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Abstract—Many problems in applied mathematics, physics, and engineering
require the solution of the heat equation in unbounded domains. Integral equation
methods are particularly appropriate in this setting for several reasons: they are
unconditionally stable, they are insensitive to the complexity of the geometry,
and they do not require the artificial truncation of the computational domain as
do finite difference and finite element techniques. Methods of this type, however,
have not become widespread due to the high cost of evaluating heat potentials.
Whenm points are used in the discretization of the initial dadtapoints are used
in the discretization of the boundary, andtime steps are computed, an amount
of work of the orderO(N2M2 + N Mm) has traditionally been required. In this
paper, we present an algorithm which requires an amount of work of the order
O(NMlogM + mlogm) and which is based on the evolution of tbentinuous
spectrum of the solution. The method generalizes an earlier technique developed by
Greengard and Strain (1990pmm. Pure Appl. Mati3, 949) for evaluating layer
potentials in bounded domains.o 2000 Academic Press

1. INTRODUCTION
The numerical solution of the heat equation
U =AU

arises as a computational task in heat transfer, solidification, fluid dynamics, finance, and
a variety of other areas of applied mathematics. In some cases, one wants to solve the pure
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initial value problem

Ui(X, 1) = AU (X, 1) fort >0
U(x,0) = f(x) forx e R4,

while in other cases, one is given initial and boundary data antarior or exteriorspace—
time domainQr = []/_oQ(r) with boundaryl'y = []/_oT'(t), whereT'(1) = 3Q(r).
(When the spatial domain is not time-dependent, we can write, more sif2ply=
Qx[0,T]andl'y =T x [0, T].)

There are many possible approaches to such problems, the most common of which are
finite difference and finite element methods, which we do not seek to review here. Rather,
we are interested in continuing the examination of integral equation methods begun in
[10, 11]. The first of these papers describes an algorithm for solving the pure initial value
problem (1), i.e., evaluating integrals of the form

1)

U(X, 1) = (4rt)~4/2 fR ) e YP/A £y dy.

Thisfast Gauss transformequiresO (n + m) work to determind/(x, t) atn points given
the initial dataf (y) atm points. The second paper describes a rather different algorithm
for rapidly evaluating layer heat potentials, with application to solving the heat equation on
arbitrary but bounded domains. In the present paper, we study the remaining case, namely
the solution of initial-boundary value problems in exterior regions, where the spectrum is
continuous and the Fourier series approach of [11] does not apply (or, more precisely, is
inefficient). For a complementary approach, related to the fast Gauss transform, we refer
the reader to the recent algorithm of Strain [23].

Consider now, as a typical example, the Dirichlet problem in an exterior time-dependent
domain2 (1) € R? with known boundany (1),

U =AU in Q@) 2
UX,t) = f(X) in Q(0) (3)
U, 1) =g, 1) onI'(¢). (4)

Classical potential theory [9, 12, 20] suggests that we seek a solitafrthe form

U(x,r>=/ Gx— y,r)f(y)dy+ff E)_G(X y.1 — Duly. ) dydr, (5)
Q(0) I'(r) OVy

whereG is the fundamental solution of the heat equation in free space

Goxp) — 42 Ix]12
X, 1) = (4rrt)" Y “exp| — )

vy is the unit outward normal td'(s) aty, and . is an unknown surface density defined
onI'(r). We will refer to the first integral in (5) as anitial potential, denoted by f, and

the second integral in (5) asdmuble layer potentialdenoted byDu. This representation

of U clearly satisfies (2) and (3). It remains only to satisfy (4). Allowiip approach the
boundaryI’(r) and using the standard jump relations for a double layer potential [9, 12,
20], we obtain a \olterra integral equation for the dengity
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—M(X 1) — // a_G(X y,t —t)uly, r)dydr
I'(r) OVy

=/ Gx—y.t) f(y)dy —g(x,1), xe (). (6)
Q(0)

Using the more concise operator notation, we can write the preceding equation in the form

1
E“(X’ 1) = DuX,t) =V (X, 1)—gX1). (7)

Some numerical work based on direct discretization of equations like (6) has been
described in both the mathematical literature [16, 19] and the engineering literature.
The latter is fairly extensive, so we simply refer the reader to the monographs [4, 18].
Nevertheless, the use of such methods has received only specialized interest due to
the enormous attendant cost. Both Eq. (6) and the representation (5) are fully history
dependent. Just to evaluaté on the space—time boundafyr), 0 < ¢ < T, requires
O(N2M? 4+ NM - m) work, whereN is the number of time stepg/ is the number of
discretization points on the boundary, ands the number of grid points used to represent
the initial data. By contrast, the algorithm of [11], although limited to bounded domains,
requires onlyO(NM + mlogm) work. It has been used for large scale calculations of
crystal growth by Sethian and Strain [21] and, in a modified version, by Brattkus and
Meiron [3].

It is worth making a simple analytical observation at this point. We begin by leting
be a small positive parameter and write the double layer potddtisds the sum &istory
part, representing the influence of the dengitgt distant times, andlacal part, reflecting
the influence of the density over the most recent time,

Du(X,1) = Dy (X, 1,8) + Dpu(X, 1, 8),

where

t—§
Dgp(X,t, 8)—/ / —G(x Y.t —o)uly, r)dyde (8)
r(r) vy

and

Dru(x,t,8) = / / —G(x Y, t —o)u(y, ) dydr. 9)
=5 Jr(r) Ovy

We also introduce the notation
UnX,)=VfXt)+DyuX,t) and  Ur(X,t) = Dru(X,1),

so that
UX, t)=Ug X, 1) +UL(X,1).

The integral equation (7) can be then be written in the suggestive form

1
E/’L(X9t)_DLM(X9I):UH(X9I)_g(x9t)' (10)
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Note that at the current time, the right-hand side of Eq. (10) is already known.
Furthermore, the operatdr; i« is small. More precisely, it is easy to show (see [12]) that

ID]loc = O(V$).

Thus, (10) is very close to being anplicitformula for the unknown value of the densijty

as time proceeds. Four steps of fixed point iteration, for example, would yield second order
accuracy ins. The point we wish to emphasize is that the evaluation of the historypart
dominates the cost of both the solution of the integral equation (10) and the computation of
the functionU itself. The evaluation of the local pafi; .« can be accomplished through
asymptotic methods, as in [11, 14] or through more accurate quadrature approaches, as
in [22].

In this paper, we introduce a new algorithm for the rapid evaluation of the history part
Uy which is closely related to the earlier “box” method of Greengard and Strain [11].
There, the kernek (x, y, r) used in the corresponding potentials is a Green’s function for
a box (ad-dimensional interval) which has a dual representation: one as an image system
and one as a Fourier series. The basis for the algorithm istipais smooth and well
approximated using a small number of Fourier modes, wijlés sharply peaked but well
approximated by a series expansion in the parandeter

In exterior domains, however, the situation is more complex. The free-space heat kernel
has a continuous spectrum abig is well represented, not by a small number of Fourier
modes, but by a finite range of integration in Fourier space. The issue becomes one of
quadrature; can one compute the Fourier integral efficiently? It turns out that one can,
inexpensively and with high order accuracy, but not by using a uniform sampling. In fact,
the central result of this paper is the observation that one can select a nearly optimal set of
guadrature points and obtain rigorous error bounds for the resulting quadrature rule. This
analysis is carried out in the next section, while Section 3 contains a description of the fast
algorithm itself. We discuss future directions for research in Section 4.

2. SPECTRAL APPROXIMATION OF THE HEAT KERNEL

We begin by considering the heat kernel on an intefvakr, ar] with periodic
boundary conditions. A Fourier series calculation shows that

K(x,t)= % i eKPt/a? yikx/a, (11)
k=—00
while the method of images shows that
Kot = = i e~ (x—2wak)?/4r (12)
o VA

The equivalence of the two representations is a particular instance of the Poisson
summation formula [8]. For > § > 0, truncation of the Fourier series affeterms yields
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an error

1 P 2,2

F _ _ —kt/a” jikx/a

Ep_K(x,t) Znakg e e ,
=—p

which is easily seen to satisfy the estimate

1 20, 2
|EF| < ———eP70/a", 13
r VA (13)

Lettinga — oo in (11) and (12), we obtain the integral formula

2

G(x,1) = et = i/oo e eIs% s, (14)
Art 21 J_oo

Consider now the use of the trapezoidal rule with mesh spacingd approximate the

integral in (14). Simple inspection shows that one recovers the Fourier series (11). This

cannot be a valid approximation of the free-space heat kernel, at least for long times,

unlessa — oc. In physical terms, the problem is that for a given mesh spaciagthere

are image sources at— 2ra, x 4+ 2ra, x — 4mwa, x + 4ra, ..., in accordance with the

representation (12). These source will pollute the solution-asco. By lettinga — oo,

we push these spurious sources farther and farther away. Unfortunately, the estimate (13)

then shows that the number of retained Fourier modes must go to infinity as well.

To understand why the Fourier series fails as an approximation, it should first be noted
that the issue is not one of aliasing in the usual sense. High frequency information, as
one would expect, is rapidly damped and can be reliably ignored. The analog of the
estimate (13) is provided by the following lemma, whose proof is straightforward.

LEMMA 2.1. Fort >4 >0,

—x2/4, _ 2
o _i./b eeisr gg < £ i
4rt 2m —-p _\/47'[8

The essential difficulty is easily illustrated by means of a simple example. In Fig. 1, we
plot the solution to the equation

Ui =Uyy, t>0 (15)
U(x,0)=58(x) (16)

as well as its Fourier transform at times= 0.02, 1, 100. Clearly, the problem with the
Fourier series is that excessively dense sampling is required to correctly resdvedise
frequency information. We must, therefore, abandon the trapezoidal rule and, along with it,
the classical fast Fourier transform (FFT). Mathematically (and numerically), the relevant
guestion is this: how many quadrature points are required on an infervdlin the Fourier
domain in order to resolve the spectrum to within some specified preei8i@mne answer

is provided by the following theorem.

THEOREM 2.1. Let[a, b] be a dyadic interval of the forf2/, 2/+1], letr > § > 0, let
€ > 0 be the desired precision, and Igtbe chosen so that

1

2
e Pl = (17)
N b1
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The heat kernel Spectrum of heat kernel
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FIG.1. The heat kernel in physical and Fourier space-at0.02,7 = 1.0, andr = 100.

Finally, let {s1,...,s,} and {w1, ..., w,} be the nodes and weights farpoint Gauss—
Legendre quadrature on the interval. Then, for dyadic intervals WwithO, we have

b n
/ eisxe—szt ds — Zeiskxe—sft Wy
“ k=1
(b—a)
<27

R(b —a) [log(1/e)
N 2n * n

for |x| < R. For dyadic intervals withj > 0, we have

b 5 n 5
/ elSXe—S Ids _ E elSkxe—Sklwk

a k=1
b R(b log(1/evs) 17

- 5 —m[ <—ax+/om/e )]_+(—ak (19)
N 2n n p

Proof. For any intervalla, b], the standard estimate far-point Gauss—Legendre
guadrature [6] yields

b 5 n 5
/ elSXe—S Ids _ E elSkXe—Sklwk

@ k=1
whereD; denotes the partial derivative with respectto
Observe now that

2n

+(b—a)e (18)

for |x| < R.

S (b _a)2n+l (I’l‘)4

DZn isx —s2t , 20
Zn+ T @op € e 20

Die™* <R/ for|x| <R (21)
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and
Die™" = (V1) Die™" = (V1) hj(x) < V2(20) (/D). (22)

wherer j (x) is the classical Hermite function which satisfies Cramer’s inequality [13]:
|hj(x)| < 2UFD2 /1

Combining the last two results, we have

n

Ty g2 n —7 i i 2
|Dlvlemxest|§§:(. D;l Jelsngest
' J

j=0
=V2y" (’J’) R (V20 /]!
j=0
<v2) (7,)R"_j(x/Ztn)jfx/é(R—i—x/Ztn)”. (23)
j=0
Inserting (23) into (20) and using Stirling’s approximation [1]

V2rn" Y20 <t < 2 /an" Y20,

it is easy to see that

b n 5
L2 P
/ e e ds — E ek oSk yy
a

k=1

2n
s@(b_“)[R(b_a)Jr(b_a)“/;] . (24)

Vn 2n Vn
At first glance, this estimate appears useless, since the second term within the square
brackets is unbounded in time. [, 5] = [2/, 2/*+1] is a dyadic interval, however, then
it is separated from the origin by its length. For small intergls: 0), once(b — a)?t >
log(1/e), thene= =% — o= ~ ¢ and

b 2
/ eYe S ds < (b —a)e.
a

Thus, the estimate (24) need only be invoked br— a)«/t < \/log(1/e), and the
result (18) follows. For large dyadic intervalg > 0), the requirement (17) implies that

(Iog(l/em)l/z
p=\—7—%—] -

2

once(b — a)t > log(1/e+/3), we havee~ =% = ¢=a’ ~ /5. A simple calculation

then shows that

b 2
/ e ds < (b—a)e/p.
a
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The estimate (24) need only be invoked, therefore(ior a)/t < \/log(1/€+/3), and the
result (19) follows.H

Note that, in the estimates (18) and (19), both terms in square brackets must be small for
the quadrature to be accurate. The first term requires that the number of nodes scale like
the length of the interval, while the second term requires that there be at least a constant
number of nodes on each intervaf matter how smallThe first condition dominates on
large dyadic intervals, but the second dominates on small intervals near the origin, forcing
discretization points to cluster exponentially at zero.

Remark 2.1 The preceding theorem does not apply to the interyal®=/, 0] or
[0,277]. For any finite timer, however, it is easy to use the estimate (24) to establish
that settingj = 2 + log, +/ andn = O(log 1/¢) guarantees that the quadrature error is of
the orderO (¢). To obtain a quadrature which is valid as> co, on the other hand, one
needs to continue the refinement process yntillog(1/¢) + 1. At that point[—2—/, 27/]
is ane-neighborhood of the origin and can be ignored.

We are now in a position to combine Lemma 2.1 with Theorem 2.1 to give a discrete
spectral approximation of the heat kernel. The proof is straightforward.

COROLLARY 2.1 (Spectral resolution of the heat kernellets > § > 0, lete > 0
be the desired precision, lgt be chosen according t(17), let Lmin = —log(1/¢), and
let Lmax = [logp]. Further, let{s;1,...,s; )} and {w;1,...,w; )} be the nodes
and weights forn(j)-point Gauss—Legendre quadrature on the intefl 2/*1], where
n(j) = maxR2/t1 4log(1/€)) for j < 0 and n(j) = maxR2/t1, 4log(1/€+/8)) for
j >2.Then

e_x2/4t 1 Lmax n(j)

= _Z Z Z(eisj.kx_'_e—l'sj.kx)e_sjz',ktwj’k <3¢ (25)

J=Lmin k=1

for |x] < R.

Remark 2.2 The important fact which emerges from this theorem is that the total
number of sampling points in frequency needed to approximate the heat kernel on the
interval [—am, arr] with a precisione is of the orderO(loge + wap). This should be
compared with the Fourier series representation of the periodic heat kernel which requires
preciselyap modes to obtain the same accuracyn short, the preceding theorem shows
that, for a fixed precision, the number of modes needed to resolve the free-space heat kernel
is of the same order as the number needed to resolve the periodic heat kernel, despite the
fact that one has a continuous spectrum and the other a discrete spectrum.

Remark 2.3 Inthe remainder of this paper, we I8t denote the total number of nodes
in the spectral approximation (25) and write

2 N,
ex/4t c

~ —s2t
N NZe”‘ixe 7wy (26)

g=1
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TABLE 1
Number of Fourier Nodes Needed to Discretize the Free-Space Heat Kernel dn-m, ] over
Three Different Time Intervals: I; =[0.001, 0.001], /> =[0.001, 10], I3 = [0.001, o]

€ P = Smax Nc(I1) Np(l1) Nc(Ip) Np(12) Nc(13) Np(13)
104 110 208 120 216 720 296 ~10°
107 140 282 160 294 1200 486 ~108
10-10 165 332 184 368 1700 760 ~10tt
10-13 185 478 220 502 2200 1100 ~10M4

Note The first column indicates the desired precisionThe second column indicates the maximum
frequencyp required forr = § = 0.001, according to Eq. (17)¥¢ denotes the number of composite Gaussian
quadrature nodes using Corollary 2.1 a¥g denotes the number of Fourier modes needed by the trapezoidal
rule (the standard Fourier series).

ExamMpPLE 2.1. To verify the accuracy of our approximation and get a more concrete
feeling for the number of spectral nodes needed in practice, we compute the free-space
heat kernel

e—x2/4r

i _T[SXST[,
At

from its spectral representation. In Table 1, the error is measured in the infinity norm by
sampling at 100 points in the indicated range. We consider three ca@e$=<0r < 0.001,
0.001<t <10, and 0001 <t < oo. For the first two cases, we use the observation in
Remark 2.1 to halt the dyadic refinement process onéex21/4./z.

As expected, for short times, the Fourier series approximation of the free-space heat
kernel needs a number of nodes which only slightly exceedthe number of Fourier
modes needed for representing theriodic heat kernel with precisiom). As the time
interval increases, however, and image sources have the chance to diffuse in, the number
of nodes grows like/r. The number of discrete spectral modes is bounded, of course, even
asr — oo, because of the fact that we can ignore the heat kernel once it is bdlothe
Loso-norm. At x = 0, this occurs at = €2, which is a long time indeed. In Table 1, the
number of nodesV¢ (I3) is, in fact, determined by setting= ¢ 2 and insisting that the
specified error tolerance is met.

Remark 2.4 In Theorem 2.1, the number of modes chosen on each large dyadic
interval is given byn(j) = max(R2/*1, 4log(1/€+/5)). Our estimates are not sharp,
however. The data in Table 1, are obtained using a slight modificatiofil Qr, we use
a single Gauss—Legendre grid withy(p — 1) nodes. For the first 10 dyadic refinements
toward the origin, we us€; modes and for all subsequent dyadic refinements we use
C> modes. Fore = 1074, we setCo = 0.9, C; = 4, andC, = 2. Fore = 1077/, we set
Co=0.95,C1 =6, andCy = 4. Fore = 10710, we setCo = 1.0, C1 = 8, andC, = 6.
Finally, fore = 10713 we setCo = 1.2, C1 = 12, andC, = 6.

2.1. Higher Dimensional Approximation

We begin with the analog of Lemma 2.1, which bounds the error in truncating high
frequency modes. The proof is elementary.
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FIG. 2. Sampling nodes in the frequency domain representation of the two-dimensional heat kernel, using a
tensor product discretization.

LEMMA 2.2. Fort >8>0, x,seR?, we have

_ 2 2
e~ IXII</4 B (i) / 7HSH t ’S’Xa’s
At 2 ) Jysi<p

The most natural discretization of the Fourier domain would use a radial grid, clustering
exponentially at the origin. For the sake of simplicity, we will work with tensor product
discretizations (Fig. 2) using the one-dimensional quadrature and omit the tedious analysis
of the corresponding errors. To demonstrate that tensor product discretization is effective,
however, we consider a concrete example.

e~ P 2T ford =2
= 8725 |\ /m/5+2p ford = 3.

EXAMPLE 2.2. Let

e IX=yil?/4t  —lx=yal?/4

U X,t == )
*.0) Art + Art

wherey; = (—0.5, —0.5) andy2 = (0.5, 0.5), with 0.005< ¢ < 50. In Fig. 3, we plot the

exact solution and three spectral approximation&t®, r) at + = 0.005 using either the
equispaced trapezoidal rule (a Fourier series) or a tensor product composite rule based
on (26). Note that with too few Fourier modes, the image sources are clearly visible. In
Fig. 4, we plot the exact solution and three spectral approximatiobsxor) at+ = 50.
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Exact solution Comp. Rule: 65 x 65 nodes
20
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Fourier Series Fourier Series
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10
0
40
40 40
: 20 20
00 32 x 32 nodes 00 42 x 42 nodes

FIG. 3. Reconstruction of two Gaussian pulses (Exan#® at+ = 0.005. The upper right-hand plot uses
a tensor product discretization based on our composite quadrature rule (26). The two lower figures show an
underresolved Fourier discretization (left) and a resolved one (right). The number of nodes in both tight-hand
figures is sufficient to guarantee six-digit accuracy.

The Fourier series requires approximately hodes to resolve the function, whereas the
composite rule requires less than 6000 modes.

3. THE FAST ALGORITHM

Let us recall that the integral equation (10) to be solved takes the form

%M(X, 1) = DruX, 1) =Un X, 1) — g(X, 1)
and that all of the nonlocal information is contained in
U X, t) =Vf(X,t) + Dyu(x,t).
To pose a concrete computational problem, we consider a discrete version of this evolution
process in two dimensions. We assume that the initial dlggiis supported if0, 7% and

given on a squarer; x m1 grid with mesh spacing = = /mj and

fik=f(h, kh).
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Exact solution Comp. Rule: 77 x 77 nodes
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FIG. 4. Reconstruction of two Gaussian pulses (Exanth® at + = 50. The upper right-hand plot uses
a tensor product discretization based on our composite quadrature rule (26). The two lower figures show an
underresolved Fourier discretization (left) and a resolved one (right). The number of nodes in both right-hand
figures is sufficient to guarantee six-digit accuracy.

The boundany’(¢) is discretized ab points, equispaced in arclength
(b1(2), b2(2), ..., by (1)),

with mesh spacing (1) and unit outward normal &, () given byn,, (t). We would like

to compute the solution @ successive times = nAtr. Note that, for the momen,and

the number of Fourier modesd/c, are free parameters. For the sake of simplicity, we set
8 = k At, with x a positive integer, and let

MM lX—(ihuki) |7/ 4t

_ 12 )
v =l Z 2 Art, Tik
j=1lk=1
S z - - _bm. H2/4(tn_f[)
Nyt - (X bm e [IX i
Fa 2= ’ ), (27
20 L oy w0 @D

forn=«+1,..., N, where
Nt = Ny (1), bm,l =b,, ), wm (1) = I/L(bm,l, ).

The cost of evaluatind/g (b, (t,), t,) on the boundary alone is clearly of the order

O(N?M? + NMm) where m = m?. Using a fast algorithm, like the fast Gauss
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transform [10], to accelerate the summation over the spatial variables would reduce the
cost toO (N2M + N(M + m)), which still grows quadratically with the number of time
steps. A generalization of the fast Gauss transform introduced in [23] could be used to
overcome this difficulty, but our approach follows that of [11].
Using the results of the previous section, we assume that the paravetgchosen so
that
o—(3+xd)/4  Ne Ne . , s
- Z Z wqwrelsqxlets,xze—sqte—srt = 0(e). (28)
g=1r=1
Substituting this approximation into (27) yields the Fourier representation

4rt

Nc Nc
Uy (X, t,) ~ Z Z Cyur(n)eiss¥ieisiz, (29)
g=1r=1
where
. my mi
Cy.r(n)=w, wre—(sq—H, )tn <h2 Z Ze—isan/mle—is,kn/ml fix
i=lk=1
n—k I M
+hp() Y SN iy e S, (l)) . (30)
=1 m=1

with s, , = (54, 57).

Atfirst glance, this looks worse than the original expression (27). Instead of dealing with
one history-dependent function, we hdvé of them! Upon closer inspection, however, it
is evident that time plays a very different role in (30) than it does in the physical space
description ofUg. In particular, the Fourier coefficients, , satisfy a simple recurrence
relation,

Cor(n+1) = CTHDNC () + U, (n +1), (31)

where

M
Uy r 1+ 1) = hy(t)wqwye” T3 (i, oy )e SO, 0+ 1- k). (32)

m=1

In short, the Fourier modes are damped and updated at each time step, but the burden of
history dependence is eliminated. For initializatior; at « + 1, we have

mq mj
Corlk +1) = hzwqwre—(s5+s3)(x+1)m ZZe—isan/mle—isrkn/mlfj’k
j=1k=1
+ Uy r(k+1). (33)

The double summation in (33) is clearly a kind of discrete Fourier transform. Since the
spectral locationss,, s,) are not equispaced, however, the classical FFT does not apply.
Fortunately, in the past few years, versions of the FFT have been constructed which do
apply [2, 7, 22] and which require logm + Ng work. We refer the reader to the cited
papers for details. The summations over boundary points in computing the “uptiates”
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in (32) are also discrete Fourier transforms evaluated at nonequispaced points, but with
a singular source distribution. The nonequispaced FFT can be used for this step as well,
requiringO (M log M + N2) work.

We are now in a position to fix values for the parameférsands. Since we would like
to limit the work per time step t@ (M log M), it is sufficient to choose = /M, so that
Nc = O(p) andN2 = O(M). It remains only to choos& Recall now, from Lemma 2.2,
that the error in truncating the Fourier integral at the frequésicy: p is of the order

e‘pz‘S

478

With p = v/M already defined, choosirig= « log M /M yields an error of the order

e P 8 ek logM 1
= M=o ——].
4§ AdmklogM (M"—l>
For the sake of simplicity, we choose the time step= logM /M. The preceding
discussion then proves the following result: for any prescribed order of accuracy, the entire
history of the evolution process, up to the last few time steps, can be encompassed in a
Fourier representation using on}(M) modes.
We have ignored the calculation of the local part, but both asymptotic and direct
numerical approaches to the evaluation Bf in (9) require an amount of work

proportional tox M. Sincex is a fixed integer for a fixed order of accuracy, we are done.
The total amount of work required is of the order

O(mlogm + NMlogM + «M).

The first term stems from computing the Fourier transform of the initial data, the second
from the evaluation ot/ , and the third from the local paf; .

4. CONCLUSIONS

We have presented a new discrete spectral approximation of the free space heat kernel,
which results in an extremely efficient representation of diffusion processes over long time
intervals. The method developed here may be of use in other problems with continuous
spectra.

To be incorporated into a solver for exterior heat equations, a significant amount of work
is still required. This includes adaptation of the nonequispaced FFT, the development of
accurate quadrature rules for the local part, etc. A full implementation will be described in
a forthcoming paper.
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