
Riemann Curvature, Ricci, and Scalar Curvature in
Geodesic Coordinates

Geodesic (Normal) Coordinates
Let (x1, . . . , xn) be normal coordinates centered at a point p in a Riemannian manifold (M,g)
with Levi–Civita connection ∇. By construction,

gij(p) = δij, ∂kgij(p) = 0, Γi
jk(p) = 0.

Christoffel Symbols
The Christoffel symbols (connection coefficients) of the Levi–Civita connection are defined
by

Γi
jk = 1

2g
i`(∂jgk` + ∂kgj` − ∂`gjk).

They determine the covariant derivative:

(∇jV )i = ∂jV i + Γi
jkV

k, (∇jω)i = ∂jωi − Γk
ji ωk.

At the origin p of normal coordinates,

Γi
jk(p) = 0, ∂`Γ

i
jk(p) = −1

3
(Ri

jk` +Ri
kj`).

Deriving Γijk from Metric-Compatibility and Torsion-Free
Conditions
The Levi–Civita connection is the unique connection ∇ that is (i) torsion-free and (ii) metric-
compatible. These two axioms determine the Christoffel symbols.

Axioms

• Torsion-free: Γi
jk = Γi

kj.

• Metric-compatibility: ∇kgij = 0, i.e.

∂kgij = gmj Γm
ik + gim Γm

jk.
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Algebraic Derivation

Write the metric-compatibility equation for the three index permutations (i, j, k), (j, k, i),
and (i, k, j):

(1) ∂kgij = gmj Γm
ik + gim Γm

jk,

(2) ∂igjk = gmk Γm
ji + gjm Γm

ki,

(3) ∂jgik = gmk Γm
ij + gim Γm

kj.

Using torsion-free symmetry (Γm
ki = Γm

ik and Γm
kj = Γm

jk), form

(1) + (2) − (3) ∶ ∂kgij + ∂igjk − ∂jgik = 2 gmj Γm
ik.

Contract with g`j to solve for Γ:

2 Γ`
ik = g`j(∂kgij + ∂igjk − ∂jgik),

which yields the standard formula

Γ`
ik = 1

2 g
`j(∂kgij + ∂igjk − ∂jgik).

Koszul Formula (Coordinate-Free)

For vector fields X,Y,Z,

2 g(∇XY,Z) =X g(Y,Z)+Y g(Z,X)−Z g(X,Y )+g([X,Y ], Z)−g([Y,Z],X)−g([X,Z], Y ).

In a coordinate frame {∂i} where [∂i, ∂j] = 0, this reduces to the coordinate expression above.

Riemann Curvature Tensor
Using the convention

Ri
jkl = ∂kΓi

jl − ∂lΓi
jk + Γi

kmΓm
jl − Γi

lmΓm
jk,

we obtain at the origin p:

Rijkl(p) = 1
2
(∂i∂kgjl + ∂j∂lgik − ∂i∂lgjk − ∂j∂kgil)∣

p
.

Ricci and Scalar Curvature
The Ricci tensor and scalar curvature at p follow by contraction:

Ricjl(p) = Ri
jil(p) = gik(p)Rijkl(p) = δikRijkl(p),

S(p) = gjl(p)Ricjl(p) = δjl Ricjl(p).
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Metric Expansions Near p
The Taylor expansions of the metric and its inverse are

gij(x) = δij − 1
3Rikj`(p)xkx` − 1

6Rikj`;m(p)xkx`xm +O(∣x∣4),

gij(x) = δij + 1
3R

i
k
j
`(p)xkx` + 1

6R
i
k
j
`;m(p)xkx`xm +O(∣x∣4).

Christoffel Symbols Expansion
Γi
jk(x) = −1

3(Ri
jk` +Ri

kj`)(p)x` − 1
6(Ri

jk`;m +Ri
kj`;m)(p)x`xm +O(∣x∣3).

Volume Density
√

det g(x) = 1 − 1
6 Rick`(p)xkx` − 1

12 Rick`;m(p)xkx`xm +O(∣x∣4).

Laplacian on Scalars

∆f = 1√
det g

∂i(
√

det g gij∂jf) = δij∂i∂jf − 1
3 Rick`(p)xk∂`f +O(∣x∣2∂f, ∣x∣∂2f).

Curvature Symmetries
Rijkl = −Rjikl = −Rijlk = Rklij, Rijkl +Riklj +Riljk = 0.

Einstein Summation Convention

Definition
In tensor calculus, the Einstein summation convention (or summation over repeated
indices) states that whenever an index variable appears once as an upper (contravariant)
index and once as a lower (covariant) index in a single term, it is implicitly summed over all
its possible values.

AiBi =
n

∑
i=1

AiBi (1)

Key Rules
• Free indices: appear only once in an expression and remain as indices of the resulting

tensor.

• Dummy (summed) indices: appear twice (once upper, once lower) and are summed
over; they disappear from the result.
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• Summation occurs only when an index appears once up and once down.

• If an index appears twice both up or both down, it is not summed unless explicitly
indicated.

Examples

1. Dot Product

viwi =
n

∑
i=1

viwi (2)

2. Matrix-Vector Multiplication

yi = Ai
jx

j =
n

∑
j=1

Ai
jx

j (3)

3. Metric Contraction

gijv
iwj =

n

∑
i,j=1

gijv
iwj (4)

Remarks
The position of an index (up or down) reflects whether the component is covariant or con-
travariant. The Einstein convention greatly simplifies tensor notation by omitting explicit
summation signs.

==========================
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