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Heinz Hopf (19 November 1894 — 3 June 1971)

In 1925, he proved that any simply connected complete Riemannian 3-
manifold of constant sectional curvature is globally isometric to Euclidean,
spherical, or hyperbolic space.

In 1931, Hopf discovered the Hopf invariant of maps S® — S? (“element of
the architecture of our world” in the words of Penrose) and proved that the
Hopf fibration has invariant 1. This:

(1) disproved the then standing intuitive conjecture that the continuous maps
between spheres SV — S™, N > n, are contractible;

(2) Opened the door to the world of vector bundles and the topology of
spinors, where the curvature of the Hopf bundle is 1/2 curvature of the 2-sphere.

(Hopf bundle and Dirac Monopole https://personal .math.ubc.ca/ mihmer/
HopfDirac.pdf https://www.sciencedirect.com/science/article/abs/pii/
S50393044002001213 https://ncatlab.org/nlab/show/Hopf%20fibration)

Peter David Lax (1 May 1926 — 16 May 2025)

After the war ended, Lax remained with the Army at Los Alamos for another
year and eventually returned to NYU for the 1946-1947 academic year.
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1 Definitions, Problems and First Examples

Notation: curv,, curvi and curv‘(X). Let f : X — RN be a smooth
immersion, let 7 =7, € T,,(X) be a tangent vector and let v, ¢ X be a geodesic
in X issuing from z with the speed 7. Then the normal curvature vector

curt; (X) € Ty (X) eRY) =RV

is equal the acceleration (the second derivative) at f(x) of a point moving along
the curve f(v) in RV,



Granted this, define

curvy(X) = sup curv,, (X) and curv(X) = sup curvg (X).

72 =1

If dim(X) =1, say X =[0,1] and the curve X LRV is parametrized by arc
length, that is
H df ()

then this is the usual curvature of a curve,

2f( )

curt(X,r) = @ L) |

and curvt(X) = sup,.x H

Thus,

the normal curvature curvt(X 4 RN) is equal to the supremum of the nor-
mal curvatures of the f-images in RV of the geodesics from X.

"Immersion" signifies a Cl-map f : X — Y between smooth manifolds,
such that the differentials df : T(X) — T(Y') nowhere vanishes, df (7) =0 =
7=0,7eT(X).

Immersions are locally one-to-one maps, but globally they may have self
intersections; immersions without self intersections are called embeddings, where,
for non-compact X, one usually require the induced topology in X to be equal
the original one.

"Geodesics" v - X < R" are locally shortest among curves in X between
pairs of points in X.

Locality of the Curvature and Curvature of Submanifolds. Since
curvature of an immersion at a point x € X is a local invariant and since immer-
sions locally are embeddings, the definition and many properties of curvatures
of immersions formally follow from those for submanifolds X c X¥. In this in
mind, we may often (but not always) speak of curvatures of "immersed sub-
manifolds", and, accordingly to simplify our notation.

Curvatures of Spheres. Spheres S"(R) of radius R of all dimensions n
in the N-space RY, N > n, satisfy

curvt (S™(R)) = |curvt(S™(R))|| = 1/R for all unit tangent vectors 7 € T(S™(R)).

& The unit n-spheres S™(R = 1) ¢ BN(1), are the only closed immersed
n-sub-manifolds X < B (1) for n > 2 with curvatures < 1, which are contained
in the unit Euclidean N-balls and multiple covering of the unit circle are also
such manifolds for n = 1.

This follows by the mazimum principle applied to the distance function from
X to the boundary B (1)) or equivalently to the squared distance to the center
of the ball BY denoted 72(z).

In fact, since curvt(X) < 1, the second derivatives of r? along geodesics
parametrized by the arc length satisfy:

|7 <1 and (r2)” = 2(+"r +|7’||?) > 0, since |7’||* = 1

This says that 72 is a convez, hence constant=1 function on X. Thus,
X is contained in the unit sphere S™~1(1) = B(1), where it has zero normal
curvature (see 777), i.e. totally geodesic. (compare with ???focal.raD)



Compact, Closed, Complete. Curvature has a limited effect on topology
and on global geometry of immersion of open manifolds, i.e. those which contain
no compact connected components without boundaries, called closed manifolds.

For instance, according to the generalized Smale-Hirsch h—principleﬂ an ar-
bitrary immersion f of open manifold X to an open subset U c RY admits a
homotopy (even a regular homotopyﬂ to an immersion f., such that

curvt(X B U) < ¢ for a given ¢ > 0.

Yet many global features of closed immersed manifolds influenced by their
curvatures often remain valid for complete immersed manifolds X < RY_ i.e.
where the induced Riemannian metrics in X, sometimes called inner metrics,
are geodesically complete: geodesics starting at all point z € X extend infinitely
in all directions 7, € T, (X).

Exercise. Generalize & to complete immersed X — BY (1).

curvt-Extremal Immersions between Riemannian manifolds, f: X - Y,
e.g. for Y = RY are those which minimise some geometric size invariant of the
image f(X) cY, such as diamy (f(X)), among all immersions with curv* < CE|
or among all such immersion regularly homotopic to a given one. Beside the
diameter, it may be, some kind of width, the radius of the minimal ball which
contained f(X), etc.

If we don’t “specify any invariant, we call an immersion fy: X <Y simple
extremal if it admits no regular homotopy f; : X = Y, such that curvt(fi) <
curvt(fo), where the local version of this says that all regular homotopies f;,
satisfy curvt(fi) > curv*(fo) for ¢ > 0.

If Y = RY, then this may be applied to the convex hull Y = conv(f(X)) o
f(X) and then an immersion fo: X < R¥ is called conv-curv*-extremal if one
can’t decrease the normal curvature of fy by a regular homotopy of immersions
fi: X = conv(fo(X)).

Basic Spherical Example. By @, spheres S™(1/c) ¢ RY are extremal
with respect to all above criteria.

Piecewise C? Circular Example. Some naturally arising submanifolds
with bounded normal curvatures, e.g. many extremal ones are C'-smooth and
only piecewise C2E|

For instance, immersed closed curves, which go around several circles (possi-
bly going around each circle many times) in the figure below, have curv* equal
to the curvature of the smallest circle.

These curves are C''-smooth but they are not C?: their curvatures jump as
they switch the tracks from one circle to another at the contact points between
circles.

00-Subexample. Let f : S' - B?(1) c R? be a C! immersion with

2See [EI-Mi], section ??? and references therein

3 A regular homotopy is a path in the space of C! immersions with the usual C''-topology,
that is f; : X - Y, ¢t € [0,1], where the differential df; of f¢ in z-variables, z € X, is continuous
in ¢.

40ur definitions of curv' naturally generalize to all Riemannian manifold Y receiving
immersions from X.

5This is a well know phenomenon in the optimal control theory, where one is predominantly
concerned with n =1, [Feld|, compare 777.



curvature
curv* (S* EA R?) < 2.
If the corresponding oriented Gauss map to the unit circle
5f=£351—>51CR2
1£]

has degree zero (hence contractible), then the image of f is equal to the union
of two circles of radii 1/2, which meet at the center of the disc B*(1), where
they are tangent one to another. Thus the figure co immersion is "radially
extremal": it minimises the radius of the 2-ball. around it. (We shall explain
why this is so in section ?777).

Bi-invariants curvy, (X,Y) and Imm,.(X,Y). Let X be a smooth
closed manifold and and Y a Riemannian manifold and let curv,,,, (X,Y) be
the infimum of normal curvatures of smooth immersions X - Y.

Now, if we choose and fix a particular Y, e.g. the unit ball in RY, the
number curv;, ;. (X,Y") becomes a topological invariant of X, the value of which
is unknown for most n-manifolds and N >n .

Dually, given a topological n-manifold, e.g. (homeomorphic to) the product
of spheres, the minimal curvmy, (X,Y") of immersions X < Y appears as a metric
invariant of Y, which is unknown in most cases, for instance, for the N-balls
and cubes Y c RV,

The number curvy,; (X,Y) carries only a small part of the information
about immersions f: X <Y with curvatures curvt(f) <c.

A more comprehensive information is contained in the homotopy types of
the spaces of immersions with curvt(f) < ¢, denoted I'mm,<.(X,Y") and the
homotopy classes of the inclusion maps

Immlsm (X7 Y) c Immlscz (Xa Y)7 €1 < Ca,

where much of this information is encoded by the diagram of the natual (co)homology
homomorphisms between these spaces.

1.1 Alternative Definitions of Normal Curvature

The full second order infinitesimal information of a smooth submanifold X in
a Riemannian manifold Y, e.g. in the Euclidean N-space, at a point x € X is
algebraically represented by the second fundamental form that is a symmetric
bilinear form on X with values in the normal vector space T+(X) c T(Y),
denoted

I(X,2) =1I(X,2,71,72) = IL.(71,72),



where 11,79 € T,(X) are tangent vectors to X and where the value II(7y,72) is
a vector in T, (Y") normal to the tangent (sub)space T,,(X) c T, (Y"). This form
in the case Y = R¥ is defined as the second differential of a vector function, say
®:T,(X) - T+(X), such that the graph of ® in a neighbourhood of z € R > X
is equal to X c RY = T, (RY) = T,.(X) ® T+ (X),

IIx(Tl,TQ) = 87—167—2(1)(33)

In the general case, this definition applies by equating T, (Y")) with a small
neighbourhood in Y via the exponential map exp, : T,(Y) - Y.

Ezercises. 1.1.A. Show that II(7,7) is equal to the second (covariant)
derivative in Y of the geodesic in X issuing from z with the velocity 7, and
that

[T172])< 1L, (71, 72)|| < curvi(X)

for all z € X and all unit tangent vectors 71,7 € Tx (X).

1.1.G. Let X - Y < Z be isometric embeddings (or immersions) between
Riemannin manifolds, i.e the Riemannian metrics in Y and in X are induced
from a Riemannian metric in Z. Show that

curv:(X = Z) =v/(curvi(X = Y))2 + (curvvi(Y = Z))2

for all tangent vectors T € T(X) > T(Y) > T(Z).
For instance, if X <Y = S¥"1(1) & Z =R then

curv:(X = RY) = /(curvi (X = SN-1))2 + 1.

1.1.B. Geodesic free definition of curv'. Show that the normal cur-
vature curv:(X — RY) = |curv,|, || = 1, is equal to the infimum of the
Euclidean curv*-curvatures of the curves in X tangent to 7.

1.1.C. Metric Definition of II. Let Y = (Y, g) be a Riemannian manifold,
eg. Y=(RNg= Zj—vzl dy?), let X cY be a smooth submanifold, let v € TH(X)
be a normal vector to X at 2 and 7 be a smooth vector field on Y, which extend
Vg.

Let g)x be the restriction of the Riemannian quadratic form g to X and let
g"x be the restriction of (Lie) derivative of g by the field U to X.

Show that the value gl' (11, 72) for 71,75 € T;,(X') depends only on v but not
on the extension 7 of v.

Moreoever, show that

Gix (11, 72) = (1, 1o (71, 72) )y,

and that the second fundamental form II is uniquely determined by this identity.

(The definition of the second fundamental form II as the derivative g|’ ' of
the induced Riemannian form uses no covariant derivatives or geodesics either
in X orinY.)

1.1.D. Normal Curvature Defined via the Gauss Map. Let H =
Gr,(N) be the space of n-dimensional linear subspaces H ¢ R and natuarally
identify the tangent space Ty (H with the space of linear maps from H to the
normal space H* c RV,

Ty(H) =hom(H, H").



Let f: X < RY be a smooth immersed submanifold and G:X - Gr,(N),

n = dim(X), be the (non-oriented) Gauss map where (C_?)(x) is the linear subspace
parallel to tangent subspace of X in RY (regarded as an affine subspace) at z.

Let D, G : T.(X) » T,(X)* be the differential of the map CatzeX
regarded as a linear operator T, (X) — Tr (X)*.

Show that -

the normal curvature of X at x is equal to the norm of the operator D, G,

(DG cury(X)= sup  |D:C(7)]

and derive from this the following corollary.
1.1.E. Angular Arc Inequality. If the (inner) distance between two points
x1,x1 € X satisfies

distx (z1,z) < a(curv (X)), a<n/2,

then the angles between vectors 7 € T,,, (X) and their images 7 under the normal
projection T, (X) — T, (X) satisfy

(1, 7)<

where the equality holds if and only if there exists a
planar a-arc of radius Wli(X)’ which is contained in X, which join x1 with
x and such that T is tangent to this arc at its x1-end.
Conversely, the inequality <(7,7) < €/c + o(€), ¢ > 0, for all pairs of -
infinitesimally closed points implies that curv(X) < c.
no non-zero tangent vector 1 € Ty, (X) is normal to T, (X).

Moreover the same non-normality conclusion holds if
: ™ 1 -1
distx (z1,2) < 5(curv (XN,

unless there exists a

planar semicircle of radius m contained in X and joining x1 with x.

Polygonal ApproximationADD?777

O Let P be a closed spacial polygonal curve with k vertices p;. Then a
decomposition of P into triangles A ; Hshows that the sum of the angles between
the edges of P at these vertices satisfies:

k
Z(ﬂ- - LPi) 2 271—7
=1

where the difference Y5, (7~ 2,,,) - 27, is the sum of (positive!) excesses of the
angles of triangles Aj, adjacent to p; with respect to the angles of the angles

Api(P)>
k
dr—2p)-2m=) exc
i=1 i

60ne can decompose P into k — 2 triangles with a common vertex e.g. p; but one can do
it more efficiently with about logak triangles.



where
caci= Y 20 (5)
Ji

and where exc; = 3 ;, =0 for all ¢ if and only if P is a planar convez curve.

Application-Ezxercise: Fenchel > 2m-Inequality Let X, written as z(s), be
a closed smooth spacial curve parametrised by the ark length parameter, s €
[0,1] I = length(X). Approximate X by polygonal curves, prove the following
Fenchel’s Inequality

1
[ curvt(z(s))ds > 2,
0

generalize this to piecwise smooth curve and show that equality implies that X
is a planar convex curve.

2  Products of Spheres, Clifford’s sub-Tori with
Small Curvatures and Petrunin Inequality

The product X of spheres S™i(R;) c RN:=mitl =1, . .m,
X = 8™ (Ry) x S"2(Ry) x ... x 8" (R, ) c RN=(nunat.tnm)em,
has the curvature equal to the maximum of 1/R;, i = 1....,m, and if
R+ R2+..+R2 <1,

then X is contained in the unit ball in RY. (If R? + RZ +...+ R2, = 1, then X is
contained in the unit sphere S¥=1(1) = 9B~ (1) cRY.)

For example, the product of m-copies of S™ admits an embedding to the
unit ball in R™"™*"™  where

C’U,T’”UL((Sn)m c an+m(1)) — \/E

The main instance of this is the Clifford n-torus, that the product of n circles
imbedded to the unit 2n ball, such that

curvt(T" c 9B*"(1)) = /n.

It is conceivable that the above (Clifford’s) products of spheres S™ (R;) x
S"2(Rg) x ... x 8" (R,,) c RN are conv-curv*-extremal, where this seems real-
istic for m < min;n;, but we have no idea, for instance, if there are immersions
of n-tori to B2"(1) with curv* < /n.

Yet, if N >> n, then the n-torus can be immersed to the unit ball B (1)
with unexpectdly small curvature.

1.C. /3-Clifford Sub-Torus Theorem. (Section ?) [a] If N is much
greater than n, then the Clifford torus

TN c SQN—l c B2N(1)7

7See [Chern| and also section ???for other proofs and applications of this inequality; also
see 7?7 for a Riemannian version of it.



contains an n-subtorus T? ¢ TV, such that the normal curvature of this n-torus
the ambient Euclidean space R?Y 5 B2V 5 T¥ satisfies

3n
n+2

[ 3n ]11'" curv*(Tg’ c BQN(l)) <

n+2

One has a poor bound on the best (i.e. the smallest) N for this purpose,
(something like 10'°", see section ???) but

[b] if N > 8n? + 8, then, there exists a a locally isometric (with respect to
the Euclidean metrics in R™ and TV ) map, that is a group homomorphism

g:R" > TV c B2V (1),
such that

3n
n+2

[ 3n ]Rn. curvl(R” N BQN(l)) <

n+2

[c] It follows that for all € > 0, there exists a sub-torus ~

T c TV c BN (1),

such that
3n oL n 2N 3n
[ +e]. curvt(T? ¢ B*N (1)) < —5 e

1.D. v/3-Immersion Corollary. Let f: X - R™ be an immersion then,
for all € > 0, there exist an immersion (actually an embedding) f. to the unit
ball BY6™*+16m with curvature

3m

curv*(X [ 3167”2”6’”(1)) < +e€.

m+2

Proof. Let X be a large constant, A >> 1/e, scale the manifold X R R™ by A and
compose the scaled map \- f : X = R™ with the map g: R™ - TV c B*V(1)
from the above [b].

Then, if one one wishes, one slightly perturbs the resulting immersion X :—
TV. and makes it an embedding.
the embedding T7* c T8™*+8m ag in the theorem. make it embedding??7?

On sharpness of [%] It is not hard to show that the Euclidean curvatures

of all Clifford subtori T" c TV c R%V (these T™ are very special submanifolds in
BN (1) > TV)) satisfy curvgs, (T™) > /-2, but the following is not so obvious.

1.E. Petrunin’s \/3-Inequality. (Section???) All immersions T" < B (1)

satisfy
3
curvt (T" = BN (1)) >/ TnZ for alln>1 and all N.
n



It is unclear what is, in general, the geometry of immersions T" < B (1)
with curvt » \/§ depending on the ambient dimension N. Conceivably the
n-tori admit no immersions T" < BN (1) with curvt < /3 for N << n?, but we
have no means to rule out such immersions, say for for N <3n and n > 4.

3 Xy, =T4(X) the Focal Radius and +p-Encircling

Let Y be a complete Riemannian manifold, let X — Y be a smooth embedded
or immersed submanifold, let ¢ € X, let vy € T (X)) be a unit normal vector at
the point zy and 7, = Y be a geodesic ray issuing from g in the vy-direction.

Define vo-focal radius rad; (X) as the supremum of 7 > 0, such that the
the segment [xg,y] c yo locally minimises the length of curves in Y between y
and X, that is all curves, which are sufficiently close to the segment [zg,y] in
C°-topology and which join y and X, have length > r.

Then let

rad; (X)=  inf )radf,o (X) and rad*(X) = ing( radg, (X).
To€

10€T %z (

1.1. Example: Curvatures and Focal Radii in Spheres. The spherical curva-
tures of immersions

X < SNYR) cRY
are related to the Euclidean curvatures by the Pythagorean formula:

2

(curvfw (X > RN))2 = (curvsn-1(X - SN(R)))2 + (curvl(SN c ]RN))

= (Cu’l"’USn—l (X hd SN(R)))2 + 1/R2a

(see sectiony >77?7) while the Euclidean focal radii are related to the Euclidean
one by the realition

1
focradgy (X) = 2Rsin §focradgN,1 (R)(X).

For instance,

e the spherical focal radii of the equatorial subspheres (with zero spheriacal
curvatures) in the unit sphere SN¥=1(1) are equal to 7/2, while their Euclidean
focal radii are equal to one;

e the spherical focal radii of the subspheres with spherical radii w/4 are
also /4, while their spherical curvatures are equal to one and the Euclidean
curvatures /2 with agreement with he identity Si% =1/ V2.

Ezercises.(0O007??7) Let rad; (X) > rand let B(R) c Y be an R-ball, which
contains a (small) neighbourhood Vy ¢ X of xy and such that the boundary
sphere S(R) = 0B(R) contains . Then

e R>r,

o if R=7r+¢ for a small € >0, then the sphere S(R) is smooth at the point
Zo,

8Petrunin informed me that there exist extremal tori in BV (1). which are not contained
i gN-1
in S 7

10



e if S(R) is smooth at xg, then the radial component of the second funda-
mental form of X at z is greater than that of S(R),

(IIX(Ta 7—)’ V) 2 <IIS(R)(7—7 T)V>v

where v is the inward looking unit normal vector to S(R) at zg and 7 € T, (X) c

Tyo (S(R).
(If the sphere S(R) is convex at 2o, then 0 < (Ilg(r) . (7, 7), ¥} = \/[TIs(r) y (7, 7))
(i) Show that the focal radii of submanifolds in Euclidean spaces are equal

to reciprocals of their normal curvatures.

oL Ny _ 1
rad, (X > R7) = curvi(X = RN)’

(ii) Show that the focal radius of X < Y is equal to the supremum of r, such
that the normal exponential map expT*(X) — Y is an immersion on the r-ball
subbundle By (r) c T*(X).

Given an immersed X < RV let T,(X) - RY, p > 0, be the normal ez-
ponential (tautological) map from the p-spherical normal bundle of X to RY,
where this "p-spherical normal bundle T;(X)" is the set of vectors normal to
X of length p.

For instance if X < R" is an embedding and p > 0 is small then the image
of this map is equal the the boundary of the p-neighbourhood of X, denoted

Xip=0U,(X)={ye RN}dist(y,X) =p-

-1
In general, if X LRYN is an immersion and if p < (curle - R”) then the
exponential map is also an immersion and we abbreviate this by writing

X,, ¥RV
and observe that
[p1] curvt (X, Ly RN) = max (p_l, (curvt (X - R"))_1 - p)_l)

and that if X - RY is contained in R-ball, then Xip= RY is contained in the
(R + p)- ball.
1.G. [1 + 2c]-Ezample. Let curv'(X = BN (1)) < ¢ and move X to the

smaller ball BY (r) by scaling X = X’ =rX for r =1~ p, for some 0< p < 1/c.
Then X, is contained in the unit ball,

L N -1 (1 (r -1
(curv (X+p<—>B (1))) > min ;,(E—p)
and if p is such that p = 7 - p, then

curvL(Xfrp > BN(1))=1/p<1+2c=1=1+2curv*(X).

11



1.H. Focal Riemannian Remark. Much of the above make sense for an
arbitrary ambient Riemannian manifold Y instead of RY, e.g. for Y = SV~1 c

R, where % in the definition of the curvature for curves in Y is understood
as a covariant derivative and where curvatures immersions X" < Y for n > 1
are defined accordingly.

If Y is complete, e.g. compact without a boundry, then the normal expo-
nential map

expy: Ty (X) =Y
for am immersed X — Y is defined for all p > 0; if Y has a boundary, then
normal exp-map is defined for p < dist(X,9Y").

Then focal radius of X — Y, sometimes denoted rad* (X <= Y), is the supre-
mum of r > 0, such that the map exp, , is defined (i.e. r < dist(X,0Y)) and is
an immersion for all p < r.

One knows that if the sectional curvature of a complete Y is <0, then

rad* > (curv* (X = Y))™

and, this is obvious, the equality holds for Riemannian flat manifolds.
Thus the above [p~'] for immersions X < R can be rewritten in more
transparent form in terms of focal radii:

rad*(X;,) = min(p,rad"(X) - p).

4 Focal Radius and the Maximum Principle

(iii) Let zp € X be a local mazimum point in X for the distance function z —
disty (x,yo) for some yp € Y. Show that

dist(x0,y0) > radg (X).

(iv) maxrad* and the Maximum Principle. Let Y be a metric space,
let X cY be a subset and let zg € X.

Define maxrad, (X) as the infimum of the numbers R, such that there
exists a point yo € Y such that dist(xzo,yo) < R and the distance function
x — disty (x,yo) assumes local mazimum at xg.

Reformulate the above inequality dist(zo,y0) > rad; (X) as

maxrady (X) > rady (X),

for smooth submanifolds X in Riemannin manifolds Y.
(vi) Show that

mazrady (X) =rady (X) for dim(X) =1,

for smooth submanifolds X in Riemannian manifolds Y, provided the normal
exponential map exp : T*xo(X) - Y is immersion on the R-ball B)_,"(T% (X).
Show that the condition dim(X) =1 is necessary.
(vii) Show that if a compact subset X c Y is contained in an R-ball By, (R) c
Y, then
;?)f( mazrady(X) <R
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Show that the inequality inf,cx mazrads(X) < R remains valid for smooth
immersed complete, possibly non-compact, submanifolds X < Y, provided curv*(X) <
Q.

(The condition curv*(X) = sup, curv*(X) < oo is necessary: there are ex-
amples due to Rosendorn [?77] of complete surfaces X in the unit 3-ball with
negative Gauss curvatures, hence with mazrad,(X) = oo for all x € X.) ﬂ

(vi) Let D(p) ¢ B¥(1) ¢ RN, N > 3 be the boundary of the convex hull
of a truncated unit ball, where D(p) is equal to the union of a spherical cap
CNY(p) c SN-1(1) = BN (1), 0 < p < 7 and a flat (n - 1)-ball BN"1(r =
sinp) c BN (1),

D(p) = CN"H(p)eupBN (1),

where p is the radius of CV71(p) regarded as a ball in the spherical geometry
in SV71(R), and where the (edge-like) intersection E of the two parts of D(p),

E(r)=C""Y(p) c SV (R)nBY ! (r) = (9CN T =oBN!
is an (IV - 1)-sphere contained in S™~1(R) of (Euclidean) radius r.
Let zg € E,. and show that
*conw if p < 5 then mazrad; (D(p)) =1 = sinp,
*concy if p 2 5 then maxrady (D(p)) = R.
(vi) Non-Smooth Maximum Principle. Let X ¢ BN(R) c RY be a
closed connected subset in an R ball, such that

mazrad;(X) > r for some r < R qnd all z € X.

Observe that if » = R then ??? implies that the intersection X ndBY (R) c
SN(R) = 9BY (R) is non-empty and show that no connected component of this
intersection X n BN (R) c SN(R) = BN (R) is contained in a spherical cap

Nt (,0 < gr) c SNY(R).

Consequently, this intersection has no isolated ponts moreover,

the topological dimension of all connected components of XndBY (R) satisfy
dim(compX ndBY (R)) < 1.

(viiii????) Show that there exists a smooth convex (topologically spherical)
rotationally symmetric surface in the unit 3-ball, X ¢ BY (1) c R?, which is not
equal to the boundary sphere S*(1) = B3(1) and such that mazrad:(X) > 1 for
all z e X.

(....) Generalise the above (7?7) to subsets X (e.g. smooth submanifolds) in
balls B(R) in Riemannian manifolds Y, where the boundary of B, as well as
the boundaries of concentric balls of radii 0 < r < R are smooth and where the
inequality p > 7 should be be replaced by p >4 = 0(B) > 0.

Thus show that if a compact connected subset X ¢ B(R) satisfies

mazrads(X) > R

for all z € X, then

9Nadirashvilly etc???
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e the intersection X ndBY (R) is non-empty,
e the connected components of this intersection satisfy

dim(compX ndBY (R)) <1,

e no connected component of X ndBY (R)) can be diffeomorphic to segments
[0,1] and/or (0,1].

Consequently,

if all geodesics v in a smoothly immersed closed submanifold in a ball
BY(R)) c Y satisfy focrad*(y = Y) > R, then X is contained in the boundary
OB(R).

(////?777) Let X be a smoothly immersed complete connected submanifold
in a ball B(R)) c Y, such that the intersection X with the boundary sphere
S(R) = 0B(R) isnonempty and such that each point zg € X n S(R) admits a
neighbourhood X, ¢ X such that radial component of the second fundamental
form of X at all z € X; is non greater than that of the concentric sphere S(r),
which contains z,

(IIX(Ta T)7 V) < (IIS(T)(?vf)v V>7

where 7 and v(as in 777) ... and 7 € T,(S(r) is the normal projection of
TeTo(X) cTp(Y)>To(S(r)) to T(S(r)).

Then X is contained in the boundary of the ball, X c 9B(R).

Hint. Prove convexity of a ¢(dist(xz,S(R)) for a suitable function ¢(d).
(Compare with & in section 1.)

Question Is there a better verson of the 'maximum principle’ which would
incorporate 77?7 and ?77.

where

e y'(t)) € Ty1)(Y)b is the unit tangent vector to the curve y(t).

e Hess (yh(T +v, 7+ 1)

where, observe, the gradient of h is a unit vector field normal to the concen-
tric spheres S, (h) with the centre yo and the Hessian of h?(y) restricted to a
sphere S, equal the second fundanetal

(ho f(8))” = (W' [") = hess(h)(f") + I f"

4.1 Topological Definition of Focal Radius

Let Y be a complete Riemannian manifold, X c Y a smooth immersed subman-
ifold and let us define the focal curvature of X in Y as the reciprocal of the
focal radius of X,

1

Joo(X oY) = ———0—r.
curvy”( ) radi(X =Y))

Let X™ c R™! be a smooth hypersurface and let € X Then

such that curvi(X) <e, ¢>0 and let

is equal the infimum of the curvatures ¢ of the spheres ST (1/c), which are:

(i) tangent to X at xo,

(ii) the balls bounded by these spheres do not intersect (small) neighbour-
hoods of f(xp) in f(X) minus f(xg) itself,

(iii) do not mutually intersect away from x.

14



Generalise this to submanifolds X™ c RY for all N >n + 1 as follows.

Let B(c) be a family of balls Bév(l/c)RN with centers y € RY such that

(i)’ all balls from B(c) contain z € X,

(i)’ the balls do not intersect (small) neighbourhoods of z in X minus xg
itself,

(iii)’ for all £ > 0, there exists a family of points in R continuously parametrized
by B(c), say

¢=:B(c)>B~ RN7

such that

¢-(B) € B for all B € B(c),

dist(¢ps(B),zo) <€ for all B e B(c),

the set B(c) contains an (N —n — 1)-cycle the ¢-imagef this cycle. is non-
trivilally linked with X for all sufficiently small EE

Then show that curvy (X) is equal to

® the infimum of ¢ > 0, such that a family B(c) with all these properties
exists.

1.1.D.. Use O as a definition of curvature, observe that it doesn’t need X
to be smooth and show that if this @-curvature of a submanifold X c R¥ is
finite at all z € X, then X is C''-smooth, moreover, it is C*!'-smooth—the partial
derivatives are Lipschitz. ADD: Rotation of segments of curves in R? around tan-
gent lines and folding polypeptide chains to proteins, https://www.ihes.fr/
“gromov/wp-content/uploads/2018/08/proteins-crystals-isoper.pdfl

1.1.E.. Express @-curvature of a smooth submanifold in a complete Rie-
mannian manifold, X c¢ Y in terms of the focal radius rad*(X) (see section
777).

1.1.F. Maximum Principe. Assume that all balls in Y are smooth and
strictly convex, and show that that if a closed immersed submanifold in Y
contained in a ball of radius R has

This description of curv*, which doesn’t refer to geodesics, has an advantage
of being applicable to mechanical systems with non-holonomic constrains that
are submanifolds in the tangent bundle of the ball, rather than the ball itself.

77?7 maximum principle for the ball curvature

1Exercises (a) If the signed (one sided) curvature of a closed planar curve X
is< 1/R then the (closed) domain X, bounded by X contains a disk of radius
R. In fact there are at least two such discs unless X itself is a circle of radius
R.

(b) if X is convex, then every circle of radius < R tangent to X a point z € X
, either is contained in X, or intersect X, only at z. (c¢) Find a counter example
to (a) for surfaces in R and prove a version of (b). (see "A Reverse Isoperimetric
Inequality, Stability and Extremal Theorems For Plane-Curves With Bounded
Curvature" by Howard and Treibergs https://scholarcommons.sc.edu/cgi/
viewcontent.cgi?article=1024&context=math_facpub#:~:text=This}20gives/
20a%20preliminary’20reverse, over/,20to%20general’,20Riemannianj,20surfaces.
and references therein.

10Think of X as a relative n-cycle in the pair (B%(Qs),a(Bﬁ))@a)).
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5 Products of Spheres in B"*! with Small Cur-
vatures

1.J. PRODUCTS OF SPHERES REPRESENTED BY HYPERSURFACES Let X be a
product of m spheres and k >m — 1. Then X,, x S* admits a codimension one
embedding to the unit ball with normal curvature 1+ 2y/m.

Proof. Imbed X to BN*™(1) ¢ BN*k*1(1) for N = dim(X) with curvature
¢ =+/m (see 1.A), let p = 1+2y/m and observe that X!, ¢ BN**1(1), (this is
the boundary of the p-neighbourhood of X’ ¢ BN*¥*1(1) in the present case) is
diffeomorphic to X x S*. Since curv* (X:,) <1+2c (see 7?7) the proof follows.

Two EXAMPLES AND ONE THEOREM.

(e1) Products of two spheres admit codimension one embeddings to the unit
balls with normal curvatures 3:

[2/3] x [1/3]. curv (8™ x 5" = 57 (2/3) € BMIR(1)) = 3,

(e2) Products of three spheres S™ x S™2 x S™* e.g. 3-tori T%, admit codi-
mension one embeddings to the unit balls with curvatures 1+ 2v/2 < 4.

We don’t know answers to the following questions:

are there immersions S™* x 8™ - B™*"2(1) with curv*t < 3?

are there immersions immersions S™ x S"2 x S"8 — B™M*M2*N3 (1) with
curvt <1+2V2.

But the situation changes starting from m =4 and C =1+ 3v/2 = 5.24264.....
with the following.

1.K. Codimension one Immersion Theorem. Let X be a compact
orientable n-manifold, which admits an immersion to R}, e.g. X is (diffeo-
morphic to) a product of spheres S™¢ of dimensions n;, ¥; n; = n.

Then, for all € > 0, the product S20n* » X admits an immersion fe to the
(20n? + n + 1)-ball, such that

3(n+1) .

(777) curv* (SN x X) 5 B2On* e L(1)) <149 <45,

Proof. The v/3-immersion corollary 1.C with m = n+1 delivers an immersion
X - 320"2(1) with curvt <4/ % +¢ and the manifold X, as in [1 + 2c]-

example (1.G) does the job since it is diffeomorphic to X x 5207% i the present
case.

[X = T"]-Case. If N >> n, then the v/3-Clifford sub-torus theorem 1.C
implies that S™ x T™ admits an immersion to the (N +n + 1)-ball, such that

(?777) curvt (SN x X) EBNW“(l)) <1+ 2y /%.
n

Embedding Remark. Unlike how it is in (e;) and (e3), the construction of
f- in 1.K creates self-intersection of S* x X in the ball.
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Sharpness Conjectures. The constant 1 + 2 RST” probbaly, is optimal for

2 )
tori T" of dimension n > 3
We also conjecture that there are no embeddings T" x S* — B"**+1(1) with

curvt <1+2y/2% + ¢ for all n > 3 and & < 1/n”.

But it is hard to say if the constant \/ % for general orientable X"R™*!

can be improved, even to / %
Also it is unclear what to expect in this regard from non-orientable immersed

hypersurface X" < R"+!

Products of Equidimensional Manifolds. The codimension one immersion
theorem doesn’t deliver immersions of products of equidimensional manifolds
with "interesting" curvature bounds, while by arguing as in (e;) and (e3) we
show the following.

(e3) The product of (m +2) copies of S™ admits an embedding to the ball
B2+ (1) with curvt <1+2V/m + 1.

For instance, (as in e3) the 3-torus embeds to the unit 4-ball, such that

curv*(T® c BY)) < 1+2V2 < 4.

Conjectrally, the constant 1+2+/m + 1 is optimal for allm = 1,2, ...4, possibly,
not only for embedding but also for immersions

(Sm)m+2 o Bm(m+2)+1 (1)

6 Extremality, Rigidity, Stability: Spheres and
Veronese Varieties

The natural candidates for eztremal immersions X — BY, which implement
maximal topological complexity with minimal curvatures are the most symmet-
ric ones that are immersions, which are equivariant under large isometry groups
G acting on X and BY

For instance the standard (O(n)-equivariant) embedding S™ < BY ¢ B"*1 x
RN-"-1 is extremal.

1.3. A. All closed immersed n-submanifold X R BN have curvt > 1, where
the n-dimensional spheres of radius one, are the only ones with curvt < 1. (If
n =1 these may be multiple coverings of the circle).

This follows by the maximum principle applied to the distance function
from X to the boundary dB™ (1)) or equivalently to the squared distance to
the center of the ball BY denoted r2(z).

Since, curvt(X) < 1, the second derivatives of 2 along geodesics parametrized
by the arc length satisfy: ||7/7|| <1 and (r2)"” = "7+ ||7'|? > 0, since ||7'|? = 1.

This says that 72 is a convez, hence constant=1 function on X. Thus,
X is contained in the unit sphere S™V~1(1) = B(1), where it has zero normal
curvature (see 777), i.e. totally geodesic. QED
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Rigidity and Stability. Most (all?) sharp geometric inequalities are accom-
panied by the rigidity /stability of the extremal objectﬁ

To establish stability in this in the present case we start by observing that the
above argument equally applies to all complete (for the induced Riemannian met-
rics) manifolds C*'-immersed to B"(1) and that the space of C'!*!-|immersions
curvt < const of immersed complete manifolds to the ball is compact.

Thus we conclude that there exists € > 0, such that if a closed immerses
submanifold satisfies

curvt (X" - BN(1)) <1+¢cand n>2,

then X can be obtained by a d-small C*-perturbation of a unit n-sphere S™ c
BN, where 6§ - 0 for £ - 0.

A priori, this € could depend on n and N, but the above proof of the curva-
ture curvt-extremality of the unit spheres shows that this in not so; moreover,
this, essentially 1-dimnsional proof suggests an effective, albeit rough, bound on
g, e.g. € =0.01 will do. (See below and section ??? for Petrunin’s sharp results
in this regard.)

Immersions to Tubes. The maximum principle applied to closed immersed
n-submanifolds in "unit tubes" BY (1) x R* ¢ RV** shows that

curvt(X™ > BN(1) xR) > 1 for k<n+1.

Extremal X, i.e. where curv* (X” < BN (1)xR¥ =1 for k > 1 are not unique, for
k > 1; yet, the aspects of extremal geometry, which are dictated by the rigidity
of half circle lemma ( 777) are stable, i.e. traceable in X with curvt(X)<1+e
(compare with section???) of where much of geometry of extremal X, where
curvl(X" < BN (1) x R¥ = 1 is dictated by the half circle lemma (see 7?7 ??
7777)

About Mean Curvature. The maximum principle argument also applies to
immersed n-submanifolds X in BY with mean.curv <n -1 (compare with ??
in section???) and shows that these X lie in SV, where they are minimal, i.e.
have zero mean curvatures.

There are lots of such submanifolds in S™~! and the unit subspheres are not
mean curvature stable and it is probably not hard to show that all n-manifolds
admit §-dense immersions X < BN (1), N > 2n, with mean.curv(X) <1 +¢ for
alln>2ande,§ >0.

N. Nadirashvili, Hadamard’s and Calabi-Yau’s conjectures on negatively
curved and minimal surfaces. Invent. Math. 126 (1996), 457-465. MR 98d:53014

E. R. Rozendorn, The construction of a bounded, complete ¢ surface of non-
positive curvature, Uspekhi Mat. Nauk, 1961, Volume 16, Issue 2, 149-156

Veronese Manifolds.(Elements of the architecture of our world?) Besides
n-spheres, there are other O(n + 1)-equivariant immersion S™ < BN (1), where
the most interesting ones are the (quadratic) Veronese maps.

These are (minimal) isometric immersions of the n-spheres of radii R, =
\/ @ to the unit balls, which factors through embeddings of the projective

m(m+3)

spaces RP™ = S*(R,,)/{£1} to the balls B~ 2z , where these embedding have
amazingly small curvatures:

11 See stability Gr. for a general discussion
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n(n+3) 2n
curv(Very) = curv* (RP{}G,. > B 2 ) =\/ 7 e

1
curv(Vers) = curv (RPy,, = B°) = 2\/; < 1.155,

Observe that the radii R,, of the Veronese n-spheres, which covers RFy;
satisfy

er?

2
" curv(Ver,) '

2n
HX™,BY) <y — X =giffeo S™.
curv (X", ) n+1:> diffe

The "homeo-version" of this proven by Petrunin for n = 2. (See Pet ???and
section 7?77 where we also explain the above and say more about Veronese maps
and their generalizations.)

Ezercise. Identify Veronese manifolds with the spaces of quadratic forms of
rank one and trace one.

[2/curvt]

Conjecture.

7 Hypersurfaces Inscribed in Convex Sets

Given a subset V ¢ R, let ext,,(V) denote the r-neighbourhood of V, that is
the subset of points in R™"! within distance < r from V.

ext+r(v) = {y € Rn}dist(y,V)sr c Rn+17

and let
nt_.(V)cV

be the complement of the interior of the r-exterior of the complement of R™**\V/,
that is equal to the set of points in V' with distance > r from the boundary of
v,
'Lnt—r(v) = {U € V}dist(v,aV)zr cV.
Clearly,
exty(int_.(V)) cV and int_,.(ext,.(V)) = V.

Let R = R(V) denote the in-radius of V', that is the maximal distance from

the boundary of V in V,
R =inrad(V') = sup dist(v,0V)
veV
and let
entr(V) =int_.(V)

be the set of the centers of the R-balls in V, that is the subsets of v € V' with
dist(v,0V) = R = inrad(V').

Let V c R™™ be a compact convex domain, e.g. the (n +1)-cube 0" =
[-1,1]"*! or an (n + 1)-simplex AL,
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Then, clearly, the r-interior of V' is convex and if r = R = inrad(V’) then
intr (V') called the central locus in V,

intr(V) = entr(V)

is a non-empty compact convex subset in 'V of dimension <n =dim(V) - 1.

For instance, if V' is a cube or a simplex, then cntr(V') consists of a single
point and ext,,(int_-(V)) is equal to the (unique maximal) ball inscribed into
V.

(If V is a general (n + 1)-dimensional rectangular solid then int_.(V) is a
subsolid of certain dimension 0,1,...,n.)

1.4.A. Exercises. (a) Let the boundary of V be C’l’l—smoot@ (e.g. piece-
wise C2-smooth) with curvature bounded by a constant c,

curvt(OV c R™) <e.

Show that if r < %, then, the r-balls B c R™*! tangent to dV either are fully
contained in V or lie outside V', meeting W at a single contact point between
the boundaries of B and V'; consequently:

extyr(cntr(V)) =V for R =inrad(W).

(b) Let X = R"*! be a C%-smooth compact immersed hypersurface in R"*!
and let
W = conv(X)

be the convex hull of (the image of) X — R"*1,
Show that the boundary of W is Cl’l—smootﬂ with curvature bounded by
that of X,
curvt (OW ¢ R™1) < curv (X - R™1).

(c) Sphericity. Let V c R™*! be a convex bounded domain, e.g. a polytope,

such as (n+1)-cube 0" = [-1,1]"*! or an (n+1)-simplex A™*! and let X Lv
be a C?-smooth immersion, where X is a closed n-manifold.
Apply (a) and (b) to the convex hull W = conv(X) c V of X and show that
if
1

inrad(V)=R< ———
inrad(V) T curvi(X > V)’

then, in fact,
1

inrad(V) = X SV

Firermore, if entr(V) consists of a single point 0 € V, (e.g. V = 0" or
V = A™1) show that the image of the immersion f is contained the R-ball
centred at o for R =inradV.

Consequently, (see 1.3.A)

the image of X R V' is equal to the R-sphere centered at o€V

1210cally, the hypersurface OV c R™*! is representable by the graph of a C''-function with
bounded measurable second derivatives.

3Locally, the hypersurface W c R™*! is representable by the graph of a C''-function with
bounded measurable second derivatives.
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(d) Stability. Argue as in section 1.3 and, assuming as above that cntr(V)
consists of a single point o € V, show that the (only) R-sphere in V is stable:

there exists an € = (V) > 0, such that all immersed closed hypersurfaces
X < V with curv*(X) < R+e¢ are d-close in the C*-topology to to the R-sphere
S™(R), where ¢ e 0.

More on Stability. Unlike 1.3.B, this ¢ is sensitive to dimension.
For instance if V is the regular unit simplex then e(A™*1) ~ g9/n and if it is
the cube 0"*! = [-1,1]"*!, then (0"*!) ~ go/\/n.

On dim(cntr(V) > 0. If int_.(V') has positive dimension, then there are
many non-spherical C2-immersed (and even more C1'!) hypersurfaces in V with

curvatures < inrl , see section??7?.

Vaddddddddddddddddddddddddddds

On dim(cntr(V)) > 0. Let dim(cntr(V)) =k >0, let Z c R™"! be an affine
k-dimensional subspace which contains the (convex!) subset cntr(V) c R
and let B3*'(R) = ext,g(Z) c R™"! be the R-neighbourhood of Z.

Unlike that case of dim(Z) = 0, there are many non-spherical C%-immersed
(and even more C'') hypersurfaces X in B3* (1) with normal curvatures
curvt <1

Ezamples. (a) Let X, = Z be a smooth closed immersed submanifold with
curvt < 1/2.

Then the 1-encircling|13| Xoi1 = (Xo)41 = R™! of the immersion X, < Z in
R™! is an smooth immersed hypersurface in B3 (1) with curvt(X,.1) < 1.

(b) Let X, = Z be a smooth compact submanifold with a boundary, such
that curv*(X,) <1/2 and curvt(0X,) < 1/2.

Then the l-encircling X, .1 = (X,);1 = R™! of the immersion X, < Z
in R™! is a piecewise C? smooth C'-immersed hypersurface in B%*!(1) with
curvt(Xoq41) < 1.

(c) Let X, = R? be the figure oo curve made of two unit circles (as in ??)
and let S x S = X,, < R™! be obtained by rotating X, around an axes
Ac RZ c Rn+1 — R2+(n—1)'

If this axes is normal to the line between the centers of the circles, then the
image of the immersion X < R™*! is contained in the unit tube Bpi'(1) and
if dist(A,X,) > 1 then curvt(Xo,) < 1. This X,, = R™! is C'-smooth and
piecewise C? smooth as in X,,; (b) but the geometry of X,, is significantly
different from that of X,,1.

These (a)(b)(c) well represent immersed hypersurfaces with curvatures one
in the unit "tubes". Bpi'(1),especially for k = 1, where all immersions of
closed n-manifolds to Bgi'(1) for n > 2 are embedding, which are 1-encirclings
(boundaries of 1-neighbourhoods) of segments in the line R! (see section ?7).

8 Bowl Inequalities

Let X < RY be an immersed complete (e.g. closed) connected n-dimensional
submanifold in the Euclidean N-space, let zg € X, let T' = Ty, c RY be the
tangent space to X at zo (represented by an affine subspace in R™Y) and let
P, : X - T§" be the normal projection map.

4n R _Encircling" is a generalisation of "boundary of the R-neighbourhood" for embeddings,
see section 777.
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Let U, ¢ X be the maximal connected neighbourhood of z(, such that the
normal projection P = P, , from Uy, to Ty, is a one-to-one diffeomorphism onto
a domain V,, c Ty, = R", which is star convezr with respect to xo.

Clearly such a U, exists and unique. where,

Let S = S™(R) an n-sphere of radius R, which is tangent to X at the point x,
(such spheres S = S, are parametrised by the unit normal vectors v € T, (X))
let P—=T,,, be the normal projection map and observe that the corresponding
neighbourhood U, c S is the hemisphere S, that is the ball B,,(5R) c S =.5"
around xg.

Let d(x) = distr (P(z),x¢) and let d(s) = distp(P(s), o) = Rsin %disti(s,xo)
be the corresponding function for the sphere S.

Let h(z) = dist(x,y = P(z)), z € X, and let h(s) = Rcos %disti(s,xo) be
the corresponding function for the sphere S.

Remark. Both d—functions and both h-functions have their gradients bounded
by one, in fact,

lgrads(d(s))|*+|grads(h(s))|* = 1 and |gradx (d(z))[*+]gradx (h(x))|* <1,

The gradients of both d-functions have unit norms at on they don’t vanish
in the interiors of the domains U, and U, correspondingly; grad(h) vanishes
on the boundary. of U, and U, vanishes at at least 2 ponts at the boundary
of Uy,.

The gradients of the h-functions have norms < 1 in (the interiors of) domains
Uy, and U, = correspondingly, and these norms. are equal to one the boundaries
of these domains.

In fact, U, is the same as the maximal connected neighbourhood of o,
where ||gradx (h)| <1 and the P-image of which is star convex.

Hemisphere Comparison Inequalities. Let

curvt(X) < curv*(S) =1/R.

Then:
The gradient of the h-function on X,

h:xw— dist(x, P(z))
for x € U, is bounded by that for the h-function on S,
lgrad(h)| < |grad(h)| for distx (z,x¢) < dists(s,zo)| and s€ S,

Consequently, the domain Uy, ¢ X contains an open R-ball centered at zg.

e, The gradient of the d-function on X in the radial direction is bounded
from below by that for d:

if s € S, and a unit vector 7 € T;(X) which is tangent to a geodesic segment
v in X issuing from xy and termnating at x satisfy

length(y) < dist(s,zo)

then
(grad(d), ) > |grad(d(s))|,

15These functions are non-differentiable at g but the norms of their gradients continously
extend to one at zg.
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Consequently, the P-images in T' of the r-balls from U,, c¢ X centered at z,
contain the P-images of the corresponding spherical balls from S,

P(on(r)) n} B;I;0 (R.sin %r) cT for all r < %R,

e, ! The inverse function h™*(y), y € By, (R) c T, and the norm of its gradient
are bounded by h™'(y), and ||grad(h™*(y))| correspondingly.

Corollary. Let EN(R) c RN be a ball, such that the boundary sphere
SN"H(R) = dBY (R) is tangent to X at o, i.e.

Ty (SY7H(R)) 2 T (X).

If curvt(X) < 1/R, then the subset U,, ¢ X doesn’t intersect the interior of
this ball. Thus, U,, lies in the closure of the complement of the union of the
R-balls tangent to X at xzg.

Spherical Bowl Theorem. Let U, (+r) c X be the r-neighbourhood of
Uz, in X. Then the gradient of the function d(z) = distr(P(z),xq) doesn’t
vanish in the interior of the complement U,,(+R) \ U,, and the P-mage of
the complement U, (+7) \ Uy, r < R, doesn’t intersect the interior of the ball
B,,(R-r)cT.

Proof The bounds on the gradients of the functions h in the hemisphere
comparison inequalities follow from the angular arc inequality. 1.1.E, while the
bowl theorem follows from these inequalities applied to X at zg and at all ponts
x € OU,,.

If dim(X) =1, then the bowl theorem, where the prooﬁ becomes especially
transparent | ‘| implies the following.

"Circular Arm" Inequality. Let a planar circular arc A c R? (a segment
of a circle) and a smooth spatial curve X — RY satisfy:

length(X) = length(A) =1 and curv*(X) < curv*t(A).

Then the distance between the endpoints of X is greater than or equal to that
in A, where the equality holds if and only if X is congruent to A.

Ezample Let X ¢ RY is a closed curve of length 2. If curv'(X) < 1, then
the Euclidean distances between opposite points x,zp, € X are > 2, where an
equality dist(xq, (xo)opp = 2 implies that X is circlular.

Ezercise. Show that all closed curves of length 27 in the Euclidean space
contain pairs of opposite points z, Zop, € X,(i.e. with the X-distance 7 between
them), such that dist(z,zepp) < 2.

n-d Corollaries Then the geometry of such an X mainly (but not fully ) deter-
mined by the behaviour of geodesic segments from X, which are 1-dimensional
submanifolds RN — curves with curv' < 1.

Remarks (a) Other proof Proof of the Circular Bowl Inequality, and ref to
Schmid by Hopf

The following proposition, says that f(Uy) lies at least as close to Yj in the
Cl-metric as S! to Ys.

L6Hopf Schimd
7he abive Hopf Schimdt, oter proofs
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5.C. C'-Flatness Theorem. Let curv*(Up) < ¢ = curv*(S}). Then

(i) the domain Vy c Yy contains the (open) unit ball B} (1/2), where | =
length(S}),

(ii) dist(f(u),Yy)) < diam(St) for all u € Uy.

Moreover, this distance function is bounded by the corresponding function
for S} in two ways:

distsi(s,s0) > distx(u,ug) == disty (f(u),Yo)) < dist(s,Ys));
and

disty (Ps(s), so) > disty (Pyo f(u), f(ug)) = dist(f(u),Yy)) < dist(s,Ys)).

(iii) The gradient of the distance function between f(X) and Y is also
bounded by that for S} in two ways;
distg1(s,80) 2 distx (u,ug) == Vxdist(f(u),Yp) <

)

idz’st(s, Ys)
ds

and

disty (y = Ps(s), s0) > disty (Poof(u), f(uo)) == Vy,(dist(v,py"(v) <

d . .
@dlst(y, Ps(y)]|-

(iv) the X -gradient of the distance function u — dist(f(u),Yy tends to one
for uw - OU, while the Yy-gradient of the inverse function v ~ dist(v.P-1(v).
tends to infinity for v — V.

Clearly such a Uy exists and unique, where, this an essential example, if
X =S c R™! then such a Uy is the hemisphere around .

Let f: X =Y be an a C"'-smooth (e.g. C?) immersion with

curvt (X 4 Y)<ec,

where the manifold Y is complete simply connected with constant curvature,
(e.g. Y =RN or X = S¥(1)) and where X is geodesically complete with respect
to the induced Riemannian metric (e.g X is compact without boundary).

5.B. Remarks. (a) The [2sin]pe,-inequality for infinitesimally close points
T1,x is equivalent to curvt < 1.

Let Y be the tangent (line) to the above circle S! c Y at some point sq € S}
and Pg : Scl, — Y5 be the normal projection.

Let f: X - Y be an a C"'-smooth (e.g. C?) immersion with

curv (X EA Y)<e,

where the manifold Y is complete simply connected with constant curvature,
(e.g. Y =RYN or X = S¥(1)) and where X is geodesically complete with respect
to the induced Riemannian metric (e.g X is compact without boundary).
Then the Y -distance between the ends of v is bounded from below by the
Y -distance between the ends sy and s; of S, where the equality holds if and
only if v is congruent to S in Y.
For instance,
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8.1 High Dimensional Applications of the Circular Bowl
inequality

Basic geometry properties of immersed n-submanifolds X in Euclidean spaces
with
curv (X & RY) <,

can be reduced to the case n = 1 applied to the geodesic segments from X, which
are, by the definition of the normal curvature curv*(X), are curves in RN with
curvt < ec.

The circular bow inequality applied to geodesics in immersed n-submanifolds

XLRY dim(X)=1,2,..m, ...

yields the following.

5.A. Geodesic Lower Expansion Boundlfl Let v = Y be a geodesic
segment in X and let S ¢ Y be a planar arc with constant curvature curv*(S) =
curvt(S}) = c. IT_Q‘I

Then the Y-distance between the ends of v is bounded from below by the
Y -distance between the ends sg and s; of S, where the equality holds if and
only if v is congruent to S in Y.

For instance,

1.4.A.[2sin]pow-Inequality. Let v = X be an (not necessary minimising)
geodesic segmenEl between two points xg,x, € X. If the normal curvature of X
is bounded by 1/R and if length(y) =1 < 27 R, then

Then the Euclidean distance between these points is bounded from below:

[2sin]pow, disty(f(xo), f(a:l)) > 2Rsin %

and, the equality implies that the f-image of 7 is a circular ark in a plane in
RY.

COROLLARIES

?? If X is connected and the induced metric in X is complete (e.g, X is
compact without boundary), then

[2510])gies disty (f(20), f(1)) > 2sin (dwtwoxl))

2

for all xg,z1 € X, such that dist(xzg,x1) < 27.

5.B. Remark. The [2sin]pe,-inequality for infinitesimally close points xg, x4
is equivalent to the inequality curvt < R.

(b) The [2sin]pew-inequality holds for immersions to (complete simply con-
nected) manifolds Y with non-positive sectional curvatures and the full geodesic
lower expansion bound also admits a generalisation to manifolds with non-
constant curvatures.

18See 7?7, ?? and references therein for the full Bow Lemma.

19If Y has zero or positive curvature, then this S is a part of a circle (or a straight line for
c=0) and if Y is a hyperbolic space, then S may also be a segment in an infinite planar curve
of constant curvature, e.g. a horocycle.

20Recall "Geodesic" refers to the induced (inner) Riemannian metric in X,
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5.C. 2n-Injectivity Let TB,(r) c T,(X) gent space be the r-ball in the
tangent space at a point x € X and let exp, : TB,(r) — X be the exponential
map. If r < 7, then the composition of this map with our immersion f : X < RY
is one-to one.

Here are two obvious sub-corollaries.

2r-Geodesic Loop Inequality. Geodesic loops v in X have length(vy) <
2.

5.C. 2m-Diameter Inequality. If the intrinsic diameter, i.e. the diameter

with respect to to the induced Riemannian metric, of X EA RY, satisfies
diamn (X) < 2m,

then X is embedded to RY: the map f is one-to-one.
This inequality is sharp:  the equality holds for Sy, .(R,) — RP{},,. <

n(n+3

Bz (1) by the above |

curvt ]

27
diamins(SV.,) =TRp = ——————.
int (SVer) " curvt(SE,,)

Question. Are Veronese the only ones with this property? (Compare with
pet and also with section 777)

9 Bow, Arms Riemannian displcaement Controle

@ Circular Bow inequality. Let a planar circular arc A c R? (a segment of
a circle) and a smooth spatial curve X « R satisfy:

length(X) = length(A) =1 and curv*(X) < curv*t(A).

Then the distance between the endpoints of X is greater than or equal to that
in A, where the equality holds if and only if X is congruent to A.

Ezample Let X ¢ RY is a closed curve of length 27. If curvt(X) < 1, then
the Euclidean distances between opposite points x,z,p,, € X are > 2, where an
equality dist(xq, (xo)opp = 2 implies that X is circlular.

Ezercise. Show that all closed curves of length 27 in the Euclidean space
contain pairs of opposite points z, zop, € X,(i.e. with the X-distance 7 between
them), such that dist(z,zopp) < 2.

First Proof of @ . Parametrize the curves X and A by the ark length
parameter s € [0,1], [ = length(A) = lenght(X), write 2:(s) for X and a(s) for
A and let 2'(s) and a’(s) denote the derivatives of these (vector) functions.

Let [2(s0),2(s1)] ¢ RY be the oriented chord (straight segment) between
the points z(sg),z(s1) € RY and let us use the same notation for the points on
the curve A c R%.

Angular Bow Inequality. If | < m/curvt(A), then the angles between the
X-cord and the tangent vectors to X at the endpoints of X are bounded by the
corresponding angles for A,

[20] (o). [20)20)]) < £(a'(0).[a(0).a®)])
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and
(<] (o 0. [2©)2)]) < £(' (). [a0):a®)]).

where equality in either of two implies that X is congruent to A. E
Consequently, if A, ¢ R is a circular arc of the same curvature as A between

the points x(0) and x(l )E then the angles between the X-cord and the tangent

vectors to X at the endpoints of X are bounded by the angles of the same chord

-
[(0),2(l))] with the tangent vectors to A, at the endpoints of A, .
Proof. Let

Fx() = £(o(5).[2(0). ()]
() = £(2(0).[o(0):2(:))])

and observe the following three inequalities.

(1) the derivative of @ is bounded by @ and the distance r = rx(s) =
dist(x(0),x(s)) as follows

[’k ()l < (@ x(5),rx(s))

where the 9 is a smooth function monotone increasing in @ for 0 < @ < 7/2
and deceasing in r > 0.

In fact, this inequality holds for

N sinw
v(a,r) =
r
where it turns to equality for A in place of X,
sin @ 4(s)
(s) = ——220 0 < s < 2m/curvt(A)
ra(s)
for
1
aa(s)=aa(s) = §s-curvl(A), ra(s) = Curv%(A)sin%&curvL(A).
and L4
- N curv
wh(s) = () = T,

(2) The derivative of rx(s) is monotone decreasing in @ x (s).

In fact
v (8) = cos @ x (5).

(3) The derivative of the angle @ x () is bounded by the curvature ¢ = ¢(s) =
ex (8) = curvt(z(s)) of X at z(s) € X as follows

a’y(s) < p(ex(s),rx(s), ax(s)),

2INotice that <(a’(0),[a(0),a(l))] = «(a’(l),[a(0),a(]))]) = %curvi(A) and that the
inequalities[ 29] and [<;] follow one from another by reversing the direction of the s-
parameter, but it is instructive to keep track of both angles.

22Such an ark exists only if dist(xo,z1) < 2sin m
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where ¢ is a smooth function, which is monotone increasing in c.
In fact, this inequality holds with

s sin @
410(87747&):0_ r )

which becomes equality for A instead of X for

sin @ 4(s)

T4(s) = curv*(A) - - curv(4)/2.
@als) = curv™(4) Curv%(A)sin%S.curvi(A) curv-(4)/

Remarks. (1) ADD Relation to Robotics

ADDADDADDADDADDADDADDADDADDADD

Conclusion of the proof of of the angular inequality

ADDADDADDADDADDADDADD

Derivation of Circular Inequality from the Angular one. Divide X by the
point z(1/2) € X into two arcs of length /2 and apply the angular bow inequality
to these arcs. Thus we see that both distances

dist(x(0),x(1/2)) and dist(x(1/2),2(1))

are greater or equal than dist(a(0),a(l/2)) = dist(a(l/2),a(l)) and that the
angle between of the cords

(= @:2@72))]) and ({72, 2@)))

at the point x(1/2) is greater or equal than the corresponding angle for A. Since
dist(a(0),a(l/2)) = dist(a(1/2),a(l)), we conclude that

dist(z(0),z(1)) > dist(a(0),a(l)).

QED.

9.1 Riemannian Bow Inequalities.

The bow inequalities straightforwardly generalise to immersions to Rieman-
nian manifolds Y with constant sectional curvatures x — spheres and hyperbolic
spaces and then extend in a comparison form to all C AT (k)-spaces (see sec-
tion??7).

z Erercise: Derive circular bow inequality on the sphere S™ c R™"! from
that for R"*!

Hint: use planarity of geodesics in S™

Exercise Prove the circular bow inequality in the hyperbolic space H™

Hint: Aegue as in 777 with horofunction h instead of a linear function.

Ezamples (1) Let h(y), y € RN, be a linear function and let a curve y(s)
starts with zero h-growth, i.e. (7,(s0),grad,(,,)(h)) = 0. Then the fastest
growth of h(y(s)) among curves y(s) with curvt(y(s)) < 1 is achieved by a
circular arks of length 7/4 followed by a straight ray in the direction of grad(h).

(2) Let h(y) be the distance to the origin, h(y) = ||y||, let S be a half circular
(of length 7) ark and let

curv*(y(s)) < curv*(S) = 1.
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(A) If S ¢ RY and the curve y(s) start at zero,so = y(so) = 0. Then
ly(s)|| > ||s| for all seS.

Furthermore, the first point s, where the derivative of h(y(s)) vanishes, i.e.
(my(50),8rad,(s.y(h)) =0, lies further from the origin then s; € S,

lsoll 2 5]

and
lenght(y[so, $0]) > lenght(S) ==.

(B) Let S ¢ RY be as above and y(s) start within distance > 2 from the
origin normally to grad(h),

ly(so)| =2 and (7, (s0),grad,, (h)) = 0.

Then the function h(y(s)) decays slower than |s|| on S for s running from s;
to sg,
ly()] = |w = s],s €S

The proofs of 777 are straight forward, where A and B together yield the
[2 sin]pew-inequality, where this argument generalises to several classes of Rie-
mannian manifolds.

be monotone decreasing follow the "general direction" of the gradient of A,
ie.
(T(S)agrads(h)) >0 for sp<s<sy

and let
(1y(s0), grady 5,y (h)) < ((7(s0), grad,(h))

and the tangent unit vector 7(sg) to S is equal to 7,(sg) and compare the
behaviours of the functions h(s) and h(y(s)), where, due to umbilicity of H
(hence of all level hypersufaces of the function h(y)), the function h(s) doesn’t
depend on a specific position of S in RY, but only on the point sy € R and the
unit vector 7(so) € RV. (All such positions make a unit sphere SV=2 identified
with the set of unit vectors normal to 7(sg).

Specifically, we want decide when the inequality curv(y(s) < curv(S,s)
yields the inequality h(y(s)) > h(s).

and let Dg(y) be the differential of the distance function y — dist(y,yo).
Let y(s) be a (planar) curve congruent to our S cY (with constant curvature ¢
now issuing from v, that is y(so) = ¥o.
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Denote 7(s) = dy(s) € T(Y) and 7(s) = dy(s) € T(Y) denote the unit
tangent vectors to y(s) and to y(s) and let [so, s+ ] ¢ S be the maximal segment
where the value Do(7(s)) is nonnegative and [sg, s, ] ¢ S the maximal segment,

where Do (7(s)) > 0.

Let
curvt(y(s)) < ¢ = curv*(y(s)).
Since
[d7/ds] curvt(y(s)) = Hde(sS) and curv*(y(s)) = ‘ dzdi(ss)

this inequality implies that the the function Do (7(s)) decays slower than Dy(7(s))
on the segment [sg, s;] and also implies the inequality s, > s, Therefore,

Do(7(s)) > Do(7(s), se€[so,s+]

and

dist(y(s).0) = [ Do(r()) 2 [ Do(r(s)) = dist(y(s).0). 51 € [s0,5.].

9.2 Axel Schur’s Bow Inequality and Cauchy’s Arm lemma

9.2.1 Displacement Lemmas

?7?7??Linear Displacement Lemma Let X and X be two curves parameterised
by ark length 0 < s <[ in the Euclidean N-space, written as s — x(s) e R and
s x(s) e RN,

Let these curves be tangent at s =0,

2(0) = 2(0) and 2'(0) = 2'(0)

and let X be a locally convex curve contained in the plane P c RN generated by
7=2'(0) and another unit vector v linearly independent from 7.
Let h(z) = be the linear function on RV with gradient v, i.e.

h:z e h(z) = (x,v).
Let X be contained in the half space H, above the zero hyperplane Hy =

{h(z) =0} cRY ie.
h(z(s)) 20

and let X be "downward oriented" with respect to h, i.e.
(2"(s),)r<0sel0,1],

which means that the curve X in the plane is the graph of of a concave function.
If the normal curvature of X is bounded by that of X,

curv(xz(s)) = |2"(s)[ < 2" ()] = curv* (p(z(s)),
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then
[z > -] x(s) > z(s) for all s €[0,1].

where the equality x(1) = z(1) implies that X = X.

Furthermore, if the normal projection of X to the plane P > X meets X at
a point z(lp) € P, lp <1, then z(s) = z(s) for s€[0,l].

Proof. The angular variation of the tangent vectors to the first curve satisfies
the following simple version of the angular arc inequality (1.1.E)

“(ah(so) i () < [ ()lds

while the convexity of X and the inequality and the bound length(G[s1, s2]) <7
imply the equality

51
2(a(so)a(s) = [ 2" (s)lds.
50
This applies to sgp =0 and all s =s; <l and show that
(grad(h),z}(s)) > (grad(p),z'(s)) for all 0 < s <.

Then the proof follows by integration:
l
Ba1 (1)) = (a1 (0) = [ (grad(h),a}(s))ds >

[} tarad(h).!(s))ds = h(a()) - h(2(0)).

Convexity and Rigidity. Convexity of the curve X is necessary as well
as sufficient for the validity of the displacement inequality.

In fact, given an arbitrary positive continuous function ¢(s), s €l the there
exist a unique up to congruence locally convex planar curve z(s), such that
curvtz(s) = c(s).

However, the inequality curvt(z(s)) = ¢(s) imposes non-trivial global con-
strains on the geometry of X only for "small" values of the integral /Ol c(s)ds,
such as the circular bow inequality and more general Azel Schur’s bow Inequality
(see 777) for [Ol c(s)ds.

But if this integral is bounded by a "sufficiently large" constant C' then the
curves with [Ol c(s)ds < C display much flexibility (see 777), where the critical
C' is somewhere (I am not certain exactly where) between 47 and 7.

Proof of Circular Bow inequality.(Compare with ?77) Let us parametrise X
and S by the length parameter s € [~,1] let T c RY be the line tangent to X at
the middle point 2(s = 0), let i : RY — T} be the normal projection regarded as
a real valued (linear) function, where we identify T'R, where x(0) € T serves for
0eR =T, and let us position S in RVR? such that 7T is tangent to S at s = 0 as
well.

Let X, and S, be the two halves of these curves corresponding to s 2 0.
and let us apply the lemma to the pair of curve (X, X = S,) parametrised by
s €[0,1] and the function h and also to the pair (X_, X =S_) parametrised by
-5, s €[0,1] and the function h_ = —h.
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Then we add the inequalities

h(z(1)) = h(2(0)) 2 h(z(1)) - h(2(0))

and
h-(z-(1)) = h-(2-(0)) > h-(z_(1)) - h-(2_(0))
and see that

h(z(1)) = h(x(=1)) 2 h(z(1)) - h(z(-1))

where, by the definition of h, the circular arc S represented by z(s) wth the
ends z(+l)) satisfies the equality

h(z(1)) = h(z(=1)) = dist(z(=1),z(-1)),

while the curve X satisfies the inequality
h(z (1)) = h(z(-1)) < dist(z(-1),z(-1).

QED

move from the two ends of a curve to the center and evaluate the contraction
rate

In general, the Azel Schur’s bow comparison inequality.(See /////, and
??77below)

applies to arcs S in arbitrary planar closed convex curves and to curves Y
in RY, parametrised by the length parameter, which is identified with that of
S, S35 y(s)eY = RY, where the curvature inequality for the corresponding
points in the two curves,

curv(Y,y(s)) < curv(S,s),s €S,
implies the distance inequality

dist(y(s0),y(s1)) = dist(sg, s1).

Here, Y may be only piecewise smooth (see 777), which includes as a special
case the Cauchy’s Arm lemma.

Arm Lemma. Let S be a planar polygonal arc that makes a part of closed
convex curve and let Y be a polygonal curve in the Euclidean N-space obtained
by "straitening" S:

Y composed of segments of same lengths as S and the angles between con-
secutive segments in Y are bounded by the angles between the corresponding
segments in S. (see 777)

Then the distance between the ends of Y is greater than or equal to the
distance between the ends of S.

(This lemma implies the general bow inequality by approximating general
curves Y by piecewise linear ones.)

Proof of the Bow Inequality For Smooth Curves.lfl Let S = [so, s1],
called an arc, be a segment of a smooth planar convex curve and let y : s —
y(s) e RY be a curve parametrised by the arc-length identified with that in S.

23See ?7?77and references therein for the proof general bow inequality.
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Let 7 (s) = dy(s)/ds be the (unit in the present case) tangent vector to y(s)
at s and let h(y) y € RY be a function on RY, e.g. a linear function or the
distance function y — distrn (y,y(s0))-

Let the arc S be positioned in (some plane in) RY and let us compare the
variation of the functions h(s) and h(y(s)), where these variations are the
integrals of the scalar products of the gradient of h with the (unit tangent)
vector functions s — 1,(s) and s~ 7(s),

hs1)=h(s0) = [ 7 (r(s).grad, ()ds and h((u(s2)=h(y(s0)) = [ (7,(5). gradly oy (h))ds.

Then evaluate these scalar products by integrating their derivatives, which
satisfy

d d
[dT/ds], ‘ TZ(S) = curv*(y(s)) and ‘ 7(s) ‘: curv*(S, s)
s
and where the vector d:l(:) lies in the plane of S, where it is normal to 7(s).

"Monotone" Lemma. Let the scalar product of (7(s),grad(h)) be monotone
decreasing in s, let curvt(y(s) < curv* (S, s) and let

(1y(50), grady(so)(h’)> > (7(s0),grad, (h))

for sg < s < s7.
If h(y) is a linear function on RN | then

h((y(s1)) = h(y(s0)) 2 h(s1) = h(so)-

Proof. Since the gradient of h is constant and the scalar product (7(s), grad,(h))
is monotone decreasing, the inequality curv'(y(s) < curv*(S,s) and the rela-
tions [dr/ds] imply that the derivatives of the two scalar products satisfy

d(Ty(s)7 grady(s)(h)> < _d<T(S)7 gradso (h)>
ds B ds

By integrating this, we see that

<Ty(s)7 grady(s) (h)> 2 (T(S)7 grads(h)),

and by integrating the second time we arrive at the required inequality h((y(s1))-
h(y(s0)) = h(s1) = h(s0).

(2) Now, argue as in 7?7 and divide a general convex ark into two halves by
a point s1/5 in S, such that a unit tangent vector 715 to S at sy is parallel to
the difference s; — sg € RY.

Let h(y) = (y,T1/2>, where 715 is a unit tangent vector to S at s;/, observe
that the "monotone" Lemma applies to +h and the segments [sg,s1/2] and
[51,51/2] and conclude the proof of the bow theorem by adding the "monotone"
inequalities for the two segments:

|h(y(s1) = h(y(s0)l = [(A(y(s1/2)) = h(y(s0)) + (A(y(51)) —y(s12)| 2
|h(s1) = h(so)| = dist(s1,S0).
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5.B. Half Circle Lemma. Let S = [s¢,s1] be a convex ark in the plane,

S c R? and let H' c R? be a line, which contains the point sy and which is
normal to S at this point.

Let y(s) = (y1(5),y2(5),...yn(s)) e RV, s € S, be a smooth curve in R isometrically
parametrized by S, i.e. Hdzii—(;) | =1, and let H" ' c RY be a hyperplane, which
contains the point y(sg) and which is normal to y(s) at this point, i.e. normal
to the vector 2£L50)

If curv(y(s)) < curv(S,s), s € [sg,s1] and if the total curvature of S is at

1
most T, i.e. ]SZ curvt(S,s)ds <, then
dist(y(s1), H"™*) > dist(sy, H').

5.C.Furthermore, extremality implies rigidity:
if dist(y(s1), H"') = dist(s1, H'), then the curve y(s) is congruent to S.

Optimal Control Remark. Maximisation/minimisation of variations of func-
tions, h(y), by curves y(s) with curvt < const is an instance of an optimal
control problerrF_zl where solutions are often piecewise smooth rather than smooth
(Optimal Control Systems by A. A. Fel’dbaum https://www.scribd.com/document/390018919,/Optimal-
Control-Systems-Feldbaum-pdf) https://encyclopediaofmath.org/index.php?
title=Pontryagin_maximum_principle| Add more remarks

1

observe that
rx(s)

that

Parametrize X and A be the length parameter s € [0,1], | = length(A) =
lenght(X), write X and A as x(s) and a(s) and derive @ from

Let [2(0),2(1)] c RN and [a(0),2(1)] c R? be straight segments (the chords)
between the ends of the two curves,

There are several proofs of this theoremEl where the quickest one is by ap-
proximation of X and S by broken polygonal curves and applying the following

is equal the curvature of the circle of radius rx(s) and

24Think of piloting a jet plane, where acceleration must be limited by a couple of G for your
comfort.
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theorem.

Cauchy-Legendre Arm’s Lemma. Let P c R? be a convex polygon in the
plane with vertices p1, po,...px and segments s; = [p;, pi+1], where sg = [pr, p1]
and let P’ ¢ RY be a polygonal curve composed of segments s, = [p}, p},,;] c RV,
i=1,,2,..k~1 for some points p} e RY.

If the lengths of the segments s} (that are distances between p; and pf,,) are
equal to the lengths of s; and the angles between these segments at the vertices
Db, ..., Pl_q are greater then those in P,
length(s;) = length(s;),i=1,..k=1, and 2, (8;-1,8:) > 2p,(Si-1,8:),7 =2, ...k-1,

i

then the end points p; and py of P’ are further apart then these of P,

dist(py,py) 2 dist(p1,pr),

where the equality implies that P’ is congruent to P.

About the Proof. Tt is intuitively obvious and easy to prove (seventh grade
school math) that increasing an angle between two edges in a convex polygonal
curve P increases the dstance between the end points of P. But — this is
counterintuitive — the resulting curve may become non-convex and one can’t
conclude the proof by induction on k

In any case, we need this lemma for spacial curves P’, where there are at
least two different proof, (see 777 and references therein) where the idea of one
of them is well illustrated by the following observation going back to Euclid if
not earlier.

Ezercises (a) (b) Let X be a non-closed closed smooth spacial curve with
curvature bounded by a positive function ¢ = ¢(s), s € [0, = lengthX

curv (2(s)) = " ()] < e(s)-

and S = S. be a (unique up to congruence) locally convex planar curve with
curvt(S,s) = c(s).

Let the curve S be globally conver, i.e. it lies on the boundary of its convex
hull, 7]

approximate X and S by polygonal curves and prove the following general-
isation of the above CIRCLE.

®Axel Schur’s Bow Inequality. The distance between the two ends of
X is bounded from below by that in S. ]

[1]]]]]]2272222777°2777

x1,x is equivalent to curvt < 1.

(b) The [2sin]pew-inequality holds for immersions to (complete simply con-
nected) manifolds Y with non-positive sectional curvatures and the full geodesic
lower expansion bound also admits a generalisation to manifolds with non-
constant curvatures.

26See Fig 3 in [Sabitov] and references to the contributions by Legendre, Cauchy and
Steinitz.

27 A sufficient condition for this is the inequality jol c(s)ds <.
28Gee ?7?7? for the history of this theorem.
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10 Hypersurfaces in Balls and Spheres.

Let N =n+1, n=dim(X), alet the image of an immersion f: X - R"*! (with
curvt(X) <1 as earlier) be contained in the ball B"*1(2).

(a) If n = 1 and the degree of the Gauss map S* = X — S1(1) c R? equals
zero, then (this was stated in ???) the image f(X) c B%(1) equals the union of
two unit circles which tangentially meet at the center of the disk B%(2).

(b) If n > 2, then either f(X) is star convex, and the radial projection
X — 8"(2) is a diffeomorphism, or f(X) is equal to a unit n-sphere Sy (1),
where the center of this sphere is positioned half way from the boundary of the
ball B"*(2), i.e. |yo| =1.

(¢) There exists an € > 0.01, such that if n > 2 and the image f(X) is
contained in the ball B"*1(2¢)) then f(X) c B"*!(2) is star convex with respect
to some point in B"*1(2 +¢).

Proof. If f(X) is not star convex with respect to the center of the ball
B"*1(2) then then some radial ray is tangent to f(X) at some point gy =
f(xzp) € f(X) and the half circle lemma implies that yg is equal to the center of
B"*1(2) and the bow rigidity(see ???7) implies that f(x) equals a unit sphere
passing through .

This proves (b) while the bow stability argument (see???) yields an approx-
imate unit sphere in B"*}(2+¢) and (c) follows as well.

Remarks (a)

Remark/Example. The boundary X,; of the p-neighbourhood for p =1 of a
circular ark S with radius 2 has curvature bounded by 1. If such an S is slightly
shorter than half circle, then, because of "shorter", X, can be fit to the ball of
radius 3 — € and X7 and it is non-star convex because of "slghtly".

Question Do € and € ever meet or there is a definite gap between their
possible values?

Encouraging Example with width > 5. Let a proper compact Riemannian band
Xof dimension n admits an immersion to a complete n-dimensional Riemannian
manifold X, with sectional curvatures s > 1, such that the width of X with respect
to the induced Riemannian metric is > 7. Then

X contains a subband X_ c X of width d = width(X) > 5, which is homeo-
morphic to the spherical cylinder S™™' x [0,1].

Acknowledgement. A similar result for n = 3 is proved in [Zhu(width) 2020],
while our argument below follows that of Jian Ge from [Ge(linking) 2021], who
sent me his preprint prior to publication.

Proof. Let, following a geometric idea from Ge’s paper, X_ be the intersec-
tion of the d-neighbourhoods of the Oz-boundaries of X,

X =Ua(0-) nUa(9-),

and observe that the dz-boundaries of this X_ are concave for k> 1 and d > 7.
Therefore, ¢ are diffeomorphic to S”~! and the immersions

0 - X,

extend to immersions of n-balls the locally convex boundaries of which are equal
to Oz (with their coorientations opposite to those in X_). E

29Recall that a closed immersed locally convex hypersurface in a complete Riemannian
manifold of dimension n > 3 with sectional curvatures > 0 bounds an immersed ball.
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It follows, that if X, is simply connected, then it is homeomorphic to the
n-sphere, the immersion X_ - X, is one-to-one and the complement to X_ in
X, is the union of two disjoint topological balls with convex boundaries; hence,
X_ is homeomorphic to S"7 x [0,1] for all X,. QED.

(Probably, it is not hard to show that if X is simply connected and X is an
open band immersed to X, with width = 5, then ether X is homeomorphic to
S 1% (0,1), or X, is isometric to S™ and X is equal to the - neighbourhood
of S¥ x gkl c gn)

oo-Figure Corollary (compare 1.A )

(2+6)-Corollary let X L prn (1) be a smooth closed connected n-dimensional
hypersurface in the unit (n + 1)-ball and let

curvt (X = B™ (1)) <2+,

where § > 0 is an universal constant (probably ¢ > 0.2. If n > 2, then either the
radial projection X — S™(1) is an immersion, hence f is a star convex embed-
ding with respect to the origin 0 € B"*!(1), or f is a star convex embedding
with respect to a point zo € B"*(1) with ||zg| = 1/2.

2. Let X be a C'-smooth closed n-dimensional immersed hypersurface in
R"™*! positioned between two parallel hyperplanes with distance 2 between them,

X o R"x[-1,1] c R™*!

in the unit ball wit

Let X < R be a compact (complete suffices) immersed n-submanifold, let
zo € X, and let Uy ¢ X of x be the maximal connected neighbourhood such that
the normal projection from Uy the tangent space Ty = T, (X) c RY,

P() : UU g TO
is a one-to-one diffeomorphism onto a domain V c Ty = R™, which is star convex

with respect to xg € Tp.

11 Immersed Submanifolds in Balls, in Bands and
in (k, R)-Tubes

Let an n-dimensional manifold X be immersed to the k-tube B}, (R) of radius
R,

X & BY.(R) = BN (R) x R* c RN+

(where BY(R) = BY(R) c RY is the R-ball), let p: X - RX, = {0}x = R* be
the projection of X — BR, (R) to the central axes of the tube, let

K = K(p) ¢ T(X) = T(Bgi(R))
be the kernel of the differential dp: T(X) —» T(Bg.(R)) and let

Y= E(p) = {1’ € X}Tank(lcz)>0 cX
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be the support of lCm
Let the induced Riemannian metric in X be geodesically complete, e.g. X is
compact without boundary, and let

V(1) > X = B&(R), TeK,

be the geodesic segment of length [ issuing from x € ¥ in the 7-direction, where
7 is a non-zero vector in the vector (sub)space X, c T,(X),X € X.
It
curvt(X < BR.(R) c RN*%) < 1/R,

then the definition of curvt (section ???) and the half circle lemma applied to
the curves 7., (37R) in the R-tube BY,(R) and to the hyperplane H = H,; c
RN** 5 BY (R), which contains f(z) € B, (R) and is normal to 7 imply the
following.

?? Either ¥ = @, i.e. p: X — RF is an immersion, (in this case one may
have curvt(X) < 1/R) the curves f(’)/.,-(%’lTR)) and f("}/necssam‘lymadc_T(%ﬂ'R))
are. quoters of planar circlers, both of which reach the boundary of the tube.

Thus, f(X) c B, (R) intersect the boundary of BJ,(R) at at least two
points.

(a’) C%-Remark. If an immersion f is C?-smooth, so is the 7w R-curve in the
tube made of f(v-(37R)) and f(7--(37R)). This necessarily make this curve
a planar half circle.

But piecewise C2-curves made of circular arc of same curvature 1/R are
not always planar arks themselves. This, however can’t happen to geodesic of
n-dimensional piece-wise C2-smooth X for n > 2 (see section???).

Thus

every point x € X, c X", n > 2, serves as the center of a geodesic R-hemisphere
(ST)z ©¢ X of dimension m = rank(K)x, such that the map f isometrically sends
(ST")z to an equatorial m-hemisphere in the (N - 1)-sphere S;(lx), where the
boundary of this hemisphere is contained in the boundary of the tube B]gc (R).

Ezercises. (a). Recall that the real projective spaces of dimension n =
2!, admit no immersions to R* for k < 2n — 2, and show that they admit no
immersions to the tubes BR} (R) with curv*(f) < 1/R.

(b) Let let the f-mages all geodesic segments of length 7R in X™ R BN(R)
issuing from a point xg € X have curvatures < 1/r in the ball BV (R).

Show that the image f(X) c BY(R)is equal to an equatorial n-sub-sphere in
SN1(R) = BN (R) and if X is connected and dim(X) > 2 then the immersion
f is an embedding.

(c) Let a closed connected n-manifold X, n > 2, be immersed to a (cylindri-
cal) (1, R)-tube

x L BY.(R) c RV,
Show that the only critical points ¥ € X of the function p: X - R=R}_ ie.

where rank(K,) = n, are a maximum and a minimum ponts of p, and that the f-
images of both of them in the tube are positioned on the axial line R., = {0}xR*,

301f k <, then ¥ = X and rank(Ky(p)) =n - k, for generic maps p: X™ — R¥ and generic
points z € X. If k > n, then ether p is an immersion, i.e. ¥ =@, or dim(X(p)) =2n -k -1 for
generic p and and rank(K.(p)) =1 at generic z € .
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where they serve as the centers of n-hemispheres (S7)maz(R) and (S7)min(R),
both of radius R and where both are contained in the f(X) c BR\ (R) and where
the spherical (S""'(R)) boundaries of them are contained in the boundary of
the tube.

Show that the (n - 1)-hemispheres (S77') () (R) in the tube tangent at
their centers y = f(«) to the (topologically (n — 1)-spherical) fibers of the map
p for all non-critical points x € X continuously depend on x.

Show that the image of the immersion f: X — Bfi(R) equals the union of
the two hemi-sperical cups (S7)maz(R) and (S7)min(R) and a region between
them contained in the boundary of the tube. (This is not so for n=1.)

(i) Let n > 2 and N = nand show that f is an embedding, the image of which
is equal the +R-encircling of a segment in the central line R! in Bgi (R)", that is
a (convex) region between to half- R-spheres normal to this line, which is equal in
the present case to the boundary of the convex hull of f(X) c Bg: (R)". (Unless
the half- R-spheres have a common boundary, this region is only piecewise C?.)

(ii) Let n > 2 and N > n. Show that f is an embedding into the +R-encircling
of a central segment [a,b] c R! in Bgi(R)Y, where this image contains two n-
hemispheres of radius R and a cylindrical region between them which is fibered
over [a,b], where the fibers are equatorial (n — 1)-subspheres in the (N - 1)-
spheres S "1 (R) c 0Bg1 (R)V, y € [a, b].

12 Veronese Revisited

Besides invariant tori, there are other submanifolds in the unit sphere S™V!,
which have small curvatures and which are transitively acted upon by subgroups
in the orthogonal group O(N).

The generalized Veronese maps are a minimal equivariant isometric immer-
sions of spheres to spheres, with respect to certain homomorphisms ( represen-
tations) between the orthogonal groups O(m +1) - O(m +1),

ver = vers = very' : ST (Rs) - 8™ = §™: = 8™ (1),

where

N / _
mS:(2s+m—1)SJ|r(le?'<2s+m and R; = Rs(m) = M,
s!(m - 1! m

for example,

mo = ™) 1 Ro(m) = /22 and Ry(1) =2,
(see [DW19T1]If s = 2 these, called classical Veronese maps, are defined by

taking squares of linear functions (forms) I = I(z) = ¥, l;z; om R™*1,

VeT:Rm+1—>RM"‘, Mm: (m+1)2(m+2)’

where tis RM= is represented by the space Q = Q(R™*1) of quadratic functions

(forms) om R™*,
m+1lm+1

Q= ) amiw;.

i=1,j=1
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The Veronese map, which is (obviously) equivariant for the natural action of
the orthogonal group group O(n+1) on Q, where, observe, this action fixes the
line Q, spanned by the form @, = ¥, 22 as well as the complementary subspace
Q, of the traceless forms @, where the action of O(n + 1) is irreducible and,
thus, it has a unique, up to scaling Euclidean/Hilbertian structure.

Then the normal projectionIE defines an equivariant map to the sphere in
Qo

ver: 8™ — §Mm=2(r) c Q,,
where the radius of this sphere, a priori, depends on the normalization of the
O(m + 1)-invariant metric in Q,.
Since we want the map to be isometric, we either take r = Rgzm) =, /2(7T+1)

and keep S™ = S™(1) or if we let r =1 and S™ = S™(Ra(m)) for Ry(m) =
20m+1)

.
Also observe that the Veronese maps, which are not embeddings themselves,
factor via embeddings of projective spaces to spheres
Sm_)RPmCSMm—ZCRMm—l_Q M. = (m+1)(m+2)
- O m N
2
Curvature of Veronese. Let is show that
CURvature of veronese by Petrunin formula

1 m m= = ft2(1) Y Al
curvye, (S™(Ra(m)) = SM72(1)) = Ro(m) -l= Vm+l

Indeed, the Veronese map sends equatorial circles from S™(Rz(m)) to planar
circles of radii Ry(m)/Rz(1), the curvatures of which in the ball BMm~! is
R3(1)/Ro(m) = 2\/-"5 and the curvatures of these in the sphere,

+1

4 -1
curvt (St ¢ SMm72(1)) = \/eurv(St ¢ BMm=1(1))2 -1 = moq- sm
m+1 m+1

is equal to the curvature of the Veronese S™(Rg(m)) = SMm~2(1) itself

VR2(1)/Ra(m) =/ niTl, and the curvatures of these in the sphere,

curvt (St ¢ SMm72(1)) = \Jeurv(St ¢ BMm-1(1))2 - 1,

is equal to the curvature of the Veronese S™(Rg(m)) = SM=~2(1)itself. QED.

It may be hard to prove (conjecture in section 1) that Veronese manifolds
have the smallest possible curvatures among non-spherical m-manifold in the unit
ball: if a smooth compact m-manifold X admits a smooth immersion to the

unit ball BN = BN(1) with curvature curv*(X - BY) < /2™ then X is
diffeomorphic to S™.

It is more realistic to show that the Veronese have smallest curvatures among
submanifolds X ¢ BY invariant under subgroups in O(N), which transitively

act on X.

31The splitting Q@ = Qo ® Q. is necessarily normal for all O(m + 1)-invariant Euclidean
metrics in Q.
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Remark. Manifolds X™ immersed to S™*! with curvatures < 1 are diffeomor-
phic to S™, see 5.5, but, apart from Veronese’s, we can’t rule out such X in SV
for N>m+2 |f| and, even less so, non-spherical X immersible with curvatures
<V2to BY(1), even for N =m +1.

It seems hard to decide this way or another, but it may be realistic to try
to prove sphericity of simply connected manifolds immersed with curvatures < 1
to SNV(1) for all N.

The curvatures of Veronese maps can be also evaluated with the Gauss for-
mula, (teorema egregium), which also gives the following formula for curvatures
of all ver,:

m=21-22=1/3,2¢* =2/3 /1/3

C=+/1+1/3=2/\/3

From Veronese to Tori. The restriction of the map ver, : S*" }(R,) -
SNs to the Clifford torus T™ c S 1(R,) obviously satisfies

(T™) < Agm-1,5 + % = \/3 - gm +e(m,s)

CUT’UUET

for

2 dm -2 N 5(2m-1) 2m -1
4m?  s(s+2m-2) 2ms(s+2m-2) (ms(s+2m-2))%

e(m,s) =

This, for s >>m?, makes e(m,s) = O
Since N < 2“27”

starting from N = 910m?

curvy,, (T™) <\/3- gm

where it should be noted that
the Veronese maps restricted to the Clifford tori are T™-equivariant

and that )
this bound is weaker than the optimal one % >4/3-
previous section.

+ ¢ from the

m+2

Remarks. (a) It is not hard to go to the (ultra)limit for s — oo and thus
obtain an

equivariant isometric immersion ver., of the Euclidean space R™ to the unit
sphere in the Hilbert space, such that

curv: (Rm S°°) w — 92— 5 + 2
Vere (m+1)2 m+1  (m+1)2%

where equivariance is understood with respect to a certain unitary representa-
tion of the isometry group of R™.

Probably, one can show that this vere, realizes the minimum of the curva-
tures among all equivariant maps R” — 5.

32Hermitian Veronese maps from the complex projective spaces CP™ to the spaces M, of
Hermitian forms on C™*! are among the prime suspects in this regard.
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(b) Instead of vers, one could achieve (essentially) the same result with a

use of compositions of the classical Veronese maps, ver : §™ — S+ .4 =
(mL+1)(mL+2) 2
(mitl)mit2) _ 9,

S §M2 o o ST

starting with m; = 2m — 1 and going up to i = m. (Actually, i ~ logm will do.)

12.1 Petrunins Veronese Rigidity Theorem

Large Simplex Property.(Compare with section 5 in pet.) Let the curvature
of a complete |§| connected n-submanifold in an n-ball of radius » be bounded
by one,

curv (X < BN(’I")) <1,

and let xg, ...,z € X be m+ 1 points (e.g. m=n), such that
distx(z;,x;) =m,0<i<j<m.

Then
2m

r2

m+1"

In fact, the Euclidean distances between x; are > 2 by [2sin]peyinequality,
the minimal ball which contains these point cant be smaller than the ball cir-
cumscribed about regular m-simplex with the edge length 2 by the Kirszbraun
theorem.

Petrunin’s two Balls Covering and the Sphere Theorem. Let the
f-mage of X be contained in the ball of radius r < 2/v/3 and let z_,z, € X be
two points joint by a geodesic segment of length 7. Then the two geodesic balls
B,,(m) c X cover X.

It follows that X is homeomorphic to the sphere and, except for n = 1, the
map f: X < RY is an embedding.

Proof. The above for m = 2 shows that the boundaries of these balls don’t
intersect and since these boundaries are connected for n > 2 the balls do cover
X.

Petrunin’s Veronese Planes Rigidity Theorem. If the image f(X)RY
is contained the ball BN (2/y/3) and is not homeomorphic to the sphere then
f is an embedding and all geodesic segment in f(X) are planar (contained in
planes).

Consequently, X is either (congruent to) a Veronese plane or its complez,
quaternionic or Cayley numbers counterpart.

Proof . Track the two balls covering argument in the extremal case with the
bow rigidity at you hand or consult [Pet].

Embedding Remark. Petrunin requires that f is embedding, but this seems
? unneeded for his argument.

331 Complete" refers to the induced Riemannian metric .
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13 Hilbert’s Rational Spherical Designs and Op-
timal Tori

Let
E:RY - BN (1) c RN

be the composition of the Clifford embedding T™ c B?Y and the exponential
(locally isometric covering) map

exp

RN = T,(TV) > TV,

A simple computation shows (see 7?7?) that the Euclidean curvature of E on
the line Z c RY generated by a non-zero vector z c R is

(%) CUTUL(EERN):(I|L4) ,

%]z,

where x = (21, ...,zy) for the standard Euclidean (corresponding to the cyclic
torical) coordinates x; and

N
P Z ‘.T|p
s, = {/ =57

Let P(n,4) be the linear space of homogeneous polynomials of degree 4 on
R"™, this has dimension (";4) = %, and let

Vi:R" > P(n,4), Vi:(c1y.ycn) = (121 + .ocpapn)?

be the 4th degree Veronese map.
Then A (n-1)-spherical N-multi-set, that is map from a set ¥ of cardinality

N to the unit sphere S = $"71 ¢ R™ written as o 2 s(0), is called is a called a
design of degree 4 and cardinality N in S = S™1 if

the center of mass of the N-multi-set V4D in the image V4(S"™') ¢ Pin,4) is
equal to the center of mass of V4(S™ 1) itself with respect to the usual spherical
measure or, equivalently, if

Jbﬁzzz‘*(p(a)) - fS 14(s)ds

for all linear functions [ on S = S™ !, where ds is the normalised (i.e, of the full
mass one) spherical measure.

Yet another way to characterise the design property of a muti-set D on S"*
of cardinality N is via the tautological map

R"=Rp = RY

from the Euclidean n-space of linear functions I(s) on S™! to the space RY of
(all) functions on X.

In these term D is a a design (of degree 4 and cardinality N in S = S"71) if
and only if — this follows by the standard I'-formulas for the [ IP(s)ds-integrals,
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the Ly and the L, norms on the non-zero vectors € RY which are contained
in Rp satisfy:
|2z, _ 2/ 3n

lelz, — Vn+2

Thus, in view of * ;

every Design D of degree 4 and cardinality N on S™™! defines a homomor-
phism (which is a locally isometric immersion), call it Ep, from R" = Rp to
the Clifford N-torus, such that the curvature of Ep in the ball B*¥ (1) > TV
satisfies:
3n

n+2

curv (R" B2N(1))

A design D is rational if all points in D are rational.

Hilbert’s Lemma.lﬂ If N >> n, then S™! contains a rational design of
cardinality N.

Proof. Use three simple facts.

(i) the center of mass ¢, € P(n,4) = R("+") lies in the interior of the convex
hull of the image V4(S"!) c P(n,4)

(ii) co is a rational point in P(n,4),

(iii) rational points in S™! are dense

and proceed in four steps;

(1) Because of (i) and (iii) there exit finitely many rational points s; € S™1,

=1,....,M, such that the convex hull of these ponts contains c.,.
( ) Because of rationality of c,, there exist rational numbers p; >0, p; +... +
=1, such that p1Vy(s1) + ..op Va(sar)l = co.
( ) Let @ be the common denominator of these numbers and write them as
f rinteger P;, i=1,...,M, where P, +... + Py; = Q.

( ) Let D be the multi-set in S™~ 1, which consists of the points s;, each
taken with multiplicity P;.
Then the center of mass of V4D is

5 LAV = Tpis) - co

QED.

A. 2n%-Designs. The number N delivered. by the above proof is very big,
a rough estimate is N < but non-rational designs are known to exist for much
smaller N.

For instance If n is a power of 2, then there exists a design of cardinality
N =2n2% +4n. 7

homomorphism, (which is a locally isometric immersion) from the Euclidean
n-space to the Clifford N-torus in the ball BN for N = 8(n?+n), such that the

34In his solution of the Warmg problem, Hilbert uses this lemma (for all even degrees)
in the form of an identity ZZ ()% = (Z 1(z2))d for some linear form [/; with rational
coefficients.

35This was stated and proved in a written message by Bo’az Klartag to me. Also, Bo’az
pointed out to me that the Kerdock code used in [K1995| yields designs for N = 4% and

2
N = % See 777 for references
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normal FEuclidean curvature of this immersion is

3n
n+2

(k%) curvt(R™ = Blﬁ(”zm)(l)) =

Since rational points are dense in the sphere, we conclude to the extence of
2
subtori T? ¢ T8("*") such that

(kK k) curot (T2 - Blﬁ(7l2+”)(1)) </ 317'2 +¢ for all n and all € > 0.
n

if N >>n as in Hilbert’s Lemma, then there exist n-subtori T" ¢ B?N | fsuch
that
3n

n+2

curvl(’ﬂ‘" o B2N) =

Example/Non-Ezxample. Regular pentagons serve as designs of cardinality
five and degree four on the circle; these are irrational and there is no apparent
simple rational design on S*.

14 Link with the Scalar Curvature via the Gauss

Formula

The curv' problem came up (see 7?7) in the context of Riemannian geometry
of manifolds X with positive scalar curvatures, where

the scalar curvature of an X at x € X, denoted Se(X,x), is the sum of
the values of the sectional curvatures k at the n(n - 1) (ordered) orthonormal
bivectors in T,,(X), for n = dim(X)m

For instance, scalar curvatures of surfaces are equal to twice their sectional
(Gauss) curvatures.

Spheres Example. The n-spheres of radii R in the Euclidean space R™*!
(which have constant sectional curvatures 1/R?), satisfy:

Sc(S™(R)) =n(n-1)/R? for all n.

Additivity. It follows from the definition that the scalar curvature is addi-
tive under Riemannian products,

Se(X1xX) =Sc(X1) + Se(X).

For instance, the scalar curvature of the n-th power of the unit 2-sphere is

Sc(S? x S* x...x8%) =2n=Sc(S*(R=V2n-1)
| S —

n

360ne knows that Sc(X,z) > 0 if and only if the volume of the ball B, (¢) c¢ X is smaller
than the volume of the e-ball in R™, provided € > 0 is sufficiently small: € < e(X,z) > 0. Albeit
looking explanatory, this is only an illusion of understanding the geometric meaning of the
inequality Sc(X) > 0.
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This also shows that the topology of manifolds with positive scalar curvatures
of dimensions n >4, can be arbitrary complicateﬂ for

Sc(X x S%(¢)) =, T for all compact Riemannian manifolds X.
E—

Yet, there are limits to this complexity: there are compact manifolds of all
dimensions, which admit no metrics with Sc > 0, called ZPSC, where the three
basic examples are as follows.

Basic APSC MANIFOLDS

A. Lichnerowicz Theorem. The (Kummer) surface defined by the equa-
tion 2} +Z§+z§+zflL =0 in the complex projective space CP? and, more generally
orientable spin manifolds with non vanishing A genus (dimensions of these are
multiples of 4) admit no Riemannian metrics with Se > 0.

Proved in 1963 with the first (1963) Atiyah—Singer index theorem for the
Dirac operator.

B. Hitchin theorem: there exist manifolds ¥ homeomorphic (but non-
diffeomorphic!) to the spheres S™ for all n = 8k + 1,8k +2, k =1,2,3..., which
admit no metrics with Sc > 0.

Proved in 1974 with the second (1971) Atiyah—Singer index theorem.

C. Geroch Conjecture. n-Tori admit no metrics with Sc > 0.

Proposed in 1975, proved in 1979 by Schoen-Yau for n < 7 with via minimal
hipersurfaces by induction on n and by Gromov-Lawson in 1980 for all n with
the index theorem for the Dirac operators twisted with almost flat bundles. D.

Product Manifolds. Products of the above manifolds, e.g. of tori by Hitchins
spheres are also APSC.

This is proven with the index theorem for the (generalized) Dirac operators.

Sectional Curvature Remarks. Although the inequality Sc > 0 is much weaker
then sect.curv > 0 (which is equivalent to geodesic triangles having the sums of
the angles > 7) no alternative proofs of non-existence of metrics with sect.curv >
0 on manifolds from A and B are available, while the sect.curv >0 (and Ricci >
0) version of C follows by an elementary argument relying on the geometry of
geodesics in X.

(The ancient Bonnet-Myers theorem says that Ricci(X) > k > 0 —
diam(X) < \/l/_n, which rules out closed manifolds with infinite universal cov-
erings, such as tori.)

Turning to Constant Sectional Curvature. If one requires the strongest pos-
sible condition of this kind, namely the sectional curvature to be constant as
well as positive, then everything about X appears 100% transparent.

Indeed, one knows. that these metric are locally spherical; hence all simply
connected n-manifold X with sect.curv(X) = k > 0 admit locally isometric
immersions to S™(R) for R = \/1/_/@'

Consequently,

the universal coverings of closed (compact without boundaries) manifold X
with sect.curv(X) = k are isometric to S™(R). This is the end of the story.

Yet, this may be hard to believe, there are non-trivial links between geometry
and topology of manifolds X with constant sectional curvatures if these X have

37Three manifolds with Sc > 0 are not too simple either : connected sums lens spaces and
copies of S x §2 admit metrics with S¢> 0 by a theorem by Schoen and Yao.
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non-empty boundaries, where the available proofs of these properties rely on the
scalar curvature inequality Sc(X) > n(n - 1)/R? and where one doesn’t know
how to exploit to full power of the condition sect.curv = const = 1/R. (see 777)

14.1 Gauss Formula and Petrunin’s Curvature

Let X c Y be a smooth n-dimensional submanifold in a Riemannian N-manifold,
e.g. in Y = RY and let 11— II(X,x)II=II(7y, 72) be the second fundamental form
(corresponding to the shape operator) of X at x € X, where 71,75 € T,(X) are
tangent vectors to X and the form II takes values in the normal space T (X)
and where II(7, 7) is equal to the second derivative of the geodesic in X issuing
from z with the velocity 7.

The normal curvature of X cY at x € X, in these terms is

curvy = sup |I(7,7)]|.
[rll=1

The ly-norm of II at x is

e = >0 I, m) I
i1,ia=1,...m
where {7;}, ¢ = 1,...,n = dim(X), is a frame of orthonormal vectors in the
tangent space T, (X).
We shall need the simple inequality

117, < kn - curvt (X)?,

which is useful for k < n. One can also show that [II|7, <n*-curv' (X)?, for all
k but the following inequality. will serve us better.
Petrunin curvature N =My (X cY) is the average of

Iz, 72
over the unit vectors 7 € S ¢ T,.(X), where clearly,

12
% <M, < (curvt)?

and where the equality (cu;%))z = [, holds if the form II has rank one and
M, = (curvy)?® if [[I][7, = [lmean.curv(X, z)|.

For instance, if codim(X) =1, the latter means that all principal curvatures
X at x are mutually equal.

More interestingly [Pet2023])

M= ooy (I, + 5lmean.curvt|?)

or
3 n(n+2
|mean, curv|® - |11|7, = gmean, curv® - %I‘I,
which is proven with the same I'-function formula for the integrals of polyno-
mials of degree four on S™!, which goes along with spherical designs and used

for construction of immersions T — RY with curvt =/3n/(n+2) +e¢.
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(One wanders if there is a geometric reason for this, e.g. a "Riemannian
curvature averaging formula" of some kind.)

For instance, if n = dim(X) =2, N =dim(Y) =3 and «; and as dnote the
principal curvatures of X at x, then

curvt (X, x) = max(Jaq |, |azl),

[II]7, = af + a3,
[mean.curvt| = |ag + as|
and L, a1 s L
n= 1(0‘1 +ay) + g(al +ag)” = g(oﬁ +as)+ Ealag;
if X =5%2cY =R3, where a; = ay = 1, this makes =1 as well.

Gauss Formula. Let Y have constant sectional curvature x and let Scy, =
Sep (Y) =nk(k —1). Then the scalar curvature of X satisfies:

Se(X,x) = Sepy, + ||mean.curvt (X, z)|> - HIIH122,
where by Petrunin’s formula

3 2
Sc(X,z) = Scp, + §Hmean.curv(X,x)H2 - @ M,

Hence, the inequality Sc;,,,(Y') > 0, implies that
Se(X) >0, - || TI(X, 2)|]%
Therefore
[kn] Se(X) 2 0, — kn - curvt(X)?

for k <n and
Se(X) 2 0, — nPeurvt (X)2
for all k, where Petrunin’s formula yields better, in fact optimal, inequality for

k>>n ) 5
Se(X) 20, - @ﬂ >0y, - @CUTUL(X)Z.

It follows that if the manifold X is APSC, i.e. it admits no metric with
Sc>0, then

20,

curvt(X) 2 VI > n(n+2)

forallk and N =n+k=dim(Y), Y < X,

and
curvt(X) > In for k<n/2.
kn

EXAMPLES AND COROLLARIES.

Let X be an n-dimensional APSC manifold, e.g. the n-torus T", Hitchin’s
exotic n-sphere X" or a product ™ x T"™ ",
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(* gn+r) Then immersions from X to the unit sphere satisfy

[A] curvt(X < §™H(1)) > nT—l
and

1 o gn+k 2n-2
[B] curvt (X = S™*(1)) > VN > TR

Inequality [A] is better than [B] roughly for k < n/2, while Petrunin’s [B]
takes over for larger N, where it is, as we known (see sections ??7) , optimal
for k >> n?.

14.2  Petrunin’s /3 Extremality Theorem

The above doesn’t directly apply to immersions to the Euclidean balls, since
these have Scj, = 0, where the Gauss and Petrunin formulas for the induced
metric g, reduce to

[a] Se(g) = |lmean.curv*||* - [1I|F,
and

2
[b] Sec(g) = gHmean.cumH2 - @I‘I.

Yet, inequality [A], applied to the image of X < BN(1) in SV under the
radial projection of of the unit ball in tangent hyperplane BY c RN = T, (SV) c
R™1 5 SN to SV shows that

1 L o RNtk n-1
(5] curv' (X = B k(l))zwi(S—amk)k'

for some (moderately small) €, , > 0.
This is crude, but in the MN-case Petrunin proves the sharp curvt-inequality

3n
n+2

[B*] curvt (X = BN (1)) >

for all n-dimensional APSC manifolds X, all n and N.
This is done by showing that if

3n

1 I oN
curv* (X = BV (1)) < -t

then a conformal change of the induced metric g on X has positive scalar cur-
vature. Namely, if n > 3, then

Se(um2g) >0 for u() = exp-lz|f(@)|* and L= §- 35 .

381f n = 2 then the average value of 1 is > \/g, see 777
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Remark. One might think, that Petrunin’s argument with the Gauss formula
Se(g) = |mean.curv|® - 11|}, > [mean.curv|® - k(curv*)?

rather than Petrunin’s

n(

n(n+2)l_I n+2) (curv*)?
2

2

3 3
Se(g) = §Hmean.curv\|2 - > §||mean.curv\|2 -

would improve the above inequality [é]

In fact, if one uses Petrunin’s formula for the Laplace operator A = Ay
applied to the above function u(z) on X:

A
2 e |H| + (In - 12r252),
U

where H = mean.curv(X & B"”“(l)), r=r(x)=|f(x)], and ¢ =c(x), s =s(x)
are function (cos and sin of certain angles), which are bounded in the absolute
values by one, [c[,|s| < 1, one arrives at the following version of [g-]. :

curv*(X = B (1)) 2 \/ k(8 + (4/(n-2)))

This is no better [¢~=]. but can be slightly improved with the inequalities

®+5s2<1and r? +s2 < 1 proved in [Pet] under the assumption curv* < 2.

14.3 Lower Bounds on curv(X <= Y') for Manifolds Y with
Se, > o,.

Let us define the n-dimensional scalar curvature Sc, (Y') for general Riemannian
manifolds Y of dimension N > n, that is a function on the tangent n-planes
T, c T(Y) in Y, which is eual to the sum of the sectional curvatures x of Y on
the bivectors in T} at y.

Equivalently, Sc, (Y, T,) is the scalar curvature of the submanifold exp(7},) c
Y at y, that is is the germ of the image of the exponential map from T}, to Y.

Then the Gauss’ and Petrunin’s formulas for the scalar curvature of X - Y
remains as they were for manifolds Y with constant sectionl curvatres

Sc(X,x) = S, (Y, T (X)) + |lmean.curvt (X, z)||? - HHH1227
and
Imean.curvt (X, 2)|* = || I(X, 2) |}, = [§mean.curv* (X, 2)|* - 5210,

Thus, the above inequalities [A] and [B] concerning immersions of n-manifolds
X to the unit sphere S™** generalize to immersions to (n+ k)-dimensional man-
ifolds Y, such that Sc¢,(Y) >n(n-1):

[Avy] curv (X = Y) > nT—l
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and

2n -2
n+2°

[By] curvt (X = Y) >V >

Ezample. Let Y = S™**0(R)(1) x H' |, where the sphere S™**0(R) has con-
stant curvature +1/p? and H!, is the hyperbolic space with the sectioanal cur-
vature —1 and let n >+ 2. Then

Sen (V) > piQ(n—Z)(n-z— - i(-1)

and the two above inequalities hold with k = kg + [, if

s (oD=1)
“n(n-1)+1(1-1)"

For instance, if [ =2, and n > 4 one needs p? < £. for this purpose.

1
?.
Notice in conclusion, that neither

the above inequalities [ -] and Petrunin’s [Bx] for immersion to unit balls
nor such inequalities from the previous sections based on the 2;pinequaulities

admit (not at lest obvious) counterparts for these Y.

15 Second Link with the scalar Curvature: Width
Inequalities for Riemannian Bands

D. Example: Torical 2%-Inequality. Let V be a Riemannian manifold home-
omeorphic to the product of the n-torus by the unit interval V' = T" x [-1,+1],
such that Se(V) > o > 0. Then the distance between the two components of the
boundary of V' is bounded as follows:

dist(T" x {~1},T" x {+1}) < 2, /ﬁ.

(See 777 below for a few words about the proof.)

E. Corollary: No Wide Torical Bands in the Spheres. If a Rie-
mannian (n + 1)-manifold V' homeomorphic to T™ x [-1,+1] admits a locally
isometric immersion to the (n+ 1)-sphere of radius R then

dist(T" x {~1},T" x {+1}) < 272

n+1

F. Large Normal Curvature Sub-corollary. Let
f NN Bn+1(1)

be a smooth immersion from the n-torus to the unit Euclidean (n+1)-ball B™*' c
R™ L. Then the curvature of f is bounded from below by:

n+1

curv*(T" EA B™(1)) > -1
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Proof of D = E. Let
E;: TV xR » R™! 5 B"(1)

be the normal exponential map, i.e. such that the restriction Ef[TY x {0} = f
and where E isometrically sends the lines {t} x R!, ¢ € T™, to the straight lines
in R"*! normal to the immersed torus f(T™) c R™*! at the points f(t) € f(T™).

If curv(f) < ¢, then, (this is the same as it is for circles of radii 1/c¢ in the
plane) the map E; is an immersion on TV x [-r,r] ¢ TN xR! for r = 1/c, while
the image of f(T") is contained in the ball B"*(1 +7).

Let

R™2 c §" (14 7) SR 5 B (1+7)

be the normal projection from the hemisphere, compose F; on TV x [-r,r] with
the inverse map to p and let

E:ptoEp: TV x[-r,r] - 8™ (1 +7).

Since the projection p is distance decreasing, the spherical distance between
the two components of the boundary of TV x [~r,r] with respect to the Rie-
mannian metric § in TV x [-r,r] induced by E from the spherical metric in
S™*1(1+7) V is bounded from below by 2r. Then D applied to
E
3

(TY x [-r,7],9) = ST (L+71) € S™ (L +7)

shows that

2r(1+7)
n+1

and since d > 2r = 2/c the inequality ¢ > ”T“ -1 follows. QED.

Ezercise. Generalise the large normal curvature sub-corollary to immersions
of tori to products of balls:

d = distz(T™ x {~r},T" x {+1}) <

n+1

curvL(’]I‘Mk iB”“(l) ka(R)) > -1

for all £ =0,1,2,... and all R > 0.

On Low Dimensions. The inequality curv*((T™ = B"**(1)) > 2L — 1 may
be asymptotically optimal for n — co but its performance for small n is poor.

For instance, if n < 5 then ”T” —1 < 1 and our inequality is weaker than
curvt(X™ < B™*(1) > 1, which follows for all closed n-manifolds X and all
n, k by the obvious "maximal principle" argument.

Furthermore, since

curv* (X" = Bn+1(1)) >2

for all non-spherical X (this is elementary, see section ...), our (2 "T“ - 1)—b0und
is of any interest only for n > 9.

T*-Remark. In section 777, we introduce the notion of T*-stabilized scalar
curvature, S¢*(X), improve the inequalities E and F and will see, for example,
that

curv(T" = B"*(1)) > 2.5 for n > 7.

Codimension two Remark. The inequality E applied to the unit tangent
bundles of immersed n-tori with codimensions 2@ shows (see [1 + 2¢]-Example

391f the Euler class of such an immersion is non-zero one needs a mild generalisation of E.
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in 277)
curvt (T*! & B"2(1)) < 1+ 2curv* (T - B™*?)

and
1 1 2
curvt (T = B"+2) > fcurvL(T"H - B"+2(1)) N
2 2 2w
This has any merit only for n > 11, where ”2—;2 —1>1, and it becomes better

than Petrunin’s inequality only for n > 15, where "2—;2 -1>4/ 5’1‘2.
(The improvement with the T*-remark doesn’t significantly change the pic-
ture.)

G. Conjecture. Immersed n-tori in the unit (n + k)-ball satisfy

curv(T" = B"H(1)) 2 %

This, by no means (not even conjecturally) optimal, inequality is motivated
only by its simple form.

(777?7)Immersions with curvatures ~ n®. It not impossible (but unlikely)
that all immersion of n-tori to unit balls satisfy

cn®

curv(T" = B™*(1)) »

o~

for some small ¢>0, a>1, e.g. ¢=0.001 and « = %, where the exponent « =
is maximal possible.
1
Indeed, n-tori embed to B™*"(1) with curvatures n2 and also there exit

3
2

codimension one embedding of n-tori with curvatures about n%,
curv'(T" ¢ B"'(1)) < 6n2.
In fact, arguing as in bullety, ... in 77?7 one construct X,, = S™ x...x 8™ c
Bmit-nm*1(1) by induction on m as boundaries of p,,-neighbourhoods of
X1 =8S™ x ... x Sl ¢ B””"'"’"’”l(l - Pm) C B"1+"‘n’"+1(1),
where ‘Ehe curvatures of these embeddings grow exponentially with m, roughly
e
h 2Thué one embeds X, to the ball B™*-+"m*1(1) with the curvature growing
polynomially in n = dim(X,,) (rather than in m):
cm‘vl(Xm c B"”l(l)) < constﬂn%?, n=dim(X,)=n1 + .0y, 4 =min; n;.

For all we know, if all n; are equal to a single n,, then all immersions of
(S™ )™ immersions to the unit (mn, + 1)-ball satisfy

1 w2
cm-«zﬁ((S”“)m s BMMot (1)) < consty,, (mny) #.
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15.1 On Three Proofs of 2f-Inequalities

All three proofs apply to manifolds V', where their boundaries are decomposed
into two disjoint parts 9V = 0_ u d;, and show that

dist(0-,04) > 2w for o =infex Se(X, ).

o(n+1)

under certain topological assumptions on V' specific to each proof.

1. The first proof applies to suitably enlargeable manifolds (see 777) V, e.g.
to V = X x [-1,1], where X admits a metric with sect.curv < 0.

This proceeds by induction on n with minimal hypersurfaces with boundaries
as in §12 from GL, where the original Schoen-Yau argument was augmented with
Fischer-Colbrie&Schoen warped product symmetrization idea.

If dim(V') > 7, the proof encounters a technical difficulty where minimal hy-
persurfaces may have singularities, but this was resolved by a partial regularity
theorem of Schoen and Yau 7?7749

2. The second proof whenever applies, delivers a hypersurface (u-bubble)
X c V which separates 0_. from 9, and which admits a metric with positive
scalar curvature. This shows, in particular that in the following three cases,

V' can’t be diffeomorphic to X x [-1,1], where X admits no metric with
Sc>0,

(i) X is a spin manifold , e.g. as in the above A and B.

(ii) X is as in the original Schoen-Yau paper 77?7 or a manifold as in [GH]

(iii) X is an aspherical manifold of dimension| <5 or a closely related man-
ifold (see 777,777)

(These (i), (ii) and (iii) cover all known classes of manifolds, except for
dimension 4, which admit no metrics with Se¢>0.)

This second proof also encounter the singularity problem for dim (V) > 7,
where it is more serious the]an in the first proof, since the Schoen-Yau partial
regularity theorem is not sufficient in this case.

However if dim (V') = 8 then a requred desingularisation follows by a version
of Nathan Smale argument (see 7?777) and if n = 9, 10, then the desingularisation

This proof applies, in particular, to V' diffeomorphic to X x[-1,1], where X
admits no metric with Sc > 0, ad where non-existence of such a metric follows
via the index theorem for a generalized Dirac operator, as for instance, for X
from the above A and B. Imm

As far as the curvature of immersion is concerned, this is most useful for the
Hitchin’s spheres X" for n = 8] + 1,8l + 2 and which admit immersions to R™*!
by Hirsch theorenﬂ and all immersions X" to the unit (n + 1) ball satisfy the
same inequality as tori

1
n+ _q

curvt (2" = B™(1)) >

40The proof is difficult...
41Lichnerowicz’s manifolds, which have non-zero A-genus admit no Euclidean immersions
with codimenension one and two.
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and, by a similar argument,

n+2

curvt (8" & B"?(1)) > -2.
These inequalities can be improved for small n the same way as in the above
(b) for tori, but unlike conjecture G for tori, there is no reason to expect that
immersions of X" to the unit balls B"** k > 3, satisfy curv* > constyn. (We
say more about it in section???)

Question. Do all Milnor’s spheres ¥, including those, which carry metrics

with Sc¢ > 0, develop large normal curvatures when immerssed to the balls
B"(1)?

15.2 T>-Stabilized Scalar Curvature.

Given a compact Riemannian manifold X, let
Se*(X) = 4N/ (X),

where A} (X) is the lowest eigenvalue of the operator ~A + $Sc on X with the
Dirichlet (vanishing on the boundary) condition@
It is easy to see that Sc* is additive for Riemannian products

Sc™ (X x X) =8¢ (X) + 8¢ (X).

and, more relevantly,
Sc*(X) is decreasing under equidimensional locally isometric immersions:

if X immerses to Y then Sc*(X) > Sc*(X).

About -A + 3-Sec. The two above relations remain valid for the first
eigenvalues of the operators

f(x) = -Af(x) +p-5c(X,x) - f(x)

for all 8> 0, but 8 =1/4 is essential for the \/QS”?-inequality below.

Besides 1/4, a significant value is 8 = i%, where positivity of the operator

~Ax +f3-3228¢(X) for n > 3 on X implies that X admits a metric with
positive scalar curvature (as in the proof of the Petrunin’s inequality in section

777).

Since iZ—:f < i the inequality Sc¢* > 0 also implies the existence of a metric
with positive scalar curvature on X.

This shows that the conditions APSC and APSC” are equivalent.

But unlike how it is with the effects of the positive signs of Sc(X) and of
Sc*(X) on the topology of X, the Sc(X') and S*(X) plays different roles in the

geometry of X.

Let V be a Riemannian manifold homeomorphic to the product X x[-1,+1],
where X is a basic APSC n-manifold, i.e. where the underlying reason for non-
existence of a metric with Sc> 0 on X is of the same kind as what is presented

428ee 777 for justification of this definition/notation and for the proofs of the properties of
this Sc™-curvature used in this paper.
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in section 79 ?@ For instance X isdiffeomorphic to the product of the torus by
Hitchin’s sphere.

\/%-Inequality. Let V be a Riemannian manifold homeomorphic to the

product X x [-1,+1], where X is a basic APSC n-manifold, i.e. where the
underlying reason for non-existence of a metric with Sc¢ >0 on X is of the same
kind as what is presented in section ?9?@ For instance X isdiffeomorphic to
the product of the torus by Hitchin’s sphere.

Then the distance between the two boundary components of V' is bounded

as follows:
' n
dist(X x {-1}, X x {+1}) <27 S (V)(n+1)

Examples of Evaluation of Sc¢*. The rectangular solids satisfy

2

Sc (>1< —Qyg, z) 4Z>\1 a;,b z Z (b; _al)Qa

1

the unit hemispheres satisfy:
Sc* (SY)=n(n-1)+4n =n(n+3),

the unit balls satisfy
Se"(B") =472,

for the first zero of the Bessel function J,, v = § -1, where j_i/5 = 3, jo =

2.4042..., jij2 = 7 and if v > 1/2, then

1 1 2
avs avs 3 23a2
<Jy<vV+——

v+ T
23 2§ 20 y2

where a = (3% ) (1+2) ~2.32 with & < 0.13 (3=-)" < 0.1,

Corollary. Let X be a basic ZPSC* manifold of dimension n - 1, e.g.
X =T"! and f: X - B"(r) be a smooth immersion. Then the focal radius and
thetisfy normal curvature of f sa then the focal radii of immersions X — B"(r)
satisfy:

[foc.rad];, rad* (X = B"(r)) < MLy L
27, +1
and
25, 1
[curvt];, curvt (X = B"(r)) > (] n ) -r
: r n
where

2jy  n=1/2+3.68(n/2 - 1)1/3

r r

This implies, in particular, the low curvature bounds from the T -remark in
section ?279.

43 Conjecturally, all ZPSC manifolds will do, at least for n = 4
44 Conjecturally, all ZPSC manifolds will do, at least for n = 4
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Also this can be used along with the following.

Mean Curvature/Ricci 4j2-Inequality. Let Y be a compact connected
Riemannian n-manifold with a non-empty boundary, such that the Ricci curva-
ture of Y is nonnegative, e.g. Y is a bounded Euclidean domain, and the mean
curvature of the boundary of W is bounded from below by that of the unit ball,

mean.curv(0Y) > n -1 = mean.curv(0B™).

Then
Sc*(Y) 2 S¢*(B™) = 452

Thus, the above inequalities

[foc.rad];, and [curv L1];, remain valid for immersions X — Y, for all com-
pact connected Riemannian n-manifolds Y, with non-empty boundaries, such
that Ricci(Yy) >0 and mean.curv(9Y;) > "1,

Remark/Question. Let V c R™ be a bounded domain with two boundary
components, let d(V) be the distance between these componets and let Ay (V)
the first eigenvalue of the Dirchlet problem in V.

The above shows that

topology of V. may impose a non-trivial bound on the product d*(V )\ (V).

What are other cases of a similar role of the topology of a V' c R™ on metric
invariants of V7

15.3 Curvatures of Regular Homotopies of Immersions

Due to the Atiyah-Singer index theorem for families of Dirac operators, the
index theoretic obstructions to Sc > 0 apply to families of metrics with Sc > 0,
which imply the following (see Hit)

3.5.A. The spheres S" ™', n =8k+1,8k+2, k = 1,2, ... admit (Smale/Milnor)

diffeomorphisms g : St - §771,

such that the usual spherical metric g, (sect.curv(g,) = 1) and the induced
metric g = u*(g,) (also sect.curv(g}) = 1) can’t be joined by a C*-continuous
homotopy gy, such that Sc(g;) > 0.

(The diffeomorphism p establishes an isometry of (S™™!, g*) with the usual
sphere (S™7!, g,), where Milnor’s theorem doesn’t allow a homotopy g; between
go and g, such that the metrics g; have constant sectional curvatures.)

3.5.B. O(\/n)-Curvature Corollary. Let f, : S' —» S"(1), be the
standard equatorial embedding of the sphere and let f; : S"~1 — S™(1), t € [0, 1],
be a C2-continuous regular homotopy, (a family of C’Q-immersion@ between
foand ff = fyopu: 8"t - S"(1). Then there exists to € [0,1], such that the
normal curvature of the immersion f;, satisfies :

curvt(S™! I S™M(1)) > vVn-2.

Te
Indeed, if curvt(S™1 ¥ §7(1)) < /n—-2. for all ¢ then, by 3.3.727, the
fi-induced metrics g; on S™"! would have Sc > 0 in contradiction with 3.5.A.

45Such a family does exist by the Smale immersion theorem.
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3.5.C. O(n)-Curvature Conjectural Corollary. Let f,: "1 - B"(1) c
R™ be the standard embedding of the sphere and let f; : "' - B"(1), t € [0,1],
be a C2-continuous regular homotopy, (a family of C2-immersion between
foand ff = foop:S"' » B™"(1). Then there erists to € [0,1], such that the
normal curvature of the immersion f;, satisfies :

n+1

curvt (5™ T B™(1)) > j, /7 > -1

To show this one needs an index theorem for families of Callias operators on
Riemannian bands.

3.5.D. Higher Homotopy Remark. There is a body of results on higher
homotopy groups of the space Ggeso(S™) of metrics g with Se(g) > 0 on S,
but it is unclear what to do with (the homotopy structure of) the map from
the space of immersions S™ - B"**(1) (and/or S™ — S™**(1)) with sufficiently
small curvatures to Ggeso(S™).

Not only Hitchin’s spheres but all APSC manifolds X of dimension n > 5
contain hypersurfaces H ¢ X, which support pairs of Riemannian metrics go
and g1, such that Sc(g;) >0, 4 =0,1, and where these metrics can’t be joined by
a C%-continuous homotopies g;, such that Sc(g;) >0, 0 <t < 1.

To see that, let 1/ : X - R be a Morse function and let Z = ¢~(rq) c X, for
some 1o € R be a level of v, such that all critical point x € X of v with indices
<m lie below Z, i.e. ¥(z)(x) < ro.

Then Z serves as the common boundary of the regions Xy c X and X; c X,
where

Xo = {IE € X}d)(m)éro and X, = {l‘ € X}psi(a:)Z'r‘o'

Since Xy represents a regular neighbourhood of a (i-cellular) m-skeleton
of X the manifold Xy carries a natural Riemannian metric go with Sc(go) > 0,
provided n—m > 3 and since X; represents a regular neighbourhood of a n—m-—1-
skeleton of X there is another "natural"metric g; on Z with Sc(g;) > 0 for m < 2.
(see 7777)

Also on knows (see ?77) that if go and g; lie in the same connected compo-
nent of Gges0(Z), then X admits a metric with Se> 0.

Similarly, if go and g7 lie in the same connected component of Ggexso(Z),
then X admits a metric with Sc¢* > 0.

8.5..222 Higher Homotopy Problem. Is there a developement of this con-
struction in the spirit of 3.5.D. Higher Homotopy Remark, e.g. something about
the fundamental group of the space Ggenso(Z') for some hypersurface Z' ¢ Z?

3.5.C. Toral Example/Question. Let X = T" and 2 < m <n-3. Then,
one can show that Z admits an immersion fj: Z - B"(1) with

curv(Z o S™(1)) < em.

It follows that if » >> m, then the induced metric gy,. on Z has Sc > 0;
moreover, one can find an fy such that gz, is homotopic to go in Gses0(Z).

When does Z also admits a similar immersion f; to S™ with a sufficiently
small curvature and a homotopy between gy, and g;7

When do manifolds like Z admit pairs of regularly homotopic immersion
fo, f1: Z = B™(1) with curvatures < ¢, yet not regularly homotopic by immer-
sions with curvatures < C for some costants ¢ and C >> ¢?

46Such a family does exist by the Smale immersion theorem.
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16 Overtwisted Immesrdions.

17 1.A. Unknowledge Conjectures/Problems

m curvt > 3. Since (disjoint unions of) products of spheres are the

Immersions of manifolds with boundaries: 2 versions
with control of the curvature of the boundary and/or wide base around
boundary or with bounary of X in (and normal to 7) the boundary of ¥ 5 X

immersion with small curvature problem for (the boundary of) the comple-
ment of the 2-skeleton of the torus

versions of the the Sc-obstructions to small curvature to mean.curv obstruc-
tion to 777

immersions of T"sS* — Bnk+1

conjecture: curvt(T" — B"™ ~ dnf?77?? Heat flow and the mean curvature
flow on immersions with small curvatures

2. Let X be a C'-smooth closed n-dimensional immersed hypersurface in
R"™*! positioned between two parallel hyperplanes with distance 2 between them,

X o R"x[-1,1] cR™**

in the unit ball wit

Let X < RY be a compact (complete suffices) immersed n-submanifold, let
xo € X, and let Uy ¢ X of z be the maximal connected neighbourhood such that
the normal projection from Uy the tangent space T = Ty, (X) c RY,

P02U0—>T0

is a one-to-one diffeomorphism onto a domain V c Ty = R™, which is star convex
with respect to xq € Tp.

Clearly such a Ujp exists and unique, where, this an essential example, if
X = 8" c R""!, then such a Uy is the hemisphere around zg.

hypersurfaces (and their stability) with curv*t <1 in cylinders BF x Rk
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