LIOUVILLE METRIC OF STAR-SCALE INVARIANT FIELDS:

TAILS AND WEYL SCALING
JULIEN DUBEDAT AND HUGO FALCONET

ABSTRACT. We study the Liouville metric associated to an approximation of a log-
correlated Gaussian field with short range correlation. We show that below a parameter
Ye > 0, the left-right length of rectangles for the Riemannian metric e¥?0»ds? with
various aspect ratio is concentrated with quasi-lognormal tails, that the renormalized
metric is tight when v < min(+.,0.4) and that subsequential limits are consistent with
the Weyl scaling.
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1. INTRODUCTION

Gaussian multiplicative chaos (GMC) is the study of random measures of the form
0 (dx) where v € (0,4/2d) is a parameter, ¢ is a log-correlated Gaussian field on a
domain D in R? and o(dz) is an independent measure on D. Since the field ¢ just
exists in a Schwartz sense, a regularization procedure and a renormalization have to be
done to show the existence of e?a(dz). One classical regularization of the field is the
martingale approximation done by Kahane [21|, another one is by taking a convolution
with a mollifier, done by Robert and Vargas [30]. Shamov [31] then proved that in
a rather large setting of regularization, the convergence holds in probability, the limit
does not dependent on the regularization procedure and is measurable with respect to
the field (see also Berestycki [4] for an elementary approach). A particular case of the
theory, initiated by Duplantier and Sheffield [15], is when d = 2 (which we will always
assume from now on) and when the field is the Gaussian free field: this random measure
is called Liouville Quantum Gravity (LQG).

One may try to follow the same lines to define the metric whose Riemannian metric
tensor is e’ds?: approximate ¢ by a smooth field to obtain a well-defined random
Riemannian metric, show that the appropriately renormalized metric converges to a
limiting metric which is independent of the limiting procedure and which is measurable
with respect to the field. This problem seems to be so far more involved than the measure
one where more tools are currently available. In a series of recent papers [25, 26, 27, 28|,
Miller and Sheffield considered the case v = 1/8/3, d = 2 and ¢ is a Gaussian free
field. In particular, they made sense of the limiting object directly in the continuum and
established some connections with the Brownian map, universal scaling limit of a large
class of random planar maps (see Le Gall [22, 23] and Miermont [24]).

In a discrete setting, Ding and Dunlap [8] studied the first passage percolation as-
sociated to the discrete Gaussian free field in the bulk (see [3]| for an overview on first
passage percolation). They showed that the renormalized metric is tight, when ~ is
small enough. A major part of their work was to obtain Russo-Seymour-Welsh (RSW)
estimates of the length of left-right crossing of rectangles with various aspect ratio and
their approach strongly relies on Tassion’s method [32]. We mention here that Ding et
al. 8,9, 10, 12, 11, 13, 14| studied related topics.

Recently, Ding and Gwynne [10] discussed the fractal dimension of LQG. In their
paper, the Liouville first passage percolation is described as follows. Let ¢ be a Gauss-
ian free field on a domain D C R? and fix £ > 0. Denote by ¢s(z) the circle av-
erage of ¢ over 0B(z,d) and consider the distance Dg’iFPP, defined for z,y € D by
Dg’iFPP(x, y) = inf fol ef?s(*®) |7/()| dt, where the infimum is taken over all piecewise

continuously differentiable paths 7 : [0,1] — D such that 7(0) = z and 7(1) = y. They
explained that the parameter £ should be taken as %, if d is the Hausdorff dimension of
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the v-LQG metric, obtained by scaling limits of graph distance on random planar maps,
see Section 2.3 in [10] for a discussion.

In this article, the field ¢ is a log-correlated field with short-range correlations and
is approximated by a martingale ¢, where each ¢y, is a smooth field. More precisely,
we consider a x-scale invariant field whose covariance kernel is translation invariant and is
given by Cp () = 100 C(:‘L—@clu, where ¢ = k x k, for a nonnegative, compactly supported
and radially symmetric bump function k. We decompose the field ¢y in a sum of
self-similar fields i.e. ¢g o0 =D ,50 Pn, Where the ¢,’s are smooth independent Gaussian
fields, such that ¢y has a finite range of dependence and (¢,(r)), .z has the law of
(¢o(22")),cg2- We then denote by ¢, the truncated summation i.e. ¢o, = > ) pecp, P-
This gives rise to a well-defined random Riemannian metric e¥?nds?, restricted for
technical convenience to [0, 1], which is the main object studied in this paper. Let us
point out that the parameter ¢ in [10] corresponds to the parameter 3 here, since the

length element is given by ez%.nds.

In the recent preprint [20], the authors proved that any log-correlated field ¢ whose
covariance kernel is given by C(z,y) = —log |z — y| + g(z,y), assuming some regularity
on g, can be decomposed as ¢ = ¢, +1 where ¢, is a x-scale invariant Gaussian field and
1 is a Gaussian field with Holder regularity. A similar decomposition where the fields are
independent can be obtained modulo a weaker property on ¢,. Using this decomposition,
they generalize some results present in the literature only for x-scale invariant fields. Let
us also mention that x-scale invariant log-correlated fields are natural since they appear
in the following characterization (see [2|): if M is a random measure on R? such that
E(M(]0,1]%)*+°) < oo for § > 0 and satisfying the cascading rule, for every e € (0,1):

d WelT
A sy @ ( [ e Ortgan)) )
A AEB(RY)

where (M (eA)) acprd) @ eY(M(A)) acpre) and where w, is a stationary Gaussian field,

independent of M., with continuous sample paths, continuous and differentiable covari-
ance kernel on R?\ {0}, then, up to some additional technical assumptions, M is the
product of a nonnegative random variable X € L'*? and an independent Gaussian mul-
tiplicative chaos e?dx i.e. YA € B(RY), M(A) = X [, e?®~380@*) gz, Moreover, the

covariance kernel of ¢ is given by C(z) = 100 @du for some continuous covariance
function ¢ such that ¢(0) < & and notice that we have C(x) ~ —c(0) log ||z||. Again,

one can try to follow the same lines for the metric instead of the measure to construct
and characterize metrics on R? satisfying a property analogous to (1.1) involving the
Weyl scaling (see Section 7).

In our approach, we introduce a parameter 7. > 0 associated to some observable of
the metric and we study the phase where v < 7.. More precisely, if Lﬁ”l) denotes the
left-right length of the square [0, 1] for the random Riemannian metric ¢7%ds? and p,
is its median, we then define 7. := inf{~v : (log L&”f — log py,) is not tight}. We expect

that the set of v such that (log LY? — 1og f1n)n>0 1s tight is (0,7.) . We prove that as
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soon as v < 7., we have the following concentration result: for s large, uniformly in n,

ce O <P <log L§”1) —log u,, < —s> < C’e_CSQ,
—Cs2 (n) 7Ci
ce <P <10g Lyy —log pi, = 3> < (e “logs,

When v < min(y,,0.4), we obtain the tightness of the metric spaces ([0, 1], don)n>0,
where dj ,, is the geodesic distance associated to the Riemannian metric tensor er%0n(s?,
renormalized by p,. The main difference with the proof of Ding and Dunlap is that the
RSW estimates do not rely on the method developped by Tassion [32] but follow from
an approximate conformal invariance of ¢y, obtained through a white noise coupling.

We also investigate the Weyl scaling: if dy ~ is a metric obtained through a subsequen-
tial limit associated to the field ¢y o and f is in the Schwartz class, then we prove that the
metric associated to the field ¢g o+ f is e%f-doyoo, that the couplings (¢ o+ f, e%f-dovoo)
and (¢o 0, do.0) are mutually absolutely continuous with respect to each other and that
their Radon-Nikodym derivative is given by the one of the first marginal. Notice that
if the metric dp ~ is a measurable function of the field ¢y, this property is expected.
Here, this property tells us that the metric is not independent of the field ¢ and is in
particular non-deterministic. In fact, this property is fundamental in the work of Shamov
[31] on Gaussian multiplicative chaos, where the metric is replaced by the measure. It is
used to prove that subsequential limits are measurable with respect to the field, which
then implies its uniqueness and that the convergence in law holds in probability.

Shamov [31] takes the following definition of GMC. If ¢ is a Gaussian field on a domain
D and M is a random measure on D, measurable with respect to ¢ and hence denoted
by M(¢,dz), which satisfies, for f in the Cameron-Martin space of ¢, almost surely,

M(¢p+ f,dx) = ef(””)M(gb, dzx), (1.2)

then M is called a Gaussian multiplicative chaos. Furthermore, M is said to to be
subcritical if EM is a o-finite measure. Note that the left-hand side is well-defined since
M is ¢ measurable. It is easy to check that the condition (1.2) implies uniqueness among
¢-measurable subcritical random measures and we insist that the measurability of M
with respect to ¢ is built in the definition. A natural question is thus the following:
replace the measure M by the metric dy o, assume in a similar way the measurability
with respect to ¢ and suppose that in (1.2), the operation is the Weyl scaling defined in
Section 7, then is there uniqueness?

The article is organized as follows. In Section 2, we introduce the fields ¢y, as well as
the definitions and notations that will be used throughout the subsequent sections. Sec-
tion 3 contains our main theorems. In Section 4, we derive the approximate conformal
invariance of ¢, together with the RSW estimates. Section 5 is concerned with lognor-
mal tail estimates for crossing lengths, upper and lower bounds. Under the assumption
v < min(y,, 0.4), we derive the tightness of the metric in Section 6. The Weyl scaling is
discussed in Section 7. Section 8 is concerned with 7. > 0. Lastly, in Section 9 we prove
some independence of 7. with respect to the bump function k used to define ¢ ,. The
appendix gathers estimates for the supremum of the field ¢y, as well as an estimate for
a summation which appears when deriving diameter estimates.
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2. DEFINITIONS

2.1. Log-correlated Gaussian fields with short-range correlations. A white noise
on R?is a random Schwartz distribution such that for every test function f, (¢, f) is a cen-
tered Gaussian variable with variance || f|7 ray- 1f (2, F,P) denotes a probability space
on which it is defined, we have a natural isometric embedding L?(RY) — L*(Q, F,P).
By extension, for f € L?(R?), the pairing (¢, f) is also a centered Gaussian variable with
variance ||f||iQ(Rd).

Let k£ be a smooth, radially symmetric and nonnegative bump function supported
in B(0,70) C R? and normalized in L*(R?) (g, k*dz = 1), where 1 is a fixed small

positive real number. If ( denotes a standard white noise on R?, then the convolution
kx( is a smooth Gaussian field with covariance kernel ¢ := k x k whose compact support
is included in B(0,2r). This can be taken as a starting point to define more general
Gaussian fields. Let £(dz,dt) be a white noise on R? x [0,00). Then one can define a
distributional Gaussian field on R? by setting

P0,00(2 /R/ ( > t%%¢(dy, dt)

with covariance kernel given by

E (G0.00(2)d00c (2 /R/ <x_) ( ) t3dydt = /Olk*k<x_t$)%
[

Remark that for x # 2/, the integrand vanishes near 0 since ¢ has compact support, and

that if |z — 2’| > 270, E(¢0,00(7)¢0,00(2")) = 0. Denote C(r fo (r/t)%. Then
! dt > dt [ dt o
)= [ e = [ oG- / /0% =24 i)
where a = [[*(t71)% = —¢(0) and f is a smooth function. Consequently,
C(r) = alogr + F(r)
where F is smooth. By normalizing k in L?(R?), we have ¢(0) = k*k(0) = [5, k*dz =1
and

C(r) = —logr+ F(r).

2.2. Decomposition of ¢y in a sum of self-similar fields. One can decompose
®0,00 as a sum of independent self-similar fields. Indeed, for 0 < m < n, set

mate) = [ () et 2.1
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as well as ¢, := ¢, so that ¢g, = Zogkgn ¢ and ¢ oo = ano ¢, where the ¢,’s are
independent. Notice also that for 1 < m < n, ¢9,, = Gom—1 + @mn- The covariance
kernel of ¢,, is

—n—1 t t

B = [ e(575) ¥ = el -

so that C,(r) = Cp(r2™). We will also denote by Cj,, the covariance kernel of ¢q,. The
following properties are clear from the construction.

Proposition 2.1. For every n > 0,

(1) ¢y, is smooth,

(ii) the law of ¢, is invariant under Euclidean isometries,

(iii) ¢, has finite range dependence with range of dependence 2™ - 2rq,
(iv) and (¢n()),cp2 has the law of (¢o(x2")), g2 (scaling invariance).
(v) The ¢,’s are independent Gaussian fields.

Let us precise that one can see that ¢, is smooth from the representation (2.1) since
k has compact support and ¢ is a distribution (in the sense of Schwartz). This is a
deterministic statement.

We will use repeatedly these properties throughout the paper in particular the in-
dependence and scaling ones. Furthermore, one can decompose the field at scale n in
spatial blocks. Specifically, we denote by P, the set of dyadic blocks at scale n, viz.

Poo={27"([i,i +1] x [5,j+1]) : i,j € Z*}.

27" —
Gnp(z) = /P /2 k(%) t79/2¢ (dy, dt).

The following properties are immediate.
Proposition 2.2.

For P € P, we set

(i) The ¢np’s are independent Gaussian fields.
(ii) For everyn > 0 and P € P,, ¢, p is smooth and compactly supported in P +
B(0,27™ - 2rg).
(ili) If P € P, Q € Py, and 1 : P — @ is an affine bijection, then ¢, g ol has the
same law as ¢, p.

Finally, we have the decomposition

¢0,oo - Z Z ¢n,P

n>0 PePy,

in which all the summands are independent smooth Gaussian fields, all identically dis-
tributed up to composition by an affine map and ¢, p is supported in a neighborhood of
P. In the following sections, we will work with the smooth fields ¢y ,, approximations of
the field ¢¢ o, and we denote by Fy,, the o-algebra generated by the ¢;’s for 0 < k < n.
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2.3. Rectangle lengths and definition of ~.. For a,b > 0 and 0 < m < n, we
denote by Lf:;’n) the left-right length of the rectangle [0,a] x [0,b] for the Riemannian
metric e79m"ds?, where the metric tensor is restricted to [0,a] x [0,b]. When m = 0 we
simply write Lgnb) To avoid confusion, let us point out that this is not the Riemannian
metric on the full space restricted to the rectangle. In particular, all admissible paths
are included in [0, a] x [0, b]. Tt is clear that the spaces ([0, 1)?, e??0nds?) and ([0, 1]2, ds?)
are bi-Lipschitz. Consequently, ([0, 1]?, e7%0nds?) is a complete metric space and it has
the same topology as the unit square with the Euclidean metric. We will denote by m, ,,
a minimizing path associated to L((;Z’") and it will be clear depending on the context
which a, b are involved. Notice that such a path exists by the Hopf-Rinow theorem and a
compactness argument. We will say that a rectangle R is visited by a path 7 if TN R # ()

and crossed by m if a subpath of m connects two opposite sides of R by staying in R.
We recall the positive association property and refer the reader to [29] for a proof.

Theorem 2.3. If f and g are increasing functions of a continuous Gaussian field ¢ with
pointwise nonnegative covariance, depending only on a finite-dimensional marginal of ¢,

then E (f(0)g(0)) = E (f(¢)) E (9(#))-

We will use this inequality several times in situations where the field considered is ¢y,
(since k > 0) and the functions f and g are lengths associated to different rectangles,
without being restricted to a finite-dimensional marginal of ¢o,. If R is a rectangle,
denote by L™ (R, k) the left-right distance of R for the field <b’g7n, piecewise constant on
each dyadic block of size 27% where it is equal to the value of ¢, at the center of this
block. We also denote by L™ (R) the left-right distance of R for the field ¢g,,. We have
the following comparison,

6_0(2716)SuPPePk,PCRHV(ﬁO,nHPL(n)(R) < L(n)(R’ k‘) < L(n)(R)60(27k)SUPPePk,PcR”V(ﬁO,n”p

which gives a.s. limy,_,, L™ (R, k) = LM™(R).

If Ry,...,R, denote p > 2 fixed rectangles, by Portmanteau theorem and since
(L™(Ry),...,L™(R,)) has a positive density with respect to the Lebesgue measure
on (0,00)¢ (by the argument used in the proof of Proposition 5.5), if [ > 0, we have,
using Theorem 2.3,

P (L"(Ry) > 1,...,LM"(R,) > 1) = lim P (L"(Ry, k) > 1,..., L' (R, k) > 1)

k—o0

> lim P (L™(Ry, k) > 1)...P(L™(R,, k) > )

T k—oo

=P (L"(R) >1)...P(L"(R,) >1).

Furthermore, if F, G : (0,00)%* — (0, 00) are increasing functions such that

(i) a.s. limg_,o F(gb’g’n) = F(¢o,) and limy_, G((blg,n) = G(¢on)
(ii) E (F(sup[m]z $o,n) G (inf g 172 gbom)_l) < oo, E (F(sup[m]z gbo,n)) < o0
and E (G(inf{g 12 ¢o,,) ™!) < o0,
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then, by dominated convergence theorem and the negative association we have
1 1

Floon), o Pk _

E( ).

We introduce the notations lgng (p) :=inf{l >0 | ]P’(Lg"b) < 1) > p} for the p-th quantile
associated to L((lnb) and latlb) (p) := léng(l — p). Since we will use repetitively 15”3) (¢) and
lg"l) (¢) for a small fixed e, we introduce the notation I, for the first one and [, for the
second one. Also, we will be interested by the ratio between these quantiles hence we
introduce the notation ¢, := maxp<x<np l,;ll_k for n > 0. Finally, we introduce u, for
the median of L§”1) (note that Lg"l) has a positive density on (0, 00) with respect to the

Lebesgue measure by the argument used in the proof of Proposition 5.5). We then define
the critical parameter 7, as

Ve 1= inf {fy : (log Lg”l) — log un> is not tight}

and we call subcriticality the regime v < 7.. Note that anytime we use the assumption
v < 7., we use only the tightness of log Lg”l) — log i, However, we expect that the set

of v such that (log Lﬁ"f — log pin)n>o is tight is the interval (0,7.).

2.4. Compact metric spaces: uniform and Gromov-Hausdorff topologies. We
recall first the notion of uniform convergence. A sequence (d,),>o of real-valued functions
on [0,1]2 x [0,1]? converges uniformly to a function d if
sup |dn(z,2") — d(z,2")| — 0.
z,x’€[0,1]2 n—00
If d, are moreover distances on [0,1]?, then d is a priori only a pseudo-distance i.e.
d(xz,y) = 0 with = # y may occur.

Moreover, we recall the definition of the Hausdorff distance. If K, K5 are two compact
subsets of a metric space (F, d), the Hausdorff distance dy between K7 and K3 is defined
by

dH(Kla KQ) ;= inf {8 >0: Kl C U€<K2) and K2 C UE(Kl)}
where for i = 1,2, U.(K;) := {x € E : d(x, K;) < €} is the e-enlargement of K.

We recall now the definition of the Gromov-Hausdorff distance. Let (Ej,d;) and
(Es,ds) be two compact metric spaces. The Gromov-Hausdorff distance dgy between
FE; and F» is defined as

daon(Ey, Ba) = inf {dy(¢1(E1), ¢2(E2))}

where the infimum is over all isometric embeddings ¢, : Fy — E and ¢y : Ey — E
of F; and E, into the same metric space (F,d). Here, dy is the Hausdorff distance
associated to the space (F,d). Denote by M the set of all isometry classes of compact
metric spaces (see [19] Section 3.11). The Gromov-Hausdorff distance dgp is a metric
on M and (M, dgp) is a Polish space. We refer the reader to the textbook [6], Section 7
for more details on these topologies.
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In our framework, we introduce the sequence of compact metric spaces (M,,),>o where
M, := ([0,1]% do,,) and where dy,, is the geodesic distance induced by the Riemannian
metric tensor p2e7%0nds? restricted to [0,1]? and we aim to study the convergence in
law of M,, to a random metric space M, with respect to the Gromov-Hausdorff topology.

2.5. Notation. We will denote by ¢ and C constants whether they should be thought
as small or large. They may vary from line to line and depend on the parameters (e.g.
the bump function k) or geometry when these are fixed. At the only place of the paper
when we take v small, but fixed, v is taken small compared to a constant which does
not depend on v (as soon as we assume that ~y is less than an absolute constant, upper

bounds like e7V* may be replaced by ec\/E).

If F: E — Cis a complex-valued function, we denote by ||F||_ = sup,cp |F(z)]
and by [[Fl[ca(g) = [[Fll + SUPrryer F@-WI  For ¢ > 1, S(R?) denotes the space

lz—y[*
of Schwartz functions and &'(RY) denotes the space of tempered distributions. Our
convention for the Fourier transform of a function ¢ € S(R?) is ¢(§) 1= [ o(x)e ™ dx.
If x is a real number we will denote by x, the maximum of x and 0. For two real numbers
a and b we denote by a V b := max(a,b) as well as a A b := min(a,b). Finally, if X is a
random variable, £(X) denotes its law and for = € R we set Fx(z) :=P(X < x).

3. STATEMENT OF MAIN RESULTS

Our first main result concerns the relation between lengths of rectangles with different
aspect ratio. We want to compare the tails of Lfl"b) for various choices of (a,b). Notice
that if «’ < a, b’ <b, a.s.

(n) (n) (n)
Lyy <Ly, <L

a,b — “ab'

In particular, this gives lg,l)b(p) < lgnb) (p) < lgjb),(p) for every p in (0,1). The following
Russo-Seymour-Welsh estimates give upper bounds of left-right crossing lengths of long
rectangles in terms of left-right crossing lengths of short rectangles.

Theorem 3.1. If [A, B] C (0,00) there exists C' > 0 such that for every (a,b), (a’,b') €
[A, B] with a/b <1< d' /b and for everyn >0, ¢ < 1/2 we have

15 (£/C) < 1) (€)CeCV Iose/C, (3-1)
i) (381/0) < l%(:b)(g)c«ecvllogf/cl‘ (3.2)

al b

In the article [8], Ding and Dunlap obtained a difficult result (see Theorem 5.1 in
[8]), inspired by [32]. Their result applies to a rather general setting whereas here we
rely on some approximate conformal invariance of the field considered. However the
result in [8] holds for v small and this is a comparison for low quantiles only. Here we
obtain comparisons for low, as well as high, quantiles, and there is no assumption on ~.
Furthermore, the RSW estimates obtained here are also quantitative: this is instrumental
for instance in the proof of left tail estimates.

Theorem 3.2. If v < 7., the left-right length for various aspect ratio renormalized by
o, 1S tight and its tails are quasi-lognormal i.e. if [A, B] C (0,00) there exist constants
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¢ >0, C >0 such that for every (a,b) € [A,B], n >0, s > 1:

P (L6) > V) < 0, o
P <Lgnb) < ,une_s> < Cee, (3.4)

These estimates are fundamental ingredients to get:

Theorem 3.3. Assume that v < min(y.,0.4). Then:

(i) The sequence of compact metric spaces (M), , where M, := ([0,1]?, do,) and
where dy,, is the geodesic distance induced by the Riemannian metric pi,,2e71%»ds?
is tight with respect to the uniform and Gromov-Hausdorff topologies.

(ii) If (ng) is a subsequence along which (d,, )r>0 converges in law to some dp o,
then for f € S(R?), (d,,, eal . dn, k>0 converges in law to (dy s, e3l . doo) (see
Section 7 for a definition of the Weyl scaling).

(ili) Moreover, (¢o0o+f, e%f-do,oo) is absolutely continuous with respect to (¢o,00, do o)
and the associated Radon-Nikodym derivative is the one associated to the first

marginal i.e. —dg(ﬁqz(;;;o +)f ).

We will also check that 7, > 0 which is the content of:
Theorem 3.4. For every choice of bump function k, v.(k) > 0.

The general proof scheme of this result is similar to the one in [8]. The key tool is the
Efron-Stein inequality, which was introduced by Kesten in the context of Fuclidean first
passage percolation. It was first used by Ding and Dunlap in a multiscale analysis to
study Liouville first passage percolation metrics. Let us mention a few key differences
in the implementation of that concentration argument.

In [8], the authors use the Efron-Stein inequality to give an upper bound of Var(Lg?l) ),

in order to control inductively the coefficient of variation of Lﬁ”f , defined as

Var(L{")
CVHLYY) = VarlL1) (nyl).
7 E(Li;)?
Here, since we expect that the logarithm of the normalized left-right distance is tight, we

apply the Efron-Stein inequality to log L(lnl) (the underlying product structure is provided
naturally by the white noise representation of the field). We recall the notation for
quantiles 1Y) (p), [{") (p), defined such that P(L{") > I{")(p)) = p and P(L{] < 1 (p)) = p,
and set
i)
0 (p) := max —=(p)

e
which is the quantity we want to bound inductively; p is chosen small enough but fixed
so that our tail estimates hold. The starting point of the induction is the inequality

7(n)
l%(p) < (Coy/Varlog L{7]
11"
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Here the multiscale analysis, relying in particular on tail estimates (let us point out that
instead of quasi-Gaussian bounds, super-exponential bounds would suffice) shows that,
for v small (but which can be quantified) for some ¢, < 1, we have

Varlog LY? < 9P <C’ +C8,_1(p)* Z cij)

k=1

The absence of an explicit bound on 7. comes from the fact that we take v small enough
in this inequality to bound inductively d,(p).

Finally, we will work out some independence of the parameter v, with respect to the
choice of the bump function which is the content of

Theorem 3.5. If k1 and ky are two bump functions such that /%1(5) = e~elléli®(+e(1))
and ky(€) = e~ VIEIPA+o()) " a5 & goes to infinity, for some o € (0,1) and a,b > 0, then
Ye(k1) = Ye(k2).

4. RUSSO-SEYMOUR-WELSH ESTIMATES: PROOF OF THEOREM 3.1

In this section we prove that our approximation ¢g, of ¢¢~ is approximately con-
formally invariant. We will then investigate its consequences on the length of left-right
crossings: the RSW estimates, Theorem 3.1, which is a key result of our analysis. Let
us already point out that these RSW estimates eventually lead, as a first corollary, to a
lognormal decay of the left tail (inequality (3.4), without assuming v < ~. but with a
small quantile instead of the median).

4.1. Approximate conformal invariance of ¢;,. Let F' : U — V be a conformal
map between two Jordan domains. We wish to compare the laws of ¢y, and ¢y, o F' in
U and look for a uniform estimate in n. For this we go back to the defining white noises.
We write, for ¢ and ¢ two standard white noises

Pon(x /R/2 ( )t‘3/25(dy,dt>,
Pon (@ /R/Q ( )t3/2£(dy,dt>,

and we want to couple ¢, and gbom o I, in particular for the high-frequency modes. We

couple the defining white noises &, ¢ in the following way: if ¢ € V, y € U, v = F(y),
t' =t|F'(y)|, then

E(dy,dt') = |F'(y)I"* &(dy, dt)
i.e. for a test function ¢ compactly supported in V' x (0, 00),

/ oy )E(dy, dt) / O(F (), HF () |F ()" €(dy, dt)

and both sides have variance ||¢||7,. The rest of the white noises are chosen to be
independent, i.e. §ex(0,00)s §|Ux(0,00) and 5|f/cX(o,oo) are jointly independent. Assuming
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|F’| > 1 on U, since

[ (=) oo [ [ (B0

we can decompose ¢ () — Gon(F(2)) = 661 () + dpo(x) + dps(x) Wwhere

36n(x //2 - < ) =3/2¢ (dy, dt) — //2 - < y) 7312 (dy, dt)
'ﬁ//:lkﬁigﬁ £73/2¢(dy, dt),
st / [0 () -+ (™)) tanan

00 == [ [t () 0

Remark also that d¢g is independent of ¢y ,,, d¢1, and d¢p. We will estimate these three
terms separately on a convex compact subset K of an open convex set U under the
assumption that ||F’||,, ., < oo and ||F"|, . <ooand |[F'|>1onU.

Lemma 4.1. §¢; restricted to K is a smooth field; more precisely there exists C' > 0
such that for everyn >0

E (11661 lcnae ) < C.

Proof. If x € K, since k has compact support included in B(0,ry) we can write

[l () s | ] () et
eJon-1 ¢ J(ANd(K,U¢)/ro)v2—n—1 t

The idea is the same for the second term. For the third term, |F'(y)| < ||F’||,; ., hence

[t (1) omiammn= [ [

which concludes the proof: the smoothness follows standard results of distribution in the
sense of Schwartz. Ul

T —
11<t|F’ y)|k <Ty) 3/2§<dyadt)

/”Uoo

Lemma 4.2. There ezists C > 0 such that for every n > 0 and every x,z’ € K,
E ((6¢a(x) — 6¢a(2'))?) < C'lx — 2| .
We also have E (6¢2(x)?) < C uniformly in x € K and n > 0.

Proof. Since k is rotationally invariant and has compact support, we will see that

k <:” - y) =k (%) +O(t). (4.1)
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First, £ having a compact support included in B(0,rq) gives

r—Y r—Y r—Y
(579) (57 (55

F(z) - Fy)\ _, (Fl)-Fy) (P - F(y)
k(W)‘k ( tF(y)] )“M"’“ ( tIF(y)] )1““

Since |F'| > 1 on U and |[F'||;,, < o0

[F(x) = Fly)l o [FH(F(x) = F(F@)| _ |y
E'Wl I e I v ¢

hence we can directly replace the term Lo 1r@-ral by 1,
= g F ()]

|F(x) = F(y) = F'(y)(z — y)| < gle =y [[F]y thus

7 =y 1" Iy oo
2t |F'(y)|

. By Taylor’s inequality,

|lz—yl
2 Crg

‘F(l’)—F(y) -y F'y) ‘ <

t1F(y)| t [F'(y)l|
The consequences of the compact support seen above together with the rotational in-
variance of k give

tIF(y)] t Fiy)] 2t =2

1
< SNV Iy (Cro)t

which gives (4.1). Finally, we obtain the following bound
(7)) - ((557) -+ (50
((572) (572 (e () ()
~o(int )

where in the last equation we both used equation (4.1) and the inequalities, for z, 2’ € K

and y € U:
NEE e
and
() -+ (Crran ) <o g |

|lv —x

S IVEo 1 00 =
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It follows that

N N (CO R C )
) g e
< /01 @) (t A 2 _t 93’|>2 /R2 Lye Bl tCro)UB (! 1Cre)dyt 2 dt
o)
/OW

<Clx—2].

where the constant C'in the right-hand side is uniform in n. The second assertion directly
follows from an analogous computation without keeping track of the x, z’.

1
tdt+C|:B—as’|2/ t3dt
Viz=a'|

<C

U

Proposition 4.3. There exist C > 0, 0 > 0 such that for every n >0, x >0,
P (||(861 + 6¢) || > @) < Ce™®/°

Proof. We have obtained in Lemma 4.2 a bound on the variance of d¢o(x) — do(z’)

which is a centered Gaussian variable, hence it follows that E ((6¢2(z) — 6o (2’ ) ) =

O(Jz — 2'|”). By the Kolmogorov continuity criterion, for any o < 1/2, E([|0¢2|| a (x) 18

bounded in n. Together with Lemma 4.1, this shows E(||(6¢; + 5¢2)|KHOO) is bounded.

Consequently by Fernique (see [17]), we have a uniform Gaussian tail estimate in n. [
We are left with the noise d¢s which is independent of ¢, d¢; and d¢s.

Lemma 4.4. There exists C' > 0 such that for every x € K, n > 0, E (0¢3(x)?) < C.

Proof. Since |F'(y)|~! > HF’H;1 = ¢ > 0 holds for every y € U and as seen in the proof

of Lemma 4.2 we can directly replace the term 1, |p@)-ruy by 1 This gives:
= rolF(y)]

6¢3 / LZ"n1|;’(y)| ! (W)Qt%ﬁ‘@

2 n—1
< k|2, / / —
2 n—1

< ||k||§o/ Ct*t—3dt

92—n—1

lz—y| -
215

which concludes the proof. ]

In summary, we have seen that along this white noise coupling,

Gon — Q;O,n o F =0d¢1 + 002+ 093 (4.2)
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where d¢, and d¢ are low frequency noises with uniform Gaussian tails and d¢s is a high
frequency noise with bounded pointwise variance and dependence scale O(27"), which
is independent of ¢y, d¢1 and d¢ps.

4.2. RSW estimates for crossing lengths. Now we investigate the consequences of
the approximate conformal invariance on crossing lengths. More precisely we want to
show that the tails of the crossing lengths of rectangles of varying aspect ratios are
comparable, uniformly in the roughness of the conformal factor by using (4.2).

Let A, B be two boundary arcs of K and denote by L the distance from A to B in K
for the Riemannian metric e7%nds?; we denote A’ := F(A), B’ := F(B), K' := F(K),
and L' is the distance from A’ to B in K’ for e7%0nds?,

Proposition 4.5. (Left tail estimate). If for somel > 0 and e < 1/2, P(L <) > ¢
,then
P(L<Il)>¢e/4

with I = Clez7V18e2C1 4nd C o depend only on the geometry.
Proof. Assume that for some positive [, e, P(L <) > e. Setting x = o/|log(¢/2C)|,

we have, using the Proposition 4.3:
P (H(5¢1 + 5¢2)\KHOO > JU) <e/2
and
P (H(5¢1 + 5¢2)|KHOO <z, L< l) >¢e/2.

Thus, with probability at least £/2, the distance from A to B in K for the metric
eV(@on—001-062) 12 i5 < [e2*. On this event, we fix such a path of length < le2* and
average over the independent small scale noise d¢3; the expected length of the path is
< le3%¢®”. With conditional probability at least 1/2, this length is no more than twice
the conditional expectation. Consequently, with probability at least £/4, the distance
from A to B in K for €7%0°Fds? is less than 2le37eC7”. Since F' is bounded on K, we
get that P (L' <1') > e/4 where I' = 2 || F'|| . lez%¢%"” . Indeed, since F is holomorphic,
if m = (m)teo,1) is a C' path and if ¢ is a smooth field, we have:

1
L(Fome?ds®) = / e29° PO | B/ ((8))| |7 (¢)] dt
0

1
L (m, %" ds?) = / e29°F () |17/ (1) dt.
0
Thus, on the event {L(A, B, eﬂ’o’"OFdSQ) < 2[6%“36072} we have, taking such a path :
L (A/, B, e”‘z’ovnds2> <L (F o, e'y‘go*"dsz)
S ||F/||K700 L <7T, 67$0*”0Fd32>
< 2| g o Lo

hence P (L' <1') > ¢/4 with I’ = Clez7V 108e/2C1 .0y < (1]e2oV/ [loge/2C] O
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Proposition 4.6. (Right tail estimate). If for somel >0 ande < 1/2, P(L <1) > 1—¢
then

P(L'<I)>1-3¢
with I = Cle©7VI°ee/2C1 gnd C depends only on the geometry.

To prove Proposition 4.6, we will need the following lemma which is a consequence of
the moment method and which will be used in the next sections.

Lemma 4.7. Let pu be a Borel measure on a metric space (X,d). If S is a Borel set
such that p(S) € (0,00) and v is a continuous centered Gaussian field on S, satisfying

02 :=sup,g Var(y(z)) < oo, then for every s > o2 we have

P( [ e utan) 2 us)er ) < et
S

Proof. By using first Chebychev inequality, then Jensen inequality and finally explicit
formula for moment generating function of Gaussian variables, we have for k£ > 1/2:

) (/S 2 M(S)es) s ((ﬁ / ewwm(czx))zk)

< 6%8/1(5)1/SE(6%¢(I)> ,U,(dl’)

< e2k202 —2ks )

By setting k = 525, we get the tail estimate for s > o2, U
We are now ready to prove Proposition 4.6.

Proof of Proposition 4.6. Assume that for some positive [,e, P(L <) > 1 —e. Setting
x = o4/|log(e/C)| and using the estimate from Proposition 4.3 we have:

P (|[(061 + 0¢) k||, > ) <e
and
P ([|(661 +d62)ic|,, <@ L <) 21— 2e.

Consequently, with probability at least 1 — 2¢, the distance from A to B in K for
the metric e?(%on=061-062)4s2 ig < [e3%. On this event, we fix such a path of length
< le2” and average over the independent small scale noise d¢5. Let o be the occupation
measure of that path, so that || < lez® and i) = 1(0¢3) is independent of p. Since 02 :=
Supjg 12 Var ¢ = O(~?), by using Lemma 4.7, we note that adding the noise d¢3 increases
the length by a factor > e“7V°e¢l with probability < e. Consequently, with probability
> 1 — 3¢, the distance from A to B in K for gwov""Fds is less than lez?e®7VIoeel Using
again L(A', B',e7%ds?) < ||F'||; . L(A, B,e"°Fds?) we have P(L' <1') > 1 — 3¢ where
I = ”F,HKoole%xeC%/‘logd' 0

To prove Theorem 3.1, we will need the following elementary lemma.
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Lemma 4.8. Ifa and b are two positive real numbers with a < b, there exists j = j(b/a)
and j rectangles isometric to [0,a/2] x [0,b/2] such that if © is a left-right crossing of
the rectangle [0,a] x [0,b], at least one of the j rectangles is crossed in the thin direction
by a subpath of that crossing.

Proof. To see it, cover for instance [0,a/2] x [0,b] by thin rectangles [0,a/2] x [0,b/2]
from bottom to top and spaced by (b — a)/4, add also squares of length a/2 with the
same spacing (see the first two parts on Figure 1). Then, starting with a crossing
of [0,a] x [0,b], consider the subpath from the left side to the first hitting point of
{a/2} x [0,b], and denote by h is height (max of y - min of y). Consider first the case
where h < a/2 4+ (b — a)/4 (see the last part on Figure 1). Since the bottom part of
the path is at distance < (b — a)/4 of a side of a rectangle of size [0,a/2] x [0,b/2] the
crossing is included in this rectangle of the cover. Now we treat the other case where
h > a/2+ (b — a)/4 (see the third part on Figure 1). Since the bottom part is at
distance < (b — a)/4 of a square which is above, this square of size a/2 is then crossed
vertically. U

FIGURE 1. Crossing at a smaller scale.

Now, we want to relate crossings of short rectangles with crossings of long rectangles.
Our previous results say that the crossing lengths in K between sides A and B are
uniformly (in n) comparable to crossing lengths in F'(K) between sides F(A) and F(B).
Thus, we would like to take the sides A and B to be those of a short rectangle and to
map them to the sides of a long rectangle with a conformal map F such that F” and F”
are bounded and satisfying |F’| > 1. This cannot be done directly but this is the main
idea: to produce a crossing from a short domain to a longer one. In particular, it is
enough to consider ellipses and to relate crossings in ellipses with crossings in rectangles
and by using the previous lemma one can begin with crossing of sides in a very small
domain and then map it to a much larger domain.

Proof of Theorem 3.1. The proof is divided in two steps. First we prove the inequality
(3.1) associated with the left tail and then the inequality (3.2) associated to the right
one.

Step 1. We study first the left tail under the assumption P(Lgnb) < l) > € and we
)b/( in particular if a/b < 1 < d’/V’). We assume

want to obtain a similar estimate for L
(n

a < b, ie. Lab) is the length of a crossing in the thin direction.
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First, by using Lemma 4.8, we observe that there is an integer j = j(b/a) and j

rectangles isometric to [0,a/2] x [0,b/2] such that on the event L( ) <, at least one of
the j rectangles is crossed in the thin direction by a subpath of that crossing. Thus, by

union bound, we get IP’(L(/)2 b2 < l) > /7, and by iterating, P (Lg/)zpyb/y < l> > e/jP.

Consider now ellipses F, E’, each with two marked arcs, such that: any left-right
crossing of [0,a/2P] x [0,b/2P] is a crossing of E, and any crossing of E’ is a left-right
crossing of [0, a’] x [0, ¥].

Divide the marked arcs of E into m subarcs of, say, equal length. With probability at
least £/(j?m?), one of the crossings between pairs of subarcs has length at most [.

E o 10,a)x 0,0]

[0,a] x [0,

7//_\ B //"\—/\,/ |
i) F

FIGURE 2. Rectangles and ellipses

For m large enough (depending on F, E’), for any pair of such subsegments (one on
each side), there is a conformal equivalence F': F — E’ such that the pair of subarcs is
mapped to subarcs of the marked arcs of E'. Remark that ellipses are analytic curves
(they are images of circles under the Joukowski map, see [18] Chapter 1 Exercise 15)
and consequently (by Schwarz reflection) I extends to a conformal equivalence U — V/,
where E (resp. E') is a compact subset of U (resp. V).

By choosing p large enough, |F’| > 1 on U. By the left tail estimate Proposition 4.5,
we obtain that there is C' > 0 such for all ¢,] > 0:

P(L0) <1) 2 e = P(LY), < CledeVIoas/BOma0) > o/ (4jrm?)

a?
which we rewrite as:

P (L ") < l) >e=P (Lfﬁ)b, < Cle“V |1og5/0\> >¢e/C. (4.3)

Step 2. For the right tail we reason similarly: let a < b and take [, € so that ]P’(L(n)

ab —
[) > 1 —=¢e. On the event {L((Ing < [}, one of j variables distributed like L /)2 b2 1
< [; moreover these variables have positive association. By the the positive assomatlon
property (Theorem 2.3) and the square-root trick (see [32] Proposition 4.1), we have

IP’(L(T/L)2 b <) 21— £'/7 and then, by iterating, IP’(LS;)W,M2p <h)>1-&"",

On the event {L( Jop o < [}, the ellipse E has a crossing of length < [ between two

marked arcs. Again by subdividing each of these arcs into m subarcs, and applying the
square-root trick we see that for at least one pair of subarcs, there is a crossing of length
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< | with probability > 1 — ¢’ “Pm?, Combining with the right-tail estimate Proposition
4.6, we get:

P (L) <1) =1 -2= P (L), < Cle®VIwe/cl) > 1 — 321/ (4.4)
which completes the proof of Theorem 3.1. U

5. TAIL ESTIMATES FOR CROSSING LENGTHS: PROOF OF THEOREM 3.2

5.1. Concentration: the left tail. Denote by EY‘?} (resp. f/énl) ) the left-right crossing
length of the rectangle [2, 3] x [0, 3] (resp. [0, 3] x [2,3]). In this subsection we investigate

the consequences of the RSW estimates combined with the following inequalities (see
Figure 2):

FIGURE 3. Inequalities between lengths of geodesics associated to different rectangles

The following result is a consequence of the first inequality. It gives lognormal tail
estimates on the left tail of crossing lengths renormalized by a small quantile, without
any assumption on 1.

Proposition 5.1. There exists a small pg > 0 such that for p < py there exists ¢ > 0 so
that for every s > 0

P (L4} < i (p)e™) < 0,
where ¢, C' do not depend on n.
Proof. Our left tail estimate (4.3) gives:
P (LYQ < z) >em P (Lé’fg) < l’) > £/C with I' = CleCrV/0s/Cl
which can be rewritten as:

P (Lgf;f < l> <e=P (LY,‘?,) <IC e O '1"%05') < Ce. (5.1)



20 JULIEN DUBEDAT AND HUGO FALCONET

Now, if Léng) is less than I, then both [0,1] x [0,3] and [2,3] x [0, 3] have a left-right
crossing of length <[ and the field in these two rectangles is independent (if 7 is small
enough). Consequently,

(n) (n) 2
P(LYY <1)<P(L{<I) . (5.2)

These two results allow us to get the uniform tail bound. Indeed, take ey small, such
that C2%, < 1 and set (" := l:(,,ni,,) (g0). We define by induction g;4; := (Cg;)? (which

gives g; = (0C?)2 C2 as well as 7“1(21 = 7“1(")0*1 exp(—Cv+/|log(Ce;)|). It follows by
induction that P(Lg”g < 7’(")) < g for every i > 0. Indeed, the case i = 0 follows

i
by definition and then notice that the RSW estimates under the induction hypothesis
implies that

which gives, using the inequality (5.2):
2
P (Lz(an?z < Tz(ﬂ) <P (Lgns) < 7‘5?1) < (Ce)? = einr.
Notice that we have the lower bound on TZ(”) for ¢ > 1:
TZ(") > lé??))(go)c—ie—CvZElo [log(Cer)| > lé”?)) (50)6—02'6—07\/|10g6002\2i/2'
Our estimate then takes the form, for i > 0:
P (Lgng <15 (eo)e—Cie—vC\/l1og5002|2“2) < (2C?)* C.
Which can be rewritten, taking i = [2log, s|, with absolute constants, for s > 1:
P (£ < et Obmee ) < o

Notice that dropping the dependence on v as we impose it is bounded from above by a
large number we get Proposition 5.1. U

Corollary 5.2. We have a uniform (in n) lognormal tail estimates for the lower bound
of thin rectangles i.e. if €y is small enough for everyn >0, s > 0:

P (L) < (e < 0,
where ¢, C' are absolute constants.

Proof. The proof follows from the RSW estimate (5.1), the bound l%) (g0) < l:(;g (€0) and
the previous proposition. U

It is tempting to follow the lines of this proof using the second inequality (see also
Figure 3) in order to derive a right tail estimate. However, this approach cannot be
readily extended because of the power 1/C' in the RSW estimate, inequality (3.2).
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5.2. Concentration: the right tail. As mentioned in the previous section, we cannot
generalize the method used for the left tails to the right one and the following proposition
remediates to this. Before stating it, we refer the reader to the definitions of /,, and 6,
in Subsection 2.3.

Proposition 5.3. If € is small enough we have the following tail estimate:
For0<k<n,s>1

P (14 > deo50) < Ce e
where ¢ and C are absolute constants.

Proof. We proceed according to the following steps:
(i) Use the RSW estimates to reduce the problem to the case of squares instead of
long rectangles.
(ii) Use a comparison to 1-dependent oriented site percolation to prove that with
probability going to one exponentially in &, L,(C",z is less than Ckl,.
(iii) By scaling and the moment method, obtain a first tail estimate of Lg"l) with

respect to 1, _,:
2

For a constant « € (0,1), P (Lg”f > C’l_n,me”\/rn) < Ca?" 4 e osn
(iv) Give an upper bound of I, _,, in terms of [,.
(v) Obtain a tail estimate when the tails are not too large.
(vi) For the large tails, use a moment method and a lower bound on the quantiles.

Step 1. First, notice by the RSW estimates (4.4) that it is enough to prove that for
0<k<n,s>1

P (L) 2 5,46 ) < 0

Step 2. We will see here that taking € small enough, there exist C' > 0, a < 1 such
that for every k,n > 0:

P (L,(j,z < 4kin> >1— Ca. (5.3)

i

We consider a graph whose sites x are made by squares of size 3 x 3 and spaced so

that two adjacent squares intersect each other along a rectangle of size (3,1) or (1, 3).
Denote by Lgﬁ),right(x) the rectangle crossing length, in the long direction, associated to
the rectangle of size (3,1) on the bottom of z and included in z. Similarly, denote by
Lgfl),up(x) the rectangle crossing length, in the long direction, associated to the rectangle
of size (1,3) on the left of z and included in z. To each site of our graph, we assign
the value 0 if the site is closed and 1 if the site is open. A site x is open if the event
{Lg?l)’up(x) + Léill)yright(m) < 21,,} occurs (see Figure 4).
We have the following bound on the probability that a site x is open:

P (o =1) 2 P (L5 < s L i < 00) 2 2P (L8 <0) =121 22,

3,1,up =
Therefore, taking ¢ small gives a highly supercritical 1-dependent percolation model
(notice that a site x is independent of sites that are not directly weakly adjacent to it).
Then, notice that L,(cn,z is smaller than the weight associated to oriented paths from left
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FIGURE 4. Definition of the model. The green site x is open. Three of its
neighbors are drawn, with some colored dashed lines filling their cell and
with white vertices at their center.

to right at the percolation level that can go only up or right. Such a path contains at
most 2k sites. Thus, if there is an open oriented percolation path from left to right, then
L,(cn,z < 4kl,,. Hence it is enough to show that the probability that there is such an open
oriented path goes to 1 exponentially in k. This follows from a contour argument for
highly supercritical 1-dependent percolation model, see for instance [16] Section 10.
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FIGURE 5. Comparison with 1-Dependent Oriented Site Percolation. The
figure on the right is the representation of the figure on the left.

Step 3. In order to obtain an upper bound for Lg”l) , by scaling and the percolation
bound (5.3) we see that there exists a € (0,1) such that for m < n, we have,

P (Lﬁ’j}m < cz‘n_m) _p (Lgﬁ;;”m) < szz‘n_m> >1-Ca?"
which can be rewritten in term of L§"1) as
P (Lg’jg < Cz‘n,meS) >P (Lg’ff < Cly e, L™ < cz‘nfm)

—P (LW < (Jl_n_m) —P (Lg’}g > Ol e, LT < Cl_n_m>

>1-Ca®" —P <L§’ff > eSL?j}’”)) .
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Now, using that L§n1) < f ez%0m-1e39mn s where Tmn 18 & geodesic for e7mnds? and
using the bound coming from Lemma 4.7 we have

(st > =iy <x o ]

hence for every 0 <m <mn and s >0

ol ol _ 252
62¢0,m—1€2¢m,n 2 evmngﬁ’n) | Fm7n>) S € log2

m,n

252

P (Lﬁ’ff < Ol‘n_me”swﬂ >1—Ca?" — e Toa2, (5.4)

Step 4. At this stage we want to replace l,,_,, by l,. We introduce a notation for a
collection of short rectangles that we will use by setting

I, := {horizontal, vertical rectangles of size 27(1,3) with corners in [0, 1]x[0, 3]N27*Z?}.

(5.5)
It is clear from the definition that |I,| < C4*.Then, notice that a left-right crossing of
[0,1] x [0, 3] has to cross at least 2¥ rectangles from I, (by definition of I, these are
short crossings). For P € I, we set

L™ (P) := length of the left-right crossing of the rectangle P for e3®ds (5.6)
and we use similarly the notation L*™(P) when the field considered is ¢ ,,. We have,
almost surely,

3 inf_¢o k1
(n) > k (n) 210,1)2 : (k,n)
Lis>2 }I}lelIl:L (P) > 2% IrpnellriL (P). (5.7)
Hence by union bound and scaling, we have, for s; > 0 and sy > 0 to be specified

4 mf ¢ h—
P () < Fiae) <P (HI gip 10(P) < B0t )
) €l

- Pely

X inf ¢
<P (e oz T < egsl) +P (min L*M(P) < 2klnke‘92)

[0,1]2

<P (SUP |0 k—1] > S1> + C4FP (L ( (n " < lnfkefsz) :

Using the supremum tail estimate from the appendix (10.2) with s; = klog 44+CVk+C's
and the lognormal tails from Corollary 5.2 with s, = C'v/klog4 + s we have

P <L§”§ < ln_kQ_WkB_C\/Ee_CSe_C‘/g) < Ce™*,

which gives

L, > 2 e OVheCp (5.8)

hence Ly—m < Ly—mOn < 1,0,27™eCVC.

Step 5. Using this bound and coming back to our estimate (5.4), for every m < n
and s > 0

252

]P) <Lg771) S ln5n2'ymec\/ﬁce’75\/ﬁ> 2 ]- - OO{Qm — 6_10g2 .
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We deal with the range s € [1,2"/2], taking m such that s = 2™/2? i.e. m = [2log, s| we
get:

)

P (Lﬁ"f < ln5nec71°gse’ys*/@) >1-—Ce
which gives, dropping the dependence on v for s > 1:

(L) 2 06,0V < 0,

Step 6. We then treat the case s > 2"2. To do it, we use a moment method (Lemma

4.7) to get a right tail estimate on Lﬁ"l) together with a lower bound on its quantiles.

The moment method (taking a straight line) gives:
2

P (Lgf? > e%> < e T, (5.9)

For the lower bound on quantile, we get a bound by a direct comparison with the supre-
mum of the field P(Lg"g <e 3% < P(supyg 1j2 ¢o.,n > ). Using the supremum tails from

the appendix (10.2) i.e. taking = = nlog4 + C'/n + C's gives [, > e~ 2(n1og4+CVn+C) —.
e~ 7*n_ Since we consider the case s > 2"/2, s > x, and n < 2log, s and coming back to
(5.9) leads to

(S*In)2 52
P (L0 > L) <P (L4 2 0 < e 20ihn < o,
Finally, combining the two inequalities ends the proof. U

5.3. Quasi-lognormal tail estimates at subcriticality. In this subsection we prove
Theorem 3.2. The main idea is the following: the tightness of log LY? —log pt,, shows that

the ratio between low and high quantiles of L§”1) is bounded. Using the RSW estimates, it
implies that 0., < oo which gives, uniformly in n, p,, < Cl,. The tails are then obtained
using Corollary 5.2 (with I,, > u,,C~') and Proposition 5.3 (with 6,0, < deofin)-

Proof of Theorem 3.2. Assuming v < 7, gives the tightness of (log L§"1) — log ftn)n>0-
Thus, for every ¢ > 0 there exists C. > 0 such that for every n > 0, P(Lﬁ“ﬁ < pipe= %) <
e/C and IP(L(lnl) > 1,e%) < €/3 which can be rewritten as

pne” % <17 (e/0) < jun 1 (9/3) < pne.
Combining with the RSW estimates (3.1), we have
pne” " S (e/C)e™ <) S U (E) < o < IY(E) BT (e) < BV (/3)e < pne
In particular, 6, < e holds for every n > 0 hence doo(€) = sup,,» 0,(g) < o0.

We prove now the lower tail estimates. We have 1, > p,e~% for every n > 0 hence
using Corollary 5.2 we get Theorem 3.4 when (a,b) = (1,3). For the upper tails since
0so < o0 and [, < pu, we can use Proposition 5.3 to get Theorem 3.3 for the case
(a,b) = (3,1). The general case follows from the RSW estimates. O
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~ When v < 7., we expect the existence of a p € (0,1) such that I, = "o and
l, = p"°™_ However, we don’t need this level of precision and the following a priori
bounds are enough for our analysis.

Lemma 5.4. If 0 < € < 1/2 we have the following inequalities relating quantiles, for
every 0 < k <n:

(i) for the the lower quantiles l,,_j < kaeC\/Elm
(11) Zf’]/ < Ye, l_n S eoﬂl_n_k .
iii) and still under the assumption v < 7., e=Cu <1, < <1 <eCp.

Proof. The first point follows from the proof of Proposition 5.3, see (5.8). For the second
point, using Lemma 4.7 gives

P(LHEM”LW ’“)) gE(P(/

_ 252
< g log2

e3Pon—tezdn—kn > evﬂsLﬁll—k) | ]—“07n—k>>

—k

hence P (Iq ) > 1, eV 5) <e s +P <L(n M > ,un_kes> and the result follows from
Theorem 3.2. The last point follows from the previous proof. O

5.4. Lower bounds on the tails of crossing lengths. The following result, indepen-
dent of the value of v, shows that we cannot expect better than uniform lognormal tails.
Its proof is essentially an application of the Cameron-Martin theorem and we see there
that the lower bounds are already provided by the low frequencies of the field.

Proposition 5.5. There exist positive constants ¢, C' such that for everyn >0, x > 0:
P (L(”) < e > > ce-C gnd P <L({ff > Mneﬂf) > e Ce,

Proof. If x € [0, 1), for every t € (0, 1), the Euclidean ball centered at z with radius trq
is included in the ry neighborhood of [0, 1]2, denoted by ([0, 1]?)™. Since k has compact

support in B(0, o),
)t 321 ey dydt = / / ( y) 32 dydt
a:tro

e
//Otm 32 dydt

is independent of x and is equal to some positive real number h.

Let M be a real number. By the Cameron-Martin theorem (see |7] Section 2), since
M 1[%’1}X([071}2)T0 is square-integrable, £ + M 1[%’1“([071}&0 is absolutely continuous with
respect to £ and its Radon-Nikodym derivative is given by the Cameron-Martin formula:

d;C (f ‘I‘ Ml[%71]x([0’1]2)r0>
dL ()

M2
= exp (M<f7 L1 1 (oa2yro) — 97>



26 JULIEN DUBEDAT AND HUGO FALCONET

where g := 1Leb(([0, 1]*)™). We introduce the field ¢3’, associated to E+M1p g (oapyos
i.e. for r € R?,

Pou (2 / /}R2 ( > -3/2 <§(dy,dt) + M1 e o,ayro (t,y)dydt)

and using the previous remark, we notice that gbg”n is equal to ¢, + Mh on [0, 1]*. Thus,
using the Cameron-Martin theorem, if [ is an interval, we have for n > 0 and a > O:

P (L) € HV) =B (Lo (0d)) € 1)
M2
K (1L§’ffel P <M<€’ L xoapye) = gT))

Taking I = (0, ] and M = x > 0 gives, with a large enough but fixed,

g]%

22
]P’(Lgl) < ppe”? ) > ce e
Similarly, taking I = [u,,00) and M = —z < 0 gives, with a large enough but fixed,
102
P (Lﬁ”f > jine? ) > ce e
for every x > 0, n > 0. This completes the proof. O

6. TIGHTNESS OF THE METRIC AT SUBCRITICALITY: PROOF OF THEOREM 3.3

6.1. Diameter estimates. We focus on the diameter of [0, 1)? for the metric e7%»ds?.
Notice that there may be a gap between it and the left-right length studied in the
previous sections since left-right geodesics are between points where the field ¢g,, is
small whereas geodesics associated to diameter have their extremities at points where
the field ¢y, may be high. Before going into exponential tail estimates, we start with a
first moment estimate.

Proposition 6.1. If v < min(v,, 1/2) then (log Diam ([0, 1%, p1,2e7%0nds?)) _  is tight.

n>0

Proof. The proof is divided in four steps: in the first step we use a chaining argument to
give an upper bound of the diameter in terms of crossing lengths of rectangles at lower
scales and in term of the supremum of ¢ ,. In the second and third steps, we bound the
expected value of the term associated to the crossing lengths of rectangles and the one of
term associated to the supremum. By Chebychev inequality, this gives a control of the
right tail of log Diam ([O, 1%, ,ugzewo’"dSQ). In the last step, we compare the diameter to
the left-right crossing length to obtain a left tail estimate.

Step 1. Let us denote by Hj (resp Vi) the set of horizontal (resp vertical) thin
rectangles of size 27%71(2,1) spaced by 27%7! and tiling [0,1]%2. Each dyadic square of
size 27% in [0, 1]? is split in two thin horizontal rectangles in Hj, and two thin vertical
rectangles in V. For each of these four rectangles, we pick a path minimizing the crossing
length in the long direction. We call system the union of these four geodesics (on Figure



LIOUVILLE METRIC OF STAR-SCALE INVARIANT FIELDS: TAILS AND WEYL SCALING 27

6, the purple and the green sets are systems associated to different squares). At a scale
k, there are 4* systems, each giving rise to four geodesics.

If z and y are two points in [0, 1]?, the geodesic distance between z and y is less than
the length associated to any path between them. The majorizing path we use is defined
as follows: if P € P, is the dyadic block at scale n containing z, we take an Euclidean
straight line (red path on Figure 6) to join the system of four geodesics (purple set on
the Figure 6) associated to H,, and V}, in the block P. By following successively systems
associated to larger dyadic blocks, we eventually reach to the one associated to [0, 1]%.
For instance, on Figure 6, the path goes from scale n to scale n — 1 by using the purple
and green systems. Proceeding similarly with y gives a path from x to y, constituted by
n systems and two Euclidean straight lines.Taking a uniform bound over these gives an
upper bound which is uniform for every x and y in [0, 1]?, hence a.s.

n 3 Sup ¢o.n

Diam ([0, 1%, e ds?) < 8 max LM (P)+42x 27" 012 (6.1)
= PeH, UV

O
R

FIGURE 6. Chaining argument

Step 2. Now, we bound the expected value of the first term in (6.1). We decouple the
first scales, a.s. maxpep, oy, L™ (P) < 2 SPp,1)2 $0.k-1 max pegr, v, L% (P) and use inde-
pendence, E(maxpep, oy, L™ (P)) < E(e? S"Pro.0? or-VE(maxpe g, oy, L*™ (P)). Then,
by using the bound on the exponential moment of the supremum of ¢ ,, (Lemma 10.2), we
get E(e2 Pz 90k-1) < 27%cCVE By scaling and union bound, the upper tails (3.3) (since
v < 7.) give the tail estimate P(maxpep, oy, L*™(P) > 275y, resVioes) < C4ke=s"
hence E(maxpew, oy, L™ (P)) < 271, _1e“VF18F by Lemma (10.3). Gathering all the
pieces leads to

E ( max L(")(P)> < C’Z 27 kokyy, _jeCVhlosk,
k=0
By the bound relating quantiles of different scales (Lemma 5.4) we have

E LM (p < 9—k92vk ,Ovklogk

The series converges for v < 1/2.
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Step 3. For the second term, using the exponential moment bound for the supre-
mum (Lemma 10.2), the bound 27 7e~¢V™ < [, for 4 < 1/2 (by comparison with the
supremum) we find

3 SUP ¢o,n
E (2‘”5[&112 ) < 27OV — 992 VYR —CVI < O < Oy,

Step 4. Since the diameter of the square [0,1]? is larger than the left-right distance,
by using Theorem 3.2 we get

P (Diam([0, 1]%, y,,2e?%ds*) < e7®) < P (Lﬁ”f < une_5> < Cee’
which completes the proof of Proposition 6.1. ]

We now look for exponential tails, when ~ is small enough. The following proposition
will be used both for the tightness of dy, and to prove that 7. > 0. We refer the reader
to the definitions of ¢,, and [,, in Subsection 2.3.

Proposition 6.2. If € is small enough, then for every ¢ > there exists C' > 0

such that for everyn >0, s > 0:
P (Diam ([0, 1], €707 ds?) > 8,1,e%) < Ce™™.

Proof. The proof is divided in three steps. In the two first steps, we give a tail estimate
for the first term in (6.1). More precisely, in the first step, we give a tail estimate for
L™ (P) with P € Hy U V. By union bound, we get one for Y} maxpes, v, L™ (P)
in the second step. The third step deals with the second term in (6.1).

,YQ
81-27)

Step 1. In order to reuse directly the Proposition 5.3, note first if P € H, UV} is

fixed, we have a stochastic domination L™ (P) < L(;)k(:s 0 (since any left-right crossing

of 27%(3,1) is a crossing of 27%(2,1)) thus we look for a tail estimate for this term. To
this end, we decouple the scales by taking a geodesic 7y, for the left-right crossing of
the rectangle 27%(1,3) for the field ¢4, and we obtain

Léﬁ)k(&l) < / e3%0k-1p3Pkn g
Tk

g

Therefore, we have the bound

P (LUV(P) 2 27KG, L, e*VIoRchniTsT)

<P </ e%¢0,k—1€%¢k,nd8 > Q_k(snln_kecs\/logSegs‘/klog4> .
Tk,n

By union bound, we have

p ( / 300kt 630 s > Q—k(;nln_kecwogsegsm>
Tk,n

<P (/ e3%0.k-103%kn g > L;k_,;l()g’l)egs\/klog4> 4P (Lék_g()&l) > 27k(5nln,k605\/logs> .
Tk,n
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Using Lemma 4.7 for the first term, scaling and the upper tail estimate from Proposition
5.3 for the second term, we get

P (/ e2%0k-1p3%n g > Lk eg§vklog4> +P (L(kjn) > 2_k5nln_keCS”logs> < Ce "
Tk,n

2-%(3,1) 2-k(3,1)
Hence, we get for P € H, U Vj:
P(L™(P) > 27F8,1,_reC*VI85e35VFed) < Cp=s", (6.2)

Step 2. In this step we want to give a tail estimate for Y, _, M,E,") where M,gn) =
HlaXperka L™ (P). By union bound (|H; U Vi| < C4*) and by replacing s in (6.2)

by t(s) := y/klog(4+¢) + s? so that the right-hand side in this inequality becomes
4+ e) 6_52, we get
k
P (M > 5,27k eCteVIost(s) o3 t(s)m> < C( 4 . 5
4+¢

Since log s < 6’325 for some small fixed § > 0, t(s)/logt(s) < Ct(s )1+5. Moreover,
since we have t(s) < \/klog(4 +¢) + s, the convexity of the map s + s gives the
bound C't(s) logt( ) < OkMV2o/2 4 C’s”‘s.

Using that va + b < /a4 v/b for a,b > 0, we have
t(s)/klogd = \/k2log(4 + ¢) log4 + s2klog4 < a.klog4 + s\/klog4

by introducing a. := /log(4 + ¢)/log 4. Therefore, we have e3!(*)Vklogd < gasrkezsvilogd
and by using the upper bound /,,_; < 1,27k eCVE (Lemma 5.4), we get the bound

2—kln_ke()t(s) logt(s) , 3t(s)VkTog4 < 2—k(lnzfykeC\/E)(eCk1/2+6/2+051+5)(zagfyke%sx/;klog4)
< 1,27 k(Utac) 1k ORYZE/2 (Os1H0 35/ Togd

which leads to the following tail estimate:

P (M,i”) > 5nzn2*k2<1+as>wk€czc1/2+6/2ecswegSW) co b -
(4+¢e)k
We now introduce F(s) := 3,72 9k Ok 21 ’Bsf Where A= (14a.)y, a:= é and

:= 2+/log 4. We obtain by union bound, P ) > Snlne® T F(s)) < Ce_l =
reo M

We thus want an upper bound on F(s). To this end7 we introduce the function
fo(t) == —t(1 — N)log2 + Ct'/?>*® 4 Bs\/t. We notice that f increases on [0,t,] and
decreases on [ts, 00] for some t; > 0. By series/integral comparison we have:

[ts]—1

o0 [ts
Zak = ak—i—a[t ]"‘G[t +1+ Z (lk / atdt+2(lt +/

k=0 k= k=[ts]+2 [ts]+1

e}

atdt S 2(lts+/ atdt,
0

o

where ay := exp(fs(k)).
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SN, CA— ] o0 Ces s
S=(iFay): We obtain F(s) = o2 ap < Ce"e%"™ | see the
appendix, Subsection 10.2 for more details. Thus P(>")_, M]E") > 5nlnec5s260s1+5) <
Ce~". Notice that when e — 0, ¢, = ’ = g5 :
only if 7 < 6v/2 — 8 ~ 0.485.

By introducing c. :=

8(17(1’ o) 1’127) which is less than 1 if and

Step 3. Now, we focus on the second term in the chaining inequality (6.1). Since
l, > 27 7e~“V" (Lemma 5.4), we have for 7 < 1/2 and using the tail estimates obtained
in Lemma 10.1:

P (27med Moaplonl > g ed) <P (ed M malnl > 9meViedt) < Ce
which concludes the proof. ]

6.2. Tightness of the metric. We are ready to prove Theorem 3.3 i.e. the tightness
of the metric when v < ~v. A 0.4.

Proof of Theorem 3.3. The proof is divided in two main steps. In the first one, we prove
the tightness of the metric in the space of continuous functions by giving a Hoélder upper
bound. In the second one we prove that the pseudo-metric obtained is a metric. This is
done by establishing a Holder lower bound.

Step 1. We suppose v < v.. We start by proving that for every 0 < h < 1 — 2y —

4(%227), if £ > 0 there exists a large C. > 0 so that for every n > 0

P (Elx,m' €[0,1? : don(z,2") > C. ||z — x’||h> <e. (6.3)

By union bound we will estimate P(3z, 2’ || — 2/|| < 27", don(z,2') > e° ||z — 2'||") and

n
ZIP’ (Ela:,x’ 1278 <z — 2| <27 dp (2, 2') > e ||a — x/Hh) :
k=0

We start with the term P(Jz, 2’ : 27% < ||z — 2/|| < 2791 dop(z, 2') > e |lz — 2'||™).
Note that if 27%=1 < ||z — /|| < 27%, there exists a square P of size 27¥*2 among fewer
than C4* fixed such squares such that z, 2’ € P. Also, for two such  and z’, by writing
h=1-2y—c(y) —d with ¢(y) > ﬁ, § > 0 we have ||z — 2/||" > 2-F227koc(kgdk,
Hence, by union bound, this term is bounded by

C4*P (Diam (P, do,,) > 27F22k2e0k0ker) |
We separate the first k scales of the fields ¢, as follows. Recall that Diam(P, e7%»ds?) is

larger than €3 V¥ Diam (P, €79 ds?) with probability less than 6_% (by Lemma 4.7). By
taking ¢ = vk log 4+5\/E+3/\/E, this event has probability less than 4 %e~*¢=2%. On the
complementary event, ji ' Diam (P, €% ds?) is less than p 'Diam(P, €% ds?)27%22%¢ 29
Under this event, by scaling the former bound becomes

C4*p (Diam ([0,1%, dp_i) > M;ikungka(v)kz(l—%>éke<1—%>s> ,
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Using Lemma 5.4 we get that p, > ,un_kQ*Vke*C‘/E thus we are left with estimating
C4+p (Diam ([0, 112, dp_y) > 2C<V>k2<1—%>5ke—0ﬁe<1—%>s> ,

We use the diameter estimates obtained in Proposition 6.2: since 2¢€(V% = ezc(Mklogd 41
2

te(y) > Sz taking S(k,s) = klogd+d'k — CVk+c(1—/2)s, we have by gathering

all the pieces for s large enough, uniformly in n:

n
ZIP (Ela:,a:’ D27 <l — || < 27F Y dg o (z,2)) > et || — x’Hh) < Ce ™.
k=0

Taking s large enough, the right-hand side is less than e.

We are left with the term P(3z, 2’ ||z — /|| < 277, don(x,2') > € ||z — 2'||") i.e. with
the case of small dyadic blocks where the field is approximately constant. By direct
comparison with the supremum of the field i.e. do,(z,2') < i te? Poa2 %0 ||z — /||
and since on the associated event ||z — 2/||"~" > 2701 this probability is less than the
probability P(e% suplo, 12|90l > psgn(1=h) ;) Recalling that one can write h = 1—2y—c(7)
with ¢(y) > 4(%227) and that we have the lower bound on the median p, > 27" V"
(see the proof of Proposition 5.3, Step 6) the former probability is less than

C

P | sup ¢o,, > nlog4 + T logd — —/n+s
[0,1]2 4(1 - 2’7) Y

which goes uniformly (in n) to 0 as s goes to infinity according to Lemma 10.1. Altogether

we get the intermediate result (6.3). One can check that the interval (0,1 — 2y — 4(1+227))

is nonempty if and only if 0 < v < 2/5 = 0.4.

Hence we obtain the tightness of (dy ), -, as a random element of C'([0,1]>x [0, 1]?, R*)
and every subsequential limit is (by Skorohod’s representation theorem) a pseudo-metric.

Step 2. Now we deal with the separation of the pseudo-metric. We prove that if
h > 1+ v and if € > 0 there exists a small constant c. such that for every n > 0

P <3x,x' € (0,1 : don(z,7) < c.llzw — x’||h> <e. (6.4)

Similarly as in the proof of (6.3), by union bound it is enough to estimate the term
P(3z, 2 ||z — || < 27", don(x,2') < e ||z — 2/||") and the term

n
ZIP (Elx,x' 27F <o — || <27 do(z, ) < e ||lo — x'||h> .
k=0

We start with P(3z, 2’ : 27% < ||z — o/|| < 2791 dy (2, 2') < e * ||z — 2'||"). Assume
there exists x,2’ € [0,1]% such that 27% < ||z — 2/|] < 27%"1. Note that any path from
x to «’ crosses one of the fixed C'4F rectangles of size 27%71(1, 3) that fill vertically and

horizontally [0, 1]?. Hence dg,,(z,z") > ,u;lmi?L(n) By writing h = 1+ v+ 0 with
Ca

27k=1(1,3)"
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0 > 0, we can bound the term in the summation above by

P (eg infyg ;)2 ¢0’k_1miHL(k’ )

n —ko—vko—0k —s
C4k 2”1(173)§’u"2 272 e )

By separating the infimum with the term P (sup[071]2 Gon > klogd+ 'k + s), by scaling
and using the bound pu,, < ln_kec‘/E from Lemma 5.4, what is left is

g (réli?LET;)’“ ' < ln_kz‘”’“e_(l_g)s> |

By union bound, the tail estimates from Corollary 5.2 and gathering all the pieces we
get that the summation is less than C'e™ uniformly in n.

Finally, we control again the second term by comparison with the supremum of the
field. On the event {3z,2' ||z — 2’| < 27", don(z,2’) < e 2%|z —2/||"}, note that
exp(3 info 12 do,n) < 9-n(h—1)e=35 < 2=(7+)ne=35  The probability of this event is less
than P(sup 2 po,n > nlog4 + d'n + s) hence the result as before. O

Definition of a metric on R% Let us mention here that one can define a random
metric associated to ¢g ., on the full two-dimensional space. We saw that (dgo;ll]z)nzo
is tight thus there exists some subsequence that converges in law to do . The same

[~p.p]?

result remains true for (dy,™ )n>0 with p > 0. By a diagonal argument, there exists a
subsequence (ny) such that for every p € N, (d%}f;p ]Q)kzo converges in law to some dg;f;’p ’

Then, one can define dj .. as the limit of dg;’;’p I

by d([fo’l’pp([—l, 1]%) the restriction of d([;i’p]z to [—1, 1], we have

when p goes to co. Indeed, if we denote

lim P (¥p = po, db 27 ((-1,10%) = df 2 (1-1,1%)) = 1.
Po—00
Indeed, with high probability, there is a crossing of an annulus around [0,1]? whose
length for dy,, is larger than the diameter of [0, 1]* for dp,, uniformly in n. Also, if we
fix € R? and denote by T}, the map ¢ — ¢(- — z), for a field ¢ and d +— d(- — z,- — x)
for a metric d, if the measure on fields is ¢y and the measure on metrics is déR:io, then
the transformation 7, is mixing thus ergodic in each case. This ergodic property for the
Gaussian multiplicative chaos measure is a useful property to characterize log-normal
*-scale invariant random measures. We refer the interested reader to Theorem 4 and the

remark following Proposition 5 in [2].

7. WEYL SCALING

In this section we will see that any limiting metric space is non trivial. In particular,
we will show they are not deterministic and not independent of field ¢g .

The main idea of the proof is the following. Take dj ~ a limiting metric whose existence
comes from the previous subsection. Define for some suitable function f the metric
exf . dp « associated to the field ¢¢~ + f. Thanks to the approximation procedure
together with the Cameron-Martin theorem for Gaussian measures, we will prove that
the couplings Po = L(G0.00,doso) and PL := L(dooo + f,e2) - dys) are mutually

dPl, _

absolutely continuous and that the associated Radon-Nikodym derivative satisfies 5= =
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d‘c((b(),oo“!‘f)

T , which implies the result we look for: if ¢y~ and dy. are independent, it

implies eaf . dp o @ do,- which leads to a contradiction.

In what follows, we recall some background on metric geometry and we refer the reader
to Chapter 2 in [6] for more details. Let (X, d) be a metric space and 7 be a continuous
map from an interval I to X. We define the length Ly(7) of 7 with respect to the metric
d by setting

Ly(7) := sup Z d(m(tiy), 7(t;))

where the supremum is taken over all n > 1, tg < t; < --- <t, in I. If Ly(7) < 00, we
say that 7 is rectifiable. We also say that m has constant speed if there exists a constant
A > 0 such that Lq(m, ) = A[t — s| holds for every s,t € I.

Starting with such a length functional L = L, we can define a metric space (X, dr)
by setting, for every z,y € X,

dp(z,y) = inf{L(m) | 7 is rectifiable , 7(0) = z and 7 (1) = y}.

We say that a metric d is intrinsic if d = d,,. In this case, (X, d) is called a length space.
Notice that a Riemannian manifold (M, g) is a length space. Moreover, we say that this
metric is strictly intrinsic if for any x,y € X there exists a path 7 such that 7(0) = z,
(1) = y and d(z,y) = Lg(m). In this case the path 7 is called a shortest path between
x and y.

Let (X, d) be a metric space. A path (7, ) is called a geodesic if m has constant speed
and if Ly(m, ) = d(w(s),n(t)) for every s,t € I. A path (m, 1) is called a local geodesic
if for every t € I, there exists an ¢ > 0 such that =, is a geodesic. (X,d) is a
geodesic space if for every x,y € X, there exists a geodesic 7 : [0, 1] — X with 7(0) = x,
(1) = y. It is clear from the definition that every geodesic space is a length space.

For a complete metric space, one can characterize the notion of intrinsic metric using
midpoints (see Lemma 2.4.8 and Theorem 2.4.16 in [6] for a reference). A point z € (X, d)
is called a midpoint between points x and y if d(z, z) = d(z,y) = %d(:z:, y). The following
holds:

(i) Assume that (X, d) is a metric space. If d is a strictly intrinsic metric, then for
every points x and y in X there exists a midpoint z between them.

(ii) If (X,d) is a complete metric space and if for every z,y € X there exists a
midpoint z between x and y, then d is strictly intrinsic.

Given a continuous function f and an intrinsic metric d, both defined on [0,1]?, with
d homeomorphic to the Euclidean metric on the unit square, we define the metric e/ - d
by first describing its length. For a continuous path 7 : [a,b] — [0,1]? we define

Lg(w) := lim sup Z efTED d(r (), m(th)),
n—oo T
where a = tf < --- <t = b and lim, o Maxo<i<,—1(t; — ') = 0. Notice that
Lq(m) < oo if and only if L} (7) < co. We then define e/ - d := d,s. Notice that if f is
d

constant since d is intrinsic we have e/ - d = e/d. Notice also that if ¢ and v are smooth
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functions, then the Riemannian metric associated to the metric tensor e?*¥ds? is equal
to €29 - d where d is the metric associated to the metric tensor e¥ds?.

The following lemma will be useful to identify the metric associated to ¢¢ + f in
terms of the one associated to ¢ .

Lemma 7.1. Let f be a continuous function on [0,1)> and r, R : (0,00) — (0,00) be
continuous increasing functions with r(0%7) = R(0%) = 0. If a sequence of intrinsic
metrics (d,)n>0 on [0,1]? satisfying for every x,y € [0,1]%, n > 0 the condition

r(lle = yll) < dnlz,y) < R([lx —yl)),

converges uniformly to a metric doy on [0,1]%, then the sequence of metrics (ef - dp)n>0
converges simply to the metric e/ -dy, i.e. for every fived x,y € [0,1]% we have lim,, o, €/ -
du(z,y) = e - do(z,y).

Proof. We fix x,y € [0, 1]? and we want to prove that e/ -d,,(z, y) converges to e/ -d . (z,y).
We separate the proof in three parts: first we control the oscillation of f over geodesics
then the upper bound and finally the lower bound.

By assumption, d, converges uniformly to d., hence d,, is an intrinsic metric (see
Exercise 2.4.19 in [6]). Again by assumption, there exists some positive ¢ and C' such
that for every n

r(llz = yl) < dulz,y) < R(|lz —yl).

This condition is then satisfied by do and since for n € NU {oo}, e Wl~d, < ef - d, <
ellfled,, this condition is also satisfied by e/ -d,, and e/ - d, by replacing ¢ by e Ille¢ and
C by el/lleC. This tells us that the spaces ([0,1]%,d,,) and ([0,1]?, ¢/ - d,,) are complete
and locally compact for n € NU {co}. Hence, by Theorem 2.5.23 in [6], these spaces are
strictly intrinsic.

Now we look at the oscillation of f over small parts of shortest path associated to the
metrics ef-d,, and d,, for all n’s. The first step is to understand that locally ef(*)d,, (z, y) ~
e/ - d,(z,y). To this end notice the inequality

e UK I @ g (2, y) < ef - dy(z,y) < eTED I @ (7, )

where osc(f, K) := sup, ,cx | f(x) — f(y)| and where K := Geog, (x,y)UGe0s.q, (2, 1)
Then notice that if = is close to y then Kg:@ is small with respect to the Euclidean
topology. More precisely, notice that Geog, (z,y) C B(z, 7 Y(R(|lx —y||))). Indeed, if
z € Geog, (z,y) then

r(lz = zll) < du(2, 2) < dn(z,y) < R(||z = yl)-

For every = and y such that d,(z,y) < 4, osc(f, Kin) < w(f,r~(d)) where w(f,d)
denotes the modulus of continuity of the function f i.e. w(f,0) := sup{|f(x) — f(y)] :
z,y € [0,1)> st |z —y| < d}. Note that the bound of the oscillation is independent of n.

We start with the upper bound. Since ef - do is strictly intrinsic, take by a dichotomy
procedure r = xg,...,ry = y such that e/ - d(x,y) = Z;:Ol el - doo (s, 2i41) and
doo (i, xin1) < 0. For n large enough, for every i, d,(x;,z;+1) < . Hence, by triangle
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inequality, for n large enough

z
L

ef : dn(xa y) ef ' dn(xm 'r’i-Fl)

(VAN
1]

=

-1

dn .
e el ) F @ (i 2400)

IN
Il
=)

3
N-1
< 000 32 S, 51

=0

Hence by taking the lim sup and using the convergence of d,, to d

N-1
limsupe’ - d,(z,y) < e (£:C81/%) Z e’ d o (27, 2i41)
n—00 =0

1/ doo
w(f,C8 )Z osc( ’”i’“”i“)ef'doo(il?i,ﬂﬁiﬂ)

N—

Cal/a
S w(f, E xm szrl)
=0

20 (f,081/) ef “doo (T, 7).

By the uniform continuity of f, we obtain the upper bound by letting § going to 0.
Now we deal with the lower bound. Up to extracting a subsequence we may assume

that e/ - d,(z,y) converges to its liminf. Again, since e/ - d,, is strictly intrinsic, take
Ty =1x,...,Tx =¥, such that

Np—1

el dy(z,y) = Z Fod, (2, 2l y)

i=0
and d,,(«7, 2}, ,) < 0. Taking the minimal number N, (still using the midpoints method)
N, is bounded and up to taking a subsequence, we may assume that N, converges. In
particular, NV, is eventually constant and equal to some N. We may then also assume that
the z’s also converges to some z;’s for 0 < ¢ < N and these x;’s satisfy doo (2, T;11) < 0.
Then for n large enough

N—-1
6 x y Z e_OSC< +1)€f(x?) d (I $1+1)
=0

> gwlFo8Y) Z e/ (@ ).

Taking the limit as n goes to oo we get by the uniform convergence of d,, to d

N-1
SN, (2, a7 ) Zef @ (22, 27, 1)| < Nelfle [|dy — dogl], — 0



36 JULIEN DUBEDAT AND HUGO FALCONET

N-1

. _w(f.C8La o

llggfef.dn(a;’y) > e (HGOTE) E :ef( )d (w5, Tig1)
=0

N—-1
1/ _
> ow(f,08Y) Ze osc( MH)ef-doo(xi,xiH)

1=0
N—-1

Z €_2w(f,C(51/Oé) Z ef . dOO('CCZ’ l‘z-l,-l)
=0

> BUION S g

z,y)
by the triangle inequality. Letting ¢ going to 0 we get the result. U

It is easy to see that the same result holds if instead of f, we assume that a sequence
of continuous functions (f,),>0 converges uniformly to f on [0,1]?, then under the same
assumptions (e/" - d,,),>o converges simply to the metric e/ - dy . This lemma is a key
ingredient to prove the following corollary.

Corollary 7.2. Let (f,) be a sequence of continuous real-valued functions defined on
[0,1]2 and converging uniformly to a function f. If v < min(~y,.,0.4) then the following
statements hold:
(1) (don, e3/n - don)n>0 15 tight.
(ii) If (ng) is a subsequence along which (dop,, ezln . don, k>0 converges in law to
some (dooo, dy ) then dy o, = e2l - d oo
(iii) In particular, (¢on,, don, k>0 converges in law to a coupling Ps := L((o,00, do )
and (¢on, + frys e3 I ~don,. Jk>0 converges in law to a coupling PL = L(Po .0 +
f,ezl. do.), both couplings are probability measures on the same space.

Proof. We start with the proof of (i). Since for n > 0, a.s. e’%supnz()”f””oodom < ezln.
don < e%SUPnZOHf’l”oodoﬂ, the argument giving the tightness of (dp,)n>0 then extends to
give the one of (3% - dy,,)n>0, see the proof of Theorem 3.3.

We now prove (ii). We first fix @« > 1+~ and g € (0,1 — 27 — and we then

)
T—x n . don(z,x")
H and C 1= sup, e T Using (6.4) and (6.3),

(@) |lz—

(C )n>0 and (C )n>0 are tlght Since (¢0 n ¢0 n T fn7 dO ;M) er dO ;M) Com Cﬁ)nzo IS tlght:
up to extracting a subsequence, we can assume it converges in law. By the Skorohod
representation theorem, we obtain an almost sure convergence on a same probability
space and we denote by dy . (resp dj ) the limit of dy,, (resp ezfn . do.n). We can thus
introduce the random constants C,, := sup,,»oCy < o0 and Cj := sup,,»,Cj < 0o. On
this probability space, the following condition of Lemma 7.1 is satisfied: a.s. for every
n>0,z 2 €0,1)?

|z — 2" _ = — ']
<
C. ~— Cn

1

define CF 1= sup, ,reo12 3

< don(w,a') < Cf o —'|” < Cy ||z = 2'|1”.

By using Lemma 7.1, we can identify the almost sure limit of e/ “dont dp oo = €%f'd0700.
Finally, notice that (iii) follows from the previous proofs. O
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The main result of this subsection is the following proposmon In order to state it,
let us recall that the kernel of ¢g . is given by Coo(z, ') fo Tz % = folk *
f(z=2l)dt L and let us make the following remark: the map Cp o : S(R*) — S(R?) defined

t

for f € S(R?) by Cooof := Cooo * [ is a bijection. Indeed, notice that Cp.o(£) =
H§H_2 Il uk(u)?du (see the remark before (9.3) for a proof). In particular, we have

Co.00(0 ) = k( ) (since k(0 = B(0.r0) x)dx with k nonnegative and non-identically
zero), and CO,oo(f) ) m
f given by f(z) = 27r)2 Ja2 & (E)e"l’f. In particular, if f € S(R?), Cjl.f € S(R?) is
well-defined.

Thus, the equation Cp * f = g admits the solution

Proposition 7.3. For f € S( 2), the coupling PL = L(¢o + f, 2! -dy o) is absolutely

continuous with respect to Pay = L(}0 00, do.oo) and its Radon-Nikodym derivative is given
by
AP dL(¢oee + fre3! - ds)  dL(Goeo + f)

1 1 —1
T R SRR GRCAYES )

In particular, dy s and ¢o~ are not independent.

To prove this proposition, we will use the following lemma, whose proof is postponed
to the end of the section.

Lemma 7.4. Fiz g € S(R?) and define for n € NU {oo}, f, := Co, x g. The following
assertions hold:

(i) For every n € NU {oo}, ¢on + fun is absolutely continuous with respect to ¢,
and

dL(po,n+fn
ontin) — oxp((Gom, 9) — $(far0)).

(i1) (fu)nzo converges uniformly on R? and in L*(R?) to Cp o * g.
(iil) (Gon), > converges in law to oo with respect to the weak topology on S'(R?).

Proof of Proposition 7.3. Take f € S(R?), set g := Cytf € S(R?) and define f, :=
Con * g. By using Lemma 7.4 assertion (i) for n = oo we have:

pf = 0TI ) .
(o) P (Po0c:9) = 5(f.9)
Using again Lemma 7.4 assertion (i) but for finite n we have:
d£(¢0,n + fn)

Al(don) P (<¢o,n,g> - %<fn7 g)) .

Now we prove that (gbom + f ezt . dO,oo) is absolutely continuous with respect to
(00,00, do.0o) and that the Radon-Nikodym derivative is given by DI . By introducing
the function G' which maps a smooth field ¢ to the Riemannian metric whose metric
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tensor is €??ds?, we have, for every continuous and bounded functional F:
E (F (600 + fur €3 - don) ) =B (F(don + for 172G + [2)))

9 e 0,n n
_ ( (Gom, iz G(@n))éﬁTt)f))

_E (F (Goun do.n) exp <<¢07m9> - %<f”’g>)> '

Now we claim that the left-hand side converges to E(F(¢oo + f, €3/ - dooo)) and that
the right-hand side converges to E(F (¢ o0, do ) DL).

The first claim follows from the convergence in law from Corollary 7.2 since (f,)n>0
converges uniformly on [0,1]* and in L*(R?) to f by Lemma 7.4 assertion (ii).

The second one comes from the convergence in law of (¢g,don)n>0 and from the
convergence of (f,)n>0 to f in L?*(R?) (Lemma 7.4 assertion (ii)). To be precise, for
M > 0 the map (¢,d) — F(¢,d) exp((¢, g)) A M is continuous and bounded thus

Tim B (F (G, don) exp((G0,0,9)) A M) = E (F(@.0, doo) 5D {9000, 9)) A M).

By the triangle inequality and since F'is bounded we have

E (F(¢0,ns don) exp({0,n:9))) — E (F(¢0,00, do,00) €xP({P0,00, 9)))|

< [E (F(¢o,n: don) exp({o,n: 9)) A M) — E (F(¢0,00, do,00) €XP({P0,00, 9)) N M))|
+ |E (F(d0,005 do,00) €xXp({P0,005 9)) A M) — E (F(¢0,00, do,00) €xP({P0,00, 9)))]
+ CE (exp((Go.n: 9)) Lexp((do,0.90)>1) -

Taking the lim sup when n goes to infinity (the first term vanishes) and then letting M
goes to infinity (the second term vanishes by uniform integrability), we obtain the result

since limsup;_, o limsup,,_, oo E (exp((#0.n, 9)) Lexp((éon.gn>m) = 0 (easy to check). O
Now, we come back to the proof of Lemma 7.4.

Proof of Lemma 7.4. We will prove successively the assertions (i), (ii) and (iii).

(i). The proof follows from evaluating characteristic functionals. Define for ¢ € S(R?)
the functional F,, : 8'(R*) — R* such that F,(¢) = exp((¢,¢)). Using the Gaussian
characteristic formula, we have E(F,(¢on+fn)) = e/m?E(elfon9)) = elfn:@) ez Var((done)) —
elfn#) o3 (Con*e) and similarly, since Cy,, x g = f, and (Co,, * ¢,9) = (¢, Co, * g) =

(@, fn) = (frs )

< <¢0 ) (b0,n,9) %<fn,9>> 6_%<f"’g>E (6(¢0,n7<ﬂ+g>)

—5{Fn:9) 3 (Conx(pt9).0+9)

Il
Cb
M\H

*%<fn g) %<COn*§0‘P> <CO,7L*<PQ> %<Con*gg>

(Fo(on + fn)) -

I
= o
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(ii). First, we prove that Cy,, * f converges uniformly to Cp . * f on R?. Notice that
[Cop * f = Cooo * flloo = [[Cnoo * fll oo < [l [Cros|l 1 g2)- Furthermore:

2= 2—n
Y\ dit dt Com
HCn,ooHLl(RQ) = / / & <_> _dy < ||C”oo/ / 1y€B(0,2T0t)_dy < (2 o,
R2 0 t t RZ 0 t

Now we prove that the convergence holds in L?(R?). By Parseval, we have

~

||CO,n *g — C’0,00 * g||i2(R2) =||C ,

L2(R2)

Moreover, since C,oo(€) = ||&]|° fo L u)?du (see the remark before (9.3) for a
proof), we have:

el 2
N = /. (”5”/ ukf(u)?du) (€) de < 2

and this completes the proof of assertion (ii).
(iii). We want to prove here that (¢g,)n>0 converges in law to ¢g . in S’(R?). To this
end, take a function f € S(R?) and notice that:

E ({(¢on. [)?) = /szRz f(@)Con(x,y)f(y)dedy = ﬁ /}R2 Com(€)

A

Cn,

~ 14 9
B[ N9l e

fe)| de

Since Cy,(€) = H£H_2f‘|§ﬂ”§” )2du for n € N U {oo}, by monotone convergence,

we get that E({¢g.n, f)?) converges to E({¢0.0, f)?). Thus, we have the convergence of
the characteristic functionals: E(e'(®0nf)) = e E((@on?) e*%E(wO""”ﬁz), which is

n—0o0
enough to obtain the convergence in law, see for instance [5].

g

8. SMALL NOISE REGIME: PROOF OF THEOREM 3.4

We want to prove here that 7. > 0. To do it, we will show by induction that the
ratio between large quantiles and small quantiles is uniformly bounded in n. Recall the
notations I,,, [, and &, from Subsection 2.3. Then 6,  §o when n goes to co. We start
by showing that when € and v are small enough, but fixed, then d,, < co. By our tail
estimates, Corollary 5.2 (with I, > u,02!) and Proposition 5.3 (with 6,0, < deoftn) this

implies the tightness of log Lg”l) — log fi,.

Proof of Theorem 3.4. We proceed according to the following steps:

(i) Relate the ratio d,, between small quantiles and high quantiles to Varlog Lg”l)

(ii) Give an upper bound on Var log Lg"l) using the Efron-Stein inequality. The bound
obtained involves a sum indexed by blocks P € Py, for 0 < k < n.

(iii) Get rid of the independent copy term which appears when using the Efron-Stein
inequality and see how a small value of v makes the variance smaller.

(iv) Give an upper bound on diameter and a lower bound on the left-right distance
involving the same quantities at a higher scale.
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(v) Use the tails estimates obtained for the higher scales and control the ratio of the
upper bound over the lower bound using 6,,_;.

(vi) Conclude the induction.
Step 1. To link the quantiles and the variance of a random variable X notice that for
' > [ we have 2Var(X) = E((X' — X)?) > E(lxsplx<(X' — X)?) > P(X > I')P(X <
I)(I' — 1)* where X' is an independent copy of X. Together with the RSW estimates
obtained in Theorem 3.1 (using (3.2) with @’ =3, =1,a =1, b = 1 and (3.1) with
ad=1,0=1a=1,b=1), we have, for some constant C. depending on ¢ but not on

n:
) o 17(9)3) ¢ 6C
’ < Ce bl 170 < oCe exp Var (log L . 8.1

1" (e) 1(e/0) o Ver (o8 247) &

Step 2. The idea is then to bound Var(log Lg"l) ) by a term involving d,,_; and 7. To
do it, we will use the Efron-Stein inequality, see for instance [3] Section 3 where it is used
to give an upper bound for the variance of the distance between two points in the model
of first passage percolation, which is a similar problem to ours. To this end, note that

the variable L§"1) can be written as a function of independent fields attached to dyadic
blocks: Lﬁ’f) = F((¢r.p)o<k<n.pep,) and only the blocks that intersect [0, 1]* contribute.

For P € Py, we denote by Lg?l)’P the length obtained by replacing the block field ¢, p
by an independent copy ¢}, p and keeping all other block fields fixed. The Efron-Stein
inequality gives:

VarlogL Z Z (<log L11 — log L(n)>i) : (8.2)

k=0 PPy,
Step 3. We then focus on the term in the summation. For 0 < k < n, P € P,

Lg?l),P < / <€%(¢O,n_¢k,P+¢;e,P) — e%(po’”) ds + Lgﬁ)
S / 6%¢0’n <€%<—¢k,P+¢;€,P> — 1>+ 1Trn(5)€P2TO dS + Lg’,’ll)

< 7/ 6%%*"6(1+%)(_¢k‘P+¢;€vp)+ Ly (s)ep2rods + Lgnl)

where P? := P + B(0,27% - 2r() and where we used in the last inequality the bound

k; 1
(6793_1>+ Se’yx+ -1 _Z (fy + +Z 7:(:4, _’}/6x+€’yx+.

k>1 E>1

(1+2x) <=z

By setting Sy p := suppzr |¢r p| + SUp pzr

E((log L{Y" —log L{)2) < v*E((LY")*( / e390n oL TR pangds)?)

<P L[ L gernds))
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which finally gives:

n CSk,p 2
Varlog L{') <*> " M E S ( / e¥¢0»n1%(s)ep2mds> . (8.3)
k=0 PEPy (Lﬁ”f ) ™

Notice that for £ = 0 the term in the summation corresponds to E(GCSO’[OJV).

Step 4. We focus now on the case where k € {1,...,n}. Since E(e“r)1/2 is
independent of k£ and P by scaling and finite by Fernique, we have by Cauchy-Schwarz:

—92 2
Z E <€CSk,P <L§T7Ll)> (/ 6;¢O’n1wn(s)€P270d8> )

PePy
1/2
_4 4
S Z E (6CSk,P)1/2E <<L§?1)> (/ 6’2Y¢07"]_ﬂ.n(s)ep2rod8) )
PePy Tn
1/2
_4 4
<C E ((Lg?l)) (/ 6’2Y¢07"1ﬂ.n(5)€p27-0d8> ) .
PePy, n

Step 4. (a). Upper bound. Notice that for P € Py, fm e%%’”lﬂn(s)epzrods <
9 maxg~p Diam(Q, e7~ds?). Indeed, P is included in the union of P and its eight
neighboring squares (see Figure 7). Thus, the length of the parts of 7, included in P2

is less than the diameter of this union, which itself is less than the sum of the diameter
of all these squares.

FIGURE 7. 2rp-enlargement of P with its neighbors

Let Nj denote the number of dyadic squares of size 2% visited by m,. Since the
number of blocks P?" (with P € Py) visited by m, is less than 9Ny, a.s.

4
Z (/ ez%0m Lr.(s)eP2ro ds) < C'Nj, sup Diam (P, 67¢°*”d52)4

PePy, PEPy

and by decoupling the first k — 1 scales of the field ¢¢,, = Por—1 + Grn, a.s.

4
Z (/ ez%0n L, (s)eP2ro ds) < Ce®VPpa2 %051 N sup Diam (P, 67¢k’"d32)4. (8.4)

PePy PEPy

Step 4. (b). Lower bound. If N, denotes the maximal number of disjoint left-right
rectangle crossings of size 27%(1,3) for 7,, among such rectangles filling vertically and
horizontally [0, 1], spaced by 27% (this set is denoted by I and defined in (5.5)), we
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have N, > ¢N;, and Ny > ¢2* for a small constant ¢ > 0. Indeed, if a dyadic square
is visited, one of the four rectangles around it is crossed (see Figure 8). Considering a
fraction of them gives the first claim. It is easy to check the second claim by noticing
that m, crosses each rectangle of size 27% x 1 filling [0, 1]°.

>

S| IO L | O

<

FIGURE 8. Square visited and associated rectangle crossings

By decoupling the first k — 1 scales, we get L§”1) > cNke%i“fIOJP Po,e—1 infpey, L™ (P)
as well as L§”1) > ¢2ke2 Moa dor-ving . [E0)(P) hence:

4 27 inf ¢ox_1 4
(E) = 2 e ™ (inf L“fv"’(P)) ~ (8.5)

Pely

Step 5. Moment estimates and inductive inequality. By concavity of the map = +— /x

we have:
» A 1/2
Z E ((Lg.’,,ll)) (/ €;¢0’"1nn(s)ep2’“od3) >
» N 1/2
S ‘Pk|1/2]E ((Lgrf)) Z (/ eg‘bo’"lwn(s)ePQTOdS) > .

PePy

Gathering, (8.4) and (8.5),

_4 4
(LYE)) Z </ 6%(;307” 17Tn(s)€P2TU dS)

PePy

—4
< 23k Hr5uP(0 112|051 | sup Diam (P, ew”“ﬂ”ds2)4 ( inf L(k’")(P)> .
PePpy, Pel

Since |Py| = 4%, by independence between scales,

m) ™ 3 N\
Z]E (LM) (/ €2¢o,n1m(s)epzmds)

PeEPy,

1/2 N 172
L 4~ sup |¢0,k—1’ 4 4
< C27 2R (e 10 E ( sup Diam (P, e??"ds?) ( inf L(k’”)(P)) .

PePy Pely

Using Lemma 10.2 to control the exponential moment, the first term is bounded by
247k CVE  For the second term, notice that the product inside the expectation is between
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an increasing and a decreasing function of the field. Hence, by the positive association
property (Theorem 2.3):

4\ /2
E <sup Diam (P, e”¢k7”d32)4 ( inf L(k’")(P)) )
PePy

Pely

1/2 —4
<E (sup Diam (P, 67¢kf"d52)4) E (( inf L(k’")(P)) )
PEPy, Pely

By scaling, the field involved is ¢y ,_x. We use our estimates for the diameters, Propo-
sition 6.2, for the first term and Corollary 5.2 for the second one. More precisely, by
standard inequality between expected value of positive random variable and integration
of tail estimates we have:

1/2

1/2
E (sup Diam (P, e”¢kv"d52)4) < 27%k52 12 e <2 272 ek

PePy,
4\ 1/2
E (( inf L“””(P)) ) < 9%k [2, (OVE,
Pely

Altogether, we get for 1 < k < n:

eCSk.p N 2 )
> E </ eztor 17rn(s)eP2mdS) < bn 27 2ROV (8.6)

PPy 1 l

and

for some constant ¢ > 0.
Step 6. Combining (8.3) and (8.6) we get

Var logL V202 22_%1‘3@”'“60‘/% <262 ZQ 2k etk OVE, (8.7)

k=0
Hence for v small enough the series in the right-hand 81de of (8.7) converges and we
have the bound Var log Lgnl) <+?(C+ C42_,). Coming back to (8.1), if §,_; < M then
8 < €% exp(C6,-1) < €% exp(CyM). Hence taking M > e and 7 small enough so
that e“ exp(CyM) < M shows that there exists 7, (which depends on ¢) such that if

v < Y, 000 < 00. Finally, we can conclude that 7. > 0 by use of Corollary 5.2 and
Proposition 5.3. U

9. INDEPENDENCE OF 7, WITH RESPECT TO k: PROOF OF THEOREM 3.5

We want to prove that ~. is independent of k i.e. if we have two bump functions
ki, ko then ~.(k1) = 7c(k2). We will prove that if log Ly 1(¢yg,,) — log g, is tight then
log Ll,l(qbg,n) — log pi? is also tight, where the superscripts corresponds to the bump
function k; for i € {1,2}. The proof presented here relies on the assumption that k; and
12:2 have similar tails.

Main lines of the proof. The main idea of the proof is to couple ¢, and ¢, up to
some additive noises that don’t affect too much the lengths. To control the perturbation
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due to the noises, note that if §¢ is a low frequency noise, the length L; 1(¢) is comparable
to the length Ly ;(¢ + d¢) by a uniform bound a.s.:

"0 L 1 (¢) < Lia(¢ + 60) < e¥P0a Ly (¢) (9.1)

and if d¢ is a high frequency noise with bounded pointwise variance we have a one-sided
bound on high and low quantiles given by the following lemma.

Lemma 9.1. If ® is a continuous field and 6@ is an independent continuous centered
Gaussian field with variance bounded by C' then

(i) I71°%(e) < e'exCI, (22),

(i) IF7°%(2¢) < ¢ 1@20z<1> L(e).
Proof. To bound from above L<1>+5c1> we take a geodesic for ® and use a moment estimate
on 0®. We start with the lower tail For s > 0 we have

P(LE) < 1)) <P (LE <oy, I < 10 ) + P (LE™ > ')
<P (LYT? <IP7%(e)) + P ( / e?H0%ds > eSLil)

< e+ 6% sup Var(6®)—s

P

where we used Chebychev inequality and the independence between the field ® and §®
in the last inequality. Taking then s = %sup Var(d®) — log e completes the proof of (i).
For the upper tails taking the same s gives

P (LY > 1T, (e)e®) < P (LTT® > 1T (e)e®, IT1(e) = LYy) + P (LT, = 174 (e))
<P(LY® >e'LT)) +¢
< 2¢
which concludes the proof of the lemma. O

Note that if d¢ is a high frequency noise, with scale dependence 27", say an approx-
imation of 4" i.i.d. standard Gaussian variables, its supremum is of order /n and the
inequality (9.1) is inappropriate compared to Lemma 9.1 which gives a bound of order
one, but one-sided. However, for a low frequency noise d¢, independent of n, the bound
(9.1) gives two-sided bounds on quantiles.

If (X,) and (Y,,) denote two sequences of positive random variables, with positive
density with respect to the Lebesgue measure on (0,00), we write X,, < Y, if there
exists a constant C independent of n such that for every ¢ > 0 small, there exists C.,
independent of n, such that Fy'(e/C) < C.Fy'(g) and Fy'(1 — Ce) < C.Fy ' (1 —¢),
where Fx(z) = P(X < x) for a random Varlable X. A direct corollary of Lemma
9.1 is the following: if (¢, )n>0 and (d¢y)n>0 are two sequences of independent centered
continuous Gaussian fields, and that the pointwise variance of d¢, is bounded, then
Ly 1(¢pn+0¢,) S Lia(¢yn). Similarly, a direct consequence of (9.1) is that, under the same
assumptions for (¢, )n,>0, if ¥ is a continuous centered Gaussian field, then L;(¢,) <

Lii(on +1) S Lia(on). i

Now that the notations and the key tools are settled, let us explain the main idea of
the proof. Let us assume for now that we have the following couplings, for a fixed k:
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() (Dhn(@) +04(2)), o D (Bnl@) + 62(2)), o,
(i) (610 n(@) + 6(), o 2 (B1(2) +12(2) e
(i) (62, 4(2) +9(2)), o0 2 (62(2) +12()) epe

where fields in the same side of an equality are independent and all fields are centered,
continuous and Gaussian. Let us also assume that 1 is a fixed continuous Gaussian field,
independent of n and thus a low frequency noise. Notice that if such couplings hold, it
is clear that the §%’s and r’’s have bounded pointwise variance since this is the case for
the fields in the left-hand sides of (ii) and (iii). We then have, since v is a low frequency
noise, by using (ii) and Lemma 9.1:

Lia (Gopir) S Laa (G0, + 0 +70) S Laa (S0, +62) S Lia (5,0)
which gives, using (i):
Lig (00 pan) S Lia(dh, +02) S Lia(dg,,)- (9.2)

If we suppose that log Ly 1(¢;,,) — log p,, is tight, then ((u,,) ™"ty 1 )n=0 is bounded by
Lemma 5.4. But then, using (9.2), log L1,1(¢5,, + ;) — log p,, is tight. Furthermore, this
implies the tightness of log Ly1(¢5,,) — log p,, since

Lia (@5 nn + 0mi) S Lia (05010) S Laa (05, +02) -

Finally, the tightness of log L11(¢j,,) — log yi7, follows from the fact that if X is random
variable and p(X) is its median, then for every a € R, u(X + a) = u(X) + a. This
concludes the proof up to the results we claimed on the couplings.

)

All the fields in the couplings will be defined by using the following standard result:

Lemma 9.2. If f is a continuous, symmetric and nonnegative function on R such that
€Il f(€) € LY(RY), then one can define a continuous stationary centered Gaussian field
with covariance given by:

1

C(r,y) = E

f (&)e' 0 de.

Proof. Since f € LY(R?), C is well-defined. Then, since f is symmetric, a change of
variables gives that C' is real-valued and C(z,y) = C(y,x). Moreover, notice that
(C(%,y))zyere is positive semidefinite: for every (ay)i<k<n and (zp)1<p<n, in (RY)" we
have

Z (lkC Qik,il}l a; = (2711- / (Z akezxk £> (2”: aleixlf) d€
=1

k=1
1 - Tl
- o7 IRG > e

By a standard result on Gaussian processes (see [1| Section 1), there exists a centered
Gaussian process (h(x)),cre Whose covariance is given by E(h(z)h(y)) = C ( y). Finally,
since we have the Lipschitz bound E((h(x) — h(y))?) < 2|z — y|| Jga F(€) [I€]] d€ and

d¢ > 0.
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€]l (&) € LY (R?), by the Kolmogorov continuity criterion there exists a modification of

h which is continuous. O

We also recall that Cj,,(z f2 . ( )& f; . ci(x)% with ¢ (-) = ¢(-/t) thus its
Fourier transform satisfies C’0n f2 n G f2 L te(té)dt and since ¢ = k x k,
¢ = k2 and then Cy,(€) = [, th t§)2dt ||5||—2 f“’i'l”ﬂl w)2du.

Coupling ¢;,, and ¢; . First we define §, and &, such that

(d)
(G0, () +0,(2)) o = (D5.0(%) +02(2)) o (9.3)
where d;, (resp d;) is a noise independent of ¢g,, (resp ¢7,,). The covariance kernel of
gbé’n is given by C’é’n(:v, y) = f;,n i (%) % where ¢; = k; * k;. We recall also that these

kernels are isotropic i.e. Cf,(z,y) = Cf,(/lx —yl|). By Fourier inversion (of Schwartz
function) we can write

. 1 A~ .
i _ 7 &z
Cﬂ,n(x> - (277)2 \/RQ CO,n<€)€ dg
We define R} by replacing the term C’én (¢) in the integrand by f}(¢) := C‘é’n(g)v@an (&)—
Ct,.(¢) > 0 and similarly R? associated with f2(¢) = C3,(€) V C¢,.(&) — C3,.(€) > 0
so that Cj,, + R), = CF, + R>. By using Lemma 9.2, the covariance kernels R}, and

R? correspond to some continuous Gaussian fields §} and 2 so that (9.3) holds and for
i € {1,2}, ¢}, is independent of 4.

Coupling the remaining noise with the lower scales. We now prove the second

coupling:
( nn+k( ) + w( ))xeRQ = (571L(x) + ri(x)>zeR2 . (94)
The goal is to show that the Fourier transform of the kernel of ¢, ., + ¥ (for ¥ to be

specified) is larger than the one of §} in order to define, in a similar way as before, the
continuous Gaussian field 7}, independent of ;.

To be precise, recall first that the spectrum of 6} and ¢} ok Are given respectively

by f1(6) = (C3a(©) = Cu(O)leg (o2cp,0 With Cial©) = 16177 o5 g wki(u)’du and
C’%mk( = H§H_2 f2 " ”;f““é” uk’1 u)?du. If the spectrum of ¢ is given by ||£H g(f), we

look for the inequality f!(£) < C%Mk(f) + ||€]7* (&) which is equivalent to

€]l . l&ll . 27i¢ll .
(/ uky(u)*du — / ukl(u)Qdu> < / uky (u)*du + g(€). (9.5)
27 ] 2] L g

If the left-hand side is 0, the inequality trivially holds. Otherwise, we want to get:

4] R l&ll R
/ wky(u)du < / uky (u)?du + g(€).

Il ~(n B¢

Our analysis of this inequality will be separated in three steps, corresponding respectively
to the low frequencies [0, ¢2"], the high ones [C2", 00) and the remaining part of the
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spectrum [¢2", C2"], for ¢ and C' to be specified. The field ¢ in (9.4) is defined in the
first step. An additional step is devoted to the conclusion.

Step 1. We start with the low frequencies ||€]| < ¢2. Since k; and ks are radially
symmetric with the same L? normalization, [ . uki(u)*du= [ . uks(u)*du and

€l . lil . 277el 27igl
/ uky(u)*du —/ uky(u)du | < / uky (u)*du —/ uky(u)*du
2] 2ne] . \Jo 0 .
+ (/ uky (u)du —/ ulz:g(u)Qdu)
l€ll €]l

We define the continuous Gaussian field ¢ (independent of n), whose covariance kernel

has Fourier transform defined by ||£]| 7% ¢(&) := ||€]| > Mrg‘)‘ uky (u)2du — f”z‘ ulz:g(u)zdu‘.

_l’_

Since we want to show that the Fourier transform of the kernel of (b}m 4 T is larger

than the one of 6}, we want to prove that for ||£|| < 2" (c to be specified, small):

27el 27el 27" €l .
/ ukl(u)Qdu—/ wky (u)*du §/ uky (u)?du.
0 0 " 2=(m+R)| ¢

By setting r = 27" ||£||, we want to prove that for r small enough (r < ¢), and k large
enough but fixed:

( /Orul%l(ufdu_ /0 Tu;;é(u)?du>+ < /2 ;Tulél(ufdu. (9.6)

Notice that when r goes to 0, foru(l%l(u)Qdu - ks (u)?du ~ %7“2(12;1(0)2 — k(0)2). If
the left-hand side is 0, there is nothing to prove. Thus we can restrict to the case where
it is > 0 i.e when k1(0)2 > k2(0)2 (notice that k(0) = fB(o,m) k(u)du > 0 since k is non-
negative and |, B(0.r0) k(z)®dz = 1). The asymptotic of the right-hand side is given by
Lo, uky (u)2du ~ %r2k1(0)2(1—2*2k). Thus as soon as k1 (0)2—ky(0)2 < k1 (0)2(1—272%),
there exists (k) such that for » < r(k), the inequality (9.6) is satisfied.

Step 2. We now deal with the large frequencies i.e. ||| > C2". Again, we look for
the inequality (9.5). Since we added the field 1) and the following inequality holds,

€l . l€ll . oo . o0 .
(/ wky(u)*du —/ uk:l(u)Qdu> < (/ wky(u)du —/ ukl(u)Qdu)
277 i€l 27 €]l i 277 i€l 277 i€l

+ (/ wky (u)?du — / UI%Q(U>2CZU>
li€ll li€ll +
we look for the inequality:

(/ uks(u)?du —/ ul%l(u)Zdu>
27 €] 27 i€l

+

277 €l R
< / wky (uw)?du.
2

+ madi]
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By setting r = 27" ||£]|, we want to prove that for r large enough (r > C), and k large
enough but fixed:

/ wks(u)?du < / uky (u)?du. (9.7)

r 2—kyp

Since ky(u) = et (+oM) and ky(u) = e~®*0+°1) we may assume that 0 < a < b
(otherwise k = 0 would be fine). Notice that there exists some R > 0 such that for
every 1 > R, [ uky(u)?du < e and e < [* uky(u)?du. Then, by taking k large
enough so that b > 3a27%* for r > 2"R the inequality (9.7) is satisfied.

Step 3. Take kg such that k1 (0)2—k2(0)? < k1 (0)2(1—2"2%) and b > 3a2~*“ are satis-
fied. Set ¢ := r(ky) and C := 2% R, keeping the notations of Step 1 and Step 2. We proved
there that (9.5) holds for ||£]| < ¢2" and ||£]| > C2" and this inequality still holds by tak-
ing k larger, with the same ¢ and C'. We are left with the frequencies 2" < [|£]| < C2™.
First, fix k > ko such that [, uky (u)2du > [ wks(u)2du (since [0 uk (w)2du —
e uks(u)?). Then, fix ng such that f;j,fé wky (u)?du > [ ks (u)?du. Thus, for every

0
n > ng, [[£|| € [c2™, C2"] we have:

liEll . A o 1131} R
/ uk:l(u)Qdu 2/ uk:l(u)Qdu 2/ ukg(u)Qdu 2/ uk‘z(u)Qdu.
2 2 ¢ 2

—n R ]| —kC il

Step 4. We have proved that if k is large enough, but fixed, for every n > ng the
inequality (9.5) holds for all £ € R?. Also, our arguments prove that the same result is
true by exchanging the subscripts 1 and 2 in (9.5). Therefore, we can define for ¢ € {1,2},
r? whose covariance kernel has Fourier transform given by the positive difference in the
inequality (9.5), multiplied by [|€]|™>. In particular, we get the couplings (i) and (iii)
with the desired properties on the fields. This completes the proof of the existence of
the couplings, therefore the proof of Theorem 3.5.

10. APPENDIX

10.1. Tail estimates for the supremum of ¢y,. We derive in the following lemma
some tail estimates for the field ¢g,. The tail estimates are obtained by controlling a
discretization of ¢y, (by union bound and Gaussian tail estimates) and its gradient.

Lemma 10.1. The supremum of the field ¢y, satisfies the following tails estimates

a2
P <sup |Po.n] > aln + C\/ﬁ)) < C4re Togt” (10.1)
[0,1]2
as well as
P (sup |po.n] > nlogd+ Cyv/n+ Cs) < Ce™ . (10.2)
[0,1)

Proof. First we bound a discretization of the field ¢g,. Since the variance of ¢g ()
is equal to (n + 1)log2, by union bound and classical Gaussian tail estimates we have



LIOUVILLE METRIC OF STAR-SCALE INVARIANT FIELDS: TAILS AND WEYL SCALING 49

22

P(max 1j2n2-nz2 [Pon ()] > x) < 4%e” TFDTed hence by introducing x,, := v/n + 1y/n we
get

P (xe[o,{%%gnzz [P0 ()] > O‘xn) < 4le et (10.3)
Now we want to bound supyg yj2 |0, ()| for which we want an equivalent of the bound
(10.3). By Fernique’s theorem, we have a tail estimate for the gradient of ¢g i.e. there
exists some C' > 0 so that for every x > 0, P(supy 2 [Vdo| > x) < Ce **/2C_ Then, by
scaling, for any dyadic cube P € Py, P(supp |Voi| > 2F2) < Ce **/2¢ thus, by union
bound P(supyg yj2 [Vé| > 2¥z) < C4ke=7"/2¢  We can now work out the gradient field
Voon: P(supjg 2 [Von| > 2y <P, Supjo 12 | V| > Sy 2fx) < C4re—=*/20
hence P(27" supj 12 [Von| > z) < C47e~**/2C " This inequality can be rewritten by
introducing y,, := Cy/n as:

o2

P <2_” sup |[Vg | > ozyn) < C4me Toga", (10.4)
[0,1]2

Using the discrete bound (10.3) and the gradient one (10.4), since

sup ’¢0,n| S max ’¢0,n + 27” sup ‘v¢0,n| 9
[071}2 [0,1]2ﬁ27"22 [0’1]2

we get the result (10.1) by union bound. Indeed, with z, := z, + y,. P(sup |¢on.| >
[0,1]2

o2
az,) < P(Xy 2 az,) + P(Y, > aY,) < C4% ™", Taking o = log4, /1+ 325 <
log4 + 2 gives the second part (10.2). g

The following lemma is a corollary of the previous one: using the tail estimates we
control exponential moments.

Lemma 10.2. We have the following upper bounds for the exponential moments of the
field ¢pop: for v <2 andn >0, E (eWSUP[OvUQ'%’"') < C4m0+oM) “where o(1) is of the
form O(n=1/2).

Proof. Fix 0 < v < 2. We use the bound (10.1) as follows. By introducing s,, := n+C+/n

we have, by using the elementary bound E(e?¥) < €7 4 [ e P(X > ¢)dt and for a
to be specified:

7 sup |¢o,n| o
E (e [0,1)2 ) < V¥ fy/ e"'P | sup |gon| >t | di.
QSp [071]2

Setting t = s,u, f::n e"P(suppg 12 [Pon| > t)dt = sy, [r eV P(supyg 12 [Po.n| > snu)du
and by using the bound (10.1)

00 o w2
/ e’ P (sup |Go.n| > Snu) du < 04”/ eVt Togd " dy,
« «

[0,1]2
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By introducing r, := n~'s,, by a change of variables we obtain:

o0 u2 "/QT% o0 n 2
/ eVt loga "y < 474 "/ e Ted dy.
« (e}

log4
—YTn g

Taking a := r, log4, the integral in the right-hand side becomes

2
_ _ 2
o] a2 0o o ne 4 n(l 2) [
e Tlogd" dy = e Togd" (y < _—
a—yrn 1054 (1=v/2)rn log4 (2 - /7) nry

by using the inequality faoo e dy < (Qab)*le*b“2 valid for @ > 0 and b > 0. Gathering
the pieces we get E(e?*"Ponzl?only < (1 4 C’ﬁ)éﬂ’"i” hence the result. O

We add here a Lemma which is in the same vein as the previous one.

Lemma 10.3. Suppose that we have the following tail estimate on a sequence of positive
random variables (Xg)k>o: for k>0 and s > 2,

2
P (X} > e°) < 4Fe™Toes.

Then, we have the following moment estimate: there exists C' > 0 depending only on c

such that for k large,
E (X)) < e@VRlosk,

Proof. Fix xj > 2 to be specified. We can rewrite E(X}) — e™ as
2

oo oo 52 oo 7637
/ P(Xy > z)de = / P(Xy > e")e’ds < 4’“/ e “lgse’ds < 4’“6“/ e 57k ds.

Tk T Tk Tk

[e.9]

22

By using [ e " dx < (2ab)~te ™, we get E(X)) < e + 4Femr (20,8 )_1e_cﬁ.

log zj,

Taking x; such that klogd = ¢ i gives log k ~ 2log xy and xp ~ C'v/klogk. U

log zj

10.2. Upper bound for F(s). In this subsection, we derive two lemmas that allow us
to bound the term F'(s) which appears in the proof of Proposition 6.2. The first one
corresponds to a;,, the second one to fooo adt.

Lemma 10.4. If a,b,c > 0 and a € (0,1/2) then the function f(t) := —at + bt'/>T® +

csv/t in increasing on |0,t4], decreasing on [ts, 00| for some ts > 0 which satisfy att/? =

0252 [e3
scs + O(s™). In particular, we have: exp(fs(ts)) < €1 +OsITE

Proof. First, notice that f/(t) = —a + (3 + a)bt=/*™ + Lest™1/2. Since fl(ts) = 0 we

obtain a = (1 + oz)bts_l/2+a + %cst;l/2 which we write:

1
att/? = % + (5 +apts. (10.5)
Thus at/? > c¢s/2. In particular, limg ,, t; = +00. Using (10.5), we obtain att? ~s oo
1cs. Using again (10.5), we have att? = 1es + O(s*). Using again (10.5) we conclude

by noticing that: f,(ts) = —at, + bl o est? — at, — 2batt/*te. O
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Lemma 10.5. Let a,a,b > 0 with o < 1/2. For every s > 0 the following inequality
holds

(bs)?

o0
/ e el bV < O, (2 4 bs)e 1 ol
0

where C,,, < 00 just depends on a and C,, just depends on .

Proof. By writing —t + bsv/t = (bz)2 — (vt — b—;)Q and the change of variable u = v/%,

/ T etrart b igy / O
0 0
Now, by the change of variables v = u — bs/2, we get

/ e~ (B a0 4y, :/ e VAT (29 1 bs)d.
0 _bs

Finally, by Jensen’s inequality, (v + %)"*2% < C,(Jv["*** + (bs)'*?%) thus

/ 67v2+a(v+%)1+2a<2v + bs)dv < eCaa(bs)“rza/ e*v2+Caa|v\1+2a<21) + bS)dU

bs

bs
2 2

< eCaalbs) 29 4 bs)/ eV HCaall T () 4 ) d.

—00

g

Now, we bound F(s). Recall first that F(s) < 2a,, + [, a;dt where a; = exp(fs(t)),
fs(t) == —t(1 — X)1log2 + Ct'/2** + Bsy/t, X == (1 + a.)y, @ := $ and B = 1y/log4.

5252 1+2a 72 log 452 146 4252 146
By Lemma 1047 ats S 64(17A)10g2+08 o 616(17(1+a5)7)10g2+cs — 68(17(1+a5)7)+cs X B

the change of variable u = ¢(1 — \)log 2 and Lemma 10.5, we obtain the integral bound
2.2

2.2
___ysT 146 ___yst 146
fooo ardt < Cesi-t+am e ™" Altogether we get F(s) < CeS0-Fam s ™",
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