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1 Preliminaries

1.1 Analytic Techniques

The logic of most (all?) arguments concerning the global geometry of manifolds
X with scalar curvatures bounded from below is, in general terms, as follows.

Firstly, one uses (or proves) the ezxistence theorems for solutions ® of certain
partial differential equations, where the existence of these ® and their properties
depend on global, topological and /or geometric assumptions A on X, which are,
a priori, unrelated to the scalar curvature.

Secondly, one concocts some algebraic-differential expressions E(®, Sc(X)),
where the crucial role is played by certain algebraic formulae and issuing in-
equalities satisfied by £(®, Sc(X)) under assumptions A.

Then one arrives at a contradiction, by showing that

if Se(X) > o, then the implied properties, e.g. the sign, of E(®,Sc(X))
are



opposite to those satisfied under assumption(s) A.

1.1.1 Spin Manifolds, Dirac Operators D, Atiyah-Singer Index The-
orem and S-L-W-(B) Formula

[I] Historically the first ® in this story were harmonic spinors on a Riemannian
manifold X = (X, g), that are solutions s of D(s) = 0, where D = Dy is the
(Atiyah-Singer)-Dirac on XE|

[Les]- The existence of non-zero harmonic spinors s on certain smooth man-
ifolds X follows from non-vanishing of the index of D, where this index, which
is independent of g, identifies, by the the Atiyah-Singer theorem of 1963 , with
a certain (smooth) topological invariant, denoted &/(X) (see section [3.1).

Then the relevant formula involving Sc(X) is the following algebraic identity
between the squared Dirac operator and the (coarse) Bochner-Laplace operator
V*V also denoted V2,

[I.o]. Schroedinger-Lichnerowicz- Weitzenboeck-(Bochner) Formulcﬂ
2 _ 2, 1
D* = vV + 1567

shows that if Sc¢ >0, then D?s = 0 implies that s = 0, since

Sc Sc
0= [(D%,5)= [ (2580« 2Nl = [ 193+ =F sl

where the latter identity follows by integration by parts (Green’s formula).
By confronting these yes and no, André Lichnerowic7’|showed in 1963 that
Se(g) >0 = &(X) =0.
and proved the following.
Non-Existence Theorem Number One: Topological Obstruction to
Sc >0 for n =4k. There exists smooth closed 4k-dimensional manifolds X, for
all k =1,2,..., which admit no metrics with Sc> 0.

A decade later, empowered by a general Atiyah-Singer index theorem, Nigel
Hitchin extended Lichnerowitz’ result to manifolds of dimensions n = 8k +1 and
8k + 2 and showed, in particular, that

the class of manifolds X with &(X) # 0, that support non-zero g-harmonic
spinors all metrics g on X by the Atiyah-Singer theorem, hence no g with Se(g) >0
by S-L-W-B formula, includes certain homotopy spheres. E| E|

LAll you have to know at this stage about D is that D is a certain first order differential
on sections of some bundle over X associated with the tangent bundle T'(X). Basics on D
are presented in [Min-Oo(K-Area) 2002] and, comprehensively, in [Lawson&Michelsohn(spin
geometry) 1989]. Also see sections @ 7.

2 All natural selfadjoint geometric second order operators differ from the Bochner Laplacians
by zero order terms, i.e. (curvature related) endomorphisms of the corresponding vector
bundles, but it is remarkable that this in the case of D? reduces to multiplication by a scalar
function, which happens to be equal to iSCX (z). From a certain perspective, the existence
of such an with a wonderful combination of properties is the most amazing aspect of the
Atiyah-Singer index theory.

3See [Lichnerowitz(spineurs harmoniques) 1963]

4See [AS(index) 1971], [Hitchin(spinors)1974].

5Prior to 1963, one didn’t even know if therere were simply connected manifold that would
admit no metric with positive sectional curvature was known. But Lichnerowicz’ theorem,




1.1.2 Inductive Descent with Minimal Hypersurfaces and Conformal
Metrics

[IT] Another class of solutions ® of geometric PDE, that are essential for under-
standing scalar curvature and that are quite different from harmonic spinors,
are solutions to the Plateau problem.

More specifically, these are smooth stable minimal hypersurfaces Y ¢ X that
represent non-zero integer homology classes from H,,_1(X), n = dim(X).

The existence of minimal Y, possibly singular ones, was established by Her-
bert Federer and Wendell Fleming in 1960, while the smoothness of these Y,
that is crucial for our applications, was proven by Federer in 1970 who relied on
regularity of volume minimizing cones of dimensions < 6 proved by Jim Simons
in 1968.

The relevance of these minimal Y of codimension 1 to the scalar curvature
problems was discovered by Schoen and Yau who proved in 1979 that

codiml —if G¢(X) >0 and Y c X is a smooth stable minimal hypersurface,

then Y admits a Riemannian metric h with Sc(h) > Oﬂ
In fact, if dim(Y) = n -1 = 2, the stability of Y, that is positivity of the
second variation of the area of Y, implies that (see sections 2.4.1])

[ (5e(v,y) = Se(X,))dy >0

where the scalar curvature Sc(Y") refers to the metric hg in Y induced from the
Riemannian metric g of X.

Therefore, positivity of Sc(X) implies positivity of the Euler characteristic
of Y, for

477)((Y)z[ySc(Y,y)dy2—/YSC(X,y)dy>0.

If m =n-12>3, then h is obtained by a conformal modification of the metric
hoonY,
ho vl = (f*) 72 ho,

where, as in the 1975 "conformal paper" by Jerry Kazdan and Frank Warner
f = f(y) is the first eigenfunction of the conformal Laplacian L on
Y = (Y, ho), that is

m—2
4(m-1)

where derivation of positivity of the L from positivity of the second variation
of vol,,_1(Y) relies on the Gauss formula suitably rewritten for this purpose
by Schoen and Yau and where the issuing positivity of Sc(f ﬁho) follows, as

Lconf(f):_A(f)+ f7

saying, in fact, that

if X is spin, then Sc¢(X)>0= A[X]=0
delivered lots of simply connected manifolds X that admitted no metrics with positive scalar
curvatures, (see section .

Most of these X have large Betti numbers, that, as we know nowadays, is incompatible with
sect.curv(X) = 0, but one still doesn’t know if there are homotopy spheres not covered by
Hitchin’s theorem which admit no metrics with positive sectional curvatures.

6See [SY(structure) 1979]: On the structure of manifolds with positive scalar curvature.



in [Kazdan—Warner(conformal)]E] by a simple (for those who knows how to do
this kind of things) computation. ﬁ

Consecutively applied implication Sc¢(X,g) > 0 = Se(Y,h) > 0 delivers a
descending chain of closed oriented submanifolds

XoY=Y10oYeo..0Y;..0Y, 9

of dimensions n — i which support Riemannian metrics h; with Se(h;) > 0; thus,
all connected components of Y,,_o must be a spherical.

Thus, Schoen and Yau inductively define a topological class of manifolds (C
in their terms) and prove, in particular, the following.

Non-Existence Theorem Number Two Accompanied by Rigidity The-
orem. Let a compact oriented manifold X of dimension n dominate (a non-zero
multiple of the fundamental class of ) the n-torus, i.e, X admits a map of non-
zero degree to the n-torus T",

fiX T

Ifn < 7E| X admits no metric with Sc > 0. then X support no metric g with
Sc(g) > 0.

Moreover, the inequality Sc(g) > 0 for a metric g on X, implies that g is Rie-
mannian flat and the universal covering of (X, g) is isometric to the Euclidean
space R™.

(The submanifolds Y; in this case are taken in the homology classes of
transversal f-pullbacks of subtori in T" > T" ! >5...>T"% > ... 5T?2)

Remark. The authors of [SY (structure) 1979] say in their paper that it was
motivated by problems in general relativity communicated to one of the authors
by Stephen Hawking, |E| but I as haven’t studied this field I can’t judge how
much of the current development in geometry of the scalar curvature is rooted
in ideas originated in physics.

1.1.3 Twisted Dirac Operators, Large Manifolds and Dirac with Po-
tentials

The index theorem also applies to Dirac operators Dg; that act on spinors
with values in Hermitian vector bundles L — X, called L-twisted spinors, where
non-vanishing of the index of Dg;, and, thus the existence of non-zero L-twisted
harmonic spinors, is ensured for bundles L with sufficiently large top dimensional

"There is more to this paper, than the implication Leong >0~ 3g with Sc(g) >0 on X.
For instance, Kazdan and Warner prove

the existence of metrics g on connected manifolds X, dim(X) > 3, with prescribed scalar
curvatures Sc(g,x) = o(x), for smooth functions o(x), which are negative somewhere on X
and

the existence of metrics with Sc=0 on manifolds X, which admits metrics with Sc > 0.

8This computation, probably, going back at least hundred years, was brought from the field
of infinitesimal geometry to the context of non-linear PDE and global analysis by Hidehiko
Yamabe in his 1960-paper On a deformation of Riemannian structures on compact manifolds.

9The dimension restriction was removed in [Lohkamp(smoothing) 2018] and in
[SY (singularities) 2017].

10Tt is shown in [Hawking (black holes) 1972|, by an argument elaborating on ideas from
[Penrose(gravitational collapse) 1965] and resembling those in [SY (structure) 1979], that sur-
face of the event horizon has spherical topology. (See [Bengtsson(trapped surfaces) 2011] for
more about it.)



Chern numbers, essentially regardless of the topology of the underlying manifold
X itself.
On the other hand, the twisted S-L-W-(B) formula, which now reads

DaL = Vor +35¢(X) + ReL,

shows that such spinors don’t exist if the g-norm of the curvature of L is small
compare with the scalar curvature of X = (X, g). Since this norm is inverse
proportional to the size of g, large Riemannian manifolds admit topologically
complicated bundles L with small curvatures, which, by the above, shows, as it
was observed in [GL(spin) 1980], that, similarly how it is with the sectional and
Ricci curvatures,

scalar curvatures of large manifolds must be small.

This delivers confirmation of the main [Sc # 0] conjecture from the previous
section for certain compact manifolds X, with large fundamental groups, e.g.
for X, which support metrics with non-positive sectional curvatures:

Spin-non-Domination theorem of x < 0 by Sc > 0. Non-torsion homology
classes of complete manifolds X, with non-positive sectional curvatures can't be
dominated by compact (and also by complete) orientable spin manifolds with S¢ > 0.

In standard terms,
If a compact orientable spin Riemannian manifold X has Sc >0 and X is
complete with sect.curv(X) <0, and if

[ XX

is a continuous map, then the image of the fundamental class [X] e H,(X) is
torsion: some non-zero multiple i - f.[X] € Hy(X) vanishesE
For instance,

if X is compact of dimension n = dim(X), then all continuous maps f: X - X
have zero degrees.

Homotopy Invariance of Obstructions to Sc > 0 that Issues from ® in D.
Non-vanishing of topological invariants delivered by the twist in Dy, that prevent
the existence of metrics with Sc > 0 are stable under toplogical domination that
is, recall, a map X — X of degree £1 between orientable manifolds, such that

if such an invariant doesn’t vanish for X, then it doesn’t vanish for X either.

(An instance of such an invariant is the ~-product homomorphism A" H!(X) —
H"™(X), n=dim(X) behind the Schoen-Yau [Sc > 0]-non-existence theorem in
section for manifolds mapped to the n-tori)

This is similar to what happens to invariants issuing by the geometric mea-
sure theory but very much unlike to those coming from the untwisted index
theorem, namely to non-vanishing of @(X): the connected sum of two copies of
an X with opposite orientations satisfies: &(X#(-X)) =0.

In fact, if X is simply connected of dimension n > 5, then G(X#(-X)) does
admit a metric with Sc> 0.

1See [GL(spin) 1980] and sections and ?? for more specific statements and proofs.
121t’s unclear if f«[X] e H,(X can be non-zero, yet (odd?) torsion.
131 am uncertain about n = 4.



Dirac with Potentials. The contribution of the connection of L to the Dirac
operator can be seen as a vector potential added to D twisted with a the trivial
bundle of rank = rank(L).

Besides, this there are other kinds of — zero order terms — that can signifi-
cantly influence geometric effects of D.

As far as the scalar curvature is concerned, the first (to the best of my knowl-
edge) potential of this kind (Cartan connection) was introduced by Min-Oo in his
proof of the positive mass theorem for hyperbolic spaces, [Min-Oo(hyperbolic)
1989, and, recently, applications of Callias-type potentials in the work by Chec-
cini, Zeidler and Zhang have significantly extended the range of the Dirac-
theoretic applications to the scalar curvature problemsE T

1.1.4 Stable u-Bubbles

In general, p-bubbles Y c X, are solutions of the "non-homogeneous Plateau
equation"
mean.curv(Y,y) = pu(y)

for a given function p(x) on X.
What we deal with in this paper are stable p-bubbles that are local minima
of the functional
Y = volp-1(Y) = u(Y2)

where 1 is a Borel measure on X and Y. ¢ X is a region in X with boundary
0Y. =Y (see section ?7?).

Often our measure is "continuous", i.e. representable as u(x)dz, for a con-
tinuous function u(z) on X,and all basic existence and regularity properties of
minimal hypersurfaces automatically extend to pu-bubbles in this case.

And what is especially useful for our purposes, is that the Schoen-Yau form
of the the second variation formula neatly extends to pu-bubbles with continuous
(and some discontinuous) u # 0.

Example/non-Ezample. The unit sphere S"~! ¢ R™ (with the mean curva-
ture n — 1) around the origin is a stable p-bubble for the measure p(x) = (n -
1)||z]| " dz in R™ and the same sphere also is the u-bubble for p(z) = (n—1)dz;
but this p-bubble is an unstable one.

A significant gain achieved with u-bubbles compared with the "plain" min-
imal hypersurfaces is due to the flexibility in the choice of u, which can be
adapted to the geometry of X, similarly to how one uses twisted Dirac operators
Der, on X with " adaptable" unitary bundles L - X.

For example, one obtains this way the following version of Schoen-Yau the-

orem ¥ from section m

Yegodiml et X be a complete Riemannian n-manifold with uniformly positive
scalar curvature, i.e, Sc¢(X) >0 >0. If n <7, then

MExposition of Dirac operators with potentials, especially of their recent applications to
manifolds with boundaries, are, regretfully, missing from our lectures. The reader has to
turn to the original papers by Checcini, Zeidler, Zhang and [Guo-Xie-Yu(quantitative K-
theory) 2020]. Also we say very little about the mass/energy theorems for hyperbolic spaces
extending that in [Min-Oo(hyperbolic) 1989]; we refer for this subject matter to [Chrusciel-
Herzlich [asymptotically hyperbolic) 2003], [Chrusciel-Delay(hyperbolic positive energy) 2019,
[Huang-Jang-Martin(hyperbolic mass rigidity) 2019] and [Jang-Miao(hyperbolic mass) 2021]
where one can find further references.



X can be exhausted by compact domains with smooth boundaries,

VicVec..cVic..X, UVi=X,

where the boundaries OV;, for all i = 1,2,..., admit metrics with positive scalar
curvatures.

(Here, as in section this needs additional analytical work to be ex-
tended to n > 7.)

1.1.5 Warped FCS-Symmetrization of Stable Minimal Hypersur-
faces and p-Bubbles.

Positivity of the conformal Laplacian —A + 4(m 1)Sc doesn’t fully reflect the
positivity of the second variation of the volume vol,_1(Y"), where the former
actually yields positivity of the —A + S ¢, which is, a priori, smaller then —A +

Se, since —A >0 and 1 5 >

4(m 1) 4(m 1)

Remarkably, positivity of the ~A+1 59conY = (Y, ho) neatly implies positivity
of the scalar curvature of the (Warped product) metric h* = ho(y) + ¢*(y)dt?
for the first eigenfunction ¢ of —A + Sc where this metric is defined on the
products of Y with the real line R and with the unit circle S'(1) = T = R)/Z,
and where the resulting Riemannian manifolds are denoted

Y*=YxR=(YxR,h*)and Y*=Y xT = Y*/Z.

In fact, if (-A +15¢)(¢) = A¢ with A >0, then

Se(h* (y.)) = Se(ho,y) - qub(y)— (A+%Sc(ho7))(¢)=)\>0m

see sections 77.
The operation
Y~ Y™

is applied in the present case to stable minimal hypersurfaces Y ¢ X, where the
resulting passage X ~ Y™ can be regarded as symmetrisation of X (or rather
of infinitesimal neighbourhood of Y ¢ X), because

the metric b is invariant under the natural action of T on Y™ and

Y*'/R=Y cX

This h* = ho(y) + ¢?(y)dt? defined with the first eigenfunction ¢ of the
-A + %Sc on Y was introduced by Doris Fischer-Colbrie and Rick Schoerﬁ
who used it for

classification of complete stable minimal surfaces in 3-manifolds X with
Se(X) >0, including X = R3.
Then A was used in [GL(complete) 1983], where, with an incorporation of

Schoen-Yau’s inductive descent, this allowed higher dimensional applications of
the following kind.

15 The structure of complete stable minimal surfaces Y in 3-manifolds of non-negative scalar
curvature.



Given a Riemannian metric g on a product manifold X = Xy xT*, a consecutive
symmetrization

X =X0’\/> Xl =Y1X/Z’\/> XQ =Y2X/Z’\/>

delivers a T*-invariant metric g on X}, = Y_;, x T*, where Y_;, ¢ X is a submanifold
of codimension k which is homologous to Xo = Xg x tg ¢ X and such that the
(T*-invariant) scalar curvature Sc(g) on X, is bounded from below by Sc(g) on
Y .= Xk/'ll‘k c X.

Thus, for instance, one obtains a somewhat different proof of the Schoen-Yau
theorem for n < 7:

no metric g on X = T™ can have Sc(g) > 0, because all T™-invariant metrics
on T™ are Riemannian flat.

Non-Compact Case. An apparent bonus of this argument is its applicability
to non-compact complete manifolds.

Example: Non-domination of T"” by Sc > 0. The n-torus admits no
domination by complete manifolds X with Sc(X) > OE

For instance, if a closed subset in the torus Y c T" is contained in a topological
ball B ¢ T™, then

the complement T™ \'Y admits no complete metric with Sc > 0.

The main role of the above T¥-symmetrization, however, is not for the proof
of topological non-existence theorems of metrics with Sc¢ > 0 on closed or non-
compact complete manifolds, but for the geometric study of such metrics on,
possibly non-compact and non-complete, manifolds X.

In fact, this symmetrization applies to stable minimal hypersurfaces Y ¢ X
with prescribed as well as free boundaries, say with Y c 0X and also to stable
p-bubbles. [I7]

1.1.6 Averaged Curvature of Levels of Harmonic Maps

Recently, Daniel Stern [Stern(harmonic) 2019] found a version of the 3d Schoen-
Yau argument for the levels of non-constant harmonic maps f : X — T*, where,
instead of the second variation formula for area(Y'), one uses

the Bochner identity, which expresses the Laplace of the norm of the

gradient of f in terms of the Hessian of f and the Ricci curvature,

%A|Vf|2) = |Hess(f)|* + Riccix (Vf,Vf).

16Here, as at other similar occasions, singularities of minimal hypersurfaces and of u-bubbles
create complications for n = dim(X) > 8.

In the present case, if X is spin, this non-domination property follows by a Dirac operator
argument from section 6 in [GL(complete) 1983].

If n = 8 the perturbation argument from [Smale(generic regularity) 2003| takes care of
things.

If n =9 one can still apply Dirac operators to non-spin manifolds, exploiting the fact that
singularities of hypersurfaces are at most 1-dimensional, while the obstruction to spin (the
second Stiefel-Whitney class) is 2-dimensional, see section 5.3 in [G(billiards) 2014].

If n > 8 the recent desingularization results presented in [Lohkamp(smoothing) 2018| and
in [SY (singularities) 2017] apply to all X.

7See section 12 in [GL(complete) 1983], [G(inequalities) 2018] and sections 77?).



Thus, Stern proved that the average Euler characteristics of these levels
Y; = f71(t),t € T! satisfies:
Harmonic Map Inequality.

[ ez [ at [ (df (.0 Hessf (5.0 + Se(X. (5.1)))dy.
This shows that
47rfT1X(Yt)dt2 /T dtfy Se(X, (y,1))dy.

and implies, among other things, that

if the universal covering of a compact 3-manifolds with positive scalar curva-
tures is connected at infinity, then the one-dimensional cohomology H'(X;Z)
vanishes[™]

Indeed, if H'(X;Z) # 0, then X admits a non-constant harmonic map to the
circle T!, where non-singular levels Y; ¢ X can’t contain spherical components,
because lifts of such a component to the universal covering of X would bound
balls on which (the lift of) f would be constant by the maximum principle for
harmonic functions. [

Vague Questions. Is there an algebraic link between S-L-W-(B) and the above
Bochner formula that would connected Dirac operators with harmonic maps?

Do Dirac harmonic and/or similar maps bear a relevance to the scalar curvature
problem?

1.1.7 Seiberg-Witten Equation

The third kind of ® are solutions to the 4-dimensional Seiberg- Witten equation
of 1994, that is the Dirac equation coupled with a certain non-linear equation
and where the relevant formula is essentially the same as in [I].

Using these, Claude LeBruﬂ established a non-trivial (as well as sharp)

Pundamental 4D lower bound on [ Sc(X,z)*dx for Riemannian man-
ifolds X diffeomorphic to algebraic surfaces of general type.

1.1.8 Hamilton-Ricci Flow

Hamilton1

The Hamilton Ricci flow ® = g(t) of Riemannian metrics on a manifold
X, that is defined by a parabolic system of equations, also delivers a geomet-
ric information on the scalar curvature, where the main algebraic identity for
Se(t) = Sc(g(t)) reads

dSc(t)
dt

2
=Dy Se(t) + 2Ricci(t)? > AgySe(t) + gSc(t)z7

181t is known that compact 3-dimensional manifolds with Sc¢ > 0 are connected sums of
space forms and S? x S1, see [GL(complete) 1983] and [Genoux(3d classification) 2013].

191n this respect, the surfaces Y; are radically different from minimal surfaces and p-bubbles
which tend to localize around narrow necks in X, e.g. in "thin" connected sums T3#53
described in section ?7.

20|LeBrun(Yamabe) 1999]: Kodaira Dimension and the Yamabe Problem.
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which implies by the maximum principle that the minimum of the scalar cur-
vature grows with time as follows:

SCmin(O)
Semin(t) 2 1 2t5emin()
3

If X = (X,g) is a closed 3-manifold of constant sectional curvature -1, then,
using the Ricci flow, Grisha Pereleman proved
Sharp 3D Hyperbolic Lower Volume Bound. All Riemannian metrics
g on X with Sc(g) > -6 = Sc(g) satisty
Vol(X,g) > Vol(X,g).
(See Proposition 93.9 in [Kleiner-Lott(on Perelman’s) 2008].)

And, more recently, Richard Balmer, Paula Burkhardt-Guim and Man-Chun
Lee, Aaron Naber and Robin Neumayer applied the Ricci flow for regularization
of of (limits of) metrics with Sc > O’E

(The logic of the Ricci flow, at least on the surface of things, is quite different
from how it goes in the above three cases that rely on elliptic equations:

the quantities ® in the former result from geometric or topological complezities
of underlying manifolds X, that is necessary for the very existence of these ®, while
the Ricci flow, as a road roller, leaves a uniform terrain behind itself as it crawls
along erasing complexity.)

Question. Do 3D-results obtained with the Ricci flow generalize to n-
manifolds which have Sc¢ > ¢ and which come with free isometric actions of
the tori T 37

For instance, let X3 be a 3-dimensional Riemannin manifold which admits
a hyperbolic metric g with sectional curvature -1 and let X = X3 x T! be a
warped product (with T!-invariant metric), such that Sc(X) > 6.

Is the volume of X3 = X/T! is bounded from below by that of (X?3,¢)?

(It is not even clear if the inequality Sc(X? = T') > —6 imposes any lower
bound on the Riemannin metric g of X3. Namely,

Can such a g = g, satisfy g < eg for a given ¢ > O?EI)

1.1.9 Modifications of Riemannian Metrics by a Single Function

Riemannian metrics g on an n-manifold X are given locally by % functions

gij(x), where the scalar curvature Sc(g) is a (messy) non-linear function of
these g;; and their first and second derivatives.

There are several constructions of Riemannian metrics on X and of modi-
fications of a given metric gy on X by means of a single function ¢(x), where
the the scalar curvature of the resulting metric g(¢) = g(¢, go) is expressed by
a "nice" non-linear second order differential applied to ¢.

The simplest and most studied case of this is the conformal transformation
g ~ ¢%g, where for n > 3 the scalar curvature of this metric is given by the
(Yamabe?) equation

4(TL - 1) n+2 n-2
2 are n—2 2
Se(97go) = —— 579 Ap T+ p75c(go),
21See [Bamler(Ricci flow proof) 2016], [Burkhart-Guim(regularizing Ricci flow) 2019], [Lee-
Naber-Neumayer|(convergence) 2019| and section ?7.
22 An elementary proof of such a bound on g is suggested in [G(foliated) 1991].
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where A = Ay is the Laplace on functions ¢ = ¢(«) on the Riemannian manifold
(X7 gO)'

We present some properties of this equation, due to Jerry Kazdan and Frank
Warner, in section[2.6] which are used in the proof of Schoen-Yau’s non-ezistence
theorem for metrics with Sc > 0 on tori in sections [[.1.2] 2.7

Also we briefly discuss in [2.6] similar transformations of metrics, where the
scaling takes place only in some preferred directions, e.g. in a single direction,
where the scalar curvature satisfies a non-linear parabolic (Bartnik-Shi-Tamm)
equation, special solutions of which used for the proofs of non-extension theo-
rems for metrics with Sc > 0, see section 77.

Finally, recall Kihler metrics defined with single functions via the 99 , where,
as we mention in section 77, Yau’s solution of the Calabi conjecture delivers
"interestingly thick" metrics with Sc> 0 on complex algebraic manifolds.

2 Curvature Formulas for Manifolds and Sub-
manifolds.

We enlist in this section several classical formulas of Riemannian geometry and
indicate their (more or less) immediate applications.

2.1 Variation of the Metrics and Volumes in Families of
Equidistant Hypersurfaces

(2.1. A) Riemannian Variation Formula. Let hy, t € [0,¢], be a family of
Riemannian metric on an (n—1)-dimensional manifold Y and let us incorporate
hs to the metric g = hy + dt®> on Y x [0,¢].

Notice that an arbitrary Riemannian metric on an n-manifold X admits such
a representation in normal geodesic coordinates in a small (normal) neighbour-
hood of any given compact hypersurface ¥ c X.

The t-derivative of h; is equal to twice the second fundamental form of the
hypersurface Y; = Y x {t} ¢ Y x [0,¢], denoted and regarded as a quadratic
differential form on Y =Y, denoted

Ap = A%(Yh)
and regarded as a quadratic differential form on Y =Y;.
In writing,
dhy
Oyh=—=2A7,
dt ¢
or, for brevity,
O,h=2A",
where
v is the unit normal field to Y defined as v = %.

In fact, if you wish, you can take this formula for the definition of the second
fundamental form of Y™ ! c X™.

Recall, that the principal values o (y), i = 1,....,n — 1, of the quadratic
form A} on the tangent space T,(Y"), that are the values of this form on the

12



orthonormal vectors 7,* € T;(Y'), which diagonalize A*, are called the principal
curvatures of Y, and that the sum of these is called the mean curvature of Y,

mean.curv(Y,y) =y o (y),

where, in fact ,

> a;(y) = trace(A*) = 3 A*(r;)

for all orthonormal tangent frames 7; in T (Y") by the Pythagorean theorem.

S1GN CONVENTION. The first derivative of h changes sign under reversion
of the t-direction. Accordingly the sign of the quadratic form A*(Y") of a hyper-
surface Y ¢ X depends on the coorientation of Y in X, where our convention is
such that

the boundaries of conver domains have positive (semi)definite second funda-
mental forms A*, also denoted IIy, hence, positive mean curvatures, with respect
to the outward normal vector fields ]

(2.1.B) First Variation Formula. This concerns the t-derivatives of the
(n — 1)-volumes of domains U; = U x {t} c Y}, which are computed by tracing
the above (I) and which are related to the mean curvatures as follows.

[OU] Oypvol,_1(U) = %voln_l(Ut) = fU mean.curv(Ut)dy

where dy; is the volume element in Y; o U;.
This can be equivalently expressed with the fields v = 1 - v for C*-smooth
functions ¥ = 1 (y) as follows

[01/1] 8¢l,voln_1(Y}):fYw(y)mean.curv(Y})dy

Now comes the first formula with the Riemannian curvature in it.

2.2 Gauss’ Theorema Egregium

Let Y ¢ X be a smooth hypersurface in a Riemannian manifold X. Then the
sectional curvatures of ¥ and X on a tangent 2-plane 7 ¢ T,,(Y) c T)y(X)
y €Y satisfy

k(Y,7) = k(X,7) + A2A*(7),

where A2A*(7) stands for the product of the two principal values of the second
fundamental form form A* = A*(Y) c X restricted to the plane 7,

NA* (1) = i (1) - aj(7).

23 At some point, I found out to my dismay, that this is opposite to the standard convention
in the differential geometry. I apologise to the readers who are used to the commonly accepted
sign.

24This come with the minus sign in most (all?) textbooks, see e.g. [White(minimal) 2016],
[Cal(minimal( 2019].

25This remains true for Lipschitz functions but if ¢ is (badly) non-differentiable, e.g. it is
equal to the characteristic function of a domain U c Y, then the derivative 8¢Vvoln,1(}/})
may become (much) larger than this integral.
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This, with the definition the scalar curvature by the formula Sc = } Ky,
implies that
Se(Y,y) = Se(X,y) + Y ai (n)aj (y) = . K

i) i
where:

e a’(y), i=1,...,n—1 are the (principal) values of the second fundamental
form on the diagonalising orthonormal frame of vectors 7; in T, (Y");

e o*-sum is taken over all ordered pairs (i,7) with j # i;

e 1, are the sectional curvatures of X on the bivectors (v, ;) for v being a
unit (defined up to +-sign) normal vector to Y

e the sum of k,; is equal to the value of the Ricci curvature of X at v,

Z Ky, = Riccix (v,v).
i

(Actually, Ricci can be defined as this sum.)
Observe that both sums are independent of coorientation of Y and that in the
case of Y = "1 c R" = X this gives the correct value Sc¢(S" 1) = (n—-1)(n-2).
Also observe that

S =(Ze) -3

i%j
which shows that
Sc(Y) = Se(X) + (mean.curv(Y))? = ||A*(Y)|]* = Ricci(v,v).

In particular, if Se(X) > 0 and Y is minimal, that is mean.curv(Y’) = 0,
then

(Sc > —2Ric) Sc(Y) > —=2Ricci(v,v).

Example. The scalar curvature of a hypersurface Y ¢ R™ is expressed in
terms of the mean curvature of Y, the (point-wise) Lo-norm of the second
fundamental form of Y as follows.

Sc(Y) = (mean.curv(Y))? - [|A*(YV)|]?
for [|A*(Y)||? = £;(a})?, while Y c S™ satisfy

Sc(Y) = (mean.curv(Y))*=[|A*(Y)|*+(n-1)(n-2) > (n—l)(n—Z)—nm?x(c;)Q.

It follows that minimal hypersurfaces Y in R", i.e. these with mean.curv(Y) =

0, have negative scalar curvatures, while hypersurfaces in the n-spheres with all
principal values < v/n -2 have Sc(Y) > 0.

Let A = A(Y') denote the shape that is the symmetric on T'(Y") associated
with A* via the Riemannian scalar product g restricted from T'(X) to T(Y),

A*(1,7) = (A(7),T)q for all T e T(Y).
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2.3 Variation of the Curvature of Equidistant Hypersur-
faces and Weyl’s Tube Formula

(2.3.A) Second Main Formula of Riemannian GeometryP¥ Let Y; be a
family of hypersurfaces t-equidistant to a given Y = Yy ¢ X. Then the shape
operators Ay = A(Y;) satisfy:

dA;

O, A= —"L=-A%*(Y;) - By,
dt (Y) - B

where B; is the symmetric associated with the quadratic differential form B* on
Y}, the values of which on the tangent unit vectors 7 € T}, ,(Y};) are equal to the
values of the sectional curvature of g at (the 2-planes spanned by) the bivectors
(rv=4).

Remark. Taking this formula for the definition of the sectional curvature, or
just systematically using it, delivers fast clean proofs of the basic Riemannian
comparison theorems along with their standard corollaries, by far more efficiently
than what is allowed by the cumbersome language of Jacobi fields lingering on
the pages of most textbooks on Riemannian geometry.

Tracing this formula yields
(2.3.B) Hermann Weyl's Tube Formula.
dA; ‘12 o (d d
trace [ 250) = || 4|2 - a4
mce( di ) 1) - Ricety dt’dt)’
or

trace(d,A) = d,trace(A) = —||A*||* - Ricci(v,v),

where

[A*[|* = || A|[* = trace(A?),

where, observe,

trace(A) = trace(A*) = mean.curv =y o
i

and where Ricci is the quadratic form on T'(X) the value of which on a unit
vector v € T,,(X) is equal to the trace of the above B*-form (or of the B) on
the normal hyperplane v* c T,,(X) (where v* =T, (Y) in the present case).
Also observe — this follows from the definition of the scalar curvature as ) ;;
— that
Se(X) = trace(Ricci)

and that the above formula Sc(Y,y) = Sc(X,y) + Xizjafaj — ¥, K, can be
rewritten as

Ricci(v,v) = % (Sc(X) CSe(Y)-Yar- a;) _

%]

26The first main formula is Gauss’ Theorema Egregium.

27Thibault Damur pointed out to me that this formula, along with the rest displayed on
the pages in this section, are systematically used by physicists in books and in articles on
relativity. For instance, what we present under heading of "Hermann Weyl’s Tube Formula",
appears in [Darmos(Gravitation einsteinienne) 1927] with the reference to Darboux’ textbook
of 1897.
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(Se(X) - Se(Y) - (mean.curv(Y))? +[|A*||?)

N |

where, recall, of = a}(y), yeY, i =1,...,n -1, are the principal curvatures of
Y c X, where mean.curv(Y) = ¥, f and where [|[A*]|? = ¥, (a))%.

2.4 Umbilic Hypersurfaces and Warped Product Metrics

A hypersurface Y ¢ X is called umbilic if all principal curvatures of Y are
mutually equal at all points in Y.

For instance, spheres in the standard (i.e. complete simply connected) spaces
with constant curvatures (spheres S}, Euclidean spaces R™ and hyperbolic
spaces H7?_,) are umbilic.

In fact these are special case of the following class of spaces .

Warped Products. Let Y = (Y,h) be a smooth Riemannian (n-1)-manifold
and ¢ = p(t) > 0, t € [0,¢] be a smooth positive function. Let g = hy + dt* =
©%h + dt? be the corresponding metric on X =Y x [0,¢].

Then the hypersurfaces Y; = Y x {t} ¢ X are umbilic with the principal
@' (1)

W,izL...m—l for

curvatures of Y; equal to o (¢) =

Aj = %ht for ¢’ = dgod—it) and A; being multiplication by % .

The Weyl formula reads in this case as follows.

4

(n-1) (fo), - (n-1)? (“;’)2 - % (Sc(g) = Se(hy) - (n-1)(n-2) (:‘:)2).

Therefore,

1 A 1\ 2
Sc(g>:zsc(h)_z(n_1)(¢) _n(n_1>(s0) _

2
1 14 A

) - e -260-1) - == (2]
14 4 ¥

where, recall, n = dim(X) = dim(Y) + 1 and the mean curvature of Y; is

©'(t)
o(t)

Ezamples. (a) If Y = (Y,h) = S"7! is the unit sphere, then

mean.curv(Yyc X) =(n-1)

Se, - (=D =2) 1)(2”_2) C2n-1)E — (n-1)(n-2) (‘p') :
¥ ¥ ¥

which for ¢ = t> makes the expected Sc(g) = 0, since g = dt® + th, t > 0, is the
Euclidean metric in the polar coordinates.

If g = dt? +sint®h, -7/2 <t < /2, then Sc(g) = n(n - 1) where this g is the
spherical metric on S™.
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(b) If h is the (flat) Euclidean metric on R™™! and ¢ = expt, then
Sc(g) = -n(n-1) = Se(H™).
(c) What is slightly less obvious, is that if

t nt T ™
w(t):expf —tan —dt, — —<t<—,
—r/n 2 n n

then the scalar curvature of the metric ¢?h + dt?, where h is flat, is constant
positive, namely Sc(g) =n(n—1) = Sc(S™), by elementary calculatiorﬁ

Cylindrical Extension Ezercise. Let Y be a smooth manifold, X =Y xR,, let
go be a Riemannian metric in a neighbourhood of the boundary ¥ =Y x {0} =
0X, let h denote the Riemannian metric in Y induced from g9 and let Y has
constant mean curvature in X with respect to go.

Let X' be a (convex if you wish) ball in the standard (i.e complete simply
connected) space with constant sectional curvature and of the same dimension
nas X, let Y’ = 90X’ be its boundary sphere, let, let Sc(h) > 0 and let the mean
and the scalar curvatures of Y and Y are related by the following (comparison)
inequality.

[mean.curvg, (Y)|*  |mean.curv(Y")[?

<] Sc(h.y) S

forall y e Y.

Show that

if'Y is compact, there exists a smooth positive function ¢(t), 0 < t < oo, which
is constant at infinity and such that the the warped product metric g = p>h+dt?
has

the same Bartnik data as go, i.e.

g|Y = ho and mean.curvg(Y') = mean.curvg, (Y),

Then show that

one can’t make Sc(g) > Sc(X') in general, if [<] is relaxed to the corresponding
non-strict inequality, where an example is provided by the Bartnik data of Y/ ¢ X’
itself P

Vague Question. What are "simple natural" Riemannian metrics g on X =
Y xR, with given Bartnik data (Sc(Y'), mean, curv(Y)), where Y c X is allowed
variable mean curvature, and what are possibilities for lower bound on the scalar
curvatures of such g granted |mean.curv(Y,y)*/Sc(Y,y) < C, e.g. for C =
|mean.curv(Y")|?/Sc(Y") for Y’ being a sphere in a space of constant curvature.

28See §12 in [GL(complete) 1983].

291t follows from [Brendle-Marques(balls in S™)N 2011] that the the cylinder S"~1 x Ry
admits a complete Riemannian metric g cylindrical at infinity which has Sc(g) > n(n-1), and
which has the same Bartnik data as the boundary sphere X{) in the hemisphere X’ in the unit
n-sphere. But the non-deformation result from [Brendle-Marques(balls in S™) 2011], suggests
that this might be impossible for the Bartnik data of small balls in the round sphere.
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2.4.1 Higher Warped Products

Let Y and S be Riemannian manifolds with the metrics denoted dy? (which
now play the role of the above dt?) and ds? (instead of h), let ¢ > 0 be a smooth
function on Y, and let

g=¢*(y)ds® + dy*

be the corresponding warped metric on Y x S,

Then
(% %)
Se(g) (. ) = Se(V) () + —5e($)(s) - "D gl - 2 Ap(y)
’ ©(y)? ©*(y) oY) ’

where m = dim(S) and A =}, V;; is the Laplace on Y.

To prove this, apply the above ¢ (*) to I x S for naturally parametrised
geodesics [ c Y passing trough y and then average over the space of these [, that
is the unit tangent sphere of Y at y.

The most relevant example here is where S is the real line R or the circle S*
also denoted T! and where (*) reduces to

(% %), Se(9)(y. ) = Se(Y)(y) - ZAso(w

For instance, if the L = -A + %SC on Y is strictly positive, that is the
lowest eigenvalue A is strictly positive and if ¢ equals to the corresponding
eigenfunction of L, then

1
—A<p:)\-<p—§Sc-g0

and
Sc(g) =21 >0,

The basic feature of the metrics ©?(y)ds® + dy? on Y x R is that they are
R-invariant, where the quotients (Y x R)/Z =Y x T! carry the corresponding
T'-invariant metrics, while the R-quotients are isometric to Y.

Besides R-invariance, a characteristic feature of warped product metrics is
integrability of the tangent hyperplane field normal to the R-orbits, where Y x
{0} ¢ Y xR, being normal to these orbits, serves as an integral variety for this
field.

Also notice that Y = Y x {0} ¢ Y x R is totally geodesic with respect to
the metric ?(y)ds? +dy?, while the (R-invariant) curvature (vector field) of the
R-orbits is equal to the gradient field V¢ extended from Y to Y xR. coordinates

In what follows, we emphasize R-invariance and interchangeably speak of
R-invariant metrics on Y x R and metrics warped with factors ¢? over Y.

Gauss-Bonnet g”-Exercise. Let the above S be the Euclidean space RY
(make it T™ if you wish to keep compactness) with coordinates t1,...,tn, let

O(y) = (p1(y)s - 0i(y)s - on (y))

be an N-tuple of smooth positive function on a Riemannian mnanifold Y = (Y, g)
and define the (iterated t warped product) metric g* = g3 on Y x S as follows:

9" =g(y) + o1 (W)dt; + o3 (y)dt3 + ... + o3 (y)dty

30The roles of Y and S = R and notationally reversed here with respect to those in (*)
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Show that the scalar curvature of this metric, which, being RV -invariant, is
regarded as a function on Y, satisfies:

2

N N N
Se(g*,y) = Se(g) -2 Aglog i — Y (Vylogp;)? - (Z Vglog %) ,
=1 =1 =1

thus

Se(q™, d_fS y)dy,
fy c(g”,y)dy < . c(g,y)dy

and, following [Zhu(rigidity) 2019], obtain the following
"Warped" Gauss-Bonnet Inequality for Closed Surfaces Y:

fY Sec(g*,y)dy < 4mx(Y)

for the (iterated) warped product metrics g* = g for all positive N-tuples of & of
positive functions on Y. |E|

2.5 Second Variation Formula

The Weyl formula also yields the following formula for the second derivative of
the (n —1)-volume of a cooriented hypersurface Y ¢ X under a normal defor-
mation of Y in X, where the scalar curvature of X plays an essential role.

The deformations we have in mind are by vector fields directed by geodesic
normal to Y, where in the simplest case the norm of his field equals one.

In this case we have an equidistant motion Y ~ Y; as earlier and the second
derivative of vol,-1(Y:), denoted here Vol = Vol;, is expressed in terms of
of the shape A; = A(Y;) of Y; and the Ricci curvature of X, where, recall
trace(Ay) = mean.curv(Y;) and

8,,Vol:fymean.curv(Y)dy

by the first variation formula.
Then, by Leibniz’ rule,

02Vol = 0, / trace(A(y))dy = [ trace* (A(y))dy + f trace(d,A(y))dy,
Y Y Y
and where, by Weyl’s formula,
trace(d,A) = —trace(A?) - Ricci(v, v)

for the normal unit field v.
Thus,

dD2Vol = f (mean.curv)? — trace(A?) - Ricci(v,v),
Y
which, combining this with the above expression

Ricci(v) = (SC(X) - Se(Y) - (mean.curv(Y))? + HA*HQ) ,

DO | =

31See [Zhu() 2019] and sections ??, ?? for applications and generalizations.
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shows that
82Vol = f % (Se(Y) - Se(X) + mean.curv? - || A*|?)
In particular, if S¢(X) >0 and Y is minimal, then,
(fSc > 20*Vol) fy Sc(Y,y)dy > 20>V ol

(compare with the (Sc¢ > -2Ric) in 2.2).
2

Warning. Unless Y is minimal and despite the notation 07, this derivative
depends on how the normal filed on Y ¢ X is extended to a vector filed on (a
neighbourhood of Y in) X.

Hlluminative Fxercise. Check up this formula for concentric spheres of radii
t in the spaces with constant sectional curvatures that are S™, R™ and H".

Now, let us allow a non-constant geodesic field normal to Y, call it ¢v, where
¥ (y) is a smooth function on ¥ and write down the full second variation formula
as follows:

O volna (V) = [ lld(w)lPdy + R(y)e? (v)dy

for
[00]  R) = (Se(¥iy) - Se(X,p) + M2 () -4 (V)IP).

where M (y) stands for the mean curvature of Y at y € Y and [|A*(Y)|]? =
Yi(a)?i=1,...,n-1.

Notice, that the "new" term [, ||d(y)||*dy depends only on the normal field
itself, while the R-term depends on the extension of ¥v to X, unless

Y is minimal, where [OO] reduces to

(5] Bwotaa(V) = [l + 5 (Se(¥) - Se(X) - [ A%|) 4.

Furthermore, if Y is volume minimizing in its neighbourhood, then Qiyvoln_l (V) >
0; therefore,

o] [ avlP + 5(Se(n)v? = 4 [ (Se(Xom) + 4% (V) |P)wdy

for all non-zero functions ¢ = ¥ (y).
Then, if we recall that

[ Py = [ (a0,

we will see that [**] says that
the  — —Ap+ 1Sc(Y ) is greater thmﬂ P 2(Sce(X,y) + | A*(Y)]P)e.
Consequently,
if Se(X) >0, then the —-A+3S5c¢(Y) on'Y is positive.

32 A > B for selfadjoint operators signifies that A — B is positive semidefinite.
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Justification of the ||dv||*> Term. Let X =Y xR with the product metric and
let Y =Y, =Y x {0} and Y. c X be the graph of the function €7 on Y. Then

1
V0l (Yeu) = [Y VI+2[dlPdy = volu 1 (V) + [Y 2|2 + o(2)

by the Pythagorean theorem
and

d*vol,_1(Yey)
e = [l + o(1).

by the binomial formula.
This proves [OO] for product manifolds and the general case follows by

linearity /naturality /functoriality of the formula [OO] .

Naturality Problem. All "true formulas" in the Riemannian geometry
should be derived with minimal, if any, amount of calculation — only on the
basis of their "naturality" and/or of their validity in simple examples, where
these formulas are obvious.

Unfortunately, this "naturality principle" is absent from the textbooks on
differential geometry, but, I guess, it may be found in some algebraic articles
(books?).

Ezercise. Derive the second main formula 2.3.A by pure thought from its
manifestations in the examples in the above illuminative exercise

2.6 Conformal Laplacian and the Scalar Curvature of Con-
formally and non-Conformally Scaled Riemannian Met-
rics

Let (Xo,90) be a compact Riemannian manifold of dimension n > 3 and let
¢ = p(x) be a smooth positive function on X.
Then, by a straightforward calculationﬂ
1 _ns2 n=2
© Sc(¢?g0) =1n'e™ T L(9'),

where L is the conformal Laplace on (Xo,go)

L(f(2)) = -Af(x) + mSc(go, 2) f (2)
for the ordinary Laplace (Beltrami) Af = Ay f =3, 0 f and v, =
Thus, we conclude to the following.

Kazdan-Warner Conformal Change Theorem. |§| Let X = (X, g0) be
a closed Riemannian manifold, such the the conformal Laplace L is positive.
Then X admits a Riemannian metric g (conformal to go) for which Sc(g) >

n-2
4(n-1)"

0.

Proof. Since L is positive, its first eigenfunction, say f(x) is positiv@ and
since L(f)=Af, A>0,

331 haven’t myself solved this exercise.

34There must be a better argument.

35Kazdan-Warner(conformal) 1975]: Scalar curvature and conformal deformation of Rie-
mannian structure.

36We explain this in section
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Se(#72g0) =3 LS =7 £ >0

Example: Schwarzschild metric. If (Xg,go) is the Euclidean 3-space,
and f = f(x) is positive function, then
the sign of Sc(f*go) is equal to that of ~Af.

. . . 1 . .
In particular, since the function % = (22 + 23 + 22)72, is harmonic, the

4
Schwarzschild metric  gg,, = (1 + ;”7) go has zero scalar curvature.

If m >0, theQ this metric is defined for all » > 0 and it is invariant under the
involution r — .
If m =0, this the flat Euclidian metric.

If m <0, then this metric is defined only for r > m with a singularity ar r = m.

Non-Conformal Scaling. Let X = (X,g) be a smooth n-manifold, and
let RX ¢ GL;(n), x € X, be a smooth family of diagnosable (semisimple) 1-
parameter subgroups in the linear groups GL, (n) = GL,, that act in the tangent
spaces T, (X).

Then the the multiplicative group of functions ¢ : X — R* acts on the
tangent bundle T'(X) by

7= ¢(z)(7) for ¢(x) e R* =R} c GL, = GL(T,(X))

and, thus on the space of Riemannin metrics g on X.

The main instance of such an action is where the tangent bundle is orthog-
onally split, T(X) =T} & T, and ¢ acts by scaling on the subbundle T5.

It is an not hard to write down a formula for the scalar curvature of g, +$ga,
but it is unclear what, in general, would be a workable criterion for solvability
of the inequality Sc(g,) > 0 in ¢, e.g. in the case where X = X; x X, and
the subbundles T} and T are equal to the tangent bundles of submanifolds
Xixxoc X, 206 X, and 21 x Xo c X, 1 € X7.

Yet, in the case of rank(T:) = 1, this equation introduced, I believe, by
Robert Bartnik in [Bartnik(prescribed scalar) 1993] was successfully applied to
extension of metrics with Sc> 0 (see section ??)E]

2.7 Schoen-Yau’s Non-Existence Results for Sc >0 on SYS
Manifolds via Minimal (Hyper)Surfaces and Quasisym-
plectic [Sc# 0]-Theorem

Let X be a three dimensional Riemannian manifold with Sc(X) >0 and Y c X be
an orientable cooriented surface with minimal area in its integer homology class.

Then the inequality (/Sc>209%V) from section which says in the present
case that

[Y Sc(Y,y)dy > 20%area(Y),

implies that
Y must be a topological sphere.

37Other special cases of this are (implicitly) present in the geometry of Riemannin warped
product, in the process of smoothing corners with Sc > o and in the transversal blow up of
foliations with Sc> 0.
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In fact, minimality of Y makes d2area(Y) > 0, hence [, Sc(Y,y)dy > 0, and
the sphericity of Y follows by the Gauss-Bonnet theorem.

And since all integer homology classes in closed orientable Riemannian 3-
manifolds admit area minimizing representatives by the geometric measure the-
ory developed by Federer, Fleming and Almgren, we arrive at the following
conclusion.

%3 Schoen-Yau 3d-Theorem. All integer 2D homology classes in closed
Riemannian 3-manifolds with Sc> 0 are spherical.
For instance, the 3-torus admits no metric with Sc> 0.

The above argument appears in Schoen-Yau’s 15-page paper [SY (incompressible)
1979], most of which is occupied by an independent proof of the existence and
regularity of minimal Y.

In fact, the existence of minimal surfaces and their regularity needed for
the above argument has been known since late (early?) 60@ but, what was,
probably, missing prior to the Schoen-Yau paper was the innocuously looking
corollary of Gauss’ formula in 2.2,

Sc(Y) = Se(X) + (mean.curv(Y))? - ||A*(Y)|]> = Ricci(v,v)
and the issuing inequality
Se(Y) > —2Ricci(v,v)

for minimal ¥ in manifolds X with Se(X) > 0.

For example, Burago and Toponogov, come close to the above argument,
where, they bound from below the injectivity radius of Riemannian 3-manifolds
X with sect.curv(X) <1 and Ricci(X) > p>0 by

inj.rad(X) > 6e %,

where this is done by carefully analysing minimal surfaces Y ¢ X bounded by, a
priori very short, closed geodesics in X, and where an essential step in the proof
is the lower bound on the first eigenvalue of the Laplace on Y by \/Ricci(X )

Area Ezercises. Let X be homeomorphic to Y x S, where Y is a closed
orientable surface with the Euler number y.

(a) Let x > 0, Se(X) > 2 and show that there exists a surface Y, ¢ X
homologous to Y x {sg}, such that area(Y,) < 477@

(b) Let x <0, Se(X) > -2 and show that all surfaces Y, € X homologous to
Y x {so} have area(Y,) > -2mwy.

(c) Show that (a) remains valid for complete manifolds X homeomorphic to

Y x RE]

¥ <°diml Schoen-Yau Codimension 1 Descent Theorem, [SY (structure)
1979]. Let X be a compact orientable n-manifold with Sc > 0.

38Regularity of volume minimizing hypersurfaces in manifolds X of dimension n < 7, as we
mentioned earlier, was proved by Herbert Federer in [Fed(singular) 1970|, by reducing the gen-
eral case of the problem to that of minimal cones resolved by Jim Simons in [Simons(minimal)
1968].

39 BurTop(curvature bounded above)1973],0n 3-dimensional Riemannian spaces with cur-
vature bounded above.

40See [Zhu(rigidity) 2019] for a higher dimensional version of this inequality.

411 haven’t solved this exercise.
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If n <7, then all integer homology classes h € H,_1(X) are representable
by compact oriented (n — 1)-submanifolds Y in X, which admit metrics with
Sc> 0.

Proof. Let Y be a volume minimizing hypersurface representing h, the ex-
istence and regularity of which is guaranteed by a Federer 1970—theorenﬁ and
recall that by [**] inthe A+ %SC(Y) is positive. Hence, the conformal
Laplace —A + ~,S¢(Y) is also positive for v, = 471”—__21 < % and the proof follows
by Kazdan-Warner conformal change theorem.

Y1« Mapping to the Torus Corollary. If a closed orientable n-manifold
X admits a map to the torus T™ with non-zero degree, then X admits no metric
with Sc> 0.

Indeed, if a closed submanifold Y™ ! is non-homologous to zero in this X
then it (obviously) admits a map to T""! with non-zero degree. Thus, the
above allows an inductive reduction of the problem to the case of n = 2, where
the Gauss-Bonnet theorem applies.

SYS-Manifolds. Schoen and Yau say in [SY(structure) 1979 that their
codimension 1 descent theorem delivers a topological obstruction to Sc¢ > 0 on
a class of manifolds, which is, even in the spin case, is not covered by the
twisted Dirac operators methods.

This claim was confirmed by Thomas Schick, who defined, in homotopy
theoretic terms, integer homology classes in aspherical spaces, say h € H,(X)
and who proved using the codimension one descent theorem that these h for
n <7 can’t be dominated by compact orientable n-manifolds with Sc > 0.

In more geometric terms, the n-manifolds X, to which Schick’s argument
applies, we call them Schoen-Yau-Schick, can be described d as follows.

A closed orientable n-manifold is Schoen- Yau-Schick if it admits a smooth map
f:X - T" 2, such that the homology class of the pullback of a generic point,

h=[f"()] € H2(X)

is non-spherical, i.e. it is not in the image of the Hurewicz homomorphism
m(X) = Ha(X).

Then Schick’s corollary to Schoen-Yau’s theorem reads.

¥ sy s Non-existence Theorem for SYS Manifolds. Schoen- Yau-Schick
manifolds of dimensions n <7 admit no metrics with Sc > 0.

(b) Exercises. (by) Construct examples of SYS manifolds of dimension n > 4,
where all maps X — T" have zero degrees.

Hint: apply surgery to T™.

(ba) Show that if the first homology group Hi(X) of a SYS-manifold has no
torsion, then a finite covering of X admits a map with degree one to the torus
.

(¢) The limitation n < 7 of the above argument is due a presence of singu-
larities of minimal subvarieties in X for dim(X) > 8.

42|Federer(singular) 1970]: The singular sets of area minimizing rectifiable currents with
codimension one and of area minimizing flat chains modulo two with arbitrary codimension.

43 A smooth connected n-manifolds X is spin if the frame bundle over X admits a double
cover extending the natural double cover of a fiber, where such a fiber is equal to the linear
group, (each of the two connected components of) which admits a a unique non-trivial double
cover GL(n) - GL(n).
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If n = 8, these singularities were proven to be unstable by Nathan Smale;
this improves n <7 to n <8 in Ysys

More recently, as we mentioned earlier, the dimension restriction was re-
moved for all n by Lohkamp and by Schoen-Yau; the arguments in both papers
are difficult and I have not mastered them [*]

Although the Dirac operator arguments don’t apply to SYS-manifolds, they
do deliver topological obstructions to Sc > 0, which, according to the present
state of knowledge, lie beyond the range of the minimal surface techniques. Here
is an instance of this.

® Akg Quasisymplectic Non-Existence Theorem. Let X be a compact
® Ak -manifold of dimension n = 2k, i.e. X is orientable and it carries a closed
2-form w (e.g. a symplectic one) such that [, w” # 0, and such that the lift & of
w to the universal covering X is ezact, e.g. X is contractlble.

Then X admits no metric with Sc > 0.

This applies, for instance, to even dimensional tori, to aspherical 4-manifolds
with H*(X,R) # 0 and to products of such manifoldﬁ but not to general SYS-
manifolds.

Idea of the Proof. Assume without loss of generality that w serves as the
curvature form of a complex line bundleL — Xand let L - X be the lift of L to
the universal covering X — X.

Since the curvature & of L, is exact the bundle Lis topologically trivial,
hence it can be represented by k-th tensorial power of another line bundle,

L=(L*)%k,

where the curvature of L¥ is %(:) By Atiyah’s Ly-index theorem, there are non-

zero harmonic Lo-spinors on X twisted with L% for infinitely many k, but the
twisted Schroedinger-Lichnerowicz-Weitzenboeck-(Bochner) formula applied to
large k doesn’t allow such spinors for S¢(X > o > O.

Ezercise. Show that if X is ®,.k5, then the classifying map X — B(II),
where B(IT) = K (II,1) is the classifying space for the group II = 71 (X), sends
the fundamental homology class [X] to a non-torsion class in H, (B(II)).

Problem. Is there a unified approach that would apply to SY S-manifolds
and to the above ®,rgz-manifolds X, e.g. symplectic ones with contractible
universal coverings?

For instance,

do products of SY S and ® ,rg-manifolds ever carry metrics with positive

scalar curvatures?

44See [Smale(generic regularity) 2003|, SY (singularities) 2017], [Lohkamp(smoothing) 2018]
and section [3.6.1] -

451t’s enough to have X spin.

46Recently, Chodosh and Li proved that

compact aspherical manifolds of dimensions 4 and 5 admit no metrics with positive scalar
curvatures. (See [Chodosh-Li(bubbles) 2020|, [G(aspherical) 2020] and section??)

But this remains problematic for products of pairs of aspherical 4-manifolds.

47 Atiyah’s theorem from [Atiyah(L2) 1976] needs a slight adjustment here, since the action
of the fundamental group I" = 71 (X)) on X doesn’t lift to L+ ; yet the fundamental group of the

(total space) of the unit circle bundle of L does naturally act on L*. Also, there is no difficulty
in extending Lichnerowicz’ vanishing argument to the Lo case, see §9§ in |G(positive) 1996].
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2.8 Warped T*-Stabilization and Sc-Normalization

Many geometric properties of Riemannian manifolds X = (X, g) implied by the
inequality Sc(g) > o follow (possibly in a weaker form) from the same inequality
for a larger manifold, say X*, that, topologically, is the product of X with the
a torus, X* = X x TV for some N =1,2,..., where the Riemannian metric g* on
X* is invariant under the action of TV and where X*/T¥ is isometric to X.

Surface Examples. Let X = (X, g) be a closed surface and g* be a TV-
invariant metric on X x TV, such that

(X TV, ¢")/T = (X, 9).

(a) Sharp Equivariant Area Inequality. If Sc(g*) > o >0, then a special
case a theorem by Jintian Zhu[™] says that

the area of X is bounded the same way as it is for Sc(g) > o,
area(X) < 81
o

Moreover,
the equality holds only if X* is the isometric product X x TN .
(b) (Weakened) T*-Stable 2d Bonnet-Myers Diameter Inequality. If
Sc(g*) > o, then

) N+1 2m
[BM D] diam(X) <2y / N 20 < 7

Proof. Given two points z1,z2 € X, take two small e-circles Y_; and Y
around them, let X, ¢ X be the band between them and and apply (the rela-

19

tively elementary T™-invariant case of) the 2T’T—Inequality from section H

Non Trivial Torus Bundles. The inequality [BMD] is valid for (all) Rieman-
nian (N + 2)-manifolds X* with free isometric TV -actions:

if Se(X*) 20 >0, then diam(X*/TN) < 2m/(N +1)/(N +2)o.

In fact, the above proof applies, since, topologically, the part of X* that lies
over the band X. c X is the product, X, x TV.

It is unclear, however, if the areas of X */T™ are bounded in terms of Sc(X*)
for all such X*.

And, as we shall see later, possible non-triviality of torus bundles create
complications for other problems with scalar curvature.

General Question. The above examples suggests that quotients X of man-
ifolds X* with Sc(X™) > o under free isometric actions of tori have similar
geometric properties to those of manifolds which have Sc > o themselves. But
it is unclear how far this similarity goes.

Ezample. let X be a closed surface and X = X x T! be a warped product

as described below.
Does the inequality Sc¢(X™) > 2 yield an upper bound on all of geometry of X?

48See [Zhu(rigidity) 2019] and ??, ?? for related inequalities.
49 Also see §2 in [G(inequalities) 2018] and the proof of theorem 10.2 in [GL(complete) 1983].
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For instance,
is there a bound on the number of unit discs needed to cover X?

(If Se(X) > 2, then X admits a distance decreasing homeomorphism from
the unit sphere S2, that can be constructed using the family of boundary curves
of concentric discs with center at some point in X.)

Warped Products. As far as geometric applications are concerned, the rel-
evant X* are (iterated) warped products, we denote them X™ and call warped
TN -extensions of X, that are characterized by the existence of isometric sections
X - X" for X* - X = X*/TV.

Clearly, metrics g™ on these X™ are

9" =g+l (x)dty + g3 (x)dt; + .. + PR (2)dt]y

for some positive functions ¢; on X.
Among these we distinguish O(N)-invariant warped extensions, where the
ZN covering manifolds X* = X x RY, where

X*|zN = x>,

are invariant under the action of the orthogonal group O(N). Thus, X are
acted upon by the full isometry group of RY, that is RY x O(N).

Equivalently, the metric in such an X™ is a "simple" warped product: g* =
g+ @2d||t]]? for t = (t1,ta,...,tx), the scalar curvature of which, as we know, [2.4
is

. ON N(N -1
Se(a”)(w.1) = Se(X)() = 25 Bp(w) - TG
and which is most simple (and useful) for N = 1, where
(] Se(g*) (1) = Se(X)(@) - < Ayio(e).
p(x)

for the Laplace (Beltrami) A, on X = (X, g).

[X¢]N—Symmetrization Theorem. Let X = (X,g) be a closed oriented
Riemannian manifold of dimension n=m + N and let

XoX 10..0X ;0..o0X_n,

be a descending chain of closed oriented submanifolds, where each X_; ¢ X is equal
to a transversal intersection of X_(;_1y with a smooth closed oriented hypersurface
Hi c X,

H;n X,(Z-,l) =X

If n <7, then

there exists a closed oriented m-dimensional submanifold Y ¢ X homologous
to X_n and a warped product T -extension Y™ of Y = (Y, h) for the Riemannian
metric h on'Y induced from g on X, such that the scalar curvature of Y™, that
is, being TN -invariant, is represented by a function on'Y , is bounded from below
by the Scalar curvature of X on'Y c X,

Sc(Y™,y) 2 Se(X,y), yeY.
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Proof. Proceed by induction on codimension ¢ = 1,2,,....N and construct
submanifolds
XoYi2..0Y,o..0Yy=YcX

as follows.

At the first step, let Y7 ¢ X be a volume minimizing, hence stable, hyper-
surface homologous to X_; where, the positivity of the second variation implies
the positivity of the

A+ %(Sc(Yl) — Se(X)y,.,

for the Laplace A = Ay, on Y7 with the metric h; induced from X and let ¢; >0
be the first eigenfunction of this with the positive eigenvalue \;, thus

-8 = (A= S(SeVohn) - Se(X)) ) v

Here, let 7} (y) = hyi(y) +12dt? be the warped product metric on Y; x T! and
observe

2
Se(hi,y) =Sc(hy,y) - EAwl =Se(X,y) + 2.

Then, at the second step, let Y5 c Y7 be a hypersurface, such that Y5 x T! ¢
Y} x T is volume minimizing for the metric h}, which is equivalent for Y5 to be
volume minimizing in Y; with respect to the metric ¢l11h1 for [y = %

Thus we obtain Yy, where the corresponding metric on Yy x T? is

iy + dt? + p3dts.

Repeating this N — 2 more times, we arrive at Y3, and an (iterated) warped
product metric
N
Ry + Y ¢7dt? on Y, x TV,
i=1
which can be symmetrised further to the required h* by applying the above
infinitely many times to hypersurfaces Y3 x TV~! c Y}, x TV for all subtori
TNt c Y = TNE (The luxury of the extra O(N)-symmetry is unneeded for
most purposes.)

Ezxercise. Apply [N@]N -symmetrization to n-manifolds with isometric T" 2-
actions and prove the above equivariant area inequality by reducing it to the
warped product case that was already settled in section [2.4.1

Symmetrization by Reflections and Convergence Problem. Let Y be a closed
minimal co-orientable (i.e. two sided) hypersurface in a Riemannian manifold. If
Y is locally volume minimizing, then it admits arbitrarily small neighbourhoods
V.2 Y in X with smooth strictly mean conver boundaries. Then by reflecting
such a varepsilon in the two boundary components, one obtains manifolds V.
with isometric actions of Z x Zs.

If these Y are non-singular, e.g. if dim(X) < 7, then one can take solutions of
the isoperimetric problem for these V., where one minimize the volumes of both
components of the boundaries of V per given (small) volume contained between
them and Y. In this case, VE, € = 0, converge to smooth Riemannian manifolds

50See in, §12[GL(complete)1983], [G(inequalities) 2018] and also the sections [3.6] ?? for
details of this argument and for generalizations.
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V> with isometric actions of R and with their scalar curvatures bounded from
below by Se(X)]|y.

If Y is singular, the boundaries of these V., even if singular, |E| can be
smoothed with positive mean curvatures, but it is unclear if they converge to a
reasonable object for ¢ — 0: what is missing for convergence is a Harnack type
inequality for the boundary components of 91,92 c OV, that is a uniform bound
for the ratios of the distances

—_— Y,
dist(y’,@i)’y’y <

i=1,2, and /or of distances dist(x,z',Y), x,2" € 0;.

Notice, that "symmetrization by reflections", albeit open to generalizations
to singular Y, is not, apparently, applicable, to stable u-bubbles Y, where the
warped product construction does apply.

Symmetrization versus Normalization. T*-Symmetrization of metrics g typ-
ically) makes their scalar curvatures constant by paying the price of modification
of the topology of the underlying manifolds, X ~» X x T*!.

As far as sets of "interesting" maps between Riemannian manifolds are con-
cerned a similar effect effect is achieved by keeping the same manifold X but
modifying the metric by g = g(z) ~ ¢° = ¢°(x) = Se(X, x)g(x).

In fact, we shall see later in many examples, that

there is a close (but not fully understood) similarity between the sets of A°-
Lipschitz maps (X, g°) = (Y,h°) and of T'-equivariant \*-Lipschitz maps (X x
T, ") = (Y x T, h*) for A\° and \* related in a certain way.

2.9 Positive Eigenfunctions and the Maximum Principle

Let X be a compact connected Riemannian manifold and let

Af =Y Vif =traceHessf = divgradf
denote the Laplace (Beltrami) on X, which, recall, is a negative , since

/}((f,Aﬁde:—/X||gradf||2dm§0

by Green’s formula.
Non-Vanishing Theorem. Let s(x) be a smooth function, such that the

L=Ls: f(zx) » -Af(x) +s(2x) f(2)

is non-negative, that is [ (f(x),Lf(x))dx >0 for all f or, equivalently, if L the
lowest eigenvalue X = A5, is 20
Then

the eigenfunction f(x) associated with X\ doesn’t vanish anywhere on X.

511f n = 8, then, by adapting Nathan Smale’s argument, one can show that these V. are
non-singular for an open dense set of values of ¢; but this is problematic for n > 9.

52See §8 in [G(billiards) 2014], §4.3 in [G(inequalities) 2019] and section ?? for more about
all this.

53This is equivalent since our L has discrete spectrum.
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Start with two lemmas.

1. C'-Lemma. If the minimal eigenvalue of the f(z) ~ Lf(x) = -Af(z) +
s(x)f(x) on a compact Riemannian manifold is non-negative, A = Apin > 0, then
the absolute value |f(x)| of the eigenfunction f associated with X is C'-smooth.

2. A-Lemma. Let f(x) be a non-negative continuous function on a Riemannian
manifold, such that
(i) f(x) vanishes at some point in X,

f(ﬂ?o) :O, o EX,

(ii) f(x) is not identically zero in any neighbourhood of the point zg € X,

(iii) f(x) is everywhere C'-smooth and it is C2-smooth at the points = where
it doesn't vanish.

Then there exists a sequence of points x1,xs,... € X convergent to xg, where
f(xz;) >0 and such that

Af(xi)
f(xi)

— 00, for i — oo.

Derivation of Non-vanishing Theorem from the Lemmas. Since |f] is C by
the first lemma, the A-lemma, applied to |f(z)|, shows that there exists a point
x, where f(x)#0 and

Af(2) _ Alf(2)
f@ @)

that is incompatible with —Af(x) + s(x) f(z) = Af(x) >0 for A > 0.
Proof of C'-Lemma. Recall that the eigenvalues of the L = L, = ~A + s are
equal to the critical values of the energy functional

E(f) = fX(Ilgradf(:E)ll2 +5(2)) f*(w)da

> |s(z)];

on the sphere
2 2
= d = 1
IR = [ s()da

in the Hilbert space Lo(X) and the critical points of E are represented by
eigenfunctions
Indeed,

B(f) = (f.Lf) = [ (f@).Lf(2))de

by Green’s formula and the differential of the quadratic function f ~ (f, Lf) on
the sphere ||f]|?> =1 is

(dE)f(7) = (1, Lf) for all for all 7 normal to f.

Thus, vanishing of dE at f on the unit sphere says, in effect, that Lf is a
multiple of f,i.e. Lf =M\f.

All this makes sense in the present case, albeit the space Lo(X) is infinite di-
mensional and L an unbounded, because L is an elliptic operator, which implies,
for compact X, that
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the spectrum of L is discrete, bounded from below and all eigenfunctions are
smooth.

In particular — this is all we need,

all minimizes of E(f) on the unit sphere, that are, a priori, only Lipschitz
continuous, are smooth

Now, observe that,

taking absolute values of smooth functions f(x) — |f(x)| doesn’t change their
energies, as well as their Ly-norms,

WAl =161 =/ [ 7P @),
E(f) =B = [ leradlf(@)|P + s(@)|(x)da.

Indeed, absolute values |f|(x) are Lipschitz for Lipschitz f, hence, they are
almost everywhere differentiable functions, such that grad|f|(z) = +gradf(z) at
all differentiability points z of |f|.

It follows that the absolute value of the eigenfunction f with the smallest
energy E(f) = A\pin is also a minimizer; hence, this |f| is smooth. QED.

Poof of A-Lemma. The common strategy for locating points x € X with
"sufficiently positive" second differential of a function f(z) is by using simple
auxiliary functions e(x) with this property and looking for minima points for
f(x) —e(z).

The basic example of such a function e(z) in one variable is e~

"

T x>0, for
large C', where < = C?, and where observe that the ratio %’,' = C also becomes
large for large C.

It follows that that the Laplacians of the corresponding radial functions in
small R-ball B,(R) in Riemannian manifolds X,

C

e(z) = ec(x) = ey o(x) = e ™ for r,(z) = dist(y,z) <R
satisfy
Ae(z) > C?e(z) - C - mean.curv(dBy(r), z) for r = r,(x) = dist(y,z)

Now, in order to find a point x close to a given xg € X where f(x) =0, take
y € X very close to xo, where f(y) >0, let By(R) c X be the mazimal ball, such
that f(«) >0 in its interior, let

e(z) = ec(x) = e Cmv(@) _ o CR

and observe that e(z) vanishes on the boundary of the ball B, (R) and is strictly
positive in the interior. Moreover

e(x) 2 ep,

for all = on the geodesic segment between y and xy within distance > p from xg
for all pg < R.

54Recall that our "smooth" means C* and all our Riemannian manifolds are assumed
smooth.
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Notice that this € = ¢ albeit strictly positive, tends to zero for C' — oo.

Assume without loss of generality that x¢ is the only point in B, (R) where
f(x) vanishes (if not, move y closer to z( along the geodesic segment between
the two points), let C be very very large and see what happens to f(x) and e(z)
in the vicinity of zg € 9B, (R), say in the intersection

Up = By(R) n By, (R/3).

Observe the following.

e Since f(z) >0 for x € By(R), x # x¢, and since ec(z) - 0 for C' - oo for
ry(z) = dist(y,x) > ro > 0, the function e(x) = ec(x), for large C, is bounded
by f(z) on the boundary of Uy,

6(1‘) < f(x)a z € 9o,

where e(z) < f(x) unless x = xy.

e Since f is differentiable at zo and assumes minimum at this point, the
differential df vanishes at g, which makes f(x) = o(p) for p = dist(x, zp), there
is a part of (the interior of) Uy, where e(z) > f(x).

Hence, the difference f(x) — e(x) assumes minimum at an interior point
x = xy,c € Up, such that z = zy,c - 29 for C - oo and

Af(x) | Ae()
f@) ~ e(w)

The proof of the A-lemma and of the non-vanishing theorem are thus concluded.

Discussion. The non-vanishing theorem, which, probably, goes back to
Rayleigh, is often used without being even explicitly stated as, for instance,
by Kazdan and Warner in their "conformal change" paper. But I couldn’t find
an explicit reference on the web, except for the paper by Doris Fischer-Colbrie
and Rick Schoen, where they prove such a non-vanishing for non-compact man-
ifolds needed for their

non-existence theorem for non-planar stable minimal surfaces in R3.

Their argument relies on the "strong mazimum principle” for the L, for which
they refer to pp. 33-34 of the canonical Gilbarg-Trudinger textbook, where the
relevant case of this principle is stated (on p. 35 in the 1998 edition which is
available on line) after the proof of theorem 3.5 as follows.

"Also, if u =0 at an interior maximum (minimum), then it follows from the
proof of the theorem that u = 0, irrespective of the sign of ¢."

(The assumptions of the theorem specifically rule out ¢ with variable signs,
where this ¢ = ¢(x) is the coefficient at the lowest term in the equation Lu =
a’(x)Diju+b"Dyu+ c(z)u = 0 introduced on p. 30.)

What is actually proven in this book on about twenty lines on p. 34, is a
version of "A-lemma" for L.

In our proof, we reproduce what is written on these lines, except for "direct
calculation gives" that is replaced by an explicit evaluation of Ae(x) |E|

55In truth, the only non-evident aspect of the argument resides with the identities
(e7€*) = —Ce ©® and (e ©®)" = (-Ce ©%) = (C2e C* with the issuing inequalities
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The following (obvious) corollary to the non-vanishing theorem will be used
for construction of stable symmetric p-bubbles in sections 77, 77.

Uniqueness/Symmetry Corollary. If X is compact connected, then the
lowest eigenfunction f of the L is unique up to scaling. Consequently, if L
is invariant under an action of an isometry group on X, then, even if X is
disconnected, there exists a positive [ invariant under this action.

Ezercises. (a) Multi-Dimensional Morse Lemma. Show that two non-
coinciding volume minimizing hypersurfaces in the same indivisible homology
integer homology class of an orientable manifold X have empty intersection and
that, consequently, volume minimizing hypersurfaces must be invariant under
symmetries of XE

(b) Generalize this to p-bubbles, that are boundaries of domains V in a
Riemannian manifold X that minimize the functional

V - wvol,—1(0V) - [/ w(x)dz

for a smooth function p(x). (Unit spheres S 'R™ are not minimizing u-bubbles
for pp=(n-1)dz.)

(b) Courant’s Nodal Theorem. Show that the that is the number of
connected components of the complement to the "k-th nodal set", i.e. the zero
set of the k-th eigenfunction of L = L = A+ s on a compact connected manifold,
can’t have more than k connected components.

Question. Is there a counterpart to this for non-quadratic functionals in
spaces of functions, or, even better, spaces of hypersurfaces?

3 Dirac Operator and Scalar Curvarure

3.1 Spin Structure, Dirac Operator, Index Theorem, A-
Genus, a-Invariant and Simply Connected Manifolds
with and without Sc>0

Let L — X be a real orientable vector bundle of rank r and FF — X be the
oriented frame bundle of L. If r > 2 the fundamental group of the fiber F, =

(e7C®)" 5> e=C% and (e=€®)" >> [(e=©®)’|, which can’t be done by just staring at the ex-
ponential function. (The appearance of e®, that is an isomorphism between the additive R
and multiplicative R} with all its counterintuitive properties, is amazing here — there is noth-
ing visibly multiplicative in A; besides, the geometric proof of the existence of e* via the
conformal infinite cyclic covering map C — C\ {0} and analytic continuation is non-trivial.)

The rest of the proof is geometrically effortless: you just look at the graph I'e of the function
e(z) = exp-C-dist(y,z) in a small R-ball B c X outside zero set of f with the center of your
choice, such that B touches this set at zg, and let C' = C; — oco. Then you see a tiny region in
this ball close to xg, where I'e mounts above I'y, and you take the point in X just under the
top of this mountain, i.e. where the distance measured vertically between the two graphs is
maximal, for you z = x;.

56This was used by Marston Morse to show that

if the (n—1)-dimensional homology group of some covering of a compact Riemannian n-manifold,
doesn’t vanish then the universal covering X of X contains an infinite minimal hypersurface the
image of which under the covering map X — X is compact.

Morse was concerned in his paper "Recurrent Geodesics on a Surface of Negative Curvature"
with the case of n = 2 but his argument, transplanted to the environment of the geometric
measure theory, applies to manifolds of all dimensions n.
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SL(k) is infinite cyclic and if k£ > 3 this group is cyclic of order 2. In both cases,
F' comes with a canonical double cover F, - F,,.

The bundle L is called spin, if F, — F, extends to a double cover F' - F,
and smooth orientable manifold X is spin if its tangent T(X) bundle is spin.

Extension of the covering F, > F,, if it exists, is, in general, non-unique. In
the case of of L =T(X) such an extension is called a spin structure on X.

When you speak of spin, it is common in geometry and for a good reason,
to reduce the structure group of L from SL(r) to SO(r) c SL(r) and to deal
with the orthonormal frame bundle OF — X instead of F', where the double
cover group SO(r) = OF, is called spin group Spin(r).

Ezxample. The tangent bundle of the 2-sphere is spin, but the Hopf bundle
over S? is not, since OF, that is S3 for the Hopf bundle, is simply connected.

Similarly — this an exercise in elementary topology,

an oriented bundle L of rank two over an oriented surface X is spin if and only
if its Fuler class, that is the self-intersection number of X c L is even; if X is
non-orientable, then L is spin if the second Stiefel-Whitney class, that is the self-
intersection number mod 2 of X c L vanishes. In either case L is spin if and only if
the Whitney sum of L with the trivial line bundle I ~ X xR! is trivial, L&l ~ X xR3.
In general,

a bundle L over a manifold X of dimension n > 3 is spin, if and only if its
restriction to all surfaces in X is spin, which is again equivalent to the vanishing of
the second Stiefel-Whitney class wg(L)E

Half-spin Bundles. There exit two (remarkable) irreducible unitary represen-
tations of the group Spin(r) for r = 2k of complex dimensions 2871, say S*(r).
Accordingly, Riemannian spin manifolds, (i.e. with spin structures on them) X
support two Spin(n) bundles S* with the fibers S*(r) that are associated with
principal spin bundle SO - X for the double covering representing the spin
structure on X. We let S=S* @S~ and call this S the spin bundle[|

The Dirac operator

D:C®(S) » C=(S)

is a first order differential operator constructed in a canonical geometrically
invariant way universally applicable to all X (see section ).

This is an elliptic selfadjoint operator, which interchanges C'*(S*) and
C*(S™) where the operators

D" :C®(S")>C (S)and D™ : C*(S7) - C(S")

are mutually adjoint.
We explained already in section how, following Lichnerowicz, that the
Atiyah-Singer index theorem for the Dirac’s D and the S-L-W-(B) identity

1
D?*=v*+-8
\Y 1 c,

57The value of wo(L) € H2(X;Z2) on a homology class h € H?(X;Z2) is, almost by def-
inition, equal to zero if and only if the restriction of L to surfaces in X that represent h is
trivial.

Geometrically, the double cover Fy, — F, extends to F over the complement to a subvariety
3 ¢ X of codimension two, the homology class of which is Poincare dual to w2(X). This
3 c X is waht stands on the way of applying Dirac theoretic methods to non-spin manifolds.

581n reality, S comes first and then splitting S™ @ S* follows, see section
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imply that

there are smooth closed simply connected manifolds X of all dimensions n = 4k,
k=1,2,..., that admit no metrics with S¢ > 0.

The simplest example of these for n = 4 is the Kummer surface Xk, given
by the equation
zil+z§+z§‘+z2:0

in the complex projective space CP3.

In fact, all complex surfaces of even degrees d > 4 as well as their Cartesian
products, e.g Xky X ... x Xy admit no metrics with Sc> 0.

Also we know that the Atiyah-Singer Zs-index theorem of 1971 allowed an
extension of Lichnerowicz’ argument to manifolds of dimensions 8k+1 and 8k+2,
e.g. to exotic spheres in

Hitchin’s theorem: there exist manifolds ¥ homeomorphic (but no diffeo-
morphic!) to the spheres S™, for all n =8k +1,8k+2, k=1,2,3..., which admit no
metrics with Sc¢ > 0.

(What makes the differential structures of Hitchin’s topological spheres ¥
incompatible with Sc¢ > 0 is that to these 3 are not boundaries of spin manifolds.)

The actual Lichnerowicz-Hitchin theorem says that if a certain topological
invariant &(X) doesn’t vanish, then X admits no metric with Sc > 0, since, by
the Atiyah and Singer index formulaeﬂ

&(X) # 0= Ind(D|x) # 0= 3 harmonic spinor # 0 on X,

which is incompatible with the identity D? = v2 + 1 Sc for Sc(X) >0

Conversely,

& if X is a simply connected manifold of dimension n > 5, and if &(X) =0,
then, an application of "thin surgery" (see section ?7) to suitably chosen generators
O(n)- and Sp(n)- cobordism groups in dimensions n > 5, where these generators
carry metrics with Sc > 0, yield@ that X admits a metric with positive scalar
curvature.

Thus, for instance

all simply connected manifolds of dimension n+0,1,2,4 mod 8 admit met-
rics with Sc > OE since &(X) =0 is known to vanish for these n@

Topology of Scalar Flat. By Yau’s solution of the Calabi conjecture, the
Kummer surface admits a metric with Sc =0, even with Ricci = 0, but there is

59The Dirac operator is defined only on spin manifolds; we postulate at the present moment
that &(X) =0 for non-spin manifolds X.

(In fact, if n = dim(X) = 4k, this &(X) is a certain linear combination of the Pontryagin
numbers of X, called A-genus and denoted A[X].

Accidentally, since all compact homogeneous spaces X = G/H, except for tori, support
metrics with Sc > 0, Lichnerowicz’ theorem says that they either non-spin or A[X]=0.)

60|GL(classification) 1980], [Stolz 1992].

611f dim(X) = 3, this follows from Perelman’s solution of the Poincaré’ conjecture.

62 As far as the exotic spheres ¥ are concerned, these ¥ admit metrics with Sc > 0 if and
only if &(X) =0, i.e. if ¥ bound spin manifolds, which directly follows by the codimension 3
surgery of manifolds with Sc > 0 described in [SY(structure) 1979] and in [GL(classification)
1980]. Moreover, many of these ¥, e.g. all 7-dimensional ones, admits metrics with non-
negative sectional curvatures but the full extent of "curvature positivity" for exotic spheres
remains problematic (see [JW (exotic) 2008| and references therein.
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no metrics with Sc =0 on Hitchin’s exotic spheres X..
In fact,

if a compact simply-connected scalar-flat manifold X of dimension > 5 admits
no metric with Sc > OE then there are cohomology classes a € H*(X) and
B e H*(X), such that

{expa v expf ~ pi1(X)) #0,

where p1(X) is the first Pontryagin number, [Futaki(scalar-flat)1993], [Des-
sai(scalar flat) 2000].

And if X is non-simply connected then

a finite covering of X isometrically splits into the product of a flat torus and
the above kind simply connected manifold,

as it follows from Cheeger-Grommol splitting theorem + Bourguignon-Kazdan-
Warner perturbation theorem.

A Few Words on n =4 and on m; # 0. If n =4 then, besides vanishing of
the &-invariant (which is equal to a non-zero multiple of the first Pontryagin
number for n = 4), positivity of the scalar curvature also implies the vanish-
ing of the Seiberg-Witten invariants (See lecture notes by Dietmar Salamon,
[Salamon(lectures) 1999]; also we say more about it in section ?7).

If X is a closed spin manifold of dimension n > 5 with the fundamental group
m1(X) =11, then, again by an application of the thin surgery,

the existence/non-existence of a metric g on X with Sc(g) > 0 is an invariant
of the spin bordism class [X s, € bord,, (BII) in the classifying space BII,

where, recall, that (by definition of "classifying") the universal covering of BIT
is contractible and 71 (BII) = II. @

There is an avalanche of papers, most of them coming under the heading of
"Novikov Conjecture", with various criteria for the class [X],p,, and/or for the
corresponding homology class [X] € H,, (BII) (not) to admit g with Sc(g) > 0
on manifolds in this class, where these criteria usually (always?) linked to
generalized index theorems for twisted Dirac operators on X with several levels
of sophistication in arranging this "twisting".

Yet, despite the recent progress in this direction for dimensions 4 and 5|E|
proving/disproving the following for n > 4 remains beyond the present day
means.

(Naive?) Conjecturem If a closed oriented n-manifold X admits a continu-

ous map to an aspherical space BE such that the image of the rational fundamental
homology class of [ X ]g in the rational homolog@ H,(B;Q) doesn't vanish, then

63These X are Ricci flat, [Bourguignon (these) 1974], [Kazdan[complete 1982].

64See lecture notes [Stolz(survey) 2001].

65See [Chodosh-Li(bubbles) 2020], [G(aspherical) 2020] and section ??

66The case n = 3 follows from the topological classification of compact 3-manifolds X with
positive scalar curvature these are connected sums of quotients of spheres S® and products
S2 x St by finite isometry groups [GL(complete) 1983],[Ginoux(3d classification) 2013].)

67This, as many other our conjectures, is based on a limited class of examples with no idea
of where to look for counter examples.

68That is the universal covering of B is contractible, hence, B is B(II) for II = 7 (B).

69Bernhard Hanke pointed out to me that non-vanishing of this image in homology with
finite coefficients, e.g. for finite groups II, may also prohibit Sc > 0, but this remains obscure
even on the level of conjectures.
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X admits no metic g with Sc(g) > 0.

(We shall describe the status of this problem together with the Nowvikov
congjecture in section 77.)

3.2 Unitary Connections, Twisted Dirac Operators and
Almost Flat Bundles Induced by e-Lipschitz Maps

We turn now to twisted Dirac operators Dgy, that act on tensor products S® L
for vector bundles L — X with linear (most of the time, unitary) connections
V.

One can think of such a Dgy, as an infinitesimal family of D-s parametrized
by L, where the action takes place along S with no differentiation in the L-
directions.

For instance if L = (L, V) is a trivial flat bundle, L = X x Ly, where Lg is a
vector space (fiber), then C*(S® L) = C*°(S) ® Ly and the Dgr, doesn’t act on
L at all:

Der(f®1)=D(f)®1 for all vectors [ € Lg.

In general, the Dy, differs from that in the flat case by a zero order term,
which is, bounded by the curvature of L and, strictly speaking, is defined only
locally, where the bundle L is topologically trivial. But exactly this impossibility
of global comparison of Dgr, on C*(S® L) with D on C*(S) ® Ly creates a
correction term in the index formula.

This correction, unlike the background operator D, carries no subtle topo-
logical information about X, such as A(X ) for n = 4k, which is not a homotopy
invariant for n > 4 and even less so about &(X) for n = 8k + 1,8k + 2, which is
not even invariant under p.l. homeomorphisms and which is far removed from
anything even remotely, geometric about X, while the topology (Chern classes)
of L reflects the area-wise size of the metric g on X, which, in turn, influences
homotopy theoretic properties of X linked to the fundamental group.

The following definition gives you a fair idea of what kind of properties these
are.

Profinite Hypersphericity. A Riemannian n-manifold X is profinitely hyper-
spherical if

given an ¢ > 0, there exists an orientable finite covering X = Xs, which admits

an e-Lipschitz map between [°) X — S™ of non-zero degree.

This property of compact manifolds (the definition of this hypersphericity
extends too open manifolds) doesn’t depend on the Riemannian metric on X.
Moreover

If X, is profinitely hyperspherical and X5 admits a map of non-zero degree to
X then, obviously, X5 is also profinitely hyperspherical; in particular, this property
is a homotopy invariant of X.

Example. Manifolds X, which admit locally expanding self-maps E: X - X,
e.g. the n-torus T", where the endomorphism ¢ — Nt locally expands the metric
by IV, are profinitely hyperspherical.

7OA map between metric spaces, f : X — Y, is e-Lipschitz if disty (f(z1), f(z2)) <
edistx (z1,x2) for all 1, z2 € X. For instance, "1-Lipschitz" means "distance non-increasing".

e-Lipschitz for smooth maps f between Riemannian manifolds is equivalent to ||d(f(z)|le,
reX.
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Indeed, such an E defines a globally expanding homeomorphism, call it E’,
from X onto a finite covering X = X(E), where the inverse map E1: XX
contracts as much as F expands.

Therefore, the covering corresponding to the i-th iterate of E comes with
an g;-Lipschitz map to X, where ¢; - 0 for ¢ - oo and compositions of these
with a map X — S™ of non-zero degree also have deg # 0, while their Lipschitz
constants go to zerom

Now, if you recall Atiyah-Singer index theorem for the twisted Dirac operator
and Dg, and the (untwisted) S-L-W-(B) formula D? = vV* + iS(rj you arrive
at the following.

[Sc # 0]: Provisional PropositionmCompact orientabl@ profinitely hy-
perspherical spin manifolds X of all dimensions n support mo metrics with
Sc>0.

Proof. This is obvious once said. Indeed, a simple special case of the Atiyah-
Singer index theorem says that,

if a complex vector bundle L of rank k over a compact orientable spin Rieman-
nian manifold X of dimension n = 2k, has non-zero Euler (Chern) number, that
is the self-intersection index of the zero section X —<— L, then

the twisted Dirac Dgr, : C®(S® L) - C*(S® L) has non-zero kernel, for all
linear connections in L, provided,

the number k& is odd, and the restriction of L to the complement to a point in
X is a trivial bundle[™]

Then, by elementary algebraic topology,
the 2k-sphere supports a complex vector bundle of rank k, say L - S%*, which
has non-zero Euler (Chern) number,

and
bundles L = f*(L) - X induced from L by continuous maps f: X — S?* have
their Euler numbers e(L) = deg(f)e(L).

It follows that finite coverings X. of X admit smooth e-Lipschitz-maps fe:
X_ — S™ with arbitrary small € and such that the twisted Dirac operators Dg L.
on X. for L. = f2(L), have non-zero kernels for all connections in L.

Apply this to connections V. in L. induced by f. from a fixed smooth
linear (unitary if you wish) connection V in L — S?*  let ¢ — 0 and observe
that, since the maps f. converge to constant ones on all unit balls in X,, the
bundles (L., V.) converge to trivial ones with trivial flat connections on all balls.
Therefore the difference between the Dirac operator Dgr, and D twisted with
the trivial flat bundle L ¢4+ of rank k becomes arbitrary small for € - 0, and the
S-L-W-(B) formula applied to Dr,,,,, shows that infy Sc(X) = inf ¢ Se(X.) <0.

"Further examples of this phenomenon and issuing topological obstruction to Sc > 0 for
manifolds with residually finite fundamental groups are given in [GL(spin) 1980] under the
heading of "enlargeability". Since the residual finiteness condition was eventually lifted, this
terminology now applies to a broader class of manifolds, including spaces X the universal
covers of which admit contracting self-maps of positive degrees, see section??

72This V stands for the Levi-Civita connection in the spin bundle.

73This will be significantly generalized later on.

74If X is non-orientable, take an oriented double cover of it.

"5 These are minor technical conditions, the role of which is to avoid undesirable conse-
quences of possible cancellation in the index formula (see section ??). For instance if X can
be embedded or immersed into R2**+! or if it admits a metric with positive scalar curvature
then even k is allowed. (Observe in passing that these X are spin.)
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This completes the proof for n = 4] + 2 and the general case follows by
(shamelessly) taking the product X x T3"*2.

Well..., this is convincing but it is not quite a proof. We still have to define
Der, and to make sense of the "difference" between the operators Dgr, and
DgL,,,, that are defined in different spaces. We do all this below closer to the
end of this section.

Why Spin? The essential new information delivered by Dgj, does not visibly
depend on the spin structure (unlike to how it is with the Dirac operator D
itself)m

However, one doesn’t know how to get rid of the spin condition, in the cases
where it appears irrelevant. For instance, there is no single known area-wise
bound on the size of a non-spin manifold with a large scalar curvaturem

All in all, although "twisted Dirac" proofs are short and simple, their nature
remains obscure.

Partly, this is why we explain below with such a care standard "trivial" prop-
erties of the "twist" D ~» Dy, hoping this may help us to visualize something
behind this "trivial" that makes the Dirac’s D work in geometry, "something",
which is only tangentially related to the Dirac operator itself and, if untangled
from D with its bondage to spin, would open up new possibilities.

3.2.1 Recollection on Linear Connections and Twisted Differential
Operators

A connection in a smooth fibration L - X is a retractive homomorphism from
the tangent bundle T'(L) to the subbundle Tyert = Tyer (L) € T(L) of the vectors
tangent to the fibers of Lm
Denote this by
V:T(L) = Tyers c T(L),

and observe that V is uniquely defined by its kernel, that is what is called a
horizontal subbundle, Tho = Thor(L) ¢ T(L) that is complementary to Tyert
such that T(L) = Tyert ® Thor-

If L is a trivia?l (split) fibration L = X x Lg, then it comes with the trivial or
split flat connection, where T}, is the bundle of vectors tangent to the graphs
of constant maps X — Lg, l € L.

A connection is called flat at xg € X if, over a neighbourhood U c X of z,
it is ésomorphic to the trivial flat connection on X x L, , for the fiber L, of L
over .

"6Sometimes, e.g. for lower bounds on the (area) norms of differentials of maps X x Xyym —
S™, n =dim(X), for metrics g on X x Xy,m» with large scalar curvatures, the spin is irreplace-
able.

"7In truth, this applies only to non-spin® manifolds, where spin® means that the second
Stiefel-Whitney class is equal to the mod 2 reduction of the Chern class of a complex line
bundle L — X.

Such bounds are available for spin® manifolds. For instance (a special case of) Min-Oo
extremality/rigidity theorem says that

if the scalar curvature a Riemannian metric g on on CP™ is (non-strictly) greater than that
of the Fubini-Study metric, Sc(g) > Sc(grust), and areay(S) > areagp, s, (S) for all smooth
surfaces S ¢ CP™, than g = gpyst-

(The complex projective spaces CP™ are non-spin for even m, yet they are all Spinc).

78Here7 "retractive" means being the identity on Tyert.
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If the fibration L carries a fiber-wise geometric structure .7, say, linear, affine,
unitary, etc, then "flat" signifies that the implied isomorphism, that is a fiber
preserving diffeomorphism Lj;; — U x L, preserves .7, i.e. it is fiber-wise linear,
affine, unitary, etc.

A connection V in L is called .%: linear, affine, unitary, etc if, for each x € X,
there exist a flat .¥’-connection @Iyﬂat adapted to V at z, i.e.such that the
restriction of @z’ﬂat to the fiber L, c L, denoted (@w,flat)le is equal to @‘Lm.

Twisting Differential s. A first order differential between (sections of) vector
bundles (linear fibrations) K; and K5 over a manifold X, is a linear map

D:C% (K1) » C*(K>),

such that the value D f(x) € K2 depends only on the differential df (x) : T,,(X) —
Ty, (K,) for all z € X.

For instance, a linear connection in L defines a differential , denoted just
V, from L to the bundle Hom(T(X),L) =T*(X) ® L, that is the composition
of the differential df : T(X) — T(L) with V : T(L) - Tyers combined with the
canonical identifications of all (vertical) tangent spaces of the fiber L, with L,
itself.

Such a V uniquely determines (linear) V, it is also called "connection". where
the values V f(7) at tangent vectors 7 are written as (covariant) derivatives V. f.

Basic Example. If V is the flat split connection in X x Lg, then this is applies
to sections X — X x L, that are the graph of maps f: X — L, as the ordinary
differential df : T(X) — Lo.

If a section f : X — L vanishes at a point x € X, then, clearly, Vf(z) =
V f1at f (x) for all nabla.

It follows that the difference between two connections in L, Vi — Vg, is a it
zero order defined by a homomorphism A = Ay 5 : L - Hom(T(X), L), that
can be thought of as a Hom(L, L)-valued 1-form on X.

Thus any V in a flat, e.g. split, bundle is df + A.

If v is a flat split connection, in L = X x Ly, then the twisted Dgr, : C (K1 ®
L) - C*(K; ® L) is defined via the identity C*°(K ® Lgpi) = C*(K) ® Lo, as
it was explained above for the Dirac operator.

If V is flat, then Dgy = Dg(r,v) is defined on all neighbourhoods where this
connection splits and local = global by locality of differential s.

Finally, for general (L, V), the twisted Dgy (1)) for sections ¢ : X - K; ® L
is determined by its values at all points € X that are defined as follows

Dgy (¢)(x) = Dey, 1., (¥)(x)

for flat connections V, 1.+ adapted to V at x.

Since the difference V — Vfiq: is a zero order for all connections V in flat
split bundles L = (X x LoV iq¢), the same is true for D twisted with V: the
difference

A@ = D®V - D@v‘flat

is a zero order — "vector potential" in the physicists’ parlance.

A similar representation Dgy = Dgy,,,, + Ag for topologically non-trivial
bundles L is achieved as follows.

Let L* — X be a bundle complementary to L such that the Whitney sum of
the two bundles topologically splits,

LoL'=L%~X x(Ly®L})

40



and let V* be an arbitrary connection in L & L* and
Define the connection V® = V + vV in L® by the rule

VEU+1Y) =V L+ Vi
and observe that the V®-twisted operator Dgye, that maps the space
C®(K1®L®)=C*(K;®L)eC®(K;®L")
to
C*(Ky®L®)=C*(Ky® L)®C™(Ky® L")

respects this splitting:
D®v@ = D®V ® D@VJ..

Thus, if not the Dgy itself, then its ®-sum with another is

Dgy;,,, + zero order .

3.2.2 [Sc#0] for Profinitely Hyperspherical Manifolds, Area De-
creasing Maps and Upper Spectral Bounds for Dirac Oper-
ators

Conclusion of the proof of provisional proposition [Sc ¥ 0] from . Return to
the bundles L. = f*(L) — X induced by smooth e-Lipschitz maps f: X — S",
n = dim(X) = 4l + 2, with non-zero degrees and ¢ — 0 from a complex vector
bundle L — S™, with the Euler number e(L) # 0.

Let L* — S?* be a bundle complementary to L - S%* i.e. the sum L® L* is
a trivial bundle, endow L and L* with a connections V and V* and let V® be
the connection on the (topologically trivial!) bundle

L = f*(Le L")

induced from V® = V @ V*, where the latter is defined by the component-wise
differentiation rule:

Ve(¢,¥) = (Vo, V'9)) for sections (¢,9) =¢+¢:S" > Lo L".

Then (see the proof of [Sc # 0]) the twisted Dirac operator decomposes into
the sum of (essentially) untwisted D and a zero order (vector potential)

Dgye = Dovyia + A,

where Vo is the flat split connection in the bundle L® with the splitting
induced by f. from a splitting of L @ L*, obviously (but most significantly),
A, -0 for e - 0.

Now, the (untwisted) S-L-W-(B) formula, applied to Dgy,,, says that

. 1 o
D;v? =V 1at.5V jlars + ZSC + A2,

where Va5 denotes the flat connection Vy.¢s in the twisted spin bundle
associated with V f4¢.
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The correction term A? in this formula is a first order differential (it depends
on how you trivialise the bundle L ® L*) which tends to 0 for € - 0,

A7 -0 for e - 0.

A priori, the e-bound on the differential of f. doesn’t make the coefficients
of the A7 small, but an obvious smoothing allows an approximation of f. by
maps their derivatives of which of all orders converging to 0.

Because of this, we may assume A7 — 0 in the strongest conceivable sense,

while al is needed is that A7 — 0 becomes negligibly small compare to V flatﬁv}lat,S“L

év? = Vflat,Sv}zat,s + iSC + A;, for
¢ much smaller than the lower bound ¢ = inf,cx Sc(X,z) > 0.

Thus, the condition Sc¢(X) > 0 leads to a contradiction with the index
formula, which in this case, as we already know from the proof of [Sc # 0]
yields non-zero harmonic V.-twisted, hence V® twisted, spinors, because the
subbundle L c L c is invariant under the parallel transport by the connection
Vv® = V@V, by the very definition of the sum of connections and this property
is inherited by the induced connection V.

This concludes the proof of [Sc ¥ 0] for n = 4] + 2 and, as we have already
explained, the general case follows by stabilization X ~» X x T3"*2,

1 Sc, which implies strict positivity of the D

Area Contraction instead of Length Contraction. Say that X is A2-profinitely
hyperspherical if, instead of e-Lipschitz property of maps fsf(E — S™ of no-zero
degree, we require that the second exterior power of the differential of f. is
bounded by &2,

| A% df- ()| < €2

Geometrically, this means that f. decreases the areas of the smooth surfaces in
X by factor €2, (This, obviously, is satisfied by e-Lipschitz maps.)

It is clear, heuristically, that the Dirac operator twisted with V. in this case,
similarly how it is for e-Lipschitz maps, is close to the untwisted D; this

rules out positive scalar curvature for A2-profinitely hyperspherical manifolds.

However, the above proof with the complementary bundle L' doesn’t apply
here; to justify heuristics, one has to pursue algebraic similarity between V and
the ordinary differential d a step further.

This can be done by pure thought, on the basis of general principles only,
(no tricks like L*) but writing down this "thought" turned out more space and
time consuming than what is needed for (a few lines of) the twisted version of
the S-L-W-(B) formula, as we shall see in section [3.2.4]

So, we conclude here with two remarks.

(i) It is unknown if "length contractive" is topologically more restrictive than
"area contractive".

For instance one has no idea if there exist A%-profinitely hyperspherical man-
ifolds which are not profinitely hyperspherical.

(ii) Representation of V-twisted differential operators by vector-potentials
A in larger bundles has further uses, such as Vafa- Witten’s lower bounds on the
spectra of Dirac operators. For instance,

if a compact Riemannian spin n-manifold X admits a distance decreasing map
to S™ of degree d, then the number N of eigenvalues A of the Dirac on X in the
interval -C,, < X\ < C,, satisfies N > d, where C,, > 0 is a universal constantm

7 See §6 in [G(positive) 1996] for related spectral geometric inequalities.
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3.2.3 Clifford Algebras, Spinors, Atiyah-Singer Dirac Operator and
Lichnerowicz Identity

The Dirac on R” is a particular first order differential , which acts on the space
of smooth CV-valued functions,

D: Coo(Rn,(CN) N COO(RH7(CN),

where N = 22" for even n and N = 22" for odd n and where essential
properties of this D are as follows.

1. Ellipticity. The D is an elliptic, which means that the initial value
(Cauchy) problem for the equation Df = 0 is formally uniquely solvable for
all initial data on all smooth hypersurfaces in R™, where "formally" can be
replaced by "locally" in the real analytic case.

Basic Example. The Cauchy-Riemann (system of two) equation(s) Dogf =0
for maps f : R? - C!, defines conformal orientation preserving maps R? - C.
These are called holomorphic if R? is "identified" with C, where the ambiguity
inherent in this identification is responsible for spin.

Dcr is elliptic: real analytic functions locally uniquely extend from real analytic
curves in C! to holomorphic functions.

Let us describe ellipticity in linear algebraic terms applicable to all (systems
of) partial differential equations of first order for maps between smooth man-
ifolds, f: X - Y. Such a system, call it S, is characterised by subsets in the
spaces of linear maps between the tangent spaces of X and Y at all x € X and
y €Y, denoted X, , ¢ Hom(T, — T,), where T, = R", n = dim(X), where
T, =R™, m=dim(Y) and where f satisfies S if df (x) € X, ¢, for all z € X

Let Ry, : Hom(R",R™) - Hom(L,R™) denote the restriction of linear maps
to R™ from R" to linear subspaces L c R", that is Ry : h— by : L - R™.

Call a smooth submanifold ¥ ¢ Hom(R"™ R™) elliptic if the map Ry, diffeo-
morphically sends ¥ onto Hom(L,R™) for all hyperplanes L c R™.

Now, a PDE system S is called elliptic if the subsets
Yoy € Hom(T, - Ty) = Hy , = Hom(R",R™)

are elliptic for z € X and yeY.

Put it another way, let K}, € Hy, 1, p € RP™ !, be the family of m-dimension
linear subspaces that are the kernels of the linear maps Rp,:Hpm = Hy1mp =
Hom(L,,R™) parametrized by the projective space RP™ ! of hyperplanes L =
L, c R™. Then ellipticity says that

Y transversally intersect K, at a single point for all p e RP".

Finally, back to the linear case, observe that systems D f = 0 for maps
fR" >R™, zeR"
are depicted by linear subspaces
Y =%, c Hom(T,(R"),R™ =TH(R™)),z ¢ R"
and ellipticity says in these terms that

firstly, dim(X) =n
secondly
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O the linear maps h: T,(R™) —» R™ have rank(h) = n for all non-zero h € 3.
and finally
differential operators between sections of vector bundles over a smooth man-
ifold X are elliptic if these properties are verified locally over small neighbour-
hoods of all points in X.

Ezercises. (a) Twisting with V. Show that
D is elliptic = Dgy is elliptic:
twisting with connections doesn’t hurt ellipticity.
(b) Symmetric but non-Elliptic. Figure out what makes the exterior differen-
tial

k k+1
d: C=(A(T(X)) » C=(A\(T(X))
on (2k + 1)-dimensional manifolds non-elliptic.

I1. Symmetry and Spinors. The Dirac operator D on C*(R", CV), is Spin(n)
invariant, where

o1 Spin(n) denotes the double cover of the special orthogonal group SO(n),

e, the group Spin(n) acts on R™ via the (2-sheeted covering map) homomor-
phism Spin(n) - SO(n),

e3 the action of Spin(n) on CF, called spin representation, is faithful: it
doesn’t factor through an action of SO(n)m

e, "invariant" here means equivariant under the (diagonal) action of Spin(n)
on the space of maps ¢ : R” - CV, that is

9(¥) (@) = g(¢(g(x)), g Spin(n)[]

and "equivariant" says that

D(9(¥)) = 9(D())

Cauchy-Riemann Ezample. The group Spin(2) diagonally acts on on maps
f:R? - C!, where all actions (representations) of Spin(2) = T = U(1) ¢ C* on
C! are possible: these are t(z) = t"z, m = ...—1,0,1,2,.... (There are no such
possibilities for for n > 1.)

The corresponding operators 0 = 0,, are all locally non-canonically isomor-
phic (this makes them often confused in the literature), but this m (spin quantum
number), becomes the major feature of the 9; globally, where it controls its very
existence and its index.

II1. Spin Representations and Clifford Algebras Cl,, = Cl(V)ﬂThe lowest
dimension complex vector space, where Spin(n), can linearly faithfully act is

80The spin representation, as we shall explain below, is irreducible for odd n and it splits
into two irreducible half-spin representations for even n. There are no faithful representations
of Spin(n) in lower dimensions (except for n = 1,2), where, apparently, this faithfulness is
necessitated by ellipticity of D.

81To visualize this, think of the graphs Ly c R™ x CN moved by the diagonal actions of
g € Spin(n) on this product.

82This Dirac operator has "constant coefficients", which means is invariant under parallel
translations ty of R™ that act on our maps: D(ty(¢)) =ty (D(¥)) for (ty(¢¥))(z) =¥ (z +y),
z,y € R™.

83The basic reading on this subject matter is the book |[Lawson&Michelsohn(spin geometry)
1989] and a (very) brief outline of the main points is contained in [Min-Oo(K-Area) 2002],
[Min-Oo(scalar) 2020].
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" fork = %n for n even and k = %(n— 1) for odd n, where such an action (repre-
sentation) is obtained by realizing Spin(n) as a subgroups in the multiplicative
semigroups of the Clifford algebra, denoted Cl,, = CI(R™) = CI(R"™, - ] 2?).

Recall that Cl, is an um’taﬂ associative algebra A over the field of real
numbers with a distinguished Clifford basis that is linear subspace V' = Vi c Cl,,
endowed with a Fuclidean structure, that is represented by a negative definite
quadratic formﬁ

We denote the Clifford product by a; - as an let "1" stand for the unit in A.

(There is nothing especially exciting about C1,, understood as "just an algebra",
especially if you tensor it with C, which we do at the end of the day anyway. For
instance, we shall see it presently, Cl ® C is isomorphic to a matrix algebra for even
n and to the sum of two matrix algebras for odd n.

What gives to a particular favour to Cl, is the distinguished linear subspace
V c Cl,, which, on the one hand, generates all of Cl,, on the other hand, the
matrices corresponding to all v # 0 in V, have maximal possible ranks, since all
non-zero v € V' are invertible in the multiplicative semigroup C'L);. This "maximal
rank property" is exactly what makes the Dirac operator elliptic and, because of
this, so powerful in the Riemannian geometry.)

The fundamental feature of the pair (A, V) is that A = Cl(V) is functorially
determined by V:

isometric embeddings Vi — V5 canonically extend to monomorphisms A; — As.

where this Clifford functor is uniquely characterised by the following two prop-
erties.

A. V =V is a Basis in A. The subspace V' generates A as an R-algebra.

B. Specification. The algebra Cl; = CI(R') is isomorphic to (C,iR), for
i=+v—1.

(It is impossible to mathematically, distinguish ¢ and —i; this unresolvable
+i-ambiguity is grossly amplified, at least psychologically,, when it comes to
Spinors.

In simple words, the Clifford squares of all unit vectors v € V' are equal to
-1, or, equivalently,

v-v=—||[* = (v,v) for all ve V.

A&B. Anti-commutativity. The Clifford product is anti-commutative on or-
thogonal vectors.
vy - Vg = —Ug,v1, for (v1,vg) =0.

84This means possessing a unit in it

851t is negative to agree with the Laplacian i 8?, which is a negative operator.

86To be blameless, write +i (even better, {4, ¥i}) and never dare utter "left ring ideal" and
"right group action", even in absence of left-handed (left-minded?) persons. (Defending such
an action by biological molecular homochirality and parity violation by weak interactions is
not recommended for being politically incorrect.)

Jokes apart, arbitrary terminological conventions presented as mathematical definitions sow
confusion and undermine "rigor" in mathematics.

Who are the lucky ones who are able to tell if f o g means f(g(z)) rather than g(f(z)) or
vice versa?

Can encoding formulas by Peano’s integers, e.g. in the proof of Gédel’s incompleteness
theorem, be accepted as "logically rigorous", unless you face the issue of "directionality"
inherent in the decimal representation of integers?
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Indeed, since |[v; — s = ||v1 +vs||* for orthogonal vectors, bilinearity of the
the Clifford product implies that

0= (’1)1—’[)2)2—(’1)1 +’l)2)2 =—V1:Vg — V2 V1 +V1 Vg + Vg VU1 =2(”U1'1)2+1)2"U1).
Exercise. Show that

vy - Vg + Vg - vy = —2(v1,v2) for all vy, v, € V.

IV. Groups Pin(n) and Spin(n) and G,. The group Pin(n) is defined
in Cl,,-terms as the subgroup of the multiplicative semigroup of CI; c Cl,
multiplicatively generated by the unit vectors v e V c Cl,,.

The subgroup Spin(n) c Pin(n) consists of the products of even numbers of
unit vectors from V.

Eristence & Uniqueness. Let us explain why the algebra CI(R™), if exists at
all, is large enough to (multiplicatively) contain the group Spin(n) that double
covers the special orthogonal group SO(n). @

Observe that the Clifford relations@

[Cl] ei-ej=—ej-e; and e = -1

for an orthonormal frame {¢;} cV,i=1,...,n,
on the one hand, imply vy - vg + v - v1 = =2(v1, v2) for all vy,v, € V', hence,
fully characterize Clifford’s algebras,
on the other hand, define
a finite group G, of order 2"*! that is a central extension of Z%,

with an additional generator (central element) ¢ of order 2 and the following
relations,

Cl, ce; =ec, =1, e;e; = ceje; and €2 = c.
) ’ J J ?

where the central element ¢ in G,, corresponds to -1 € Cl,,.

Non-triviality of this G,, is apparent, since letting ¢ = 1 defines a surjective
homomorphism G,, - Z4 with kernel Z.

(What is not immediately apparent, is a pretty combinatorics of shuffling
indices in e;, €;,...€;, € Gp, i1 < i2 < ... < imp, under multiplication by ey, which
is rightly appreciated by people working on quantum computers.)

One look at G, is sufficient to make it obvious that there is a homomorphism
from G, to the multiplicative (semi) group CI% of the Clifford algebra (with the
image in Pin(n) c CI*), such that

87This parallels the definition of SO(n) c O(n) as the subgroup consisting of products of
even numbers of reflections of R™. In fact, Spin(n) equals the connected component of the
identity in Pin(n) and Pin(n)/Spin(n) = O(n)/SO(n) =Zs = {-1,1}.

88To appreciate non-triviality of the problem, try to construct geometrically more than two,
say three, anti-commuting linear isometric involutions represented by reflections around linear
subspaces in some Euclidean space.

89This must be written in Clifford’s unpublished note On The Classification of Geometric
Algebras see |Diek-Kantowski (Clifford History)1995] for further references.
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the algebra homomorphism from the real group algebra R(Gnﬂ to Cl,, asso-
ciated with this group homomorphism G,, — CI; is surjective and the kernel of this
homomorphism is defined by the relation ¢ = -1, that is

Cln =R(Gp)/(c+1)["]]

Amazingly, nowhere, except for a few papers on quantum computers, G,
is called "finite Clifford group"@ while the authors of the only mathemati-
cal papers found on the web (unless I missed some) call G,, a "Salingaros vee
group."|

The structure this "vee group" G, which tells you everything about Cl,,, is
transparently seen in the combinatorics of its multiplication table, where g € G
are written as lexicographically ordered products of e; and (if it is there) ¢. Here
are a few relevant properties of G,,.

All elements in G,, have orders 2 and/or 4.

The commutator subgroup [G,,G,] = {919297" 95"} equals to the 2-element
(central) subgroup {1, c}.

If n is even, it coincides with the center of G,,;

center(Gp) = [Gn,Gr] ={1,c¢}

If n is odd, the center has order 4. For instance G| = Zy; in general, the extra
central element for n = 2k + 1 is the product ejes, ..., e,.

If n is even, then the number N,,;(G,,) of the conjugacy classes of G, is 2" +1
where 2" of them comes from Z5 and the extra one is that of c. If n is odd, there
are 2" + 2 classes, where centrality of ejes, ..., e, is responsible for the additional
one.

V. Representations of the Group G,. The space ¥, = C(G,) = C% of
complex functions on G splits into the sum ¥,, = U} & U, where U7 consists of
c-symmetric functions 1 (g) that are invariant under the action of the central

90R(G) is the space of formal linear combinations ¥ .z cgg with the obvious product rule,
where the identity element id € G serves as the unit of this algebra.

Alternatively, R(G) is defined as the algebra of linear operators R(G) on functions ¢ (g)
that is generated by translations on the space of functions on G, for 1(g) — ¥ (g'g), ¢’ € G.

The same space R(G) = GF of functions on G with the action of G by 1(g) — ¥(g’g) is called
(not very inventively) the reqular R-representation of G, where just "regular representation"
stands for regular C-representation.

91Recall that c € Gy, R(Gyr) is the central involution in Gy and "1" is the unit in the
algebra R(G,,) that is represented by the unit function, where (¢ + 1) ¢ R(Gy) denotes the
ideal generated by c+1 € R(Gr). (The quotient algebra R(G»)/(c+1) has the same underlying
linear space as the group algebra R(Gy/(c)), for the normal subgroup (c) c Gy, generated by
¢, but multiplicatively R(Gr)/(c+1) is much different from the (commutative) group algebra
of Gn/(c) =7%.)

92The terms "Clifford group", sometimes "naive Clifford group", are reserved for the sub-
group G of the multiplicative semigroup of Cl, the action of which on Cl by conjugation for
awg-a-g-! preserves V.

93See [AbVaWa(Clifford Salingaros Vee)2018] for more general definitions and references to
the the original 1981-82 papers by Nikos Salingaros. (I don’t know what is written in these
papers, since these are not openly accessible on the web.)

Also, amazingly, no survey or tutorial on Clifford algebras I located on the web makes any
use or even mentions Gy,. Possibly, there is something about it in textbooks, but none seems
to be openly accessible.
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c € Gy, ie. ¥(g) =1¥(cg) and where the functions ¢ € U, are antisymmetric,
¥(cg) = ¥ (9).

The space ¥ obviously identifies with the space C(Z%) of functions on
the Abelian group Z%, where action of G,, factors through the homomorphism
G, = Zy.

Since the commutator subgroup of G,, is equal to {1,c}, all 1-dimensional
representations of Gy, are contained in U} .

Frobenius

Now, the number one theorem in the representation theory of finite groups

reads le

the regular representation of G uniquely decomposes into the sum of sub-
representations GC@®; R?, i = 1,2,..., N = Niza(G), where each R? is (non-
canonically) isomorphic to the sum of k;-copies of an irreducible representation
R; of dimension k; and where every irreducible representations of G is isomor-
phic to one and only one of R;.

Accordingly, the group algebra of G (the same linear space G, but now with
the group algebra structure) decomposes into the sum of matriz algebras

C(G) = @ End(C).

This is an exercise in linear algebra. What is less obvious is that

The number Ni.q(G) of mutually non-isomorphic irreducible complex rep-
resentations of G is equal to the number of the conjugacy classes in G.

Nirrda(G) = Neonj (G) for all finite group G.

Consequently,
the sum of the squares of the dimensions of the irreducible representations
of G is equal to the order of the group G,

Sk} = card(G)

If we apply this to G, for n = 2k, we shall see that, besides the one dimen-
sional representations, this group has a single irreducible one of dimension 2%,
call it S,,, which enters the regular representation with multiplicity 2*.

Now, clearly,

the 2% -multiple S, -summand of the reqular representation is exactly the space
W of antisymmetric functions ¢ on G,,.

Equally clearly,

the space of antisymmetric functions ¥(g) = —¢(cg) on G, (here we speak
of R-valued functions ) is G, -equivariantly isomorphic to Cl,,.

94This must be attributed to Frobenius (1896), since it follows by his character theory, see
file:///Users/misha/Downloads/Curtis2001_Chapter_RepresentationTheoryOfFiniteGr.

pdf
Unfortunately, this theorem has no name an can’t be instantaneously found on Google.
95See https://projecteuclid.org/download/pdf_1/euclid.lnms/1215467411

and  the character  sections in  https://web.stanford.edu/~aaronlan/assets/
representation-theory.pdf|and https://arxiv.org/pdf/1001.0462.pdf|
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VI. Clifford Conclusion. Since the Clifford algebra Cl,, is, as an algebra,
generated by G,, c Cl,,, the representation S,, of G, in (CQk, that is a multiplica-
tive homomorphism G,, — End(C’Qk), extends to an algebra homomorphism
Cl, - End(CQk); hence, to

an irreducible representation of Pin(N) in c?",
which extends (irreducible!) representation S,, of G,, ¢ Pin(n).

This is called the spin representation and still denoted S, .

Why Clifford Algebra? Why algebras are needed here at all?

What we used for the construction of the spin representation S,, of Pin(n)
in C2* for even n = 2k are the two following simple, not to say "trivial", but
indispensable (are they?) algebra theoretic facts.

(i) The linear actions of Pin(n) and G, on the space ¥, (and also on C1,,)
generate the same subalgebras of operators on this space.

(i) If an algebra A of operators on a linear space M, e.g. M = cM*is isomorphic
to the (full matrix) algebra of endomorphisms of another space,

A~ End(L),

then M is A-equivariantly isomorphic to End(L) for, say "left", action of the
algebra End(L) on itself.

(Also we were jumping back and forth between R-linear and C-linear spaces
and actions, but with nothing non-trivial happening on the way.)

The correspondence ® : L ~» A = End(L) is a functor from the category
of vector spaces over R to the category of unital R-algebras, but L can be
reconstructed from End(L) only up to a homothety | — rl, r € R* ,where the
projective space P = L/R* can be identified with the space of mazimal left
ideals in End(L)lﬂ

(Because of this ambiguity, one can’t globally define the Dirac operator on a
non-spin manifold X, because there is no vector bundle that would support D.

And although the the projectivized spin bundle PS — X with a real projective
space as the fiber is still there, this fibration admits no continuous section X - PS
— non-zero second Stiefel-Whitney class is an obstruction to that.)

VII. Subgroup G° c G and half-Spin Representations. Let Z" — 7o be
the (only) non-zero homomorphism, which is invariant under permutations of
e;, denote by deg : G,, - Zs = {-1,1} be the composition of this with the
homomorphism G,, - Z% which sends ¢ — 1 and let GY be the kernel of this
"degree" homomorphism.

In terms of Cl,,, this is the intersection of the subgroups G,, and Spin(n) in
Pin(n),

G° = G, n Spin(n) c Pin(N) c Cl,.

Ezercise. Show that G2, is isomorphic to G,,.
Hint. Send e; € Gy, i =1,...,n, to the products e, e} for €], ....,el, .1 € Gpi1.

Let € = ejes...e,, and let us split the representation space L = (CQk of S,, for
even n = 2k into +1-eigenspaces of é, L =L* ® L~

If n is even then this é anti-commute with all e;, that is ée; = ce;é.

It follows that, for n = 2k,

96 Left ideals I ¢ End(L) corresponds to linear subspaces L c L, such that a € I < ajp, =0.
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all e; that act via S, on L send L.* < L~
and .
the restriction of the representation S, on L = C?  from the group G,, to the
subgroup G c G,, sends L™ - L* and L™ — L~.
Furthermore, since the representation S,, is irreducible for G,
the representations S% on L* are irreducible for G2.

Extend these representations by linearity to the subalgebra C19 c Cl,, gen-
erated by G c Cl,,, observe that CI® contains the group Spin(n) and restrict
from C12 to Spin(n). Thus, for n = 2k, we obtain

two faithful irreducible representations, called half-spin representations S*

of the group Spin(n) of dimensions 2871,

Remark/Question. The above shows that a linear space of dimension < 2*
can’t have 2k anti-commuting anti-involutions. Is there a direct geometric proof
of this?

(The answer must be known to some people.)

VIII. Clifford’s Spin(n) Covers SO(n), What remains (for n = 2k) to show
is that this Spin(n), which is defined as the subgroup of the multiplicative
group of the Clifford algebra C1, generated by products of even numbers of
unit vectors V € V c Cl,,, double covers the special orthogonal group SO(n).

To do this we define an orthogonal (i.e. linear isometric) action of all of
Pin(n) o Spin(n) on the (n-dimensional Euclidean) subspace V = Vi c Cl,, as
follows.

Let « : Cl,, — Cl,, be the automorphism that linearly extends v — —v on
V c Cl,, and let

p(v) =a(p)-v-p ! for veV and p e Pin(n).

Tt is clear that if p is a unit vector in V, then the transformation v — p(v)
sends V to itself by reflection in the hyperplane p* ¢ V normal to p. (You can
think of this p € Pin(n) as the square root of such a reﬂectionm)

Since « is an automorphism of the Clifford algebra, the map from Pin(n)
to the group O(n), regarded as the group of linear Euclidean isometries of
V = (V,%,;22), is a homomorphism of groups, which sends Spin(n) onto this
SO(n).

To conclude, we need to show that the kernel of the homomorphism Pin(n) —
O(n) c End(V) is equal to {1,-1} c Cl(n), which is done by induction on n
starting from Pin(1) = Zy4 = {1,4,-1,4} and a(i) = -1, and using the following.

Lemma. If a(p)-v-p~t = v for a unit vector v € V, then p is contained in the
subalgebra Cl(v*) ~ Cl,,_1 generated by the hyperplane v* c V.

Proof. Decompose the Clifford algebra into sum of four linear subspaces,
Cl, :A()@’U'Al @Al @U'Ao,

where Ay c Cl(v') is equal to the +1-eigenspace of «, i.e. where a(a) = a, and
A; c Cl(v*) is the —1-eigenspace.

97If you omit «, the resulting transformation squarev — pvp~! becomes minus reflection in
pt. Thus, if n is odd, all of P(n) ends up in SO(n).
Since one wants Pin(n) to cover the full orthogonal group O(n) one brings in this a.
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Observe that all ag in Ay are linear combinations of products of of even
numbers of vectors from V| while all a; € A; are combinations of odd products.

Now, by keeping track of parity of products we see that the relation
a(p)-v-pt =wv divides into two equalities,

(ap+v-ai)-v=v-(ap+v-a}) and (a1 +v-aj) - v=-v- (a1 +v-ay),

which imply that o} = 0 and aj = 0.
Indeed, since v commutes with ag and anti-commute with aq,

(ap+v-a))-v=v-(ag+v-a))=>v-aj-v=v-v-a]=>-v-v-al=v-v-ai,

and v-v=-1=aj=0.
Similarly, one shows that also af, = 0 and lemma follows.

Finally, we are through with even n:

the double cover group Pin(n) - O(n) for n = 2k comes with a faithful

irreducible complex representation S,, = Sy in C22k, called spin representa-
tion %]

The restriction of S,, to Spin(n) c Pin(n), that is the double cover of

SO(n) c O(n), splits into the sum S, = Sj;n ® S%n of two complex

conjugatﬂ representations, called half spin representationsm

IX. About Odd n. A quick way to arrive at the spin representation Ssj of
the group Spin(n) in C?" for n=2k+1is by imbedding Spin(n) — Cl;_, and
then restricting the spin representation S,_1-ox the Clifford algebra Cl,_1 to
the so embedded Spin(n) c CL)_;.

To achieve this, we start, somewhat paradoxically, with a (somewhat artifi-
cial) embedding Cl,,_1 - Cl,, that sends Cl,_1 onto the even part C’l% c Cl,,
that is the +1-eigen space of the automorphism « : Cl,, - Cl,, of the Clifford
algebra induced by the central symmetry v — —v of the Clifford base subspace
V =V c Cl,.

It is (nearly) obvious that C19 is a subalgebra in Cl,, and that (this is slightly
less obvious) this subalgebra is isomorphic to CI2_;.

To prove the latter, imbed Cl,,_; to Cl,, with the image C1° as follows.

Map the orthogonal complement v* ¢ V c Cl,, of a unit vector v € V back
to C1% by e v -e for all e € v* and show that this map extends to an injective
algebra homomorphism Cl,,_; = CL(v*) - CIC.

All you need for this is an (easy) check up of the identities

(v-e)’=-landv-e-v-e'=-v-€e v-e

for all v,v" € v* (implicit in the above exercise about the homomorphism G,, -
G?Hl)'

Finally, since that the group Spin(n), by its very definition, is contained in
(CI2)* it goes to CIX_; by inverting the isomorphism Cl,,_; — CI2. QED.

IX. Spin Representation of Pin(n) fo Odd n. Just for completeness sake,
let us explain why

98There in no faithful representation of Pin(n) in a lower dimensional space, since even the
subgroup Gy, ¢ Pin(n) admits no such representation.

99We didn’t prove these are complex conjugate but this follows from their construction

100 Arriving at this point took unexpectedly long — not a page or two as I had expected.
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the complexified Clifford algebra Clas.1, which has dimension 22¥*!, is isomor-
phic to the sum of of two matrix algebras End(C2" ).

Recall that the group Gax+1 has exactly two irreducible non-one-dimensional
representations, where the sum of their dimensions is 2*.

In fact both representation must have the same dimensions, because of an-
other fundamental (also nameless?) theorem:

the dimensions of all irreducible representations of a finite group G divide
the order order of GFLTI)

Therefore the non-Abelian part of the group algebra of Gak.1, hence the
Clifford algebra Clag, 1 is the sum of two matrix algebras of the same dimension.
QED.

As a consequence, we get

two irreducible representations of the group Pin(2k+1) of dimensions 2871,

X. Ezample: Pauli "Matrices”. The first interesting case of .S, is an ir-
reducible 2-dimensional complex representation Sy of the group G2, hence of
Pin(2), where he latter is the non-trivial central Zs-extension of the circle
group T = U(1).

To obtain such a representation all you need is to find two anti-commuting
anti-involutions o1,05 of C? corresponding to the generators of e, e of the
(sub)group Gs c Cls o Pin(2).

This is kindergarten math: let o,,0, be anti-commuting involutions of the
real plane R?, namely reflections in two lines with the 45° between them. Their
compositions, g,0, and g,0, are rotations by 90° in the opposite directions,
thus g, and g, anti-commute:

0109 = =090;.

The anti-involutions o1 = ig, and o2 = i0,, © = V-1, of C? with o3 = 10
coming along are your Pauli guys.

®-Remark. This example can be amplified by taking tensor products, for
Clyin = Clypy®Cl,,
where ® stands for Zsy-graded tensor product, for which
(a®b)-(a'®b) = (~1)%9@)des®) (4. ") @ (b-1).

This allows a sleek construction of the spin representations but it doesn’t
make it more geometrical than the one via G,,.

X. Clifford Moduli and Dirac operators. It is convenient at this point to
call a linear space L with an action S of the Clifford algebra CI(V') "Clifford
V-module" and to write just S instead of L = (L, S).

Also observe at this point that the actual action of V' ¢ CI(V') on such an
S reduces to a single linear map ¢l : V ® § — S, where the Clifford action is
denoted by "-",

cd(ves)=v-s.

101Gee https://math.stackexchange.com/questions/243221/
proofs-that-the-degree-of-an-irrep-divides-the-order-of-a-group|for several proofs.
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Now, recall, that such a map defines (and is defined by) a first order differen-
tial on the space of smooth maps ¢ : V — S, denoted D : C*°(V,S) - C*(V,9),
that is the composition of this ¢l with the differential d: C* (V) - C*(H) for
H = Hom(V,S) as we explained in the previous section.

Since v? = —||v||?, v € V, all v # 0 are invertible in the multiplicative semigroup
End*(S); thus,

the linear operators D are elliptic for all Cl,-moduli S.

These D can be also defined with orthonormal frames {e;} c V' by
D(¢) = Zei al¢a
i=1

which shows that D? = -A?% = - ¥, 9;0;, since

D2 = Zeiaiejaj = Zei-ejaiaj = Zei-eiaiaj+Z(ei-ej8i8j+ej~ei8j8i) = - 28181

g ,J i#] @

or, where the symmetry is apparent, by integration over the unit sphere
{l[vf] =1} eV,

D(y(v)) = consty, Av”:l v - Oph(v)dv,

and if V =R".
It follows by a simple symmetry consideration or by a one line computation
that
D*=-A=-%092.

Exercise. Prove, directly that

/H.H w.5‘wdw4” v~8vdv:constn/“.H —Z@gdv
wl|=1 v||=1 v||=1

Dirac operator D on Spinors. This D is defined with the spinor representa-
k
tion Sap in C2',
D : So > Sax,

where the "spinors" are understood here as smooth maps ¢ : R" — Sy for
n=2kor n=2k+1.

If n is even, the spin representation splits into two adjoint representation,
accordingly Soi = S, ®S3,,, where the action of the Clifford algebra interchanges
S3;. < Sg,.. It follows that D = D* @ D~ for

D*:S} - S, and D™ : S, — S},

the operators D* and D~ are formally adjoint.

XI. D on Manifolds and Schrodinger- Lichnerowicz- Weitzenbock-Bochner For-
mula. Let X be a Riemannian spin manifold of dimension n and let Soi be the
spin bundle associated with the principal spin bundle over X that is the double
cover of the orthonormal frame bundle, where this cover is what defines the spin
structure on X.

102T myself got lost in this calculation.
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Let V be the Riemannian Levi-Civita connection, which is, observe, simul-
taneously and coherently defined on all bundles associated with the tangent
bundle. (It is irrelevant whether his is done via the principal O(n)-bundle or
Spin(n)-bundle.)

We know (this applies to all bundles with connections, see sectio that
this V decomposes at each point x € X into the sum V = Vya + Fy, where
Ey = Ey, a smooth endomorphism of Sg; over a (small) neighbourhood of
x € X, which vanishes at x.

This allows a "functorial transplantation" of the above D = Dyq; to an Dy
on the space S of sections of the bundle Sy, where Dy infinitesimally agree
with D at each point z € X,

Dy =Dyi4t = Ep,

for a smooth (locally defined) endomorphism Ep = Ep , of Sai, which vanishes
at x.

If n is even, then, clearly, So;, = S5, ® S5, and the operator Dy, denoted just
D from now on, splits accordingly: D =D* @ D~ for

D*:S; »S; and D™ : S, — S},

where the operators D" and D~ are formally adjoint.

Since the 'D?lat = ’chlam, which is defined locally, is equal to —A = V £14: V4,
at each z, the square of D = Dy, now globally, satisfies what is called " Weitzen-
boeck identity" (this applies to all "geometric operators")

D? =VV* + Rp,

where V* stands for the differential formally adjoint to V (this spinor V acts
from (sections of) Saf, to (sections of) the bundle Hom(T (X),Sa), where Rp =
Ry.s,p is a selfadjoint endomorphism of the bundle S»k.

It would be nice to continue this line of this reasoning and see without
calculation that, why this Rp, is a multiplication by a scalar. Regretfully, I
couldn’t do this and have resort to the (standard) symbolic manipulations. Iﬂfl

To perform these we, observe that the bundle of the Clifford algebras CI(T, (X))
acts on Soi, where this action agrees with the covariant differentiation V in Say.
Then we see that, for all orthonormal framed of tangent vectors e;, i = 1,...,n,
the Dirac operator is

D= Z€1V1 for Vi= Vei
K3

and

D*=3 e Viej- V= ei ;- ViVj= ) eie;ViVi+ ) e ej- ViV =

,J 1,J i=j %]

= —Zvivi + Zei e; - (ViV; = V;V;)=VV" + Zei -e; - Rs(e; Nej),
%

i<j i<j

1031t doesn’t feel right when you can’t do mathematics solely in your mind: a piece of paper
for this purpose is no more satisfactory than a digital computer.
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where Rs(e; Ae;) is the curvature of the bundle Sy, written as a 2-form on X
with values in End(Say).
The first term in this formula, VV* is the Bochner Laplacian in the bundle
Saox, which a selfadjoint non-strictly positive .
This VV*, regarded as a real operator, is characterized by the integral iden-
tity
[ AT 6(@), (@)~ (6 (), V(@) da = 0

which is satisfied, whenever one of the two functions has a compact support.
The proof of this formula, which makes sense and is valid for all vector
bundles with orthogonal connections, contains two ingredients, where the first
algebraic one consists in finding
an invariant representation of the integrant as the differential of an (n—1) form
and the second ingredient is, of course, Green's formula.
In fact, all algebra needed in our is the following Leibniz formula for the
Laplace Beltrami

Afg(x), ¢(x)) = (VV (x), ¢(2)) + (d(2), VV'd(2)) + 2V(x), Vo (x)).

This implies all positivity of VV* we need.

Next, turn to the curvature term R = ¥,_;e; - e; - Rs(e; A ej) in the above
Bochner — Weitzenbock formula for D2, that is an endomorphism R : Sop, — Sag,
which, being self adjoint as a real , is represented by a family of symmetric linear
operators Ry : (Sax)z = (Sor)z, € X, in the fibers (Saog )y ~ Sok = c? - Rzkﬂ,
while the curvature operators Rs(v1 Avs) themselves are antisymmetric, for all
bivectors vy A vg € A2 T.(x) = A2 R™, since they represent the action of the Lie
algebra of the group Spin(n) c SO(28*1) on R .

In fact, a closer look showsFEI that

Rs(01 A 02) = 5 TR ) (ei)selei e

i<j

where R(e;ne;) : T(X) - T(X) is the curvature of our connection V as it acts
on the tangent bundle of X.

(The presence of "%" agrees with the idea of the bundle Sy being a "the
square root" of the tangent bundle T'(X), hence having one half of the curvature
of X, which is clearly seen for the Hopf complex line bundle L — S?, where
L ®c L is isomorphic to the tangent bundle T'(5?) and, accordingly, curv(L) =
2eurv(S?).)

Everything up to this point was applicable to an arbitrary Euclidean vector
bundle T'— X of rank m with a spin structure, i.e. a double cover of the asso-
ciate principal SO(m)-bundle and the action of bundle of the Clifford algebras
CIl(T) on the corresponding spin bundle with the fibers ~ (CQZ, for m = 2l or
m =2l + 1, where the Dirac operator defined via an orthogonal connection in T’
enjoys all formulas we have presented so far.

But in the case of T' = T'(X) the symmetries of the curvature tensor encoded
by Bianchi identities allow the following simplification of R.

1043ee formula 4.37 on p. pl10 in [Lawson&Michelsohn(spin geometry) 1989].
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Lichnerowitz’ Identity.

> (Rlew ne)(ed) eg)ei e =

i<j, k<l

DN | =

R:Zei-ej-Rs(ei/\ej):

i<j

Thus

D?¢(x) = VV* () + iSc(X, s)@(z) for all sections ¢ : X — Sop.

Why it is so. The action of the linear group GL(n) on the space RCT =
n?(n?-1) . . . s .
R of (potential) Riemannian curvature tensors splits into three irre-

ducible representations RCT = Sc ® Ri ® W, where Sc is the trivial one di-
mensional representation, Ri the space of traceless symmetric 2-forms and W
the space of Weyl tensors. Accordingly, every smooth n-manifolds X supports
three (curvature) differential operators of the second order from the space G,
of positive definite quadratic differential forms g on X to the space of sections
of vector bundles over X associated with the tangent bundle T'(X) via one of
these representations, such that

;i these operators are linear in the second derivatives of g;

e, these operators are equivariant under the action of the diffeomorphism
group dif f(X) operator and where

these operators and their scalar multiples are the only ones with such quasi-
linearity and invariance properties

On the other hand the R is also constructed in a dif f(X )-equivariant man-
ner but it operators on the spinor bundle Sy, where the double cover of GL(n)
can’t act@ This suggests that there is no non-scalar intertwining from the
space of curvature tensors on X to the space of symmetric operators on Sy, but
since I didn’t figure out how to prove this without a few lines of manipulations
with Bianchi identities, let us accept this for a factFEI

3.2.4 Dirac Operators with Coefficients in Vector Bundles, Twisted
S-L-W-B Formula and K-Area

Let Dgr be the Dirac twisted with a complex vector bundle L - X with a
unitary connection V¥ on it. Then, as earlier, we have the general Bochner-
Weitzenbock formula

DéL = vv* + Zei-ej 'R@(Ei /\ej),

i<j

where this V = V® is the connection in the tensor product of the spinor bundle
with L that is defined by the Leibniz rule,

Vo(s®l)=vS®l+s®vi();

hence, the curvature -Rg of this connection, that is the commutator of the V®-
differentiations, also behaves by this rule:

Rg(einej)(s®l)=Rs(e;ne;)(s)@l+1® Rr(e; nej)(l)

105L,emma 5.23. p 132 in [Lawson&Michelsohn(spin geometry) 1989).
106y see "Proof of Theorem 8.8" on page 161 in [Lawson&Michelsohn(spin geometry) 1989].
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which brings us to the following.
[Dg ] Twisted S-L-W-B Formula:

D2, (c®l)=VV (c®l)+ %(0@[) +Y ei-ej-00Rp(e; Aej)(l).

i<j

A basic application of this formula is the bound on the area-size of manifolds
with Sc> o > 0 expressed in terms of vector bundles over X.

[/{4,] Bound on K-Area by Scalar Curvature. Let X be compact ori-
entable Riemannian Manifold with positive scalar curvature and let L — X be a
complex vector bundle with the unitary connection.

If the norms of the curvature operators Ry(e1 Aes) : Tp(Xy = T (X) of this
connection are bounded by

IRu(e1 A e2) : To(Xy — To(X)|| < in - Se(X, 7)

for all x € X, all unit bivectors ey A eq in the tangent spaces T,(X) and a
universal strictly positive constant k,, > 0, then, provided X is spin, all Chern
numbers of the bundle L vanish.

Proof. If some Chern number of L doesn’t vanish, then an easy computa-
tion with Chern classes and the index formula showd™7 that there exists an
associated bundle L', such that the curvature R’ of the connectin in L’ satisfies

IR. (€1 Aeg): Tu( Xy — Top(X)|| < consty, - [|[Re(er Aea) : T (X = T (X)||

and such that the index of the twisted Dirac operator on the spinor bundle
tensored with L',
o ST L' >Ste L,
doesn’t vanish.
But if
1 2

- Se(X, x).

[R5 (ex A ea) s To( Xy — T (X)) < 4 n(n-1)

then, according to [®] the DéL, is positive and the poof follows by contradiction.

At first sight this [¥¥]| looks as an artifact of symbolic manipulations with
curvatures of vector bundles, an insignificant generalization of the Lichnerowicz
theorem, as devoid of an actual geometric information about X as this theorem
is.

But, surpassingly, although the proof of [¥¥] is 90% the sadeEI as that by
Lichnerowicz, the information contents of the two statements are vastly different
— almost nothing in common between them:

107For details and further applications see [GL(spin) 1980], §4-5 in chapter IV in [Law-
son&Michelsohn(spin geometry) 1989], §4-5 in [G(positive) 1996, [Min-Oo(K-Area) 2002] and
sections |3.2.4} 77, 77.

108 The proof of [¥¢| , unlike that of Lichnerowicz’ theorem, needs only 10% of the power
of the Atiyah-Singer theorem — the easy part of it: non-trivial variability of the index of Dgr,
with variations of (the Chern classes of) L, rather than a more subtle aspect of the formula
which involves A-genus of X.
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Lichnerowicz is 99% about delicate smooth topological invariants of manifolds
with Sc> 0, while [¥] reveals raw geometric essence of Sc(X) > o > 0, which,
as it becomes a positive curvature condition, limits the size of X

Below is a specific instance of this.

Rough Area (non)-Contraction Corollary. Given a compact Rieman-
nian manifold X, there exists a positive constant x = kx > 0, which restricts
how much manifolds X with Sc¢ > % can be area-wise greater than X, which
is expressed by a bound on a possible decrease of areas of surfaces in X under
"topologically significant" maps X — X.

In precise language,

[*] let X be an oriented Riemannian manifold with Se(X) >0and f : X - X
a smooth map, such that the norm of the second exterior power of the differential

of f,
Ndf  NT(X) > NT(X),

is bounded by the reciprocal of the scalar curvature of X times rkx,

| A2 df ()| < =——— 5 (X o’ for all x € X.
Then, provided X is spin, the image h of of the fundamental homology class
of X in the homology of X, that is

h=f.[X]e Hy(X), n=dim(X),

1s torsion.

Proof. By basic topology (a corollary to a theorem by Serre), an even di-
mensional non-torsion homology class h in X is "detected" by a complex vector
bundle: that is a L — X, such that some characteristic cohomology class ¢ of L,
doesn’t vanish on A

c(h) #0.

If h = f,[X], then f*(c)[X], which serves as a characteristic number of the
induced bundle L = f*(L) - X, is equal to ¢(h); hence it doesn’t vanish either.

Now, arguing as in the proof of [Sc # 0] for profinitely hyperspherical man-
ifolds (see section , let V be a unitary connection in L and observe that the
norm of the curvature R of the induced connection in L, which is, after all, is a
2-form, is bounded by the curvature R of V,

1Rl < 1| A% df (2)]]- | R, ]I

Thus, if n = dim(X) is even, the proof follows from [v%]| and the odd case
reduces to the even one by taking the products of both manifolds with the
circle.

Remarks and Ezxercises. (a) We use the word "K-area" to express the idea
that

if X contains "homologically significant" families of surfaces with small areas,
then K-cohomology classes of X can't be represented by bundles with connections,
which have small curvatures

109Positivity of the sectional (and Ricci) curvature, imposes bounds the first and the second
derivatives of the growths of balls in respective manifolds.
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and where
the norm of A%df measures by how much f contracts/expands these areasm
Yet, we shall eventually switch to an uglier but more appropriate word "K-
cowaisty".

(b) Let X and Y be closed oriented surfaces with Riemannian metrics on
them and let fy : X = Y be a continuous map of degree d. Show that fy is
homotopic to a smooth strictly area decreasing map f, i.e. where ||A%df(z)| <1
for all x € X, if and only if area(X) > d- area(Y).

(c) The principal case in the above corollary, which yields most topologi-
cal applications, E is where X is the n-sphere S™ and where the non-torsion
condition amounts to non-vanishing of the degree of f: X — S™.

In fact, as one knows by a theorem of Serre, the multiple of every cohomology
class h in X with h -~ A =0 can be induced from the the fundamental class of S™
by a smooth map X — S™, the general case of this corollary, for all dimensions,
can be (with a minor effort) reduced X = S".

(d) We call this corollary "rough", since the (lower) bound on kx its proof
delivers is far from optimal,;

Optimal bounds, however, are available, albeit only in a few cases, including
X = 5™ as we shall see in the following sections.

Questions. (A) Is the spin condition in [*| redundant?

Or the opposite is true: if an orientable non-spin n-manifold X admits a metric
go with Se(go) > 0, then it carries metrics g., for all € > 0, with Sc(g.) > 1, for
which allow smooth maps f. : (X,g.) - S™ with deg(f.) #0, and || A2 df|| < €7

(B) Can the torsion conclusion in [*]| be replaced by "p-torsion for some
particular p, preferably for p = 2 and, in lucky cases, even by just f.[X]+07?

(It is not even clear if this can be done with a bound on ||df|| rather than on
A?||df||, where there is a chance for a successful use of minimal hypersurfaces.)

3.3 Sharp Lower Bounds on sup- and trace-Norms of Dif-
ferentials of Maps from Spin manifolds with Sc >0 to
Spheres.

There is no single numerical invariant faithfully representing the size of X, but
there are several ways of comparison the sizes of different manifolds.

In the case, where two Riemannian metrics are defined on the same back-
ground manifold, say g and g on X, one compares these at a point z by si-
multaneously diagonalizing them and recording the ratios of their values on the
vectors e; from the common orthonormal frame {eq,es,....,e,} ¢ T,(X), that

are the numbers
lleally

lleillg”

In terms of these numbers, the inequalities A\;(z) <1, z € X, say that g > g,

while the inequalities A\;\;(2) < 1 convey that g is (only) area wise (non-strictly)
greater than g, where, of course, the former implies the latter.

Ai(z) = Ni(g/g,z) =

1108ee [G(positive) 1996], [Min-Oo(K-Area) 2002] and sections[3.2.4] ?? for more about this
K-area.
118ee [GL(spin) 1980], [GL(complete) 1983], [Lawson&Michelsohn(spin geometry) 1989).
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Another way to compare the metrics is by using the trace of g relative to g,
denoted

trace(g/g) = Z)‘i’ n = dim(X),
1

where the inequality
1
—trace(g/g) <1
n )

expresses the idea of g being greater than g.
This "trace-wise greater" is less restrictive, yet, moderately so, than the
"ordinary greater" g > g, for

1
n2

929=929=92 39

TV

(Notice that )\i(g/CQQ) = %Al(g/g))
A more relevant for us is the "area trace"

tracenz (g/g) = Z i

i)

where "trace area-wise greater" inequality reads

1
n(T_l)trace,\a (g/g) < 1,

which is related to the "untraced area-wise greater" ratio by the relations

[g%g]z[gtrizg]z[gzn(nl_l)g].

3.3.1 Area Inequalities for Equidimensional Maps:Extremality and
Rigidity

In order to apply the above to Riemannian metrics g and g on different manifolds

X and X we relate them by a smooth map, say f: X — X, where the principal

case is of dim(X) = dim(X) =n and where, to make sense of what follows, the

map f must be "homotopically onto", that is not homotopic to a map into a

proper subset in X.

If both manifolds are orientable — they are assumed compact without bound-
aries at this point — this is equivalent to non-vanishing of the degree deg(f) of
the map, |TE|

If non-orientability is easily taken care of by just passing to orientable double
covers, what does cause a problem is the spin condition, the relevance of which
the following two geometric theorems remains problematic.

[Xspm_’ol Spin-Area Convex Extremality Theorem. Let X c R"*!
be a smooth compact convex hypersurface and let g be the Riemannian metric

on X induced from R™*!. Let X = (X,g) be a compact orientable Riemannian
n-manifold with Sc¢ >0 and let f: X - X be a smooth map of non-zero degree.

H12The implication [deg(f) # 0] = [f is homotopically ontol, which is obvious by the modern
standards, is by no means trivial. For instance, "homotopically onto" for the identity map of
the n-sphere is equivalent (one line kindergarten argument) to the Brauer fixed point theorem
for the (n + 1)-ball.
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Let g° = Sc(g)-g and g° = Sc(g) - g be the corresponding Sc-normalized metrics

If X is spin and n is even, then the map f can’t be strictly area decreasing,
that is the metric g° is not area-wise greater, than the induced metric f*(g°) on
X. B

Put it another way,

there necessarily exists a point x € X, where the norm of the second exterior
power of the differential of f is bounded from below by the scalar curvature of
X as follows

Se(X, f(@)) || A2 df (z)]| 2 Se(X, ),

which, in terms of A\; = \i(f*(9°))/g°), reads

° ° > 1.
,ax A ()N () 2

In the simplest case, where X is the unit sphere S™ c R™!, this theorem
can be refined as follows.

[Xspm - O] Spherical Trace Area Extremality Theorem. Let X be a
compact orientable Riemannian spin manifold of dimension n and f: X - 8" =X
be a map with deg(f) # 0.

Then f can’t be trace area-wise strictly decreasing with respect to the Sc-
normalized metrics g° = Sc(g)-g on X and g° = Sc(g) - g° = n(n - 1)ds?, which,
in terms of the exterior power of f, says that there is a point x € X, where the
trace-norm of the second exterior power of the differential of f is bounded from
below by the scalar curvature of X as follows

2|| ~ df ()|ltrace > Sc(X, x),

that is
1

Y S A (@)X (@) 21 for AL = Ni(f*(9°))]9°)-

%]

Remarks (a) Neither [X spm_’o] nor [X spin > O] seem obvious even,
where X is also a convex hypersurface in R"*!,

Question. Are there counterparts of [X Spmﬁol and/or of [X spin > O]
for symmetric function s, of the principal curvatures aq,as,...,a, of convex
hypersurfaces X and X? (We shall return to this question in (b) of [3.4])

(b) The condition n = 2k, which is unneeded for [X spin —> O], probably is

also redundant for [X spm_’O].
(c) These two theorem will be later generalized in several directions.

(d1) One may allow non-compact, and sometimes even non-complete mani-
folds X with suitable conditions on maps f, in order to have their degrees being
properly defined.

(e2) In the case, where dim(X) = dim(X) + 41, the condition deg(f) # 0
can be replaced by A[f~1(z)] # 0 for a generic point € X of a smooth map
f:X - X. (c3) Instead of a convex hypersurface in R™*!, one may take
a more general Riemannian manifold for X, namely one with a non-negative
curvature operator and — this is, probably, unnecessary — with non-zero Euler
characteristic.
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(f) Who is extremal? These two extremality theorems can be thought of as
properties of X, saying that "large scalar curvature makes X small".

From another perspective, these theorems are about X, saying that X can’t
be enlarged without making its scalar curvature smaller at some point.

This suggest two avenues of generalizations that we shall explore in the
following sections.

1. Widen the class of manifolds X and maps f : X - X, which satisfy
the above or similar theorems and, regardless of the scalar curvature, study
invariants of manifolds X respounsible for existence/non-existence of metrically
contracting, yet topologically significant, maps from X to "standard" manifolds
X such as the spheres, for instance.

2. Find further instances of extremal manifolds X = (X, g) with Se(g) > 0,
i.e. where no Sc-normalized metric ¢ can be greater the so normalized g,

Sc(g)-g#Sc(g)-g

and study properties of such metrics[™]

A few Words about the Proofs. E The logic here is the same as in the proof
of the rough area (non)-contraction corollary from the previous section, where
the sharpness of the bound on A2df is achieved by a choice of the bundle L - X
with a non-zero top Chern class with a connection V with minimal possible
curvature, that allows the necessary strong bound on the "twisted curvature"
term ¥, ; e;-e;-0® Rp (e;ne;)(1) in the Schrodinger-Lichnerowicz-Weitzenbdck-
Bochner formula for the Dirac operator on X tensored with induced connection
V = f*(V) in the bundle L = f*(L) - X,

Se(X)
4

D%L(cr@l) =VVi(o®l)+ (o®l) +Z€¢'€j -0 ® Rp(e;nej)(l).

1<J

The natural choice of L — this was suggested by Blaine Lawson 40 years
ago m is one of the Bott generator bundles, that are the %—spinor bundles
L* = §*(X) (with rankc(L) = 2*7! for n = 2k), which, being the "moral square
roots" of the tangent bundle T'(X), have their curvatures equal to the one half
of that of T'(X). (This is clearly seen for n = 2 where L* is the Hopf complex
line bundle over S2.

What makes L* promising candidates for S-L-W-B-extremality, is the fact
that L*-twisted Dirac operator on the manifold X itself does have harmonic
spinors but only barely so: these spinors are parallel as they correspond to
constant functions and/or to constant multiples of the Riemannian volume n-
formon X.

The extremality property of L* was confirmed by Llarull in the case of
X = 5™ and — this was by no means expected — by Goette and Semmelmann

1138ee [Sun-Dai(bi-invariant)2020] for the proof of the extremality of bi-invariant metrics on
compact Lie groups in the class of left invariant metrics.

4For detailed poofs the above mentioned results see [Llarull(sharp estimates) 1998],
[Min-Oo(Hermitian) 1998, [Min-Oo(K-Area) 2002|, [Goette-Semmelmann(symmetric) 2002],
[Goette(alternating torsion) 2007], [Listing(symmetric spaces) 2010]; also we say a bit more
about this in sections??, 77.

LI5T recall this well, since I was taken by surprise by the properties of this bundle, which
has the minimal curvature (one half of that of the tangent bundle of the sphere) among all
unitary bundles with non-trivial Euler class.
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for manifolds X with positive curvature operators, while the possibilities of
Sc-normalization and of tracing A2df, were suggested by Listings. (Although
there is no technical novelties in the proofs of the Sc-normalised and traced
modifications of [X Spm—>O] and [X spin > O] these significantly widen the
range of applications of these extremality theorems.)

Besides facing algebraic complexity of the "twisted curvature" one has to
ensure the existence of non-zero L*-twisted harmonic spinors on X for L* =
frL*.

The index formula guarantees this for n = 2k and, under an additional con-
dition on f, also for n =4l + 1, but in general the existence of such spinors for
all metrics on X and all n remains problematic.

Om-. The Proof of [ Xspin = O] for odd n = dim(X). Given a map X - S™ c
S+l radially (and obviously) extend it to the map X x [—g, g] - S"*1 with
the bottom and the top of the cylinder X x [—% g] sent to the poles of S™*!,
X x {ﬂFg} - F1.

One can proceed three ways from this point.

1. Endow X x [—g, g] with the (spherical suspension) warped product metric
§ with the same warping factor as that for the spherical cylinder S™*'\ {-1,+1}
and observe that, say in the case of Sc¢(X) 2n(n—-1) = Se(S™), this metric has
greater scalar curvature than that of S™*1.

Then, by an easy argument, an e-small C'-perturbation of this metric e-
near the boundary extends, for all € > 0, to a complete metric g. on the infinite
cylinder X x (—o0,+00), such that Sc(g.) > n(n + 1) — ¢ and such that the
geometry of X x (=00, +00),g.) 2 n(n+1) —«¢ is cylindrical for [t| > § + ¢ infinity
with the scalar curvature >n(n+1)+ 1.

Thus the untraced inequality [ Xs,i, — O] applies to the product S™x S*(R)
R > 2 obtained by closing this cylinder at infinity and letting £ — 0.

2. Apply the traced inequality [Xspin = O] to maps X" x S*(R) —» S™*,
where S™ x S'(R) comes with with the product metric, and let the radius of the
circle R — oo. (This is, essentially, how it was done in [Llarull(sharp estimates)
1998].)

3. Regard a map X" x 8! - §"*! of non-zero degree as a family of maps
fs: X - 8™ and use the spectral flow index theorem for the family of operators
on X = X x s parametrized by Slm

Ezercise. Fill in the details in (1) and (2).

Question Is there a more direct (K '-theoretic?) proof of the inequality [ Xspin —
O] for odd n with no direct reference to S™*! and desirably of [X i, )] as well
for, odd n, e.g. by a spectral flow argument?

Infinite Dimensional Remark. Both, spherical suspension in 1 and the cylin-
drical one in 2, when repeated N-times times and can be interpreted in the limits
for N — oo as properties of

116Syuch argument was used in [Vafa-Witten(fermions) 1984] for lower bounds on spectral
gaps for the Dirac operator, succinctly exposed in [Atiyah(eigenvalues) 1984] and applied in
§6 in [G(positive) 1996] to spectral bounds for the Laplace operators on odd dimensional
Riemannian manifolds.
Also spectral flow for Dirac operators combined with a refined Kato inequality is used in
[Davaux(spectrum) 2003| for the proof of sharp upper bounds on the scalar curvatures of
Riemannian metrics on compact manifolds which admit hyperbolic metrics.
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1°° infinite dimensional manifolds X*° with Sc(X ) > Se(S5*);

2% Se(X*°) > Se(S™ x R®™™;

inequalities are implemented in both cases by certain special Fredholm-type
maps X - 5.

Conversely, one can prove an infinite dimensional version of [ X, — O] for
limits of the above maps, say for

Fredholm maps from a Hilbertian manifold X to the Hilbertian sphere, f: X —
S5 ,such that deg(f # 0 and such that there exists a sequence of equatorial spheres

SNt 5 6Nz 5 56N 5 5 5%

where the union U; S is dense in S°° and such that the pullbacks X; = f~1(S™i) c
X are smooth submanifolds of dimensions NN;, the scalar curvatures of which with
the induced metrics satisfy Sc(X;) — N;(N; - 1) -0 for i > oo.

Infinite Dimensional Questions. What is the most general/natural infinite
dimensional inequality [Xpin = O]?

Is there a direct proof of such an inequality with no use of finite dimensional
approximation?

Are there natural Hilbertian and/or non-Hilbertian spaces X to which such
an inequality may apply?

Stability Remark. Probably, (I haven’t thought trough this) the reduction
argument even ~ odd implies certain stability of harmonic spinors on (2m —1)-
manifolds X twisted with spherical spinors, that are section of the induced
bundle f*(S(S*™°1)) by maps f: X - §?™! with deg(f) # 0.

Another (seemingly unrelated) instance of stability of harmonic spinors (seem-
ingly) independent of the index theorem is present in

Witten's argument in his proof of the Euclidean positive mass theorem as well
in Min-Oo’s proof of the hyperbolic one.

Probably, there are many examples of stable (twisted) harmonic spinors on
compact manifolds, where this stability is not not predicted, at least not directly,
by the index theoremlz]

Area Rigidity Problem: Examples and Counter Examples. Given
a smooth convex hypersurface X ¢ R"*! and let ¢ be the induced Riemannian
metric on X. B
Describe (all) Riemanniann-manifolds X = (X, g) along with smooth maps f :
X — X, such that
Se(g, f(2)) < Se(g, @) - || "2 df (@)

at all z € X and also X and f where

Sc(g, f(2)) = Sc(g, ) - | A% df (2)]

In the "ideal rigid" case, at least for Sc¢(X) > 0, one wants all such maps to
be locally isometric with respect to the Sc-normalised metrics g° = Sc(g) - g and
9° =5c(g) - g. (This, if T am not mistaken, is the same as local homothety with
respect to the original metrics: the induced Riemannin metrics f*(g) on X are
constant multiples of g, i.e. g=X-f*(g)) B

117To make sense of this one has to properly specify the meaning of "stability" not to
run into (counter) a example, see Harmonic Spinors and Topology by Christian Barhttps:
//link.springer.com/chapter/10.1007/978-94-011-5276-1_3
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But the true picture is more interesting than this "ideal". Here is what one
can say in this regard.

(A) If n=2 then the equality Sc(g, f(z)) = Sc(g,z) - || A% df (x)]| says that
f is locally area preserving with respect to ¢° and ¢°; hence, the space of such
maps is (at least) as large as the group of area preserving diffeomorphisms of
the disc.

(B) If n > 3, then locally area preserving maps are locally isometric and, in
fact,

"Ideal rigidity", i.e. the implication

Se(g, f(x)) < Se(g, ) - | A% df ()| = g = X- f*(g),

was proven by Mario Listing under the following assumptionsm

e X is a closed strictly convex hypersurface of dimension n > 3, where this
"strictly" signifies that all principal curvatures are > 0 (rather than non-existence of
straight segments in X);

e X is a closed connected orientable spin manifold and deg(f) # 0.

Now let us look at non-strictly convex hypersurfaces of dimensions n > 3.

(C) Let a hypersurface X ¢ R™*™ be the product
X = X, xR"
where X, c R™ is a smooth hypersurface. Then all (self) maps
f=0fo. /1) X > X xR" =X,

such that [|df1]| < 1, satisfy Sc(g, f(x)) = Sc(g, x) - || A% df (x)]].

If m > 2, there are no closed Euclidean hypersurfaces displaying such non-
rigidity (unless I am missing obvious Euclidean examples)lﬂ but this non-
rigidity, of cylinders, i.e. for m = 1, can be cast into a compact form; also
this can be done to conical hypersurfaces as follows.

(D) Let C ¢ R™! a smooth convex cone and let X c C be a smooth closed
convex hypersurface, such that the intersection X n0C' contains a conical annuls
A in the boundary of C' pinched between two spheres,

A= {a € aC}ngllaHgRg'

Thus, the boundary of X c C consists of three parts:

the side boundary that is the intersection X n 9C;

bottom X | c X that lies on the R;-side in the interior of C, i.e. ||z,|| < R, for
T, e X,

top of X, c X that lies on the Rs-side in the interior of C, i.e. ||z]| > R2 for
zy€ X,

Scale up the top of X and set:

X = (XN X,) UMK, A> 1.

118See theorem 1 in [Listing(symmetric spaces) 2010], and compare with Theorem 4.11 in
[Llarull(sharp estimates) 1998].
119There are these in R™0 x T™.
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This X admits an obvious (infinite dimensional) family of diffeomorphisms
f:X > X, that

fix the bottom,

return back the top by z - Atx,

send all straight radial segments in the side boundary of X to themselves,

satisfy the equality Sc(g, f(x)) = Se(g,x) - || A2 df (2)]|.

Probbaly, (C) and (D) give a fair picture of possible kinds of not-quite-rigid
X with Se(X) > 0 in the class of conver X, but it is not so clear for the class
of all X with Se(X) >0

3.3.2 Area Contracting Maps with Decrease of Dimension

The lower bounds on the norms || A? df|| for equividimensional maps f: X — X
with non-zero degree generalize to maps, where dim(X) > dim(X) with an
appropriate generalization of the concept of degree.

For example, the proofs of the rough Area (non)-contraction property (sec-
tion and of both its above refinements | Xy, ”] and [Xspin — O], which
say that such norms can’t be too small at all points in X,

Sc(X,x Sc(X,x .
|22 df ()| ¢ sy and || A% df () lirace £ 255507 correspondingly,

extend with (almost) no change to maps f : X™** — X" with non-zero A-
degrees, which means non vanishing of the A-genera of the pullbacks f~! (z) c
X"+ of generic points x € X™.

For instance:

[Xspm i O]] A-Extremality Theorem. Let X be a compact orientable
Riemannian spin manifold of dimension n + 4l and f: X - X = S™ be a smooth
map, such that the A-genus of the f-pullback of a regular point from S™ doesn't
vanish,

A[f ()] # 0, mye 5™

Then there exists a point x € X, where the the trace-norm of the second exte-
rior power of the differential of f is bounded from below by the scalar curvature
of X as follows,

2| A% df (2)||erace 2 Se(X, ).

Since
2| A% df (2)llerace = Y- Xi(2)Aj (2) < n(n-1) max Ai(2)A;(z) = n(n=1)||n%df ()|
%) ¢
this implies that if Sc(X) > n(n—-1) = Se(S™), then the map f can’t be strictly
area decreasing.

Generalization to & The above remains true with @& instead of A, e.g.
where the pullback of a regular point f~*(z,) c X is diffeomorphic to Hitchin’s
exotic sphere X" for n =8k + 1,8k + 3FE|

120This is done in [GL(spin)1980], [Llarull(sharp estimates) 1998], [Goette-
Semmelmann(symmetric) 2002] and in [Goette(alternating torsion)2007| for bounds on
|[A2df]|, but the corresponding lower bound on || A2 df||¢race is missing from [Listing(symmetric
spaces) 2010]; however, as I see it, there in no problem with this either.

121Such a 2™ is homeomorphic to the ordinary sphere S™, but doesn’t bound a spin manifold.
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Question. Does the conclusion of the above theorem remain true if the
nonvanishing of A[f™*(z,)] is replaced by the following

the pullbacks (f’)~!(z), for all smooth maps f’: X" — X" homotopic to f
and
all f'-non-critical z € X", admit no metrics with Sc> 0.

This is beyond the present day techniques, already for manifolds X"*™
homeomorphic to S™ x Y™, where Y is SYS-manifold.

But if Y™ is the torus or, more generally an enlargeable manifold, e.g. if
it admits a metric with non-positive sectional curvature, then Dirac theoretic
techniques on complete manifolds (see sections 7?7, 7?) delivers the proof of the
following.

X R™- Stabilized Mapping Theorem. Let X"*™ be a complete orientable
Riemannian spin manifold with Sc¢(X™*"™) > ¢ > 0 Fl?l and let X" be a smooth
convex hypersurface in R™!. Let f; : X™™ - X" and f, : X™™ - R™ be
smooth maps, where f5 is a proper{TEI distance decreasing map and where the

"product map",
(fl,fQ) :Xn+m _)Kn XRm

has non-zero degree.
Then, if n is even, there exists a point x € X, where

Sc(X, x)
Se(X, f(2)).

Furthermore, if X" = S™, one can allow odd n and replace the above inequal-
ity by the stronger one:

1A% df (2)]] >

2” /\2 df(-'lf')Htrace £ SC(X,.’IT)

There is a particularly useful corollary of this theorem, where X"™*" = Y™ x
T™ is a T™-extension of a manifold Y", that is the product Y x T™ with a
warped product metric dy? + ¢(x)%dt? and where the map f: X x T™ factors as
Y" xT™ - Y™ - X for the coordinate projection Y x T™ - Y™

For instance, such a T*-stabilized mapping theorem for m =1 together with
the p-bubble separation theorem (sections ?7?), yield a sharp area mapping
inequality for a class of manifolds X with boundaries, e.g. for X =Y x [-1,1].

3.3.3 Parametric Area Inequalities for Families of Maps

Introduce parameters wherever possible is a motto of modern mathe-
matics; Grothendieck concept of topos — a category of sets parametrized by a
"topological site" — is the most general manifestation of this.

The first instance of this in the present context is an application of the index
theorem to the

1221n view of [Zhang(Area Decreasing) 2020], one can, probably, relax this to Se(X™+™) > 0.

123This is the usual "proper": pullbacks of compact subsets are compact.

1248ee[Cecchini(long neck) 2020, [Cecchini-Zeidler(generalized Callias) 2021], [Cecchini-
Zeidler(Scalar&mean) 2021] for more general results applicable to manifolds X™*™ with
boundaries and to all closed manifolds Y™, the non-existence of metrics with Sc¢ > 0 on
which follows from non-vanishing of Rosenberg index.
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family of flat complex line bundles L, over the torus parametrized by the dual
(Picard) torus

and thus showing that the torus T?™ with an arbitrary Riemannian metric g
supports a non-zero harmonic spinor twisted with a flat unitary bundle; hence,
no metric g on the torus may have Sc(g) > 0 by the (untwisted) S-L-W-B
formula. [

Today, this idea is expressed in terms of elliptic operators £g4 with coeffi-
cients in C*-algebras A, which, for commutative A, are algebras of continuous
functions on toplogical spaces P parametrizing families of operators &,, p € P.

Closer home, we want to determine a homotopy bound on a space of maps
f:X - X in terms of inf S¢(X) and the the norms || A2 df|| of these maps.

Here is an instance of what we are looking for.

[X x P — Q] Sharp Parametric Area Contraction Theorem. Let X
be an orientable spin manifold of dimension n, let P be an m-dimensional orientable
pseudomanifold, let g,, p € P, be a C*-continuous family of smooth Riemannian
metrics and let f: X x P — S™™™ be a continuous map, where all maps f, = fix, :
X =X, =X x{p} > S"™ are C'-smooth.

Then there exists a point (z,p) € X, where the g,-trace norm of the exterior
square of the differential of fp(x) is bounded from below by

2|[trace(A2df,)|| = D Xi(@)Aj(z) > Se(gy, @)
i)
for some (x,p) € X x P.
Consequently,
the inclusion Ty of the space Fygy of pairs (g, f), where g is a Riemannian
metric on X and f: X — S™"™ f is a smooth map, such that

2lftrace(n*df,)|| = > Xi(2)Aj(x) < Sc(gp, x) for all (z,p) € X x P,
i*j

to the space of all continuous maps X — S™*™

I{g}f{g} i fcont(Xa STH—TTL),

)

18 contractible.

Outlines of two Proofs. 1. Apply the parametric index theorem to the
Dirac operators on X, twisted with bundles L, - X, induced from the same
bundle L = S*(S™™) - S™*™ that was used in the proof of the area contraction
theorems in section 3.3.1land confirm curvature estimates needed for the twisted
S-L-W-B formula.

(If n is odd, one has to argue as in Og in the proof of [ X, - O] for odd
n in section [3.3.1])

2. Reduce the parametric problem to the non-parametric trace extremality
theorem [Xspm —- O] from section applied to maps X" — ST+

To do this, assume P is a manifold *°| and let hy, A > 0, be a family of
Riemannian metric on P such that gy > A - hg and Sc(hy) < A™! and send

125This idea goes back to George Lusztig’s paper Novikov’s higher signature and families
of elliptic s where it is used for a proof of the homotopy invariance of "torical" Pontryagin
classes.

1261n the general case, by using a Thom’s theorem, replace P by a manifold P’ mapped to
P with non-zero degree
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A — oo. Then, due to additivity of trace, application of [Xgp;m — O] yields
[X x P - O
Remarks.(a) If instead of the trace norm of df we had used the sup-norm,

this argument would give you a non-sharp inequality, namely with the extra

constant w
n(n-1)

(b) Non-product families. Let {X,,} be a continuous family of compact con-
nected orientable Riemannian n-manifolds parametrized by an orientable N-
psedomanifold P 3 p, that is {X,} is represented by a fibration X = {X,} - P
with the fibers X,,.

Let f: X —» S™™V where n = dim(X,) and N = dim(P), be continuous
map the restrictions of which to all X, are, smooth area non-decreasing, e.g.
1-Lipschitz maps, the differentials of which are continuous in p € P, and let the
degree of f be non zero.

If the fiberwise tangent bundle {T'(X,,)} of X is spin, then the above mentioned
parametric index theorem to the Dirac operators on X, implies that
the infimum of the scalar curvatures of all X,, satisfies

inf PSc(Xch) <n(n-1).

reX,,pe

Moreover, in the extremal case of inficx, pep Sc(Xp, ) = n(n - 1), one can
show that some of X, is isometric to S™.

(If P is a smooth manifold, such that X is spin, then all this can be proved
with the index theorem on X.)

(¢) Maps to Fibrations. Let X — P be a sphere bundle with the fibers
SI’,”N =S5""N and f: X - X a fiberwise map,

F={fp: %> S}

Then, with a suitable defined condition "deg(f) # 0",the above inequality on
the scalar curvatures of the fibers X, remains valid.

To see this, reduce (c) to (b) as follows.

Let X* — P be the complementary S™-bundle, that is the join bundle X * X*
with the fibers S;”N“’”l = S;”N * 8™ is trivial, and observe that the map f
canonically suspends to a fiberwise map

X* Xt > Xx Xt
which, due to the triviality of the fibration X * X*, defines a map
*f X *XJ_ N Sn+N+m+1

Since the scalar curvatures of the fibers &), * X ; are bounded from below

by the curvature of S"*N*™*1 (see exercise [*] in section ??) one can use (b),

where, as in the reduction of the odd dimensional case of maps X — S™ to n
even in Og in section the fibers &, *&; and thus the space X * X* must be
completed by slightly perturbing the metric and then extending it cylindrically
at infinity with (arbitrarily) large scalar curvature.

Erercises. (c1) Use the trace norm on A2%df and reduce (c) to (b) with the
fiberwise version of Og.
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(c2) Directly define "deg(f)" and prove (c) with the parametric index the-
orem.

(d) Families of Non-Compact Manifolds. The above generalizes to families
of complete manifolds X,, and maps f: X - S™* which are (locally) constant
at infinities of all X, (degrees are well defined for such maps f), where, the
parametric relative index theorem, according to [Zhang(area decreasing) 2020,
applies whenever all X, have (not necessarily uniformly) positive scalar cur-
vatures and where the conclusion concerns the scalar curvatures of X, on the
support of the differential df on the manifolds X,

Sc(Xp, )

inf <
IES’U«PP(df\Xp),PQP 2” /\2 df|Xp($)||trace

i

(e) Foliations. There is a further generalizations of (b) to smooth foliations
n-dimensional leaves on compact orientable (n + N)-dimensional manifolds X,
with smooth Riemannian metrics on them X.i

Namely, let X - S™*N be a smooth map of non-zero degree.

If either the manifold X is spin or the tangent bundle to the leaves is spin,
then there exists a point x € X ,such that the scalar curvature of the leaf X =
X, ¢ X passing trough x at x is related to the differential of f restricted to X
by the inequality

Se(X,x) < 2| A% dfix (2)ltrace-

This is proven with n(n — 1)[|df||* instead of || A% dfix (@)||trace by Guangxi-
ang Su [Su(foliations) 2018] and extended to complete manifolds in [Su-Wang-
Zhang(area decreasing foliations) 2021] by sharpening the arguments by Alain
Connes and Weiping Zhang. (The proofs in these papers, if I red them correctly,
allows a use of || A% dfix («)||trace rather than [|df]J.

Ezamples. Most natural (homogeneous) foliations with non-compact leaves
support no metrics with Sc > 0 by Alain Connes’ theorem, but their products
with spheres S*, ¢ > 2 carry lots of such metrics, to which Su’s theorem applies.

Questions. Does this theorem remain valid for foliations with smooth fi-
bres but only C*-continuous in the transversal direction, such for instance, as
stable/unstable foliations of Anosov systems?

(Notice in this regard that another Connes’ theorem, which generalizes
Atiyah Lo-index theorem and applies to foliations with transversal measures,
needs these foliations to be only C3-continuous in the transversal direction,
compare with discussion in sections 9%, 9% in [G(positive)1996].)

What is the comprehensive inequality that would include all of the above
from (b) to (e)?

Families with Singularities. Is there a meaningful version of the above for
families X,,, where some X, are singular, as it happens, for instance, for Morse
functions X - R?

Notice in this regard that Morse singularities, are, essentially, conical, where
positivity of Se(X,) for singular X,, in the sense of section ?? can be enforced
by a choice of a Riemannian metric in &.

127 hese are cones over S* x §nk=1 p = dimXp, where the scalar curvature of such a cone
can be made positive, unless k<1l and n-k-1<1.
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Conversely, positivity of Sc(X,), for all X, including the singular ones,
probably, yields a smooth metric with Sc¢>0 on X.

And it must be more difficult (and more interesting) to decide if/when a
manifolds with Sc¢ > 0 admits a Morse function, where all, including singular,
fibers have positive scalar curvatures or, at least, positive operators —A + %Sc.

3.3.4 Area Multi-Contracting Maps to Product Manifolds and Maps
to Symplectic Manifolds

A guiding principle in the scalar curvature geometry reads:

If certain geometric and/or topological properties of Riemannian manifolds X,
1=1,2,.....;k imply that inf S¢(X;) < oy, then such a property of Riemannian mani-
folds X homeomorphic the products X; X; = X1 ... x X, implies that inf Se(X) <
2i0i-

1. Topological non-Existence Example. If X; and X5 admit no complete
metrics with Sc > 0, and if X5 is compact, then in many, probably, not in all cases
the product X; x X5 admits no such metric either, (this seems to fail for SYS-
manifolds).

A a prominent instance of this — here and everywhere with scalar curvature — is
X5 equal to the N-torus T™.

2. Length Contraction Example. Let X, ¢ = 1,...,k, be orientable
(spin) length extremal Riemannian manifolds with Se(X;) > 0, which means

that all smooth maps of non-zero degrees from orientable (spin) Riemannian
n;-manifolds X; with Sc(X;) >0 to X,

fi: Xy = X,

satisfy g
inf C(Xiaxi)
vieX: Sc( X, f(@:))||dfi (2:)

Ay

E <1.

Then — this is expected in many cases — the Riemannian manifold X = X; X, is
also (spin) length extremal. (This is, probably, true for all known examples of
spin length extremal manifolds X,.)

Moreover all smooth maps from orientable (spin) Riemannian manifolds X
to the product X = X; X, defined by a k-tuple of maps X — X;,

k
@ = (h1,s k) X > XX,

which have non-zero degree should satisfy the following stronger inequality,

min (inf Se(X, z) ) <1
Aok Se(X . 61(0)) [ () P

And in the ideal world one expects even more:

inf SC(Xi,LIJi)

S| <k
rX Se(X, ®(x)) (Tiy ldei (2)]])
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One also expects this product property for area rather than length, that is
with the norm of the exterior power of the differentials, || A2 dé;(z)|| instead of
|ldg;(x)||?, which is (partly) justified by what follows.

Rough Multi-Area non-Contraction Inequality. Let X be a compact
Riemannian manifold decomposed into product of Riemannian manifolds of positive
dimensions,

X=X, x..x X, x..xX,, dim(X,)>1,

let X be a compact orientable spin manifold of dimension n < dim(X) and let
X — X be a smooth map defined by a k-tuple of maps to X,

f=Ufenfi,fu): X > X=X, x..x X, x..xX,.
If the image of the fundamental homology class under f,
[ [X] e Hy(X)

is non-torsion, then the scalar curvature of X is bounded by the area contraction
by f, as follows
1 inf Se(X,x) <
min inf —————— <o,
S A dfio)l

where the constant o depends on X but not on XFEI

Proof. Since f.[X] is non-torsion, there exist cohomology classes h; ¢
H™(X,;;Q), ¥;n; = n, such that the cup product h* € H"(X) of their lifts
to X doesn’t vanish on f.[X]g).

By multiplying X, where k; are odd, by circles and multiplying X by the
product of these circles, we reduce the situation to the case, where all k; as well
n=dim(X)=3,n; are even.

Then, by the rational isomorphism between the K-theory and ordinary co-
homology,

there exist complex vector bundles L, - X,, such that the Chern character
of the tensor product L — X of the pull-backs of L, to X doesn’t vanish on
f+[X]o either.

It follows, that the index of the Dirac operator on X with values in the f-
induced bundle L* = f*(L) — we assume that X is spin and the this is defined
— or in some associated bundle L* - X doesn’t vanish. (This is elementary
algebra as in the definition f the K-area.)

Endow the bundles L; with unitary connections and observe, as we did
earlier, that the norm of the curvature of the corresponding connection in L* —
X is bounded by a constant C which depends only on X and on the norms
|| A2 df;]|, but not in any other way on X and on f.

Therefore, by the twisted Schrodinger-Lichnerowicz-Weitzenbock-Bochner
formula the index of Dgr+ would vanish for Sc(X) >> C and the proof follows.

Rank 1 Corollary. If Se(X) > 0 and (the differentials of ) all maps f;
have ranks <1 then f.[X]g =0.
This follows from the inequality (0,0, ...,0) <0 and the definition of g.

For instance, this shows again that

1281f X is infinite dimensional, e.g. this is the Grassmann manifold of m-planes in the Hilbert
space, then o may depend on n = dim(X).
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continuous maps from orientable Riemannian spin manifolds X with Sc(X) >
0 to T™ send the fundamental homology classes [ X ]| € H,(X) to zero in H,(T™),
since tori are products of circles and maps to circles have ranks < 1.

(Maps f with all their components f; of rank one, may be themselves smooth
embeddings X - X.)

Sharp Multi-Area Inequalities. Let X, i=1,...,k, be compact orientable
Riemannian manifolds, either with non-negative curvature s or Hermitian ones with
positive Ricci curvatures. Let X be a compact orientable manifold and let

k
=0, fr): X >X= _>_<1Ki

be a map a positive degree. Let || A% df;|| stands either for the norm of the second
exterior power of the differential of the map f; : X — X, or, in the case where X,
is the sphere S™i, it for the averaged trace of A%df; defined as earlier:

1 1 =
m”ﬁ“ace(/@dﬁ(w))n = n(n-1) I;V (@) ().

(The latter is non-greater than the former.)

Congjecture. There exists a point z € X, such that

() Se(X,x) < Se(X, f()) - 2| A* dfi(2)].

1. Start with enumerating the cases, where this conjecture was proved for
maps from spin manifolds X to unsplit into products manifolds X, i.e. for k = 1.

1.A. X is the n-sphere S™.

The main computation and reduction of the case n = 2m -1 to n = 2m
via the map X x T! - S?™ was performed in [Llarull(sharp estimates) 1998].
Then the scale invariant trace form of Llarull’s inequality was established in
[Listing(symmetric spaces) 2010] for even n, and as we explained in section
the trace form of the area inequality allows an automatic reduction n =
2m -1~ n=2m.

1.B. X is a Hermitian symmetric space with Ricci(X) > 0. This was proved
for symmetric X in [Min-Oo(Hermitian) 1998] and extended to all Hermitian
spaces with Ricci(X) > 0 and Ricci(X,zg) > 0 at some point in [Goette-
Semmelmann(Hermitian) 2002].

1.C. X has non-zero Euler characteristic. Proved in [Goette-Semmelmann(symmetric)
2002] and brought to the scale invariant form in [Listing(symmetric spaces)
2010].

2. Stabilization by TY. Whenever the inequality (¥) is established for
manifolds X, of dimension n, and maps X, - X by confronting the index the-
orem with the twisted Schrédinger-Lichnerowicz-Weitzenbéck-Bochner formula
(there is no known alternative for this) then this argument also applies to maps
f:X > X xTN dim(X)=n,+N.

To show this, recall that the N-tori TV for N even, support (almost flat)
unitary bundles L_ for all € > 0, (and similar families of flat bundles a la Lusztig)
with

(a) non-zero Chern characters man and, at the same time with
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(b) curvature operators with norms < €.

Now, suppose that (9) follows with the Dirac D on X, twisted with the
bundle L, - X, induced from a bundle L, - X by a map f,: X, > X .

Then observe that the same argument applies to D on on X twisted with
the bundle L - X induced by a map f: X - X x TV of non-zero degree from
the tensor product L, ® L, - X x TV by letting € - 0.

Indeed, (a)&(deg(f) # 0) imply non-vanishing of index(Dgr ),while (b)
guaranties the same bound on the L-curvature term in the twisted S-L-B-W
formula for € — 0, as in the L,-curvature for Dgr,,.

Remark. As we mentioned above, one can use families of flat bundles over
T¥, (or more generally, suitable Hilbert moduli over the C*-algebra of 71 (T"))
which have a advantage of giving (slightly) sleeker proofs of rigidity theorems.

3. The above argument, probably, applies to general manifolds X; with
bundles L; - X, instead of L_ - TV, where an essential point is checking that
the curvature contribution to the S-L-B-W formula from the induced bundle
L=f"(Ly®L;)— X formaps f: X - X x X, is bounded by the sum of the
corresponding contributions from f;(L,) and f;(L,) for maps f: X, - X and
fi: X1 - X,

We suggest the reader will verify this, while we turn ourselves to a special
case, where the necessary linear algebraic computation has been already done.

4. Maps to Products of 2-Spheres and to Symplectic Manifolds. Let
k
X=X5},
i=1

§? are spheres with smooth Riemannian metrics, let X be a compact orientable
Riemannian manifold of dimension 2k and let

f:(flv"wfk):X_)X

be a smooth map.
Let w; be the area forms of Siz, thus, fS? w,; = area(ﬁ?), and let w; be the

2-forms on X induced from w; by f; - SZ.

Observe that || A% df;(2)]| = ||w;(x)|| equals the maximal area dilation by f; at
x of surfaces S 3z in X.

f has non-zero degree, then there exist a point © € X, where the scalar
curvature of X is bounded un terms of || A2 df;(x)|| as follows,

(¥2) Se(X,x) SSWZM

= area(S?)

where the equality holds if and only if X is the product of Euclidean spheres
X = szl S2(r;) with no restrictions on their radii r; and on the Riemannian
metrics in S .

Proof. Start by observing that the right hand side of (¥ 2) doesn’t depend
on the choice of Riemannian metrics on S? and we may assume all S7 isometric
to the unit sphere S? = $2(1).

Let L - X = (52)* be the tensor product of the pullbacks of the Hopf bundle
over 52 under the k projections X — S? and observe that the curvature form of
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this (complex unitary line) bundle L — X is:
1
curv(L) = 3 > w;.

Therefore, for all = € X, the diagonal decomposition of form w, in an orthonor-
mal basis in the tangent space T, (X), orthonormal basis (7;,6;),i=1, ..., k,

w = Z)\in,/\ﬂi, )\z >0

satisfies

DA < DI dfi ()]
It follows (theoreml.1 in [Hitchin(spinors) 1974]) that if

2 Jgf.
Sc(X,x) > 8w Z ”;\ref?ég" ;

then X supports no non-zero harmonic spinors twisted with L.

On the other hand the top term in the Chern character of L is non-zero and
the index theorem says that X does support such a spinor, and, as everywhere
in this kind of argument, the proof follows by contradiction.

Symplectic Manifolds and w-FExtremality. The above argument equally ap-
plies to maps of non-zero degree between 2k-dimensional orientable manifolds,
f:X - X, where X is endowed with a closed 2-form w, such that

1

e the cohomology class ¢ = 5-[w] € H*(X;R is integral: [4[w] € 2nZ for all

closed oriented surfaces in X (the basic example is one half of the area form on
S%);

e the product of expc=1+c+ % ot Z—k, where ¢ = f*(c) € H?(X) for the
cohomology homomorphism f* : H*(X) - H?(X), with the Todd class A(X)
(a polynomial in Pontryagin classes of X, see section ??) doesn’t vanish on the

fundamental homology class of X

(expec) ~ A[X] #0.

(For instance ¢* # 0 and X is stably parallelizable, which, by Hirsch immersion
theorem, is equivalent to the existence of a smooth immersion X — R?**!_ while
*+0.)

K«-Invariant. Let X = (X,w,h) be a smooth manifold, where:

w is a differential 2-form on X, e.g. a symplectic one, i.e. where w is closed,
the dimension of X is even and w™, m = %@, nowhere vanishes on X

and where h € H,,(X) is a distinguished homology class.

Define k,(X)n as the infimum of the numbers x > 0, such that all smooth
maps of from all closed orientable Riemannian spidzgl manifolds of dimension
nto X,

[ X-X,

which send the fundamental homology class of Xtoh,
f* [X] = ﬁa

129This can be relaxed to properly formulate spin®.
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satisfy
in}f{ Se(X,x) <4 k-trace(w(z)),

where w = f*(w)) is the f-pullback of the form w and

trace(w(z)) = Y \;

for the above g-diagonalization of w.

(See §5§ in [G(positive)1996] and section3.4 in [Min-Oo(scalar) 2020] for
integral versions of this invariant.)

A Riemannian manifold X is called w-extremal if it admits a smooth map
f:X - X, such that f,[X]=h and

Se(X,xz) =4k - trace(w(z)), for all z e X.

The above proof of (¥2) actually shows that the product of spheres X =
(S?)* is w-extremal for the sum of the area forms w; of the S2-factors of X,

W= w;
K3

where h € Hoi(X) is the fundamental class [X], where k = % and where any
symplectomorphism X = X - X can be taken for f.

Remarks. (a) The above is a reformulation of a special case of area ezx-
tremalitgfrivl theorems from [Min-Oo(Hermitian) 1998]|, [Bér-Bleecker(deformed
algebraic) 1999] and [Goette-Semmelmann(Hermitian) 1999], where the authors
establish the w-extremality of several classes of Kdhler manifolds including com-
pact Hermitian symmetric spaces, Kiahler manifolds X with Ricci(X) > 0 and
also of certain complex algebraic submanifolds X < X = CP¥, with the Fubini-
Study form w on CPY.

(b) Besides multi-area contraction inequalities there are similar multi-length
inequalities, such as the multi-width O"-inequality from section ?7, where the
(stronger) multi-area contraction inequality doesn’t apply.

Congecture All (most?) w-extremal manifolds are Kdhlerian, or closely associ-
ated with with Kdhlerian or similar manifolds, such, e.g. as KalerianxT™.

Admission. 1 don’t even see, why the forms w in all extremal cases must be
closed but not, say, "maximally non-closed", such as generic ones.

Question. Are there further sharp inequalities between (norms of) differen-
tials df; for maps

k
f= (fl,fl,f/c) : X —>K: >_<157Li, Zni =n,

with deg(f) # 0 and (the lower bound on) Sec(X) besides

inf Se(X,z) <1
zex Sc(X, f(x)) - ;|| A2 dfi(2)]|

130 Areq extremality of a Riemannian manifold X = X (g) (essentially) means that all metrics
g" with Sc(g") > Sc(g) on X must have areay (S) < area(Sy) for some surface S c X. If X
is a Kéhler manifold then w-extremality (obviously) implies area extremality for the Kéhler
form w of X.
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from the above (¥¢) and/or its || A% df;()||¢race counterpart?

Namely, what are conditions on numbers ¢ and by, ...b;, ...bx, such that there
exists a compact orientable (spin) manifold X of dimension n = ¥, n; with
Sc¢(X) > o and a smooth map f = (fi,...fi,..fx) : X = X = X, S with
deg(f) #0, such that || A? df;(z)|| < b; for all z € X?

3.4 Sharp Bounds on Length Contractions of Maps from
Mean Convex Hypersurfaces

The Atiyah-Singer theorem, when applied to the double B(X) of a compact
manifold X with boundary, delivers a non-trivial geometric information on X
as well as on the boundary Y = 9X.

For instance, if mean.curv(Y') > 0, then, as we explained in section ??, the
natural, continuous, metric g on ®(X) can be approximated by C?-metrics g’
by smoothing ¢ along the "Y-edge" without a decrease of the scalar curvature
in a rather canonical manner. Here is an instance of what comes this way.

[Yipin = ©] Mean Curvature Spin-Extremality Theorem. Let X
be a compact Riemannian manifold of dimension n with orientable mean convez
boundarE Y and let Y ¢ R™ be a smooth compact convex hypersurface.

Let h and h denote the Riemannian metrics in Y and Y induced from their
ambient manifolds and let 2% and A be their MC-normalizations (see section ??),

hh(y) = mean.curv(Y,y)2 -h(y) and @h(y) = mean.curv(Y,y)2 -h(y).

Then, provided the manifold X is spin, all A-Lipschitz maps f:Y =Y with
A <1 are contractible.

In other words,

if a smooth (Lipschitz is OK) map f:Y — Y has a non-zero degree, then
there exists a point y € Y, where the norm of the differential of f is bounded
from below as follows:

mean.curv(Y,y) |30

[ldf (yll >

mean.curv(Y, f(y))

If Y = S™!, this extremality, as in the case of the scalar curvature, can can
be sharpened with a use of the trace norm of the differential df ..., except that
I have not verified the computation and leave the following "theorem" with a
question sign.

[Vipin O] Mean Curvature Trace Extremality Theorem(?) Let
X be a compact orientable Riemannian spin manifold of dimension n with orientable
boundary Y and f:Y - S"! =y be a map with deg(f) # 0.

Then f can’t be trace-wise strictly decreasing with respect to the M C-normalized
metrics hf = mean.curv(Y)%h for the Riemannian metric h on'Y induced from
XoY and b = (n-1)2ds? on S™!, that is there is a point = € X, where the

131This mean the mean curvature of the boundary is non-negative, where the sign convention
is such that boundaries of convex domains in R™ are mean convex.

132Here we agree that % = oco.

133Probably, the quickest way to remove "?", at least for even n, is by adapting/refining the
argument from [Lott(boundary) 2020]and/or from [Bér-Hanke(boundary) 2021].
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trace-norm of the differential of f is bounded from below by the mean curvature
of X as follows:

(nil) Zl Al(y) 2 1 for N = Au(f* () /hF),

which means that the trace-norm of df with respect to the original (non-
normalized) metrics satisfies:

1 W)l N mean.curv(Y, f(y))
(n ~ 1) race 2

The simplest and most interesting common corollary of these two theorems
is the following.

mean.curv(Y,y)

o (Seemingly Elementary) Example. If the mean curvature of a smooth
hypersurface Y c R" is bounded from below by n — 1, that is the mean curvature
of the unit sphere S"™! c R", then all A-Lipschitz map f:Y — R"™, where A <1,
are contractible [

(If "Lipschitz" is understood with respect to the Fuclidean distance function
on X, rather than the larger one which is associated with the induced Rieman-
nian metric, the proof easily follows from Kirszbaum theorem.)

About the Proof of ©. Let X lie in a (slightly larger) Riemannian n-manifold
X, o X without boundary, let an”‘l c X, xR! be the boundary of the e-
neighbourhood of X ¢ X, xR! and let us similarly, define X;‘”_l c R = R"xR!
as the boundary of the e-neighbourhood of X ¢ R™* = for X c R™ with boundary
Y.

Observe — this needs a little computation as in section 1.4 — that the lower
bounds on the scalar curvatures of the "interesting parts"

n+l-1 n+l-1 n+l-1 n+l-1
}/ea c }/5 and Zes c Xa

which are e-close to the original Y ¢ Y*'"1 and Y c Xg”_l, are perfectly
controlled by their mean curvatures, while their complements, being flat in the
ambient manifolds, have the same scalar curvatures as X and X, where the
latter is equal to zero.

Then extend f:Y — Y a map

.y nt+l-1 n+l—1
Je Y, i S

such that the "interesting part"of Y."*'"! goes to that of Y**'~! and the comple-
ment of one to the complement of the other and such that the "interesting part"
of this extensions is done in a most economical manner along normal geodesics
to Y c Y2 and to Y c YL

If we do it with a proper care then, for a small enough ¢ and [ with the
same parity as n, we shall be able to apply the spin-area convex extremality

1341 is impossible not to ask oneself what happens for A = 1, i.e. where f is distance non-
increasing. You bet, such an f is either contractible, or it is an isometry. Indeed (almost)
all our extremality theorems are accompanied by rigidity results in the equality cases, as we
shall see later on.

But it is non-trivial to formulate and hard to solve the stability problem: what happens to
geometries of hypersurfaces X ¢ R™ with mean.curv(X:) >n -1 and to (1 +¢)-Lipschitz maps
to S™~1 with non-zero degrees, when ¢ — 0.
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theorem | X, "] from the section m to the map f., which that would
need a preliminary smoothing of the manifolds Y**'~! and X?”*l by tiny C'-
perturbations (these manifolds themselves are only C'-smooth), where, while
while smoothing the hypersurface X?”_l convex, smoothing of ZZH_I must
keep the flat part flat.

Because of the latter, the point y. € L"”_l, where

Se(Y f(ye) - A2 df ()] 2 Se(Y ' ye),

provided by [Xspin~ )] must be necessary located in the "interesting region"
Y2*=1; then the needed inequality for the mean curvature of Y will be satisfied
by the point y € Y nearest to y..

Remark about [Yspin —>O]. To carry out the above argument one needs a
generalization of of the spherical trace inequality [Xspi, — O] from the previous
section to manifold X that don’t have full O(n + 1)-symmetry of S™.

In the present case the relevant metric g is O(n) invariant and one needs a
separate bounds on the two parts of the trace norm of A%df:

the first part comes from % bivectors e; A e; with e; and e;, 7,5 =
1,...,n -1, tangent the S™ -spherical O(n)-orbits and the second one from the
n —1 remaining e; A e,, with the vector e, normal to these orbits.

This is an instance of a more general principle:

to achieve the sharpest inequality, one should choose the norm for measuring df
in accordance with the the symmetries of the manifold X.

We shall see later on other instances of this "principle", e.g. for maps to
products of spheres in section [3.3.4]

On Non-spin Manifolds and on o < 0. Conjecturally, if the boundary
Y = 0X of a compact orientable Riemannin n-manifold X with Sc¢ > —n(n - 1)
admits a smooth map f with non-zero degree to the boundary of the R-ball in the
hyperbolic n-space with sectional curvature -1,

f:Y > 8B(R) c H"(-1),

and if
mean.curv(Y) >n -1 and ||df]| < 1,

then the map f is an isometry. Moreover, f extends to an isometry X — B(R)FEI

We shall prove a partial result in this direction with a use of stable capil-
lary p-bubbles, which may also apply to maps to more general hypersurfaces in
H"(-1) (see section ??), but it remains unclear how to approach the trace-norm
version of this conjecture.

Questions and Ezxercises. (a) Is there an elementary proof of this inequality for
n>47

(b) Besides the lower bound on the mean curvature, that is the sum of
the principal curvatures, Y ; «;, the "size" of a hypersurface Y is bounded by
the scalar curvature },.; c;r; and also - this is obvious by the product of the
principal curvatures []; ;.

135Granted f is an isometry (with respect to the induced Riemannin metrics in X c X and
OB(R) c B(R)), an isometry X — B(R) follows from Min-Oo’s hyperbolic rigidity theorem
from section 77.
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Are there similar inequalities for other elementary symmetric functions of ;.

(If Y c R" is conver, i.e. all a; > 0, then []; o; minorizes the rest of el-
ementary symmetric functions, which gives a trivial proof of & and similar
inequalities for other symmetric functions for distance decreasing maps from
convex hypersurfaces to S™.)

the above theorems for convex hypersurfaces YR™.)

But it is unclear if, for instance, there is a bound on this radius in terms of
Yisjok ijay, for n > 5 when this sum is positive.)

(d) Let Yp ¢ R™ be a smooth compact cooriented submanifold with boundary
Z = 9Yp, such that

the mean curvature of Yy with respect to its coorientation satisfies

mean.curv(Y) > n -1 = mean.curv(S™™).

Show that
every distance decreasing map

f:Z 8" 2 cR!

is contractible,
where "distance decreasing'refers to the distance functions on Z c R™ and
on "2 c R"™! coming from the ambient Euclidean spaces R™ and R"!,

Hint. Observe that the maximum of the principal curvatures of Yy is > 1
and show that the filling radius of Z c R™ is < 1@

(e) Question. Does contractibility of f remains valid if the distance decreasing
property of f is defined with the (intrinsic) spherical distance in S™"2 and with
the distance in Z c Y associated with the intrinsic metric in Yo o Z, where
disty, (y1,y2) is defined as the infimum of length of curves in Y between y; and
Ya?

(f) Formulate and prove the mean curvature counterparts of the theorems

[Xspin 4 O]], XR™ and [X x P — O] for maps X"*™ - X" and X" —» X"
from sections and either by the above Y**'~!1_construction or by gen-
eralizing Lott’s argument for manifolds with boundaries.

(h) Question. Is there a version (or versions) of the mean curvature ex-
tremality theorems for maps to products of convex hypersurfaces in the spirit
of area multi-contracting maps in section

3.5 Riemannian Bands with Sc>0 and 2;”-Inequality.

We saw in the previous sections how a use of twisted Dirac operators leads to
geometric bounds, including certain sharp ones, on the size of compact Rieman-
nian spin manifolds. Such bounds usually (always) extend to non-compact com-
plete manifolds, but until recently no such result was available for non-complete
manifolds and/or for manifolds with boundaries. E

136 This means that Z is homologous to zero in its 1-neighbourhood.

137Several such results have appeared in the papers [Zeidler(bands) 2019], [Zeidler(width)
2020] and [Cecchini(long neck) 2020],[Cecchini-Zeidler(generalized Callias) 2021], [Cecchini-
Zeidler(Scalar&mean) 2021], [Guo-Xie-Yu(quantitative K-theory) 2020], which we briefly dis-
cuss letter on .
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On the other hand minimal hypersurfaces were used in [GL(complete)1983]
for obtaining rough bounds for non-complete manifolds; below, we shall see how
such hypersurfaces (and p-bubbles in general) serve for getting sharp geometric
inequalities of this kind.

Bands, sometime we call them capacitors, are manifolds X with two distin-
guished disjoint non-empty subsets in the boundary 9(X), denoted

O_.=0_XcdX and 9, =0, X c 0X.
A band is called proper if ;. are unions of connected components of X and
0_ud, =0X.

The basic instance of such a band is the segment [-1,1], where £0 = {£1}.

Furthermore, cylinders X = Xy x[-1,1] are also bands with +0 = X x {1},
where such a band is proper if Xy has no boundary.

Riemannian bands are those endowed with Riemannian metrics and

the width of a Riemannian band X = (X, 0.) is defined as
width(X) = dist(d_,0,),

where this distance is understood as the infimum of length of curves in V' be-
tween J_ and 0,.

We are mainly concerned at this point with compact Riemannian bands X
of dimension n, such that

D‘H’SC}O 10 closed embedded hypersurface Y c X, which separates d_ from
0., admits a T!-stabilization Y with positive scalar curvature, i.e. no complete
(warped product) metric on the product Y x T! of the form dy? + ¢(y)%dt? has
Se(h™) > 0.

(Since Y is compact, the existence of this (warped product) metic h* with
Sc(h*) > 0 is equivalent to the existence of a metric A with Se(h) >0 on Y
itself, since the conformal Laplacian —A + areaextremality3n — 24(n—1)Sc is
more positive that the —A + %Sc implied by positivity of Sc(h™).)

Representative Examples of compact bands with this property are:

ern1 toric bands which are homeomorphic to X = T""! x [-1,1];

o5y s manifolds X homeomorphic to a Schoen-Yau-Schick manifolds times
[_17 1]7

o these, called & bands, are diffeomorphic to Y x [-1,1], where the Y is

a closed spin (n — 1)-manifold with non-vanishing &-invariant (see the IV
above);

ern-1,4 these are bands diffeomorphic to products X,_xT*, where (X, _1) #

(A characteristic non-compact example with a similar property is
e, zz1: X is homeomorphic to the product T 2 xR x [-1, 1] minus a discrete
subset.)@

138 The property D‘HScm for toric bands and for SYS-bands follows from the Schoen-Yau
codimension 1 descent theorem (see section , in the case e4 this is the Lichnerowicz-
Hitchin theorem (section and epn-1,4 is a corollary to theorem 2.1 in [GL(spin) 1980],
while a "complete" version of this property for the non-compact (T 2 xR x [-1,1]) \ {Z} is
an example, where theorem 6.12. from |[GL(complete) 1983| applies. (See sections ?7?, 7?7 for
more about these and more general examples.
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2f—Inequality. Let X be a proper compact Riemannian bands X of dimen-
sion n with Sc(X) > o > 0.

If no closed hypersurface in X which separates O from 0. admits a metric
with positive scalar curvature, then

[0.<22]  width(X) = dist(d_,0,) < 2m /% - 2% . /@

In particular if Sc(X) = Se(S™) =n(n-1), then

-1) 2
width(X) < 27 (n=1) _2m
no n

Moreover, the equality holds in this case only for warped products X =Y x

(—%,% with metrics ©*h + dt?, where the metric h on'Y has Sc(h) =0 and
where

t nt T 7r

ga(t):exp[ —tan —dt, - —<t<—,

-7/n 2 n n

as in section [2.41

About the Proof. If a hypersurface Y c X, which separates d_ from 0,
contains a descending chain (flag) of closed oriented hypersurfaces,

YooY 15..0Y ;0.

where where each Y_; ¢ X is equal to a transversal intersection of Y_¢;_;y with
a smooth closed oriented sub-band H; c X, of codimension one,

H;n X—(i—l) =X

and where Y_; represent non-zero classes in the homology H,,_1_;(X), then one
can proceed by the inductive Schoen-Yau’s kind of descent method (see sections
2.7) with minimal hypersurfaces

XX gopyc.cX gk,

where these X_; are T*-symmetrised as in the [, ] -symmetrization theorem in
section 2.8 where X_; in our band X have "free" (pairs of) boundaries contained
in 0(X_(;-1)), and such that the intersections X_; uY are homologous to Y_;.

This argument delivers the sharp version of %’r for over-toric bands, i.e.
those which admit maps X — T}, n = dim(X), with non-zero degrees of their
restriction to dz, but when it comes to SYS-bands, one gets only a weaker lower
bound on width(X), that is by 47”, instead of 2%

The same weakening of 27” takes place if separating hypersurfaces ¥ c X,
are enlargeable, e.g. if the interior of X, assumed compact, admits a complete
metric with non-positive sectional curvature. And if separating Y are SYS times
enlargeable, one has to be content with S%FEI

In section we present a more efficient argument, where, instead of
working with chains of minimal hypersurfaces, we show in one step that if

139Here, since X is non-compact, the width is understood as the distance between the two
ends of X.
140This is worked out in §2-6 of [G(inequalities) 2018].
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width(X) > 2w/ (T;L_Ul), then a certain stable p-bubble Yy ¢ X, which separates
Y_ from Y., supports a metric with Sc> 0.

Besides, the sharp 2{ for wide class of spin bands was recently proven by
Zeidler, Cecchini and Guo-Xie-Yu with new index/vanishing theorems on Dirac
operators with potentials on manifolds with boundaries.

Remarks.(a) If hypersurfaces separating - from 9, in X are enlargeable, e.g.

if X is homeomorphic to T" ! x[0, 1], then a non-sharp version of i—f—inequahty,

dist(0-,0,) <2"w (n=1)
no
follows from theorem 12.1 in|GL (complete)1983].
(b) One might think that the sharp %—’;-inequality7 must be obvious for do-
mains in the unit sphere S™ homeomorphic to T" ! x [~1,1] and for bands with
constant sectional curvatures in general; to my surprise, I couldn’t find a direct

proof of it even for X is homeomorphic to T x [0, 1].

3.5.1 Quadratic Decay of Scalar Curvature on Complete Manifolds
with Sc> 0.

QD-Ezxercise. Quadratic Decay Property. Let X be a complete non-compact
Riemannian n-manifold and Xy ¢ X a compact subset, such that there is no
domain X, ¢ X, which contains Xy and the boundary dX; of which (assumed
smooth) admits a metric with Sc >0, e.g. X is homeomorphic to T""2 x R2.
Show that there exists a constant Ry = Ro(X,xg), such that
the minima of the scalar curvature of X on concentric balls B(R) = By, (R)
X around a point xq € X, satisfy

2

47
in Se(X,2)<—— IlR>R,.
i c(X, ) (R= Ry )? for a 0

Hint. Apply 2%—inequality to the annuli between the spheres or radii R and
R for a suitable constant c.

(Compare this with the quadratic decay theorem in section 1 of [G(inequalities)
2018| and see [Wang-Xie-Yu(decay) 2021| for estimates of the scalar curvature
decay rates by contractibility radius and the diameter control of the asymp-
totic dimension and observe that, if X is homeomorphic to T" 2 x R2, than the
quadratic decay with the constant 2"*17? follows from [GL(complete 1983].)

Critical Rate of Decay Conjecture. There exists a universal critical
constant ¢, conceivably, ¢, = %, such that:

[a] if a smooth manifold X admits a complete metric gy with Sc(go) > 0,
then, for all ¢ < ¢, it admits a complete metric g., with Sc(g.) > 0 and at most
c-sub-quadratic scalar curvature decay,

Sc(ge, ) for a fixed zp € X and all z € X with dist(z,zo) > 1;

P —
dist(x,x0)?

1418ee [Zeidler(bands) 2019], [Zeidler(width) 2020], [Cecchini(long neck) 2020] and the most
recent [Guo-Xie-Yu(quantitative K-theory) 2020],[Cecchini-Zeidler(generalized Callias) 2021],
[Cecchini-Zeidler(Scalar&mean) 2021].
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and
[b] if X admits a complete metric gy with Sc(go) > 0 and c-sub-quadratic for
¢ > ¢, scalar curvature decay,

Sc(ge,x) 2 for dist(x,xqg) > 1,

dist(x,x0)?

then it admits a complete metric with Sc¢> o > 0.

Moreover,

for all continuous functions w = w(d), there exists a complete metric g, on X,
such that

Sc(gw,x) 2 w(dist(x,zg)) for a fixed point zo and all z € X.

Here is a related compactness conjecture, which expresses the following
idea:

The existence of a complete metric with Sc> o >0 on an X is detectible by
topologies of compacts parts V of X:

if, for all compact subsets V ¢ X and all constants p > 0, there exists a (non-
complete) metric on X with Sc > 1, such that the closed p-neighbourhood U, (V') c
X is compact, then X admits a complete Riemannian metric with Sc > 1.

3.6 Separating Hypersurfaces and the Second Proof of the
2f-Inequality

The main ingredient in the proof of the general 2%—Inequality is the following.
[l y-Bubble Separation Theorem. Let X be an n-dimensional, Rieman-

nian band, possibly non-compact and non-complete.
Let
Se(X,z)20(x)+o01, ,

for a continuous function ¢ = o(x) > 0 on X and a constant oy > 0, where oy is
related to d = width(X) = distx (9-,0,) by the inequality

n

O’ld

(If scaled to 1 =n(n - 1), this becomes d > 27—?)

Then there exists a smooth hypersurface Y ¢ X, which separates O— from 0,
and a smooth positive function ¢ on Y, such that the scalar curvature of the
metric gy = gy = gy, + ¢2dt? on' Y xR is bounded from below by

Sc(gy,x) > o(x).

Derwation of %—Inequality from lll. If a band X with Sc > ¢ > 0 has
width(X) = dist(0-,0,) > 2my\/ =D “then Il implies the existence of a sep-

no

arating hypersurface Y and a function ¢(y), such that Sc(g;) > ¢ for a small
e>0.
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About the Proof of lll. If X is compact and n < 7, we take a pu-bubble Y
for Y, that is the minimum of the functional

Y = wvol,—1(Y) — p[Y,0-]

defined in the space of separating hypersurfaces Y ¢ X, where [Y,0-] ¢ X
denotes the region in X between Y and J- ¢ X and where the key point is to
choose p suitable for this purpose.

What is required of u is that

e the boundaries 0, must serve as barriers for our variational problem and
thus ensure the existence of Y,,n;

e positivity of the second variation should imply the positivity of the A +
Sc(Yiin) —conY.

This is achieved with y, that is modeled after the measure g on T !x[-1,1],
(the density of) which is equal the mean curvatures of the hypersurfaces T" ! x
{t} with respect to the warped product metric p?h + dt> for

t t
@(t):expf —tann—dt7 —7T<t<7T
-7/n 2 n n

[ ¢y Separation with Symmetry. If the Riemannian band is isometrically
acted upon by a compact group G, then the separating hypersurface Y ¢ X and
the function ¢ on'Y can be chosen invariant under this action.

Proof. Use the multi-dimensional Morse lemma (see section ; alter-
natively, apply more elementary uniqueness/symmetry property of the lowest
eigenfunction of the (linear elliptic) second order variational (linear elliptic)
Ay +s on a hypersurface Y, which minimizes the functional vol,,_1 (V) - p[Y, 0-]
among G-invariant separating hypersurfaces Y c X.

Remark. In our case, the group G is the torus T*, which freely acts on X,
and the equivariant p-bubble problem (trivially) reduces to the ordinary one on
the quotient space X /T*.

To make use of this for the next step of T*-symmetrization, one only needs
to check — this is an exercise to the reader — that the corresponding warped
product with T#*! will have the same scalar curvature as one gets by doing this
in X itself.

Compact/Non-compact. If X is non-compact, then, as usual, we exhaust
X by compact submanifolds with boundaries, proceed as in the compact case
(these compact bands an not proper, part of their boundary is not contained in
0X = J-ud,, but this causes no problem) and then pass to the limit. This is
routine.

Example of Corollary. Let X = (X, g) be an n-dimensional manifold with
uniformly positive scalar curvature, Se(X) >0 >0, andlet f: X - X =R" ™ bea
smooth proper (infinity to infinity) 1-Lipschitz (i.e. distance non-increasing) map.

Then the homology class of the pullback of the generic point, f~'(z) c X, is
representable by a compact submanifold Y ¢ X, such that the product Y x T™
admits a T™-invariant (warped product) metric h* (h = gy ) with Sc(h™) > 0.

142 This is the same @(t) that was used in section 12 in [GL(complete) 1983] for proving a
rough lower bound on the norms of the differentials of smooth maps of non-zero degrees from
non-complete Riemannian manifolds X with Sc(X) > 1 to S” for n=dim(X) < 7.
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Consequently, Y itself admits a metric with Sc> 0.

Singularity Problem for dim(X) > 7 and the Second Proof of the u-Bubble
Separation Theorem. By the standard theorems of the geometric measure the-
ory, the minimizing u-bubble Y c X exists for all n but it may have singularities
of codimension 7[1%]

(The first instance of this is the vertex of the famous cone from the origin
over $3 x 53 c ST cR®))

If n = 8, then (a minor generalization of) Natan Smale’s generic regularity
theorem takes care of things, but if n > 9 one needs to adapt Lohkamp’s min-
imal smoothing results and/or techniques to our case. My, rather superficial,
understanding of Lohkamp works suggests that this is possible, but it can’t be
safely applied unless everything is written out in full detail.

I feel more comfortable at this point with generalizing theorem 4.6 from the
Schoen-Yau paper [SY (singularities) 2017], where it used in the inductive de-
scent method with singular minimal hypersurfaces, to our minimizing p-bubbles.

Such a generalization feels plausible and, if it’s true, this must be obvious
to Schoen and Yau. (I guess, the same can be said about what Lohkamp thinks
about generalization of his theorem to p-bubbles.)

Granted this, one gets the sharp 2f—inequality for SYS-bands, and in fact
for all bands X which satisfy D, where the poof of non-existence of metrics
of positive scalar curvatures on separating hypersurfaces Y ¢ X is obtained by
exclusively by inductive decent with no appeal to Dirac operators and related

invariants, such as the A-genus and the d—invariant

Minimal Hypersurfaces in Non-compact Bands. An essential advantage of
p-bubbles over minimal hypersurfaces is that the former are easier to "trap"
them and prevent from fully sliding away to infinity than the former.

For instance if X is a complete non-flat manifold with positive sectional
curvature which is conical at infinity then it contains no complete (even locally)
volume minimizing hypersurfaces, but it contains lots of stable complete (and
compact) p-bubbles.

However, a version of the 27” can be proven for non-compact complete bands
by reduction to "large" compact non-proper bands X, where the boundary is
divided into three parts

0X =0, UO_ U Dgige

where 9, = 9,(X) and 0 = 0_(X) are disjoint with controlled lower bound
on the distance between them, while Ogsqe = Osiqe(X), which intersects both
0, and J_ is supposed to be far away from the bulk of the intended minimal
hypersurfaces in X.

Example. Let X be the cylinder B" *(R) x [-1,+1], where B" '(R) the
Euclidean R-ball of dimension n—1 > 2 and where dy;qe(X) = S"3(R)" 1 (R) x

143The most general existence theorem of this type applicable to all codimensions is in the
technically difficult Almgren’s 1986 paper "Optimal Isoperimetric Inequalities".

The existence and regularity theorem we need in codimension one are easier, they follow
by the usual technique of integer currents and regularity theorems, see [Ros(isoperimetric)
2001]), [Morgan(isoperimetric)(2003); the arguments from this papers which are applied there
to the more traditional formulation of the isoperimetric problem, can be carried over to our
p-bubble setting with no problem; alternatively, one can use the language of Caccippoli sets.

144 This is complementary to what can obtained by Dirac operators methods of Zeidler and
Cecchini.
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[-1,+1] for the equatorial sphere S™"~3(r) c S"2(r) = 9B"1(r).
Let 9, ¢ X, r> R be the r-cylinder concentric to ds;q4e(X), that is

Qside(r) = Sn_Q(R)n_l(R) x [_17 +1]

Minimal hypersurfaces Y = Y, ¢ X we shall meet in X will be similar to those
Y c X, which have their boundaries contained in Z,. = 0. (X) ud_(X) UQside(r)
and which represent non-zero homology classes in H,_1(X, Z,.

Namely, let X be a compact orientable non-proper n-dimensional band. Let
f=(f1,f2): X - X = B""}(R)x[~1,+1 be a smooth map which sends 0+ (X) -
07 (X) and Osjge (X) = 0si4¢(X) and such that

e the map f;: X - B" ! is 1-Lipschitz;

o5 the map fo: X — [-1,+1] is A-Lipshitz for A >0

o3 the map f has non-zero degree.

Observe that

¢, implies that

diSt(aside (X)7 8side(r) (X) >R- T

e, makes

width(X) = dist(0-(X),0.(X)) 2d=d) = ;;
o3 shows that if an oriented hypersurface Y ¢ X with 0Y c Z,., repre-
sents a non-zero homology class in H,,_1(X, Z,), then it necessarily intersects
aside(r) (X) .
In fact, Y intersects every (n—3)-dimensional submanifold Z’ ¢ Z,. (observe
that dim(Z,) = n—2 for generic maps f) which separates 0_(Z,) = Z, n0_(X)
from 0,(Z,) = Z, n 0,(X).

3.6.1 Paradox with Singularities

Singularities must enhance the power of minimal hypersurfaces and stable u-
bubbles rather than to reduce it, since the large curvatures of hypersurfaces
Y c X (these curvatures are infinite at singularities) add to the positivity of the
second variation .

Thus, for instance, if a Y ¢ X, where dim(X) =8 and Sc¢(X) > -1, is a stable
minimal hypersurface with a singularity at yo € Y and if no smooth submanifold
in the homology class of Y admits a metric with Sc¢ > 0, e.g. X is homeomorphic
to the torus and Y is non-homologous to zero, then scalar curvature of X can’t
be non-negative outside a small neighbourhood of yg € X.

Yet, there is no known argument for dim(X) > 9 fully implementing this
idea.

On n =dim(X) =8. If dim(X) = 8 then stable minimal hypersurfaces and
u-bubbles Y ¢ X have isolated singularities which can be removed by small
generic perturbation as in [Smale(generic regularity) 2003] as follows.

Theorem. Let Yy ¢ X be a cooriented compact isolated volume minimizing hy-
persurface and let et X; = [X(,Y;] c X be the bands between Y, and hypersurfaces
Y}, which are positioned close to Yj on their "right sides" in X, and which minimize
the function Y = vol,,1(Y') =t - vol[Yy,Y] for 0 <t < 4 for a small 6 > 0.
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If n = 8, then submanifolds Y; are non-singular for an open dense set of
te[0,0].

Outline of the Proof. The key (standard) facts one needs here are as follows.

1. Monotonicity. If the sectional curvature of X is bounded by &2, then
the volume of intersections of m-dimensional minimal subvarieties Y ¢ X with
r-balls By, (r) c X centered at yo € Y satisfy

dr~"voly, (Y n B, (r)

y < const,ri. for all r <rg =ro(X,y0) > 0.
"

2. Corollary. The densities of (singularities of) minimal ¥ ¢ X are semicon-
tinuous:

if be a sequence of pointed manifolds with uniformly bounded geometries,
(X, x;), Haussdorf converges to (X, ) and if minimal subvarieties Y; c X;, which
contain the points x;, current-converge to Y c X, then

limsup dens(Y;, x;) < dens(X, z),
where, recall,

dens(Y,z) = lin(l) 7" 0ol (Y N B, (r)), mboxm = dim(Y).

3. Weak Compactness: The set Y4 of minimal subvaraities Y ¢ X with volumes
bound by a constant A is compact in the current topology for all A < co.

4. Codimension one Intersection Property. Minimal codimension one cones
C1,Cs c R™ necessarily intersect by the mazimum principle.

5. Split Cone Property. Let C c¢ R™ be a minimal cone. Then either the
density of this cone at the apex 0 € C' is maximal +¢,

dens(C,0) > dens(C,c) + ¢ for all 0 £ c € C' and some £ =¢(C) > 0,

or the cone split, i.e. C'=C_; x R! for a minimal cone C_; c R* 1.

Now, turning to the proof, let all Y; have singularities at some points y; —
Yo € Yy, t = 0, and assume without loss of generality, this is possible due to 2,
that

dens(y;fa Z/t) = dens(Y07 IUO)E

Let A-scale these Y; at yg, thus making \Yj, converge to a minimal cone, call
it Yy c Ty, (X)R", and let Y; be what remains of the limits of other Y;.

Since these Y}’ don’t intersect Y, none of Y’ is conical, which is only possible
if the singularities of Y; slide tangentially along Yy for ¢ ~ A™! by the distance
¢(t), such that ¢(t)/\ - oo for A - oo. It follows that if all ¥; were singular,
these singularities would accumulate in the limit to a ( one dimensional or larger)
singularity of Yy of constant density equal to that of dens(Yp,yo). Therefore,
the cone Yy splits, since n = 8, it is non-singular and the proof follows by
contradiction.

Onn =dim(X) > 8. (a) Schoen-Yau in their desingularization argument
apply descent by warped T*-symmetrised/stabilized minimal hypersurfaces

X=X"oy"ls oynis oY2

M50ur Y; are p-bubble rather than minimal, but this makes no difference at this point.

88



where minimization and T*-stabilization (essentially) apply to non-singular parts
of these Y and where the main difficulty, as far as I can see, is to show that
Y"% can’t be eventually sucked in the singularity of Y"‘fln_l_’]n_?l and where the
outcome of this process - the surface Y2 — is non-singular

(b) The main desingularization result by Lohkamp in [Lohkamp(smoothing)
2018], is

approzimation theorem of volume minimizing codimension one cones C™! c
R™ by smooth minimal hypersurfaces (generalizing Smale’s result in the case of
cones) with the following

Splitting Corollary. sf Let X be a compact orientable Riemannian manifold
with S¢(X) > 0. Then all homology classes in H,,_1(X) are representable by
hypersurfaces Y ¢ X, which support metrics with Sc > 0.

Remarks (a) As far as the topology of compact manifolds with Sc¢ > 0 this
result is more general than that by Schoen and Yau.

For instance it implies that

products of Hitchin’s spheres and connected sums of tori with non-spin man-
ifolds admit no metrics with Sc > 0.

Nor alternative proof of this kind of results is available.

(b) As far as I understand]zgl Lohkamp’s smoothing allows applications of
our u-bubble arguments to manifolds of all dimensions n, with possible excep-
tions for rigidity theorems for non-compact manifolds.

(¢) The above 1-5 seems to suffice for smoothing conical singularities (am
I missing hidden subtleties?) but it is unclear to me how Lohkamp’s splitting
corollary for n > 9 follows from it.

3.6.2 T*-Stabilized Scalar Curvature and Geometry of Submanifolds
of Codimensions One, Two and Three

Besides 2;”, there are other immediate applications of the separation theorem

[1] Compact Exhaustion Corollary. Let X be a complete Riemannian
manifold with Se(X) > o > 0.
Then X can be exhausted by compact domains U; with smooth boundaries
Y; = oU;
U1 CUYQC...CUVZ‘C...C)(7 UUi:Xa
3

such that U1 is contained in the p-neighbourhood of U; for all i =1,2,... and
and where all Y; admit T -extension Y; » T* with

Se(Y; »TY) > g

M671f n, < 9, this problem for overtorical X can be handled with Dirac operators, as in section
5.3 in [G(billiards) 2014].

147Schoen and Yau articulate their main results (theorems 4.5 and 4.6 in [SY (singularities)
2017]) for compact SYS-manifolds, although the basic arguments of their paper are essentially
local and and apply to a wider class of manifolds.

148\My understanding of the results by Lohkamp as well as those by Schoen and Yau
is limited, since I haven’t mastered the proofs from [SY(singularities) 2017]) and from
[Lohkamp (smoothing) 2018].
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Poof. Let S(10),5(20),...5(107),... ¢ X be concentric spheres around a
point 2o € X, let Y; be hypersurfaces in the annuli [S(10¢), S(10(i+1))] between
these spheres, which separate S(10i) from S(10(i + 1)) and which enjoy the
properties supplied by Ill. Then take the domains in X bounded by Y; for U;.

[2] Codimension 2 Corollary. Let X be a (possibly non-compact) con-
nected orientable n-dimensional Riemannian manifold with boundary, let X be a
compact connected orientable surface with boundary and with an arbitrary metric
compatible with topology and let ¥ : X — X be a smooth distance decreasing map
which sends the boundary 0X to 0X.

If Se(X) > 0+ 01, 0,01 >0 and the inradius of X is bounded from below by

27

inrad(X) = supdist(z,0X) > —,
(X) sup (z,0X) NG

then X contains an oriented codimension two (possibly disconnected) submani-
fold Y ¢ X, which, if X is non-compact, is properly embedded to X and which is
homologous for the homology group H"*5*(X) with infinite supports in the case of
non-compact X) to the pullback V™1 (z) c X of a generic point x € X, and such
that Y with the induced Riemannian metric from X admits a T?-extension, that

is the product Y x T? with the metric g4 = dy* + ¢*(dt] + dt3), such that

Sc(gy) > 01.

Proof. Let X; c X be the |-hypersurface that, according to |ll, separates
the boundary of X from the f-pullback of the (small disc around) the point
2z € X furthest from the boundary (as in the proof of T*-stabilized Bonnet-
Myers diameter inequality [BMD] in section and apply 2% to the infinite
cyclic covering of X; x T! induced by the natural cyclic covering of X minus
this point.

[2'] Codimension 2 Sub-Corollary. Let X be a closed orientable n-
dimensional Riemannian manifold with Sc¢(X) > o > 0, let X be a closed surface
with an arbitrary metric compatible with topology and let ¥ : X - X be a smooth
distance decreasing map.

If no closed oriented codimension two submanifold Y ¢ X homologous to the
pullback ¥~1(z) ¢ X of a generic point x € X admits a metric with Sc >0, then
the diameter of the surface X is bounded in terms of o as follows.

2
diam(X) < 77;.
Proof. Let z,,z; € X be mutually furthest points and apply the above to
the pullback X_ of the complement X _ to a small disc in X around z,.

[3] Area non-Contraction Corollary. Let X be a proper compact ori-
entable Riemannian band of dimension n + 1, let X ¢ R™! be a smooth convex
hypersurface and let f : X — X be a smooth map the restriction of which to
0- c 0X (hence, to 0, as well) has non-zero degree.

If X is spin and if n is even@ then there exists a point x € X, where
the exterior square of the differential of f is bounded from below in terms of

149 As we have said already several times, these conditions must be redundant.
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d = width(X) = dist(0-,0:) and the scalar curvature Sc(X,x) as follows.

4(n-1)7?
Se(X, f(@)) | A2 dr (@) 2 Se(x, ) - DT

Furthermore, if X = S™, then, now for odd as well as for even n, the trace
norm of A2df satisfies:

4(n-1)n?

2/ A% df (2)llerace > Se(X,x) - D

Proof. Apply the T™-stabilized area/mapping extremality theorem ({3.3.1]
3.3.4) for m=1to Y x T! where Y c X is the separating hypersurface from |lI.

Ezercises. (a) Codimension 3 Linking Inequality. Let X be a closed orientable
n-dimensional Riemannian manifold with Sc(X) > o > 0, let X be the 3-sphere
with an arbitrary metric compatible with topology and let f: X — X be a smooth
distance decreasing map. Show that

if no closed oriented codimension three submanifold Y ¢ X homologous to
the pullback f~(z) ¢ X of a generic point x € X admits a metric with Sc >0,
then the distances between all pairs of embedded circles Sy, So ¢ X with non zero
linking numbers between them satisfy:

2
dist(Sl,Sg) < 77;
Hint. Use the argument from the proof of the codimension 2 corollary [2]

and consult [Richard(2-systoles) 2020@

(b) Area non-Contraction in Codimension 3. Let X, X and f: X — X be as
in (a), let X; c R"2 be a smooth closed convex hypersurface and let f;: X - X,
be a smooth map, such that the "product" of the two maps,

(f;f1): X > X x X,

has non-zero degree. Show that

if X is spin and n is odd (thus, dim(X,) even) then there exists a point
x € X, where the exterior square of the differential of f is bounded from below
in terms of d = width(X) = dist(9-,0,) and the scalar curvature Sc(X,z) as
follows.
4(n-1)m?

nd? '
for d equal the supremum of the distances between pairs of linked circles in X.

Se(X, f(2)) - | A% df (2)]| > Se(X, 2) -

3.6.3 On Curvatures of Submanifolds in the unit Ball BY c RV

(The earlier versions of this section contained errors.)

Here is our

150 Our codimension 2 area bounds, including this exercise, are motivated by Richard’s bound
on systoles of 4-manifolds with Sc¢ > o proved in this paper.
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Problem. Given a closed smooth n-manifold X and a number N > n,

evaluate the minimum of the curvatures of smooth immersion of X to the
unit N-ball,
f:X - BYN=BY(1)cR".

We shall briefly describe in this section what is known and and what is
unknown about this problem and refer to section 3 and 7 in [G(inequalities)
2018] and to [G(growth of curvature) 2021] for more general discussion and for
the proofs.

S1x EXAMPLES OF IMMERSED AND EMBEDDED MANIFOLDS
WITH SMALL CURVATURES

Just to clear the terminology, we agree that a smooth map f: X - Y is an
immersion if the differential df : T'(X) - T(Y) is injective on all tangent spaces
T,(X) c T(X).

An immersion f of a compact manifold is an embedding if it has no double

points, f(x) # f(y) for x + y.
If Y is a Riemannian manifold, e.g. Y = RY, then the curvature of this f,

denoted
curvy(X) =curvy(X - Y) = curv(X - Y) = curv(X),

is the supremum of the Y -curvatures of all geodesics in X, where "geodesic" is
understood with respect to the Riemannian metric in X induced from Y.

1. Clifford Embeddings. Here, X = X" is the product of m spheres of
dimensions n;, Yty n; = n, all of the radius r = ﬁ,

for: X = SNt BN(1) cRY, N=m+Y n;,

and

is the obvious embedding, that is the ﬁ—scaled Cartesian product of the imbed-

dings S™i (1) c R™*1.
Clearly,
curvy,, (X = BY) = /m

and the curvature of X in the unit sphere is
curvie, (X = SN =vVm - 1.

Two natural questions arise:

Can the products of spheres be immersed to the unit ball with smaller curvatures?

Are there non-spherical, immersed or embedded, submanifolds X — BN(l) with
curv(X) < /27
A definite answer is available only for immersions X" — S™*! by a theorem

of Jian Ge. [

151Gee [Ge(linking) 2021] and O in this section.
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[Ox O] Clifford’s are the only codimension one immersed non-spherical sub-
manifolds X in the spheres with curvatures curv(X « S™"*) <1.

But if m > 3 then there are immersions of non-spherical n-manifolds to
S™+m=1 with smaller curvature.
2. Veronese embeddings of projective spaces to spheres,

(n+1)(n+2) (n+1)(n+2) (n+1)(n+2)
frer:RP* =S 2  2cB =2 '=B =2z (1)
satisfy
1 " (n+1)(n+2) o n-—1
= Curvy,.. (RP =S 2 ) = < 1.
n n+1
and

(n+1)(n+2) -1
curvy, ., (RP"%B 12 2 _1): n+1+1<\/§.
n

Conjecturally, these have the minimal curvatures among all non-spherical
n-submanifolds in the unit spheres and unit balls, where the minimum for all n
is achieved (only conjecturally) by Veronese’s projective plane in unit 4-sphere,
where

1
[%]’ curvaer(RP2 = 54) = % =0.577350...
and
2 5 2
curvs, er, (RP* > B”) = — = 1.15470... .

V3

3. The %—scaled Cartesian power of the Veronese map

F = % X =RP?x ... xRP? - 54 c BY(1)
—_—

l

competes with the Clifford embedding, for

curvp(X? o B = V1. é+ 1<Vl

4. If N> (1+A)", say for A > 10 then all n-manifolds X admits immersions
f:X 8N

with
curvy(X) < Ca,

where Cx < /2 for all n and where

Ca >1\/[2- for A - oo

n+

with the rate of convergence which, a priori, may depend on n.

It is unclear if the "true" C,, is, actually, smaller than /2 - % and it is also
unclear what happens to Ca for A close to zero.
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5. It easily follows from the above that
if the dimension n,, of the last factor in a product of spheres
m m
X=X 8™, an =n,

i=1 i=1
is much greater then the remaining ones, say, roughly,

m—1
Ny 2 €XP exXp z n;,
i-1

then X" admits an immersion
f X o Bn+1(1)

such that
curvy(X™) < 2V/3.

This is smaller than Clifford’s \/m starting from m = 12.

It is unclear, however, if these X™ admit embeddings to the unit ball with
curv(X™ < B"*1) <100, for example.

6. There are no topological bounds on curvatures of immersed submanifolds
of a given dimension n:

if an X™ admits a smooth immersion to RY, then it also admits an immersion
to the unit ball with curv(X™ < BY) < const,,.

But all we can say about this constant is, roughly, that

0.1n < const,, < 10n%.

Imbeddings, at least these with codimension one, are different from immer-
sions in this regard.

For instance, if X = X" is disconnected and contains m mutually non-
diffeomorphic components, then, clearly,

1
curve(X = B™"1) > const m, const, > ————,

for all embeddings f: X < B"*!(1).

It is also not hard to construct similar connected X for n > 6 and, probably,
for all n > 3.

Conceivably the same is possible for imbeddings with higher codimensions k,
at least for k << n, where one expects that, say for k < 3 and a given, arbitrarily
large, constant C > 0, there exists

a connected n-dimensional submanifold X ¢ R™*, such that all imbeddings
X < B"*k(1) satisfy

curv(X — B"F) > C.

But it should be noted that

all connected orientable surfaces embed to the unit ball B® with curvatures
<100

and
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the connected sums X of copies of products of spheres with any number of
summands admit embeddings

f:X < B"(1), n=dim(X),

with s
curvg(X) <100n2.

Questions. Do all smooth n-manifold admit embeddings to the unit 2n-ball
with
curv(X™ < B*") <100?

Do the products of spheres

X =X 8™, where all n; >2, eg. X =(5%)™,

1=1
embed to BV (1), N =1+ Y, n; with curv(X) <1007

LOWER BOUNDS ON curv(X).

A. Tt is obvious that
immersed n-manifolds X < BN (1) with curv(X) < 1+8 for a small § >
0 keep close to an equatorial N-sphere in S™ ¢ SN~ = OBN; thus, they are
diffeomorphic to S™.
In fact, it is is not hard to show, that
6 =0.01, is small enough for this purpose,
while, conjecturally, this must hold for

2
6 < — =1.15470...
V3
with the Veronese surface being the extremal one.

B. Also conjecturally,

[O x O] the inequality curvy;(X) < \/2 for codimension one immersions f :
X — B™! must imply that X is diffeomorphic to S™ (with the equality for non-
spherical X achieved by the Clifford embeddings).

This is apparently unknown even for n = 2..

C. Let X be an n-dimensional 2-PSC manifold, i.e. admitting no metric with
Sc> 0, e.g. Hitchin’s sphere or a connected sum of n-tori.
Then a simple application of Gauss’s Theorema EgregiumFEI shows that

immersions f: X — SN satisfy

n-1
N-n

1
curve(X)2\/1-—.
n

152 Compare with [Guijarro-Wilhelm(focal radius) 2017].

curvy(X) >

and

for all n and N.
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Here, observe, it is as it should be: no contradiction with the above 4, for

1 6
1-—<2-

n n+2

for all n > 2 with the the equality for n = 2.
D. If X = X" is 3-PSC, then all immersions f: X — BY = BN (1) satisfy

1 -1
curvf(X)za "

+1
sV N-n

where C, > 0 is a universal constant that is defined as
the minimal possible increase of curvatures of curves
under smooth immersions BY — §" = SV (1). More precisely, C, is the infimum
of the numbers C > 0, for which
there exits an immersion g : BN ¢ SN, such that all curves S c¢ BN with

curvatures
curvgn (S) < V1 + k2

are sent to curves with curvatures

curvgn (9(9)) < Ck.

This C,, most probably, is assumed by a radial (i.e. O(n)-equivariant) map
g and then it must be easily computable; without computation, one can get

C, < 47

E. Conjecture 4+ Theorem. If If X = X™ is 3-PSC, then conjecturally all
immersions f: X - BY = BN (1) satisfy

[L] curvg(X) > consth

E;. It is esay to see in this regard that the 2%-inequality yields this conjec-
n
ture for N=n+1,n+2:

if N=n+1, then

N n+l1
X)>—-= .
curvg(X) o 5
and if N =n+2, then
N n+2
X)>—-= .
curvy(X) pm i

Here we must recall that our proof of the 2%—inequality in section is un-
conditional only for N < 8, where these inequalities are not especially informa-
tive. And if N > 9, our proof relies on not formally published "desingularization"
results by Lohkamp and by Schoen-Yau.

153 A natural candidate for g is a projective map, where curvgn (g(S) < constgcurvgn (S) for
all curves S c¢ B™. But since we are essentially concerned only with what happens to curves
with curv > 1, the best g doesn’t have to be projective — it might be conformal, for example.
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Fortunately, there are now two Dirac theoretic proofs for a large class of
3-PSC manifolds of all dimensions, including n-tori T™ and connected sums of
these for, exampleFEI

E,. If X is enlargeable e.g. the connected sum of the n-torus with another
closed manifold, then a minor generalization of the Schoen-Yau "desingulariza-
tion" theorem allows a proof of the following version of [ﬁ] for N=n+3:

curv(X - BY) > constsN,

where, roughly, consts > ﬁ.

Also, granted a more serious (but realistic) generalization of the Schoen-Yau
result or a version of Lohkamp’s theorem, one can prove a similar inequality for
N=n+4.

curv(X — BN) > consty N

with consty > ﬁ.
Finally, assuming that one can "go around singularities” of stable p-bubbles,
and that (this is more serious)

the filling radii of n-manifolds Y with Sc(Y') > o >0 satisfy

filrad(X) < 100—=,
a

7

one can show for all n and &k = N —n that

curv(X < BN) > const, N

1
500500 *

F. All of the above equally applies to immersions of products of enlargeable
manifolds Xo with spheres, say to

where one needs const;, about

. _ n n no+ni+k
f-X—XOOXSI—>Bf) 17

where we conjecture that

_Mo_ no+ni+k
|:n1+lc:| curvg(X c B ) > const

’I’L1+k

and where the case n; + k < 4 is within reach. (Notice that [n?ik:l implies
n
[N—n])
FOUR QUESTIONS
I. Are there lower bound on curvy(X) unrelated to the scalar curvature?

Il. What is the minimal dimension N = N(n) such that all n-manifold can be
immersed to the unit N-ball with curvatures < 1 0007

Il What is the minimal C' = C(n) such that the n-torus can be immersed to
the unit (n + 1)-ball with

curv(T™ - B™*) < C?

1548ee [Cecchini-Zeidler(generalized Callias) 2021] and [Guo-Xie-Yu(quantitative K-theory)
2020].
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IV Can the Cartesian n-th power of the 2-sphere be immersed to the unit (2n+1)-
ball

X =5%x...x8% p2ntt
[ —
n

with
curv(X = B*"*1) <1007

Looking back on the above examples, questions and conjectures, one may be
disconcerted by their chaotic irregularity. But this only highlights the patchiness
of our present-day knowledge of the basic geometry of submanifolds in Euclidean
spaces.

<> Wide bands with sectional curvatures > 1. Let a proper compact Riemannian
band Y (see [3.5) of dimension n + 1 admit an immersion to a complete (n + 1)-
dimensional Riemannian manifold Y, with sectional curvature

sect.curv(Yy) > 1,

and let the width of Y with respect to the induced Riemannian metric satisfy
width(Y) = dist(9_Y,0,Y) > g

Then

Y contains a subband Y_ c'Y of width d = width(Y') > 5, which is homeo-
morphic to the spherical cylinder S™ x [0,1].

Acknowledgement. A similar result for n = 3 is proved in [Zhu(width) 2020],
while our argument below follows that of Jian Ge from [Ge(linking) 2021], who
sent me his preprint prior to publication.

Proof. Let Y_ be the intersection of the d-neighbourhoods of the 0¢-boundaries
of Y,
Yo =Ua(9-) nUa(04),

and observe that the dz-boundaries of this Y_ are concave for k> 1 and d > 7.
Therefore, ¢ are diffeomorphic to S”~! and the immersions

Oz =Y,

extend to immersions of n-balls, such that the locally convexr boundaries of these
are equal to Oz (with their coorientations opposite to those in Y_).

It follows, that if Y, is simply connected, then then the immersion Y_ - Y,
is one-to-one and the complement Y, \ Y_ consists of two convex balls with
distance > = between them.

2

Hence, diam(Y,) > % and Y, is homeomorphic to S™*!' by the Grove-

Shiohama diameter theorem; consequently, Y_ is homeomorphic to S™ x [0,1].
QED.

155Recall that a closed immersed locally convex hypersurface in a complete Riemannian
manifold of dimension n > 3 with sectional curvatures > 0 bounds an immersed ball.
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Remark. (a) The conclusion of the theorem, probbaly, holds if sect.curv(Y_) >
1 and sect.curv(Y-) > 0, since the proof of the diameter theorem seems to work
in this case.

(b) Tt also doesn’t seem difficult to prove the rigidity theorem a la Berger-
Gromoll-Grove in case of an open band with width(Y') = %, where the only
alternatives to the homeomorphism of ¥ to S™ x (0, 1) should be as follows:

e YV is isometric the open 7-neighbourhood of a Clifford submanifold

S™M % §"2 ¢ S 4y = n;

ee Y, is isometric to the projective space over complex numbers, quaternion
numbers or Cayley numbers and Y is isometric to the open Z-ball minus the
center in such an Y,.

In fact, the poof of this rigidity seems quite easy in the case of the interest
(the above [O x O]), where Y is equal to the (normal) F-neighbourhood of a
hypersurface X c $"*! with curv(X) < 1.

Questions. (i) Is the manifold Y, oY indispensable? Do there exist "non-
obvious" bands with sect.curv > 1 and with width > 37

(ii) Given a closed n-manifold X, e.g. a product of spheres, X = X; S"*!
what is the supremum of the widths of the Riemannian bands Y homeomorphic
to X x [0, 1] with sect.curv(Y) > 17
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