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ABSTRACT. Given a finite list V := (Vi,...,Vn) of closed linear sub-
spaces of a real Hilbert space H, let P; denote the orthogonal projection
operator onto V; and P; x := (1 — A\)I + AP; denote its relaxation with
parameter A € [0,2], ¢ = 1,...,N. Under a mild regularity assump-
tion on V known as “innate regularity” (which, for example, is always
satisfied if each V; has finite dimension or codimension), we show that
all trajectories (x,)§° resulting from the iteration zp+1 := P, (Tn),
where the i, and the A\, are completely arbitrary other than the as-
sumption that {An : n € N} C [n,2—n] for some n € (0,1], possess
uniformly bounded displacement moments of arbitrarily small orders.
In particular, we show that

> st =zl < Cllao||” for all v >0,

n=0
where C' := C(V,n,7) < oo. This result strengthens prior results on
norm convergence of these trajectories, known to hold under the same
regularity assumption. For example, with v = 1, it follows that the
displacements series > (zn4+1 — @n) converges absolutely in H.

Our proof produces an effective bound on the constant C(V,n,~), in
particular, as a function of v € (0, 00). Utilizing this bound as vy — 0, we
also derive an effective bound on the distribution function on normalized
displacements, and show that their decreasing rearrangement obeys a
root-exponential type decay uniformly for all trajectories.

1. INTRODUCTION

Starting with the Kaczmarz method [18] and its many variations that have
followed, projection algorithms have been employed extensively in convex
feasibility problems, in particular linear inverse problems. The literature
is highly mature with excellent texts and review articles; see, for example,
[7, 8,9, 10, 11].
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Consider a real Hilbert space H and a finite list V := (Vi,...,Vy) of
closed linear subspaces. For each i € [N] := {1,...,N}, let P, : H =V}
be the orthogonal projection operator onto V;, and for each A € [0,2], let
P; » : H — H be its relaxation defined by
(1.1) Pi\(z) := (1= XNz + AP;(z), = € H.

We will be concerned with iterations of relaxed projections chosen arbitrarily
from the collection
(1.2) P=P(V,y) = {PM '1<i<N\e [n,Q—n}}, 0<n<l.

Specifically, for each sequence (F;, »,)5° in P and starting point zg € H, we
define a trajectory (x,)3° in H via the iteration

(13) Tn+l = Pin,/\n (l‘n), n Z 0.
This setup easily extends to iterations of relaxed projections onto closed
affine subspaces with nonempty intersection: Consider A := (Ai,...,An)

where A; = V; + a; for some a; € H, i € [N]. Let Py, » denote the relaxed
projection onto A; defined analogously to (1.1). If a € A1 N ---N Ay, then
the commutation relation
PAZ.’)\(.%) —a = P\/W\(x — a)

which holds uniformly for all ¢ (and A) implies that the “A-trajectories” and
the “V-trajectories” are simply translates of each other. Since we will only
be interested in properties of these trajectories (and not the actual feasibility
problem), we will remain in the setting of linear subspaces.

The i, define the so-called “control sequence” of the algorithm, and the
An are called relaxation coefficients. In practice the control sequence may
be periodic (cyclic), quasi-periodic, stochastic, or greedily determined based
on some criterion, such as maximization of ||z, — P;(zy,)||, but historically
there has also been significant interest in unrestricted (arbitrary) control
sequences (also called random or chaotic control), which is the setting of
this paper.

The best known special case of (1.3) involves alternating between two
subspaces V1 and V3, with no relaxation (i.e., A, = 1 for all n). In this case,
von Neumann’s celebrated theorem [28] says that x,, converges (in norm) to
the orthogonal projection of xg onto Vi N Va. This was extended to general
N in [17] for cyclic control, and later in [27] for quasi-periodic control. See
[22] for a simple geometric proof of von Neumann’s theorem.

For unrestricted iterations the situation is more complicated. In [24] norm
convergence was shown to hold in finite dimensional spaces. (It was gener-
alized in [1] to include relaxation and convex combinations of projections.)
In general Hilbert spaces, weak convergence was shown in [2] and norm con-
vergence was proposed. This question remained unresolved for a long time
(see, e.g. [12, 13, 14, 15]), and was only answered recently, in the negative:
One can find systems V = (V1, V5, V3) such that for all nonzero initial points
xo, norm convergence fails for some control sequences; see [20, 21].
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Nevertheless, norm convergence has been known to hold in general Hilbert
spaces under mild regularity assumptions on V (also called angle criteria);
see e.g. [4, 5, 6, 23, 25]. In this paper, we will work with the assumption
of innate regularity which was introduced in [5]. This concept is defined
for general convex subsets, but for linear subspaces it reduces to a rather
simple form: A list V = (V1,...,Vy) is innately regular if and only if the
complementary angle between (,.; V; and (), ; V; is nonzero for all subsets
I,J C [N]. As a special but important case, any V for which each V; is
either finite dimensional or finite codimensional is innately regular. (For
these facts, see Section 2.1.)

Under the assumption of innate regularity, [5] showed norm convergence
of unrestricted iterations of relaxed projections. In a sense, this is the best
possible kind of result we can have because unlike cyclic control (or its
variants where indices appear with some frequency), it is not possible to
obtain any effective convergence rate guarantee for unrestricted iterations
once N > 3 (even in finite dimensions), because one can adversarially slow
down the speed of convergence by introducing arbitrarily long gaps between
consecutive appearances of any chosen index ¢ while cycling through the
remaining indices.

Nevertheless, there is still room for qualitative (and even quantitative)
improvements. We show in this paper that the displacements (increments)
of the resulting trajectories have bounded moments of all orders. Our main
result is the following:

Theorem 1.1. For any innately reqular list of closed linear subspaces V =
(V1,...,VN) in a real Hilbert space H and any n € (0,1], let P := P(V,n)
be defined as in (1.2). Then for any v > 0, there exists a constant C' =
C(V,n,v) < oo such that for all zy € H and all sequences of relaxed pro-
jgections (P, x,)8° in P, the trajectory (xy,)3° defined by (1.3) satisfies

o
(1.4) D llnsr — zal|” < Cllao]”.

n=0

The case v = 2 is elementary and well-known (see, e.g. [7]); it is a funda-
mental ingredient of the asymptotic regularity property of the trajectories
and it holds without the innate regularity assumption on the subspaces (but
under the assumption that limsup Ay < 2). The strength of Theorem 1.1
starts with v = 1 because it goes beyond the original norm convergence re-
sult known to hold for an innately regular V and shows, in addition, that all
trajectories fall into a ball within a proper subspace of convergent sequences
in H, namely the space

bv(N, H) := {f:N—>H:ZHf(n+1)—f(n)H < oo}
n=0

of bounded variation functions from N to H. This stronger sense of conver-
gence is sometimes called absolute convergence (for sequences — see [19]); it
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simply means that the displacements series

o
xo + Z(xn+1 — Zn)
n=0
converges absolutely (to lim xzy,).

As v is decreased below 1, the strength of Theorem 1.1 goes beyond en-
suring bounded total variation of the trajectories. Quantifying the constant
C(V,n,v) across all v > 0, we also derive an effective bound on the dis-
tribution function of the norms of the displacements (see Proposition 5.1)
and show that, despite the lack of possibility of establishing any effective
convergence rate that holds uniformly for all trajectories, the nth largest
displacement is bounded by cexp(—pn!'/N) uniformly for all trajectories, i.e.
the constants ¢ and p only depend on V and 7 (see Theorem 5.2).

The paper is organized as follows: In Section 2, we review the notion of
angle between subspaces and its connection to the notion of innate regular-
ity. Section 3, which is at the heart of the paper, is devoted to geometric
properties of successive relaxed projections for innately regular lists which
will be needed in our proof of Theorem 1.1 given in Section 4. Section
5 concerns the distribution function of the displacements, and in particu-
lar, the derivation of the aforementioned decay bound on their decreasing
rearrangements.

2. A REVIEW OF TOOLS: REGULARITY

We start by recalling the notion of angle between two subspaces intro-
duced in [16]; see [11] for a detailed discussion. Given two subspaces V/
and W of a Hilbert space H, the angle (also called complementary angle
or Friedrichs angle) between V' and W is defined to be the unique number
o(V,W) € [0, 5] such that
(21) cos (V. W) = sup {|(v,w)] :

vEVAVAW)E, we W nVAW)L, |ju]| <1 and [[w|| < 1}.

We note that there are some variations of this definition. Some authors
restrict the test vectors v and w in (2.1) to be of unit norm which requires the
exclusion of the case of nested subspaces. Meanwhile, some authors allow for
nested subspaces, but in this case separately set the angle between them to
be 0. Our choice for the definition of angle, as implied by (2.1), produces the
value 7/2 for nested subspaces (including the case V' = W). This apparent
discontinuity may seem counter-intuitive. However, there is also an intrinsic
discontinuity in the problem we are considering in this paper: Both the limit
of x,, defined by (1.3) and the associated total variation (the path length)
> l|#n+1 — xnl| are discontinuous functions of V. This is most easily seen
by considering alternating projections between two lines ¢; and fy in R?
separated by an angle 6. As we let § — 0T, limz,, remains fixed at the
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origin while the path length blows up, but when ¢; = {5, lim x,, becomes
the orthogonal projection of g on ¢; and the path length becomes finite.

It follows from the discussion in the preceding paragraph and finite dimen-
sional linear algebra that the angle between finite dimensional subspaces is
always nonzero. However, the angle between infinite dimensional subspaces
could be zero. In general, we have the following characterization of positive
angle (see [7, Proposition 5.16] and [11, Theorem 9.35]): For any two closed
subspaces V and W in H,

(2.2)  p(V,W)>0 <= VE4+Whisclosed <= V + W is closed.

2.1. Innate regularity and its angular characterization. When we
have several subspaces in V, a very useful notion of angular separation for
convergence of random projections turns out to be innate reqularity. There
are various levels of regularity applicable to general convex sets (see, e.g.,
[5, 7, 6]) but for subspaces they all boil down to a single notion also known
as bounded linear regularity, which we will simply call linear regularity in
this paper. Following [5], a list of subspaces V = (V1,...,V},) is linearly
regular if there exists a constant x < co such that

(2.3) dxz,Vin---NVy) < kmaxd(z,V;) forall x € H.

Here, d(x, V') stands for the distance between = € H and the closed subspace
V, also equal to ||x — Pyz|| where Py is the orthogonal projection onto V.

Linear regularity is not hereditary in the sense that a linearly regular list
may not pass this property onto its sublists. (See, for example, [26].) A list
V is said to be innately regular if all of its (non-void) sublists are linearly
regular.

It is known that (see [7, Theorem 5.19]) V is linearly regular if and only
if Vit +--- + Vi is closed. Therefore, as noted in [5, Fact 3.2]),

(2.4) V is innately regular <= Z Vit is closed for all T C [N].
i€l
Here we take the sum over the empty list to be the trivial (zero) subspace.
For any I C [N], let us use the notation

(2.5) Vi=\Vi

icl
where we take Vj := H. We identify V; with Vj;;. Hence with (2.2) we have
(2.6) V is innately regular <= ¢(V;,V;) >0 for all I,J C [N].

As a special, but very important case, we note the following observation:

Proposition 2.1. Suppose that for every i € [N], V; has finite dimension
or co-dimension. Then V 1is innately reqular.

Proof. Let I, J C [N]. If Vi and V; both have finite dimension, then V;+V},
also having finite dimension, is closed. Otherwise, either V; or V; has finite
co-dimension. Then VIL + Vf is closed since the sum of a closed subspace
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and a finite dimensional subspace is always closed (see [11, Lemma 9.36]).
In either case, (2.2) yields o(V7,Vy) > 0. O

2.2. Quantifying regularity. Consider two closed subspaces V and W of
H. Since the list (V, W) is regular if and only if o(V, W) > 0, it is natural to
ask how the parameter « in (2.3) is related to the angle ¢(V, W'). While this
specific relation will not be needed in this paper, the answer has a simple
form which we note in the next proposition. (See also [3, Proposition 3.9]
for an analogous result which involves more than two subspaces.)

Proposition 2.2. For any two closed subspaces V and W of H,
(2.7) Az, VW) sinp(V,W) <d(z,V)+d(z,W) forallze H.

In other words, for N = 2, the constant k in (2.3) can be chosen to be
2/sin(Vq, Va).

Proof. Let Py denote the orthogonal projection operator onto an arbitrary
closed subspace U of H. For any z € H, let u := Pynyyrz. Noting
the relation Pyu = Py(r — Pyawz) = Pyx — Pyawe, we observe that
Pyu e VN (VW)L Similarly, we have Pyru € W N (V NW)+. Hence, as
a consequence of (2.1), we have

sin p(V, W) < sin p(Pyu, Pyu) < sino(u, Pyu) + sin o(u, Pyu),

where p(v,w) := ¢(Rv, Rw) denotes the angle between the lines defined by
v and w, and satisfies the triangle inequality. We multiply both sides of this
inequality by |lu|| = d(z,V N W). Observing that

[ull sin (u, Pru) = d(u, V) = |[Pyr Pyaw)rzll = |Pyoz| = d(z, V)

(and similarly that ||| sin p(u, Pwu) = d(z, W)) yields the desired result.
([

Remark 2.3. In fact, for distinct closed subspaces V and W, it can be
shown that
(2.8) sinp(V,W) = inf d(z,V)+d(z,W).

ze(VNW)+
[lz]l=1

3. LEMMAS ON SUCCESSIVE RELAXED PROJECTIONS

3.1. Geometrical observations. Let Py be the orthogonal projection op-
erator onto the closed subspace V' of H. As before, for any A € [0,2], we
define the relaxed projection of x € H by Py z := (1 — A)x + APyz. The
following are elementary derivations:

(E1) = — Pyyx = AMa — Pyx) so that ||z — Py x| = M|z — Pyz|,

(E2) Pyax — Pyz = (1—A)(x — Pyz) L V so that ||Pyz|®> = || Pvz|® +

(1 —\)?||z — Pyx||? and
(E3) [|z[I” = [[Pvaz]® = M2 — M)z — Pya|*.
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It follows trivially from (E3) that Py ) is non-expansive (i.e. ||Py x| <
|z|| for all z € H). But more is true: if A € (0,2), then Py is strictly
contractive provided x is not near V. More precisely, defining the relative
distance function 6y : H — [0, 1] via

d(z,V) ||z — Pyz|

(3.1) Oy () :== ] = TS x #0, and 0y(0) :=0,

we have, for any ¢ € [0, 1],
(32) @) > e [Pzl < (1- A2~ NeR) Y2 e,

Note that A\(2 — A\)e? > 0 if and only if A € (0,2) and & > 0.
The lemma below states that the relaxed projection with respect to W
does not increase the relative distance with respect to any subspace V of

Ww:

Lemma 3.1. Let V and W be any two closed subspaces of H such that
V. C W. Then for all A € [0,2] and x € H,

Oy (Pwaz) < Oy (z).

Proof. Note that y := Py« is a convex combination of  and Py x. Since

Py ox is the mirror image of « with respect to W, we have || Py x| = ||z]|.
More generally, Py Py ox = Pyx implies
d(Pwax,V) = |(Pwz—x)+ (Pwx — Pya)
= |(Pwz —z) — (Pwz — Pya)]
d(z,V).

(The second equality above uses the fact that Pz — x is orthogonal to
Pwxz — Pyx € W.) Hence, by convexity, we have d(y,V) < d(z,V).
Since Pyy = Py, this implies tan ¢(y, Pyy) < tany(z, Pyz) and there-
fore Oy (y) = sinp(y, Pyy) < sinp(x, Pyx) = Oy (x). O

Combining Proposition 2.2 and Lemma 3.1 (where (V, W) is replaced by
(V- NW,W)) yields the following corollary:

Corollary 3.2. Let V and W be any two closed subspaces of H such that
o(V,W) > 0. Then for all X\ € [0,2] and z € H,

Ovaw (Pwaz) < Ovaw(z) < w(V, W) max <9V(90)7 9W($)>7
where k(V, W) :=2/sinp(V, W).

3.2. Dynamics of successive relaxed projections. For any innately reg-
ular list V.= (V4,..., V), let us define

3.3 x = Kky(V) := Vi,V
33) o= (V) i e n(V1,V))

where £(V, W) is defined in Corollary 3.2. Note that 2 < k, < 0.
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Now consider any sequence (z,,)3° of iterates defined by (1.3), i.e. Zp41 :=
P;, x,(xn), n > 0. Let

(3.4) Wp=NVi and Ny:=#{i:0<k<n}, n>0
k=0

with W_; := H. The following lemma will be useful in our analysis.
Lemma 3.3. We have

N
(3.5) Ow, (Eni1) < k.7 max O, (ap).

Proof. We begin by applying Corollary 3.2 for V=V, W =W, _1, A = A\,
x = xp. Note that V; " W,,_; = W,,. Hence,

(3.6) Ow, (n41) < ks max (O, _, (4),0v; (2n)).

We can now prove (3.5) by induction. Since 6y _,(xg) = O (xo) = 0, the
bound (3.6) yields Oy, (21) < K0y, (x0). With No = 1, the statement (3.5)
for n = 0 follows.

For the induction step, we assume

Np—1
Ow,_, () < ki og%lffq 9Vik (zk).

There are two cases:

(i) If N, = N,,—1, then W,, = W,,_1 using Lemma 3.1 (with V = W,
and W =V, ), we have

QWn ($n+1> S HWn (xn)

= 9Wn—l (l'n)

anl
S 0<hon1 Oy, (z1)
< kN max Ov, (k).

0<k<n
(ii) If N, = Np—1 + 1, we get from (3.6), along with k. > 2, that

1

N, _ Np—
Ow, (Tn+1) < Kyemax (K* max Oy, (z), ks Yy, (xn))

0<k<n—1

< ghn : ,
< me" max Oy, (zx)

This completes the induction step and the proof. [l
Let us make two observations:

Observation 3.4. |z — zp41|| = ||z — P2kl = Mellze — Piyzell =

kv, (@) |12k

Observation 3.5. For all 0 < m < n,
m

xm+1—x0:Z($k+1—mk) EVZOL—F-FVZJ"; - (‘/z Nn---NYy; )L CWnL.
k=0
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Proposition 3.6. Letn > 0. If
(3.7) Ov,, (k) < kN forall 0<k<n,
then either xg =0 or xg & W,f-

Proof. Suppose (3.7) holds and z¢ € W,-. We will show that zg = 0. Using
Observation 3.5 for m = n, we have 2,11 € W so that d(z,.1,W,) =
||Zn+1|| which means either Oy, (x,+1) = 1, or else z,,11 = 0. The former is
ruled out since Lemma 3.3 combined with the assumption (3.7) implies that
Ow., (xn+1) < 1. Hence we conclude that x,41 = 0.

Now, Observation 3.4 combined with Ay <2 —n and 0y, (2x) < kN <
k1< %, yields
(3.8) 2 — 2pgrll < (1 —3)|lzg]] for all 0 <k <mn.
Since 1 — 4 < 1 and 2,41 = 0, (3.8) implies x,, = 0. Iterating this process,
we obtain z,, = xp_1 =--- =29 =0. O

4. PROOF OF THEOREM 1.1

For any innately regular list V. = (V7,..., V) of closed subspaces in H,
€ (0,1], and v > 0, let us define C(V, 7, ) to be the infimum of C' € [0, 0]
for which

q
(4.1) Z |zk1 — @pl|” < Cllapl|”
k=p

for all 0 < p < ¢ < oo and all trajectories (z)§° satisfying xx41 = P;, a, (zk)
for some sequence of projections (P, »,)5° in P(V,n). We will show that
C(V,n,v) < oo by induction on the length N of the list V.

For the base case N = 1, let us consider any trajectory (z)3° associated to
a sequence (P 5, )3 of projections in P((V1),n), and define y;, := zy — Pixo.
Noting that Pjxy = Pixg for all k, as implied by Observation 3.5, we have
Yk+1 = Thy1 — Praeg = Py, ok — Preg = (1 = M) (2 — Prxo) = (1 — Ag)yk-

Since |1 — Ag| <1 —m, it then follows that
lyell < (1 =m)*lyoll < (1 =n)*[lzoll
so that

|zrs1 = @ll = llyrsr = yull < 2 =n)llyell < (2 =01 =) |lao]
for all k. This gives

[o¢]
(2—n)
— LR P S A Y.
2l el < T el

thus we have ( )
2—n)7
<t .
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For the induction step, assume C(V,n,v) < oo whenever N < ¢ and let
V = (V4,...,Vy) be a given innately regular list of closed subspaces in H
with NV = (. Given any sequence (xj)q° of iterates associated to a sequence of
projections (P;, »,)6° in P(V,n), and any choice of integers 0 < p < ¢ < oo,
let

q
Wype= Vi, and Np,:= #{zk p<k< q}.
k=p
Due to Observation 3.5, we have for any integer k € [p,q+1] that x €

Wﬁq + 1, and hence Py, v = Pw, ,xp. T herefore, x;, yields the orthogonal
decomposition

(4.2) xk = Pw, ,p +yk, where yp:= Py zp, k€ D, q+1].
We then have

(4.3) Ykl — Yk = Thy1 — T and Y1 = P 2\ Uk, Kk € [, 4],

the second relation being implied by the fact that PWz%q = I — Py, , com-
mutes with P;, (since W), 4, C V;,) and hence with P;, », for each k € [p,q].

If y, = 0, then yx+1 = 0 for all k£ € [p, ¢] and therefore (4.1) holds trivially
(with C = 0), so let us consider the case y, # 0. Note that we also have
Yp € Wp%q. Hence Proposition 3.6 implies (by contrapositive) that for some

k € [p,q] we must have Ov;, (yx) > Foyp P €4, where

1 _
£, = ex(V) = =k]".
2
Let us enumerate the set {l{: € [p,q] : Ov;, (yx) > 6*} as an increasing

sequence 11 < --- < rr. This results in a segmentation of [p, g] in the form

[po, qo] U {r1} Ulpr, 1] U---U{rL}Upr, qr]

where pg := p, q, := ¢, and for all j = 1,..., L we have p; := r; + 1 and
¢j—1 :=rj—1. (It is certainly possible that a given segment [p;, ¢;] is empty;
this happens precisely when ¢; = p; — 1.) Let us also define 9 := p. Note
that r9 need not be distinct from ry.

We can safely ignore any j for which [p;, g;] = 0. For [p;, ¢;] # (), we have

“Np. g
Ov,, (k) < €x < K "% for all k € [pj, q;], so Proposition 3.6 implies that
either y,, = 0 (in which case yy = 0 for all k > p; and we are done), or else

Yp; ¢ WI}MJ_. Noting that y,, € Wpfq D W;;_,qj, we conclude in this second
case that W), ; must be a proper subspace of W), 4. so that Ny, ;. < Np 4 < L.
In other words, the segment (yk)gz can be associated with a proper sublist of
V. (By a proper sublist, we mean any (Uy,...,Ups) where M < N and every
U; is equal to some Vj;.) Since N = ¢ and therefore any proper sublist U of
V has fewer than ¢ subspaces, we can now employ our induction hypothesis.

Let us denote by D := D(V,n,~) the maximum value of C'(U,n,~) over all
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proper sublists U of V. Clearly D is finite, and we have
a5
(4.4) > llyes1 — vkl < Dllyy, |17
k=p;
For the terms corresponding to k = r;, we use the generic bound ||y, +1 —

Yr; I < (2 —n)llyr,; || which follows from yp41 = P;, z,y% and (E1) in Section
3.1. Combining this with (4.4), we obtain

L
(4.5) Z 11—yl < DZ 1y, 17 + Z e 117

The instances k = rj, j = 1,...,L, are characterized by the event
Ov,, (yx) > e« which yield strict geometric decay of the norms via (3.2).
Defining

1/2
(4.6) foi= BV = (1= n(2-n)e2) 7,
we have
(4.7) 1Y, | = [1Yyrj4all < Bellyr; I, 5 =1,..., L.
Combining this with the monotonicity of (||yx||), we obtain
(4.8) e, Il < BE el < B2 Hlpll, 5 =10 L

Injecting (4.7) and (4.8) into (4.5), we obtain

~

q
> lwksr —usll” < Dl + (DB + (2 —n) Zwml”

DB + (2-n)
(49) < (D+ 2= )l = Clyll
1- 8]
where C = 24207 Since lapar — il = Jyrsr — vl and [l < [l

for all k, the desired conclusion (4.1) follows, and with the same constant.
Notice, in particular, that

D 92—n)7
CV.m.7) < (V,n,7) +(2—n) coo. O

1= [B(V, )]

An effective bound for C(V,n,v). Given an innately regular list V =
(V1,...,Vn), and for any m = 1,..., N, let us define Cy, to be the maximum
of C(U,n,~) over all sublists U of V of length at most m. If C),1 is realized
by the list U, then by the same reasoning given in the proof of Theorem 1.1
and also noting that £,(U,n) < B.(V,n), we have

DU, n)+2Z—n) _ Cnt(2-—n)
=[O = 1=

Cerl = C(U’na’}/> <
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where (3, := 5.(V,n). Iterating this recursive inequality together with the

bound (7 < %

A

as given in the proof of Theorem 1.1, we obtain
1 N-1

( L >N_1_1 (2-n)
1-p! I ey

AN

( L >N_1 (2-n) +< 1 )N_1(2—17)”

1-p! 1—(1-n2 \1-8! Bl
1\ 1 1

< (mm) evleza)

(4.10) _ <1 152>N (2 ;IW’

where in the last inequality we also made use of the fact that 1 > g, >
(L=n2-m)*=1-n

5. STATISTICS OF DISPLACEMENTS VIA MOMENT BOUNDS

While it is possible to arrange control sequences that result in arbitrarily
slow convergence of (x,), the moment bounds of Theorem 1.1 place strong
restrictions on the number of displacements exceeding any given value. In
this section we will quantify this proposition.

Let us fix V and n € (0, 1] according to Theorem 1.1 and consider any
trajectory (z,,)3° where zg # 0. Since |[zp4+1 — x| < (2 —n)|lzn|| < (2 -
n)||zol, let us define

| Znt1 — 20|
(2=n)llzoll

as a normalized measure of the displacements. For any 7 € [0, 1], let us also
define

n €N,

n +—

(5.1) S(1) == #A., where A, := {n eEN:6, > T}

The next proposition shows that S(7) = O(|log 7|V) as 7 — 0.

Proposition 5.1. Assume the hypothesis of Theorem 1.1. Let B, be defined
as in (4.6) and S(7) as above where xy # 0. Then for all T € (0, 1] we have

N
(5.2) S(r) < eV (1 + m>

Proof. Let 7 € (0, 1] be arbitrary. With Theorem 1.1 we have

(2=n)""C(V,n,7) Z—H%H ~ 7l ZW >N 61> 08(r

Vo P
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This inequality holds for all 0 < v < o0, so

< 3 “Y(O_n\Y
S(r) < 0;35007 (2=n)"7C(V,n,7)

1 \V1
. < i T —) =
(5:3) S T <1_5z) 7

where in the last step we have used the explicit bound derived in (4.10).
To ease our computation, we slightly relax the upper bound. Note that,
forany 0 < r < 1,

NP S DU S
1—r rY—17- logr=7 ~vlogr—1’
so that
1 N
5.4 S(7) < inf 14+ — .
5.9 )<t (7507 (14 )

For any t € (0,1), noting that t~Yy~" is minimized at v; := N/logt™!,
we set v = 77, to produce a convenient upper bound for the right hand side
of (5.4). The desired bound of (5.2) follows immediately once we observe
(Tﬂ*)fN/ log(78:«)~! _ eN. 0

As an immediate application of this proposition, we will derive an explicit
decay estimate for the decreasing rearrangement of (d,)5° which we denote
by (6%)6°. Recall that this is the (unique) sequence

55> 6T >
satisfying d;, = 0, for some bijection 7 : N — N.

Theorem 5.2. Assume the hypothesis of Proposition 5.1. Then
(5.5) 5% < coexp(—pen™N) for all n >0,

where py = %logﬂ;l >0 and ¢y 1= B*_N_l.

Proof. The result holds trivially when §;; = 0, so it suffices to consider the
nonzero values only. Note that

5(5;):#{keN:5k25;}:#{keN:(s;;za:;}an

so that n < S(d;) which implies, when combined with Proposition 5.1,

log(B.05) \
N n
n<e <1+Nlogﬁ* .

The desired bound (5.5) then easily follows from this inequality by solving
for 9. O
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