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Abstract

We introduce a notion of Hilbertian n-volume in metric spaces with
Besicovitch-type inequalities built-in into the definitions. The present
Part 1 of the article is, for the most part, dedicated to reformulation of
known results in our terms with proofs being reduced to (almost) pure
tautologies. If there is any novelty in the paper, this is in forging certain
terminology which, ultimately, may turn useful in Alexandrov kind of
approach to singular spaces with positive scalar curvature [?].

1  Partitions of Unity p=d,p in Banach Spaces,
L,-Dilation |[min.dil |1, and Hilbertian Hilb,.

We recall in this section a few (more or less) standard definitions and introduce
notations used throughout the paper.

The dilation of a map between metric spaces, f : X — Y, is a function in
two variables x1 # x2 € X, that is

dilf(fflaffz) = diStY(f(xl)vf($2)/di5tx($1»$2)7 r1#x€X.

The Lipschitz constant of f is

Lip(f) = sup dilg(z1,22).

r1+xoeX

Equivalently,
Lip(f) = sup diamy (f(B))/diamx (B),

where the supremum is taken over all bounded subsets in X.

Let £ = L(Y) be the space of (usually Lipschitz) functions { : ¥ — R, let
L/const be the space of functions modulo additive constants, and let p = d,l
be a Borel measure on £/const. Define the L,-dilation of a map f: X - Y,
1<g< oo, as

1/q
1dit* 1z, () = (f Lip?(lo f)dul) .
L/const



Ezample. Let Y be the Euclidean space R™ and let u be supported on the
n orthogonal projections (modulo constants) of R™ onto the coordinate axes
with equal weights 1 assigned to all projections. Then every isometric map
f:R™ - R" satisfies
il fl| L ) = /-

In general, an azis or a (parametrized) straight line in a metric space Y, is an
isometric embedding of the real line R into X, say a: R - Y. The image of an
axis R = R, c Y always admits a 1-Lipschitz projector of Y onto it, i.e. a map
p:Y - R, cY with Lip(p) = 1 and such that p* = p, i.e. PR, ' Rq = R, =idg,.

Such a projector is non-unique but in certain cases there are preferred ones.
For example if Y is a Banach space and R, c Y is a 1-dimensional linear sub-
space, then it admits a a linear projection p : Y — R, by the Hahn-Banach
theorem, where this p is unique if the Banach norm ||...||y is smooth.

There is a similar projector on an axis R, c Y in an arbitrary metric space Y’
called the Busemann function b, : Y - R =R, c Y defined with r € R, tending
to +oo by

ba(y) = lim_(dist(a(r),y) - 1)).

For instance, if Y is a Banach space and the norm is smooth at the points
y € R, then b, coincides with the Hahn-Banach projection.

An azial projector in a Banach space Y is a pair (a,p), where ¢ : R - Y is a
linear isometric imbedding and p:Y — Y is a linear projector (projector means
p? = p), such Lip(p) = 1 and the image imy of p equal that of a where im,,
when identified with R via a, is denoted R, c Y.

Observe that a is uniquely determined by p up to +-sign; it will be sometimes
denoted a, or suppressed from the notation.

Denote by P = P(Y) the space of axial projectors (a,p) in Y and, given a
Borel measure u = d,p on P, define the Ly-dilation of a map f: X — Y, where
X is a metric space, by

/q
1"l = ( [ Zin" e dyp) s 1< a5 0.

Identity Example. The Lg-dilation of the identity map idy : ¥ - Y is
obviously expressed by the total mass of p,

[dil* £l 0y = 1(P)Me.

Maps 7, Z,, and the Norm ||glﬁ*f||Lq. The space Y tautologically embeds
into the space ®(P) of functions P - R for 7:y - ¢(p) =p(y) e R, =R. A
Borel measure p on P gives the L,-norm to the space ®(P) that is then denoted
Ly(P, 1), where the L,-norm of 7 is bounded by u(P)*/4.

A measure p on P also delivers a linear 1-Lipschitz map Z,, : Li(P,pu) =Y
that sends functions ¢ : (a,p) » R=R, c Y to their py-integrals in Y,

L, 6(0) > [ a(6()dup.

Define L,-dilation
il flly oy < 11l fll o)



via Lipschitz maps f: X — Ly(P, 1), that are P-families of R-valued functions
fp:X->R=R,cY, (a,p) €P, as

— ~ 1/q
I 0 = i  f Liv"(F)d0)

where the infimum is taken over all f such that Z,o f=1.

An azial partitions of unity in Y is a measure p on P, such that

Z,oT= f pd,p = idy for the identity operator idy : Y — Y.
P

Minimal Lgy-Dilations. Let
Imin.dit* fl, = inf it 11,y and [pmin 0" I, = 0 | Tl

where the infima are taken over all partitions of unity p = dp, in Y.
Notice that if dim(Y") < oo then both minima are assumed by some partition
of unity, say fimin(f) and p—(f), such that

([min.dil* flz., = 16" fl 1., iy a0 lmin.dil” fllz, = i fll, (po)-

min

The Maps T and Z,, in Hilbert Spaces. If Y is a Hilbert space, then the
tautological map 7:Y — ®(P) is linear and if p is a partition of unity, then
7:Y - Lo(P, ) is isometric by the Pythagorean theorem.

The map Z,, : L1 (P, ) = Y extends to Z,, : Lo(P,u) — Y that is, in the
Hilbertian case, equals the adjoint to 7, since the operators a : R - Y and
p:Y - R, =R are mutually adjoint. Explicitly,

@@y = [, a<¢<P>>dﬂp’y)y i

:fpa(¢(p))-p(y)dup=fp¢(p)'7(y)dup=(¢(p),7(y))L2(7>,u)-

In other words, Z,, equals the orthogonal projection of Ly(P,u) onto Y =
7(Y) c Ly(P, u). Consequently,

Lip(Z,) =1 for all partitions of unity pu in Hilbert spaces.

It follows, that every Lipschitz map f from a metric space X to Lo(P,u), that
is a P-family of R-valued functions f,: X - R=R, c Y, (a,p) € P, satisfies

N N 1/2
Idit* @20 Plleao < ( [ Liv*Fddu)

Partitions of Hilbertian Forms h into Squares [2. Let h be the Hilbertian
quadratic form in Y. Then the partition of unity condition on p can be equiva-
lently (and obviously) expressed in term of the integral of the squares of linear

functions (forms):
d, ——'dy<:>‘/ld =h,
/ papp =1 10



where [ =, : Y - R = R, are linear functions corresponing to the projectors
p:Y — R, and dy; is the pushforward of p from P to to £ under the map
D=y

If X and Y are Hilbert spaces and f : X — Y is a linear map, then
|dil* |z, (u) does not depend on the partition of unity p in Y: it equals the
trace of the induced quadratic form on X

il fllpou) = fctracey(lof)Qdm =tracex fc(lof)Qdm =tracex f*(h),

and it is called the Hilbert -Schmidt norm ||f||L, = ||dil* f||1, () of f.
Furthermore, since the map Z, : Lo(P, ) - Y is 1-Lipschitz,

il fll 2y () = 1dil* Fll Lo oy-

For instance, isometric linear maps f: X — Y have

19" Nl oy = l1dil” fllagay = 11l = V/dim(X)

for all partitions of unity y; in particular

||min.(’ﬁ’l*idy||L2 = ||mzndzl*zdy||L2 = ||idy||L2 = \/dzm(Y)

In general, Lipschitz maps f from metric spaces X to Hilbertian Y satisfy

Lip(f) < |min.dil f||L, <|lmin.dil* f| 1, < Lip(f) -/dim(Y).
This suggests the notation
Hilb(f) = Hilbia(f) = Hilbjiay, (f) = |min.dil* f|| 1, /||min.dil*idy ||,
and
Hilb(f) = Hilbjia(f) = Hilbjsa, (f) = |lmin.dil’ f||r,/|[min.dil idy]|L,-

These definitions make sense for all arbitrary metric spaces X and Banach spaces
Y, where, if Y is Hilbertian,

Hilb(f) < Hilb(f) < Lip(f) <\/dim(Y) - Hilb(f).

Up to some point, we formulate and prove obvious general properties of the
"norms” ||min.dil* f||r, and ||mmc’lﬁ*f||Lq for all Banach spaces Y and all ¢ —
this does not cost us anything, but only maps into Hilbert spaces and ¢ = 2 will
be essential for the present day geometric applications.

Local Dilations ||dil* f(x)||, Hilb(f(x)) etec. in Finsler Spaces. All of the
above dilation invariants depends only on the metric but not on the linear
structure in Y. This allows the following local versions of these dilations for
maps into Finsler, e.g Riemannian, manifolds Y.

Namely, let Y = (Y, dist) be a metric space, where each point y € Y admits
a local Banach metric in a neighbourhood U, c Y of y, say dist, for all y e Y,
such that

disty(y1,y2)/dist(y1,y2) = 1 for y1,y2 = y.



Define .

it" £ @)1,y Imim.dit* F @) [T £ (@)1, 070 Hilb(E)), et
for maps f: X — Y by restricting f to small neighbourhoods U, c X for all
r € X, such that f(U,) c Ug(,) ¢ Y, evaluating the corresponding dilations with
respect to the local Banach metrics dist, and then taking the infimum over all
neighbourhoods U, of a point x € X for all x € X.

Equivalently, in the case Y is a Riemannian manifold, one can, by Nash’
theorem, isometrically immerse Y ¢ R and define the local dilations via axial
partitions of unity in RY.

Notice, that unlike the Lipschitz constant, where Lip(f) = sup,.x Lip(f(z))
for maps from length spaces X, there is no(?) apparent passage from local to
global L,-dilations.

2  Hadamard’s Jac"] < Hilb' and Inverse Lips-
chitz Maps.

Hadamard’s Inequality for J act™l. Given a map between Hilbert spaces, say
D: A — B, denote by Jacl™ (D) the norm of the n-th exterior power of D, that
is the supremum of the absolute values of the Jacobians of D on all n-dimensional
subspaces A’ c A,

Jac™(D) = sup Jac(D|A") for D|A": A" > im 4 c B.
dim(A’)=n

If f: X - Y is alocally Lipschitz, e.g. C'-smooth, map between Riemannian
manifolds then the differential D f(x) : T;.(X) — T4 (Y) exists for almost all
x € X by Rademacher-Stepanov theorem and the Jacobian of f is defined as

Jac™ (f(2)) = Jac™ (D f(2)) and Jac™ (f) = Slglcp Jac"\(Df(2)),

where sup,, refers to almost all x € X.

Hadamard’s Inequality. Let X and Y be Riemannian manifolds and f: X —
Y be a Lipschitz map.
Then

Jac™(f(z)) < ||n’1/2min.21\ﬁ*f(x)||z2 for n=dim(Y') and almost all x € X.
In particular, Lipschitz maps [ from n-manifolds to R™ satisfy

Jac™ (f) < Hilb" (f).

Proof. In fact, if

f=T,0f = fpap<f>dup for f: X —» Lo(P, 1),
then

IDf(2)lL, <IIDF(2)|L, < |[min.dil f(x)|, for almost all z € X,



while
Jacl™] (D) < n_1/2||D||7£2 ,

since the discriminants of quadratic forms (induced by D from the Hilbert form
in target Hilbert spaces) are bounded by their traces via the arithmetic/geometric
mean inequality for the eigenvalues of these forms.

However trivial, the inequality Jac™(f) < Hilb™(f) is significantly sharper
than mere |Jac™|(f) < Lip"(f).

For instance, let a smooth map f from a Riemannian n-manifold X toY = R"
be given by n functions fi, ... f,. Then Lip(f) may be as big as (¥; Lip>(f;))*/?,
while the Hadamard’s inequality, applied to the Hilbert form YI; \;b? for \; =
(Lip(f;))~"/? on Y, says that

[Jac™(H)< [T Lip(f)-
1=1,..., n
(This is, of course, obvious anyway.)
Sharpness of Hadamard. Hadamard’s inequality bounds the volume of the

image of a Lipschitz map between n-dimensional Riemannian manifolds, f :
X ->Y, by

voln(f(X))§fXHilb"(Df(x))dxgvoln(X)-sngilb"(Df(m)),

vol, (f(X)) < fX Jac™)( f(a:))dacgyoln(X)-sgp Jac™(Df(2)),

where the two suprema are taken over almost all x € X.

Since the algebraic inequality Jacl™ (D) < Hilb" (D) is sharp for linear maps
D :R" - R", ie. the equality Jacl™l(D) = Hilb"(D) implies that D is a
homothety, the corresponding integral inequalities are also sharp:

A. If

voly (F(X)) = fX Hilb" (D f(z))dz < 0o and dim(X) = dim(Y) > 2,

then the map f is a conformal diffeomorphism on its image.
(This is not used in the sequel.)

B. If

sup Hilb" (D f(z)) =1 and vol,,(f(X)) = vol,(X) < oo,

then f is an isometric diffeomorphism onto its image.

Proof. The equality vol,(f(X)) = [y Jacl™(Df(x))dx implies that the
local topological degree of f, either equals +1 at almost all € X or it is almost
everywhere —1. If such an f is conformal almost everywhere and n > 2, then
it is conformal everywhere. For example, if n = 2 this is seen with the Cauchy
integral formula, while the case n > 3 is (essentially) trivial because of the
Liouville theorem.

The remaining case of B for n =1 is, of course, obvious but it points out to
the following extension to more general Lipschitz maps.



C. If a Lipschitz map f: X - Y between n-dimensional Riemannian mani-
folds without boundaries satisfies

voln(f(X)):LJac["](f(x))dx<m

and
vol, (f1(U)) < C-vol(U) for all open U cY and a constant C < co.

Then f is a homeomorphism onto its image imy = f(X) c Y and the inverse
map ! zimy — X satisfies

sup Lip,(f™") < C-Jac"(f) <C- Lip" ' ().

yeim

This is well known with the proof, probably, buried somewhere in [?]. Here
is how it goes.

Since vol,, (f~2(U)) < C-vol(U), the pullbacks f~(y) c X are zero dimen-
sional subsets in X for all y € imy; in fact, this follows from the inequality
vol, (f71(By())) = o(e"!) for small e-balls in Y.

Since dim(f~1(y)) < 0, every point z € f71(y) admits an arbitrarily small
neighbourhood, say B, c X, such that the the boundary 9B, c X does not
intersect f~*(y); hence, the local topological degree of f is defined at .

This degree must be non-zero, otherwise, all points z’ close to x would have
"partners” x such that f(2’) = f(«) that is incompatible with vol, (f(X)) =
[x Jac"l(f(x))da.

Therefore, the image of every neighbourhood of x € X contains a neigh-
bourhood of y = f(z) € Y for all € X. Thus, f is what is called an open
map.

Besides, again because of vol, (f(X)) = [y Jacl™(f(x))dz, the map f is
one-to-one on a dense subset (of full measure) in X, and, obviously,

densely one to one + open = one-to-one.

Granted one-to-one, take an e-narrow cylinder V; c im; around a distance
minimizing geodesic segment [y1,y2] € 9my, denote by 01 V; 3 y1 and 92Vz 3 ys.
the top and the bottom of this cylinder and let 9;,;V: be the remaining (lateral)
part of its bounadry,

DatVe = OV N (1 V= B2 V2).

Observe that the relative homology group H,,_1(Vz, 014¢Ve) is free cyclic and let
Kn-1€""% denote the minimum of the (n — 1)-volumes of relative (n — 1)-cycles
representing non-zero classes in H,_1(Vz, 010t Vz).

Observe that x,_; is close to the volume of the Euclidean (n —1)-ball and

vol, (Ve) = Kpo1e™ L dist(y1,ys2) + 0(6"‘1).

Take the pull-backs V. = FYV.) ¢ X and Ot Ve = F Y014t Ve) and let
Fn-1""! be the minimum of the (n — 1)-volumes of relative (n — 1)-cycles rep-
resenting non-zero classes in Hn_l(ffg, 6latf/€).

Clearly,

Kp_1 < Jac["’l](f) Rp—1-



On the other hand,
’UOln(‘}E)) > distx(alf/g,agf/g) . I%n_lé‘n_l

for 81‘75, OV.c X being the pullbacks of the top and the bottom of the cylinder
V.cY.

The proof of this is standard: map V. to R, by d: & ~ distx (9,,V.), ob-
serve that the pullbacks d~! () ¢ V. support non non-zero classes in H,, (Vz, 9q: V)
for 0 < r < dist X(81‘7E,82‘~/5) and apply the classical (and obvious) coarea in-
equality (that happens to be equality in the present case and that is extended
in section 8 to more general setting of Hilbert volumes),

vol, (V2) 2 [R+ voly,_1 (d™t(r))dr.

Then the proof follows with € — 0.

D. Remark. The statement of C can be obviously reformulated without any
reference to differentiability of f and the above argument still applies as it does
not use the Rademacher-Stepanov theorem.

Besides, one does not truly need f to be Lipschitz: what is essential is a
bound on the (n - 1)-Jacobian Jac»11(f) that can be defined as

Jac"(f) = 8111{p volp_1(f(H))/vol,—1(H)

for all rectifiable hypersurfaces H c X.

Moreover, X and Y do not have to carry any metrics, what is needed are
measures on X and Y and the notion of ”(n - 1)-volume” for hypersurfaces. In
fact, the distance can be derived from these data via the Almgren-Besicovitch-
Derrick inequality (see section 9).

Warnings. (a) A Lipschitz map f: X - Y where Df(x) : T (X) = Ty(q)(Y)
is an isometry almost everywhere does not have to be one-to-one. In fact,
paradoxically, every Riemannian n-manifold admits a 1-Lipschitz map into R",
that preserves the lengths of all rectifiable curves in X, see 2.4.11 in [?].

(b) There are lots of C*°-smooth maps f : X — Y such that vol,(f(X)) =
Ix Jac™(f(x))dz, where Jacl™(f) # 0 almost everywhere; yet, where the
unions of those pullbacks f~!(y) c X that are diffeomorphic to the (n - 1)-ball,
are dense in X.

3 Controlled iq-Dilation Extensions, Banach
Straightening and Hilbertian Volume Domi-
nation.

If X o X % Y is a partially defined A-Lipschitz map between metric spaces,
then it admits an extension to a A-Lipschitz map f: X — Y only for rather
exceptional spaces Y. For instance, this is, obviously, possible if Y is a tree,
e.g. Y =R, a (finite or infinite measurable) Cartesian product of trees with the
sup-metric, e.g. the Lo.-space over a measure space, such as Lo, (P, ), or else,
an Uryson’s universal space.



But such extensions do not exist, in general, not even for Y = R™ if n > 2,
except for particular domains X, such as Alexandrov’s spaces with curvature
>0 [?], while for general X, only an extension f: X — Y = R"™ with Lip(f) <
n'?Lip(fo) is (obviously) possible.

However, Lipschitz extensions of maps fo : Xo = Leo(P,pt) to f: X —
Lo (P, p) trivially yield a control over Eq—dilation of maps f =7, 0 f:X->Y
as follows.

Let X be a metric space and Y be a Banach space with an axial partition
of unity p.

Then every partial map, X > X i Y, extends to a map f: X =Y, such
that

| dil Fllzy ) < | dil follL, (uy < N1dil* foll, ) <

<Nl follgy - (1(P)"* < Lin(fo) - (n(P)) ™
for all 1< q<oo.

Remark. The only point here which needs a minor attentions (and which is
unneeded for our applications) is to make sure that the same extension f of f
serves the spaces Lq(P, ) simultaneously for all g.

This is achieved by making Lipschitz extensions fp X ->R=R,cY,peP,
of the corresponding functions ( fo)p : Xo > R=R, c Y depend measurably on
p, e.g. by taking, for each p € P, a minimal such fp Namely, in general, given

a partial defined function X > X 2 R, its minimal Lipschitz extension is

¢(z) = sup (¢o(wo) - distx (z,x0)).
zroeXo
For example, if X is isometric to an axis R ¢ X and Xy - R = X, is the identity
map, this minimal extension equals the Busemann function X — R.
Banach Straightening at Infinity. Define the Lipschitz constant at infinity of
amap f: X - Y between metric spaces by

Lipeo(f) =  limsup  dilg(x1,22).
distx (x1,z2)—>00
Equivalently, this can be defined with restrictions of f to D-separated nets
Xp c X, that are subsets in X with distances between all pairs of points > D,
as follows,

Lipeo (f) =limsup Lip(fix,,)-

D—oo

Similarly, define the L,-dilation at infinity, denoted H&ﬁ; fllz,(u), by re-
stricting f to D-separated nets and taking limsup of ||(3ﬁ*f|XD||Lq(u) over Xp
with D — oco.

Then the above extension of maps f|Xp: Xp =Y from Xp c X to all of X
implies the following

Banach e-Straightening. Let f: X — Y be a map from a metric space X to
a Banach space Y with a partition of unity u in Y.

Then, for every e > 0, there exists a map f. : X - Y within finite distance
from f, i.e.
[fe(z) - f(z)|ly <r=rs<o00 forallze X,



and such that

1@ Flly ) < (Nil Fllz oy +€) - 1(P)V? for all g € [1, 00].

On € - 0. One can, in many cases, pass to the limit map f._o: X — Y but
this f.o may be far away from f, e.g. it may be constant for an f isometric
at infinity, i.e. where limp_, o dilgx,, = 1.

Hilbert-Hadamard Volume Domination. Let X be an n-dimensional Rieman-
nian manifold, let u be a partition of unity in the Euclidean/Hilbertian space
Y =R” and let f: X - Y a proper (pullbacks of compact sets are compact)
continuous map.

Let Qr ¢ R", R — oo, be bounded domains, such that vol,(Qr) = const -
R™ and such that for every rg the volumes of the ry-neighbourhoods of their
boundaries satisfy

00l (Ur, (02R)) = o(R™) for R — oo,

e.g. (g are Euclidean R-balls.

If f has non-zero topological degree, then the Euclidean volumes of the do-
mains Qg ¢ R™ are "asymptotically sharply bounded” by the Riemannian vol-
umes of their f-pullbacks as follows

voln(f_l(QR)) > ||dilS [T () - 0Ol (2R) — o(R™) for R — oo.

Proof. Since deg(f) # 0 and dist(f, f-) < r., the images f.(f1(2g)) c R"
contain [Qp —re] =ges Qr \ Uy (02R); hence,

vol, (f71(QR)) 2 vol, (f-'[Qr - 7c]).
On the other hand, by the above,
Hilb(f=) =PI fll ey < 1dil fllLo gy + €

while the Jacobian of f. is bounded by Hadanmard’s inequality Jacl™(f.) <
Hilbn(fa); hence,
vol, (f [Qp - re]) 2 Hilb  (f2) - voln[Qg — 7]

> ||dils fIIL2 () - voln(Q2R) — € - const - R™ — o(R") for all € > 0.
QED.
Local L,-Extensions. Let Y be a smooth manifold with a continuous Rie-

mannian metric and X > X i Y a partial Lipschitz map. Suppose that that
||mim’i\17*f0(x)||Lq < ¢(x) for all z € X,

where ¢ is a continuous function on X.

Then fo extends to a neighbourhood X1 > Xog by a map X o> X3 ER Y, such
that .
lmindil f(x)||L, < ¢(x) for all x € Xo.

10



Proof. Combine the above extension with the ordinary Lipschitz partition
of unity in X by the following trivial arg) ,.; = lment.

First, let Y = RY and let U; c X, i € I, be a locally finite covering of X such
that

||min(’i‘i/l*fo\UmXU||Lq < ¢(x) for all z e U;.

Extend the maps fou,nx, : Ui N Xo > RN to f;: U; > RN, such that

[mindil” fil|z, < |lmindil” fou,nxo Iz, < ¢(x) for all € U

Let ¢; : U; - R, be Lipschitz functions with supports strictly inside U; and such
that > ,.;=1. Then the map

F=3%"¢;- f; satisfies ||minglﬁ*F(x)||Lq <o(x)
iel
in some neighbourhood X; ¢ X of Xy by an obvious computation.

Finally, if Y is C°-Riemannian, isometrically C'-embed Y ¢ RY and observe
that some neighbourhood Y; ¢ RY of Y admits a Lipschitz projection 7 : Y} - Y
such that Lip(m(y)) =1 for all y e Y. (If Y c RY is C?-smooth, one can use the
normal projection to Y, that does not always exist for C''-submanifolds.)

Compose the above F' with this 7 and thus, obtain the required extension
f=moF:X =Y of fyfrom Xy to X; o Xy. QED.

Question on Lg-Dilation at Infinity. Is there a counterpart to the above with
|[dil* f||1., instead of ||dil" f||r,?

Namely, what is the minimal (or, rather, infimal) constant C' = C(Y,q,q’),
such that every f: X — Y admits an f’': X — Y within bounded distance from
f, such that [|dil* f'||1 () < C[|dil fllL,(u)?

4 John’s h, and John’s Ellipsoid in Banach Spaces
with a Riemannian Corollary.

So far, everything was compiled of definitions + trivial generalities. Now comes
something deceptively simple but more substantial.

Fritz John’s Ellipsoid Theorem. An n-dimensional Banach space Y =
(Y, ||-..lly) admits a unique Hilbert quadratic form he, such that

[N [}

and such that the identity map id, =id:Y = (Y,||..|ly) =Y =Y, = (Y, ||.--||n.)
satisfies

Hilby, = Hilb/yo(ido) <1,
for Hilby, (ids) = n~?||min.dil*id,|| 1, -

Proof. Let H,(1) be the subset in the space of positive semidefinite (Hilber-
tian) quadratic forms h on Y such that Hilby, < 1, i.e such that the identity map
id =idy : (Y, |..]ly) = (Y, h). satisfies n='/?||min.dil*idy||1, < 1

11



Observe that this H, (1) is a convez susbset in the linear space of all quadratic
forms on Y by the definition of ||min.dil*||., via partitions of Hilbertian forms
h into squares I? (see section 1).

(o) Let ho € H,(1) maximize the Hilbertian (Euclidean) Haar measure of
Y associated to it among all h € H,(1), i.e. the Jacobian of the identity map
id: (Y,ho) = (Y, h), denoted JacELZLh, satisfies JGCEZZL;L <1 for all he Hy(1).
Then

-l 2 [l [ly-

Indeed, assume otherwise, let [ be a linear form on Y such that [|l||? = n =
dim(Y') and [[I]|} = n/c for ¢>1 and let he = (1 -€)h, +el?, 0<e < 1.

Clearly,

Jac%tlm =((1-e)" D ((1-e)+ cna)))l/2 :
and )
log JacEZLhE =5 (-(n=-1)e+c(n-1)e)-o(e) >0 for € - 0;

hence, the form h. has greater Haar measure than h, for small € > 0.

Since n - 1% € H,(1), the form h. also lies in H,(1) by convexity of H,(1);
this contradicts the extremality of i, and uniqueness of h, follows by the same
argument. QED.

John’s p1s. The partition of unity fie = fimn in the Hilbert space (Y, ]]...||n,)
for which ||dil*id,||, = v/n is not, in general unique. However, the inequalities
II.-|lne 2 |I---ly and Hilby, <1 trivially imply that

every projector p € P(Y,||...||n, ) from the support of some o lies in P(Y,]|...|lv),
i.e. ||plly =1, and the norm ||...||n, equals ||...|ly on the azes R, =im, cY of all
p € supp(po)-

Remark. The above shows that the total masses of John’s partitions of unity
te in Y satisfy po(P) =n=dim Y. In fact, the existence of a partition of unity
in Y with the total mass < n is equivalent (by a trivial argument) to the full
John’s theorem.

Riemannian Lower Volume Bound. Let Y be an n-dimensional Banach
space, let Qr c Y, R — oo, be bounded domains, as in the Hilbert-Hadamard
volume domination from section 3, i.e. such that their n-volumes with respect to
John’s Hilbert/Euclidean metric h, satisfy vol,(Qg) = const- R™ and such that
for every ry the volumes of the rg-neighbourhoods of their boundaries satisfy

v0lo (Upy (0Q2R)) = o( R™) for R — oo,

e.g. Qg are the R-balls {|jy|| < R} c Y.

Asymptotic Banach-John Volume Inequality of Burago-Ivanov. Let X be
an n-dimensional Riemannian manifold, let f : X — Y be a proper (pullbacks
of compact set are compact) map of non-zero degree and let Lip.,(f) be the
Lipschitz constant of f at infinity with respect to the metric ||y; — yo|ly in Y.

Then the (John’s Euclidean) h,-volumes of Qr c Y are "asymptotically
sharply bounded” by the Riemannian volumes of their f-pullbacks by

voln(f’l(QR)) > Lip ' (f) -vole(2r) — o(R™) for R — .

12



Consequently, since ||...||n, > ||..|ly, the asymptotic volume growth of R-balls
i X around any given point xog € X is asymptotically sharply bounded by the
growth of the Fuclidean balls,

1il%nli£f vol(Bx (R))/vol(Bgn(R)) > 1.

Proof. Since John’s u, serves as partition of unity in (Y,]]...||y) as well as
in (Y, ]|...||n, ), the map f: X - R"™ = (Y,]|...]|n, ) satisfies

ldilh, Loy < Lipoo (F))]. 11y »

where — this is the main point — the dilation ||dil* f|| is measured with the
(Euclidean) ho-metric in Y, while Lip., (f) is evaluated with the original Banach
metric. Hence the Hilbert-Hadamard volume domination applies and the proof
follows.

5 Co-Lipschitz at Infinity, Federer-Whitney Met-
ric Descendants and Abelian Volume Growth
Inequality of Burago-Ivanov.

Federer- Whitney Theorem. Define the co-Lipschitz constant at infinity of a map
between metric spaces, f: X - Y, by

coLipo(f) = limsup diamx(f *(B))/diamy (B),

diamy (B)—oo

where B c Y run over all bounded subsets in Y.
Observe that if

sup diamx (f 7 (y)) < oo,
yeY
(which is weaker than coLip.,(f) < c0) then

coLipe(f) = ( lim inf dilf(xl,xg))fl.

dist(z1,x2)—>00

A map between metric spaces, f: X - Y, is called an isometry at infinity if
the image of f intersect all R-balls in Y for R > Ry < oo and

Lipeo(f) = coLipeo(f) = 1;
this is equivalent to

distx(z1,22)

disty (f(z1) f(x2))

— 1 for distx(x1,22) = oo.

dily(x1,x2) =

Let X be a locally compact metric space, Y an R-linear n-space, where both
spaces are acted upon by a locally compact group I', such that the action of "
on X is isometric and the action on Y is affine.

Let this affine action be co-compact quasi-translational, i.e. Y/T' is compact
and ' admits a co-compact subgroup that acts on Y by parallel translations.

13



Federer-Whitney f-Descendant Metric. Let f: X - Y be a proper continu-
ous I'-equivariant map.

Then there exists a unique Banach distance on'Y, denoted disty (y1,y2) =
lly1 = ye|ly and called Federer-Whitney f-Descendant of the metric distx, such
that the map f is isometric at infinity with respect to distx and disty .

Proof. Clearly, there exists a unique maximal Banach distance disty in Y
with respect to which Lipo, (f) < 1.

To see that coLipe (f) = 1 as well, observe that every two disjoint r-balls in
Y satisfy

disty (By, (7), By, (r)) = lim X distx (F7 (Bayy (M), 7 (Baga (W),

where the scaling y — Ay is understood with some point in Y taken for zero and
where the existence of the limit, as well the convexity and homogeneity of the
limit distance function, trivially follow from

e the triangle inequality for distx,

e clementary properties of asymptotically sub-additive positive functions d(p),
p >0, i.e. such that d(p; + p2) < d(p1) +d(p2) + 0(p1); the essential property of
such functions d is the existence of the limit lim,_, d(p)/p.

Remarks. (a) The above is the special (trivial) case of the full Federer-
Whitney duality theorem between the stable volume norm on homology Hy (V)
and the comass norm on cohomology H*(V;R). (See sections 4.C and 4.D in
[?] and 7.4 in [?] for the statement and further applications of this theorem.)

(b) The Federer-Whitney theorem generalizes [?] to maps X - Y, where YV
is a simply connected nilpotent Lie group with an expanding automorphism A
and where the existence of the limit

Jim AN dist (SN (By)), £ O (B))

is not so obvious.
(c¢) The property of being isometric at infinity for equivariant maps f some-
times implies a much stronger (and non-obvious) one:

|distx (f (1), £ (1)) - disty (y1,y2)| < const < oo.

This was proven by D. Burago [?] for surjective maps from length metric spaces
(where the distance is given by infima of length of curves between points) into
linear spaces Y and, later on, for maps into some nilpotent Lie groups and all
hyperbolic T-spaces by S. Krat [?], but also there are counterexamples [?]. Yet,
the full geometry of isometric at infinity equivariant maps has not been fully
clarified at the present day.

Abelian Volume Growth Inequality of Burago-Ivanov . Let V be the universal
covering of a compact Riemannian n-manifold V' that admits a continuous map
of non-zero degree onto the n-torus, V. — T", e.g. V is homeomorphic to T".

Then the asymptotic volume growth of R-balls B(R) in V for R — oo is
minorized by that in R™,

ligligf vol(B(R))/vol(Bgr(R)) > 1.
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Proof. Let Y be the universal covering of the torus T", let X be the corre-
sponding Z™-covering of V and f: X — Y the Z"-equivariant map induced by
our V - T".

Let ||...|ly be the Federer-Whitney norm on Y and h, John’s quadratic
Hilbertian (Euclidean) form.

Since f is isometric at infinity with respect to the Federer-Whitney metric
lly1 — y2lly, the f-pullbacks of the (Euclidean) he-balls Bo(R - o(R)) c R" =
(Y, hs) of radii R - o(R™) are contained in the Riemannian R-balls in X =V,
and since Lipe (f) = 1, the asymptotic Banach-John volume inequality from the
previous section applies.

Remarks. (a) This proof:
Federer-Whitney + John’s h, + Hadamard’s inequality

is similar to the original one in [?], except that the authors of [?] use at some
point a rather subtle Burago’s theorem (stated in the above Remark (c)) instead
of the (almost obvious) Federer-Whitney theorem.

(b) Volume Rigidity. The above argument combined with ”sharpness of
Hadamard” (see B in section 2) implies by a simple argument another theorem
from [?].

Let X be a Riemannian I'-manifold of dimension n, where the asymptotic
volume growth of balls equals that in R"™,

liRrrii;}f vol(Bx(R))/vol(Bgrn(R)) = 1.

If X admits a T'-equivariant map fo: X - R"™ of a non-zero degree, where the
action of T on R™ is affine co-compact quasi-translational, then X is isometric
to R™.

This, however, leaves open the following

Question. What is the minimal volume growth of an X with the correspond-
ing Federer-Whitney Banach space being in a given isometry class?

(We shall address this in Part 2 of this paper.)

(¢) An attractive feature of the volume growth theorem, is that a general
convexity argument (John’s e theorem) yields, rather unexpectedly, a sharp
purely Riemannian inequality.

(A non-sharp lower bound on asymptotic volumes of balls follows by the
above argument, see [?] and 4.C in [?], from Federer-Whitney and the inequality
II.--/la = /7-]|---||n, that is the standard corollary to John’s Hilb,, < 1.)

But we shall see with our definition of Hilbertian volume in section 9 that,
in truth, there is not so much ”Riemannian” in this inequality after all: the
Abelian volume growth inequality and the volume rigidity hold for (almost)
arbitrary metric I'-spaces X.

6 [I'-Spaces, Averaging and Hilbert’s Straighten-
ing Map f..

The Federer-Whitney Banach metric is, obviously, invariant under actions of a
group I' acting on our spaces. Let us explain how to make other constructions
T-invariant as well.
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Recall, that a I'-space in a given (topological) category is a space X with
an action of a group I', denoted vx : X — X, v € I', where these maps yx
are morphisms in our category. We are mainly concerned with metric I'-spaces
where the maps yx are isometries.

Equivariant Hilbert Straightening Theorem. Let X and Y be topological T'-
spaces as in the Federer-Whitney theorem, i.e. X is a locally compact metric
I'-space, and Y an R-affine n-space isomorphic to R™, where the action of I" is co-
compact quasi-translational. We denote by Y, the linear space associated to Y
that is the space of parallel translations of Y and that can be (non-functorially)
thought of as Y with a point in it distinguished for 0.

Let fo: X - Y be a proper continuous I'-equivariant map.

Then there exist a unique T-invariant (Federer-Whitney-John’s) Euclidean
(Hilbertian) metric dist, =||...||[n, onY, and a (non-unique) I'-equivariant Lip-
schitz map fo: X =Y, such that

diStho(f07f0) < 0o,
the Hilbert constant of fo with respect to the Hilbertian form he on'Y satisfies
Hilb(f,) =1,

and, at the same time,
coLipe(fo) < 1.

Proof. The distance ||...||n, in Y for John’s h, associated to the Federer-
Whitney Banach metric disty is I'-invariant due to uniqueness of h, but the
underlying measure p, — partition of unity (d,,p) or equivalently, partition of
he (that is d,[), is not necessarily invariant.

But since the linear isometry group G of (Y, ||...]ly ), where Y, is the linear
space associated to Y, is compact, one can average partitions of unity p, (or
rather partitons of h, into squares of linear functions) over G and have John’s
partition of unity g, invariant under the action of I'.

Let us make the e-straightened maps f. : X - Y from section 3 equivariant
by the following standard averaging over I.

Observe that I acts on the space F of maps f: X - Y by vr : f = v51 o foyx
with fixed points of this action corresponding to equivariant maps f.

If we replace maps f € F by by = f — fo for our (equivariant!) fo:X - Y,
this actions becomes the obvious shift action on the space of maps b: X - Y,
for v : b(x) » b(yx (x)).

Since the full isometry group iso(Y) o I' is amenable one can average bounded
functions to I'-invariant ones, where ”bounded for b;” corresponds to the "finite
distance from fj.”

disty (f, fo) = su)lgdisto(f(x),fo(x)) < o0.

Since the straightening maps f. : X - Y from section 3 do lie within finite
distance from fj, they can be averaged to equivaruant one, say f.: X - Y, and

since ||Elﬁ*f5||L2(u) < 1+¢ and the function(al) f ~ ||&ﬁ*||§2(m is (obviously)

convez, these averaged maps also have their Lo-dilations bounded by

il fellpyy <1+e
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Finally, since the maps f. are uniformly Lipschitz, some sequence of them
converges with € — 0 to the desired equivariant map f, : X - Y. QED.

Remark. The Hilbert straightening map f, can be regarded as a metric
counterpart to the Abel-Jacobi-Albanese maps from Kéhler manifolds to their
Jacobians. The latter maps, being holomorphic are (pluri)harmonic; they mini-
mize Dirichlet’s [y rlIDf (2)|I7, dz over all T-equivariant maps f, while the map
fo minimizes, in a way, the norm sup, || D f(z)||L,-

Besides f,, there is also a dynamical counterpart to the Abel-Jacobi-Albanese,
called the Shub-Franks map that is associated with hyperbolic endomorphisms of
tori and infra-nil-manifolds in general. The three maps and their generalizations
intricately intertwine in their applications to the geometric rigidity theory (See
[?] for a related discussion on A-J-A — S-F connection.)

6.1 On Infinite Dimensional I'-Spaces and Codiffusion
Spaces.

The above suggests the following I'-version of the notion of the L,-dilation from
section 1.

Let Y be a Banach space with an affine isometric action of a locally compact
(e.g. discrete) group I'. Let II c I" be the subgroup of parallel translations in T’
and let Ty = T'/IL.

Thus, 'y and, hence, I' itself, act on Y by linear isometric transformations.

A proper azial I'-partition of unity in Y is a I'g-invariant measure p = d,p
on the spaces P of axial projectors p: Y — R, = im, c Y, such that the action
of Ty on the measure space (P, 1) is proper:

there exists a measurable subset U c P such that the I'g-orbit of U equals
almost all P and such that the subset of those v € T'y for which pu(y(U)nU) >0
is precompact in I'y.

If the action is proper, the quotient space P = P /T’y carry a Lebesgue-Rochlin
measure, say i, and one can integrate invariant functions on P over (P, u).

Thus, one can define the L,-dilation of a I'-equivariant map f from a metric
I'-space X into Y as

/q
146t ety = [ Zin"(Dip)

Several constructions we met earlier, namely those which do not involve
integration apart from that over P generalize to this setting: that are

e Equivariant minimal "norms” |[min.dil* ||, and ||7m'n.(’i‘i/l*f||Lq7

e Banach straightening at infinity (section 3) and equivariant Hilbert straight-
ening,

e John’s h,,, where one needs to(?), regretfully, assume that the Banach space
Y is "essentially Hilbertian” to start with: it admits a I'g-invariant Hilbert form

h, such that ||...|][y <||...][n < const - ||...||y.

(This assumption rules out, for example, the only natural candidate for
John’s he on the spaces [,(T"), that is Hilbert’s h = ”"'”122(1“) for countable groups
r.)

Where are we to go from this point? Are there unexplored domains popu-
lated by interestingly structured infinite dimensional I'-spaces ?
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One may start a search for them among symbolic T'-spaces, [?], [?], and/or
concentrated spaces [?]).

Azxes, Non-Linear Partitions of Unity and Codiffusion. A distance minimiz-
ing geodesic in a metric space Y that is the image of an isometric embedding
R~ R, = im, c Y admits a 1-Lipschitz projection p onto itself. Thus "many”
spaces Y admit "many” axial projectors p: Y - R, cY.

Notice that an axis R, ¢ Y may have several projections ¥ - R,. Two,
apparently, most natural ones correspond to the two Busemann functions b, on
Y associated to this axes with two possible orientations: y — b.(y) e R =R, —
Y.

There are two alternative ways to define the Lo-dilation of amap f: X - Y.

(1) If Y is a Riemannian/Hilbertian manifold with the Riemannian quadratic
differential form g, one may forfeit projectors and use measures p = d,b on the
space B of 1-Lipschitz functions b:Y — R.

The normalization condition of u being a partition of unity may be formu-
lated by requiring the integral of the squares of the differentials of our functions

to be equal to g,
f db*d,b = g.
B

Here it seems reasonable to limit the support of relevant measures p to the
space of Busemann functions or, more generally of all horofunctions. Besides,
if Y is a proper I'-space, it may be to one’s advantage to restrict to I' invariant
measures p on B and integrate over B/T" rather than over B.

(2) In order to sum/integrate projectors with a measure on the space of
projectors one may use an additional structure in X, called

Codiffusion. Let N'= N(Y) be the space of probability measures v on Y’
where Y is embedded to N by assigning Dirac’s d, to all y € Y.

A codiffusion in Y is a projection R: N' - Y c A/, where ”"projection” means
R?=R.

For example, every complete convex (locally) affine topological space, e.g. a
closed convex subset in a Banach space, comes with a natural codiffusion that
sends every measure v on X to its center of mass

The center of mass construction generalizes to those geodesic spaces, in
particular to Riemannian manifolds, Y where the square distance functions
y' + dist?>(y',y) are strictly convex on all geodesics: the center of mass of a
v is defined as the minimum point y.,;, € Y of the (strictly convex!) function
y = [y dist*(y',y)d,y (see [?], [?] and also [?] for the history of this concept
and new applications.)

However, all this does not seem to help in answering the following

Questions (a) What are ”interesting” instances of equivariant maps f: X —
Y between n-dimensional Riemannian (Finsler?) I'-spaces such that

coLipeo (f) - Hilb(f(z)) =1 for all z € X

where the group I' is not virtually Abelian?

(b) Let X be a metric I-space, Y = (Y, h) a Finsler (e.g. Riemannian) I'-
manifold and f: X - Y be a proper equivariant map. Suppose that all geodesics
in Y are distance minimizing,.
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What is the minimal C' = C'(Y') > 0 for which there exists a I'-equivariant map
fa: X » Y within bounded distance from f such that Hilb(fs(2)) < C-Lipe (f)
for all x € X?

(¢) Let Y be a contractible metric T'-space. Consider all, possibly singular,
(oriented?) Riemannian I-spaces X of dimension n that admit equivariant maps
f:X - Y that have Lips(f) <1 and such that the induced homomorphisms on
their invariant n-dimensional real cohomologies do not vanish, e.g. dim(Y) =
dim(X) =n and deg(f) 0.

When does there exist an X,,,;,, among them that minimizes vol, (X /T")?

How does X,,,in change (if at all) with passing to subgroups of finite indices
in I'?7

Can this X,,,;, be explicitly described for particular ”simple” (possibly, in-
finite dimensional, e.g. isometric to Hilbert’s R*) spaces Y7

Given subgroups I'; c T of finite indices ind; = card(T/T;), let f; : X; - Y
be an ind; ' vol, (X /T;)-minimizing sequence of I';-equivariant maps f; : X; - Y
with Lipe (fi) < 1. When and how does such a sequence converge?

7 Burago-Ivanov’s Solution of Hopf Conjecture.

Let us show (essentially) following the original argument in [?] how Hilbert’s
straightening implies Hopf conjecture:

Let V = (Vlg) be a compact Riemannian manifold without conjugate points
and f : V-T" be a continous map such that the induced homomorphism of
the fundamental groups, m(X) — 71 (T") = Z", is an isomorphism. Then the
universal covering X = (X, g) of V is isometric to R™.

In fact, if all geodesic segments in X are distance minimizing, then

Hilbert’s straightening map fo: (X,q9) = (Y, he) =R"™ is an isometry,
where Y is the universal covering of the torus T" and h, is John’s Hilbertian
form associated to the Federer-Whitney f-descendant ||...|ly of the metric dist,
on X for f: X —Y being the lift of f to X.

This is immediate with the following simple classical formulas (LS1) and (LS2).

Liouwville-Santalo Integral Identities. Let X = (X, g) be a complete Rieman-
nian manifold.

Given a measure A = d\7 on the tangent bundle T'(X), denote by A = dyx
the push-forward of A under the projection 7 : T(X) - X, and assume that
A(W) < oo for all compact subsets W c X.

Call a measure A\ balanced if, for every continuous quadratic form h on

T(X),
/;(tracegm(hm)déx = dim(X) fT(X) h(T)dx.

For example, the Liouville measure, that is supported on the unit tangent
bundle S(X) c T'(X), is balanced, since the trace of a quadratic form h on R"
equals n-times the average values of h on the unit sphere S~ c R".

Let 3(R) = X(X; R) be the space of geodesic segments of length R in X
that are locally isometric (geodesic) maps o : [0, R] - X and denote by 0, €
Sy(0y(X) ¢ T(X) the unit tangent vector to our geodesic o at the point o(0) €
X.
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The correspondence o < s = 9, identifies 3(R) with the unit tangent bundle
S(X); accordingly, the measures on Y(R) corresponding to A = dxs on S(R)
are denoted dyo.

Let X be acted upon discretely and isometrically by a group I', and let A be
a measure on S(X) that is invariant under the action of I' and that is normal
in the sense the total A-mass of S(X)/I" equals one,

A(S(X)/T) = fs dyr =1

(xy/r

Let Y = (Y, h) be another complete Riemannian I'-manifold and let f: X —
Y be a proper I'-equivariant Lipschitz map.

Average/integrate the dilation of f at the two ends of our geodesic segments,
or, rather, the dilation of the composed maps foo:[0,R] =Y,

dilos (0, R) = R disty (f 0 0(0), f o 0(R)),

over (X(R),dxo) and denote this averaged dilation by

dily(f 0 0, R) = dil o (0, R)d0
B

Clearly, this dil,,, is bounded by the average length of the parametized curves
foo:[0,R] - Y divided by R,

dilys (f 00, R) < R Yengtha (f 0 00, R]) = R~ f

length 0, R])dxo.
[ oye length(F o (0. R)dro

If the measure \ is invariant under the geodesic flow, then, by Fubini’s
theorem, this integral equals the integrated norm of d,f € Ty(,)(Y), for = =

0(0) = 7(9y), that is the derivative (differential) of f in the direction of the
unit tangent vector 9, € S, c T(X),

LS1 Rlengthy, 0.R :f 0, flldxo,
(Ls1) engthon (1 0ol = [ 10, fldso

where, by Schwartz inequality,
, 1/2
90 (0)||dxo < ( [ o) ) .
oy 100l < ([ 1900 dso
If X\ is balanced, then
LS2 f 90(0)|[2dro = Hilb?, (f),
(Ls2) [ e 00Oy = itt, (1)
where Hilby,(f) is the normalized Dirichlet-Hilbert energy of f that is
HA, () =aeg v [ IDF o =™t [ traceyio (DS ()" (W)

for the pullback (Df(x))*(h) of the Riemannian form A from T(Y) to T(X)

by the differential of f.
In sum, (LS1)+(LS2)+(Schwartz inequality) imply:
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if X is a normal T'-invariant measure on T'(X) that is balanced and invariant
under the geodesic flow and f : X - Y is a I'-equivariant map, then the -
average dilation of f at the ends of geodesic segments in X of length R satisfies

1/2
il (0. R) < Hilbyo (1) =072 ( [ IDfIE dae)

This integral inequality is sharp: the equality is possible only if all quantities
involved are equal point-wise and this sharpness is independent of R, since the
integral fE(R)/F 105 flldxo = Rt lengthq, (f o [0, R]) does not depend on R.

It follows, in particular, that

if

limsup dily, (f oo, R) > 1 and Hilba,(f) <1,
R—oo
then the map f is isometric on every geodesic o : (—oo0,+00) - X that is con-
tained in the support of \.

The Hopf conjecture follows by applying the above to the universal covering
X of a torus without conjugate points with the Liouville measure A on T(X)
and to the Hilbert straightening map f, : X - R" = (Y, hs).

In fact, "no conjugate points” says that all geodesic segments in X, that are
o:[0,R] - X, have distx(c(0),0(R)) = R. Therefore, the average dilation of
fo satisfies

(lim sup dil gy, (fo 0 0, R))_1 < coLipos(fs),

R—o0

where, recall,

coLipes(f) = hmin)f dist(f(x1), f(x2))/dist(x1,22)

dist(z1,x2)—>

for proper maps f.
On the other hand the inequality Hilb(f,) <1 implies that [|Df.]|7_ <n for
almost all x € X. Hence, f, is an isometry. QED.

Questions. Let X be a complete Riemannian I'-manifold of dimension n and
f: X - R" a proper continuous I'-equivariant map for some discrete cocompact
isometric action of the group I' on R". For example, X may be equal the
universal covering of a compact manifold homeomorphic to the n-torus.

What is a possible geometry of X if

dilay(f 0 0, R) > Hilbao(f) — ¢, for all R > Ry,

where the averages are taken with the Liouville measure?

What can be geometry of an X if the geodesic segments o : [0, R] — X,
satisfy distx(0(0),0(R)) > ¢(R) - R for a given function 0 < ¢(R) < 1 and all
sufficiently large R?

In particular, does the inequality distx(c(0),0(R)) > (1 -¢)R for a small
(any<1?) e and all o imply that X is isometric to R™?

Do "majority” of X have distx(c(0),0(R)) ~ R*? on the average?
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8 Hilbert Jacobian, Homological Volume, Semi-
continuity, Coarea Inequality and John’s Iden-
tity.

Let V = (V™, x) be a smooth n-dimensional manifold with a smooth measure .
Assume that V' is diffeomorphic to an open subset in R™ and, given a Lipschitz
map f from a metric space X to Y, consider all diffeomorphisms ¢ : V' — R" for
which Jac™(¢(v)) > 1 for all v € V (such ¢(v) always exist and can be even
taken smooth).

Define the global Hilbert Jacobian of f restricted to a subset U c X as

HilJacl) (flo) = inf b (6o flu), ¢ofly:U—R"

and
HilJac["]f/v = ‘1/n9fv HZ’ZJG;C‘[g?g(f“'—l(V))’ yey,

where the infimum is taken over all neighbourhoods V,, c V' of v.
Since every smooth n-manifold is locally diffeomorphic R™, this definition
makes sense for all smooth, including closed ones, manifolds V = (V"™ x).
Next let
HilJac™ f(z) = IIJI;f mJacg7g(f|U), rzeX,
xT

where the infimum is taken over all neighbourhoods U c X of x and where,
again, this is defined for all V.

Finally, define the point-wise Hilbert Jacobian HilJacl™ f (x) of a Lipschitz
map f between arbitrary metric spaces, f : X — Y, as the infimum of the
numbers J such that

HilJac™ (10 f)(z) < J - HilJac™ f ()

for all Lipschitz maps 7:Y — R™.
It is immediate that

HilJac™(f) < Lip"(f)

and that composed maps X 7 Y — Z satisfy
g

HilJac™go f(z) < HilJac™ f(2) - HilJac™g(y) for y = f(x)

Also observe that HilJac™l(f) equals the (absolure value of the) ordinary
Jacobian Jac™(f) for smoth maps f between Riemannian manifolds.

Homologically Stable Hilbertian Volume. We want to define n-volumes in
metric spaces X with a usual behaviour under (Jacobians of) Lipschitz maps
f:X ->Y =(Y"x), eg. decreasing under maps f with HilJacl™(f(z)) <1,
where we are concerned with stability of the images under small continuous
perturbations maps that is defined as follows.

Fix a coefficient group (e.g. a field) F and call a point y € Y cohomologically
(H§ -image) stable for a continuous map f: X — Y if for all sufficiently small
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neighbourhoods V' =V, ¢ Y of y the induced homomorphism on the relative
cohomology

e HY(V,0V;F) > H"(f_l(V);f_l(aV)éF)

does not vanish. The set of these stable points is denoted by stblpim;(X) c Y.

As we shall be dealing with locally compact spaces, the cohomology will be
Cech; to be specific, we stick to F = Fy = Z)2Z.

The hyper-Hilbertian global n-volume glbpvol™ (R™\X) of X over R™ is the
supremum of the numbers H such that X admits a Lipschitz map f: X - R"
with ﬁ\i’lJacgc"](f) <1, x € X, and such that the Lebesgue-Haar measure of the
set stblpim(X) cR"™ is > H.

For example, glbpvol™(R™\ X) = vol,(X), for smooth open Riemannian
manifolds X, while closed manifolds X satisfy glbpvoll™(R™\X) = vol,, (X)/2.
(To get rid of this silly 1/2 one has to map X to the n-spheres S™ rather than
to R™.)

A more interesting example is provided by closed minimal hypersurfaces X =
X™ in compact Riemannian manifolds X"*! 5 X representing homology classes
in H,(X"1): such an X admits a A\-Lipschitz map, f : X - S™ of non-zero
degree, where A < \o(X™ 1, v0l,(X)) < oo as it follows from the compactness
of the space of minimal subvarieties in X™*! with bounded volumes and the
mazximum principle for minimal hypersurfaces.

Then one sees, by looking at tangent cones, that every point x in such a
minimal X ¢ X! admits an arbitrarily small neighbourhood U, c X such that

glbpvol™ (R™\U,) > ¢ - vol,, (U,) for some ¢ > £(X) > 0.

Homology Domination and Semicontinuity of glbpvoll™. Let Z be a metric
space, X ¢ Z a locally compact locally closed (open N closed) subset, and let
X;,1i=1,2,..., be a sequence of locally closed subsets that converges to X in the
sense that for every neighbourhood Zx c Z of X all but finitely many of X; are
contained in Zx.

Say that X; (co)homologically dominate X in dimension n with a given
coefficient domain F if for every pair of open subsets Z; ¢ Zs c Z every relative
cohomology class in H"(Zs, Z1;F) that restricts to a non-zero class in H"(Zyn
X, Zy n X;F) also restricts to non-zero classes in H*(Zan X;, Zyn X;; F) for all
but finitely many 1.

By invoking the local f/q—extension with ¢ = 2 from section 1, one obtains:

If subsets X; ¢ Z homologically dominate a subset X in a metric space Z
then

lim inf glbpool™ (X;) > glbpvol™ (X).
1—>00

(Semi)Local Coarea Inequality. Let Y = Y™, m < n, be a topological mani-
fold and f: X - Y a continuous map. Call the map f (co)mologically (co)stable
over a point y in dimension n with coefficients F if the fiber X, = iy cXx
and f near X, have the following property.

[STB] Let f, : X - R"™™ be a continuous map and V' c R"™™ be an open
subset such that the induced cohomology homomorphism

H"™(V,0V;F) > H" (£, (V)n X, £, (0V) n X;; F)
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does not vanish. Then for all sufficiently small closed neighbourhoods W, c Y
of y the map
F=(ffy): [7H(Wy) > Wy xR

induces non-zero homomorphism
F*:H"(Wy, x V,0(W, x V);F) » H"(F (W, x V), F"1{(a(W, x V);F)).

For example an R-valued function f on a topological n manifold X is stable
over a point y € R if the level f71(y) contains no local maxima and/or minima
points of f.

Now let Y be smooth m-manifold with a smooth measure x["™ on it, let
f:X - Y be a Lipschitz map and let W, (¢) c Y be e-balls around y for some
metric in Y.

If f satisfies [STB] then

(W (¢)) - glbrvol" I (£~ ()
HilJaclm f/y

lim inf glbgvol™ (71 (W, (e)) > X

Proof. The condition [STB], albeit unpleasantly restrictive, matches the
local Lg-extension property and the coarea inequality trivially follows.

Let us partially localize the above ”volume” with countable systems U of
open subsets U; € X, ¢ € I that have bounded intersection multiplicity, denoted
mult(U) < oo, and let

Hil. vol (R”\X) = sup(mult(bl)) Zglb]pvol TrRM\Uy),

iel

where this will be often abbreviated as follows
Hil.voll™ (X) instead of Hil. vol (R"\X)

with F = Fy, unless otherwise 1nd1cated

The homological volume Hil.voll" J(X) of smooth and piece-wise smooth
Riemannian spaces X equals the ordlnary volume vol,, (X).

But, in general, U ~ Hil.voll™ l(U), U c X, is not, a priori, an additive set
function. This can be amended but using countable systems /; of open sets
U;j ¢ X where diam(U,;) — 0 for j - co and localizing with

loc.vol(X) = limsupU; (mult(U;))” Zglbﬂ:vol H(R™\U).

Jj—oo iel

This ”local volume” equals Hil.voll" J(X) if small e-balls in X have volumes
> V. where V. /e"*! =, % in general, however, the local volume, probably, may
E—

be (I have not worked out a convincing example) smaller than Hil.voll™ that is
defined with unrestricted U;. To compensate for this, we shall introduce another
7volume” in Part 2 of the paper by means of maps X — R* with controlled
filling volumes of the boundaries of images of subsets (or rather of n-cycles)
similarly in certain respects to [?].

Jonn’s-Hilbert Volume of Banach Balls. The obvious corollary to John’s
Ellipsoid Theorem (pointed out in slightly different terms in [?]) reads:
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the Hilbertian volume of the unit ball Bx (1) in an n-dimensional Banach
space X equals its Euclidean volume with respect to John’s Fuclidean (Hilber-
tian) metric he,
Hil.wol™(Bx (1)) = volp,, (Bx (1)),

Consequently, since By, (1) c Bx (1),

the Hilbertian volume voly,, (Bx (1)) is greater than the (ordinary) volume
of the unit Euclidean ball, where the inequality is strict unless X is isometric to
R™.

9 Lower Volume Bounds.

Let us reformulate and reprove a few standard geometric inequalities in the
Hilbert volume setting where we abbreviate: voll™(X) = Hil.woll"l(X) for
general metric spaces X.

O-Spaces and their Faces. A topological space P with a given collection
of n pairs of disjoint closed subsets, +@Q; = +Q;(P) c P, i = 1,..,n, is called
an n-cubical space where +@Q; are called faces and their union 9P = UJ; +Q; is
regarded as the boundary of P.

Every such P, assuming it is a normal space, admits a continuous map 7
into the n-cube, 7 : P - 0 = [0,1]", such that the faces +Q;(P) go to the
(n - 1)-faces +Q;(0) of the cube, where such a map is given by n-functions
m; : P —[0,1] where —Q; goes to 0 and +Q; goes to 1. Clearly, such a map 7 is
unique up-to homotopy.

O-Straightening Lemma. Let P be an m-cubical metric space, and 7 : P —
0 =[0,1]" be a continuous map that sends faces of P to the corresponding faces
of the cube O.
If
d’iStp(Qi7 —Ql‘) >N, 1=1,..,n,

then 7 is homotopic to a Lipschitz map F : P - 0= [0,1]" given by n-functions
fis ooy fn: P> [0,1], such that

Lip(fi) <A\

Proof. Take f;(x) = A\ dist(x,Q;) for all € P ,where dist(z,Q;) < \; and
let fi(x) =1 for dist(z,Q;) < \;.

Corollary: Besikovich-Derrick-Almgren O-Inequality. If the map 7 : P —
O = [0,1]™ has non-zero degree, i.e. the induced cohomology homomorphism
7 H"(0,00;F) - H"(P,0P;F) doe not vanish for some coefficient domain F,
then

the F-homological Hilbertian volume of P is bounded from below by the prod-
uct of the distances between opposite faces in P,

voll™(P) > [T distp(Q:i,-Q;).

i=1,...,n
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Proof. Since F is homotopic to 7 and deg(m) # 0, the homomorphism
F* : H*(0,00;F) - H™(P,0P;F) does not vanish; hence, all points y € YV
are cohomologically stable and

1 = vol,,(0) < || Jac™ (F)||sup - vol™ (P) < woll™(P) - TT A

Example. Let X a Riemannian n-manifold and +V; ¢ X, i = 1,2,...,n,
be smooth closed domains that are n-submanifolds with smooth boundaries
9(£V;) c Vi, e.g. X =R™ and +V; c R™ are half-spaces.

Let P equal the intersection of £V,

pP-= miVi and +@Q; = +Q;(P) = Pna(xV;).

If P is compact, if the n hypersurfaces 9(+V;), i = 1,2,...,n, intersect
transversally and if the intersection

N+Qi=Pnd(+V1)nd(+Va) n...nd(+V,,)

i
(that is necessarily finite) consists of odd number of points, then

voly (P) 2 H dist(+Q;, —Q;)-

Indeed, our map F : P — O has non-zero Fo-degree because the F-pullback
of every point y € O close to the corner N; +Q;(0) of O is a finite set of odd
cardinality.

Recall that the map 7 : P — 0O, for every n-cubical space P sends 0P — 0O
and the essential property of 7 used in the construction of F', say for dist p(—Q;.+
Q;) > 1, is that 7 is 1-Lipschitz on the boundary O P with respect to the sup-norm
on R"” > [0,1]" =0, that is ||(y1, s Yiy - Yn )|l sup = Mmaz;|yil.

Seen from this angle, the O-inequality appears as a special case of the fol-
lowing corollary (stated slightly differently in [?]) of Jonn’s theorem.

Filling Extremality of Banach spaces. Let A = (A]]...|]|a) be an n-dimensional
Banach space and let U c A be a bounded open subset with connected boundary
ou.

Let X be a compact metric space, let Y ¢ X be a closed subset and let
F:Y - 0U c A be a 1-Lipschitz map.

If the inclusion/restriction homomorphism H" Y(X;F) - H" 1 (Y;F) van-
ishes for some coefficient group F, while the cohomology homomorphism f* :

H"Y(0U;F) - H"Y(Y;F) does not vanish, then
vol™ (X)) > vol™(U) = voly, (U)

for John’s Euclidean (Hilbertian) quadratic form he on A.

Proof. Extend f to a Lipschitz map F : X - A with Hilb,, (F) < 1 (see
section 1) and observe that the cohomology assumptions imply that this map is
homologically image stable at all points v e U.

Since the Hilbertian Jacobian of F': X — (A, h,) is bounded by

Hil.Jac™(F) < Hilb™(F) <1,
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the proof follows from John’s volume identity in section 8.

A-Inequalities. There is another generalization of the O-nequality, besides
the above Banach filling extremality, where the cube [0,1]™ is replaced by the
Cartesian product of regular Euclidean nj-simplices, denoted x; &, j =1,...,k,.

Start with the case k = 1 and define a A, -space as a topological space P
with a distinguished collection of subsets, called faces Q; = Q;(P), i=0,1,...n,
indexed by the n + 1 codimension one faces in A,,, such that the intersection
MN; @Q; is empty and where the union U; @; c P is regarded as the boundary
OPcP

If P is a normal space, it admits a continuous map 7 : P — A, such that
every face of P goes to the corresponding face of the simplex A,,, where this m
is unique up to homotopy.

Let P me a metric space and denote by » = ¥p : P - R, the sum of the
distance functions to the faces,

3(p) = ZdiStP(P» Qi),
let
Yo =%9(P) = plE%fPE(p),

and let
§=%9(P)[Zo(Ln).

If the map w: P - A, has non-zero degree, then

Hil.vol™(P) > S™vol,,(2,).

Proof. There obviously exits an axial partition of unity P = {p;} i =0,1,....,n
in R® 5 A, with n+1 axes R; c R" that are normal to the (n — 1)-faces of A,
and such that the quaisi-projectores p; on A, that are p; : A, : R; = R, are

given by the functions y — A - dist(y) for A =+/n/(n+1).
Let f;: P - R =R; be given by p; = AS™! - dist(p,Q;) and observe that the
map

F=Zf,»:P—>R":)An
i
sends the boundary of P outside the interior of A, where, moreover, this map
F:0P > R"Nint(A,)

is homotopic to
m:OP - 94, cR" Nint(A,).

Since deg(F) = deg(w) # 0, the image of F homologically stably covers A,
and the proof follows for

Hil.Jac™ (F) < Hilb"(F) < §7™.

Now we turn to metric x; A, -spaces P, where j = 1,2,...,k, and where a
x;j Ap;-structure is given by a collection of "faces” Qj; c P, i =1; = 0,...n; and
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where @)j; correspond to those faces of codimension 1 in the Cartesian product
that equal the pullbacks of the faces of A, under the coordinate projection
X j Anj — Anj.

The condition we impose on the set of faces @);; reads: a subset of faces has
a common point in P only if the corresponding faces in x; 4, have a common
point.

This is equivalent to the existence of a continuous map 7 : P — x; A, that
sends faces to faces, where such a 7 is unique up-to a homotopy.

Let

¥i(p) = ‘712 distp(p,Qji), Yo, = Xa,(P) = piE%fP ¥;(p),

j

Sj =X, (P)[Za(Ln,)-

If the map w: P - A, has non-zero degree, then

H’il.UOl[n1+"'+nj](P) > H S;Lj’UOan(Anj)~
j=1,0k

Proof. Take a partition of unity in R™'**" 5 x;A, = with the axes normal
to the faces of x;A,, and argue as earlier.

9.1 Digression: Acute Polyhedra.

What should be a generalization of the above for non-regular simplices A&, 7
Namely, what is the sharp lower bound on the distance function distp(p1,p2)
for p1,ps € P that would imply Hil.voll™(P) > Xj B, 7

Notice in this respect, if P is a convex acute Fuclidean polyhedron, i.e. all
dihedral angles are < /2 then the distances to its codimension 1 faces d; : p —
dist(p, Q;(P)) satisty

> ¢id; = const = vol(P) for ¢; =n " vol,_1(Q;(P))

but the mere ¥; ¢;d; > const does not non-sufficient even for P (homologically)
over (i.e. mapped with non-zero degree to) non-regular Euclidean triangles As.
What is the minimal set of (preferably linear and/or log-linear) inequalities
between d; that would imply Hil.voll™(P) > x;4,,.?
This question make sense for all acute Euclidean polyhedra besides x; A,
(some "non-acute” lower volume bounds can be derived from ”acute” ones , see
7.3 in [?] ) but, in fact, there aren’t any other by Steinitz(?) theorem:

every acute polyhedron P c R™ is a Cartesian product of simplices.

Proof. Start by observing that an acute convex spherical polyhedron P (that
is an intersection of hemispheres in S™) is a either a simplez, or, in the degenerate
case, the spherical suspension over a simplex in S"* c S™.

Indeed, the dual polyhedron, say P; c S™, has all its edges longer than /2.
Consequently, the distance between every two vertices in Ppl is > m/2; hence,
there are at most n + 1 vertices in Ppl.

Also note that (non-strictly) acute spherical triangles A c S? have all their
edges bounded in length by /2. It follows that all m-faces, m = 2,3,....,n -1,
of acute spherical n-simplices are acute.
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Now, let P be Fuclidean acute take an (n—1)-face Q c P, move its supporting
hyperplane H"! = Hg o Q, inward parallel to itself until it hits a vertex, say
p € P and denote by H, c R" the so moved hyperplane.

Since the normal projections from P onto the hyperplanes supporting (n-1)-
faces adjacent to @ send P into (hence, onto) these faces, all of P is contained
in the "band” [Hq, Hp] ¢ R™ between the parallel hyperplanes Hg ¢ R™ and
H, c R"™. Moreover,

e if the opposite face —Q = H,n P has dim(-Q) = n—1 then P is orthogonally
splits into the Cartesian product of @) with a segment; it is seen with the two
orthogonal projections P — @, -Q.

ee If () is an (n — 1)-simplex and dim(-Q) < n -1 then, obviously, P is an
n-simplex.

Since the spherical polyhedra underlying the tangent cones at all vertices of
P are acute, e and ee apply to the faces of P.

Namely, let A™ c P be a simplez-face of maximal dimension m. Then every
(m + 1)-face containing this A™ orthogonally splits according to e and ee. It
follows by induction on m that all of P splits, P = A™ x P’, and the proof is
concluded by induction on n.

Conclude by noticing that the number of (n—1)-faces of a convex polyhedron
P" c R™ with all dihedral angles < 7w —¢, is (obviously) universally bounded, say
by 100™/¢; a classical problem in convexity is to ” effectively enumerate” these
P.

10 Volume Stability In The Riemannian Cate-
gory.

The Burago-Ivanov Volume rigidity theorem (see section 5), like any other sharp
inequality between two geometric invariants,

invy (X)/invg(X) > 1,

where the equality implies that X is isometric to a particular space Xy (or a
member of a ”small explicit” class of manifolds) raises the following

Stability Problems. (a) Describe spaces X where invy (X)/invy <1 +¢;
(b) find a metric in the space X of all X, such that the subspace X. c X of
those X where invi(X)/inve <1+ ¢ is compact.

Prior to engaging into general discussion on relevant metrics in the space of
metric spaces (we shall come to this in Part 2 of the paper and in [?] ) it is
instructive to look at a "metric” in the space of Riemannian manifolds, which
(almost) adequately reflects the volume rigidity picture.

10.1  Directed Lipschitz Metric Normalized by Volume.

To simplify /normalize, let X and X’ be closed connected oriented Riemannian
n-manifolds with vol(X) = vol(X") = V.

Define distp;p/p0 (X', X) as the infimum of € > 0, such that X’ admits an
e®-Lipschitz map L: X' — X of degree +1, where, observe, €€ =1+ ¢ + o(¢).
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This "metric” is non-symmetric, it may be equal +oo, but it satisfies the
triangle inequality and it equals zero if and only if X and X’ are isometric.

There is nothing wrong with being non-symmetric. Limits make perfect
sense for such "metrics”.
For example, the ”true”, in the category theoretic sense, Hausdorff metric on

subsets Y c X, call it distgqu(Y1,Y2) — the minimal € such that Yy is contained
in the e-neighbourhood of Y, is also non-symmetric.

Let us show that suitable bounds on the diameters and curvatures guaranty
an ”almost isometric” diffeomorphism between Lip/vol-close manifolds.
Denote the minimium of the diameters of X and X’ by

diammin = min(diam(X), diam(X"))

and the maximum of the absolute values of their sectional curvatures at all
tangent 2-planes by

lcurvlmas = maz( sup |sect.curv,,|(X), sup |sect.curvTé|(X')).
TocT(X) TheT(X')

Dist <e = Diff. Given numbers n =1,2,..., and ¢, D > 0, there exists an
e = e(n,cD?) > 0, such that the Riemannian n-manifolds X' and X satisfying
the inequalities

diamumin < D, |curv|maes < ¢ and dist ;0 (X', X) <e

are diffeomorphic.

Moreover, the implied diffeomorphism X' — X s (1 + §)-bi-Lipschitz with
0 -0 fore—0.

To show this, rescale the metrics in X and X' in order to have |curv|mqe. = 1
and then approximate the implied e®-Lipschitz map L: X’ - X by a (1 +§)-bi-
Lipschitz diffeomorphism L: X’ - X as follows.

Denote by B, (p) o X the p ball in the tangent space T, (X ) with the metric

induced from X by the exponential map and observe that if p is sufficiently
small, p < po(n, D) >0, and ¢ is much smaller than p, then, for every z’ € X,

the map L from the ball By:(p) ¢ X' to By(pe®) ¢ X, x = L(x"), uniquely
lifts to a map Ly : By (p) > By(pe®).

Indeed, if otherwise, the map L would send some short geodesic loops from
X' to loops contractible in their immediate vicinity in X; this, in turn, would
imply that deg(L) = 0.

Now we turn L into a diffeomorphism as follow. Take the center of mass
T € By(pe®) c X of the Riemannian measure of B,/(p) mapped to B (pe®) by
L, and let L(z") = exp,(Z) € X. Tt is easy to see, as in [?], [?], that for small
p>0and e << p,

the so defined map L: X' — X is a (1 +6)-Lipschitz diffeomorphism, where
d—0 for p—>0 ande/p—0.

It is significant that the above does not work if you replace the bound on
the diameters of X and X’ by volume bounds, i.e. if you bound |curv|mamV2/”

. . !
while allowing |[curv|maq - diams,,,, = oo.
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(Counter)example. Let Xy and X} be complete Riemannian (n—1) manifolds
that are cylindrical at infinity and have their sectional curvatures bounded by
|sect.curv| < 1/2. Let Lo : X - Xo be a 1-Lipschitz map that is isometric at
infinity.

Thus, both manifold equal Y x [0, 00) on their common cylindrical end for
a closed (n - 2)-manifold Y, where we denote by t(z) = t(z') € [0,00), z € X,
x' € X{j, the axial parameter on this end.

(All this can be arranged, for instance, if X is diffeomorphic to R"™ and
X' is diffeomorphic to the complement of a ball in an arbitrary closed (n - 1)-
manifold, where Xy and X/, can be made isometric to S"2 x [0, c0) at infinity.)

Let f be a smooth positive function on Xy and let f/(z') = (1-¢) f(Lo(z")),
x' € X|. (One may take an f which depends only on ¢ on the cylindrical end of
Xo, i.e. f(z)=¢(t(z)), and which is constant away from this end.)

Multiply X; and X by the unit circle S and modify the product metrics
in X; = XoxS! and X] = X} x S by multiplying the circles over zg € Xy and
x} € X{, that are z¢ x S and z{, x S', by the functions f and f’ respectively.
Denote by Xy and X }, the resulting complete Riemannain n-manifolds, where
we organize the matter with a suitable f, such that both manifolds X; and X J'u
have |sect.curv| < 1.

Observe that the map Ly : X}, = X5 x S' - Xy = X x S' for (a,5) =
(Lo(z"),s) is (1 +¢)-Lipschitz for these metrics.

There obviously exists an axial value t. € [0, 00), such that the integrals of the
two functions over the cut-off manifolds Xo(tc) ¢ Xo and X/(t.) c X, defined
by t(x),t(z") < t., are equal. Then the corresponding compact n-manifolds
Xy(te) © Xy and X} (t.) ¢ X}, with the boundaries 90Xy (t:) = 90X} (t) =
Y x S' x t,, have equal n-volumes.

If we replace f — ef and f' — ef’ with an arbitrary € > 0, we do not
change the curvatures of the manifolds; thus we can make the volumes of X (¢.)
and X}, (t.) arbitrarily small, say both equal €/2 (to avoid more letters in the
notation) still keeping |sect.curv| < 1.

Finally, we take the doubles of these manifolds and obtain, for all n > 3 and
arbitrarily small €, € > 0, lots of

closed Riemannian n-manifolds X = X(e,e¢) and X' = X'(g,€) both with
|sect.curv| < 1 and with the volumes = €, where X admits a (1 + €)-Lipschitz
map L: X" — X of degree 1 that is not a homotopy equivalence. (The diameters
of these manifolds are ~ t. ~ e71.)

On can recapture, however, the implication Dist < e = Dif f for complete
Riemannian manifolds with |sect.curv| < 11if, for a given d = 1,2, ..., the condition
vol(X") = vol(X) is replaced by

[B' S d- B] vol (L' (B)) < (d + ¢)vol(B) for all unit balls B c X.

Then, the argument used for Dist < e = Dif f also delivers

an approximation of every proper (1+¢)-Lipschitz map L: X — X' of degree
d by a locally diffeomorphic locally (1 + §)-bi-Lipschitz map X' — X for all
sufficiently small € < gg(n) >0 and § < d(e) e 0. (Such an approximating

E—>

map X’ — X necessarily is a d-sheeted covering map.)

Questions. Let X and X’ be Riemannian n-manifolds (or possibly singular
Alexandrov spaces for this matter) with their sectional curvatures bounded from
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below by -1 and let L : X’ - X be a (1 + ¢)-Lipschitz map of degree d that
satisfy [B’ S d- B].

Does then, for small € > 0, the map L lift to a homotopy equivalence between
X' and a d-sheeted covering of X? (This is easy in the non-collapsed case.)

Is, moreover, L homotopic to a locally homeomorphic map?

Is there anything meaningful here with the lower bound on the sectional
curvatures relaxed to a lower bound on the Ricci curvatures of X and/or X'?

What happens for dim(X") - dim(X) =k > 0?

Namely, let L : X’ - X be an (1 + ¢)-Lipschitz map such that vol(X") <
ll[degr (L)||vot,, - vol(X), where ||deg(L)|vot,, is the R-mass of the homology class
degr (L) € Hy(X') that is the class represented by a generic pullback L™ (z) c
X', zeX.

Are there particular topological/homological constrains on such an L for
small € in the case where X and X' satisfy specified bounds on their sizes and
the local geometries, say an upper bound on the diameters and on the absolute
values of the sectional curvatures?

10.2 Mean Curvature Stability.

Below is another kind of situation where Lipschitz and volume confront one
another.
Let X and X’ be smooth Riemannian n-manifolds, L = L. : X’ - X be a
(1+¢)-bi-Lipschitz homeomorphism and let ¢ : X — R be a continuous function.
Let Y c X be a smooth closed cooriented hypersurface with mean curvature
mn.curvy(Y') = ¢(y) and let positive numbers p, e > 0 be given.

Ife <ep=e0(X,0,p,€) >0, then there exists a closed hypersurface Yy € X
such that the following conditions [U,], [mn.curvze] and [diff] are satisfied.

[U,]  Yiin is contained in the p-neighbourhood U,(Y') ¢ X of Y where it is
homologous to Y .

[mn.curvse]  The hypersurface Y. = L™ (Yyin) ¢ X' is C?-smooth and
its mean curvature with respect to the Riemannian metric in X' satisfies

mn.curvy (Yo,) = ¢'(y")| < € for ¢'(y') = ¢ o L(y') and all y' € Yy,,,,.

Notice that even if L is smooth, the hypersurface Y,,;,» ¢ X is not, in general,
Cl-close to Y. Moreover, even for dim(Y') = 1, the normal projection Yy,;,r = Y
is not, typically, one-to-one. However,

[diff]  the manifold Y, .. is diffeomorphic to Y. In fact the composition of
L:Y),, = Uy(Y) with the normal projection U,(Y) =Y can be approximated
by a diffeomorphism Y, —Y.

Proof. We may assume that Y is connected and X oY equals a small normal
neighbourhood of Y. Thus, Y divides X into two halves, call them inside and
outsides of Y, written in(Y) ¢ X and out(Y) c X, with common boundary
A(n(Y)) =0(out(Y)) =Y.

u-Area and p-Bubbles. Given a measure p on X, let

mn

area_, (V) =gef vol,—1(Y") — p(in(Y"))
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and call a hypersurface Y c X a stable p-bubble if it locally minimizes the
function Y+~ area_,(Y) among all hypersurfaces in X homologous to Y.

If u is given by a continous density function ¢(z), x € X, i.e. p=¢-vol,
for the Riemannian n-volume (measure) vol,, then these are called ¢-bubles.
Clearly, the mean curvature of a ¢-bubble Y c X satisfies mn.curv(y) = ¢(y).

In particular, e-bubbles, where u equals the Riemannian n-volume vol,, in X
times ¢ € R, have constant mean curvature &.

Local Traps. Let Y ¢ X be a closed smooth cooriented hypersurface and

#(x) be a C'-smooth function such that ¢(y) = mn.curv,(Y) for all ye Y.
dé(y)

dyin

If the inward normal derivative on'Y | is sufficiently large, namely

do(y)

in
dvy,

> curvg(Y) + Riccz’X(V;” 1/;”) for all y € Y,

where curv? denotes the sum of squares of the principal curvatures of ¥ and
where, observe, Ricci(v™,v'™) = Ricci(v°“t,v°"t), then

Y is a stable ¢-bubble; moreover, there is a (small) neighbouthood Uy ¢ X
of Y, such that every hypersurface Y' # Y c Uy homologous to Y has strictly
greater ¢-area than'Y .

This trivially follows from the second variation formula for vol,_1(Y).

Now, given a smooth hypesurface Y c X, let ¢ : X - R be equal the mean
curvature of Y on Y and have large inward normal derivative. Then (almost)
obviously, the domain LZ*(Up) ¢ X’ contains a locally minimal ¢’-bubble, say
Y. cL'(Up), homologous to LZ1(Y) c X' for all e <¢(X,Y,¢) >0

The hypersurface Y, . can be, a priori, singular. However, if ¢ is sufficiently
small it is smooth by the following standard argument/

Let r > 0 be a small number that is, however, much bigger then €. Then the
volume of the intersection of Y, ;. with the r-ball By (r) ¢ X" is about e-close
to the volume of the Eucliden ball B%.L (7) for all y € Y,/ ... Since X’ on the r-
scale has almost the same filling inequalities as R""!, it follows, by the standard

monotonicity argument, that the ratio
0l 1 (B; (r)ynY,...)
Vol (B (r))

is close to one for all arbitrarily small balls.

Hence, by Almgren-Allard regularity theory (that is the only non-elementary
ingredient of our argument) the hypersurface Y/, is C*-smooth with the mean
curvature equal ¢, on it.

It remains to show that Y . is diffeomorphic to Y.

You may assume L is smooth, this does not cost you anything for small €,
but the geometric measure theory tells you nothing, a priori, about the topology
and geometry of Y, . < X’ and of the corresponding Y,,ins = L(Y,.,) ¢ X.

Yet, since Y, is a minimal bubble, and L is (1 +)-bi-Lipshitz, the hyper-
surface is Yinin 18 €'-quasi-minimal for vol,, and &’ ~ ¢ in the sense of [?] on all
sufficiently small scales. Then the standard blow-up rescaling/limit argument
yields the following.

Weak Distortion Property. If the distance function from a point z € X to
Ynins has two minima y1,y2 € Yinin’,

dist(z,y1) = dist(x,y2) = 0 = dist(x, Yiin),
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then the angle between the corresponding minimal geodesic segments [z, ]
and [x,y2] at & must be small, roughly of order ¢, for all not very large ¢.

Tt follows that the distance function x — dist(x, Yiins), say outward Yy,
can be ”bi-Lipschitz” approximated in the d-neighbourhood Us (Y, ) for, say
d =100"p for a sufficiently small p and e. by a smooth function d(z) without
critical points which vanishes on Y. Similarly one sees that the normal
projection of the d/2-level of d(x) to Y is a diffeomorphism. QED.

Concluding Remarks. The above (1 + €)-bi-Lipschitz assumption, as well as
the e®-Lipschitz constrain on maps in the previous section, are unduly restric-
tive. These will be relaxed in the Hilbert volume framework, in the spirit of
Stephan Wenger’s metric in the space of manifolds, [?] [?], in Part 2 of our
paper.
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