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~ Ising model

cometry: finite graph G=(V,E ) .

ssible configurations:
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1 by the Gibbs distribution
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= Ferromagnetic ~~ inverse-temperature 3> 0.

= Phase transition as [ varies (in some geometries).
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slauber dynamics for Ising

t commonly used MC samplers for
ution:
rdate sites via iid Pc n(l) clocks
A g ; *—[pdate rep]aces a sp. L 16 t ueV by

Verswn)

Fn Ergodic : ever51b1e MC with stationary measure /.

trodu 2d by Glauber in 1963. Other versions of
the dynamics include e.g. Metropolis.

] Ha‘%t converge to equilibrium?
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mple: Glauber dynamics for
Jdsing on the square lattice

-

- 256 x 400 square lattice
w. boundary conditions:
(+) at bottom
(-) elsewhere.

» Frame after 2%V steps, i.e.
~10 updates per site.
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vergence to equilibrium

: standard measure of convergence:
ariation) mixing time within ¢ is

X“H —“”TVSS}

: governs convergence in L*(p) :
smallest positive
eigenvalue of the kernel A.
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belleved) picture for ™"
Iauber dynamics

g model on the lattice (Z/nZ)¢
e critical inverse-temperature g,

(Lz_é)

;)
L and Ly ATE polynomzal in the surface area.
‘"‘mperature (B <B.)

1 Ra?lfd mixing: gap ' = O(1) and ¢;, =< log n
2. Mixing occurs abruptly, i.e., there is cutoff.
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e Cutoff Phenomenon

Describes a sharp transition in the convergence
f finite ergodlc Markov chains to stationarity.

Steady convergence Abrupt convergence
it takes a while to reach distance from equilibrium
distance 2 from stationarity quickly drops from 1 to 0

then a while longer to reach

: 1 1
E\ distance V4, etc. ) @ 3
I F . 2 i 7
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Gap/mixing-time evolution for
ISIng on the complete graph

e-Weilss mod

S~—

Ab6we, picture established in [Ding, L., Peres "09].
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e for Ising on lattices:”

emperature reglme

Ising on the lattice at high temp. was
a series of seminal papers:

5 = Boﬁnded log-Sobolev constant and O(log n) mixing.
= Intwedi " this is known for all 3 < 3, .
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Viixing on the square lattice

tu ire: O(l) log-Sobolev constant and
all dud = ~log(1+ \5)
mnmu«‘% tured to exhibit cutoﬁ [Peres’04].

o1 perature for 3 > Q both gap ! and the
| time are exp|(c(3)+o(1))n).
onmann ‘87], [Chayes, Chayes, Schonmann’87],
ﬁ" 1li '94] [Cesi, Guadagni, Martinelli, Schonmann’96].

Critical temperature: No known sub-exponentlal
(?) upper ounds at 3=, for mixing or gap !
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off: formal definition

hains (X') is said to have cutoff if:

s@ )=(1+o()t . (B) forany0 < o, B3< 1.

mix

ce (w,) is called a cutoff window if

oEiLtm( a))
\t (z—:)—t (1-¢e)=0(w) VO<e<l.

i amix mix

1
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Basic examples

iscrete-time simple random walk

- On hypercube {0,1}": On the n-cycle:

“ Exhibits cutoff at x] No cutoff.
| 72 nlog n+ O(n) |
__id %

= 1
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he importance of cutoff

0se we run Glauber dynamics for the Ismg

(cy—o(1)) f(n)
-_w ¢y - fin) steps to even reach
distance (1-¢) from pu.

= Running it any longer than
that is essentially redundant.

= Proofs usually require (and thus provide) a deep
understanding of the chain (its reasons for mixing).
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= Many natural chains are believed to have cutoff, yet
‘proving cutoff can be extremely challenging.
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Cutoff History
ks on graphs and groups:

onS [Diaconis, Shahshahani ‘81]
Riffle-shuffle [Aldous ‘83]

Cutoff Pheno- me in the top-in-at-random shuffle

[Dlacoms, Aldous ‘86
ite groups [Saloff-Coste ‘04]

andom regular graphs [L., Sly "10+]
| e{i}ﬁ sional Markov chains:
Birth-and-Death chains
[Diaconis, Saloff-Coste '06], [Ding, L., Peres "09]
= No proofs of cutoff except when stationary distribution
is completely understood and has many symmetries.
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Sutoff for the Glauber dynamics

 spin-systems where cutoff was verified
are Ising and Potts models on the complete graph
.,-.LuCZV ‘?\ ;“ 2res ’10] [Dmg/ L Peres 09
uff, Ding, L., Louidor, Peres, Sly]
“onjectured to believe at high temperatures for:
h the lattice, e.g. with periodic or free boundary.
c;..?‘\ ' Potts model on the lattice. Ur
ard-core model on lattices. / i ?kfo e,',’:"e”
!?\ a Colormgs of lattices. © o e - '
7 = Arbitrary boundary conditions / external field.

7= Anti-ferromagnetic Ising/Potts models, Spin-glass,
rlattices / amenable transitive graphs,...
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CUtoff for Ising on the lattice
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Let 8, = 7 log (1 -l- V2) be the critical inverse-temperature
_:.j"e Ising model on Z? . Then the continuous-time
ber dynamics for the Ising model on (Z/nZ)? with
ic boundary conditions at 0 < 8 < §3, has cutoff at

flog n, where ) __ is the spectral gap of the dynamics

= Cutoff at (d/ 2)) log n
‘= E.g, cutoff at [2(1 — tanh(23))] ' logn ford=1.

Flh —
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Cutoff for Ising on the lattice

‘hinges on an L'-L? reduction, enabling
of log-Sobolev inequalities.

ic method ¢ further results on many
r models con] tured to have cutoff:
ng on the lattice, e.g. w1th periodic or free boundary.
10del on the lattice.
« Gas Hard-core model on lattices.

‘= Colorings of lattices.

- Arbitrary boundary conditions / external field.

v » Anti-ferromagnetic Ising/Potts models, Spin-glass,

~ Other lattices / amenable transitive graphs,...
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Recent development: .
Critical Ising on square lattice

= Theorem [L., Sly]: Critical slowdown verified in Z? :

'Consider the critical Ising model on a finite box A C Z2 of
side-length 7, i.e. at inverse-temperature 3 = slog(l - \5 ).
Let gap, denote the spectral-gap in the generator of the
| corresponding Glauber dynamics under an arbitrary fixed
- boundary condition 7. Then there exists an absolute C > 0

(independent of A, 7) such that (gap) ) ' < n°.

| Thursday (Mar 11) 3:10pm,
Science Center 232.
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Proving Cutoff for Ising: ™"
loy example: cutoff at 3 =0

onary ¢ ' on is uniform.
ent to the lazy RW on the hypercube {0,1}".

-

| independent cont.-time MCs.

AN A el
1 O x’i‘ i
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. Proving Cutoff for Ising: ™"
loy example: cutoff at 3 = 0 (ctd.)

gnetization is a birth-and-death chain:
. 7 symmetry start at the all-plus state.
# of +'s at time ¢ is ~ Bin(n, %(1+¢)) .
# of +'s under stationary measure ~ Bin(n, %)
which has Gaussian fluctuations of O(y/n).
= Mixing occurs when % et </n.
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reduc bn for product chains

fanul of ergodlc product chains:
nfl ﬂ Z — 1 ('n)}

J
]P’(XE) 4 —
— |IP(X€) WITV—>1

5 For the ﬁypercube m = n and we want to drop
the individual L? distances (< ¢ ') below 1/y/n.
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* reduction for Ising

-time Glauber dynamics for Zi

us-time ‘Glauber dynamics on a
: " ﬂ ' 7= 310g n.

of side-length 2logn.

P, (X;(B)€)— k),

- measurir g the L? convergence of the pro]ectlon
of ( ) onto the box B.
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Iction for Ising (ctd.)

P (X:(B) €)1

L (py)

© — 0 = limsup max ’P: L E)—pf| =0
n—oo wO L A T\/.
L O (n, log ndm — o0 = lim inf max XE-—L =]
n—00 T ‘ V
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stence of cutoff

- (10d / )loglogn

!g *n)‘m t* = Jog " w=—o(l)
= Theorem implies L'-distance of o(1) by time t*+s.
® Since t* < log n = t*>(20d / a:) log logn.
== (n / log® n)dmf* = logn — o0

Theorem implies L!-distance of 1-o(1) at time #*
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Ideas from the proof: ™™
UElereduction & cutoff location

fort needed to establish cutoff

S ; \w .

ixpress cuto f location in terms of the spectral-gaps on
e smaller Z* and show these converge to ), .
.!"“'

......

duction is enabled by the following;
ormation spreads at rate 1 while mixing is O(log 7) :
ime for information to spread...

N |
1N
B0, o

= Consider the (random) “update support”: the smallest

set of spins whose value at time ¢ is needed in order to
determine the state at time ¢+ .

.WOperties of support = product chain.
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idhndom support of update seq.
K TR i _"" Ao A R

a,

{ %’w \‘\,>‘ %
o
"'7'- : ,6‘, -
"‘ 2 "f . 3 r'“ * . ..
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