Cencov’s Theorem and the Fisher Metric

1 The Probability Simplex

The open probability simplex is

An:{p:(pl,...,pn)eR”

n

pi >0, Zpizl}-
i=1

A point p € A, represents a probability distribution on the finite set

{1,...,n},

with

Since the coordinates satisfy the constraint
sz‘ =1,
i

the tangent space at p is

T,A, = {v:(vl,...,vn) € R"

21)@-:0}.

Thus a tangent vector v represents an infinitesimal variation of a probability distribution that
preserves total mass.

2 The Fisher Metric

The Fisher metric on A,, is

n
gp(v,w) = Z Ulwl, v,w € THA,.

=1 Pi
In particular,
v2
gp(v,v) = Z .
bi
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If the probability distribution is parametrized by coordinates

Di :pi(gl’ .. .,Qm),



then 9
Di
dp; = a6,
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and the metric tensor is
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Equivalently,
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3 Square-Root Coordinates

Let
Vi = \/pi-
Then
dowi=1, >0

Thus the simplex is mapped to the positive orthant of the unit sphere

s"—1:{¢eR";Z¢§:1}.
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Since
dp; = 2%; dip,
we obtain )
WL _ g 2.
Hence

2
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Therefore the Fisher metric is four times the ordinary spherical metric on the positive orthant
of the unit sphere.
Equivalently, if we use

x2:2\/]717
St
7

and the Fisher metric becomes exactly the Euclidean metric induced on the sphere of radius 2.

then

% Spherical Simplex Geometry. Let A’, A” C A, be two faces of the n simplex. If the two
do not intersect (this implies that dim(A’) +dim(A"”) < n—1), then the Fisher (spherical) distance
between the points 2’ € A’ and 2” € A" is distogn (2, 2") = 7 for all pairs of points in these faces.



4 Stochastic Maps

Let

be an n X m matrix satisfying

for every i.
Such a matrix is called a stochastic matriz or Markov kernel.
It defines a linear map
TK : An — Am

by .
g = (Txp)j = > pik;.
i=1
In matrix notation,
q = pK.

Probabilistically,
Kij=PY =j]|X =1).

A deterministic map
AL o n—A{1,...,m}

K, = {1, j=f),
0, §# f(i).

is a special stochastic map, with

Then

G= > pi

i) =)
5 Statistics

Given a map S : X — Y, a statistician call X "sample space/", Y "wvalue space" and if X comes
with a probability measure or a class of these,then T is called "statistics".
For a finite sample space

X =A{1,...,n},
a statistic is a map
S: X —Y.
If
Y ={1,...,m},

then S linearly extends to what what a statistian calls "stochastic map

Se it Ay — Ay



given by

:5(i)=j

and says that passing from X to the statistic S(X) means "forgetting some of the information
contained in X."

6 Monotonicity Under Stochastic Maps

Let
T:A, — A,

be a stochastic (i.e. linear) map.
For the Fisher metric,

91 (ATp(v),dT(v)) < gp(v,v).

Equivalently,
|dT,(0)|F < [v] .

Thus stochastic processing decreases (possibly non-strictly) Fisher length.

7 Stochastic Embeddings

A stochastic map
E:A,— A,

is called a stochastic embedding if there exixts a stochastic map
S A, — A,

such that
SoFE =idp, -

In the statistics language (as it is done by GPT) one introduces additional random refinement
without losing information about the original state, which is done as follows
Replace each outcome ¢ by

Choose positive numbers

Define
F(1)>i(l = g Pi-

Thus

pi — (i1piy .-, iy Di-

The original distribution can be recovered by summing;:

pi = Z F([’)m-



This implies that there is a stochastic map

S A, — A,

such that
SoFE =idp,, -
For the Fisher metric,

Indeed,

Z d(aiap;)? _ Zaia CZ? _ Z Lpf

Py )
ia iaDi ia . DPi

Thus stochastic embeddings are isometric for the Fisher metric.

8 Sufficient Statistics

Suppose
P={pp:0€0O}CA,

is a statistical family.
A statistic
S:X={1,..,n} —Y={1,...,m}

is called sufficient for P if the value of S(X) contains all the information about € that was present
in X.
One standard definition is that the conditional distribution

Po(X =i [ S(X) =y)

is independent of 6.
Equivalently, there exists a stochastic recovery map

R:A, — A,
such that
R(S*pg) = Po
for every 6.
Thus
RoS,=1id

on the statistical family.

This, as presented by chat GPT, is most confusing, since one starts with deterministic maps
X — Y and then switches to stochastic ones, i.e. linear, A,, — A,.

For deterministic map X — Y sufficient statistics are those injective on P. Nothing intersting.

The right setting is to make the above definition for "stochastic maps" X — Y understood as
linear maps between the corresponding simplices, where "sufficiently" (stochastic invertibility) is
more meaningful.



9 Why Sufficiency Gives Equality
For every stochastic map T, monotonicity gives
97)(dT(0), dT(v)) < gp(v,v).
Suppose T is sufficient and admits a stochastic recovery map R such that
RoT =1id

on the statistical model.
Then

gT(p)(dT(v),dT(v)) < gp(v,v).
Applying monotonicity to R,
9p(v,0) = gr(r(p)) (AR(AT (v)), dR(dT(v))) < gr(p)(dT (v), dT(v)).
Therefore

9T (p) (dT(U)7 dT(U)) = gp(U, U)'

So a sufficient statistic is an isometry on the statistical model.

10 Cencov’s Theorem

Consider, for every n, a Riemannian metric

on the probability simplex A,,.
Assume these metrics are compatible with stochastic changes of sample space in the sense that
stochastic embeddings are isometries and sufficient statistics preserve the metric.
Then there exists a constant
c>0

independent of n such that

g =cgp’.

That is,

v;Ww;
gp(v,w):cz Sty |

bi

i

Thus, up to multiplication by one universal positive constant, the Fisher metric is the unique
Riemannian metric on finite probability spaces compatible with statistically information-preserving
transformations.

Ezercise. Recall the above % and prove Chencov theorem.

11 A Concrete Interpretation

The theorem can be understood through two elementary operations.



Splitting

One may replace an outcome of probability p; by several sub-outcomes:

Pi /> 01Pi, - - o, Qi Zaa:]-'
a
This is a stochastic embedding.

Grouping
One may forget which sub-outcome occurred and replace the refined probabilities by their sum:
(alpiv vee 7arpi) = Di.

This is a statistic. When it exactly reverses the splitting, it is sufficient.
Thus Cencov’s theorem says that invariance under all such information-preserving refinements
and reductions forces
dp?
gr=3 "

. P
up to an overall positive constant.
12 Kullback—Leibler Divergence
For
p,q € Ay,

the Kullback—Leibler divergence is
P
D (pllg) =D pilog e

It is generally not symmetric:
Dxw(pllg) # Dxw(qllp)-

Let
g=p+dp, > dpi=0.
Then )
1 dp; 3
D == — .
k(plp+dp) = 5 Z: o+ OUdpl)
Hence

1
D (pllp + dp) = 59p(dp, dp) + O(|dp[?).

Thus the second-order part of KL divergence is precisely the Fisher metric.



13 Half-Densities

Let X be a manifold and let

p
be a positive probability density on X, normalized by

[ -

Define the positive half-density

Then
=1
X
Since
p=1%  dp=2¢dy,
we obtain

J = fyr

Hence the Fisher metric is, up to the factor 4, the Hilbert-space metric on the unit sphere of
positive half-densities.

14 Summary

The basic objects are
probability distribution p € A,

stochastic map p— pK,
statistic deterministic or randomized processing of observations,
stochastic embedding information-preserving refinement,

sufficient statistic information-preserving reduction.

2
gr = Z v,

~ Di
is monotone under arbitrary stochastic maps and invariant under information-preserving ones.
Cencov’s theorem states that these invariance properties determine the Fisher metric uniquely,
up to multiplication by a positive constant.
Under the square-root transformation

The Fisher metric

Di = \/Pi,

the Fisher metric becomes the ordinary spherical metric up to scale.
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