

dimensions and its evolution over time.

1
λEh and (1.5) into (1.2) yields

κ =
λ

12

∫ ∞
0

h3p(h)dh. (1.6)

This is the result that we will work with. It can also be derived on physical

principles by considering the change in potential energy of a parcel of fluid which

is homogenized by a mixing event [Munk, 1981, Pinkel and Anderson, 1997].

1.2.2 Locating the breaking regions in a Gaussian random

wave field

The next step is to construct a model for the shapes and rates of the breaking

regions. We will do this by diagnosing regions where we expect waves to be over-

the expected proportion of events which hit the line is
∫∞
0
hp(h)dh/H = Eh/H. Therefore the

expected number of events which hit the line is λtT = λTHEh/H.
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turning using variables defining the internal wave field.

The background wave field is a superposition of internal waves, which are so-

lutions with non-zero frequency to the linear Boussinesq equations:

ut + f ẑ× u +∇P = bẑ

bt +N2w = 0 (1.7)

∇ · u = 0. (1.8)

Here x = (x, y, z) are the horizontal and vertical coordinates, ẑ is the vertical unit

vector, t is time, f is the Coriolis parameter, N is the buoyancy frequency, g is

gravity, u = (u, v, w) is the velocity field, and b is the buoyancy. Both f and N are

taken to be constants, which is an acceptable first approximation for small-scale

ocean dynamics.

The wave field can therefore be described with the vector of variables (u, v, w, b).

We assume that the entire wave field is a stationary, homogeneous, vector-valued

Gaussian random field on R4 = {(x, y, z, t)}. Heuristically, such a field can be

thought of as a random superposition of linear waves whose amplitudes are Gaus-

sian random variables; we will elaborate more on the precise representation of such

a field in subsequent chapters. For now, we note that each individual variable is

Gaussian, and any collection of variables evaluated at any finite collection of points

is jointly Gaussian.

From the variables u, v, w, b we must identify the breaking regions. Breaking is

a vague concept with no universal definition, but is often very closely associated

with linear instabilities, so we focus on these as a proxy for breaking. Among the

many ways that waves can become unstable, the two most common in this context
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are shear instability and convective instability.

Shear instability can only occur when the Richardson number Ri is less than

1/4 (Miles [1961], Howard [1961]), and this necessary constraint is often taken

to be sufficient. Therefore, one possibility is to identify breaking regions as the

set of points where Ri < 1/4, or equivalently where Ri−1 > 1/4. However, the

Richardson number is defined to be Ri = (N2 + bz)/(u
2
z + v2

z) which is clearly not

Gaussian nor the inverse of a Gaussian if the individual variables are Gaussian.

Although there are other definitions of the Richardson number, they all result in a

non-linear function of Gaussian variables and so we expect the Richardson number

constraint to be cumbersome to work with.

The second, convective instability, occurs when the crest of the wave moves

faster than the wave’s phase, so that dense water is advected over lighter water

and the wave breaks. This type of breaking region corresponds to regions where

the surfaces of constant density, given by N2z + b = const, have a negative z-

derivative, which is exactly when −bz > N2. Since −bz is a Gaussian random

field, we expect this constraint to be easier to deal with. Therefore we will focus

exclusively on convective instability, and identify breaking regions as excursion sets

of the Gaussian random field −bz.

Our decision to focus only on convective instability is not dynamically very

limiting, as shear instabilities often co-occur with convective instabilities, so by

looking exclusively at convective instabilities we should only miss a little bit of the

volume of the breaking region, rather than ignoring the breaking region altogether.

This physical statement is actually mathematically correct in our model as the
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convective instability constraint is contained in the Richardson number constraint.

Before we proceed let us nondimensionalize the constraint to highlight the

relevant parameters. Let us define a non-dimensional parameter a and a non-

dimensional Gaussian random field φ(z, t) such that

φ(z, t) ≡ −abz(z, t, x0, y0)/N2, a−2 = Eb2
z/N

4. (1.9)

Then Eφ2 = 1, and the breaking regions are points in the set {(z, t) : φ(z, t) > a}

at constant horizontal location {x = x0, y = y0}. Since φ is Gaussian, it can

be completely described by its covariance function, which we write as Cφ(z, t) =

Eφ(0, 0)φ(z, t).

1.2.3 Statistics of excursion sets of a Gaussian random field

Given the set of places where waves are breaking, Ba = {(z, t) : φ(z, t) > a}, our

next task is to calculate the quantities λ, p(h) describing the individual excursions.

For a general random field these quantities don’t exist, as the topology of Ba could

be very complicated, so these two parameters cannot fully characterize it. However,

if the threshhold a is large, then excursions above it are rare, so intuitively we

would expect them to be better behaved. Indeed, it is possible to show that given

sufficient mixing conditions on φ, the set Ba approaches a sparse mosaic process as

a→∞; that is, excursions occur as a Poisson process and look like i.i.d. random

clumps (Aldous [1989], and references therein). As a becomes large, the shape of

each clump becomes more and more predictable, and can usually be approximated

by a simple function with a small number of random or deterministic parameters.
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The idea of approximating excursion sets such as Ba in this way is the basis of

the Poisson clumping heuristic, which is elegantly and entertainingly described in

an out-of-print book with a similar name by Aldous [1989]. In the following we

assume that a is large and make heavy use of the heuristic. Note that we will not

worry about the exact conditions required to make the approximations converge

correctly, as they will not be important to the regimes we are investigating, but

rigorous statements can be found in the references of Aldous’s book.

First, we will calculate λa, that is, the rate of excursions above a threshhold

a of a smooth Gaussian random field φ defined on Rd. This is calculated as the

expected number of excursions per unit d-volume. For a one-dimensional process

there is an exact formula due to Rice [1945]:

λa =

∫ ∞
0

vf(a, v)dv, (1.10)

where f(a, v) is the joint density of φ(x), φ′(x) at a point. This formula is true for

all a and for all continuously differentiable processes. In the case that φ is Gaussian

with covariance function Cφ(t), it easily evaluates to λa =
√
C ′′φ(0)(2π)−1/2n(a),

where n(x) = 1√
2π
e−x

2/2 is the standard normal density.

The case d = 1 is special because each excursion is an interval which can

be labelled using its left or right endpoint, so counting excursion sets reduces to

counting upcrossings of a given threshhold. In higher dimensions there is no unique

way to identify excursion sets, so we must resort to asymptotic methods.

Let us suppose that a is large enough that when an excursion occurs, the field

reaches a single local maximum inside the excursion set. Then we can count excur-

sions by counting the rate of local maxima which are higher than the threshhold.
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Following Aldous, we call these local maxima semi-local maxima, where implicit

in our definition is a fixed constant a. Aldous shows that for Gaussian field, the

rate of semi-local maxima is asymptotically equal to

λa ∼ (2π)−
1
2
d|Λ|

1
2ad−1n(a), a→∞, (1.11)

where Λ is the positive-definite matrix of second derivatives of the covariance

function, Λij = −∂2Cφ(x)

∂xi∂xj
|x=0, and |Λ| is its determinant. See also Adler and Taylor

[2007] or the exact formulas from which this asymptotic rate derives. When d = 2,

this becomes

λ =
|Λ|1/2

(2π)3/2
ae−a

2/2 =

√
βtβz − (βzt)2

(2π)3/2
ae−a

2/2, (1.12)

where we write βz = −∂zzCφ(0), βt = −∂ttCφ(0), βzt = −∂ztCφ(0).

The next step is to calculate p(h). Again, let us identify an excursion set with

a semi-local maximum. Since an excursion is rare, it should have a simple shape

around this maximum. We will try to capture this shape by conditioning the field

to have a semi-local maximum at the origin, and approximating the conditioned

field in a neighbourhood of the maximum using a small number of simple terms.

This idea is borrowed from the theory of Slepian Model Processes, which tries

to approximate Gaussian fields near features of interest such as upcrossings or

local maxima using a few simple “regression” terms, plus a more complicated

“residual term” describing the error, and is nicely described in a review paper by

Lindgren and Rychlik [1991]. We won’t look in detail at the error term, although

its distributions can sometimes be calculated exactly.

Let us define a new field φ̃, which is the original field φ conditioned to have a

local maximum with with height at least a at the origin. Heuristically, we write
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this as

φ̃(x) ≡ [φ(x)|φ(0) ≥ a,∇φ(0) = 0, φ′′(0) < 0] (1.13)

where “φ′′(0) < 0” is shorthand for the Hessian of φ being negative definite.4

Next, we try to approximate φ̃ for a large. We need two well-known results.

1. Given a Gaussian random field φ has a local maximum of height u at the

origin, if u ≥ a then a(u − a)
d→ ξ as a → ∞, where ξ is exponentially

4There is a non-trivial issue to do with the existence of φ̃. Let us denote the set we are

conditioning on as A. We would like φ̃ to inherit its probability distribution from φ via the usual

conditional probability as

P (φ̃ ∈ B) = P (φ ∈ B|A) =
P (φ ∈ B ∩A)

P (A)
, (1.14)

where B is any measurable set. The problem is that the set we are conditioning on has measure

zero, so the conditional probability cannot be defined in the traditional sense. This problem can

be rectified by defining it in a limiting sense: by choosing a sequence of sets {Aδ} of positive

measure such that
⋂
δ Aδ = A, and setting P (φ ∈ B|φ ∈ A) ≡ limδ→0 P (φ ∈ B|φ ∈ Aδ).

However, the limit depends on the particular sequence of sets we choose, and Kac and Slepian

[1959] give nice examples to show how the conditional distribution can vary depending on the

way the limit set is approached.

We would like our conditioned field to coincide with the ergodic frequency interpretation,

obtained by averaging over empirical instances where the condition occurs. As many authors

have shown [e.g., Kac and Slepian, 1959, Lindgren, 1972], this means the conditional probability

must be defined in the “horizontal window sense”, so that the sequence of sets has finite measure

on the independent variables’ axis, such as Aδ = {φ has a maximum of height ≥ a at a point in

the circle |x|2 < δ}. Therefore we assume that our conditional probabilities are defined in this

manner. Note that this means one has to be careful when dealing with probability densities, as

the conditional densitities are not necessarily obtained as a simple ratio of densities.
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distributed with mean 1 and “
d→” means convergence in law.

This is proved (and stated more precisely) in many sources, for example

Nosko [1988], Wilson and Adler [1982], Wilson [1988]. It also follows from

calculating the asymptotic exceedance probabilities directly. By ignoring

the condition that the point be a local maximum, which becomes negligible

as a becomes large, we can calculate from the Gaussian distribution that,

asymptotically, P (φ(0) ≥ u|φ(0) ≥ a) = P (φ(0) ≥ u)/P (φ(0) ≥ a) ≈

e−
1
2

(u−a+a)2/e−
1
2
a2

= e−
1
2

[(u−a)2+2(u−a)a] ≈ e−a(u−a).

2. If φ′ is the field φ conditioned to have a local maximum of height exactly

equal to u at the origin, then it converges to a deterministic parabola near

the origin as u → ∞. More precisely, if we define a scaled field Xu(y) such

that Xu(y) = u(φ′(y/u) − u), then Xu(y)
d→ −1

2
ytΛy, and the same is true

for all of its finite-dimensional distributions.

This is stated in Aronowich and Adler [1988], for example, and stated in a

different manner in Nosko [1987, 1988]. The distributions of the conditioned

field φ′ are calculated exactly in Lindgren [1972], (and Lindgren [1970] for

the one-dimensional case), from which it is possible to show this onesself.

We can combine these two results to get an approximate expansion for φ̃, near

the origin. We use the second one to say

φ′(y) ≈ u− u1

2
yTΛy, u ≥ a� 1, |y| = O(1/a), (1.15)
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and use to first to substitute u ≈ ξ/a, to find that, up to o(1/a),

φ̃(y) ≈ a+
ξ

a
− a1

2
yTΛy, a� 1, |y| = O(1/a), (1.16)

where ξ
d
= Exponential(1). The random correction to the quadratic term scales

out in the limit, since |y| = O(1/a).

Therefore we will approximate the conditioned field near the local maximum as

in (1.16). Around a local maximum of height≥ a, the field looks like a deterministic

paraboloid with a random vertical displacement. This is an interesting feature

peculiar to Gaussian fields and a few of its relatives; for a general field one would

also expect the axes of the paraboloid to be random, or for the shape to include

higher-order terms.

We use this approximation to solve for the approximate distribution of the

height, and find that for a general field

h ≈

√
β4
zt

β2
t β

2
z

+
8ξ

a2βz
. (1.17)

Diagonal Λ The results are much simpler when Λ is diagonal, i.e. when the

covariance function is separable. In this case (1.17) reduces to5

h ≈ 2

a

√
2ξ

βz
=

2

a
√
βz
η, η

d
= Rayleigh(1), (1.18)

so the height density is given approximately by the Rayleigh density:

p(h) =
a2βzh

4
e
−h2a2βz

8 . (1.19)

5Using the fact that X ∼ Exponential(λ)⇒
√

2X
λ ∼ Rayleigh(1).
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In this special case of diagonal Λ, this is exactly the same asymptotic distribution

of heights that we obtain if we look at the marginal process in z only [e.g., Rice,

1958]. This would not be true if the ellipse were tilted, something we should be

aware of when dealing with a wavefield where waves may travel in unequal amounts

upward and downward, for example.

We can now find an expression for the full diffusivity. Since6
∫∞

0
h3p(h)dh =

3
√

π
2

8

a3β
3/2
z

, and λ is given by (1.12), the diffusivity for a separable field can be

calculated from (1.6) to be

κ =
1

a2

√
βt
βz

1

2π
e−a

2/2 . (1.20)

For a non-separable field this would involve βzt as well; we do not calculate the

full formula.

1.3 Vertical diffusivity from a wavefield described

by the Garrett-Munk spectrum

We would like to apply our formula (1.20) to ocean observations, to see whether

this theory predicts values which are realistically within the correct order of mag-

nitude of observations. To do so we need the covariance function of the buoyancy

gradient bz/N
2. This is not typically reported in the observations, but can be eas-

ily computed from the spectra for other variables assuming they are related by the

linear wave equations. The data that we will work with is the energy spectrum of

6This uses that
∫∞
0
y4e−y

2
dy = 3

√
π/8
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the waves (kinetic plus potential), so we first discuss how to obtain Cφ from this,

and then apply our results to the Garrett-Munk energy spectrum.

A single wave solution to the Boussinesq equations (1.7),(1.8) has the form
u

v

w

b


= Re





(
k
κ0
− i f

ω
l
κ0

)
m
K(

l
κ0

+ i f
ω
k
κ0

)
m
K

−κ0

K

−iN2

ω
κ0

K


Πei(kx+ly+mz+ωt)


(1.21)

where (k, l,m) is the wavenumber vector, κ2
0 = k2 + l2, K2 = κ2

0 + m2, Π is a

complex number with units of
√

Energy, and the dispersion relation is given by

ω2 =
N2κ2

0 + f 2m2

κ2
0 +m2

. (1.22)

The wave vector above is normalized so that |u|2 + |v|2 + |w|2 + |b/N2|2 = |Π|2.

Note that we will always define our waves as the real part of a complex-valued

function.

We take the entire internal wave field to be a homogeneous random field on

R4 = {(x, y, z, t)}, with energy spectrum E(k, l,m, ω), so Π is random (actually a

random measure, to be defined more precisely in later chapters). The wave field is

normalized such that the expected value of the linear energy density per unit area

is given by

Ē =
1

2
E
(
|u|2 + |v|2 + |w|2 +

|b|2

N2

)
=

1

(2π)4

∫
E(k, l,m, ω)dkdldmdω.

The spectrum of any particular variable in the field, and any linear operators

of it, can be calculated from E(k, l,m, ω) using (1.21) and relevant operations in
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Fourier space. Following this, the spectrum for buoyancy gradient bz/N
2 is

Ebz/N2(k, l,m, ω) =
κ2m2

ω2K2
E(m,ω). (1.23)

Now, we have defined a Gaussian random field defined on the 4-dimensional

space (x, y, z, t), but we are only interested in the behaviour of the field on a two-

dimensional plane {x = x0, y = y0} in (z, t)-space. This slice is still a Gaussian

random field, and as such can be completely characterized by its spectrum, given

by

E
(2)

bz/N2(m,ω) =
1

(2π)2

∫
Ebz/N2(k, l,m, ω)dkdl.

In our application, we will assume a number of symmetries on the wave field which

make the marginal energy spectrum easy to relate to the full energy spectrum.

First, we know that the energy spectrum is singular on the surfaces corresponding

to the two branches of the dispersion relation, so this reduces its dimensionality

from four, to three plus a binary variable. We further assume there is the same

amount of energy in waves travelling vertically up as down, so we do not need

to distinguish between the two branches; now we are down to three dimensions.

Finally, we will consider only velocity fields which are horizontally isotropic, which

reduces the dimension by one again. Therefore, we only need two variables to

describe the energy spectrum, and can write, for example,

E(k, l,m, ω)dkdldmdω = E(m,ω)dkdldmdω. (1.24)

We can convert to any other pair of variables using the Jacobian given by the dis-

persion relation, such that, for example, E(m,ω)dmdω = E(k, l)dkdl. Therefore,
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the spectrum for φ in (z, t)-space can be obtained from the energy spectrum using

(1.23) and (1.3) as

Eφ(m,ω) =
1

a2

m2(ω2 − f 2)

ω2(N2 − f 2)
E(m,ω). (1.25)

In our application, no integration is even needed to obtain the marginal spectrum:

the behaviour of the field in a slice is the same as the average behaviour of the field

over all slices, and no information is lost in going from four dimensions to two.

Let us apply this to the Garrett-Munk spectrum. We use the form of the

spectrum given in Munk [1981], abbreviated GM81, which is typically considered

the standard version of the Garrett-Munk spectrum. This was formulated using

a continuous variable for frequency but discrete vertical modes, so we make one

minor change in that we convert the discrete form of the spectrum to a continu-

ous function of vertical wavenumber, by assuming the scales of interest are small

enough that the WKB approximation applies. In this form, the GM81 spectrum

is given for m,ω ∈ R by

EGM(m,ω) =
(2π)2

4
Ē

(
2

π

m∗
m2
∗ +m2

1|m|<mc

)(
2

π

f

ω
√
ω2 − f 2

1f≤ω≤N

)
, (1.26)
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where the parameters are

e-folding scale of N(z) b = 1.3km

non-dimensional energy parameter E∗ = 6.3× 10−5

surface buoyancy frequency N0 = 5.2× 10−3s−1

= 3cph

correlation mode number j∗ = 3

cutoff wavenumber mc = 0.6rad/m

correlation wavenumber m∗ = π
b
N
N0
j∗

average energy density Ē = b2N0NE∗

These are the parameters that were used to nondimensionalize and compile obser-

vations from different depths and locations, so we must use their original values.

The only parameters which can vary are f , the local Coriolis frequency, and N ,

the local buoyancy frequency. The total energy density in this spectrum is defined

so that 1
(2π)2

∫
m,ω

EGM(m,ω)dmdω = Ē.

This spectrum is relatively flat in vertical wavenumber space up to a correlation

wavenumber m∗, and then drops off roughly as m−2. It has to be truncated to avoid

infinite shear so a reasonable cutoff wavenumber was identified from data to be

mc. The spectrum appears to decay as m−1 beyond this but we ignore this part for

simplicity. In frequency space, it has an integrable singularity at frequencies near

the inertial frequency f , and decays roughly as ω−2 up to the buoyancy frequency

N . There is a certain amount of arbitrainess in how the spectrum was defined,

such as the type of power-law near the singularity, and the exact location and

manner of the vertical wavenumber cutoff.
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The spectrum for φ is then given by (1.25) with E(m,ω) = EGM(m,ω). It is

separable, so Λ is diagonal.

When N � f , as is the case in much of the ocean, we can calculate the

necessary parameters analytically to a very good approximation . We find

βz ≈
m2
c

3
(0.12m−2), βt ≈

4Nf

π
(4.5× 10−7s−2), a ≈

√
1

bj∗E∗mc

(2.65),

where the values in parentheses are the exact values evaluated by integrating (1.25)

numerically at a latitude of 30◦ (f = 7.3× 10−5s−1) with N = N0. From (1.20) we

calculate diffusivity to be

κ =
3

2π3/2

√
Nf

m2
c

(2bj∗E∗mc)e
−(2bj∗E∗mc)−1

(N � f). (1.27)

Plugging in parameters and evaluating at 30◦ and N = N0 gives

κ ≈ 5× 10−6 m2/s. (1.28)

This is the same order of magnitude of the observations in the deep ocean, which

are ≤ O(10−5)m2/s.

Equation (1.27) captures the functional dependence of diffusivity on the fixed

parameters used to create GM81, as well as on the variable parameters of latitude

and depth. As the latitude changes, it predicts the diffusivity should vary as
√
f ,

so it should go to zero as we approach the equator. This is consistent with both

measurements and other theories, which also predict that vertical diffusivity should

decrease with latitude. Figure 1.2 reproduces figure 1 of Gregg et al. [2003], with

their measurements of turbulent dissipation ε as a function of latitude and the

prediction from our theory, assuming ε = 0.2κ/N2. The data are widely scattered
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but are almost all within a factor of two of our theory. The figure also shows the

dissipation estimated by calculating energy flow through the spectrum via non-

linear wave interactions [Henyey et al., 1986] and was the theoretical explanation

provided in Gregg et al. [2003]. It gives a slightly different functional dependence

on latitude as ours but is indistinguishable within the variability of the data.

The dependence on stratification is more complicated, as it depends on how

mc varies with N . If this is constant then it varies only weakly as
√
N . Since N

decreases by a factor of about 10 from top to bottom of the ocean, the diffusivity

should correspondingly change by about a factor of 3.

Most other assumptions give a much stronger dependence. For example, assum-

ing the cutoff varies asmc ∝ N/N0 gives a dependence of the form (N/N0)−1e−3.3(N/N0)−1

which decreases roughly linearly in N/N0 until this ratio is less than half, after

which it decays exponentially. Another possibility is to assume the product E∗mc

is constant, an idea that Munk [1981] has propounded, which gives a dependence

of (N/N0)3. The numerical values of both forms agree very closely until N/N0

is less than half. Both predict a diffusivity that is about 10 times smaller when

N/N0 = 0.5, and more than 1000 times smaller when N/N0 = 0.1.

The diffusivity is very sensitive to the non-dimensional product 2bj∗E∗mc. Chang-

ing this by a factor of 2 in either direction changes the diffusivity by more than an

order of magnitude as we illustrate in figure 1.3.

Unidirectional spectrum What happens if we relax the assumption that the

waves travel equally in both vertical directions, and ask what happens at the other

extreme where the waves travel exclusively in one vertical direction? This may the
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Figure 1.2: Turbulent dissipation ε ≈ 0.2κ/N2 as a function of latitude, normalized

by ε30, the value at 30◦. The solid line shows the result from our theory,
√
f/
√
f30,

and dotted lines are twice and half this. The dashed line is the result from a

theory of wave-wave-interactions, f cosh−1(N/f)/(f30 cosh−1(N0/f30)). Markers

plot data as shown in Gregg et al. [2003], who normalized with ε30 calculated from

their formula (4). All theoretical calculations use N = N0.
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Figure 1.3: Plot of the functional group xe−1/x, where x represents the non-

dimensional product 2bj∗E∗mc, near 0.3, the value for the GM81 spectrum. The

diffusivity is very sensitive to this product.

case in certain parts of the ocean, such as near the surface where the waves are

generated, and it would be interesting to know whether one would expect to see an

altered diffusivity. We can answer this question very easily for the GM81 spectrum

in our model framework, by including a factor 2× 1sgn(m)=− sgn(ω) in the spectrum

to keep the same energy but allow only waves which propagate downwards in the

sense of group velocity.

The spectrum is no longer separable and we evaluated βzt numerically to be

1.0 × 10−4, while βz, βt are the same as before. From (1.17) h ≈
√

0.036 + 9.3ξ,

so to a very good approximation we can ignore the tilt of the ellipse and use the

same distribution (1.18) for heights as before, so the only correction comes from

the change in the frequency λ. Substituting numbers into (1.12) shows that the

diffusivity should be expected to decrease by 10% for a unidirectional spectrum.
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1.4 Numerical simulations

We performed numerical simulations to test some of our approximations. We

used the GM81 spectrum to perform the simulations, but they were intended to

verify some of the more general results obtained in the previous sections about

the distribution of heights and waiting times, their applicability to this particular

spectrum, and the original “sparse mosaic” assumption.

We generated samples of the Gaussian random field φ = −bz/N2/a with energy

spectrum Eφ(m,ω) calculated from (1.25) with E(m,ω) = EGM(m,ω), f = 7.3×

10−5s−1, N = N0. The samples were generated on a periodic domain with sides

of length Lz, Lt and numbers of points Nz, Nt in the z, t directions respectively.

Using this discretization, we generated a complex-valued Gaussian random field

with spectrum EGM(m,ω) using standard methods based on the Fourier transform.

A real-valued field is easy to obtain by taking the real part of this complex-valued

field, which should be multiplied by
√

2 to maintain the correct energy. Therefore

the field at grid point (zi, tj) is

φ(zi, tj) =
√

2Re

{
∆ω∆m

(2π)2

∑
p,q

√
(2π)2

∆ω∆m

Eφ(ωp,mq)

2

1√
2

(Ap,q + iBp,q)e
i(mpzi+ωqtj)

}
,

(1.29)

where Ap,q, Bp,q are independent N (0, 1) random variables for each p, q, and ∆ω =

2π/Nt, ∆m = 2π/Nz are the spacings of the points in Fourier space.

We used built-in Matlab functions to identify the regions where φ(z, t) > 1, and

calculated various statistics. We used different values for Lz, Lt, Nz, Nt depending

on the statistic we were looking at, in order to resolve an adequate number of
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modes.

Figure 1.4 shows a snapshot of a particular realization of the overshooting sets,

and shows that the set of excursions does indeed look like a sparse mosaic. It also

shows a zoomed-in view of the same realization, so the shapes of the overturning

sets can be qualitatively compared to the asymptotic random ellispe prediction.

Figure 1.5 (left) shows the empirical heights of the regions, along with the

Rayleigh density prediction obtained from the theory (1.19) using the value for

βz calculated analytically from the correlation function. The results agree very

closely, so we are confident that the Rayleigh density is a good representation of

the true distribution.

As there is no theoretical constraint to applying (1.19) to the “heights” in time,

or total duration of each event, we tested the Rayleigh approximation for these as

well, also shown in Figure 1.5 (right). Interestingly, the Rayleigh pridiction with

βt as the parameter instead of βz does not at all fit the empirical distribution.

Even when we tried to fit different Rayleigh distributions using different values

of βt, it was never possible to obtain a convincing agreement with the data (not

shown), which suggests that the Rayleigh approximation does not work in the

time direction. What is wrong with the theory? Our hypothesis is that it is

because of the strong separation of scales in z and t: since βz � βt, the axes of

the ellipse are much longer in time than in space. This suggests that the random

ellipse approximation is only good if the axes of the ellipse are the same order of

magnitude; if not, then there are other small parameters in the problem which

must be taken into account when taking asymptotic limits.
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We can make this more precise by non-dimensionalizing the problem. Let

us define non-dimensional variables z′, t′ such that z = Zz′, t = Tt′. For the GM

spectrum, most of the energy lies between frequencies f and 2f , and the diffusivity

is most sensitive to scales near the cutoff wavenumber, so a reasonable choice is

Z = 1/mc, T = 1/f . This gives non-dimensional parameters for the second

derivatives βz′ = Z2βz = 2 = O(1), βt′ = T 2βt/ = N/f ≈ 70 � 1. However,

recall from (1.2.3) that our asymptotic theory requires the terms of Λ, namely the

second derivatives of the covariance function, to be O(1) so that ayTΛy is O(1/a)

when y = O(1/a). Since a = 2.6 this is clearly not true in the time-direction, so

the asymptotic theory breaks down because a is not large enough. One solution

would be to include βt′ as a large parameter in the asymptotic theory, but then

this would require more terms in the Taylor expansion, so the excursion set would

not be a random ellipse.

Finally we show the distribution of waiting times between events in Figure

1.6. As expected these are exponential over long time periods, but over very short

periods there is a small amount of correlation (note the oscillations.)

1.5 Discussion

We have shown how modelling wave-breaking regions in the abyssal ocean as ex-

cursion sets of a random field φ, leads to a conceptually simple framework from

which to calculate the vertical diffusivity. Given the law of the random field, one

needs to find the rate of excursions, and an approximate random shape of each in-

dividual excursion set, and from this one can calculate a diffusivity using standard
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Figure 1.4: A snapshot of the regions of convective instability for a particular

realization of the GM81 spectrum. The top image shows a large portion of the

domain, of vertical extent 1000km and duration (horizontal axis) 180 hours. The

bottom image is a zoomed-in portion with vertical extent 250km and duration 40

hours.
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Figure 1.5: Histogram of maximum heights (left) and total durations (right) of

breaking regions from Monte-Carlo simulations of the GM81 spectrum in (z, t)-

space. The plots also show the Rayleigh distribution π
2

h
(Eh)2

e−
π
4 ( h

Eh)
2

, where h

represents either the heights or the durations of the events and Eh was estimated

empirically from the simulations. This number differed from the average predicted

analytically by only 8% for the height data, and 1% for the duration data, so

plotting the analytic Rayleigh distribution from (1.19) would give almost the same

line.
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breaking events, calculated from Monte-Carlo simulations of the marginal GM81

spectrum in time. The left plot shows the distribution is exponential over a wide
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times.
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ideas based on the mean-square vertical displacement of a particle moving in the

breaking regions.

We developed our ideas in the context of a Gaussian random wave field and

Gaussian instability parameter φ. In this case, excursion sets look like random

ellipses, and asymptotic formulas for the rate of excursions are readily available.

However, we hope that this framework can be adapted to other models. For

example, one could look at different instability criteria, which would lead to a φ

which is non-Gaussian but which may not be too complicated if it is a function

of Gaussian field. Or, one could change the model for the wave field entirely,

and investigate, say, a wave field which is made up of random wave packets. In

either case, one would be interested in excursions sets of a non-Gaussian field φ,

which would presumably have different asymptotic rates and shapes even if it had

the same covariance function. One must then figure out how to calculate these

quantities, a question which is only beginning to be addressed. Some work has

been done for Gaussian-related fields, such as for Chi-2, student-T, and F-random

fields, see for example Aronowich and Adler [1985, 1986, 1988], Cao [1999], while

a set of papers by Adler [e.g., Adler et al., 2009] promises much new work in the

non-Gaussian case.

For many fields, rigorous proofs of asymptotic distributions are simply too

difficult to calculate analytically. In this situation, one may still be able to make

progress by using heuristic methods based on based on methods that worked in the

Gaussian case. For example, one could try to represent the field near an excursion

based on simple functions, such as a Taylor expansion with random coefficients, or
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an expansion in terms of other basis functions. Large Deviation Theory may be a

useful guide to which how to do this. As may be evident in the Gaussian case, our

asymptotic formulas for the shapes of the excursion sets are essentially first-order

corrections to the shape of a field near a high level predicted by Large Deviation

Theory, so one may be able to use this estimate as a starting point and calculate

the distribution of random perturbations around it.

We applied our results to the Garrett-Munk energy spectrum for internal waves

in the ocean, and obtained an estimate of diffusivity which is the same order of

magnitude as the measurements, and which varies appropriately with latitude.

While this lends credibility to our model and to the idea that breaking waves are

indeed responsible for the vertical diffusivity in the abyssal ocean, the exact value

it predicts should be regarded with a degree of skepticism. It is extraordinarily sen-

sitive to certain parameters which were chosen somewhat arbitrarily when GM81

was constructed; for example it is exponentially sensitive to the cutoff wavenumer

mc (see (1.27)), and doubling or halving this number leads to changes in the dif-

fusivity of several orders of magnitude. The same holds true for the energy factor,

Ē, which is a practical problem since this is known to vary by a factor of up to 3-4.

This actually may not be such a thorn in our theory, as Munk [1981] has argued

that this sensitivity is in fact evidence for a universal value of the product Ēmc.

If this product increases, then breaking increases dramatically and takes energy

away from the small scales, so that either mc decreases or Ē decreases, or both,

and if it drops below the optimal value, then not enough waves break so energy

accumulates at small scales. Therefore if the energy parameter a is known with
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good certainty, then our theory provides a method to compare diffusivities under

different modelling assumptions, for example to predict whether a change in the

statistical law or other assumptions might cause it to increase or decrease, and by

what factor.

In any case, we hope that this geometric approach can provide a framework for

future investigations into the relation between wave breaking and diffusivity.
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2
Particle dispersion by random

waves in rotating shallow water

2.1 Introduction

The dispersion of particles due to random advection is a fundamental topic in fluid

dynamics, with wide-ranging applications in geophysical and engineering flows.

The fundamental theoretical analysis of such dispersion goes back to the ground-

breaking studies on Lagrangian velocity statistics and on scale-dependent pair

dispersion by Taylor [1921] and Richardson [1926]. Arguably, most of the work in

this area has focused on turbulent flows, in which the random flow is specified at

the outset. For example, a random velocity field may be defined via its space–time

power spectrum together with additional modelling assumptions such as approx-

imating the velocity field as a Gaussian random field. Based on these definitions

one can then seek to compute quantities such as, for example, the one-particle ef-

fective diffusivity of Taylor [1921], which quantifies the variance growth of particle

displacements (see §2.2.1 below for an exact definition). Even for a given velocity

field the resulting problem is far from trivial, not least because the velocity field

is usually defined via its Eulerian, fixed-location properties, whereas for particle

advection it is the Lagrangian, fixed-particle properties that are relevant. Still, a

large body of theoretical, numerical, and observational results are readily avail-
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able in this area (e.g., Toschi and Bodenschatz [2009], Sawford [2001], Majda and

Kramer [1999], Chertkov [1995], Kraichnan [1970], Batchelor [1952]).

A much less-studied case than the turbulent case arises if the random velocity

field is due to small-amplitude waves described to leading order by linear theory.

For example, in oceanography one might be interested in the horizontal dispersion

of a passive tracer exposed to a spectrum of surface waves, or in the analogous

problem of quasi-horizontal dispersion along stratification surfaces due to a spec-

trum of internal gravity waves at depth. It is then easy to show that if there is

no wave energy at zero wave frequency, then the diffusivity of particles due to the

linear wave motion alone is zero. This situation is in fact generic for inertia–gravity

waves, whose frequencies are bounded away from zero by the Coriolis parameter.

The leading-order dispersion then occurs at a higher order in wave amplitude,

i.e., it is then essential to take nonlinear corrections to the linear velocity field

into account in order to obtain a self-consistent Lagrangian velocity field for the

particles. In other words, beginning with a statistical description of the linear wave

field, the task of finding the statistical description of the Lagrangian velocity field is

itself a non-trivial part of the solution procedure. Basically, one needs to compute

both the Stokes drift as well as the second-order Eulerian flow correction in order

to arrive at the second-order Lagrangian flow that moves the particles. This makes

computing the particle dispersion due to small-amplitude waves a problem in wave–

mean interaction theory. For example, the relevant equations can be viewed as

extensions of the mean-flow equations governing the non-dissipative wave–mean

interactions studied in Bühler and McIntyre [1998], which were however derived
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under the restriction to slowly varying wavetrains. This restriction is generally not

appropriate for random waves.

Since only the second-order velocity corrections contribute, the diffusion that

results is fourth-order in wave amplitude. Hence, if vortical modes are present at

the same order as the waves, one would expect them to induce a ballistic motion

which could dominate the wave diffusion. Other types of particle transport can also

compete with wave diffusion if certain assumptions on the wave field are satisfied.

In wave fields which are compressible and anisotropic, particles may experience

a second-order drift velocity, which can significantly alter the particle transport

(Balk [2006]). Another interesting effect is particle segregation, whereby under

suitable conditions compressible wave fields can give rise to small-scale density

inhomogeneities (A.M. Balk [2004], M. Vucelja [2007]). We would like to highlight

the properties of the fourth-order wave-induced diffusivity, so we focus on isotropic

velocity fields with no vorticity, in particular those induced by a small-amplitude

linear wave field.

Our own interest in this problems stems from oceanographic observation of

horizontal diffusivities on the sub-mesoscale, i.e., on horizontal scales of 1-10km.

Specifically, during the North Atlantic Tracer Release Experiment (J. Ledwell [1993],

J. Ledwell [1998]), a passive tracer was released at 300m depth in the ocean and

measured over several months to spread horizontally with an effective diffusivity of

about 2m2/s on horizontal scales of 1-10km. Since molecular diffusivity is on the

order of 10−9m2/s, larger-scale physical processes must be responsible for this hori-

zontal spreading, but it is fair to say that no conclusive answer as to which process
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is involved has emerged so far. For instance, some of the diffusivity could come

from the interaction of internal waves with small vortical modes (Polzin and Fer-

rari [2004]). Another hypothesis, not yet adequately tested, is that internal waves

interacting with themselves can induce a horizontal diffusivity of this magnitude.

We are only aware of a handful of previous studies of wave-induced diffusiv-

ity. In Herterich and Hasselmann [1982] effective diffusivities were computed for

surface waves by using a framework based on off-resonant wave–wave interactions.

This is a challenging problem because the usual surface wave spectra such as the

JONSWAP spectrum are highly anisotropic, which leads to particle dispersion that

includes a net drift as well as diffusion. Sanderson and Okubo [1988] used a sim-

ilar approach for horizontally isotropic internal gravity waves in the non-rotating

Boussinesq equations. However, the absence of Coriolis forces severely limits the

utility of their calculation to ocean data, which invariably shows most wave activ-

ity near the inertial frequency. Finally, Weichman and Glazman [2000] developed a

general formalism for computing the diffusivity in weakly nonlinear systems, which

does include rotating systems. However, it appears that their formalism is based

entirely on the dispersion relation and does not use the nonlinear parts of the fluid

equations. This suggests that their findings are restricted to Stokes drift effects,

so they do not include the complete Lagrangian flow. Presumably, this explains

their own peculiar finding, namely that their results predict a nonzero diffusivity

even in a one-dimensional situation, where it is clear on kinematic grounds that

particles cannot separate in the long run without reducing the overall fluid density.

It is precisely such mass-conservation effects that are missing if one considers only
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the Stokes drift. Common to all of these studies is the overall complexity of the

required manipulations in both Fourier and real space and the need to estimate

high-dimensional integrals numerically in order to compute the diffusivities.

Now, in this paper we study the horizontal diffusion induced by a random wave

field in the rotating shallow-water equations as an idealized testbed and stepping

stone for an on-going extension of this work to the rotating three-dimensional

Boussinesq equations. In our model the wave field is a stationary isotropic homo-

geneous Gaussian random field defined by its power spectrum. We view this as

a crude model for a real wave spectrum that is in forced–dissipative equilibrium.

Even this simple model for a linear velocity field leads to a second-order Eule-

rian flow and Stokes correction that are non-Gaussian, so non-trivial methods are

required to evaluate the Lagrangian velocity.

Our study differs from previous ones in three ways: (i) we find a real-space

equation for the Lagrangian velocity field as a sum of an Eulerian flow and a

Stokes correction; (ii) we obtain an analytic expression for the diffusivity as a

function of the scale of the wavenumber spectrum of the waves; and (iii) we verify

our calculations with numerical Monte-Carlo simulations. Indeed, in our experi-

ence this independent numerical test on the results was essential for establishing

the correct form of the somewhat daunting algebraic manipulations involved in

calculating the diffusivity.

The analytic expression for the diffusivity is scale-selective, i.e., it depends on

the Rossby deformation scale associated with the Coriolis force. Our principal

result here is that the Coriolis force invariably reduces the effective particle dif-
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fusivity induced by the waves. In particular, for strong rotation the diffusivity

drops off very sharply indeed. Further investigation shows that this is because of

a choking effect in which the second-order Lagrangian flow is sharply reduced in

magnitude compared to the Stokes drift and the Eulerian flow, which separately

are much larger, but nearly cancel each other. Clearly, this choking effect would

be entirely missed if only the Stokes drift were considered.

The structure of the chapter is as follows. In §2.2 we outline the kinematics

of particle dispersion and the governing equations that will be used in the paper,

in §2.3 we describe in detail the mathematical formalism that will be used to

represent the random wave field, and in §2.4 we compute the Lagrangian velocity

field and the associated effective diffusivity. In §2.5 we analyse the dependence of

the diffusivity on rotation and in §2.6 we describe the Monte-Carlo simulations for

the one-particle and two-particle diffusivities. Finally, some concluding comments

are offered in §2.7.

2.2 Particle dispersion and fluid equations

We consider the simplest measure of particle dispersion, namely the particle dif-

fusivity associated with the displacement variance as introduced by Taylor [1921].

The plan is to evaluate this diffusivity in the context of small-amplitude waves in

the rotating shallow-water equations. To prepare the ground for this, we briefly

summarize the relevant definitions and governing equations in this section.

49



2.2.1 Kinematics of particle dispersion

We consider a collection of particles with Cartesian positions Xi(t) and random

Lagrangian velocities ui(t) = dXi(t)
dt

. For a stationary homogeneous zero-mean

velocity field each particle’s expected position is its initial position. Then

1

2

d

dt
E(Xi(t)−Xi(0))(Xj(t)−Xj(0)) =

∫ t

0

R̃ij(τ)dτ, (2.1)

where E denotes expectation and

R̃ij(τ) =
1

2

(
Eui(t)uj(t+ τ) + Euj(t)ui(t+ τ)

)
.

Here the overbar is complex conjugation; we use this notation because it simplifies

certain calculations later. Assuming isotropic velocity statistics and convergence

as t→∞, the right-hand side of (2.1) becomes Duδij, where

Du ≡
∫ ∞

0

Cu,u(τ)dτ, and Cu,u(τ) ≡ Eu(t)u(t+ τ). (2.2)

Here u is an arbitrary Cartesian component of the velocity vector. By definition,

Du is the single-particle diffusivity induced by the random flow; it measures the

absolute particle dispersion. Two other ways of expressing the diffusivity are use-

ful. First, observing that Du = 1
2

∫∞
−∞Cu,u(τ)dτ , we see that the diffusivity is

proportional to the Fourier transform of the covariance function evaluated at zero

frequency. Specifically, using the convention

Ĉu,u(ω) =

∫ ∞
−∞

e−iωτCu,u(τ) dτ and Cu,u(τ) =
1

2π

∫ ∞
−∞

eiωτ Ĉu,u(ω) dω (2.3)

we have

Du =
1

2
Ĉu,u(0). (2.4)
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Second, if we define the velocity auto-correlation time to be

τu =
1

2

∫ ∞
−∞

Cu,u(τ)

Cu,u(0)
dτ then Du = E|u|2τu. (2.5)

Relative particle dispersion is measured by multi-particle diffusivities, which are

defined in analogy with (2.1) and (2.2) (e.g., Batchelor [1952]). For example, the

two-particle diffusivity tensor D
(2)
ij is based on the distance ∆i(t) = Xi(t) − Yi(t)

between two distinct particle trajectories Xi(t) and Yi(t) such that

lim
t→∞

1

2

d

dt
E(∆i(t)− ri)(∆j(t)− rj) = D

(2)
ij (rk) with ri = ∆i(0). (2.6)

Returning to the one-particle diffusivity we note a very useful fact: if the velocity

field contains a component that is the time derivative of some stationary random

field, then this component does not contribute to the diffusivity. To demonstrate

this we let u = U + Vt, where U, V are stationary random variables, V is differen-

tiable, and their correlation and cross-correlation functions decay at ∞. It follows

that

2Du =

∫ ∞
−∞

Eu(t)u(t+ τ)dτ =

∫ ∞
−∞

(
CU,U(τ) + CVt,Vt(τ) + CU,Vt(τ) + CVt,U(τ)

)
dτ .

Using CVt,Vt(τ) = − d2

dτ2CV,V (τ), CU,Vt(τ) = d
dτ
CU,V (τ), CVt,U(τ) = − d

dτ
CV,U(τ)

(see Yaglom [1962]) and the decay at ∞ gives

2Du = 2DU −
d

dt
CV,V

∣∣∞
−∞ + CU,V

∣∣∞
−∞ − CV,U

∣∣∞
−∞ = 2DU . (2.7)

Thus Du = DU as claimed; this will allow numerous simplifications in the compu-

tations.
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2.2.2 Governing fluid equations and asymptotic expansion

We work with a slight generalization of the standard rotating two-dimensional

shallow-water equations on an infinite flat domain:

ut + u · ∇u + f ẑ× u + g∇(Lh) = 0 (2.8)

ht +∇ · (hu) = 0. (2.9)

Here x = (x, y) are the horizontal coordinates, t is time, f is the Coriolis parameter,

ẑ is the vertical unit vector, g is gravity, u = (u, v) is the velocity field, and h is

the layer depth. The generalization is that we allow a linear operator L to act on

the height field in the pressure term. The operators L that we consider are defined

by their real Fourier symbols L̂ such that

L exp(i[kx+ ly]) = L̂(k) exp(i[kx+ ly]) (2.10)

for a Fourier mode with wavenumbers k = (k, l). The standard shallow water

equations are included by setting L̂ = 1 whilst other choices of L̂ change the

linear dispersion relation, thus providing us with a crude way of incorporating

the dispersive effects of additional physics such as surface tension or finite layer

depth (e.g., Whitham [1974]). Throughout, we will restrict ourselves to isotropic

operators L such that L̂(k) is a function of κ = |k| only.

An important property of the inviscid equations is the material conservation of

potential vorticity (PV), i.e.,

qt + u · ∇q = 0 where q =
∇× u + f

h
=
vx − uy + f

h
. (2.11)
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In particular, if at the initial time q takes a uniform value f/H, say, then it will

remain at this value at all later times. This leads to the exact nonlinear PV

constraint

q =
f

H
⇔ ∇× u =

h−H
H

f. (2.12)

For rotating flow this quantifies the familiar “ballerina” effect due to stretching of

background vorticity.

We seek solutions to (2.8), (2.9) as an asymptotic expansion in powers of a

small-amplitude parameter a � 1. We assume no motion at leading order, so

the O(1) velocity field is zero and the O(1) height field is a constant h = H. At

O(a), the flow is a random wave field satisfying the linearized versions of (2.8),

(2.9). The nonlinear interactions between the waves generate flow corrections at

higher orders, which we will calculate at O(a2). Therefore, using a subscript n to

represent contributions at O(an), our solution takes the formu

h

 =

0

H

+ a

u1

h1

+ a2

u2

h2

+O(a3). (2.13)

This asymptotic flow set-up is reminiscent of small-amplitude wave–mean inter-

action theory, but in our case flow averaging is not necessary and hence we will

do without the unnecessary complication of introducing a mean–disturbance de-

composition in (2.13). Under the assumption that there is a nonzero frequency

cutoff (which is automatically satisfied if f 6= 0), the linear, O(a) wave field does

not contribute to the particle diffusivity. To see this, let ξ =
∫
u1dt be the O(a)

displacement field, and note that the frequency cutoff means that ξ is a stationary

random variable with bounded variance. Therefore u1 = ∂tξ, so Dau1+a2u2
= Da2u2
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by (2.7). We therefore expect a leading-order diffusivity at O(a4), which is due

to the O(a2) Lagrangian velocity field. Before moving on we note that a regular

perturbation expansion such as (2.13) can be expected to be valid for an O(1)

timescale as a → 0. Basically, we assume that a � 1 is small enough such that

the expansion is valid for the duration of the O(1) auto-correlation timescale of

the second-order Lagrangian velocity field to be computed.

2.3 Random linear wave field

The natural representation of a stationary Gaussian field in spectral space involves

a few technicalities, which we spell out in a scalar example in the next section before

describing the full wave field in §2.3.2.

2.3.1 Scalar example of spectral representation

We first consider a scalar random field u(x) as a function of a single variable x ∈ R

and then extend this to a time-dependent field u(x, t) constrained by a disper-

sion relation. Now, there is a technical problem concerning Fourier transforms of

stationary random functions because if one uses the standard tranform (2.3) as in

û(k) =

∫ ∞
−∞

e−ikxu(x) dx and u(x) =
1

2π

∫ ∞
−∞

eikxû(k) dk (2.14)

then û(k) almost surely does not exist. One way to see this is via Parseval’s

theorem, which states that the integral of |û|2 over k equals the integral of 2π|u|2

over x. The latter is infinite for any homogeneous random function u(x) regardless

of its spectral bandwidth, which implies that û is infinite for all k. One can deal
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with this problem either by restricting to a bounded periodic domain at the outset,

or by using a measure-valued notion of a Fourier transform (e.g., Yaglom [1962],

Yaglom [1987]). We adopt the second approach, as it allows us to retain the

generality of the problem without introducing another length scale, yet it is easy

to adapt to a bounded periodic domain for numerical simulations as in §2.6 below.

Thus we replace (2.14b) by

u(x) =
1

2π

∫ ∞
−∞

eikx dû(k) (2.15)

where for a stationary field u(x) the random spectral measure dû(k) is defined by

E dû(k) = 0,
1

2
E dû(k)dû(k′) = 2πE(k)δ(k − k′) dkdk′, 1

2
E |dû(k)|2 = 2πE(k) dk.

(2.16)

For real u(x) we also have dû(−k) = dû(k). The factor 1
2

maintains consistency

with the conventional definition of energy density as u2/2. The real function

E(k) ≥ 0 is the power spectrum of u(x), which by (2.15-2.16) is also half of the

Fourier transform of the covariance function:

1

2
Cu,u(s) =

1

2
Eu(x)u(x+ s) =

1

2π

∫ ∞
−∞

eiksE(k) dk. (2.17)

Thus, Ĉu,u(k) = 2E(k) in the notation of (2.3). The relations (2.15-2.17) hold

for any stationary random function u(x), but in the particular case of a Gaussian

function the probability distribution for the real and imaginary parts of dû(k) are

independent identical normal distributions with mean zero and variance according

to (2.16).

The natural extension of (2.15) to a time-dependent field u(x, t) is

u(x, t) =
1

(2π)2

∫
ei(kx+ωt) dû(k, ω) (2.18)
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with E dû(k, ω) = 0,

1

2
E dû(k, ω)dû(k′, ω′) = (2π)2E(k, ω)δ(k − k′, ω − ω′) dkdk′dωdω′, (2.19)

and Ĉu,u(k, ω) = 2E(k, ω) for the Fourier transform of Cu,u(s, τ) = Eu(x, t)u(x +

s, t+ τ). The marginal one-dimensional spectrum E(k) follows as

E(k) =
1

2π

∫
E(k, ω) dω. (2.20)

Here the factor 2π ensures consistency in

1

2
Cu,u(0, 0) =

1

2
E|u|2 =

1

(2π)2

∫
E(k, ω) dkdω =

1

2π

∫
E(k) dk. (2.21)

Now, constraining every realization of u(x, t) to solve a linear wave problem means

constraining the admissible frequency values by a dispersion relation of the form

ω = ω0(k), say. This leads to

dû(k, ω) = 2πδ(ω−ω0(k)) dû(k)dω and E(k, ω) = 2πδ(ω−ω0(k))E(k), (2.22)

which can be checked to be consistent with both (2.19) and (2.20). More generally,

if there are N frequency branches then there are N terms in (2.22) and these

could have different energy spectra En(k) with n ≤ N . In particular, if there are

N = 2 equal-and-opposite branches ω = ±ω0(κ) with κ = |k| that are statistically

independent and identically distributed, then a compact representation for u(x, t)

follows by assuming that dû(k, ω) satisfies (2.19) with

E(k, ω) = 2π [δ(ω − ω0(κ)) + δ(ω + ω0(κ))]
1

2
E(k). (2.23)

The factor 1/2 means E1(k) = E2(k) = E(k)/2. Multi-component and multi-

dimensional random wave fields can now be defined in analogy with u(x, t) whilst

adjusting powers of 2π and so on as needed.
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2.3.2 Wave field representation

Based on the foregoing, the O(a) wave fields are written as
u1

v1

h1

 =
1

(2π)3

∫
ei(kx+ly+ωt)


dû

dv̂

dĥ

 , (2.24)

where dû, dv̂, dĥ are random measures on the dual space {(k, l, ω) ∈ R3∗}. Gaus-

sianity of the wave field implies that these measures are also Gaussian. They are

not necessarily independent, but the vector of measures can be decomposed into

a basis of three orthogonal, independent modes, which can be calculated from

the linearized shallow-water equations. Each of these is singularly supported on

a subset {ω = ω(k, l)} ⊂ R3∗ corresponding to a particular branch of the disper-

sion relation. One of these branches corresponds to the balanced vortical mode

with ω = 0, which is associated with a nonzero potential vorticity disturbance and

which we do not consider any further. The other two branches satisfy ω = ±ω0(κ)

where

ω0(κ) = +

√
κ2c2L̂(κ) + f 2 (2.25)

is the dispersion relation for inertia–gravity waves in shallow water. Here c2 = gH

and (κ, θ) are polar coordinates for k = (k, l) = κ(cos θ, sin θ). Both branches are

represented using a Gaussian random measure dφ̂(k, ω) such that

Edφ̂(k, ω) = 0,


dû

dv̂

dĥ

 =


− cos θ + i f

ω
sin θ

− sin θ − i f
ω

cos θ

κH
ω

 dφ̂(k, ω), (2.26)
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Edφ̂(k, ω)dφ̂(k′, ω′) = (2π)3E(k, ω)δ(k− k′, ω − ω′) dkdk′dldl′dωdω′, (2.27)

and

E(k, ω) = 2π [δ(ω − ω0(κ)) + δ(ω + ω0(κ))]
1

2
E(k). (2.28)

For a real wave field we also have

dφ̂(k, ω) = dφ̂(−k,−ω). (2.29)

The normalization of (2.27) is chosen such that

Ē =
1

2
E
(
|u1|2 + |v1|2 +

g

H
|h1Lh1|

)
=

1

(2π)3

∫
E(k, ω)dkdldω =

1

(2π)2

∫
E(k)dkdl.

Here Ē is the expected value of the linear energy density per unit area. We now

restrict ourselves to the case where the spectrum is isotropic, i.e.,

E(k)dkdl = E(k, l)dkdl = S(κ)dκdθ ⇔ S(κ) = κE(κ cos θ, κ sin θ), (2.30)

where S(κ) is a non-negative function. This implies

Ē =
1

2π

∫ ∞
0

S(κ) dκ. (2.31)

2.4 The second-order Lagrangian velocity

Our aim is to use (2.2) to calculate the leading-order diffusivity in a random wave

field and this requires knowing the Lagrangian velocity field at sufficient accuracy.

At O(a), the relevant velocity field is simply the linear wave field, but as noted

before this does not lead to any diffusion if the wave frequency spectrum is bounded
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away from zero. This means we need to know the Lagrangian velocity field at

O(a2), so we need to compute

uL2 = u2 + uS2 where uS2 = (ξ1 · ∇)u1 (2.32)

is the Stokes drift based on the usual linear particle displacement field ξ1 such

that ∂tξ1 = u1. These standard definitions ensure that uL2 (x, t) captures the O(a2)

velocity of the particle that performs zero-mean linear wave oscillations around the

point x. The leading-order diffusivity based on (2.32) then arises at O(a4).

Now, uS2 is a wave property in the sense that it can be computed directly from

the linear wave field. On the other hand, the Eulerian velocity u2 needs to be

computed from the fluid equations at O(a2). This is a cumbersome procedure but

substantial simplifications occur if we concentrate on the low-frequency part of

uL2 as the only part relevant for diffusion. Specifically, we will make frequent use

of the result (2.7), which allows us to neglect time derivative components of uL2 .

Henceforth we will use the symbol
t
= to mean “equal up to a time derivative of a

stationary function”.

2.4.1 Low-frequency equations

We use a Helmholtz decomposition for uL2 such that∇·uL2 and∇×uL2 are considered

in turn. First, the divergence ∇ · uL2 = ∇ · u2 +∇ · uS2 is determined as follows.

The O(a2) continuity equation is

∇ · (Hu2 + h1u1) = −∂th2 ⇔ ∇ · u2
t
= − 1

H
∇ · (h1u1). (2.33)

59



The Stokes drift by definition is

uS2 = (ξ1 · ∇)u1 = ∇ · (u1ξ1)− u1∇ · ξ1 = ∇ · (u1ξ1) +
h1u1

H
. (2.34)

Here the divergence operator contracts with ξ1 and we used H∇ · ξ1 = −h1 from

the linear equations. Taking the divergence and using ξ1 = (ξ, η) then leads to

∇ · uS2 =
∂

∂t

(1

2
∂2
xxξ

2 +
1

2
∂2
yyη

2 + ∂2
xyξη

)
+

1

H
∇ · (h1u1)

t
=

1

H
∇ · (h1u1). (2.35)

Adding (2.33) and (2.35) gives

∇ · uL2
t
= 0, (2.36)

which shows that the divergence part of uL2 does not contribute to the diffusivity.

In other words, for the purpose of computing the diffusivity we can treat uL2 as

incompressible.

Next, we determine ∇×uL2 = ∇×u2 +∇×uS2 at low frequency. Again, we first

consider the Eulerian component. Taking ∂t of the continuity equation, keeping

terms of O(a2), and substituting the O(a2) PV constraint H∇× u2 = fh2 gives

(∇× u2)tt + f(∇ · u2)t =
−f
H
∇ · (h1u1)t. (2.37)

The term (∇ ·u2)t can be replaced using the momentum equations and this yields

(∂tt − c2∇2L+ f 2)∇× u2 = f∇2 1

2
|u1|2 −

f 2

H
∇× (h1u1)− f

H
∇ · (h1u1)t. (2.38)

Omitting time derivatives and adding the Stokes drift yields

(−c2∇2L+f 2)∇×uL2
t
= (−c2∇2L+f 2)∇×uS2 +f∇2 1

2
|u1|2−

f 2

H
∇×(h1u1). (2.39)

In the special case of a slowly varying wavetrain uS2 and h1u1/H are both equal to

the pseudomomentum vector and after inverting a Laplacian the present equation
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then reduces to (1.3) in Bühler and McIntyre [1998]. For general random waves

this is not the case and we will work with (2.39) in the form

∇× uL2
t
= ∇× uS2 + f

(
f 2 − c2∇2L

)−1
(
∇2 1

2
|u1|2 −

f

H
∇× (h1u1)

)
. (2.40)

This is the central expression for ∇× uL that we will use together with (2.36) to

compute the diffusivity. Despite considerable effort, we did not succeed in finding a

simple relation between uL2 and the Stokes drift or perhaps the pseudomomentum

of the waves, even though such relationships are readily available in the context of

slowly varying wavetrains as shown in Bühler and McIntyre [1998].

In the case of no rotation (2.40) reduces to the trivial equation

∇× uL2
t
= ∇× uS2 . (2.41)

Together with (2.36) this means that in this case the low-frequency part of uL2

is simply the least-squares projection of uS2 onto non-divergent vector fields. In

the standard shallow-water equations with L̂ = 1, it is possible to show that

∇ · (h1u1)
t
= 0, so in fact each of the Stokes and Lagrangian flows are separately

non-divergent at low frequency. In this case one could simply set uL2
t
= uS2 for

the computation of the diffusivity, as the divergent part of uS2 would only add an

inconsequential time derivative part. Therefore a naive nonlinear trajectory com-

putation based solely on the O(a) wave field would lead to the correct diffusivity

at O(a4). However, we will clearly see below that this is not the case if f 6= 0.
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2.4.2 Computing the correlation function for second-order

fields

The task is now to use (2.40-2.41) in order to compute the covariance structure of

uL2 and ultimately the diffusivity based on this velocity field. This is conceptually

straightforward, but technically arduous for the following reason. To begin with,

the linear wave fields are represented by a three-dimensional integral over (k, ω)

in (2.24) and therefore the quadratic source terms (2.40) as well as uL2 itself are

represented by a six-dimensional integral over two copies of this space. Following

this reasoning, the covariance structure of uL2 is then given by a twelve-dimensional

integral and the leading-order diffusivity

DuL =
1

2

∫ +∞

−∞
EuL2 (0, 0, 0)uL2 (0, 0, t) dt (2.42)

is finally given by a thirteen-dimensional integral. On the other hand, simplifi-

cations arise because uL2 needs to be evaluated at x = y = 0 only, the fourth

moments of dφ̂ arising in (2.42) can be reduced to second moments using the

Gaussian distribution, and the time integral in (2.42) allows making frequent use

of the identity

2π δ(ω) =

∫ +∞

−∞
eiωt dt. (2.43)

As an example for what is involved we will now compute the covariance function

of the term ∇ × (h1u1) that appears in (2.40). From (2.24) and (2.26) it follows
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that

h1u1 =
1

(2π)6

∫
H
κ1

ω1

(
− cos θ2 + i

f

ω2

sin θ2

)
eix·(K1+K2)dφ̂1dφ̂2,

h1v1 =
1

(2π)6

∫
H
κ1

ω1

(
− sin θ2 − i

f

ω2

cos θ2

)
eix·(K1+K2)dφ̂1dφ̂2.

Here we use the short-hands x = (x, y, t), K = (k, l, ω), and dφ̂1,2 = dφ̂(K1,2).

Clearly, taking an x-derivative corresponds to multiplying the integrand by i(k1 +

k2), and a y-derivative to multiplying by i(l1 + l2), so

∇× (h1u1) =

H

(2π)2

∫
κ1

ω1

(
iκ1 sin(θ1 − θ2) +

f

ω2

(
κ2 + κ1 cos(θ1 − θ2)

))
eix·(K1+K2)dφ̂1dφ̂2.

(2.44)

The generic definition CA,A(x) = EA(0)A(x) leads to

C∇×(h1u1),∇×(h1u1) =
1

(2π)12
H2

∫
κ1κ3

ω1ω3

(
iκ1 sin(θ1−θ2) +

f

ω2

(
κ2 + κ1 cos(θ1−θ2)

))
×
(
− iκ3 sin(θ3−θ4) +

f

ω4

(
κ4 + κ3 cos(θ3−θ4)

))
ei(K1+K2)·xEdφ̂1dφ̂2dφ̂3dφ̂4, (2.45)

where the index pairs (1, 2) and (3, 4) correspond to the field at x and at the

origin, respectively. Since the dφi are Gaussian measures, the fourth moment can

be expressed as a sum of second moments via

Edφ̂1dφ̂2dφ̂3dφ̂4 = E(dφ̂1dφ̂2)E(dφ̂3dφ̂4)+E(dφ̂1dφ̂3)E(dφ̂2dφ̂4)+E(dφ̂1dφ̂4)E(dφ̂2dφ̂3).

The first term is zero if the field is complex, but for a real field it is

(2π)6E(K1)E(K3)δ(K1 + K2)δ(K3 + K4)dK1dK2dK3dK4 (2.46)
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after using (2.27). Now, (2.46) means that only κ1 = κ2, κ3 = κ4, and θ1 − θ2 =

θ3− θ4 = π matter in (2.45), which implies that the integrand vanishes. Therefore

the integral belonging to (2.46) is zero. Similarly, using (2.27) the second and third

terms lead to

(2π)6E(K1)E(K2)
(
δ(K1−K3)δ(K2−K4)+δ(K1−K4)δ(K2−K3)

)
dK1dK2dK3dK4.

Integrating (2.45) over K3 and K4 finally leads to

C∇×(h1u1),∇×(h1u1) =
1

(2π)6
H2

∫ (
κ2

1

ω2
1

(
κ2

1 sin2(θ1−θ2) +
f 2

ω2
2

(
κ2κ1 cos(θ1−θ2)

)2
)

+
κ1κ2

ω1ω2

( f 2

ω1ω2

(κ1 + κ2 cos(θ1−θ2))(κ2 + κ1 cos(θ1−θ2))− κ1κ2 sin(θ1−θ2)

− if κ2

ω2

sin(θ1−θ2)(κ2+κ1 cos(θ1−θ2)) + if
κ1

ω1

sin(θ1−θ2)(κ1+κ2 cos(θ1−θ2))
))

× ei(K1+K2)·xE(K1)E(K2) dK1dK2. (2.47)

Because of the crucial Gaussianity assumption for the wave fields, this covariance

function is given by an integral over six dimensions rather than twelve.

2.4.3 Leading-order diffusivity

We can now turn to computing the leading-order diffusivity. The algebra is even

less forgiving than in the previous section, so we will only outline the procedure

and state the results, relegating more details to an Appendix. First off, since

∇ · uL2
t
= 0 there is a random streamfunction ψ such that uL2

t
= (−ψy, ψx) and

∇×uL2 = ∇2ψ. We find it convenient to compute ψ such that CuL2 ,uL2 = − ∂2

∂y2
Cψ,ψ,
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CvL2 ,vL2 = − ∂2

∂x2Cψ,ψ, where Cψ,ψ(x, y, t) is the covariance function of ψ at the space–

time lags (x, y, t). We will compute this function and then use the symmetrized

expression

DuL2
+DvL2

= 2D =
1

2

∫ ∞
−∞
−∇2Cψ,ψ(x = 0, y = 0, t) dt . (2.48)

for the one-particle diffusivity D based on an isotropic spectrum. We use (2.40)

to solve for ψ in Fourier space and thus obtain an expression for ψ in terms of a

six-dimensional integral as in (2.44). Let us write the integrand as γ(K1,K2) so

that

ψ =
1

(2π)6

∫
γ(K1,K2)eix·(K1+K2)dφ̂1dφ̂2 . (2.49)

The exact form of γ is given in §2.8.1. Retracing the steps that led to (2.47) we

first obtain

Cψ,ψ(x) =
1

(2π)12

∫
γ(K1,K2)γ(K3,K4)ei(K1+K2)·xEdφ̂1dφ̂2dφ̂3dφ̂4.

and eventually

Cψ,ψ =
1

(2π)6

∫ (
|γ(K1,K2)|2+γ(K1,K2)γ(K2,K1)

)
E(K1)E(K2)ei(K1+K2)·xdK1dK2.

This integral is symmetric if the variable labels (1, 2) are interchanged, and averag-

ing over the two possible label sets yields an integrand that is explicitly symmetric

and easier to deal with. Finally, we take −∇2 (by multiplying the integrand by

(k1 + k2)2 + (l1 + l2)2) to get

−∇2Cψ,ψ(x) =
1

(2π)6

∫
g(K1,K2)E(K1)E(K2)ei(K1+K2)·xdK1dK2, (2.50)
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where g(K1,K2) = 1
2
|γ(K1,K2) + γ(K2,K1)|2

(
κ2

1 + κ2
2 + 2κ1κ2 cos(θ1 − θ2)

)
is

symmetric in each of its three pairs of arguments. We now substitute x = y = 0,

change to polar variables, integrate over θ1, θ2 (which we can do without knowing

the exact form of the energy spectrum or dispersion relation, since these were

assumed to be isotropic), and integrate over ω1, ω2 by using the delta functions in

(2.28). The non-trivial step in this recipe is the integration of g(K1,K2) over the

angles, which is described in §2.8.1 in the Appendix. The result is

−∇2Cψ,ψ(0, 0, t) =
1

(2π)2

∫
1

4

{
g(κ1, ω1, κ2, ω2)ei(ω1+ω2)t

+ g(κ1, ω1, κ2,−ω2)ei(ω1−ω2)t + g(κ1,−ω1, κ2,−ω2)e−i(ω1+ω2)t

+ g(κ1,−ω1, κ2, ω2)e−i(ω1−ω2)t

}
S(κ1)S(κ2)dκ1dκ2, (2.51)

where we use (2.31) and the short-hand ωi = ω0(κi) ≥ f . Here the function g is

g(κ1, ω1, κ2, ω2) =
1

(2π)2

∫
g(K1,K2) dθ1dθ2 =

1

2π

∫
g(K1,K2) d(θ1− θ2), (2.52)

which works because g(K1,K2) depends only on θ1 − θ2. We are now ready to

evaluate (2.48) using (2.51) and the identity (2.43), which turns the time-dependent

factors exp(i(ω1±ω2)t) into 2πδ(ω1±ω2). The frequency function is non-negative

by definition and by assumption we are not allowing waves at zero frequency,

so therefore only the δ(ω1 − ω2) terms matter, which by the isotropic dispersion

relation implies that the only relevant wavenumber locations in (2.51) are κ1 = κ2.

Performing the integral over κ2 whilst noting the scaling properties of the delta

function then leads to

2D =
1

2π

∫
1

2
g(κ, ω0(κ), κ,−ω0(κ))S(κ)2 dκ

|ω′0(κ)|
, (2.53)

66



where we replaced κ1 by κ, reinstated the dispersion relation, and combined two

identical terms because g is symmetric. Let us pull out the part of the integrand

that does not depend on the unknown energy spectrum by defining

G(κ) ≡ g(κ, ω0(κ), κ,−ω0(κ))
c3

|ω′0(κ)|
, (2.54)

so that the diffusivity is

2D =
1

2πc3

1

2

∫
G(κ)S(κ)2 dκ. (2.55)

The non-dimensional function G(κ) can be thought of as a kind of diffusivity

density in spectral space. In the next section we examine this function more

closely.

2.5 Analysis of diffusivity density

The diffusivity density G(κ) tells us how effective are waves at different scales at

generating single-particle dispersion. We will see that this depends crucially on

the strength of the rotation. Before going into specifics we can note two general

consequences of the form of (2.55) and the fact that G(κ) ≥ 0 (see Appendix).

First, the net diffusivity D can be viewed as a sum over positive definite contri-

butions from different wavenumbers κ, i.e., adding more wave energy at any scale

always increases D. Second, because the diffusivity is proportional to the spectral

wave energy squared, there is a divergence of D if a finite amount of wave energy

Ē is confined to an infinitesimal ring in wavenumber space such that S 6= 0 only

67



in a neighbourhood of size ∆κ around some central value κ0, say. In this case

Ē ∝ S(κ0) ∆κ ⇒ D ∝ G(κ0)
Ē2

∆κ
, (2.56)

which diverges as ∆κ → 0. Presumably, the physical interpretation of this diver-

gence is that in this limit the frequency bandwidth ∆ω → 0 as well and therefore

the auto-correlation time of the wave field diverges and so does D based on (2.5).

2.5.1 The influence of rotation

From here onwards we use the standard shallow-water dispersion relation by setting

L̂ = 1. Using the non-dimensional variable

n =
κc

f
(2.57)

the exact analytic expression for G(n) as derived in the Appendix is

G(n) =
1

12

√
n2 + 1

n2

(
6− 6

(1 + n2)3
− 12

(1 + n2)2
+

27

1 + n2
(2.58)

− 3

(1 + 4n2)3/2
+

11√
1 + 4n2

− 12
√

1 + 4n2

(1 + n2)2
− 11

√
1 + 4n2

1 + n2

)
.

This is our central theoretical result and it is plotted in Figure 2.1. The non-

rotating case f = 0 corresponds to n → ∞, which gives the limit G = 1/2, so in

this case no spatial scale is preferred and

f = 0 : D =
1

2πc3

1

8

∫
S(κ)2 dκ. (2.59)

Hence if f = 0 then the diffusivity is simply a constant times the L2-norm of

the energy spectrum, which is a result that could perhaps have been guessed by
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Figure 2.1: Spectral diffusivity density G(n) given in (2.58) (left). Diffusivity den-

sities Gs(n), Ge(n) induced by the Stokes drift (centre) and Eulerian flow (right).

A logarithmic scale is used for n.

dimensional analysis. It implies, for instance, that any energy-conserving spreading

of wave energy due to weakly nonlinear wave–wave interactions would tend to

decrease D.

Now, as indicated by Figure 2.1, the function G(n) increases monotonically

with n. Specifically, below n = O(1) the function decays rapidly with n and

eventually goes to zero as n5. Physically, the diffusivity density is strongest on

scales far smaller than the deformation scale c/f and it is negligible at scales

far larger than the deformation scale. Also, the diffusivity at any wavenumber κ

decreases if the rotation f increases, as this decreases the effective n. We don’t

find this monotonic behaviour an intuitively obvious fact. For instance, increasing

f at fixed κ increases the relative share of kinetic energy of inertia–gravity waves,

which would suggest that ‘more’ particle motion per unit energy is taking place as

f is increased.

In an effort to understand the structure of G(n) we decompose the Lagrangian
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flow into the sum of a Stokes drift uS2 and an Eulerian flow u2, and compute the

diffusivity density induced by each of these flow components separately. We will

call these diffusivity densities Gs(n) and Ge(n), respectively. The full Lagrangian

diffusivity will be the sum of these two diffusivity densities plus a cross-correlation

term, i.e., G 6= Gs +Ge. The exact analytic expressions are

Gs(n) =
n

2

(2 + n2)2

(1 + n2)5/2
(2.60)

and

Ge(n) =
−1 + 20n6 +

√
1 + 4n2 − 4n2(−6 +

√
1 + 4n2) + 3n2(1 +

√
1 + 4n2)

4(1 + n2)3/2(1 + 4n2)3/2n
.

(2.61)

These are plotted in Figure 2.1. The Stokes drift diffusivity density Gs(n) increases

with n to a peak near n = 1 and then decays slightly and converges to 1/2 as

n → ∞. The Eulerian flow diffusivity density Ge(n) also increases to a sharp

peak near n = 0.5 and then decays to 0. Since the Lagrangian diffusivity increases

monotonically, we can infer that the two components are stongly anti-correlated

when n = O(1) or below. Indeed, both (2.60) and (2.61) have the limiting form 2n

as n→ 0, which is much stronger than the Lagrangian diffusivity, which is 7n5 in

the same limit. This makes obvious that for strong rotation both the Stokes drift

and the Eulerian flow grossly overestimate the Lagrangian diffusivity. This can be

traced back to a near-cancellation of Stokes drift and Eulerian flow, which leads

to the choking of the Lagrangian flow.
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2.5.2 A scaling argument for strong rotation

Here we provide a scaling argument for D in the limit of strong rotation, where the

Lagrangian flow appears to be peculiarly weak. For this we consider a narrow-band

spectrum with width ∆κ centred at some wavenumber κ0 such that ∆κ� κ0 and

N = κ0c/f � 1. We view changing N as a simile for changing f , although we

could achieve the same scalings by varying c. Inspired by (2.5), we will estimate D

by finding scalings for E|uL2 |2 and τu separately in the limit N → 0. There is some

ambiguity here because, as discussed before, we can add the time derivative of any

stationary random function to uL2 without changing D, but doing so does change

the variance E|uL2 |2 and the correlation time τu separately. Still, we have found that

if the obvious time-derivative terms are subtracted then the correlation time for

all three fields (uL2 ,u
S
2 ,u2) are equal and simply proportional to the inverse of the

frequency bandwidth of the wave spectrum: τu ∝ 1/∆ω. With the approximation

∆ω ≈ ∆κ(c2κ0/f) from the dispersion relation for small N this gives

τu ∼
1

c∆κN
∝ f. (2.62)

Thus the correlation time grows linearly with f in the limit of strong rotation.

Now, to obtain a scaling for E|uL2 |2 we consider a non-dimensional version of

(2.40) where we use (f, κ0) as time and space scales and U as a wave velocity scale

such that U2 ∝ Ē. The aim is to determine UL, the relevant scale for uL2 as N → 0.

The non-dimensional (2.40) is

ULc

U2N
∇× uL2

t
= ∇× uS2 + (1−N2∇2)−1

(1

2
∇2|u1|2 −∇× (h1u1)

)
. (2.63)
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We can rewrite this equation by removing some terms from the right-hand side

that are time-derivatives (see §2.8.2 in the Appendix). The result is

ULc

U2N
∇× uL2

t
= ∇× uS2 + (1−N2∇2)−1

(1

2
N2∇2(ξ1 · ∇h1)−∇× uS2

)
(2.64)

As N → 0, the leading-order balance is

ULc

U2N
∇× uL2

t
= N2∇2

(1

2
(ξ1 · ∇h1)−∇× uS2

)
. (2.65)

This suggests the scaling

UL ∼ U2

c
N3 =

Ē

c
N3 ∝ f−3 (2.66)

as N → 0, which indeed shows a sharp decrease in the expected size of uL2 . Com-

bining this with (2.62) yields

D ∼ (UL)2τu ∼
Ē2

c3∆κ
N5 ∝ f−5,

in accordance with the limit of (2.58) as n → 0. On the other hand, we can

perform a similar analysis on the Stokes drift and the second-order Eulerian flow.

A straightforward non-dimensionalization of the quadratic quantities leads to the

scalings U s ∼ U e ∼ U2

c
N , which shows a much more shallow decrease than UL ∼

N3. Using the same correlation time τu then gives a scaling D ∼ N ∝ 1/f for

the diffusivity based on either of these two fields, which is again in accordance

with (2.60-2.61). The conclusion remains clear: in the limit of strong rotation the

Stokes drift grossly overestimates the true particle dispersion.
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2.6 Monte-Carlo simulations

Monte-Carlo simulations were performed to test the theoretical predictions of dif-

fusivity. We use Fourier transforms over the spatial coordinates to compute a

random initial condition for the wave variables and then we step the process for-

ward in time by using the linear wave propagation operator to calculate the process

at subsequent times. Since there are two possible values of ω for each pair (k, l),

we must generate two independent random fields and step each field forward in

time separately. Specifically, we use a version of (2.26) in which

dφ̂(k, ω) = 2πδ(ω − ω0(k)) dφ̂1(k) + 2πδ(ω + ω0(k)) dφ̂2(k) (2.67)

and the two independent measures dφ̂1,2(k) are related to the power spectrum by

E|dφ̂1(k)|2 = E|dφ̂2(k)|2 = (2π)2E(k)

2
dkdl. (2.68)

The spatial domain was chosen to be periodic in x and y, with sides of length

Lx = Ly = 1500 and Nx = Ny = 128 grid points were used to represent the

process in space. The discretized version of (2.24-2.26) follows in a straightforward

way by formally substituting ∆k ↔ dk, ∆l ↔ dl, ∆φ ↔ dφ̂, and Σ ↔
∫

where

the summation elements are

∆k =
2π

Lx
, ∆l =

2π

Ly
. (2.69)

The stochastic measure dφ̂ becomes a random variable ∆φ that by (2.67) is broken

up into two separate pieces: for one we let ∆φ = ∆φ1, where ∆φ1 is associated with

the branch ω = ω0, and for the other we let ∆φ = ∆φ2, where ∆φ2 is associated
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with the branch ω = −ω0. The values of these random variables depend on the

grid point in question. We will index them with superscripts m,n, so that at each

point (km, ln) in Fourier space they can be generated in a manner consistent with

(2.68) via

∆φm,n1 =

√
(2π)2

E(km, ln)

2
∆k∆l

1√
2

(Am,n1 + iBm,n
1 )

∆φm,n2 =

√
(2π)2

E(km, ln)

2
∆k∆l

1√
2

(Am,n2 + iBm,n
2 )

where Am,nj , Bm,n
j are independent N (0, 1) random variables.

For a given value of t, the Gaussian random field in real space is calculated by

setting ∆φm,n1 (t) = eiω0(κm,n)t∆φm,n1 , ∆φm,n2 (t) = e−iω0(κm,n)t∆φm,n2 , and calculating

separate wave variables for each branch of the dispersion relation using (2.26). For

example, we would compute independent fields (∆ûm,n1 (t),∆v̂m,n1 (t),∆ĥm,n1 (t)) for

the positive branch and (∆ûm,n2 (t),∆v̂m,n2 (t),∆ĥm,n2 (t)) for the negative branch.

Derivatives and antiderivatives of wave variables are obtained by multiplication or

division in Fourier space. Then, we form the sum of the branches, take the inverse

two-dimensional Fourier transform of each variable, and finally take the real parts

of each of the resulting variables and multiply by
√

2 . This last step is an easy

way to enforce the condition (2.29).

As an example, the variable ξ =
∫
u dt at the spatial grid point (x, y) and time

t would be calculated as

ξ(x, y, t) =
√

2Re

{
1

(2π)2

∑
m,n

[
1

iωm,n0

(
− cos θm,n + i

f

ωm,n0

sin θm,n
)

∆φm,n1 (t)

+
1

−iωm,n0

(
− cos θm,n − i f

ωm,n0

sin θm,n
)

∆φm,n2 (t)

]
ei(xkm+yln)

}
.
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Once we have all of the desired wave variables, we can calculate the Lagrangian

velocity by forming the quadratic wave quantities which appear in (2.40), and

solving for uL in Fourier space, assuming ∇ · uL = 0. We did this at a finite set

of times (ti) and calculated the time-correlation functions of uL, vL at each fixed

point in space. By taking an average over space we obtain an estimate of the true

time-correlation function. By the law of large numbers, this estimation becomes

sharper as we repeat the above process and average over an increasing number of

independent samples.

2.6.1 One-particle diffusivity

We used the same isotropic power spectrum for all the simulations, namely a

spectrum that is nonzero only between two cutoff wavenumbers such that

S(κ) =
(2π)2

√
2
κ1(κa,κb) (2.70)

in (2.30). We let c = 1, L̂ = 1 and varied the Coriolis parameter f . Therefore,

by defining the dominant wave scale to be κ0 = (κa + κb)/2, we could look at the

diffusivity and other quantities as a function of the non-dimensional parameter

N = κ0c/f . The cutoff wavenumbers were chosen as (κa, κb) = (0.09, 0.12), which

meant that roughly 25 wavelengths fit into the domain.

Figure 2.2 plots the results and shows very good agreement with the theoretical

values calculated by integrating (2.55).

To test the scalings for high f in §2.5.2, variables were generated using a di-

mensional version of (2.64). Figure 2.3 on the left plots the numerical correlation
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Figure 2.2: Left: twice the one-particle diffusivity as a function of N = κ0c/f . Ten

independent samples were used to estimate each point. For the chosen spectrum

the curve asymptotes towards 0.01 as N → ∞. Right: two-particle diffusivity as

a function of non-dimensional separation Q. Each line corresponds to a different

value of N , stars correspond to D
(2)
11 and circles correspond to D

(2)
22 .
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line for the last 5 data points is shifted and plotted as a dashed line. It has a slope

of 4.7.

time versus f . A clear linear scaling is visible, justifying our estimation of τu ∼ f .

In the right panel we plot D versus f on a log-log scale. Here the best-fit line has

a slope of -4.7, which is quite close to the estimated value of -5.

2.6.2 Two-particle diffusivity

The Monte-Carlo simulations also allow us to compute the two-particle diffusivity,

for which we have no analytic formula. For an isotropic system the two-particle

diffusivity D
(2)
ij as defined in (2.6) has the form

D
(2)
ij (rk) = A(r)δij +B(r)r̂ir̂j (2.71)

where r̂i is the unit vector in the direction of the initial particle separation vector

ri, and r ≥ 0 is the corresponding magnitude such that ri = rr̂i. We set ri = (r, 0)
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without loss of generality and then the functions A and B can be found from

D
(2)
11 = A(r) +B(r) and D

(2)
22 = A(r). (2.72)

These components are computed using

D
(2)
11 =

∫ ∞
0

(
2CuL2 ,uL2 (0, 0, τ)− CuL2 ,uL2 (r, 0, τ)− CuL2 ,uL2 (−r, 0, τ)

)
dτ (2.73)

and an analogous equation for D
(2)
22 with vL2 replacing uL2 . The result is plotted in

figure 2.2 as a function of the non-dimensional separation parameter Q = rf/c.

These plots indicate that the longitudinal diffusivity D
(2)
11 is less than the transver-

sal diffusivity D
(2)
22 for moderate initial separations (compared to the Rossby de-

formation scale), and that both diffusivities eventually converge to twice the one-

particle diffusivity of figure 2.2 in the limit of large Q. Broadly speaking, the

discrepancies between longitudinal and transversal diffusivity appear to be more

pronounced for weak rotation, i.e., for large N .

2.7 Concluding comments

We have computed the leading-order wave-induced effective diffusivity for particle

dispersion in the rotating shallow water system. Under the assumption of a nonzero

lower bound on the wave frequencies, this leading-order diffusivity is O(a4) if the

waves are O(a) in the wave amplitude a� 1. We derived a closed-form analytical

expression for the diffusivity density in spectral space and tested the wavenumber

dependence of this density using numerical Monte–Carlo simulations and direct

numerical simulations in the limiting case of zero rotation. Based on this, we are
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quite confident that our computation is correct, despite the somewhat daunting

algebraic details.

As noted before, we have no simple physical explanation for the observed fact

that the diffusivity due to waves at any wavenumber always decreases if the ro-

tation is increased. Moreover, the central equation (2.40), which governs the low-

frequency part of uL2 , does not seem to fit into the framework of non-dissipative

wave–mean interactions developed for slowly varying wavetrains in Bühler and

McIntyre [1998]. Specifically, there it was possible to describe the O(a2) mean

flow through a PV-inversion problem in which the waves’ pseudomomentum and

energy provided the effective PV. In the present case of Gaussian random waves

this does not seem to be the case, which is why we did not use the pseudomomen-

tum in this paper. It appears that in the three-dimensional rotating Boussinesq

equations it is once again possible to obtain uL2 via a PV-inversion problem based

on pseudomomentum. Hence it seems that the particular complications of the

present shallow-water case are caused in some essential way by the apparent com-

pressibility of the two-dimensional shallow-water fluid.

There is another interesting detail, which is relevant for the oceanographic

application to horizontal dispersion that motivated the present study. Namely,

there is an explicit factor that diverges as the group velocity goes to zero in the

equation for the diffusivity density G in (2.54). In shallow water this happens only

if κ = 0, in which case the interaction term g itself goes to zero quickly enough

to not cause any problem. It appears that in the three-dimensional equation for

the diffusivity that is analogous to (2.54) there is also a similar divergent factor.
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However, in the three-dimensional case it now appears that the vanishing of the

group velocity as ω goes to its upper limit provides a non-trivial divergence of the

diffusivity, at least in the often-studied case in which the internal wave spectrum

is described by a separable power spectrum in ω and vertical wavenumber. We

will discuss this at greater length in the next chapter.

2.8 Appendix

2.8.1 Quantities

The wave function for ψ, from (2.49), is

γ(K1,K2) =
1

κ2
1 + κ2

2 + 2κ1κ2 cos(θ1−θ2)

{
i
κ2

ω1

(
κ1 sin(θ1−θ2)− i

f

ω2

(κ2 + κ1 cos(θ1−θ2))
)(
− cos(θ1−θ2) + i

f

ω1

sin(θ1−θ2)
)

+
f

f 2 + κ2
1 + κ2

2 + 2κ1κ2 cos(θ1−θ2)

(
1

2

[
(κ2

1+κ2
2+2κ1κ2 cos(θ1−θ2))

(
(1− f 2

ω1ω2

) cos(θ1−θ2)

+ if(
1

ω2

− 1

ω2

) sin(θ1−θ2)
)]

− ifκ1

ω1

[
κ1 sin(θ1−θ2)− i

f

ω2

(κ2 + κ1 cos(θ1−θ2))
])}

(2.74)

When f = 0, this reduces to

γ(K1,K2) =
−iκ1κ2

ω1
cos(θ1−θ2) sin(θ1−θ2)

κ2
1 + κ2

2 + 2κ1κ2 cos(θ1−θ2)
.

Let us continue with the special case f = 0 to show the algebra involved in

computing the diffusivity density.
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The wave interaction function is

g(K1,K2) =
1

2

κ2
1κ

2
2 cos2(θ1−θ2) sin2(θ1−θ2)

κ2
1 + κ2

2 + 2κ1κ2 cos(θ1−θ2)

(
1

ω 1
− 1

ω 2

)2

The next two steps in the computation, as described in the text are: (i) integrate

over θ1, θ2; (ii) substitute κ1 = κ2 = κ and ω1 = −ω2 = ω. In fact, these operations

commute, since we could just as easily have integrated out the ω1, ω2 - dependencies

before integrating out the θ1, θ2-dependencies. In practice, it is easier to do the

computations in the reverse order, and we will do so here.

Making the substitutions (ii) yields

g(κ, θ1, ω, κ, θ2,−ω) =
κ2 cos2(θ1−θ2) sin2(θ1−θ2)

ω2(1 + cos(θ1−θ2))

The factor 1 + cos(θ1−θ2) from the Laplacian on the bottom cancels with part

of the sin2(θ1−θ2) factor on top, after which it is very easy to integrate over θ1, θ2

to get

g(κ, ω, κ,−ω) =
1

2

κ2

ω2
.

Therefore the diffusivity density is

G(κ) = c3g(κ, ω, κ,−ω)
dκ

dω
=

1

2

after using the dispersion relation ω = cκ.

The algebra for computing the full diffusivity density when f 6= 0 is much

more involved. While the cosine dependence of the Laplacian operator in the

denominator cancels with factors in the numerator, as it did in the non-rotating

case, the cosine dependence of the Helmholtz operator does not cancel, so the

integrals over θ1, θ2 are more complicated. Luckily, indefinite integrals of the form
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∫
θ

cosp θ
(a+b cos θ)

dθ and
∫
θ

cosp θ
(a+b cos θ)2

dθ, where p is a non-negative integer, are possible to

compute analytically. Provided a 6= b, (a condition which is satisfied in our case

when f > 0), the definite integrals from 0 to 2π are algebraic functions of a and b.

We can use these known integrals to get an algebraic expression for g(κ, ω, κ,−ω)

and finally the diffusivity density G(κ).

2.8.2 Manipulations involving time derivatives

The following manipulations are used to turn (2.63) into (2.64). First,

∇× uS2 −∇× (h1u1)/H = (v1ξ1)xx − (u1η1)yy
t
=

1

2
∇2(v1ξ1 − u1η1) (2.75)

follows from the definition of uS2 and the identities h1/H = −∇ · ξ1 and −u1η1 =

ξ1v1− (ξ1η1)t. Second, contracting the linear momentum equations with ξ1 yields,

for L̂ = 1,

f(v1ξ1 − u1η1)
t
= −(u2

1 + v2
1) + g ξ1 · ∇h1. (2.76)

This step is reminiscent of deriving the virial theorem for the linear equations.

Scaling and substitution in (2.63) then yields (2.64).

82



3
Particle dispersion by random

waves in the rotating

Boussinesq system

3.1 Introduction

This chapter computes the one-particle diffusivity of Taylor [1921] (defined in (3.7)

below) for the rotating, stratified Boussinesq equations, building directly on the

rotating shallow-water study from the previous chapter reported in Bühler and

Holmes-Cerfon [2009] (hereafter BHC). Our study differs from an earlier internal

wave study by Sanderson and Okubo [1988] by allowing for background rotation,

which means that our internal waves are inertia–gravity waves. This allows us

to treat waves with frequencies near the Coriolis frequency, which is essential in

the ocean. The presence of background rotation makes the wave–mean interac-

tion problem of computing the second-order advection velocity significantly more

complicated and this is discussed carefully below. Essentially, this requires taking

proper account of the constraint of uniform potential vorticity for the second-order

flow.

As in BHC, we model the linear wave field as a zero-mean, stationary, homoge-

neous Gaussian random field defined by its power spectrum. This can be obtained
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by providing random Gaussian initial conditions for an internal wave field and then

evolving the field in time with the usual linear equations. We restrict our analysis

to fields with horizontally isotropic power spectra, which is a good starting point

for internal waves in the ocean. A modelling choice has to be made with regard

to the direction of vertical wave propagation in the sense of group velocity. In the

ocean interior the typical situation would be one in which upward and downward

waves are equally likely, but we also consider the case in which the waves propa-

gate predominantly in one vertical direction. It will be shown that this leads to

an increase in the horizontal diffusivity per unit wave energy.

The wave-induced diffusivity can be thought of as arising from a particular set of

wave–wave interactions, namely those in which the quadratic interactions between

two waves of equal frequency project onto a zero-frequency mode of the Lagrangian

flow. Importantly, the three-dimensional dispersion relation for internal waves (see

(3.13) below) is scale-independent and this allows for three-dimensional equal-

frequency waves with widely different spatial scales. This is in contrast with the

shallow-water case, where frequency and wavelength are inextricably linked by

the dispersion relation and therefore equal-frequency waves necessarily have the

same horizontal wavelength. Now, as we shall see, a crucial feature of the zero-

frequency horizontal Lagrangian flow is that it is constrained to be horizontally

incompressible, i.e., it is area-preserving. It turns out that this constraint filters

out wave–wave interactions involving waves with widely different length scales.

Hence this constraint is of little relevance in the two-dimensional case, but it

severely reduces the Lagrangian flow in the three-dimensional case. Indeed, it is
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this constraint that renders heuristic estimates of the three-dimensional diffusivity

based on wave energy or pseudomomentum amplitudes inaccurate.

Following a fundamental investigation of the three-dimensional Lagrangian flow

along the lines summarized above, the main result of our study is an analytic inte-

gral expression for the diffusivity in terms of the wave power spectrum. We care-

fully tested our expression against numerical simulations, investigated the role of

vertical propagation and the influence of the Coriolis parameter, and we established

a simple exact scaling symmetry that points to the somewhat counter-intuitive fact

that the diffusivity increases if wave energy at a fixed frequency is moved towards

small-scale waves. We then proceed to apply our theory to actual ocean data using

the standard Garrett–Munk spectrum as well as in-situ data obtained during the

North Atlantic Tracer Release Experiment (NATRE). The magnitude of our wave-

induced diffusivity appears comparable to the magnitude of horizontal diffusion

due to the so-called shear dispersion, which is often computed in ocean studies,

but both processes appear to fall significantly short of accounting for the observed

small-scale diffusivity of tracers at scales between 1-10km in that particular tracer

release experiment.

The structure of the chapter is as follows. After establishing the set-up of the

problem in § 3.2 the governing equations for the second-order advection velocity

are derived in § 3.3 and some heuristic insight into the wave–mean interaction

problem and the incompressibility constraint is provided in § 3.4. The integral

expression for the one-particle diffusivity is derived and analyzed in § 3.5-3.6 and

also tested against numerical simulations in § 3.7. The theoretical diffusivity is
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then applied to situations of oceanic interest in § 3.8 and concluding comments are

given in § 3.9.

3.2 Fluid equations and particle dispersion

In this section we introduce the governing equations and recall some of the defini-

tions and structure that were laid out in more detail in BHC. We work with the

standard three-dimensional rotating Boussinesq equations on an infinite domain:

ut + u · ∇u + f ẑ× u +∇P = bẑ (3.1)

bt + u · ∇b+N2w = 0 (3.2)

∇ · u = 0. (3.3)

Here x = (x, y, z) are the horizontal and vertical coordinates, ẑ is the vertical unit

vector, t is time, f is the Coriolis parameter, N is the buoyancy frequency, g is

gravity, u = (u, v, w) is the velocity field, and b is the buoyancy. Both f and N are

taken to be constants, which is an acceptable first approximation for small-scale

ocean dynamics.

An important property of the inviscid equations is the exact material invariance

of potential vorticity (PV), i.e.,

qt + u · ∇q = 0 where q = (f ẑ +∇× u) · (N2ẑ +∇b). (3.4)

If the flow is spun up from rest in a way that does not inject any potential vorticity,

then q is equal to its initial value fN2 everywhere, at all times. This gives us the
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exact nonlinear PV constraint

q = (f ẑ +∇× u) · (N2ẑ +∇b) = fN2. (3.5)

We seek solutions to (3.1-3.3) as an asymptotic expansion in powers of a small-

amplitude parameter a � 1. We assume no motion at leading order, so the O(1)

velocity and buoyancy fields are zero. In standard notation the solution takes the

form u

b

 =

0

0

+ a

u1

b1

+ a2

u2

b2

+O(a3). (3.6)

This regular perturbation expansion can be expected to be valid for anO(1) timescale

as a → 0. We take the O(a) flow to be a stationary, homogeneous, horizontally

isotropic Gaussian random wave field constrained to satisfy the linearized versions

of (3.1-3.3) and we make the additional assumption that the power spectrum of

the waves is bounded away from zero. If f 6= 0, then it can be seen from the

linear dispersion relation (3.13) that this constraint is satisfied automatically, but

if f = 0 then this is an additional constraint on the energy spectrum.

As a measure of diffusion we use a particle-based measure introduced by Taylor

(1921), which associates a diffusivity with the displacement variance of a particle,

so that Dij = 1
2
d
dt

E [(Xi(t)−Xi(0))(Xj(t)−Xj(0))], where Xj is the jth Cartesian

component of the Lagrangian velocity field, and E means expectation over real-

izations of the random velocity field. In our case the vertical components of the

diffusion tensor are zero and the horizontal components are isotropic, with each

component equal to

Du ≡
∫ ∞

0

Cu,u(τ)dτ =
1

2
Ĉu,u(0), where Cu,u(τ) ≡ E

[
u(t)u(t+ τ)

]
(3.7)
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is the correlation function of u, an arbitrary Cartesian component of the Lagrangian

velocity vector, the power spectrum Ĉu,u(ω) is its Fourier transform, and the over-

bar denotes complex conjugation. Clearly, only the value of the power spectrum

at ω = 0 is relevant for the diffusivity.

As noted in BHC, if the velocity field contains a component that is the time

derivative of a stationary random field, then this component does not contribute

to the diffusivity. To be specific, if u = U + Vt, where U and V are stationary

random variables, V is differentiable, and their correlation and cross-correlation

functions decay at temporal infinity, then

Du = DU . (3.8)

Henceforth we will use the symbol
t
= to mean “equal up to a time derivative of a

stationary function”, so u
t
= U in the present example.

3.2.1 Random linear waves modelled as a Gaussian process

The linear velocity field can be written as a stochastic Fourier integral; the details

of this are slightly technical and are spelled out in a simple pedagogical example

in BHC. The result is
u1

v1

w1

b1


=

1

(2π)4

∫
ei(kx+ly+mz+ωt)



(
cos θ − i f

ω
sin θ

)
sin β(

sin θ + i f
ω

cos θ
)

sin β

− cos β

−iN2

ω
cos β


dφ̂ , (3.9)
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where dφ̂ is a random measure on the dual space {K = (k, l,m, ω) ∈ R4∗}, such

that

E
[
dφ̂(K)

]
= 0, dφ̂(K) = dφ̂(−K), (3.10)

E
[
dφ̂(K)dφ̂(K′)

]
= (2π)4E(K)δ(K−K′) dkdk′dldl′dmdm′dωdω′. (3.11)

The spatial Fourier coordinates are sometimes written using spherical variables

(K, β, θ), where K2 = k2 + l2 +m2, β ∈ [−π/2, π/2] is the vertical angle such that

m = K sin β, and θ ∈ [0, 2π) is the horizontal angle. The density E(K) = E(−K)

is normalized such that the expected value of the linear energy density per unit

volume is given by

Ē =
1

2
E
[
|u1|2 + |v1|2 + |w1|2 +

|b1|2

N2

]
=

1

(2π)4

∫
E(K)dkdldmdω.

We will consider only wave fields that are horizontally isotropic and to simplify

notation we will denote spectral densities with respect to different variables by the

same symbol. For example, when converting E(K) to spherical coordinates we

write

E(K)dkdldmdω = E(K, β, ω)dKdβdθdω, so E(K)K2 cos β = E(K, β, ω).

(3.12)

The wave field satisfies the linear equations, so E(K) is supported only on surfaces

ω = ±ω(k, l,m), where the positive branch of the dispersion relation is

ω(k, l,m) =

√
N2(k2 + l2) + f 2m2

k2 + l2 +m2
⇔ ω(β) =

√
N2 cos2 β + f 2 sin2 β.

(3.13)
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Thus E(K) consists of terms proportional to δ-functions such as δ(ω ± ω(β)).

As mentioned before, a modelling assumption needs to be made regarding the

vertical structure of the waves. One approach is to write the entire wave field

as a combination of standing waves in the vertical [e.g. Sanderson and Okubo,

1988], although this makes the wave field inhomogeneous in the vertical. We

prefer to allow for independent upward and downward propagating waves in the

sense of vertical group velocity, which for internal waves has the opposite sign as

the vertical phase velocity [e.g. Lighthill, 1978]. Based on the phase convention in

(3.9) the sign of the vertical group velocity is equal to sgn(mω) = sgn(βω), so we

adopt the representation

E(K) = Eup(K) + Edown(K) with (3.14)

Eup(K, β, ω) = πSup(K, |β|)
(
δ(ω − ω(β)) + δ(ω + ω(β))

)
1sgn(β)=sgn(ω) (3.15)

Edown(K, β, ω) = πSdown(K, |β|)
(
δ(ω − ω(β)) + δ(ω + ω(β))

)
1sgn(β)=− sgn(ω).

(3.16)

Here 1x is the indicator function that is unity if x is true and zero otherwise, and

Sup(K, β), Sdown(K, β) are defined for β > 0 and are normalized such that

1

(2π)2

∫
K>0,β>0

SupdKdβ = Ēup,
1

(2π)2

∫
K>0,β>0

SdowndKdβ = Ēdown. (3.17)

We will ultimately work with spectra defined on total wavenumber K and positive

frequency ω; as in (3.12), the corresponding density can be obtained via

Sup,down(K,ω)dKdω = Sup,down(K, β)dKdβ. (3.18)

This completes the specification of the random linear wave field.
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3.3 The second-order Lagrangian velocity

In order to use Taylor’s formula (3.7) to compute the diffusivity, we need to know

the Lagrangian velocity of a particle. The leading-order Lagrangian velocity is

simply the Eulerian field at O(a). However, if the power spectrum of the wave

field is zero at ω = 0 then this O(a) wave field does not contribute to the particle

diffusivity, by (3.7). In this case the leading-order diffusivity stems from the O(a2)

Lagrangian velocity field, which is not given a priori.

The O(a2) Lagrangian velocity field is a sum of two parts, namely

uL2 = u2 + uS2 , where uS2 = (ξ1 · ∇)u1 (3.19)

is the Stokes drift, a Lagrangian correction that accounts for the variations in the

velocity field that the particle encounters as it oscillates around its mean position.

It is defined using ξ1, which is the usual linear particle displacement field such that

∂tξ1 = u1. The other term, u2, is an Eulerian correction, which comes from the

fact that a superposition of linear waves is not an exact solution to the Boussinesq

equations, so the non-linear advection terms will generate flow at higher orders.

We would like to find an expression for uL2 in terms of the linear wave field. The

Stokes drift is already in such a form, so one approach for finding such an expression

is to solve for u2 via brute force expansion and manipulation of the Boussinesq

equations and the PV constraint at O(a2), as was done in BHC. Alternatively, one

can use particle labels and the Lagrangian fluid equations as given in Lamb [1932]

as a basis for an asymptotic expansion. This approach was pursued in Sanderson

and Okubo [1988] for non-rotating internal waves, and it is possible to extend their
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calculation to rotating fluids provided that a suitable Lagrangian version of the

PV constraint (3.5) is incorporated.

We found it convenient to build our approach on Bühler and McIntyre [1998] (here-

after BM), who used the framework of generalized Lagrangian-mean (GLM) theory

introduced in Andrews and McIntyre [1978]. GLM theory avoids the use of particle

labels and it provides exact equations for the Lagrangian-mean velocity, the pseu-

domomentum and the Lagrangian-mean PV, which together can then be exploited

in the PV constraint (see Bühler [2009] for more information on wave–mean in-

teraction theory). Of course, all approaches must lead to the same uL2 in the end,

so our choice of GLM theory merely facilitates the computation of uL2 . Notably,

we will use the GLM formalism without an explicit averaging operator (hence we

write uL2 instead of ūL2 ), but one can regard the projection onto the O(a2) part of

the expansion as the definition of the mean flow in the present context. Hence the

“mean” flow in the present context is still a random flow.

3.3.1 Low-frequency equations for the Lagrangian velocity

We work at O(a2) and seek to focus attention on the low-frequency part of uL2 ,

which contains the frequencies in the neighbourhood of zero that are relevant for

dispersion. The O(a2) GLM equations for constant f and N and with zero O(1)

mean flow are (cf. (9.23, 9.24) of BM)

∂t

(
∇× (uL2 − p2)

)
+ f ẑ∇ · uL2 − (f ẑ · ∇)uL2 = ∇bL2 × ẑ (3.20)

∂tb
L
2 +N2wL2 = 0, (3.21)
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where the GLM pseudomomentum vector p2 has Cartesian components

p2i = −ξ1j,i (u1,j + [f ẑ× ξ1]j) (3.22)

and summation over repeated indices is implied.For incompressible flow ∇ · u = 0

but ∇ · uL2 6= 0; this is the divergence effect of the Lagrangian-mean flow. Specifi-

cally,

∇ · uL2 =
1

2
∂t(ξ1iξ1j),ij. (3.23)

We can now make good use of (3.8) to simplify (3.20-3.23):

−f ∂uL2
∂z

t
= ∇bL2 × ẑ, wL2

t
= 0, and ∇H ·uL2

t
= 0 (3.24)

where ∇H = (∂x, ∂y, 0). Thus the low-frequency Lagrangian-mean flow is horizon-

tal and has the familiar structure of a balanced flow, which can be described by a

quasi-geostrophic stream function ψL such that

uL2 = −ψLy , vL2 = ψLx , wL2 = 0, bL2 = fψLz . (3.25)

Clearly, wL2
t
= 0 implies that the vertical diffusivity is zero, as discussed in § 3.1.

In order to find an equation for ψL we turn to the PV constraint. It is a

particular strength of GLM theory that it is possible to write down an exact

expression of the Lagrangian-mean PV [(9.18) in BM, Bühler, 2009]. In the present

case this yields

qL =

(
∇× (uL − p) + f ẑ

)
· ∇(bL +N2z)

ρ̃
= fN2, (3.26)

where ρ̃ solves ∂tρ̃ + ∇ · (ρ̃uL) = 0. The latter can be expanded in amplitude

as ρ̃ = 1 + a2ρ̃2 + O(a3), where ρ̃2 = −1
2
(ξ1,iξ1,j),ij by (3.23). At O(a2), the PV
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constraint becomes

N2ẑ · ∇ × (uL2 − p2) + f
∂bL2
∂z

+
1

2
fN2((ξ1,iξ1,j),ij = 0. (3.27)

Substituting the stream function and using ∇ · ξ1 = 0 leads to(
∆H+

f 2

N2
∂zz

)
ψL

t
= ẑ · (∇× p2)− 1

2
f∇ · (ξ1 · ∇ξ1) (3.28)

where ∆H is the horizontal Laplacian. This differs from the equation considered

in BM by the last term, which was negligble in the context of a slowly varying

wavetrain considered there. However, this term is important for Gaussian random

waves. Equation (3.28) is the fundamental relation that we will use to solve for uL2

at low frequency.

3.4 Heuristic analysis of the incompressibility con-

straint

As noted in § 3.1, the incompressibility constraint (3.24) for the horizontal La-

grangian flow plays a crucial role in limiting the diffusivity D for three-dimensional

flows. This important fact is easily obscured in the detailed computation of D that

follows below, so we provide a heuristic discussion of the issue here in the non-

rotating case f = 0. This is essentially the physical situation studied by Sanderson

and Okubo [1988] and in this case (3.28) reduces to

∆HψL = ẑ · ∇ × uL2
t
= ẑ · ∇ × p2 and ∇H ·uL2

t
= 0. (3.29)

Hence, at every altitude z the horizontal Lagrangian-mean flow is simply the least-

squares projection of the horizontal pseudomomentum onto horizontally non-divergent
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vector fields; this is the incompressibility constraint in its purest form. The ques-

tion to understand is how important is this constraint, e.g., how wrong would D

be if one approximated (3.29) by uL2
t
= p2 for the horizontal flow components?

We will investigate (3.29) and this question by looking at the extreme case

of one or two plane waves; the general case can then be built up by integrating

over a continuum of all possible wave modes. To make this heuristic analysis as

simple as possible we will ignore the vertical direction completely in this section,

so all vectors and gradient operators will be horizontal only. This is quantitatively

correct for hydrostatic internal waves and makes the equations similar to those

governing the non-rotating shallow-water system. We will also omit the expansion

subscripts.

3.4.1 Self-interaction of a single plane wave

A single plane wave with amplitude A has the horizontal velocity and displacement

fields

u = A
k

κ
cos θ and ξ = −A k

ωκ
sin θ. (3.30)

Here k is the horizontal wavenumber vector, κ = |k| is its magnitude, ω its fre-

quency, and θ(x, t) is the wave phase such that k = ∇θ and ω = −θt. Importantly,

we assume ω > 0 and with this convention1 k points in the direction of horizontal

propagation of the wave. The corresponding pseudomomentum vector from (3.22)

is

p = −(∇ξ) · u =
A2

2

k

ω
(cos 2θ + 1) . (3.31)

1This differs from the convention used in (3.9).
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Hence p points in the direction of k and its space–time structure consists of an

oscillatory part with wavenumber vector 2k and frequency 2ω plus a constant

part. The oscillatory part does not project onto zero frequency and can therefore

be ignored, i.e., cos 2θ
t
= 0. The constant gives rise to the generic expression

p = k/ω E for the pseudomomentum of a plane wave in terms of the local energy

density E = A2/2. This constant pseudomomentum has zero curl and therefore

∆HψL = 0 in (3.29), which implies ∇ψL = 0 and therefore uL = 0 if periodic

boundary conditions are applied to ψL. In the approximation uL = p the constant

pseudomomentum would give rise to a uniform motion of the fluid layer as a whole,

which however does not disperse particle clouds. Either way, we obtain no particle

diffusion and therefore we conclude that the pseudomomentum of a single plane

wave is ignorable for diffusion.

3.4.2 Pair-interaction of two plane waves

We now consider two different plane waves with respective amplitudes A1 and A2,

say, and analogous notation for the other parameters. The quadratic pseudomo-

mentum p = p11 +p12 +p21 +p22, where the subscripts denote which wave is used

to evaluate ξ and u in (3.31), e.g., p12 = −(∇ξ1) ·u2. The same-wave components

p11 and p22 are ignorable for particle diffusion by the arguments already given in

§ 3.4.1. The mixed-wave components are

p12 + p21 =
A1A2 cosα12

2

(
k1

ω1

+
k2

ω2

)
(cos(θ1 + θ2) + cos(θ1 − θ2)) (3.32)

where α12 is the angle between k1 and k2. Now, the sum term cos(θ1 + θ2) has

wavenumber vector k1 +k2 and frequency ω1 +ω2, which is always nonzero. Hence
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cos(θ1 + θ2)
t
= 0 and this term is ignorable for diffusion. On the other hand, the

difference term cos(θ1 − θ2) can have zero frequency if ω1 = ω2. In this case we

have

p12 + p21
t
=
A1A2 cosα12

2ω1

(k1 + k2) cos(θ1 − θ2). (3.33)

The divergent part of this pseudomomentum field does not contribute to uL, and

we can extract that part by projecting (3.33) onto the associated wavenumber

vector k1 − k2. This yields

A1A2 cosα12

2ω1

(k1 + k2) · (k1 − k2)

|k1 − k2|
cos(θ1 − θ2) ∝ κ2

1 − κ2
2. (3.34)

Therefore we obtain the important result that the magnitude of the divergent part

of (3.33) is proportional to the difference of the horizontal wavenumber magnitudes.

In non-rotating shallow water the dispersion relation is ω = cκ and therefore

ω1 = ω2 implies that κ1 = κ2. Hence in this case the zero-frequency pseudomo-

mentum in (3.32) is non-divergent and therefore equal to the zero-frequency mean

flow uL. In other words, the incompressibility constraint (3.29) is automatically

satisfied in the shallow-water system.

On the other hand, for internal waves the frequency condition ω1 = ω2 does not

imply κ1 = κ2, because by (3.13) the frequency depends on the ratio of κ to the

vertical wavenumber m, so we only have the weaker statement κ1/m1 = κ2/m2.

We conclude that for internal waves with widely different horizontal wavelengths

the incompressibility constraint severely reduces the magnitude of the diffusive

component of uL, which is therefore mostly due to interactions of waves with

comparable horizontal wavelengths. We will rediscover this dominance of equal-

wavelength interactions in § 3.5.3 below.
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With these results in hand we can now answer the question posed at the begin-

ning of this section. Namely, in the non-rotating shallow-water system one could

set uL
t
= p with no error in D whilst in the three-dimensional Boussinesq system

the same approximation would lead to overestimating D: the incompressibility

constraint is important in the three-dimensional case.

Despite the heuristic utility of considering a few plane waves one should be

aware of the practical limitations of this approach. First, the simple explicit re-

sults are limited to non-rotating flow and second, the results written for finite

amplitudes A1 and A2 would need to be interpreted in the sense of distributions,

because a realistic wave field cannot have a finite amount of energy in any par-

ticular plane wave component. This is also obvious from the zero-frequency uL

computed above: any finite steady mean flow would lead to ballistic particle tra-

jectories and not to diffusion. This is in fact a practical problem for numerical

simulations of wave fields in a large but finite periodic domain, which use discrete

Fourier series and finite wave amplitudes. In such simulations the particle trajec-

tory in any given realization deviates at very long times from that predicted for

an unbounded domain because of the presence of a weak but nonzero steady flow

field.

Nevertheless, with these caveats understood it is true that the detailed technical

computations for D that follow are essentially straightforward extensions of the

present heuristic analysis to rotating flows and to a continuum of wave modes.
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3.5 Diffusivity calculation

The task is now to compute the covariance functions CuL2 ,uL2 , CvL2 ,vL2 , and to inte-

grate each in time at a fixed point in space to obtain the horizontal diffusivity.

Recognizing that CuL2 ,uL2 = − ∂2

∂y2
CψL,ψL , CvL2 ,vL2 = − ∂2

∂x2CψL,ψL , we find it easier to

calculate the diffusivity from the expression

2D = CuL2 ,uL2 + CvL2 ,vL2 =
1

2

∫ ∞
−∞
−∆HCψL,ψLdt (3.35)

evaluated at zero spatial lag. Without any simplifying assumptions, when the

integrand is written in Fourier space this is a 17-dimensional integral of a somewhat

lengthy expression. We will be able to reduce this to a 3-dimensional integral by

manipulations that, mutatis mutandis, mirror the shallow-water manipulations in

§4.3 in BHC. We will outline the derivation of our final result, but will keep the

expressions concise by representing the integrands using abstract function symbols

and relegating the actual algebraic expressions to the appendix.

3.5.1 Deriving the diffusivity integral

First, we use (3.28) to express ψL in Fourier space as an 8-dimensional stochastic

integral:

ψL(x) =
1

(2π)8

∫
γ(K1,K2)eix·(K1+K2)dφ̂1dφ̂2. (3.36)

Here x = (x, y, z, t) is the dual of K = (k, l,m, ω). It follows that

CψL,ψL(x) =
1

(2π)16

∫
γ(K1,K2)γ(K3,K4)eix·(K1+K2)E

[
dφ̂1dφ̂2dφ̂3dφ̂4

]
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Now we invoke the assumption of a Gaussian random field to expand the fourth

moment as a sum of second moments (see BHC for more details). Each of these

contains a δ-function singularity from (3.11), which we can integrate over to get

CψL,ψL =
1

(2π)8

∫ (
|γ(K1,K2)|2 + γ(K1,K2)γ(K2,K1)

)
× E(K1)E(K2)ei(K1+K2)·xdK1dK2.

Switching the labels (1,2) and averaging the resulting integrands yields a symmetric

expression that is easier to deal with. Taking the negative horizontal Laplacian

gives

−∆HCψL,ψL(x) =
1

(2π)8

∫
g(K1,K2)E(K1)E(K2)eix·(K1+K2)dK1dK2 (3.37)

where

g(K1,K2) = g(K2,K1) =
(k1 + k2)2 + (l1 + l2)2

2
|γ(K1,K2) + γ(K2,K1)|2. (3.38)

Using (3.35), the one-particle diffusivity at x = y = z = 0 is

4D =
1

(2π)8

∫
g(K1,K2)E(K1)E(K2)ei(ω1+ω2)t dK1dK2dt. (3.39)

We now switch to spherical wavenumber coordinates such that

g(K1,K2) = g(K1, β1, θ1, ω1, K2, β2, θ2, ω2) (3.40)

and then we exploit several δ-function singularities. First, time integration replaces

ei(ω1+ω2)t with 2πδ(ω1 +ω2) and integration over ω2 then replaces ω2 by −ω1 in all

terms. Using (3.14–3.16) then brings in four products of δ-functions involving ω1,
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but two of them are equal to zero in distribution because the dispersion function

ω(β) > 0 by definition. Integrating over ω1 and a few more steps detailed in the

appendix § 3.10.1 then lead to

4D =
1

(2π)4

∫
ω>0

{(
Sup(K1, ω)Sup(K2, ω) + Sdown(K1, ω)Sdown(K2, ω)

)
G2

+
(
Sup(K1, ω)Sdown(K2, ω) + Sdown(K1, ω)Sup(K2, ω)

)
G1

}
dK1dK2dθdω, (3.41)

where the integral is over positive ω only and

G1(K1, K2, ω, θ) =
1

2
g(K1, β(ω), θ1, ω,K2, β(ω), θ2,−ω)

G2(K1, K2, ω, θ) =
1

2
g(K1, β(ω), θ1, ω,K2,−β(ω), θ2,−ω). (3.42)

Here the function β(ω) > 0 for ω > 0 is the inverse of the dispersion relation (3.13),

and θ = θ1 − θ2. Because of the rotational symmetry of the governing equations,

each of G1, G2 depends only on θ1 − θ2, so we have simplified (3.41) by replacing

this difference with a single variable and integrating over the extra angle variable.

Explicit expressions for G1 and G2 are given in § 3.10.2. Note that G1 6= G2 in

general; this is discussed in § 3.5.2 below.

Finally, for horizontally isotropic spectra we can reduce (3.41) to the 3-dimensional

integral

D =
1

4

1

(2π)3

∫
ω>0

{(
Sup(K1, ω)Sup(K2, ω) + Sdown(K1, ω)Sdown(K2, ω)

)
H2

+
(
Sup(K1, ω)Sdown(K2, ω) + Sdown(K1, ω)Sup(K2, ω)

)
H1

}
dK1dK2dω, (3.43)
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where the diffusivity densities Hi(K1, K2, ω) = 1
2π

∫
Gidθ. This is our fundamental

theoretical result for the diffusivity D, analogous to the one-dimensional integral

(4.24) in BHC. It illustrates that for each ω the diffusivity D receives contributions

from wave pairs with all possible wavenumber magnitudes K1 and K2, as expected

from § 3.4.

In the following sections we analyze the diffusivity densities Hi, as these are the

lowest-dimensional functions that exactly determine the properties of the diffusiv-

ity for horizontally isotropic spectra. However, while we have calculated the exact

analytic expressions for the functions with a symbolic integrator, the expressions

are far too large to reproduce, and in practice one must use (3.41) to calculate

diffusivities numerically.

3.5.2 Upward and downward waves

Equation (3.43) makes obvious that it matters for D whether the wave spectrum

consists of waves all going in the same vertical direction, or whether the wave

spectrum is distributed into a mixture of upward and downward waves. Over a

large parameter range including that of primary oceanic interest, we find that H1

multiplying the mixed-direction terms in (3.43) is negligible compared to H2, which

multiplies the same-direction terms. Hence, a spectrum with waves going entirely

in one vertical direction produces about twice the diffusivity as the same spectrum

equally divided between the vertical directions.

To analyze this point, we first observe that if there is equal energy in waves

going up and waves going down then the integrand in (3.43) is proportional to
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H0 = (H1 + H2)/2, whereas in the limit of all the waves going the same vertical

direction the same term approaches H2. So it is the relative size of H1 and H2

that matters. The analytic expressions for these functions are very cumbersome

unless f = 0 (see § 3.10.2 for the forms of the Hi in this case), but they can be

easily evaluated numerically. To aid this process we first non-dimensionalize the

functions by defining the non-dimensional variables

r = min

{
K1

K2

,
K2

K1

}
, s =

ω − f
N − f

, a =
f

N
. (3.44)

Here r ≤ 1 is a scale parameter, which shows the contribution to the diffusivity

from waves of different scales; s is a frequency parameter, defined by mapping the

allowable range of frequencies [f,N ] linearly onto the interval [0, 1]; and a is the

Prandtl ratio. For oceanic applications both s and a are typically significantly

smaller than unity. We can write Hi in terms of a non-dimensional function hi as

Hi(K1, K2, ω) = max{K2
1 , K

2
2}hi(r, s, a)/N2. (3.45)

This makes explicit that the Hi are homogeneous of degree two in the wavenumber

magnitudes, i.e.,

Hi(αK1, αK2, ω) = α2Hi(K1, K2, ω) (3.46)

for any constant α > 0. We will use this property in § 3.6.2 below.

The functions hi ≥ 0 are maximized by their values at r = 1, with fairly rapid

decay away from this value (see figure 3.2 below). This means that for each ω

the main contribution to D in (3.43) stems from the wavenumber regions in which

K1 ≈ K2. This is consistent with the heuristic pseudomomentum arguments in

§ 3.4.2, because at fixed ω this condition implies that the horizontal wavenumber
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Figure 3.1: Non-dimensional diffusivity densities h1(1, s, a) for waves travelling in

opposite vertical directions (left), h2(1, s, a) for waves in the same vertical direction

(right).

magnitudes are also comparable, which was the crucial criterion for the pseudo-

momentum to project well onto a non-divergent mean flow. We restrict attention

to r ≈ 1 and in figure 3.1 the two functions h1 and h2 are compared for this value.

The plots show that h2(1, s, a) ≥ h1(1, s, a) everywhere, and indeed, h1 ≈ 0 except

when s is near 1 or when a = 0, which is the case of zero rotation. So it appears

that for oceanic applications, where Coriolis effects are important and there is very

little energy near the buoyancy frequency, the contribution of h1 is negligible; we

continue to include it here for generality.

3.5.3 Influence of scale separation and rotation

We restrict to the up–down symmetric case of vertical wave propagation such that

the relevant non-dimensional diffusivity density is h0 = 0.5(h1 + h2). First, we
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Figure 3.2: Left: h0(r, s, a = 0.1)/h0(1, s, a = 0.1) for several different values of

s as a function of r, the ratio of interacting wavenumbers. The density decreases

roughly quadratically in r for large s (frequencies away from the inertial frequency),

but drops off much more sharply for small s. Right: the non-dimensional diffusivity

density h0(1, s, a) in log space for spectra with equal energy in waves going in each

vertical direction.
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look at the contribution from waves of different spatial scales. In figure 3.2 we

plot h0(r, s, a = 0.1)/h0(1, s, a = 0.1) as a function of r for several different values

of s, to illustrate how the diffusivity drops off sharply as a function of the scale

separation of the interacting waves. We show this for only one particular value

of a but the results are the same for the many values we have tested. In a little

more detail, we have found from the log-log plots (not shown) that when s & a,

the diffusivity density is very close to a quadratic function of r over the full range

of r and therefore

h0(r, s, a) ≈ r2h0(1, s, a). (3.47)

When s� a, i.e., when ω − f � f , the diffusivity density drops off more sharply

near r = 1, but then becomes quadratic again for small values of r.

Next we look at the frequency-dependence of h0 to discern the importance of

rotation. As illustrated in figure 3.2, there is only a weak dependence on a = f/N

away from a = 0, so we need to only consider how h0 varies with the scaled

frequency variable s. Basically, over most of its range h0 is approximately 0.17,

rising to 0.5 for frequencies near N and dropping to 0 for frequencies near f . We

can Taylor-expand h0(1, s, a) about s = 0 to find the linear coefficient as s → 0,

the result is

h0(1, s, a) =
s

a(1 + a)
+O(s2) ≈ ω − f

f
(s→ 0). (3.48)

In the last approximation we assumed a = f/N � 1, as is the case in much of

the ocean. The apparent reduction of h0 near the Coriolis frequency is reminiscent

of the strong suppression of diffusion by Coriolis effects found previously in the
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shallow-water analysis of BHC. Conversely, in the non-rotating case f = 0 there is

no low-frequency drop-off in h0 as ω → 0.

These properties of h0 can be used to write down an approximate expression

for D in the admittedly artificial case where the wave spectrum is localized in some

narrow wavenumber and frequency range ∆K and ∆ω centred around some fixed

K and ω. It then follows from (3.43), (3.47), and (3.17-3.18) that

D =
1

4

1

(2π)3

∫
ω>0

S(K1, ω)S(K2, ω)H0(K1, K2, ω)dK1dK2dω

≈ 2π

4

K2

N2

Ē2

∆ω
h0(1, s, a) ≈ 0.17

2π

4

K2

N2

Ē2

∆ω
≈ 1

4

K2

N2

Ē2

∆ω
. (3.49)

The diffusivity diverges as the frequency bandwidth ∆ω → 0 because the auto-

correlation time diverges in this limit. The sensitivity of D to small-scale waves

indicated by the factor K2 is actually a general feature for arbitrary spectra; this

is described in § 3.6.2 below. A variant of the approximation (3.49) is applied to

the standard ocean wave spectrum in § 3.8.1 below.

3.6 Scaling properties and comparison with

shallow-water dynamics

We now consider how D is affected by changes in the wave power spectrum whilst

keeping the total wave energy constant. The spectral density S(K,ω) suggests two

such basic changes by shifting the power spectrum either in total wavenumber K

or in frequency ω. General frequency shifts do not lead to a simple scaling relation,

but in § 3.6.1 we explore shifts to very low frequencies near f by a combination of
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asymptotic expansion and numerics. Shifts in wavenumber K, on the other hand,

do lead to a simple exact scaling relation listed in § 3.6.2. We also compare these

result to the shallow-water case studied in BHC; we use superscripts SW and BQ

to distinguish between the two cases.

3.6.1 Frequency scaling

Suppose we start with a particular spectrum in the shallow-water or Boussinesq

systems, SSW (ω) or SBQ(K,ω), with corresponding diffusivities DSW , DBQ. Let us

use these to define a self-similar family of spectra by stretching the non-dimensional

frequency s in (3.44) with a factor α > 0, but keeping the energy constant:

SSWα (s) = αSSW (αs), SBQα (K, s) = αSBQ(K,αs).

In the above we have written the spectra in s-space for convenience. (Note that

in defining s for the shallow-water system we can use any value for N provided it

is larger than f ; the results are independent of the particular number we choose.)

We would like to know how the corresponding diffusivities DSW
α , DBQ

α depend on

α in the limit α→∞, i.e., as the energy moves closer and closer to f .

There is no exact scaling but by Taylor expanding the relevant densities for

small s� 1 we derived the asymptotic scalings

DSW
α = O(α−2), DBQ

α = O(α−1/2), (α→∞). (3.50)

The Boussinesq diffusivity shows a much weaker dropoff than the shallow-water

diffusivity as the energy approaches the inertial frequency. This means that the

Boussinesq diffusivity will be fairly insensitive to the precise structure of the energy
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Figure 3.3: Diffusivity as a function of α for the spectra SSWα (s) =

αSSW (αs), SBQα (K, s) = αSBQ(K,αs) where the initial spectra are SBQ(K,ω) =

1(0.1≤K≤4)1(2f≤ω≤3f), S
SW (ω) = 1

2π

∫
SBQ(K,ω)dK. The shallow-water diffusivity

approaches the power law DSW
α ∝ α−2 for large α, while the Boussinesq diffusivity

decreases much more slowly as DBQ
α ∝ α−1/2. This means that the Boussinesq

diffusivity is much less sensitive than the shallow-water diffusivity to the structure

of the energy near f .

near f , while the shallow-water diffusivity could drop several orders of magnitude

with a small change in the energy near f . This scaling law is confirmed in the

numerical calculations shown in Figure 3.3, where DBQ
α and DSW

α are calculated

exactly over a range of α for a particular initial spectrum. Notably, both dif-

fusivities actually increase with α for moderate values of α before settling into

the asymptotic decline for α � 1. Presumably, this is because the effect of the

spectrum getting narrower (and therefore reducing frequency bandwidth) with in-
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creasing α dominates the decrease in the diffusivity density at moderate α values,

at least for the chosen model spectrum.

3.6.2 Wavenumber scaling

We can perform the same scaling in wavenumber space. Again, let us start with

spectra SSW (κ) and SBQ(K,ω), with corresponding diffusivities DSW , DBQ, and

stretch these in wavenumber space while keeping the energy constant:

SSWα (κ) = αSSW (ακ), SBQα (K,ω) = αSBQ(αK,ω).

Here κ is the horizontal wavenumber magnitude in the shallow-water system. For

the Boussinesq system we easily obtain

DBQ
α =

1

4

1

(2π)3

∫
SBQα (K1, ω)SBQα (K2, ω)H0(K1, K2, ω)dK1dK2dω (3.51)

=
1

4

1

(2π)3

∫
SBQ(αK1, ω)SBQ(αK2, ω)H0(K1, K2, ω)d(αK1)d(αK2)dω

=
1

4

1

(2π)3

∫
SBQ(K̄1, ω)SBQ(K̄2, ω)

1

α2
H0(K̄1, K̄2, ω)dK̄1dK̄2dω =

1

α2
DBQ.

This exact result, which is consistent with the special case (3.49), uses the second-

order homogeneity of H0 in (3.46) and the substitution K̄i = αKi. A similar exact

result in shallow-water theory is available only in the non-rotating case, whence

we obtain

f = 0 : DSW
α = αDSW , and f ≥ 0 : DBQ

α =
1

α2
DBQ. (3.52)

The two systems show contrasting scaling properties: in the non-rotating shallow-

water system, the diffusivity increases as energy goes to larger scales (α > 1), but
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in the Boussinesq system the diffusivity increases as energy goes to smaller scales

(α < 1). As far as the Boussinesq system is concerned the main point to take away

from (3.52) is that the diffusivity density for a given wave frequency is sensitive to

small-scale waves.

3.7 Monte-Carlo simulations

We performed Monte-Carlo simulations as an independent check on the algebra

involved in deriving the diffusivity density in (3.43). We used a discretized version

of (3.9) (see BHC for details) to generate samples of wave field, from which we

calculated the Lagrangian velocity by solving (3.28) for the stream function. The

time-correlation function was then calculated as an average of the time-correlations

over every point in the domain and all samples.

The spectra were chosen to be narrow in ω-space and the location of the central

frequency varied so as to highlight the frequency-dependence of the diffusivity; with

arbitrary length and time scales they were of the form

S(K,ω) =
(2π)2Ē

∆K∆ω
1(0.45≤K≤0.75)1(ω0≤ω≤ω0+∆ω), (3.53)

where ∆ω = (N − f)∆s, ∆s = 0.15, ω0 = (N − f)s0 + f , and s0 varied from 0 to

0.8. The other parameters were Ē = 0.25, ∆K = 0.3, N = 5, f = 1, so the Prandtl

ratio was a = 0.2. The parameters for the discretization were chosen such that the

lengths of the domains were Lx = Ly = 200, Lz = 100, the numbers of points in

each direction were Nx = Ny = 27, Nz = 26. The samples were generated for 40

units of time at intervals of 0.625, and the diffusivity was calculated by summing
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the correlation functions up to 10 units of time. (This was the time after which

the correlations had approximately decayed to zero; beyond this all that remained

were random numbers and a mean component induced by the discretization.) The

discretized spectra were multiplied by a factor, different for each spectrum, to make

the expected energy in the discretized versions of the spectra equal to that of the

continuous spectrum, Ē. The results are shown in Figure 3.4. The Monte-Carlo

diffusivities agree closely with the theoretical results obtained by integrating (3.43).

Most of the error is due to the spatial discretization of the power spectrum, as it

was expensive to represent a narrow-banded frequency spectrum in three spatial

dimensions; there is very little statistical error. Thus we are confident that our

formula (3.43) is correct.

3.8 Oceanic applications

A practical motivation of the present work was to study the dispersion of tracers

induced by internal waves in the ocean. Studies of tracer dispersion in the ocean

have focused mainly on the effect of vortical flows, i.e., flows characterized by the

coherent structures that emerge as a consequence of conservation laws associated

with non-uniform potential vorticity. These motions dominate tracer transports

at horizontal scales much larger than the ocean depth. However, in addition to

vortical motions, the ocean is filled with an energetic internal wave field. Internal

waves are ubiquitous and show up everywhere in temperature, salinity and velocity

measurements at horizontal scales below 10 kilometers and frequencies above f [e.g.

Munk, 1981]. In this section we apply our results on tracer dispersion to the oceanic
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internal wave field. The goal is to assess how efficient are oceanic internal waves

at dispersing tracers at horizontal scales below 10 kilometers. The results will be

contrasted against dispersion by other mechanisms.

3.8.1 Dispersion by the Garrett–Munk internal wave spec-

trum

We first focus our attention to the dispersion induced by the continuum component,

because the results will be relevant for most of the ocean interior. We will then

comment on the role of near-inertial waves and tides on the lateral dispersion of

tracers in a specific area of the ocean, where the data necessary for the calculation

are available.

The Garrett–Munk (1981) model spectrum provides an analytical representa-

tion of energy in the wave continuum. The model was derived by fitting measure-

ments from many locations and different depths, and it reproduces quite accurately

the shape and the energy level of the internal wave continuum. The standard form

of the model spectrum, known as GM81, is given in (ω, j)-space, where j is the

vertical mode number. We will work with the continuous form of the spectrum

given in (ω,m)-space on the positive quadrant by using the WKB approximation:

SGM(m,ω) = (2π)2Ē

(
2

π

m∗
m2
∗ +m2

1|m|<mc

)(
2

π

f

ω
√
ω2 − f 2

1f≤ω≤N

)
, (3.54)

where Ē = E0b
2N0N, m∗ =

3π

b

N

N0

, mc =
2π

10m
, (3.55)

E0 = 6.3× 10−5, b = 1300m, N0 = 5.2× 10−3s−1.
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This WKB approximation allows for deviations of the local buoyancy frequency

N from the reference value N0, in which case both the local energy density Ē and

the local central wavenumber m∗ are taken as proportional to N .

The GM81 spectrum is converted into (K,ω)-space by first substituting the in-

ternal wave dispersion relationship m2 = N2−f2

N2−ω2K
2 wherever m2 appears in (3.54)

and then multiplying by the Jacobian of the transformation ∂K
∂m

=
√

N2−f2

N2−ω2 . The

resulting diffusivity is unbounded, because the GM81 spectrum has finite energy

at ω = N , where the Jacobian of the transformation has a non-integrable singu-

larity. In practice this is not a serious issue, because there is little energy near

the buoyancy frequency and it is physically reasonable to truncate the spectrum

near ω = N . We choose a simple form of the truncation by replacing the cutoff

in m-space, 1|m|<mc , with a cutoff in K-space, 1K<mc . Because there is so little

energy in the spectrum when ω is far away from f , the estimates presented below

are insensitive to any reasonable form of truncation.

We can now calculate the diffusivity D by substituting the GM81 spectrum

into (3.41) and setting N = 4.0 × 10−3s−1 and f = 10−4s−1 (we use the same

values chosen by Young et al. [1982] in their study of shear dispersion to help in

the comparison between our and their results). Eq. (3.41) is estimated with a

Monte-Carlo integration with 223 points. We obtain

GM81(N = 4× 10−3 s−1, f = 1× 10−4 s−1) : D = 0.01 m2/s (3.56)

with negligible numerical error. The actual number should not be taken too liter-

ally, because the integral for D is affected significantly by wave frequencies between

f and 2f because these contain the bulk of the energy in the GM81 spectrum. In
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the real ocean near-inertial waves, which are variable in space and time, dominate

the energy content in this frequency band, but they are not captured by the uni-

versal GM81 form. Since wave-induced dispersion is proportional to the square of

the energy in a given frequency band, the associated D can change by orders of

magnitude with the uncertainty in the intertial peak.

Interestingly, (3.56) is close (a factor of three smaller) to the GM81 diffusivity

estimate computed in § 3.3 of Davis [1991] using a particular turbulence closure.

However, in that estimation the diffusivity was proportional to the wave energy

rather than the wave energy squared, as is the case here. Therefore the closeness

of the numerical values is probably coincidental.

We can compare (3.54) with a scaling estimate based on the pseudomomentum

of the wave field, following the line of argument described in § 3.4 in which the

Lagrangian-mean flow is approximated by the pseudomomentum. This estimate

does produce the correct proportionality D ∝ Ē2, but the coefficient is much too

large for the reasons described in § 3.4. For example, if we take 1/f as the auto-

correlation time of the GM81 wave field and multiply this by the square of the

expected value of the horizontal pseudomomentum magnitude for plane waves

(
1

(2π)2

∫
κ

ω
SGMdmdω

)2

≈ 2× 10−5m2/s2 (3.57)

then we obtain an estimated diffusivity of D ≈ 0.2m2/s. This is much larger than

the true value of 0.01m2/s computed above.
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3.8.2 Dependence on the parameters of the GM81 spec-

trum

We can discern the dependence of D on the parameters of the GM81 spectrum by

using an approximate expression for the diffusivity based on the analysis in § 3.5.3

and the approximation m ≈ K, which is valid for low-frequency internal waves.

Details are given in § 3.10.3 and the result is

D ≈ 0.08
Ē2m2

∗
N2f

{
2 ln

(
mc

m∗

)
− π2

4

}
, (3.58)

which delivers 0.05m2/s instead of 0.01m2/s in (3.56). Clearly the pre-factor in

(3.58) is quite inaccurate, but we have checked that this formula does give the

correct scaling of D with the parameters of GM81. Specifically, this expression

corroborates the weak dependence of D on mc and it also highlights the propor-

tionality of D to Ē2m2
∗. Interestingly, there is an inverse proportionality of D on

the Coriolis parameter f , which indicates an increase of D towards the equator.

Finally, in order to judge the dependence of D on N one needs to include the

linear dependence of both Ē and m∗ on N that is part of the definition of the

GM81 spectrum in (3.54). This yields the overall scaling D ∝ (Ēm∗)
2/N2 ∝ N2,

so diffusion due to the GM81 spectrum can be expected to increase with stronger

stratification.
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3.8.3 Comparison of wave-induced dispersion and shear dis-

persion

It is useful to compare our value for D to the value obtained by Young et al.

[1982] for internal wave shear dispersion. Young and collaborators showed that

internal wave shear, combined with vertical mixing by wave breaking, generates

lateral dispersion of tracers. Using their formula and the form of the GM spectrum

in (3.54), one obtains,

DY ≈ κt
Ēm∗mc

πf 2

[
1 +

1

2
log

(
f

m2
cκt

)]
, (3.59)

where κt is the turbulent vertical diffusivity generated by wave breaking. The loga-

rithmic correction stems from a decaying power-law tail added to the GM spectrum

for m > mc, as is sometimes done in the oceanographic literature. Notably, DY is

proportional to Ē, not Ē2.

Using the same parameters reported above and κt = 1.0×10−5m2/s we estimate

DY ≈ 0.007m2/s2. This is about half of the value in (3.54), so we believe that

in typical ocean situations, wave-induced dispersion could be of equal or greater

magnitude than shear dispersion.

A comparison of the formulas (3.58) and (3.59) highlights major differences

between the two processes. Wave-induced dispersion is quadratic in Ē, and hence

most effective in regions with a strong internal wavefield. Shear dispersion instead

is largest when waves are vigorously breaking and κt is large.

2This value is about half the value reported in Young et al. [1982], because the shear in GM81

is about half the value used by Young and collaborators.
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Last, but not least, a caveat should be added here regarding the vertical cut-

off wavenumber mc in (3.58). The wave-induced diffusivity is not sensitive to

the choice of mc, but the shear dispersion increases noticeably with the cut-off

wavenumber mc. Shear dispersion is dominated by waves with small vertical scales

of orders of a few meters, while wave-induced dispersion is primarily the result of

deep waves with vertical scales of a few hundred meters. Hence the two processes

are likely to act in parallel with shear dispersion dominating at small scales and

wave-induced dispersion taking over at horizontal scales larger than O(1)km.

3.8.4 Dispersion by internal waves during NATRE

A more quantitative estimate of internal wave-induced dispersion can be done using

internal wave data from a specific location. We focus on the eastern subtropical

North Atlantic which was the subject of an intensive series of field programs in

1991-1993 as part of the North Atlantic Tracer Release Experiment, a.k.a. NATRE

(Ledwell et al., 1998), and the Subduction Experiment (Joyce et al., 1998).

A moored array was deployed as part of the Subduction Experiment (Weller

et al., 2004) at 25.5N and 29W. The array was equipped with Vector Averaging

Current Meters at depths of 200, 300, 310, 1500, and 3500 m and recorded velocity

for two years (summer 1991 – spring 1993). The frequency spectrum from the

300 m current meter is shown in figure 3.5. For comparison, the dashed line

shows the GM81 spectrum. There are clear differences between the two spectra,

in particular at low frequencies, where the GM81 spectrum does not capture the

tidal and inertial peaks.
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Figure 3.5: Marginal frequency spectra for the GM81 spectrum (dashed line),

obtained by integrating (3.54) over m, and for mooring data collected as part of

NATRE (solid line).
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A High Resolution Profiler (HRP) was used as part of NATRE and provides

vertical profiles of velocity for the same region as the current meter data (Ferrari

and Polzin, 2004). Polzin et al. (1995) report that the spectrum of the horizontal

velocity rolls off as m−2 consistent with the GM81 model. If we repeat the GM81

computation using the local NATRE values N = 4.3× 10−3s−1 and f according to

25 degrees latitude we obtain

GM81(N = 4.3× 10−3 s−1, f = 6.15× 10−5 s−1) : D = 0.02 m2/s, (3.60)

which is about twice times the value in (3.56) consistent with the increase in N2/f .

We also constructed a provisional model spectrum for the region by replacing

the frequency dependence of the GM81 model spectrum in (3.54) with the fre-

quency spectrum measured by the current meter displayed in figure 3.5. This was

used to compute the diffusivity at 300 m and returned the larger value of

measured frequency spectrum : D = 0.04 m2/s. (3.61)

The measured frequency spectrum has less energy in the inertial range, but more

than compensates for this by the narrow-banded energy in the tidal peaks. Indeed,

we estimate that these tidal peaks contribute more than 90% of the total in (3.61).

The tidal peaks dominate the dispersion because we have shown that narrow spec-

tra generate larger diffusivities than broad ones (cf. the ∆ω in the denominator of

(3.49)), and because they have frequencies farther away from f .

As described in J. Ledwell [1993] and J. Ledwell [1998], a passive tracer was

released at 300 m depth during the NATRE experiment. Following the spreading

of tracer filaments for a couple of weeks, they inferred a lateral diffusivity of O(1)
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m2/s on horizontal scales of 1-10km. This diffusivity is much larger than the molec-

ular value of order 10−9m2/s, so larger-scale processes must be responsible for the

spreading. Internal wave-induced dispersion appears to be an order of magnitude

too small to match observations. Dispersion by vortical flows, such as those gen-

erated by wave breaking events [Polzin and Ferrari, 2004] or by filamentation from

mesoscale stirring [Smith and Ferrari, 2009], appear to be more likely candidates

to explain observations in NATRE.

3.9 Concluding comments

We have put together a theory and a computational tool for the evaluation of

the one-particle horizontal diffusivity D due to small-amplitude Gaussian random

internal waves in the rotating Boussinesq system. Of course, as discussed in § 3.1,

this one-particle diffusivity is not sufficient to determine the general dispersion

characteristics of tracer fields, which in principle would require two-particle dif-

fusivities or even higher-order diffusivities. Still, for sufficiently well separated

particles these higher-order diffusivities can be related to D, e.g., the two-particle

diffusivity asymptotes to 2D for large particle separations if the wave field has a

finite horizontal correlation scale. This was demonstrated for shallow-water waves

in detail in BHC, where the full two-particle diffusivity tensor was computed nu-

merically. We hence presume that for naturally occurring wave fields D is a good

estimate for the wave-induced tracer diffusivity due to Gaussian random waves.

A much more subtle question concerns the importance of the Gaussian assump-

tion. We made this assumption because of its simplicity and because it leads to an
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unambiguous expression for D as a functional of the wave power spectrum. But

many different wave fields can give rise to the same power spectrum and there is

no guarantee that they would give rise to the same diffusivities. We think that it

would be of fundamental interest to investigate the sensitivity of D to the Gaussian

assumption.

For instance, in another modelling extreme one could allow the wave field re-

alizations to consist of a random superposition of wavepackets. This would lead

to a situation much closer to the slowly varying wavetrain set-ups studied in BM

and also in Bühler [2009]. Such a wavepacket scenario does not contradict the

assumption of a spatially homogeneous zero-mean wave field, because the latter

assumption is satisfied precisely if all Fourier coefficients are uncorrelated, but only

under the additional assumption of a Gaussian wave field does this imply that the

Fourier coefficients are statistically independent.

In oceanography, the assumption of Gaussian waves is sometimes justified by

the physical fact that at a given location one finds a superposition of waves that

have propagated long distances from many different sources, thus effectively ran-

domizing the phase of the wave field. Still, the generic result of long-distance prop-

agation in a dispersive wave system is a slowly varying wavetrain, not a Gaussian

random wave field, so it appears natural to investigate the diffusion based on such

wavetrains or wavepackets. At any rate, present observations cannot distinguish

between these alternative interpretations of the wave power spectra.

Interestingly, in the heuristic analysis presented in § 3.4 the assumption of

random wavepackets would lead to an entirely different set of wave–wave interac-
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tion terms becoming important for the Lagrangian flow. In fact, if the results of

BM were to turn out to be generic then it would appear that the approximation

uL
t
= 0.5p in the incompressibility constraint might then lead to basically the

correct value for D. Apparently, this would mean that for the same level of wave

energy random wavepackets are more efficient at diffusing particles than Gaussian

random waves, at least in three-dimensional flows. Conversely, for shallow-water

waves we would expect little or no difference between the two cases. This is a

subject for further research.

3.10 Appendix

3.10.1 Derivation of (3.41)

We summarize how to derive (3.41) in the special case where there are only upward-

propagating waves. Substitution from (3.15) in (3.39) produces the non-zero δ-

function combinations

δ(ω1 − ω(β1)) δ(ω1 − ω(β2)) + δ(ω1 + ω(β1)) δ(ω1 + ω(β2)) (3.62)

multiplied by the group velocity indicator functions

1sgn(β1)=sgn(ω1)1sgn(β2)=− sgn(ω1). (3.63)

Integration over ω1 then yields δ(ω(β1)−ω(β2)) times two instances of the function

g evaluated at different arguments. Integration over β2 then removes this δ-function

and enforces β2 = ±|β1| in the remaining integral, which can be rewritten as an
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integral over β1 > 0 and then converted into an integral over ω > 0 such that

β1 = β(ω). Using the transformation rule (3.18) for the energy density then gives

(3.41).

The terms for other wave direction combinations can be computed analogously

and the simple expressions in (3.42) then follow after making use of two discrete

symmetries of the function g in (3.40), namely that g remains unchanged if the

signs of both its β arguments are flipped, or if the signs of both its ω arguments

are flipped. These symmetries of g can be traced back to the symmetries of the

linear equations of motion under a reversal of the vertical coordinate or of the time

coordinate.

3.10.2 Explicit expressions

Theses quantities appear in § 3.5. The arguments of all the trigonometric functions

are single angles only, e.g., in a term sin β2ω1 the factor ω1 multiplies sin β2 and so
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on.

γ(K1,K2) =
N2K1K2

2ω2
1ω

2
2

(
− f(− cos β1 sin β2ω1 + cos β2 sin β1ω1 cos θ

− if cos β2 sin β1 sin θ)

× (− cos β2 sin β1ω2 + cos β1 sin β2ω2 cos θ + if cos β1 sin β2 sin θ)

+ cos β1 cos β2 sin θ(−2i cos β1 cos β2ω1ω
2
2 + i sin β1 sin β2(−2ω1ω

2
2

+ f 2(ω1 + ω2)) cos θ + f sin β1 sin β2(f 2 + (ω1 − 2ω2)ω2) sin θ)

)

G1(K1, K2, ω, θ) =
N4 cos4βK2

1K
2
2

ω6

(
4f 2ω2 sin4β(1 + 2 cos θ)2 sin4 θ/2

+
(
− f 2 sin2β + ω2 cos2 β + (f 2 + ω2) sin2β cos θ

)2
sin2 θ

)

× cos2β(K2
1 +K2

2 + 2K1K2 cos θ)(
N2 cos2β(K2

1 +K2
2 + 2K1K2 cos θ) + f 2(K1 +K2)2 sin2β

)2

G2(K1, K2, ω, θ) =
N4 cos4βK2

1K
2
2

ω6

(
4f 2ω2 sin4β(1− 2 cos θ)2 cos4 θ/2

+
(
f 2 sin2β − ω2 cos2 β + (f 2 + ω2) sin2β cos θ

)2
sin2 θ

)

× cos2β(K2
1 +K2

2 + 2K1K2 cos θ)(
N2 cos2β(K2

1 +K2
2 + 2K1K2 cos θ) + f 2(K1 −K2)2 sin2β

)2

where

cos2β =
ω2 − f 2

N2 − f 2
, sin2β =

N2 − ω2

N2 − f 2
, θ = θ1 − θ2 .
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H0|f=0(K1, K2, ω) =
K2

1

8N6K2
2

(
K2

1(N2 − ω2)2 +K2
2(N4 − 2N2ω2 + 5ω4)

)
(K1 ≤ K2)

H1|f=0(K1, K2, ω) =
K2

1

8N6K2
2

(
K2

1(N2 − ω2)2 − 4K1K2ω
2(N2 − ω2)

+K2
2(N4 − 2N2ω2 + 5ω4)

)
(K1 ≤ K2)

H2|f=0(K1, K2, ω) =
K2

1

8N6K2
2

(
K2

1(N2 − ω2)2 + 4K1K2ω
2(N2 − ω2)

+K2
2(N4 − 2N2ω2 + 5ω4)

)
(K1 ≤ K2)

In the last three expressions the subscripts need to be switched if K2 ≤ K1.

3.10.3 Derivation of approximate GM81 diffusivity

Using (3.44), (3.45), (3.47) and (3.48), the integral expression for the diffusivity

(3.43) can be significantly simplified. After observing that the wavenumber inte-

grals are symmetric we can write the expression as twice an integral over K1 ≥ K2

only, which yields

D =
1

2

1

(2π)3

1

N2

∫
ω>0

ω − f
f

(∫
S(K1, ω)dK1

∫ K1

0

K2
2S(K2, ω)dK2

)
dω. (3.64)
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The main weakness of this approximation is that (3.48) overestimates the h0 func-

tion for larger (ω − f)/f . For GM81 we obtain

D =
1

2

44

(2π)3

Ē2

N2

∫ N

f

ω − f
f

f 2

ω2(ω2 − f 2)
dω

×
∫ Kc

0

m∗
m2
∗ +m2

1

dK1

∫ K1

0

K2
2

m∗
m2
∗ +m2

2

dK2.

For waves with frequency close to f (which contain most of the energy in theGM81

spectrum), K ≈ m and therefore,

D =
16

π3

Ē2

N2

m2
∗
f

∫ N/f=∞

1

dx

x2(1 + x)

∫ mc/m∗

0

dµ1

1 + µ2
1

∫ µ1

0

µ2
2

1 + µ2
2

dµ2 (3.65)

≈ 16(1− ln 2)

π3

Ē2

N2

m2
∗
f

∫ mc/m∗

0

µ1 − arctan(µ1)

1 + µ2
1

dµ1 (3.66)

≈ 0.08
Ē2

N2

m2
∗
f

(
log

(
1 +

(
mc

m∗

)2
)
−
(

arctan
mc

m∗

)2
)

(3.67)

≈ 0.08
Ē2

N2

m2
∗
f

(
2 log

(
mc

m∗

)
− π2

4

)
. (3.68)

We verified that this expression captures accurately the parametric dependence

of D on Ē, m∗, mc, N and f . The prefactor 0.08 is instead too large. A more

accurate expression can be obtained by splitting the integral in frequency and using

the different approximations for h0 at low frequencies and high frequencies given

in (3.48). We do not pursue these embellishments, because we use (3.65) to discuss

the dependence of D on the GM81 parameters
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4
Scattering of the internal tide

by random topography

4.1 Introduction

Tides are a major energy source in the ocean. As the moon moves around the earth

it pulls the oceans back and forth along their irregular basins, generating energetic

internal motions which cascade to smaller scales and eventually dissipate. Along

the way these tidal motions interact with oceanic circulation patterns at all scales,

but interest in tides has surged recently because of the critical role they might play

at the small scales in contributing to abyssal mixing. Of the 3.7 TW of energy

input into the ocean by tides, roughly 0.7 TW is available for vertical mixing in

the deep ocean, which is half of the amount required to maintain the global abyssal

density distribution [Munk and Wunsch, 1998]: here is an example where dynamics

at the smallest scales control dynamics at the largest. Therefore understanding

the mechanisms and geography of the different steps in the tidal energy cascade is

fundamental to our overall understanding of ocean dynamics.

At the very largest scales, the goal is to understand how energy is converted

from barotropic to baroclinic motions. Barotropic motions are the first-order re-

sponse to lunar forcing, but as they contain no vertical structure they cannot

contribute to interior abyssal mixing directly. The current thinking is that most
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of the conversion happens on the ocean floor: at large ridge-like structures such as

the Hawaiian Ridge, at island chains such as Micronesia and Melanesia, at oceanic

trenches such as in the west Pacific Ocean, and at larger-scale roughness such as

in the mid-Atlantic and Indian oceans [St Laurent and Garrett, 2002, Egbert and

Ray, 2000, 2001, Garrett and Kunze, 2007]. As the barotropic tide rubs over these

topographic features they convert energy into baroclinic internal waves, called in-

ternal tides, which carry the energy into the flatter parts of the ocean basins.

The next step in the cascade is to understand what happens to energy once it

has been converted to baroclinic internal waves. The waves could become unstable

and dissipate immediately, restricting the dissipation to regions near the generation

sites, or they could propagate large distances and spread the dissipation over a

much larger area. Several mechanisms act on the waves to limit how far they can

coherently carry energy. Instabilities such as shear instabilities cause them to break

and dissipate right away, wave-wave interactions such as PSI, elastic scattering,

or induced diffusion transfer energy to smaller scales and other frequencies, and

interactions with rough topography scatter energy to smaller waves [St Laurent

and Garrett, 2002].

None of these mechanisms is well understood, because until recently it has been

very difficult to obtain either empirical or numerical measures of the baroclinic en-

ergy flux. However, new methods of extracting data from satellite measurements

have led to interesting observations, that suggest that in some locations the first-

and second-mode semidiurnal (M2) internal tide can propagate large distances of

up to 1000km away from its source [Ray and Mitchum, 1996, 1997, Rainville and
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Pinkel, 2006b, Cummins et al., 2001], while in other locations it can dissipate over

these distances [Rainville and Pinkel, 2006a]. Numerical simulations can be helpful,

for example in quantifying the conversion of barotropic to baroclinic waves at par-

ticular large topographic features [Cummins et al., 2001, Holloway and Merrifield,

1999, Merrifield and Holloway, 2002, Khatiwala, 2003], but as they cannot resolve

small-scale processes such as 3D topography, wave-wave-interactions, or other dis-

sipative processes over the distances the waves have been observed to travel, they

typically result in an ocean unrealistically filled with low-mode internal waves. It

is clear that a better understanding of the fundamental nonlinear processes which

act on the waves in needed.

Our study aims to understand the distance that low-mode baroclinic waves can

travel, by considering how a low-mode internal wave is scattered by random to-

pography. Such topography is intended to be a model for the the small-amplitude,

small-scale bathymetry that a wave might encounter away from where it was gen-

erated. We consider an idealized model which is closely related to other theoretical

studies of both wave generation and wave scattering over topography. These stud-

ies start with either a uniform barotropic flow (generation) or low-mode internal

waves at one end of the domain (scattering) and ask how efficiently a particular

shape of topography converts the forcing flow to higher-mode internal waves. They

look at simple topographies, such as Gaussian bumps, parabolas, steps, triangles,

or piecewise-linear topography so as to be able to isolate the effect of particu-

lar geometrical features of the topography. Because the most efficient generation

and scattering comes from large-amplitude, convex topography with steep slopes,
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which tend to be ridges in the real ocean, these models almost universally consider

topography and solutions which are invariant in one horizontal direction, called

2D topography.

The studies use idealized models and geometry: they invariably use the linear

wave equation, and an ocean basin with either an infinite depth or a finite depth

with a rigid lid, so the only nonlinearity enters through the bottom boundary con-

dition u·∇h|z=h(x) = 0. When the topography is small-amplitude and its derivative

much smaller than the slope of the waves (the weak interaction limit), the boundary

condition can be linearized and asymptotic methods give analytic solutions [Bell,

1975a, St Laurent and Garrett, 2002, Llewellyn Smith and Young, 2002]. The

full problem can be solved numerically using more sophisticated methods, such

as method of characteristics [Müller and Liu, 2000a,b], Fourier representations for

periodic topography [Balmforth et al., 2002], or Green’s functions [Petrelis et al.,

2006, Balmforth and Peacock, 2009]. In this mathematical framework there is a

fairly good understanding of the generation process for simple topographies in the

full range of parameter space, but scattering is not as well studied nor understood

[Garrett and Kunze, 2007].

Scattering studies that do exist usually focus on low-mode waves, for good

reasons. Analytic studies of the generation process find that the energy flux in

mode number k goes roughly as k−2, so that most of the energy that radiates

away from generation sites is in low-mode waves. This is confirmed by numerical

simulations using realistic topography; for example Merrifield and Holloway [2002]

found that 62% of the baroclinic internal wave energy away from the Hawaiian
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Ridge was in mode 1, 15% was in mode 2, and less than 5% was in each subsequent

mode. Once baroclinic modes have been generated, nonlinear interactions affect

the highest modes most strongly. St Laurent and Garrett [2002] estimated the

timescale for PSI to act on mode 1 is O(100days), while for mode 10 it is O(10days).

Arguing from group-velocity considerations they calculated the time it takes a

wavepacket to travel to the surface, reflect, and reach the bottom where it can be

scattered, and found it took 12 hours for a mode-1 wavepacket compared with 4

days for a mode-10 wavepacket, so modes greater than 10 are unlikely to remain

coherent long enough to be affected by scattering. High-mode waves are also

affected more strongly by shear instability, as their Richardon numbers are smaller.

Therefore scattering may not be the predominant mechanism of spectral evolution

for high-mode waves, but it is likely significant for low-mode waves.

Only a small number of studies have looked at scattering from random topog-

raphy. Longuet-Higgins [1969] considered the problem using method of character-

istics, although he didn’t apply the radiation condition which makes his solution

unphysical. Bell [1975a] looked at the generation problem for small-amplitude

random topography in an infinite-depth ocean. Müller and Xu [1992] considered

how a wavefield with a continuous spectrum of wavenumbers reflects off random

topography in an infinite-depth ocean in the weak-interaction limit, and obtained

the solution as a functional of the spectrum of the topography and the waves. Un-

fortunately most scattering results are limited to an infinite-depth ocean, where a

wave can scatter only once. In estimating real scattering rates it is crucial to use

a finite-depth ocean, as a wave may reflect off the top and bottom many times
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before losing energy to smaller scales. While the effect of each reflection may be

small the accumulated effect of a large number of small non-linearities from the

boundary condition could be important.

We build upon these studies by considering a mode-1 wave propagating over

a region of small-amplitude rough topography in a finite-depth ocean. We model

the topography as a stationary mean-zero Gaussian random function with a given

covariance function. We consider 2D topography as the above studies, acknowl-

edging that this is a limitation away from ridges where the topography clearly

varies in all directions, but it is a first step that allows us to make progress. The

equation for the streamfunction is hyperbolic and we solve it using the method of

characteristics, following Müller and Liu [2000a]. This reduces to finding a map for

the characteristics from one point on the surface to another, which has interesting

properties for random topography, and leads to insight into the geometric nature

of the solution that is not easy to obtain from Green’s function methods or other

approaches. It also provides a clean way to investigate the weak-interaction limit

analytically, as the characteristic map over several bounces can be approximated

as a diffusion process, an object which is easily analyzed using standard tools to

gain insight into various rates involved in the problem.

We then consider the modelling situation of a single mode-1 wave forced on

one side of the topography, and how it is scattered as it crosses the topography.

We will be particularly interested in the rate of decay of the mode, i.e. how

long the topography must be for it to lose a given fraction of its energy, and

how the rate depends on the wave slope and the covariance function of the non-
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dimensional topography. A crucial aspect of the problem is the correlation scale

of the topography, which relates the length over which its covariance function

decays to zero compared with the wave slope. Through a synergistic combination

of numerical experiments, analytic arguments, and the diffusion approximation

for the characteristic map, we derive an explicit formula for the mode-1 decay

rate. This leads to a very useful result, that when the correlation scale is short

enough, or equivalently the wave slope is small enough, the rate depends mainly

on the two lowest-order statistics of the topography: its mean-square value, and

the mean-square value of its derivative, and not parameters such as stratification

or latitude or the more detailed geometry of the covariance function. As the wave

slope increases beyond a critical value, the rate depends sensitively on all of these

quantities.

We apply our results to estimates of the covariance function for the topog-

raphy in the north Pacific, and find an e-folding scale for the mode-1 wave of

O(500km). This number is highly relevant: it means that low-mode waves can

survive long enough to carry energy away from where they were generated, but

not long enough to propagate distances comparable with the large-scale circula-

tion: small-amplitude random topography is an effective decay mechanism on the

scale of the ocean basin.

The structure of the chapter is as follows. In section 4.2 we lay out the gov-

erning equations and the solution by method of characteristics. In section 4.3 we

analyze periodic topography. In section 4.4 we begin our investigation of random

topography, describing the qualitative properties of the characteristic map and the
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diffusion approximation. Section 4.5 continues the investigation of random topog-

raphy with numerical experiments to show the rate of decay scales with parameters

describing the topography. Section 4.6 synthesizes the previous numerical results

with analytic results from section 4.9.1 to derive explicit formulas for the rate,

while section 4.7 applies these to a realistic spectrum for topography in the ocean.

Finally, we make concluding remarks in section 4.8.

4.2 Governing equations and solution for a tidal

mode

We model the ocean flow with the linear Boussinesq equations (1.7), (1.8) as de-

scribed in previous chapters. Recall that plane-wave solutions to these equations

can be written as Re
{
aei(kx+ly+mz−ωt)} for some complex coefficient a, where (k, l,m)

is the wavenumber vector and ω = ω(k, l,m) is the dispersion relation. As we

discussed in the previous chapter, this does not depend on the wavenumber mag-

nitude, but only on the vertical angle of the waves, i.e. the angle the wave crests

make with the horizontal plane, so that

ω2 = N2 sin2 β + f 2 cos2 β, where tan β = k/m. (4.1)

This form of the dispersion relation highlights a key property of internal waves:

waves of a given frequency propagate at a fixed vertical angle. Therefore if we were

to follow a line of constant phase or to trace a wavepacket until it encounters a

boundary, it would not reflect off it like a billiard-ball, by preserving the incident
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normal angle, but rather reflects in such a way that it preserves its vertical angle

of propagation. This is a property common to all waves whose dispersion relation

is homogeneous of degree zero, so that the group velocity is perpendicular to the

wavenumber vector [Bühler, 2009].

Equation (4.1) has two solutions for ω, one positive and one negative. We will

adopt the convention of using only the positive root, so that the x-component of

a wave’s group velocity has the same sign as the x-component of its wavenumber

vector, i.e. the vertically-averaged energy flux is rightward if k > 0 and leftward if

k < 0.

4.2.1 Problem setup and geometry

We simplify the problem by considering only solutions which are invariant in the

y direction, so that any plane wave has l = 0. This makes the problem two-

dimensional, so (1.7), (1.8) can be written using a streamfunction ψ such that

u = ∂zψ, w = −∂xψ, b = −i(N2/ω)∂xψ, v = i(f/ω)∂zψ:

(N2 + ∂tt)∂xxψ + (∂tt + f 2)∂zzψ = 0. (4.2)

The interesting part of the problem comes from the boundary conditions. We take

the ocean to have a finite depth, with a fixed, flat surface boundary at z = H

and a variable bottom boundary at z = h(x). The bottom boundary is taken to

be flat outside of a compact region, so that h(x) = 0 for x large enough or small

enough. (See figure 4.1). We loosely call the domain of the problem a region whose

horizontal extent is slightly larger than the region where h(x) may vary, and speak
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Figure 4.1: Geometry of the problem and boundary conditions. The domain is

enclosed in a dashed line.

of waves “entering” or “exiting” the domain in the sense of group velocity. We

assume that the waves which enter the domain on the left are known; for example

they can be given by the waves generated by large topography such as ridges. The

topography then scatters the waves as they cross it, transmitting some of the wave

energy forward across the topography and reflecting back the rest.

On the top and bottom surface we impose the slip boundary condition, so

that ψ = 0 at z = H, h(x). On the left-hand side we know the form of the

waves which enter the domain, so the coefficients of all waves at x = −∞ with

group velocity pointing toward the topography are specified in advance. Our final

boundary condition is the radiation condition, which requires that any additional

energy flux be directed away from the topography. Therefore the waves found at

x = +∞ must have positive group velocity, and the waves at x = −∞ which

were not specified in advance must have negative group velocity. This condition

distinguishes the problem from the usual boundary-value problem, as it requires

the boundary values at infinity to be determined as part of the problem.
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We will look for solutions with a given, fixed frequency, such as the frequency

of the M2 internal tide. Therefore we fix ω and look for solutions of the form

ψ(x, z, t) = Re Ψ(x, z)e−iωt for some complex-valued function Ψ. All such waves

travel at the same fixed angle with the vertical, which we scale to 45◦, i.e. we make

the wave crests have a slope of 1. Let us also nondimensionalize the problem so

that the depth of the ocean over flat topography is π. We write nondimensional

variables with a prime, so that

z =
H

π
z′, x =

1

µ

H

π
x′, where µ =

√
ω2 − f 2

N2 − ω2
(4.3)

is the slope of the wave rays. The non-dimensional equation for Ψ becomes (the

primes have been dropped)

Ψxx −Ψzz = 0 (4.4)

and the boundary conditions are inherited from the previous problem.

This is the familiar wave equation, with a twist in that it is hyperbolic in space;

there is no time-like variable. We will solve it using the method of characteristics,

following Müller and Liu [2000a]. As is well-known, the solution has the form

Ψ = f(ξ) + g(η), with characteristic variables
ξ = x+ z − π,

η = x− z + π
. (4.5)

The boundary condition at z = π implies that g(ξ) = −f(ξ), so the full solution can

be determined once we know the function f(ξ). It is enough to know the function

at one fixed vertical level, so we will study it on the surface at z = π, where

ξ = x. The problem is then solved in two steps: first, we follow characteristics

emanating from points on the surface as they reflect off the bottom boundary and
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Figure 4.2: Following a characteristic (solid line) as it reflects off the top and

bottom boundaries.

hit the surface again, to obtain a “map” of the characteristics from one surface

location to another. Second, we combine the radiation condition with this map

and information about how f(ξ) changes along the characteristics, to obtain a set

of equations which we can solve to find f(ξ).

We assume throughout that |h′(x)| < 1 for all x, i.e. the topography is sub-

critical. If there is a location where the slope of the topography is greater than

1, called supercritical topography, then a characteristic which hits that point re-

flects in a different direction than at a subcritical point, and the characteristic map

becomes discontinuous (see figure 4.3). While the entire problem can sometimes

still be solved using the method of characteristics (see Müller and Liu [2000a]) it

is ill-posed, and becomes much more difficult to work with both numerically and

analytically.

Note that following characteristics looks superficially like following wave pack-

ets along group velocity rays, as the characteristics reflect off boundaries in the

same way, but the problems they model are very different. The fact that we can

identify group velocity rays with characteristics of the PDE may be peculiar to

this particular problem.
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Figure 4.3: An example of supercritical topography. The characteristic may be

reflected backwards and the characteristic map becomes discontinuous.

4.2.2 The characteristic map

Consider the propagation of a single characteristic emanating from a point on the

surface to the left of the topography. There are two characteristics emanating from

each point; let us choose the rightward-moving one with slope -1 (see figure 4.2).

The topography is initially flat, so this will hit the bottom at a point a horizontal

distance π away from its initial location. It reflects with a slope of +1 and continue

rightwards, hitting the surface at a horizontal distance of 2π away from its starting

location. This defines a characteristic period, whose length we abbreviate as the

period. The characteristic will reflect downward again and continue bouncing off

the bottom and top boundaries, decomposing the domain into a disjoint sequence

of characteristic periods. If the topography is not flat the periods may vary, but

after the characteristic has crossed the topography and reached the flat bottom on

the other side its period will again be 2π.

If we start with a fixed characteristic, this bouncing process defines a map Rn
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such that if x is the initial horizontal position of a characteristic on the surface, then

Rn(x) is the horizontal position where it hits the surface again after n bounces. The

maps of characteristics starting anywhere in the domain can be determined once

we know the maps of all the characteristics in a single characteristic period, since

each map Rn is an order-preserving bijection from one characteristic period onto

another. We call the maps from an interval [0, 2π] on the left of the topography

to an interval [0, 2π] on the right the characteristic map.

If the topography is flat, then Rn(x) = 2πn. To find the characteristic map

Rn(x) over arbitrary subcritical topography, consider first the map for a single

bounce, R1(x). A characteristic starting at surface point x0 hits the bottom at

horizontal coordinate x0 + π + ∆(x0), where we define the shift function ∆(x0) to

be the distance between the actual bottom reflection point, and the place where the

characteristic would have hit if the bottom were at zero (see figure 4.4). Therefore

it hits the top at R1(x0) = x1 = x0 + 2π + 2∆. By simple geometry, the shift

function must satisfy

h(π + x+ ∆(x)) + ∆(x) = 0. (4.6)

This nonlinear equation implicitly defines the shift function ∆(x), which then

defines the map R1(x). Because h is subcritical the solution for ∆(x) is unique.

The map after n bounces can be obtained inductively and is fully specified by

Rn+1(x) = Rn(x) + 2∆(Rn(x)) + 2π, (4.7)

with ∆(x) given by (4.6). In subsequent sections it will be more convenient to

work with the map modulo 2π, which we define to be rn(x) := Rn(x)− 2πn. This
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Figure 4.4: How to solve for the shift function ∆(x), which quantifies how much a

characteristic deviates from where it would hit the bottom boundary if the topog-

raphy were flat.

can be solved for inductively as

rn+1(x) = rn(x) + 2∆n(rn(x)), with ∆n(x) := ∆(x+ 2πn). (4.8)

4.2.3 Solution for the streamfunction in terms of the char-

acteristic map

Next, consider how the function f(x) at the surface of the ocean changes following

a characteristic. Suppose we know the value of the function at some point x0 on the

surface, say f(x0), and let x1 = R1(x0). We would like to find f(x1). Let (ξr, ηr)

denote the characteristic coordinates of the point where the characteristic from

x0 reflects off the bottom boundary, and let (ξ0, η0), (ξ1, η1) be the characteristic
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coordinates of the points on the surface. Note that ξi = xi. Then f(ηr) = f(ξr) =

f(ξ0), where the first equality follows from the bottom boundary condition and

the second because ξ is constant on the downward-moving characteristics. We also

have that f(ηr) = f(η1) = f(ξ1), the first because η is constant on the upward-

moving characteristics and the second from the top boundary condition. Putting

the equalities together yields the nice result that f(x0) = f(x1). The same result

is true for the inverse map, so by induction for any number n of bounces we have

that

f(Rn(x)) = f(x), f(R−1
n (x)) = f(x). (4.9)

We can write (4.9) as a Fourier series to find the full solution. Let D0 be a

characteristic period to the far left of the topography, outside the domain, and

let D1 be a characteristic period to the far right of the topography, which is a

map of D0 after some number n of bounces. Since the topography outside the

domain is flat, the length of each of these is 2π and the solution can be written

as a Fourier series on each domain. Let the initially prescribed waves be f0(x) =∑∞
k=1 a

0
ke
ikx, x ∈ D0, let the transmitted waves be ft(x) =

∑∞
k=0 a

t
ke
ikx, x ∈ D1,

and let the reflected waves be fr(x) =
∑∞

k=0 a
r
ke
−ikx, x ∈ D0. These are the only

waves permitted because of the radiation condition, so the solution has the form

f(x) = f0(x) + fr(x), x ∈ D0, f(x) = ft(x), x ∈ D1. (4.10)

WLOG we can set at0 = 0, since this constant can be absorbed into ar0. Substituting

(4.10) into (4.9) and projecting onto the mth Fourier mode yields a system of
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equations for the coefficients of the waves:

at −Dar = Sa0

ar = Bat
,

a0 = (a0
k)
∞
k=1

at = (atk)
∞
k=1

ar = (ark)
∞
k=0

(4.11)

where

D = (Dmk)m=1,.,∞;k=0,.,∞, Dmk = 1
2π

∫
D1
e−ikR

−1
n (x)e−imxdx

B = (Bmk)m=0,.,∞;k=1,.,∞, Bmk = 1
2π

∫
D0
eikRn(x)eimxdx

S = (Smk)m=1,.,∞;k=1,.,∞, Smk = 1
2π

∫
D1
eikR

−1
n (x)e−imxdx

(4.12)

We will also be interested in the solution to another problem, where we start

with waves on the left and simply follow them forward to the right. We call this

the forward problem, and call the original problem the radiation problem when we

need to distinguish it. The forward problem is ‘easier to solve both analytically

and numerically, so it will be useful to compare the two solutions in order to

understand the effect of the radiation condition. The forward problem has the

same initial condition f0(x) on the left, and the solution on the right can be

written as f̃t =
∑∞

k=−∞ ã
t
ke
ikx, x ∈ D1, where we decompose the “transmitted”

solution into waves going leftward and waves going rightward as ãt = (ãt,−, ãt,+),

where ãt,+ = (ãtk)
∞
k=1, ãt,− = (ãt,−k )∞k=0 = (ãtk)

−∞
k=0. Then the solution is given byãt,+

ãt,−

 =

 S

S−

 a0, S− = (Smk)m=0,−1,,.,−∞;k=1,.,∞. (4.13)

Problem (4.4) conserves the vertically-averaged energy flux, where π(ω2−f2)
ω

k|ak|2

is the magnitude of the energy flux of a single plane wave with modenumber k,
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(complex) amplitude ak, and frequency ω. Let us write

e0 =
∞∑
k=1

k|a0
k|2, et =

∞∑
k=1

k|atk|2, er =
∞∑
k=0

k|ark|2, (4.14)

ẽ+
t =

∞∑
k=1

k|ãt,+k |
2, ẽ−t =

∞∑
k=0

k|ãt,−k |
2

for the prescribed incoming energy flux, the transmitted energy flux in the radia-

tion problem, the reflected energy flux in the radiation problem, the transmitted

leftward-going energy flux in the forward problem, and the transmitted rightward-

going energy flux in the forward problem (with the prefactor removed from all

terms). Then energy conservation implies

et + er = e0, ẽ+
t − ẽ−t = e0. (4.15)

In the radiation problem the energy which enters the domain on the left is partially

transmitted and partially reflected back. In the forward problem the energy is fully

transmitted, so the outgoing energy on the right is greater than the energy which

enters on the left and is balanced by energy coming in from infinity on the right.

4.3 Behaviour of solution for periodic topogra-

phy

We will first describe the solution for topography which is exactly periodic with

period 2π. While quite far from the case of random topography, it provides a simple

test-bed to introduce the methods of analysis that we will use for the random case,

and shares some surprising similarities. We will focus especially on analyzing
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the characteristic map, as this provides qualitative insight into the solution that

is obscured by other solution methods, and will show how making a continuous

approximation to the discrete dynamical system describing the characteristic map,

in the weak interaction limit, leads to a simple formulation of the problem in the

framework of dynamical systems theory.

As an example, consider topography given by h(x) = 1
2

cosx, which is shown

in figure 4.5 for one characteristic period. If a characteristic hits the bottom at

a place where h(x) = 0, circles coloured black or grey in the example, the shift

function for that characteristic is also zero so the characteristic always hits the

topography at the same place in its 2π-period. We call this is a fixed point of

the topography. Now suppose the characteristic hits the topography where it is

positive, say to the right of the black fixed point. The shift function is then

negative, so the characteristic moves leftward in its 2π-period, toward the fixed

point. If it hits where the topography is negative, say to the left of the black

fixed point, it is shifted rightward, again closer to the fixed point. Therefore the

black fixed point acts as a stable attractor for the characteristics, and following

the same line of reasoning the grey fixed point is an unstable attractor, repelling

the characteristics.

For general periodic topography all characteristics should move to the stable

fixed points, and since they carry the initial streamfunction values f0(x) we ex-

pect the gradient of the streamfunction to be concentrated at these points. Figure

4.6 shows the numerical solution for streamfunction for the example topography

after 25 bounces, and does indeed show that the gradient of the streamfunction
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0 2π

h(x)=cos(x)/2

Figure 4.5: One period of periodic topography h(x) = cos(x)/2. Arrows indicate

direction that characteristics are shifted when they hit at that location. Charac-

teristics cluster at the black circle, which can be thought of as an attractor for the

dynamical system describing the evolution of the characteristic map.

is concentrated around a characteristic corresponding to the fixed point of the

topography. Note that we must be careful when making deductions from the char-

acteristic map because we have not yet taken into account the radiation condition,

but as the figure shows the map alone gives qualitative insight into the leading-

order behaviour of the solution.

We can prove our statements about the fixed point more generally. For periodic

topography, ∆n(x) = ∆(x) so (4.8) becomes an autonomous dynamical system:

rn+1(x) = F (rn(x)), F (x) := x+ 2∆(x). (4.16)

This has fixed points wherever ∆(x) = 0, i.e. wherever h(π+x) = 0. Let these fixed

points be {x̄k}, and assume that there is at least one fixed point. For notational

compactness, we define a shifted function h̃(x) := h(x+π). Taking the derivative of

(4.6) at a fixed point yields ∆′(x̄k) = −h̃′(x̄k)

1+h̃′(x̄k)
. Therefore |F ′(x̄k)| < 1⇔ h̃′(x̄k) > 0,

so the fixed point is locally stable exactly when the derivative of the topography
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Figure 4.6: Streamfunction for topography h(x) = 0.05 cosx. Left: initial mode-1

wave. Right: after 25 bounces.

at the place where the characteristic reflects off the bottom is positive.

In this special case of periodic topography, we can work with the discrete

dynamical system (4.16) directly and our arguments are exact, requiring no as-

sumptions on the topography except that it be subcritical everywhere. In the case

of random topography it will be helpful to make a continuous approximation to

the dynamical system, so we first show how to do this for the periodic case. The

approximation comes by taking the weak interaction limit, i.e. we assume that

both the topography and its derivative are small:

|h|, |h′| � 1. (4.17)

Asymptotically expanding (4.6) in h, h′ gives

h̃(x) + ∆(x) + h̃′(x)∆(x) = o(hh′), so ∆(x) = −h̃(x) + o(h). (4.18)

We would like to find a continuous analogue of (4.16) such that the solution at

integer-valued times approximates the discrete solution. We propose the following
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dynamical system:

dx

dt
= −2h̃(x), x(0) = x0. (4.19)

Linearizing this system about the initial point x0 (which we take to be 0 with-

out loss of generality) gives dx
dt

= −2(h̃(0) + h̃′(0)x), whose solution is x(t) =

h̃(0)
(
e−2h̃′(0)t−1

)
h̃′(0)

. It is easy to show that x(1) − (x0 + 2∆(x0)) = o(hh′), so after

one bounce the map for the continuous system is close to the map for the actual

system.

The dynamical system (4.19) has the same qualitative properties as the discrete

analogue: characteristics are attracted to points where h̃(x) = 0 and h̃′(x) > 0.

After many bounces the error will accumulate and the two solutions will be nu-

merically quite distinct, but we believe that their qualitative behaviours should be

similar and that bulk measures should agree, at least up to time O(1/(hh′)), so that

the continuous version provides a useful way of understanding the characteristic

map.

4.4 Random Topography

We next turn to the case of random topography, where h(x) is a differentiable,

mean-zero, stationary stochastic process on the real line and |h′| < 1. We suppose

the covariance function is known and is given by

Ch(x) := Eh(x′)h(x′ + x).

In general we use notation CX to denote the covariance function of a random

variable X, and write its Fourier transform as ĈX(k) = 1
2π

∫∞
−∞CX(x) cos(kx)dx.
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We further assume the topography is Gaussian. Technically this is inconsistent

with the assumption that it is strictly subcritical, but as long as the derivative

is small, large excursions are rare and we can ignore cases where the derivative

exceeds the threshhold.

It will turn out that a crucial element of the problem is the correlation scale

of the topography. We say the topography is uncorrelated if Ch(x) � Ch(0) for

x ≥ π, so that the topography that a characteristic encounters on each bounce is

uncorrelated with the topography it encountered on previous bounces.1 We say the

topography is correlated if this condition doesn’t hold. Since changing µ simply

stretches or compresses the non-dimensional covariance function, the topography

will be uncorrelated for small µ and correlated for large µ.

We will be particularly interested in what happens when we fix the basic “shape”

of the topography, but change it in self-similar ways. Let us fix a covariance

function Ch, and use it to define a two-parameter transformation group on the

topography by scaling it in the two cartesian directions:

h(x)→ σh(x/α), Ch(x)→ σ2Ch(x/α). (4.20)

The parameter σ controls the size of the topography, and the parameter α controls

its correlation scale. Scaling by α is equivalent to scaling the wave slope as µ →

αµ, so large α means the topography is correlated, while small α puts it in the

uncorrelated regime. If α is too small, however, the derivative becomes large, and

the topography is more likely to be supercritical.

1In fact this happens when x ≥ 2π, but our analysis is easier to extend to a collection of

characteristics if we use the stronger condition.
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In our investigations we use a variety of covariance functions as test models,

shown in table 4.2 and plotted in figure 4.11, first column. In the text we refer to

them using their labels from the table as CA, CB, etc. The functions are defined

such that Ch(0) = 1, C ′′h(0) = −1, which we refer to as the canonical form; this is

a convenient way to compare covariance functions because σ, α uniquely determine

the variance of the topography and the variance of its derivative.

4.4.1 Focusing effect

We begin by describing some numerical solutions for the characteristic map, which

led to some surprising results. We generated Gaussian topography as described

in section 4.5, for topography with a variety of covariance functions. Figure 4.7

shows the map after selected numbers of bounces for a particular realization with

a particular choice of covariance function . For a small number of bounces the

map is a small perturbation of the identity; the characteristics are shifted only

slightly from their initial positions. After several bounces the map becomes step-

like, which indicates that the characteristics are clustered in discrete locations.

In places where the map is flat, the characteristics are clustered together at the

vertical location of the step, and where it is steep, the characteristics are spread out.

As the number of bounces increases, the clustering becomes very pronounced, so

that there are finitely many clusters which contain almost all of the characteristics.

These clusters move around as random walks, and when they collide they become

a single cluster, until eventually there is only one cluster left: all the characteristics

are mapped to virtually the same location.
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This behaviour is typical of all our simulations, for all parameter values and

all types of covariance functions. It was surprising to behold: intuitively, one

would expect the behaviour in the random, disordered case to be orthogonal to

the behaviour in the periodic, structured case, and might not blink if the map

simply fluctuated about the identity. Yet, in both cases the qualitative behaviour

is the same: the characteristics focus at a single point, which is constant for periodic

topography and moves above as a random walk for random topography.

In retrospect this should be obvious, as the map for the one-point motion is

not invariant, so one should expect clustering, as is typical for example in velocity

fields whose divergence is non-zero. While a single characteristic has a uniform

stationary measure, this is not at all true when we consider the maps of two or

more characteristics jointly: two characteristics move independently when they

are far apart, but as they get closer together they “see” the same topography

so they move more coherently and tend to stick together. We develop this idea

Figure 4.7 (preceding page): Top: A single realization of the map rn(x) for n =

1, 5, 10, 15, 25, 30 bounces. This was generated with covariance function CA

(see section 4.5) with σ = 0.1, α = 0.25. After several bounces the characteristics

begin to cluster at discrete points, and eventually they cluster in a single point

which moves as a random walk (not shown). This behaviour occured in all of our

simulations. Bottom: Contours of streamfunction after 25 bounces for the same re-

alization of the random topography. This shows the gradient of the streamfunction

is concentrated exactly where the characteristics are clustered.
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further in section 4.4.3 as a way of rigorously justifying the focusing behaviour. It

can also be justified in the framework of random dynamical systems [e.g. Arnold,

1998], by proving the existence of a “random attractor” which is a single point

[Baxendale, 1986, 1989, Kleptsyn and Nalskii, 2004], but as the theory uses heavy

mathematical machinery, we prefer to analyse our model using more familiar tools.

In the next section we make a continuous approximation to the discrete dynamical

system, which we use both to analyse the focusing behaviour, as well as to develop

a theory for the rate of the scattering problem.

4.4.2 Continuous approximation

When the topography is random each characteristic undergoes a random walk

according to (4.8), and when the topography is uncorrelated, the steps of a single

characteristic are too. It will be very helpful to approximate this random walk

with a continuous-time system as we did for periodic topography: that is, to find

a random function F (x, t) such that, heuristically, the characteristic map evolves

in time as

“
dx

dt
= F (x, t).” (4.21)

In analogy with (4.19) we expect F (x, t) to look like (twice) the topography: it

should be Gaussian, and have the same covariance structure in x. In contrast to

the periodic case, this function should be δ-correlated in time, since the steps of

the random walk are uncorrelated. Therefore we expect the covariance function of

F (x, t) to look, again heuristically, like “C2h(x)δ(t).”

We will show that the above intuition is correct for uncorrelated topography,
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and that when the topography is correlated it is still possible to make a continuous-

time approximation, provided the covariance function is replaced with an “effec-

tive” version obtained essentially by averaging the original covariance function over

many bounces. Then, we argue that if we are given correlated topography h(x),

we can replace it in the discrete system with an uncorrelated “effective” topog-

raphy G(x), closely related to the function in the continuous approximation, and

still obtain the same statistics over many bounces. By implication, any results we

derive for uncorrelated topography will also be valid for correlated topography pro-

vided we replace it and its covariance function with their uncorrelated “effective”

versions.

Stated more precisely, our results for both correlated and uncorrelated topog-

raphy are as follows:

1. The evolution of the characteristic map can be approximated on the periodic

interval [0, 2π) as an Itô diffusion

dXt =
∞∑

k=−∞

√
Ĉk

(
cos(kXt)dB

(k,1)
t + sin(kXt)dB

(k,2)
t

)
. (4.22)

Here Ĉk are the Fourier coefficients of a covariance function CF (x) and {B(k,i)}

are independent Brownian motions. The covariance function is the spatial

covariance of the increments, i.e. EdX(1)
t dX

(2)
t = CF (X

(1)
0 −X

(2)
0 )dt, and is

calculated from the original covariance function as

CF (x) = 4
∞∑

m=−∞

Ch(x− 2πm). (4.23)

When h is uncorrelated, this reduces to the covariance function of 2h reflected
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about π, as expected:

CF (x) = 4 (Ch(x) + Ch(2π − x)) (h uncorrelated). (4.24)

2. Given correlated topography h(x), there is an uncorrelated topography G(x)

with the same long-time statistics. Here G is a Gaussian process with co-

variance function

CG(x) =


1
4

(CF (x)− CF (π)) −π ≤ x ≤ π

0 o.w.
, (4.25)

with CF (x) given by (4.23) above.

We first show how to derive the diffusion, result 1. Consider a single charac-

teristic, which undergoes a discrete random walk x0, x1, . . . according to

xn+1 = xn + 2∆(xn + 2πn), (4.26)

where ∆(x) is the solution to the nonlinear equation (4.6). We turn this into a

continuous process, with t as the continuous parameter, by connecting the steps

with line segments so that each trajectory is piecewise linear. The continuous

process solves

dx

dt
= 2∆(x+ 2πbtc). (4.27)

The final diffusion must be able to describe the joint evolution of an arbitrary num-

ber of characteristics simulataneously, and will therefore be infinite-dimensional.

Consider a collection of n characteristics x = (xi)
n
i=1 which jointly solve (4.27) for

the same topography but different initial conditions, so that we consider (4.27) as
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a system of n equations. Let us suppose the topography is small, and let h̃(x) =

εH(x)/2, h̃′(x) = εH ′(x)/2 where ε is the small parameter and H,H ′ = O(1) (the

factor 2 is included in the definition to simplify the algebra). After expanding

(4.6), the system (4.27) becomes

dx

dt
= εF (0)(x, t) + ε2F (1)(x, t), (4.28)

where F
(0)
i (x, t) = −H(xi + 2πbtc), F (1)

i (x, t) = H(xi + 2πbtc)H ′(xi + 2πbtc)/2.

Let the slow timescale be τ := ε2t. By the theorem of Khasminskii [1966]

(and a more generally applicable version by Papanicolaou and Kohler [1974]),

under sufficient conditions on the noise, x(τ) converges weakly as ε→ 0 on every

interval [0, τ0] to a Markov process x(0)(τ), continuous with probability 1, which

is determined by its infinitesimal mean and covariance. These are computed as

(using Einstein notation),

E
[
∆x

(0)
i (τ)|x(0)(τ) = x

]
=

{
lim
T→∞

1

T

∫ t0+T

t0

ds

∫ s

t0−T
E

[
F

(0)
k (x, t)

∂F
(0)
i (x, s)

∂xk

]
dt

+ lim
T→∞

1

T

∫ t0+T

t0

EF (1)
i (x, t)dt

}
∆τ + o(∆τ) (4.29)

E
[
∆x

(0)
i (τ)∆x

(0)
j (τ)|x(0)(τ) = x

]
={

lim
T→∞

1

T

∫ t0+T

t0

∫ t0+T

t0

E
[
F

(0)
j (x, s)F

(0)
k (x, t)

]
dsdt

}
∆τ + o(∆τ) (4.30)

Because H is stationary, EH(x)H ′(x) = 0 so the second term of the mean is zero.

For similar reasons the first term is also zero. Therefore the infinitesimal mean is

identically zero.
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Let us denote the infinitesimal covariance with the matrix (ajk(x)). Then

ajk(x) = lim
T→∞

1

T

∫ t0+T

t0

∫ t0+T

t0

E [H(xj + 2πbtc)H(xk + 2πbsc)] dsdt

= lim
T→∞

1

T

∫ t0+T

t0

∫ t0+T

t0

CH(xj − xk + 2π(btc − bsc))dsdt.

If t0, T are integers and T = n, then it is easy to see by counting grid boxes that

the right-hand side without the limit is 1
n

∑n
m=−n(n − |m|)CH(xj − xk + 2πm).

Non-integer contributions are negligible in the limit, so taking n → ∞ gives the

infinitesimal covariance as

ajk(x) = C(0)(xj − xk) =
∞∑

m=−∞

CH(xj − xk + 2πm),

where we have defined a new function C(0)(x) from the infinite sum. It is straight-

forward to show the following things about C(0)(x): (i) it is symmetric and positive-

definite, and therefore a covariance function; (ii) it is 2π-periodic; (iii) its Fourier

coefficients are Ĉ
(0)
k = ĈH(k), where Ĉ(k) is the Fourier transform of CH(x).

Therefore by decomposing C(0)(x) into its orthogonal eigenfunction basis of Fourier

modes we can find its square root, and write the diffusion it describes as

dxt =
∞∑

k=−∞

√
Ĉ

(0)
k eikxtdB

(k)
t . (4.31)

We consider this as a flow, valid for an arbitray collection of characteristics simul-

taneously with different initial conditions. Note that because the map is real the

Brownian motions must satisfy B
(k)
t = B

(−k)

t .

From this the first set of results follow in a straightforward manner by letting

CF (x) = ε2C(0)(x).
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To show the second result, note that if h is uncorrelated, then we recover

Ch from CF/4 by restricting the support of the latter to [−π, π] and setting it

to be 0 elsewhere; see (4.24). If h is correlated then CF (π) 6= 0, so we cannot

simply follow the above procedure because then the function we obtain would be

non-differentiable at π, hence would not be a covariance function.2 However, we

can add a constant to CF (x) without changing the relative motion of the char-

acteristics. This constant only changes the “mean” topography they encounter

on each bounce, but since the mean only scales the characteristic period without

affecting the Fourier coefficients this should not affect the properties of interest.

The only possible choice of constant that makes the topography uncorrelated is

CF (π), so let us subtract this from CF (x) and define a new covariance function

CG(x) := (CF (x)−CF (π))/4. When this is restricted to the interval [−π, π] and ex-

tended as zero outside we obtain a covariance function for an uncorrelated random

process G(x), which has the same relative statistics as h(x) after many bounce. We

claim that G(x) is the relevant “effective” topography and CG(x) is the relevant

“effective” covariance function, and will show how to use this in section 4.6.

4.4.3 Relative separation

The evolution of the relative separation between two characteristics gives good

insight into the focusing behaviour, and as we will see in later sections, the energy

flow in the forward problem. It is most convenient to analyze using the continuous

2Since CF is differentiable at zero by assumption, our desired covariance function is also

differentiable at 0 hence should be differentiable everywhere [see Yaglom, 1987]
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approximation.

Let us take two copies of (4.22), X1, X2, corresponding to solutions with the

same Brownian motions but different starting points. The two-point probability

density p(x1, x2, t) satisfies the Fokker-Planck equation

∂p

∂t
=

1

2

{(
∂2

∂x2
1

+
∂2

∂x2
2

)
(CF (0)p) + 2

∂2

∂x1∂x2

(CF (x1 − x2)p)

}
(4.32)

Let us change variables to z = x1+x2

2
and y = x1 − x2, the mean position and

the relative separation, and integrate the equation over z to get the marginal

distribution of the separation, py(y, t). This satisfies

∂py

∂t
=

∂2

∂y2

((
CF (0)− CF (y)

)
py
)
, (4.33)

which corresponds to the 1D diffusion

dYt =
√

2CF (0)− 2CF (Yt)dBt = σY (Yt)dBt. (4.34)

Here Yt is a variable which is equal in distribution to the separation, X1 − X2,

and σ2
Y (y) := 2CF (0) − 2CF (y). Note that Yt evolves independently of the mean

position, (X1 +X2)/2, as should be expected.

The function σ2
Y (y) tells the speed at which characteristics move relative to

each other. It varies with the parameters in the transformation group and is

shown in figure 4.8 (left) for function CA for various α. When α is small, σY (y)2 =

2CF (0) = 8Ch(0) over much of the domain, dropping off to 0 near the boundaries:

characteristics move quickly relative to each other when they are far apart, but

very slowly when they are close together. As α increases, the width of the flat part

at the top shrinks and eventually the maximum starts to decreases. When it drops,
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it drop quickly: for the particular covariance function in the figure, the maximum

at α = 2 is 2 times smaller than the original 2CF (0), and the maximum at α = 4 is

is 200 times smaller. The characteristics move much more slowly relative to each

other, and simulations show that it takes a much longer length of topography for

the characteristics to cluster.

The maximum value of the relative speed, σ2
Y (π), sets a time scale for relative

separation and hence should be a relevant time scale for the scattering rate. This

quantity is plotted in figure 4.8 (right) as a function of α for CA, CB. It is flat

until α is large enough that the topography is correlated, then it decreases rapidly

in a manner which depends on the precise shape of the covariance function, until

finally it asymptotes to an α−1 decay for large α. These scaling laws can also be

derived analytically by Taylor-expanding the terms in the sum (4.25) for large α

and approximating the sum as a Riemann intergral.

The equation for relative separation can justify the focusing behaviour. Let us

expand the diffusion coefficient of (4.34) in a Taylor series about Yt = 0 to see

how the points behave when they are near each other. Since the covariance func-

tion CF (x) is quadratic for small x, (4.34) becomes dYt ≈ c0YtdBt for a constant

c0 = −4
∑∞

k=−∞C
′′
h(2πk). This is geometric Brownian motion, whose solutions

approach 0 a.s.. Therefore all characteristics with sufficiently small separation

converge to the same point a.s..

To show that they do in fact converge to the same point regardless of the

initial separation, consider the stationary measure for Yt. This must satisfy (4.33)

where the LHS is zero, so it is a multiple of 1
σ2
Y (y)

. However this is impossible, as
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Figure 4.8: Left: Speed of relative separation σ2
Y (y) for CA (σ = 0.05) for different

values of alpha. Right: Maximum speed σ2
Y (π) for CA (solid) , CB (dashed) as a

function of α. This is constant for uncorrelated topography but decreases rapidly

for correlated topography in a manner depending on the shape of the covariance

function.

that quantity is not integrable. Therefore there is no stationary measure, and all

solutions converge to the boundaries where the diffusion coefficient goes to zero.

4.5 Numerical results for energy decay

If we start with a single wave on one side of the topography, then on the other

side of the topography only a fraction of the energy flux will remain in the original

wave, while the rest will have been scattered and/or reflected. One question rel-

evant to oceanographic applications is how this fraction depends on the length of

topography, i.e. what is the average decay rate of a particular mode. We will focus

on the decay rate of the mode-1 wave and investigate this by two converging paths.
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Our first approach, described in detail in the main part of the text, is numerical:

we justify an exponential rate of decay per unit length of topography, we explore

how this rate vaies as we change the parameters in the transformation group, and

we show how the implied scaling laws lead to a simple formula for the decay rate.

The second approach is analytical and derives the same formula by asymptotic

arguments, which are mostly relegated to the appendix (4.9.1). The rest of this

section follows the first line of inquiry, and the two will be brought together in

section 4.6.

4.5.1 Numerical procedure

We generate mean-zero, stationary Gaussian random topography as follows. Given

a positive definite covariance function on the real line Ch(x) with Fourier transform

Ĉ(k) = 1
2π

∫∞
−∞Ch(x)eikxdx, we choose a length L much larger than the desired

length of topography we wished to investigate, and discretize the interval [0, L)

using Nx points. A single realization of the topography is given at gridpoints {xj}

by

h(xj) =
∆k

2π

bNx/2c−1∑
m=0

Ak cos(kmxj) +Bk sin(kmxj), (4.35)

where ∆k = 2π/L, , km = m∆k for m ∈ N, and Ak, Bk are independent mean-zero

Gaussian random variables with variance 2Ĉk∆k.

We calculate h(x) for arbitrary x by linearly interpolating between neigbouring

grid points; the discretization was always fine enough that the interpolation proce-

dure introduced negligible error. We then calculate the map rn(x) for n = 1, 2, . . .

bounces from (4.8), by discretizing the initial interval [0, 2π] using Nc points (typ-
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ically 200-300), and solving the non-linear equation (4.6) for each of the charac-

teristics. This was most easily done by defining a function g(x) := h(x) + x, and

setting ∆(x) = g−1(x + π) − (x + π). Because g is monotonic, g−1 is very easy

to compute numerically by interpolating {g(xi)} to {xi}, which is much faster in

a vector-based language such as Matlab than solving the nonlinear equation (4.6)

numerically for each characteristic, for each bounce.

We then use the map rn(x) to solve (4.11) and (4.13) for the radiation problem

and forward problem, respectively, with initial condition a0
1 = 1, a0

k = 0 (k > 1).

This gives coefficients {atk(n)}, {ark(n)}, {ãtk(n)} for the solution after n bounces.

After each given number n of bounces, we rescale the map so that it has period

2π to calculate the coefficients; this is equivalent to assuming the topography has

become flat after that point. We only scaled the map to compute coefficients, using

the original map to compute subsequent maps. When calculating the coefficients

we used a fixed, finite number of modes Kmax = 210. This was sufficient to keep

most of the energy in the system for the number of bounces in our test simulations.

We repeated this procedure for a number Ns of samples, and computed the

averaged energy fluxes

E1(n) = E|at1(n)|2, Et(n) =
∑
k>0

kE|atk(n)|2, Er(n) =
∑
k>0

kE|ark(n)|2 (4.36)

for the expected energy flux in the original mode after it has crossed the topog-

raphy, the expected energy flux in all of the transmitted modes, and the expected

energy flux in the reflected modes (see (4.14)). By conservation of energy Er(n) +

Et(n) = 1, so this is one way of checking that our truncation at Kmax has not

significantly affected the solution. We also keep track of the same quantities for
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the forward problem, which we denote by

Ẽ1(n) = E|ãt1(n)|2, Ẽt(n) =
∑
k>0

kE|ãtk(n)|2, Ẽr(n) =
∑
k<0

|k|E|ãtk(n)|2. (4.37)

The interpretation of “transmitted” and “reflected” is different in this case; all

computed modes are on the right-hand side of the topography but we call the

outgoing waves the transmitted modes and the the incoming waves the reflected

modes.

We focus in particular on the test covariance function CA as it varies with σ, α.

In canonical form it decays nearly to zero after half a characteristic period, which

means it is uncorrelated roughly when α < 1. We choose σ small enough that we

can explore enough of this regime without the topography becoming supercritical;

in our experience this is almost always satisfied when 4σ < α, so we set σ = 0.05

and look at α > 0.2.

4.5.2 Form of energy decay

Figure 4.9 (left) shows the long-time behaviour of E1(n), Ẽ1(n) for CA with α =

0.5, σ = 0.05. The form of decay of both quantities is exponential for a very long

time, as is evident in a log-log plot (not shown), but the rates of decay are different;

this difference is a first manifestation of the radiation condition. The coloured area

on either side indicates the region less than one standard deviation away from the

mean. For medium n the spread is fairly symmetric and not too wide; a typical

realization is not too far from its expected value. For very large n the distribution

is highly skewed: most realizations are practically at zero while a few larger ones

ensure the mean rate of decay is still exponential.
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Figure 4.9 also plots the transmitted energy flux Et(n), the reflected energy flux

Er(n), and the total energy flux Et(n) + Er(n). Initially, the transmitted energy

flux decays exponentially and the reflected energy increases exponentially. After

long times the reflected energy asymptotes to a fixed value, while the transmitted

energy continues to decay, presumably because of our numerical truncation. The

total energy flux is constant until n ≈ 100, after which it starts to decay, also due

to our numerical truncation. We hypothesize that in the non-truncated system,

both transmitted and reflected energy fluxes would asymptote to 1/2, as in other

types of wave-scattering problems.

The exponential decay in the mode-1 wave has a natural explanation: when the

energy flux in the original wave is large compared to the energy flux in the other

modes, the main flow of energy is from the mode-1 wave to the higher modes, so

the amount transferred in each bounce should be proportional to the energy flux

in the mode-1 wave.

The dynamics of the total transmitted energy are more complex. Energy ap-

pears to be transferred most easily from a given mode to its neighbouring modes

in wavenumber space, where reflected modes can be thought of as negative modes,

so initially the energy flows from the mode-1 wave to other low-mode waves and

the bandwidth containing most of the energy is narrow. These waves then transfer

the energy to higher modes, and the effective bandwidth increases with number

of bounces. Eventually the energy reaches mode Kmax at which it is numerically

truncated, and the total energy in the system starts to decrease as the energy flows

to even higher modes. Becuase the dynamics of total transmitted energy depend
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Figure 4.9: Left: E1(n) (solid), Ẽ1(n) (dashed). Shaded area is ± 1 standard

deviation away from E1(n) for each n. Right: Et(n) (dashed), Er(n) (dotted),

Et(n) + Er(n) (solid). Both plots use CA with σ = 0.1, α = 0.5 and average over

Ns = 100 samples.

on the sum of all interactions, which depend on an effective bandwidth, they are

transient, and unlikely to be as easily to model as the mode-1 energy.

4.5.3 Rate of energy decay as a function of σ, α

Based on the observations above we will define decay rates λ1, λ̃1 such that

λ1, λ̃1 : E1(n) = e−λ1n, Ẽ1(n) = e−λ̃1n, (4.38)

and see how the rates vary with the parameters in the transformation group.

We compute the rates numerically by choosing a value for n for each choice of

parameters, n1 = n1(σ, α), such that E1(n1) ≈ 0.4− 0.8 (the exact choice of cutoff

is not important, provided it is not too small and not too large), and fit a line

using least-squares to the set of points {(ln(n), ln(E1(n)}n1
n=0. The negative slope
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λ1 λ̃1 λt λ̃t

CA -1.0 -0.26 -1.8 2.0

CB -1.1 -0.36 -2.0 2.2

CC -1.0 -0.30 -1.6 1.8

CD -1.0 -0.23 -1.6 1.7

CF -1.0 -0.10 -1.5 1.6

Table 4.1: Slopes of best-fit lines for the rates as a function of α in log-log space,

for the data points where the topography is uncorrelated. These indicate how the

rates scale with α.

of this line is defined to be the rate λ1. A similar procedure is repeated for λ̃1. In

practice, because solving for the coefficients is expensive, we only calculated the

coefficients at 5-10 equally-spaced bounces between 0 and n1.

In the same set of simulations we computed decay rates λt, λ̃t for Et(n), Ẽt(n),

using the same procedure (except that λ̃t is the positive slope because Ẽt is in-

creasing). We show these for illustration only - we do not emphasize them, both

because an exponential model may not be accurate, and because our numerical

procedure might not be able to measure them sensitively enough.

We are interested in how the rates depend on σ and α for a fixed covariance

function, as well as how they change with the shape of the covariance function.

Let us investigate each of these questions in turn.
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Figure 4.10: (a) Mode-1 decay rate λ1 as a function of σ, for CA with different

values of α. The slopes of the best-fit lines for all are very close to 2. (b) Mode-1

decay rate λ1 for a variety of covariance functions as a function of α. (c) Transmit-

ted energy flux rate λt (solid, circles), λ̃t (dashed, diamonds) for CA as a function

of α. (d) Mode-1 decay rate λ1 (solid, circles), λ̃1 (dashed, diamonds), and a mul-

tiple of the maximum relative speed σ2
Y (π)/4 (= 2σ2

G) (dotted) as a function of

α, for CA. All plots are ensemble averages with Ns = 20 and use σ = 0.05 when

appropriate.

170



Dependence on σ

For small-amplitude topography, scaling by σ scales the size of the steps each

characteristics takes by σ, which for a random walk is equivalent to scaling time

by σ2. Indeed, the Fokker-Planck equation (4.32) for the two-point density in the

continuous approximation, or for any n-point density, shows that scaling Ch (and

hence CF ) by σ2 is equivalent to scaling time by σ2. Therefore we would expect

the rates to also scale with σ2.

Figure 4.10 confirms this. We plot λ1 as a function of σ for several different

values of α. The slopes of each best-fit line are very close to 2. We show only the

results for the rate λ1 and covariance function CA, but the results are robust for

all of the rates we have defined, both for the radiation problem and the forward

problem, and all of the covariance functions tested (CA, CB, and Bell topography

described in section 4.7). Therefore increasing the height of the topography simply

“speeds up” the system but does not change it in any fundamental way.

Dependence on α

Returning to the 2-point Fokker-Planck equation (4.32), we see that changing α

changes the argument of the second term on the RHS, CF (x1 − x2), but not the

argument of the first term, CF (0). (It also changes F , so actually changes both

terms.) There is no way to simply scale α out of the problem, so we expect the

dependence on α to be more complicated.

Indeed, our simulations (figure 4.10, bottom left) confirm that this is so. We

have found that there are two regimes of behaviour: one when the topography is

uncorrelated and another when it is correlated. When α is in the uncorrelated
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regime, α / 1, the radiation mode-1 wave decays faster: λ1 > λ̃1. As α increases

both rates decrease, but λ1 decreases faster than λ̃1 and eventually catches up to

it when α reaches the correlated regime. In this regime, the rates are virtually

identical and drop off extremely rapidly with α.

In the uncorrelated regime the rates appear to follow power-laws. The data

(see table 4.1) suggest they scale roughly as

λ1 ∝ α−1, λ̃1 ∝ const. (4.39)

These scaling laws have a practical use which we will discuss in section 4.6, but they

are also interesting theoretically because of the discrepancy between the radiation

scaling and the forward scaling. Any attempt at a theoretical explanation must

not only explain the α−1 scaling for the radiation rate, but must also account for

the differece in the forward problem. Both problems use the same characteristic

maps but different boundary conditions, so a theoretical explanation must take full

account of the radiation condition. In section 4.9.1 we show that it is possible to

derive these scaling laws analytically by Taylor-expanding the governing equations

under the weak-interaction limit assumptions.

We have also plotted the transmitted energy rates (figure 4.10 bottom left).

These are very close in the uncorrelated regime, and identical in the correlated

regime. One can fit lines to the data in the uncorrelated regime (see table 4.1),

which weakly but by no means unambiguously suggest an α−2 scaling. Again, we

emphasize that we show these to roughly fix ideas, but they should not be taken

too seriously.
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Ĉh(k) σ2
h β2

h Γ0 Γbest0

CA
√

2πe−
1
2
k2

1 1 2.5 2.4

CB 3π
2

(1− k2) 1{|k|<1} 1 1/5 2.6 2.2

CC πe−|k| 1 2 2.2 2.1

CD
√

102−k2

k2+1
1{|k|<10}

1
2
(
√

101− 1) 1
2
(51−

√
101) 2.1 2.0

CE
√

502−k2

k2+1
1{|k|<50}

1
2
(
√

2501− 1) 1
2
(1251−

√
2501) 1.5 1.5

CF e−(k−2)2 + e−(k+2)2 1/
√
π 9/(2

√
π) 3.0 2.8

Table 4.2: The covariance functions used as test cases, in spectral space. The

functions actually used are the canonical forms, calculated from the functions listed

as Ĉcan(k) = Ĉh(kβh/σh)βh/σ
3
h, with σ2

h, β
2
h the variance of the topography and its

derivative. We refer to them in the text by their labels CA, CB, etc. The second-

last column shows the corresponding value of Γ0 calculated from the formula in

(4.41), and the final column shows Γbest0 , the value of the constant estimated from

the best-fit line to the uncorrelated data (for CE we used the mean of the first two

points).
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4.6 A surprising scaling law

Scaling laws provide insight into the rate once the original covariance function is

known, but can’t describe how it varies with the shape of the covariance function.

Although this shape introduces an infinite number of non-dimensional parameters

into the problem, in certain cases it may be possible to characterize it with fewer.

Indeed, figure 4.10 (top left) plots decays rates for several covariance functions

simulataneously. The rates vary significantly when the topography is correlated,

but with the exception of CE, they are very close when the topography is uncor-

related, suggesting that in this regime the rate depends only weakly on the shape

of the covariance function. We would like to be able to express the rates using a

small number of non-dimensional parameters, so we focus on the two lowest-order

pointwise statistics of the topography: the variance, and the variance of its deriva-

tive. If h0 = (H/π)h is the dimensional topography, then these parameters are

Figure 4.11 (preceding page): Middle: λ1 from Monte-Carlo simulations (mark-

ers), correlated formula (4.45) (solid line), correlated formula (4.44) (dotted line)

and uncorrelated formula (4.41) (dashed line) as a function of α for covari-

ance functions from table 4.2. Right: constant estimated from simulations as

Γest0 = (data)/(σGβG) (markers), analytic prediction 1
2

∑
Ĉh(m)|m|/(σGβG) (line).

Left: canonical form of covariance function in real space, compared with CA. All

simulations use σ = 0.05, Ns = 20.
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calculated as

σ2
h = E|h|2 = Ch(0) =

1

2π

∫ ∞
−∞

Ĉh(k)dk =
( π
H

)2

E|h0|2 (4.40)

β2
h = E|h′|2 = −C ′′h(0) =

1

2π

∫ ∞
−∞

k2Ĉh(k)dk =
1

µ2
E|h′0|2.

The scaling laws from the previous section show that λ1 = Γ[Ch]
σ2

α
, where Ch

is the initial function which is then scaled by σ, α and Γ[Ch] is a constant which

depends on it. Combining this with an explicit formula for the constant derived

in the appendix (see (4.53)) yields a formula for the decay rate over uncorrelated

topography in terms of the two non-dimensional parameters:

λ1 = Γ0σhβh , (4.41)

where

Γ0[Ch] =
1
2

∫∞
−∞ Ĉh(m)|m|dm√

1
2π

∫∞
−∞ Ĉh(m)m2dm

√
1

2π

∫∞
−∞ Ĉh(m)dm

(4.42)

is constant for all functions in a transformation group.3 This is more useful than

one might suppose because the constant, while technically depending on the shape

of the covariance function, actually varies very little for reasonable functions. In-

deed, by the Cauchy-Schwartz inequality it is bounded above by π, and while it

has no lower bound we have found that for covariance functions whose canonical

forms are not correlated over large numbers of bounces it is typically between 2-3;

see examples in table 4.2.

3According to our asymptotic expansion shown in the appendix, the factor in front of the

integral should actually be 2/π, but we have found much better agreement with 1/2 for reasons

we don’t fully understand.
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The entire analysis so far has been in non-dimensional coordinates, but ulti-

mately the data we work with will be dimensional. Using (4.40) and noting that

the length of a bounce is 2H/µ units, gives a dimensional rate of decay per unit

length of topography of

λ1 (dimensional) =
πΓ0

2H2

√
E|h0|2E|h′0|2. (4.43)

This formula is surprising because it is independent of the only other non-dimensional

parameter in the problem, the wave slope µ, so it is also independent of the prop-

erties of the waves and the medium, N2, f, ω or any non-dimensional combination

thereof. Therefore if we know that µ is small enough that the topography is un-

correlated, and the canonical covariance function is not too strongly correlated so

taking Γ0 ≈ 2.5 is reasonable, then we can estimate the rate of mode-1 energy de-

cay entirely from the point-wise statistics E|h0|2,E|h′0|2 without knowing anything

else about the problem.

When the topography is correlated, the rate decreases sharply as µ increases,

in a manner which varies greatly with the covariance function (see figure 4.10,

upper right). However, we argued in section 4.4.2 that we can replace the actual,

correlated topography with an “effective”, uncorrelated topography G(x) with the

same statistics over many bounces. Therefore, as a first approximation we could

simply use the “effective” parameters σG, βG, calculated from (4.23) and (4.25), in

the uncorrelated formula (4.41) to obtain a formula for the non-dimensional rate

over correlated Gaussian topography:

λ1 = Γ0σGβG = Γ0

√
CF (0)− CF (π)

√
−C ′′F (0). (4.44)
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This is a useful way of extending (4.43) into moderately correlated topography

because one often doesn’t need the full covariance function to estimate these pa-

rameters. For example, if the topography is correlated for two consecutive bounces

but not three, the formula becomes roughly

λ1 ≈ Γ0

√
[Ch(0) + Ch(2π)− 2Ch(π)][−C ′′h(0)], so the only extra information one

needs is the correlation after half a bounce and after one bounce.

The formula breaks down for topography with very correlated canonical covari-

ance functions, in which case we can use the full formula for correlated topography,

derived in section 4.9.1:

λ1 =
1

2

∞∑
m=−∞

Ĉh(m)|m|. (4.45)

This approaches (4.41) when the topography becomes uncorrelated, i.e. when

Ĉh(m) has wide support.

Figure 4.11, middle column shows that (4.45) predicts the correlated rate very

well for a wide variety of covariance functions. It also shows that (4.44) is almost

identical to (4.45), except for covariance functions with very correlated canonical

forms, such as CE. The closeness of the formulas can be visualized by plotting

the “constant” Γ0, which should actually be defined using the discrete formula as

1
2

∑∞
m=−∞ Ĉh(m)|m|/(σGβG), and how it changes with α, as shown in the third

column. For (4.44), (4.41) to hold, this quantity should be constant, but in fact

it varies when α becomes large. The discrepancy is due to the discrete nature of

(4.45), to which (4.44) and (4.41) are essentially continuous approximations. As the

topography becomes more and more correlated, its covariance function in spectral

space becomes more peaked at the origin, making a continuous approximation
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invalid.

An interesting consequence of the discrete nature of the formula is that co-

variance functions with compact support in spectral space, such as CB and CD,

predict a rate of exactly zero after a finite value of α, so the actual rate will be of

higher order in h.

We can summarize our results with a thought experiment where we are given

a fixed ensemble of small-amplitude topography and vary the wave slope. For

very small wave slope, the topography is occasionally supercritical, and we can’t

treat the problem with our methods. For moderate wave slope, the topography

is uncorrelated and subcritical, and the dimensional rate is independent of wave

slope. For large wave slope the topography is correlated and the rate increases

dramatically with wave slope, in a manner which depends on the shape of the

covariance function.

4.7 Application to Bell’s spectrum for topogra-

phy in the Pacific ocean

We can use our model to investigate how topography in the real ocean might scatter

the internal tide. Away from large ridges the sea floor is bumpy: about 85% of

the Pacific sea floor is covered with hills less than 400m high and less than 10km

wide; other ocean basins are hilly to different degrees [Bell, 1975b,a]. Bell [1975b]

created an analytic estimate of the spectrum of this topography by compiling data

from 8000 transects in the north-east Pacific, arguing that his spectrum generalizes
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to the rest of the Pacific ocean basin. We will use this spectrum, which we refer

to as Bell’s spetrum or Bell’s topography, to estimate the e-folding scale of the

internal tide.

As a first guess we can simply use the formula for uncorrelated topography

(4.43), for which we need the two point-wise statistics. Bell’s spectrum has statis-

tics E|h0|2 = (125m)2, E|∇h0|2 = (125m)2κ1κ2 = (0.2)2, and is shown in full in

section 4.9.2. Here κ1, κ2 are wavenumber parameters that modify the spectrum,

defined so that κ1 = 2π/40km controls the correlation length of the topography,

and κ2 = 2π/400m is a cutoff scale so that the topography has finite derivative.

The spectrum is for 3D topography, i.e. κ2 = k2 + l2, so to apply it to our results

for 2D topography we make the modelling assumptions that our results are valid

on any two-dimensional plane through the ocean, and that the 3D spectrum is hor-

izontally isotropic, and we calculate the spectrum for the topography in k-space

as the marginal spectrum of the topography in (k, l)-space. The variance of the

derivative can then be found using |∇h0|2 = h2
0,x + h2

0,y and noting that each of

these has the same expected value by horizontal isotropy, so a one-dimensional

slice of topography has E|h′0|2 = (125m)2κ1κ2/2 = (0.14)2.

We evaluated the constant numerically from (4.42) to be 1.2. Substituting the

numbers into (4.43) and using H = 4km for the depth of the ocean gives an e-

folding scale of 490km for uncorrelated topography. If we had forsaken the spectral

knowledge required to calculate the constant and simply took it to be the same as

for the test case CA, Γ0 = 2.5, we would have found an e-folding scale of 230 km,

which differs by only a factor of 2 from the detailed calculation.
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A more sophisticated estimate uses the formula for correlated topography, (4.45),

to obtain the e-folding scale as a function of wave slope, shown in figure 4.12

(dashed line), and verified with Monte-Carlo simulations4 (markers). This is con-

stant at the scale predicted by the uncorrelated formula, until a critical slope at

which it starts to increase, reaching 800km when µ = 2. The value of µ at which

the increase begins, µ ≈ 0.25, indicates the transition from uncorrelated to corre-

lated topography. This number is corroborated by a plot of the covariance function

for Bell’s topography, in figure 4.12, which shows that the function does not de-

cay to zero until roughly 2-4 bounces, leading again to µ / 0.25 for uncorrelated

topography.

What is the geophysically relevant wave slope? In the real ocean, µ should be

small, as ω is close to f and N is often much larger than f , usually by a factor

of 10-100. For the M2 tide, ω = 1.4× 10−4m2/s ≈ 2f in the mid-latitudes, giving

a range of wave slopes µ ≈ 0.1 − 0.3. For this range the topography is mostly

uncorrelated, but transitions to correlated near the upper values.

However, for such small slopes there is an additional consideration, which is

that the topography might have areas of supercriticality. Indeed, the topography

4To avoid problems with supercritical topography, we exploited the σ2 scaling result and

multiplied the spectrum by 0.1 to perform the simulations, then scaled the ensuing rates by 10.

Using Bell’s actual spectrum would have been occasionally supercritical, and might give different

results.
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has non-dimensional parameters

σ2
h =

( π

4km

)2

(125m)2 = (0.10)2

β2
h =

(125m)2κ1κ2

2µ2
=

(
0.14

µ

)2

.

For the topography to be subcritical with very high probability, we should require

that 1 be a sufficiently large multiple of the standard deviation of the derivative

that exceeding it is unlikely. We have found good behaviour when this multi-

ple is 4, i.e. µ > 4(0.14) = 0.56, so the topography likely has small regions of

supercriticality for which our formulas do not apply.

It is possible that extending the theory to supercritical topography would not

require a fundamental change. In the closely related problem of wave generation,

allowing for supercritical topography only changes energy fluxes to the barotropic

modes by a maximum factor of 2 [Balmforth et al., 2002, Garrett and Kunze, 2007],

but not how this flux scales with the non-dimensional parameters. If a similar

result holds in the scattering case then one should expect supercritical topography

to possibly change the factor Γ0 but not the how the rate depends on σh, βh. Of

course, if the wave slope is too small and there is frequent supercriticality then

other factors enter; the discreteness of the bounces becomes important and waves

may scatter into equipartition after only one bounce.

The geophysical situation is complicated further as the stratification can change,

violating our assumption of constant N and giving rise to internal reflection. How-

ever, it can be shown that there exist depth-varying profiles of N(z) with exactly

zero internal reflection, and that these can fit geophysical profiles quite closely

[Grimshaw et al., 2010]. Therefore it is possible that allowing N(z) to vary with
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depth simply changes the characteristics for the PDE (4.4) from straight lines to

curves, so that the horizontal separations at which a characteristic hits the sur-

face are not necessarily 2π, but rather must be found by solving an ODE. Provided

N(z) does not change too rapidly near the bottom, this effective period of the char-

acteristics should be asymptotically independent of the topography so it can be

calculated and taken into account when non-dimensionalizing the problem, leading

to an “effective” value of N which is some kind of vertical average of N(z).

There is one final caveat, which is that the parameters for Bell’s spectrum were

chosen somewhat arbitrarily; in particular the cutoff wavenumber κ2 was chosen

based on the resolution of the measuring instruments and not on any physically-

motivated theory for what scales the mode-1 wave actually “sees”. However, the

derivative of the topography increases with the cutoff while the constant corre-

spondingly decreases, and we have found that these effects nearly cancel so that

varying the cutoff by a factor of 10 in either direction changes the product Γ0βh

by less than a factor of 2.

Our results lead us to propose an e-folding scale for Bell’s topography on the

order of 500km. Our number was obtained for a finite-depth ocean by solving for

the full streamfunction through the entire depth of the ocean, but it is interesting

to compare to other estimates of the mode-1 scattering rate based on following a

wave packet along a group velocity ray as it reflects off the bottom during a single

scattering event. For example, St Laurent and Garrett [2002] used an expression for

the energy flux produced by the barotropic current along topography with a given

spectrum, and substituting the observed mode-1 rms current for the barotropic
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current and the bathymetry of the Mid-Atlantic Ridge, they found a scattering

efficiency per reflection event of roughly 10%. Other authors [Müller and Xu, 1992]

found a slightly smaller scattering rate of 7% for a Garrett-Munk wave spectrum

reflecting off Bell’s topography in an infinite-depth ocean. St Laurent and Garrett

[2002] estimate that a tidal beam travels a distance of roughly 100km between

scattering events, a number they obtained by solving the characteristic equation

for a tidal wavepacket dx/dz = µ−1 and using a typical stratification profile in the

deep ocean, so that ∆x = 2
∫ H

0

(
N2(z)−ω2

ω2−f2

)1/2

dz. If such a wavepacket loses 10%

of its energy upon each reflection, then it can be expected to undergo | ln(0.9)|−1

scattering events before losing 1/e of its energy, so it has an e-folding scale of

950km. This is comparable to our result, despite the fact that the problems use

different physics, geometries and datasets. However, their result is sensitive to N

and f , whereas ours is often not.

4.8 Discussion

We have investigated how 2D, Gaussian, random topography scatters a mode-1

wave in a finite-depth ocean. We showed that the equation for the spatial part of

the streamfunction can be reduced to a wave equation, which we solve by method

of characteristics. The trajectories of the characteristics have an interesting prop-

erty which gives insight into the qualitative nature of the solution: characteristics

cluster at discrete locations, and if the topography is long enough they eventually

cluster at essentially the same location. Since the characteristics carry the initial

values of a function from which we calculate the streamfunction, the gradient of
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Figure 4.12: Left: e-folding scale for the mode-1 M2 internal tide over Bell’s to-

pography, as a function of wave slope µ, from numerical simulations (markers)

and from analytic formula for correlated topography (4.45) (dashed line). Right:

non-dimensional covariance function for Bell’s topography with wave slope µ = 1

(solid), normalized to have variance 1. CA is also plotted (dashed) for comparison.
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the streamfunction is correspondingly concentrated along the rays corresponding

to the clusters. These regions are likely highly susceptible to shear instability and

might provide a source of turbulence in the deep ocean.

Arguments involving only the characteristics necessarily neglect an important

physical requirement, the radiation condition, which states that the topography

can only generate outwardly-propagating waves. To make statements about the

physical solution we solve the equations numerically, and based on our results

define an energy decay rate as the exponential rate of decay per unit length of

topography of a mode-1 wave which is forced at one side of the topography. We

investigate how this rate varies as we scale the topography in the horizontal or

vertical directions, and derive scaling laws which are valid when the topography is

uncorrelated. When the topography is correlated, we can average the correlation

over several bounces to obtain an uncorrelated “effective” covariance function with

the same long-time statistics as the original. Combining this with the scaling laws,

and a little more work shown in the appendix, yields an explicit formula (4.44)

(and (4.45)) for the rate, valid for both uncorrelated and correlated topography.

The formula predicts a surprising result: when the wave slope is small enough

that the topography is uncorrelated, there is a universal e-folding scale for the

mode-1 wave depending only on the two lowest-order statistics of the topography,

and not on the wave slope. This formula could be a useful heuristic in the real

ocean, where parameters such as N and f can vary and where it may be hard to

measure the exact structure of the covariance function. While the formula contains

a constant which can vary with the shape of the covariance function, it does so
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very weakly, rarely by more than a factor of 2.

As the wave slope increases and the topography begins to be correlated, the e-

folding scale increases sensitively with the wave slope, in a manner which depends

on the precise shape of the covariance function. Although (4.23), (4.25) suggest

that to predict the rate we need to know the full shape of the covariance function,

in practice we may only need a small amount of extra information, such as the

correlation after half a bounce and one bounce.

We also investigated a related problem where we follow the forced wave forward,

but neglect the radiation condition. When the topography is uncorrelated this has

quantitatively different rates with qualitatively different scaling properties, and

approaches the radiation solution only for very correlated topography, so it is only

in this case that the radiation condition can be neglected.

If the topography is fixed but the wave slope changes, we propose there should

be three types of behaviour. When the wave slope is very small, the topography

is strongly supercritical and our assumptions break down; presumably one bounce

scatters the wavefield to equipartition in wavenumber space. When the wave slope

is moderate, the mode-1 decay rate per unit length of topography depends only

on the topography and is independent of the wave slope. When the wave slope is

large, the decay rate is very small and depends sensitively on the wave slope and

the precise shape of the covariance function.

Our investigations have focused entirely on 2D topography, but it would be

interesting to see whether, and how, the results would change for 3D topography,

i.e. to allow the topography to cary in both horizontal directions. This has been
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largely unexplored in both generation and scattering problems, but it is clearly

very relevant for oceanographic applications.

We applied our results to a spectrum for topography in the north-east Pacific,

and found an e-folding scale of ≈ 500 km for most latitudes, stratifications, and

over reasonably rough topography such as some of the Pacific ocean. Granted,

our model is an idealization which neglects potentially important aspects such

as supercritical topography, 3D topography, and changing stratification. Yet it

is encouraging that this estimate is similar to the decay scales that have been

measured in sparse but improving oceanic observations. It is also of an order of

magnitude that is dynamically interesting: large enough that the mode-1 waves

can propagate away from their sources, but small enough that bottom scattering is

competitive with nonlinear wave interactions and is likely an important mechanism

on the scale of ocean basins.

4.9 Appendix

4.9.1 Analytic formulas for mode-1 decay rates for small-

amplitude topography

In this section we show a heuristic derivation of analytic formulas for the rate

of decay of the energy flux in the mode-1 wave, essentially by Taylor-expanding

the governing equations for small h and small h′, where the latter is interpreted as

being small α. We begin with uncorrelated topography, and find expressions which

are easily shown to satisfy the scaling laws λ1 ∼ α−1, λ̃1 ∼ const. Then, when
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the topography is correlated, we show that substituting the covariance function

of the “effective” topography into the rate for uncorrelated topography leads to a

formula which shows excellent agreement with our numerical results over a wide

range of correlation scales.

Uncorrelated topography First consider what happens for just once bounce.

Taylor-expanding (4.11) (which can be written as at = (I−DB)−1Sa0) and (4.13)

and using a0 = (a0
1, 0, 0, . . .) gives

at1
h
= (1 + (DB)11)S11a

0
1, ãt1

h
= S11a

0
1. (4.46)

We rewrite the correction term as (DB)11 =
∑∞

k=0D1kBk1 = −
∑∞

k=0 k|Bk1|2 using

Dmn = − n
m
Bnm, which is possible to show by change of variables and integration

by parts. Taylor-expanding the integrands in the matrix terms in (4.12) for small

∆ (noting that S11 = 1
2π

∫ 2π

0
eiye−iR1(y)dy) gives

Bk1
h
=

i

2π

∫ 2π

0

2∆(x)ei(k+1)xdx, S11
h
= 1 +

i

2π

∫ 2π

0

2∆(x)dx− 1

2π

∫ 2π

0

4∆2(x)

2
dx.

(4.47)

For notational compactness let us define a random variable Xk := Bk−1,1/i
h
=

1
2π

∫ 2π

0
2∆(x)eikxdx. Since ∆(x)

h
= 1

2π

∫∞
−∞ d∆̂(m)eimx, where d∆̂(m) is a stochastic

Gaussian measure such that Ed∆̂(m) = 0, Ed∆̂(m)d∆̂(m′) = 2πĈh(m)δ(m −

m′)dmdm′, the random variable can be written as

Xk
h
=

2

(2π)2

∫ ∞
−∞

d∆̂(m)

i(m+ k)

(
e2πi(m+k) − 1

)
, (4.48)

so that

E|Xk|2
h
=

4

(2π)3

∫ ∞
−∞

Ĉh(m)

(m+ k)2
|e2πi(m+k) − 1|2dm. (4.49)
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Summing over k, we find that

E(DB)11
h
= −

∞∑
k=2

(k−1)E|Xk|2
h
= − 4

2π

∫ ∞
−∞

Ĉh(m)

{
∞∑
k=2

(k − 1)

(2π)2

|e2πi(m+k) − 1|2

(m+ k)2

}
dm.

(4.50)

The quantity in braces, as a function of m, is very close to |m| − 1 for m ≤ −2,

and is quite small otherwise. Therefore we can approximate this expression as

E(DB)11
h
= − 1

π

∫ ∞
−∞

Ĉh(m)|m|dm, (4.51)

where we have replaced |m| − 1 with |m|, which is a good approximation when

Ĉh(m) is wide, as is the case when the topography is uncorrelated.

The other term has expected value ES11
h
= 1− E 1

2π

∫ 2π

0
2∆2(x)dx = 1− 2σ2.

For many bounces, we suppose the problem can be solved by solving the prob-

lem at each bounce one after the other, using the solution for the (n−1)th bounce

to solve for the solution at the nth bounce and discarding all but the mode-1 wave

on each iteration. This is valid when the energy transmitted and reflected to higher

modes is asymptotically smaller than the energy that remains in mode 1. There-

fore we apply the operators in (4.46) repeatedly, and assume that all operators are

independent, which is roughly true for uncorrelated topography, to find the rates

of decay of the means are

− log Eat1
b

h
=

1

π

∫ ∞
−∞

Ĉh(m)|m|dm+ 2σ2,
− log Eãt1

b
h
= 2σ2. (4.52)

When the topography is uncorrelated, i.e. as α→ 0, the approximation for the

first term is dominated by the integral expression so we discard the 2σ2 correction.

Now, the quantities we are interested in are actually E|at1|2, E|ãt1|2, which, to

lowest order in h, equal 1−2
∑

k k|Bk1|2−2E 1
2π

∫ 2π

0
2∆2(x)dx+E

(
1

2π

∫ 2π

0
2∆(x)dx

)2
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and 1−2E 1
2π

∫ 2π

0
2∆2(x)dx+E

(
1

2π

∫ 2π

0
2∆(x)dx

)2

respectively. A straightforward

calculation shows that E
(

1
2π

∫ 2π

0
2∆(x)dx

)2

= 4
2π

∫∞
−∞ Ĉh(m)

∣∣∣ e2πim−1
2πim

∣∣∣2 dm, where

the integrand only contributes near m = 0, so this term can be neglected for wide

covariance functions. Therefore the rates we are interested in should be twice the

above, i.e.

λ1 = c1

∫ ∞
−∞

Ĉh(m)|m|dm, λ̃1 = c0σ
2. (4.53)

for constants c1 = 2/π, c0 = 4. Note that these formulas have the desired scaling

properties with α and σ.

Correlated topography When the topography is correlated, its characteristic

map has the same statistics after many bounces as an uncorrelated “effective”

topography G(x), so let us use the covariance function for the effective topog-

raphy instead in (4.53). Substituting the expression for CG(x) from (4.25) and

interchanging the sum and integral gives an estimate of

λ1 = c1

∞∑
m=−∞

Ĉh(m)|m|, λ̃1 = c0σ
2
G = c0

∞∑
k=−∞

Ch(2πk)−Ch(2πk+π). (4.54)

When the topography is uncorrelated, Ĉ(m) has wide support so (4.54) is essen-

tially (4.53).

Numerical tests We have done extensive tests of all of these approximations

with the covariance functions in table 4.2. We have found excellent agreement for

both of the formulas in (4.52) (not shown), for both the uncorrelated formula shown

above and its extension to correlated topography. The agreement for (4.53) and

(4.54) was good, but typically differed uniformly by a small factor: we found that
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choosing the constants to be slightly lower than the values we derived theoretically

gave much better agreement. For the forward problem, choosing the constant to

be 4 only worked well for extremely small α, and otherwise c0 = 2 gave a better

estimate. For the radiation problem, we found using c1 ≈ 0.45 gave the best

agreement so for simplicity we set c1 = 1/2; the discrepancy is possibly due to the

subtleties involved in applying asymptotic arguments to stochastic quantities and

we don’t understand the full reasons behind it at the moment.

4.9.2 Bell’s spectrum

Bell’s topography in wavenumber space is

Ĉ(κ) = (125m)2 κ1κ

(κ2 + κ2
1)3/2

1κ<κ2 , (4.55)

where κ = k2 + l2 is the horizontal wavenumber, κ1 = 2π/40km controls the

correlation length of the topography, and κ2 = 2π/400m is a cutoff scale so that

the topography has finite derivative.

The spectrum of a one-dimensional slice through the topography is calculated

by converting from total wavenumber space to (k, l)-space using the Jacobian of

the transformation and the relation Ĉ(κ)dκdθ = Ĉ(k, l)dkdl, and then integrating

over l to find the marginal spectrum in k, Ĉ(k) = 1
2π

∫∞
−∞ Ĉ(k, l)dl. This gives

[Muller and Bühler, 2009]

Ĉ(k) =
(125m)22κ1

√
κ2

2 − k2√
κ2

2 + κ2
1(k2 + κ2

1)
1|k|<κ2 . (4.56)
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