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Abstract

The main focus of this work is the study of various parameters of high powers of a
given graph, under different definitions of the product operator. The problems we
study and the methods used have applications in Extremal Combinatorics, Ramsey
Theory, and Coding Theory. This thesis consists of four parts:

In Part I, we study strong graph powers, the Shannon capacity and problems
related to it. This challenging parameter, introduced by Shannon (1956), measures
the effective alphabet size in a zero-error transmission over a noisy channel. In
Chapter 1 we address the problem of approximating this parameter, and give a
probabilistic construction of graphs, whose powers exhibit an arbitrarily compli-
cated behavior in terms of their independence numbers. In particular, this shows
that there are graphs, whose capacity cannot be approximated (up to a small
power of their number of vertices) by any fixed graph power. Chapter 2 discusses
the capacity of a disjoint union of graphs, corresponding to a case where several
senders combine their channels. Alon (1998) showed that this capacity may exceed
the sum of the individual capacities, and we extend this result as follows. For any
family of “privileged” subsets of ¢t senders, we construct a graph for every sender,
so that the capacity of the disjoint union of every subset I of these graphs is
“large” if I contains a privileged subset, and “small” otherwise. This corresponds
to a case where only privileged subsets of senders are allowed to transmit in a high
rate. In the process, we obtain an explicit Ramsey construction of ¢-edge-colorings
of the complete graph, where every induced “large” subgraph contains all t colors.
Chapter 3 deals with indez-coding, a source-coding problem suggested by Birk and
Kol (1998). In this problem, a sender wishes to broadcast codewords of minimal
length to a set of receivers; each receiver is interested in a specific block of the in-
put data, and has some prior side-information on other blocks. Bar-Yossef, Birk,
Jayram and Kol (2006) characterized the length of an optimal linear index-code
in terms of the graph modeling the side-information. They proved that in various
cases it attains the overall optimum of the problem, and their main conjecture
was that linear index-coding is in fact always optimal. Using an explicit construc-
tion of a Ramsey graph and algebraic upper bounds on its Shannon capacity, we
disprove this conjecture in the following strong sense: there are settings where a
linear index-code requires n*=°M) bits, barely improving the n bits required by
the naive protocol, and yet a given non-linear index-code utilizes only n°®) bits.
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Chapter 4 discusses multiple-round index-coding, and relates it to Witsenhausen’s
rate and colorings of OR graph powers. This provides an alternative proof that
linear index-codes are suboptimal (this time, by a multiplicative constant).

Part II is devoted to certain graph powers, which yield dense random-looking
graphs, and have applications in Coding Theory and Ramsey Theory. In Chap-
ter 5, we introduce parameters describing the independence numbers and clique
numbers in Xor powers of a graph, and relate them to problems in Coding The-
ory. We study the value of these parameters for various families of graphs, and
provide general lower and upper bounds for them using tools from Algebra and
Spectral Analysis. En route, we prove that large Xor powers of a fixed graph have
certain pseudo-random properties, and a natural generalization of the Xor power
has useful properties in Ramsey Theory. This generalized graph power is studied
in Chapter 6, where we give some tighter bounds on the above coding problems
using Delsarte’s LP bound, among other ideas. We show that large powers of any
nontrivial graph G contain large Ramsey subgraphs; if G is the complete graph,
then some power of G matches the bounds of the famous Ramsey construction of
Frankl and Wilson (1981), and is in fact a subgraph of a variant of that graph. The
mentioned Frankl and Wilson construction is based on set systems with prescribed
intersections, motivating our next results.

In Part III, we examine set systems with restricted pairwise intersections. This
well studied area is indeed closely related to Ramsey Theory, Coding Theory and
Communication Complexity. Two families of subsets of an n-element set, .4 and
B, are called £-cross-intersecting if the intersection of every set in A with every set
in B contains precisely ¢ elements. The problem of determining the maximal value
of |A||B| over all ¢-cross-intersecting pairs of families has attracted a considerable
amount of attention, joining a long line of well known problems in Combinatorial
Set Theory, with applications in Coding Theory and in Theoretical Computer
Science. The best known upper bound on the above was ©(2"), given by Frankl
and Rodl (1987), and Ahlswede, Cai and Zhang (1989) provided a construction for
an (-cross-intersecting pair of size ©(2"/v/¢), and conjectured that it is optimal.
However, their conjecture was verified only for the values 0,1,2 of £ (the case £ = 2,
proved by Keevash and Sudakov (2006), being the latest progress in the study of
this problem). In Chapter 7, we settle the conjecture of Ahlswede et al. for every
sufficiently large value of /. Furthermore, we obtain the precise structure of all
optimal pairs (giving a family of constructions richer than that of Ahlswede et al.).

In Part IV, we consider tensor graph powers and related graph isoperimetric
inequalities. Chapter 8 discusses the limit of the independence numbers in tensor
graph powers, and a related isoperimetric-constant of independent sets in the orig-
inal graph. We show several connections between these two parameters, and relate
them to other long standing open problems involving tensor graph products. One
such interesting connection is the relation between these parameters in random
graphs, along the random graph process. In Chapter 9 we explore the behavior of
the isoperimetric-constant in random graphs, and characterize it in every step of
the random graph process in terms of the minimal degree of the graph.
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Introduction

The study of graph powers is the analysis of asymptotic properties of a se-
quence of graphs, generated by repeatedly applying some operator on a fixed
graph input. One of the most fundamental and well-known problems in this
area is determining the Shannon capacity of a graph, a notoriously challeng-
ing graph parameter, introduced by Shannon [97] in 1956. The incentive for
this study is zero-error communication over a noisy channel. Shannon intro-
duced a model for a noisy channel, characterized by a graph, and defined the
capacity of this graph as an asymptotic quantity which measures the effective
alphabet of the channel in zero-error transmission. After establishing some
initial properties on the behavior of this parameter, Shannon was able to de-
termine the capacity of all graphs on up to 5 vertices excluding the pentagon,
the cycle on 5 vertices. The pentagon was the smallest example where there
was a gap between the lower and upper bounds given by Shannon for the
capacity, motivating Berge to study such graphs in the 1960’s (cf., e.g., [26]).

Berge defined a class of graphs called perfect graphs, where in particular,
the Shannon capacity is well understood, and made a conjecture on the
structure of these graphs. A weaker form of this conjecture, due to Fulkerson
[58], was solved by Lovész [79] in 1972, and the strong perfect graph theorem
was proved by Chudnovsky, Robertson, Seymour and Thomas [39], giving a
characterization of all perfect graphs. Despite much effort (cf., e.g., [3], [8],
(28], [30], [63], [64], [81], [94], [76]), determining the capacity of non-perfect
graphs proved to be a difficult task, and the seemingly simple problem of
determining the capacity of the pentagon was solved only in 1979 by Lovész
[81], via the celebrated Lovasz ¥-function. Till this day, little is known on
the behavior of the Shannon capacity of non-perfect graphs, and the capacity
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of the cycle on 7 vertices remains unknown.

While many long-standing problems regarding the Shannon capacity are
still open, the methods developed over the years in order to deduce bounds
on this parameter are interesting on their own account, and proved useful in
many other settings. Most notably, the Lovasz ¥-function has many applica-
tions in Theoretical and Applied Computer Science, as it can be computed
efficiently (in polynomial time, up to arbitrary precision, using Semi-definite
Programming), while it is sandwiched between graph parameters which are
highly difficult to compute (and are even N P-hard to approximate up to a
small power of the number of vertices). See [72] for on excellent survey on
this subject. Other useful methods for bounding the Shannon capacity in-
clude the algebraic bounds given by Haemers [63],[64] and by Alon [8], which
have many applications in Coding Theory and Extremal Combinatorics.

In this thesis we study various capacities of graph powers under different
definitions of graph operators, and derive results on problems in Information
Theory, Coding Theory, and Ramsey Theory. We concentrate on classical
and well-studied graph-power operators, in addition to a newly introduced
natural generalization of one of these powers (see [4] for a concise survey on
the background and definitions of these different types of graph powers). Our
work sheds additional light on the behavior of large powers of a fixed graph,
and while there are still many questions in this field awaiting answers, the
methods we developed were already useful in settling several open problems
in related areas.

The thesis comprises four parts, and in what follows we describe the
contents of each of these parts.

Part I: The Shannon capacity of a graph and
related problems in Information Theory

In the first part of this thesis, we study problems related to the strong graph
product and the Shannon capacity of a graph. We begin by stating their
formal definitions, as given by C.E. Shannon [97] in his seminal paper from
1956.
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Define a channel C with an input alphabet V' and an output alphabet
U, as a mapping V' — P(U): each input symbol is associated with a subset
of output symbols, where sending the symbol x through the channel may
result in each of the symbols C(z) on the receiver’s end. The “noise” of C
is reflected by the fact that sending certain input symbols may result in the
same output. It is convenient to model this relationship via characteristic
graph of the channel, whose vertex set is V', and two vertices are adjacent
iff the corresponding input symbols are confusable over C (that is, zy is an
edge iff the output-letter subsets C(x) and C(y) intersect).

Shannon was interested in zero-error transmission over C, that is - the
sender and receiver agree upon a prescribed set of input letters, enabling
the receiver to always recover the sent symbol, without danger of confusion.
By the above definitions, such a set of input symbols corresponds to an
independent set of the characteristic graph G - a set of vertices of G with no
edges between them. We denote the cardinality of a maximum independent
set by a(QG), the independence number of G.

As is often the case in Information Theory, one can benefit from trans-
mitting longer words in the above scheme. To this end, Shannon defined G*,
the k-th strong power of (G, as the graph whose vertex set is the cartesian
k-fold power of G, V¥, where two distinct k-tuples are adjacent iff they are
either equal or adjacent in G in each coordinate. According to this definition,
each vertex of the k-th power of G corresponds to a k-letter word, and two
vertices are adjacent iff the corresponding words are confusable over C (one
coordinate which is distinct and disconnected in G suffices to distinguish
between the two words). Hence, a maximum set of k-letter words, which
can be transmitted over C without danger of confusion, corresponds to a
maximum independent set of G*, and has cardinality a(G¥). The Shannon
capacity of G, ¢(G), is defined as the limit of the independence numbers of

1/k - The Shannon ca-

G*, normalized appropriately: ¢(G) = limg_o a(G*)
pacity essentially measures the effective alphabet of the channel in zero-error
transmission. For instance, if ¢(G) = 7, then for a sufficiently large word
length k, one can send roughly 7% distinct k-letter words without danger of
confusion, and that is optimal; this is analogous to a setting where the input

alphabet comprises 7 letters, and there is no confusion whatsoever.



Introduction

The first two chapters in this part exhibit some of the surprising and
nonintuitive properties of the Shannon capacity. In Chapter 1 we discuss
the problem of approximating the capacity given a fixed number of graph
powers, and demonstrate that graphs can exhibit an arbitrarily complicated
behavior in terms of their independence numbers. Chapter 2 focuses on the
scenario where several senders combine their individual channels together,
and shows that one can manipulate the combined capacities of the different
combinations of the senders to be “large” or “small” at will.

In the last two chapters in this part, we use the methods developed in the
study of strong graph powers in order to deduce results on index-coding, a
source-coding problem with motivation in several areas of Information The-
ory. In Chapter 3 we disprove the main conjecture of Bar-Yossef, Birk,
Jayram and Kol [23], which stated that linear index coding is always opti-
mal. Using an explicit construction of a Ramsey graph (a graph without large
homogenous subgraphs), and algebraic bounds on its Shannon capacity, we
show that the gap between the overall optimum and the linear optimum can
be essentially the largest possible. In Chapter 4 we relate this problem to col-
orings of strong graph powers and to Witsenhausen’s rate [106], yielding that
multiple-round index-coding is strictly better, and encouraging the study of
the average “rate” of an index-code in sufficiently long transmissions.

The independence numbers of strong graph powers (§1)

The first chapter in this part focuses on the problem of approximating the
Shannon capacity of a graph.

Shannon [97] demonstrated graphs where the capacity is attained in the
first power, e.g., all perfect graphs (for further results along this line, see
the work of Rosenfeld [93] and Ore [90] on “universal graphs”). This corre-
sponds to channels where an optimal zero-error transmission is achieved by
repeatedly sending 1-letter messages through the channel. The remarkable
Lovész ¥-function, introduced in [81], provided families of graphs, where the
capacity is attained in the second power, e.g., transitive self-complementary
graphs, such as the pentagon. In this case, the optimal zero-error trans-
mission is attained by block-coding 2-letter messages repeatedly over the



Introduction

channel. Curiously, there is no known graph whose capacity is attained in
any finite power other than the first or second, and one may conjecture that
the first few powers of GG suffice in order to approximate its capacity.

In this work, we provide a probabilistic construction of graphs, whose
capacity cannot be approximated (up to a small power of the number of
vertices) by any arbitrarily large, yet fixed, sequence of graph powers. The
graphs constructed exhibit an arbitrarily complicated behavior in terms of
their independence numbers: one can design graphs such that the series of
independence numbers of their strong powers repeatedly increases and then
stabilizes at arbitrarily chosen positions. The key element in the construction
is a random perturbation of an initial graph, whose structure ensures an
increase in the series of independence numbers at a desired location. The
general result is derived after carefully combining several graphs constructed
as above.

We conclude that the Shannon capacity of a graph cannot be approxi-
mated by a constant prefix of the series of independence numbers, even if this
series demonstrates a sudden increase and thereafter stabilizes. This settles
a question raised by Bohman [29].

References: The results of this chapter appear in:

e N. Alon and E. Lubetzky, The Shannon capacity of a graph and the
independence numbers of its powers,
IEEE Transactions on Information Theory 52 (2006), 2172-2176.

Privileged users in zero-error transmission (§2)

The previous chapter demonstrated how the performance of zero-error pro-
tocols utilizing word-lengths over a given channel can be quite unpredictable.
In the second chapter in this part, we study sums of channels, and show that
there are scenarios where seemingly unrelated and independent channels may
affect one another. We focus on scenarios where there are multiple senders,
and various combinations of these senders wish to cooperate and combine
their individual channels together.

A sum of channels, C = ), C;, describes a setting where there are t > 2
senders, each with his own channel C;, and words can comprise letters from
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any of the channels. There is no danger of confusion between symbols trans-
mitted over distinct channels, hence this setting corresponds to a disjoint
union of the characteristic graphs, G = ). G;. Shannon [97] showed that ca-
pacity of the sum of channels is always at least the sum of the capacities (i.e.,
c(G) > >, c(G,)), presented families of graphs where these two quantities are
equal, and conjectured that in fact equality holds for all graphs. Intuitively,
as the capacity is the effective alphabet size in zero-error transmission, one
would indeed expect the combination of the channels to have a zero-error
alphabet size which is the sum of the individual alphabets. Surprisingly,
this conjecture of Shannon was disproved in 1998 by Alon [8], where it was
shown that the capacity of a disjoint union can in fact be larger than any
fixed power of the individual capacities.

In this work, we extend the ideas of [8] and prove a stronger result,
showing that one may further manipulate the relations between seemingly
unrelated channels. Suppose that F is a family of subsets of {1,...,t},
thinking of F as a collection of “privileged” subsets of a group of ¢ senders.
Given any such F, we assign a channel C; to each sender, such that the
combined capacity of a group of senders X C [t] is “large” if this group
contains some privileged subset (X contains some F € F) and is “small”
otherwise. That is, only privileged subsets of senders are allowed to transmit
in a high rate.

For instance, as an analogue to secret sharing, it is possible to ensure
that whenever at least k senders combine their channels, they obtain a high
capacity, however every group of k — 1 senders has a low capacity (and yet is
not totally denied of service). The case k = ¢t = 2 corresponds to the original
conjecture of Shannon.

In the process, we obtain an explicit Ramsey construction of an edge-
coloring of the complete graph by ¢ colors, where every “large” induced sub-
graph contains all t colors.

References: The results of this chapter appear in:

e N. Alon and E. Lubetzky, Privileged users in zero-error transmission
over a noisy channel,
Combinatorica, to appear.
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Non-linear index coding outperforming the linear
optimum (§3)

In the previous chapter, we constructed Ramsey graphs in order to design
individual channels to a group of senders, whose combinations satisfy certain
properties. In this chapter, we show that a variant of these Ramsey construc-
tions, combined with some additional ideas, has some surprising consequences
on index-coding. This source-coding problem was introduced by Birk and Kol
[27] in 1998, and has applications in Distributed Communication, as well as
in other area in Information Theory. The setting of the problem is as follows:

A sender holds a word z € {0, 1}", and wishes to broadcast a codeword
to n receivers, Ry,..., R,. The receiver R; is interested in z;, and has prior
side information comprising some subset of the n bits. The server wishes to
broadcast a code of minimal word-length, which would always (i.e., for any
input word z) allow every receiver to recover the bit he is interested in.

The problem can be reformulated as a graph parameter as follows: the
side-information relations are conveniently modeled by a directed graph G
on n vertices, where ij is an edge iff R; knows the bit z;. An index code
for G is an encoding scheme which enables each R; to always reconstruct
x;, given his side information. The minimal word length of an index code
was studied by Bar-Yossef, Birk, Jayram and Kol [23]. They introduced a
graph parameter, minrky(G), which completely characterizes the length of an
optimal linear index code for G. The authors of [23] showed that in various
cases linear codes attain the optimal word length, and conjectured that linear
index coding is in fact always optimal.

In this chapter, we disprove the main conjecture of [23] in the following
strong sense: for any ¢ > 0 and sufficiently large n, there is an n-vertex graph
G so that every linear index code for G requires codewords of length at least
n'~¢ (barely improving the n bits required by the naive protocol), and yet a
given non-linear index code for G' has a word length of n®. This is achieved
by an explicit construction, which extends Alon’s variant of the celebrated
Ramsey construction of Frankl and Wilson.

References: The results of this chapter appear in:

e E. Lubetzky and U. Stav, Non-linear index coding outperforming the
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linear optimum,

Proc. of the 48th IEEE FOCS (2007), 161-167.

Index coding and Witsenhausen-type coloring problems
(84)

In this chapter, the final chapter in the first part of this thesis, we relate index-
codes for a disjoint union of graphs to the OR product (the complement of
a strong graph product) of certain graphs. Using this connection, and based
on some classical results in the study of Witsenhausen’s rate and colorings of
OR graph powers, we obtain that an index-code for k- GG, a disjoint union of
k copies of the graph GG, can be strictly shorter than k times the length of an
optimal index-code for G. While this result may appear similar to the results
of Chapter 2 on the capacity of a sum of channels, this surprising statement
is quite different in nature: assuming that every copy of G requires at-least,
say, 10 different codewords in an index-code, and that there are k disjoint
copies of GG each with an independently chosen input word, it is difficult to
imagine how fewer than 10* distinct codewords can suffice for this task...

The above result has two immediate consequences. First, we obtain an
alternative proof that linear index coding is suboptimal (this time, by a
multiplicative constant). Second, we show that multiple transmissions with
the same side-information configuration can be strictly better than the result
of repeatedly using the optimal protocol for a single-round index-code. This
motivates the study of the “rate” of an index-code of a graph, as the average
length of an index-code when performing multiple transmissions with a given
side-information graph.

References: The results of this chapter appear in:

e N. Alon, E. Lubetzky and U. Stav, The broadcast rate of a graph.

Part II: Codes and explicit Ramsey graphs

While the previous part of the thesis focused on the classical and well-studied
strong graph products, and the related Shannon capacity of a graph, the
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second part is devoted to a different graph product, which has fascinating
random-looking properties, and is connected to problems in Coding Theory
and in Ramsey Theory.

Recall that in the k-th strong power of a graph, two distinct k-tuples are
adjacent iff each of their coordinates is either equal or adjacent in the original
graph. This implies that high powers of some fixed graph are quite sparse, as
the edge density decreases exponentially in the graph power. While the sizes
of maximum independent sets in such graph powers are difficult to analyze,
and little is known on their asymptotic behavior, the Shannon capacity, for
general graphs, the behavior of other graph parameters becomes trivial due
to the graph sparseness. For instance, it is easy and well-known to deduce
the structure of all maximum cliques (sets of pairwise adjacent vertices) in
strong powers of a graph.

A slightly different definition of the graph power results in much denser
graphs, with certain random-looking properties. The adjacency criteria in the
k-th power is modified as follows: instead of requiring two distinct k-tuples
to be equal or adjacent in every coordinate, they are required to be adjacent
in an odd number of coordinates. Indeed, a quick look at this definition of
this graph power, known as the Xor graph power, already reveals some of its
unique properties: the edge-density of the k-th Xor power of any nonempty
regular graph tends to % as k — oo. However, one can show that despite
their large density, these graphs do not contain large cliques, and in this

sense they are random-looking.

The interesting properties of the Xor graph power were used by Thomason
[102] in 1997 to disprove a conjecture of Erdds from 1962, by constructing
edge-colorings of the complete-graph with two colors, containing a smaller
number of monochromatic copies of K4 (a complete graph on 4 vertices)
than the expected number of such copies in a random coloring. For further
information on this problem, see [47],[52],[103].

While the Xor powers of any nontrivial graph are both dense and do not
contain large cliques, they do contain large independent sets. Motivated by
the search for explicit constructions of Ramsey graphs, we attempt to correct
this behavior by inspecting a natural generalization of the Xor powers to
other moduli. That is, two k-tuples are adjacent iff the number of their
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adjacent coordinates is non-zero modulo some integer p. One can show that
indeed, choosing large values of p reduces the size of maximum independent
sets in high powers of an arbitrary graph, at the cost of larger cliques, and
provides a method of producing explicit Ramsey construction.

The two chapters in this part are Chapter 5, which is devoted to the
Xor powers and their applications in Coding Theory, and Chapter 6, which
studies the generalized p-powers and their applications in Ramsey Theory.

Codes and Xor graph products (§5)

The motivation behind this chapter lies in problems in Coding Theory, as
demonstrated by the following two questions:

e What is the maximum possible number, f3(n), of vectors of length n
over {0,1,2} such that the Hamming distance between every two is
even?

e What is the maximum possible number, g3(n), of vectors in {0,1,2}"
such that the Hamming distance between every two is odd?

We investigate these questions, and more general ones, by studying Xor
powers of graphs, focusing on their independence number and clique number,
and by introducing two new parameters of a graph G. Both parameters
denote limits of series of either clique numbers or independence numbers of
the Xor powers of G (normalized appropriately), and while both limits exist,
one of the series grows exponentially as the power tends to infinity, while the
other grows linearly. As a special case, it follows that f3(n) = ©(2") whereas
gs(n) = O(n).

Unlike the Shannon capacity of a graph, the above mentioned parameters
of Xor powers are non-monotone with respect to the addition of edges, mak-
ing the task of determining their values challenging even for complete graphs.
In order to obtain general bounds on these parameters, we resort to various
tools from Algebra and Spectral Analysis, some of which were developed in
the course of the study of the Shannon capacity.

References: The results of this chapter appear in:



Introduction

e N. Alon and E. Lubetzky, Codes and Xor graph products,
Combinatorica 27 (2007), 13-33.

Graph p-powers, Delsarte, Hoffman, Ramsey and
Shannon (§6)

In this chapter, we attempt to construct explicit Ramsey graphs using graph
p-powers, a natural generalization of the Xor power, where the (mod 2) is
replaced by (mod p) for some integer p. The bounds we derive in this chapter
on the p-powers of a graph improve some of the upper bounds on the Xor
capacities, given in the previous chapter, and in particular, settle a conjecture
regarding the Xor-powers of cliques up to a factor of 2. For precise bounds
on some graphs, we apply Delsarte’s remarkable linear programming bound,
as well as Hoffman’s eigenvalue bound.

While the Xor powers of an arbitrary graph have a logarithmic clique
number and a large independence number, we prove that selecting a larger
modulo p in the definition of the product operator indeed corrects this be-
havior: the independence number is reduced at the cost of a poly-logarithmic
clique number. We deduce that for any nontrivial graph G, one can point out
specific induced subgraphs of large p-powers of G which are “Ramsey”, i.e.,
contain neither a large clique nor a large independent set. This is once again
related to the Shannon capacity: we show that the larger the capacity of G
(the complement of () is, the larger these subgraphs are. In the special case
where G is the complete graph, some p-power of G matches the bounds of the
famous Ramsey construction of Frankl and Wilson, and is in fact a subgraph
of a variant of that construction. This Ramsey construction of Frankl and
Wilson is based on set systems with prescribed pairwise intersections; in the
next part, we proceed to investigate this area.

References: The results of this chapter appear in:

e N. Alon and E. Lubetzky, Graph powers, Delsarte, Hoffman, Ramsey
and Shannon, STAM J. Discrete Math 21 (2007), 329-348.
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Part III: An extremal problem in Finite Set
Theory

Our study in the previous part began with problems in Coding Theory, which
suggested the study of large Xor powers of a graph, and continued in the
natural generalization of these powers to (mod p) powers for some integer
p. Seeking explicit Ramsey constructions, we proved that large p-powers of
certain graphs do not contain large homogenous subgraphs. Optimizing the
parameters for this purpose - the initial graph, the power we raise it to and
the modulo p in the definition of the graph power - led to a family of graphs
which is closely related to the famous Ramsey construction by Frankl and
Wilson.

The Frankl and Wilson [56] graph is defined as follows: the vertex set
of the graph corresponds to all s-element subsets of a r-element ground set,
where s = p? — 1 and r = p3 for some large prime p; two distinct vertices
are adjacent iff their corresponding sets have an intersection congruent to
—1 (mod p). The Ramsey properties of this graph follow from the following
key fact: there cannot be “too many” sets with a cardinality of £ (mod p),
whose pairwise intersections all have cardinalities which are non-congruent
to k (mod p). Namely, there can be at most (pil) such sets.

This above statement is a stronger version of a result by Ray-Chaudhuri
and Wilson [91], who considered the actual cardinalities of the intersections,
without the prime moduli. They show that if F is a set-system over the
ground set {1,...,r}, and the pairwise intersections of elements of F have
s possible cardinalities, then F contains at most (2) sets. A well-studied
and much more complicated scenario is the one where there are two families
of sets with prescribed cross intersections. Understanding the structure of
the extremal families of subsets in this case is difficult even when there is
precisely one permitted cardinality for the cross intersection. This problem
was introduced by Frankl and Rodl [52] in 1987, and the main result in this
part gives the precise structure of these extremal families, thus proving a
conjecture of Ahlswede, Cai and Zhang [2] from 1989.
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Uniformly cross intersecting families (§7)

Let A and B denote two families of subsets of an n-element set. The pair
(A, B) is said to be f-cross-intersecting iff |[A N B| = ¢ for all A € A and
B € B. When examining the extremal families in this setting, it is clearly
possible to extend the size of one family at the expense of the other, hence the
interesting quantity to study is the product of the sizes of the two families,
|A||B|, which is also the number of constraints we have. Therefore, let Py(n)
denote the maximum value of this quantity over all such pairs:

Py(n) = max {|A||B| : A and B are {-cross-intersecting over {1,...,n}} .

Frankl and Rédl [52] introduced this problem in 1989, and provided the
best known upper bound on Fy(n), which is ©(2"). For a lower bound,
Ahlswede, Cai and Zhang [2] gave in 1989 the following simple construction:
take n > 2/, let the family A consist of the single set A; = {1,...,2¢}, and let
B comprise all sets whose intersection with A; contains precisely ¢ elements.
This (-cross-intersecting pair satisfies |A||B| = (%)2" 2 = ©(2"/V/(), and
Ahlswede et al. conjectured that this is best possible. That is, they conjec-
tured that Py(n) = (Qf) 272 and observed that the upper bounds of Frankl
and Rodl match this hypothesis for the special cases £ = 0 and ¢ = 1.

With the upper bound on FP(n) being independent of ¢ as opposed to
the lower bound, Sgall [95] asked in 1999 whether or not FPy(n) decreases
as ¢ grows. The latest progress in the study of this problem was made by
Keevash and Sudakov [71] in 2006, where the authors verified the conjecture
of Ahlswede, Cai and Zhang for the special case ¢ = 2.

In this chapter, we confirm the above conjecture of Ahlswede et al. for any
sufficiently large ¢, implying a positive answer to the above question of Sgall
as well. By analyzing the linear spaces of the characteristic vectors of A, B
over R, we show that there exists some ¢, > 0, such that Py(n) < (2;) =2t
for all £ > {,. Furthermore, we determine the precise structure of all the pairs
of families which attain this maximum (obtaining a family of constructions
far more complicated than that of Ahlswede et al.).

References: The results of this chapter appear in:

e N. Alon and E. Lubetzky, Uniformly cross intersecting families.
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Part IV: Tensor graph powers and graph
isoperimetric inequalities

In the final part of this thesis, we return to the analysis of independence num-
bers in graph powers, and this time examine the tensor graph power, a graph
operator which seems to be much better understood than the strong graph
power, and yet raises some extremely difficult and challenging problems.

The tensor product of two graphs, G and H, is the graph whose vertex set
is, as usual, the cartesian product of the vertex sets, and two vertices (u,v)
and (u/,v") are adjacent iff both uu’ are adjacent in G and vv’ are adjacent
in H. Thus, the k-th tensor power of G has an edge between two k-tuples if
there is an edge in each of their coordinates (as opposed to either an edge or
equality in each of the coordinates in the definition of the strong power).

This graph product has attracted a considerable amount of attention
due to a long standing and seemingly naive conjecture on vertex-colorings
of the tensor product of two graphs. The chromatic number of a graph G,
denoted by x(G), is the minimal number of colors required to legally color its
vertices (a legal coloring is one where no two adjacent vertices are assigned
the same color). The well known conjecture of Hedetniemi [66] from 1966
states that the chromatic number of the tensor product of G and H is equal
to min{x(G), x(H)}. See [109] for an extensive survey of this open problem.
For further work on colorings of tensor products of graphs, see [9], [61], [74],
[100], [101], [108], [110].

While Hedetniemi’s conjecture on the chromatic number of a tensor prod-
uct of two general graphs remains unsolved, the behavior of this parameter
in tensor powers of the same graph G is rather simple. In that case, it is not
difficult to show that the chromatic number of the k-th power of a graph G
is always equal to the chromatic number of G. Similarly, one can verify that
the clique number of any tensor power of GG is equal to the clique number of
G. However, the independence numbers of tensor graph powers exhibit a far
more interesting behavior. In addition, the methods used to study the inde-
pendence numbers of tensor powers are interesting on their own account. For
instance, in [9] the authors used Fourier Analysis to this end, and in [45] they
applied the machinery of noise-stability of functions [88] for this purpose.
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In the first chapter in this part, we study the limit of independence num-
bers (normalized appropriately) in tensor graph powers, that is, the tensor-
power analog of the Shannon capacity. This parameter is related to a certain
vertex isoperimetric-constant of the initial graph, and we investigate this
connection for various families of graphs. In the second chapter in this part
we expand our study of graph isoperimetric-constants to the random-graph
setting: we obtain a complete characterization of the edge isoperimetric-
constant in terms of the minimal degree, along every step of the random
graph process.

Independent sets in tensor graph powers (§8)

The wndependence ratio of a graph is the ratio of its independence number
and number of vertices. The parameter A(G), which was introduced in [37],
is the limit of the independence ratios of tensor powers of GG. This puzzling
parameter takes values only in the range (0, 3] U {1}, and is lower bounded
by a vertex isoperimetric ratio of independent sets of G.

In this chapter, we study the relation between these two parameters fur-
ther, and ask whether they are essentially equal. We present several families
of graphs where equality holds, and discuss the effect the above question
has on various open problems related to fractional colorings of tensor graph
products.

It is interesting to compare the behavior of the parameter A(G) and the
above isoperimetric constant in random graphs and along the random graph
process. This is discussed in this chapter, and is related to the topic of
the next chapter, where we analyze the (edge) isoperimetric constant of the
random graph process.

References: The results of this chapter appear in:

e N. Alon and E. Lubetzky, Independent sets in tensor graph powers,
J. Graph Theory 54 (2007), 73-87.
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The isoperimetric constant of the random graph process
(89)

The isoperimetric constant of a graph G on n vertices (sometimes referred
0S|

to as the conductance of G), i(G), is the minimum of 57 taken over all
nonempty subsets S C V(G) of size at most n/2, where dS denotes the set
of edges with precisely one end in S.

A rqvndom graph process on n vertices, CNJ(t), is a sequence of (’2‘) graphs,
where G(0) is the edgeless graph on n vertices, and G(t) is the result of
adding an edge to G (t — 1), uniformly distributed over all the missing edges.

There has been much study of the isoperimetric constants of various
graphs, such as grid graphs, torus graphs, the n-cube, and more generally,
cartesian products of graphs. See, for instance, [35],[36],[42],[68], [87]. In
1988, Bollobds [33] studied the isoperimetric constant of random d-regular
graphs, and showed that for infinitely many d-regular graphs, its value is
at least 4 — O(V/d). Alon [5] proved in 1997 that this inequality is in fact
tight, by showing that any d-regular graph G on a sufficiently large number
of vertices satisfies i(G) < 4 — cv/d (where ¢ > 0 is some absolute constant).

In this chapter, we study the isoperimetric constant of general random
graphs G(n,p), G(n, M), and the random graph process, and show that in
these graphs, the ratio between the isoperimetric constant and the minimal
degree exhibits an interesting behavior. We prove that, in almost every graph
process, i(G(t)) equals the minimal degree of G(t) in every step, as long as
the minimal degree is o(logn). Furthermore, we show that this result is
essentially best possible, by demonstrating that along the period in which
the minimum degree is typically ©(logn), the ratio between the isoperimetric
constant and the minimum degree falls from 1 to %, its final value.

References: The results of this chapter appear in:

e [. Benjamini, S. Haber, M. Krivelevich and E. Lubetzky, The isoperi-
metric constant of the random graph process,
Random Structures and Algorithms 32 (2008), 101-114.
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Information Theory






Chapter 1

The independence numbers of
strong graph powers

The results of this chapter appear in [14]

The independence numbers of powers of graphs have been long studied,
under several definitions of graph products, and in particular, under the
strong graph product. We show that the series of independence numbers
in strong powers of a fixed graph can exhibit a complex structure, imply-
ing that the Shannon Capacity of a graph cannot be approximated (up to
a sub-polynomial factor of the number of vertices) by any arbitrarily large,
yet fixed, prefix of the series. This is true even if this prefix shows a signif-
icant increase of the independence number at a given power, after which it
stabilizes for a while.

1.1 Introduction

Given two graphs, G'; and G, their strong graph product Gy - G5 has a vertex
set V(G1) x V(Gy), and two distinct vertices (vq,vy) and (uq,us) are con-
nected iff they are adjacent or equal in each coordinate (i.e., for i € {1,2},
either v; = w; or v;u; € E(G;)). This product is associative and commutative,
and we can thus define G* as the product of k copies of G. In [97], Shan-
non introduced the parameter ¢(G), the Shannon Capacity of a graph G,
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which is the limit limy_o, /a(G*), where a(G*) is the independence num-
ber of G* (it is easy to see that this limit exists by super-multiplicativity).
The considerable amount of interest that ¢(G) has received (see, e.g., [3],
18], [28], [30], [63], [64], [81], [94], [76]) is motivated by Information Theory
concerns: this parameter represents the effective size of an alphabet, in a
communication model where the graph G represents the channel. In other
words, we consider a transmission scheme where the input is a set of single
letters V= {1,...,n}, and our graph G has V as its set of vertices, and an
edge between each pair of letters, iff they are confusable in transmission (i.e.,
(1,2) € E(G) indicates that sending an input of 1 or an input of 2 might
result in the same output). Clearly «(G) is the maximum size of a set of sin-
gle letters which can be predefined, then sent with zero-error. By definition,
a(G*) represents such a set of words of length k (since two distinct words are
distinguishable iff at least one of their coordinates is distinguishable), leading
to the intuitive interpretation of ¢(G) as the effective size of the alphabet of
the channel (extending the word length to infinity, while normalizing it in
each step).

Consider the series ar = ax(G) = /a(G¥), which we call “the indepen-
dence series of G”. As observed in [97], the limit ¢(G) = limg_o a; exists
and equals its supremum, and a,,, > ay for all integers m, k. Our motivation
for the study of the series a; is the computational problem of approximating
¢(G). So far, all graphs whose Shannon capacity is known, attain the capac-
ity either at a; (the independence number, e.g., perfect graphs), as (e.g., self
complementary vertex-transitive graphs) or do not attain it at any a; (e.g.,
the cycle Cs with the addition of an isolated vertex). One might suspect
that once the a; series remains roughly a constant for several consecutive
values of k, its value becomes a good approximation to its limit, ¢(G). This,
however, is false. Moreover, it remains false even when restricting ourselves
to cases where a;, increases significantly before it stabilizes for a few steps.
We thus address the following questions:

1. Is it true that for every arbitrarily large integer k, thereis a § = (k) >
0 and a graph G on n vertices such that the values {a;};< are all at
least no- far from c(G)?
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2. Can the series aj increase significantly (in terms of n = |[V(G)]) in an
arbitrary number of places?

In this chapter we show that the answer to both questions above is positive.
The first question is settled by Theorem 1.1.1, proved in section 1.2.

Theorem 1.1.1. For every fivred v € N and € > 0 there exists a graph G on
N wertices such that for all k < v, ap < cxlogy(N) (where ¢ = ¢, ), and
yet a, > Nv.

Indeed, for any fixed k, there exists a graph G on N vertices, whose
1—o0(1)
—.
Theorem 1.1.2, proved in section 1.3, settles the second question, and

Shannon Capacity satisfies ¢(G) > N° max;.,{a;}, where ¢ =

implies the existence of a graph G whose independence series a; contains an
arbitrary number of “jumps” at arbitrarily chosen locations; hence, noticing
a significant increase in this series, or noticing that it stabilizes for a while,
does not ensure any proximity to ¢(G).

Theorem 1.1.2. For every fivzed vy < ... < vs € N and € > 0 there exists a
graph G such that for all k <v;, ar, < a5, (1€ {1,...,s}).

For a visualization of Theorem 1.1.2, see Figure 1.1 (notice that this figure
is an illustration of the behavior of the independence series, rather than a
numerical computation of a specific instance of our construction).

The above theorems imply that the naive approach of computing the ay
values for some k does not provide even a PSPACE algorithm for approximat-
ing ¢(G). Additional remarks on the complexity of the problem of estimating
c(@), as well as several open problems, appear in the final section 1.4.

1.2 The capacity and the initial a;-s

In this section we prove Theorem 1.1.1, using a probabilistic approach, which
is based on the method of [18], but requires some additional ideas.

Let 2 < v € N; define N = nv (n will be a sufficiently large integer) , and
let V(G) ={0,..., N —1}. Let R denote the equivalence relation on the set
of unordered pairs of distinct vertices, in which (z,y) is identical to (y,x)
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Figure 1.1: An illustration of the independence numbers of powers of the
graph constructed in Theorem 1.1.2.

and is equivalent to (x + kn,y + kn) for all 0 < k < v — 1, where addition
is reduced modulo N. Let {R4,..., Ry} denote the different equivalence
classes of R. For every x # y, let R(x,y) denote the equivalence class of
(x,y) under R; then either |R(z,y)| is precisely v, or the following equality
holds for some [ < v:

(,y) = (y+In,z+1In) (mod N)

This implies that N | 2in, hence 2] = v. We deduce that if v is odd, |R;| = v

forall1 <i< M, and M = %(g) If v is even:

and M = %(1;7) + %N, i.e., in case of an even v there are N/2 pairs which
belong to n smaller classes, each of which is of size %I/, while the remaining
edges belong to ordinary edge classes of size v.
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The edges of GG are chosen randomly, by starting with the complete graph
and excluding a single edge from each equivalence class, uniformly and inde-
pendently, thus |E(G)| = (§) — M = (§) (2 +0(1)).

A standard first moment consideration (c.f., e.g., [19]) shows that a; =
a(G) < [2log,(N)] almost surely. To see this, set s = [2log,(N)], and
take an arbitrary set S C V(G) of size s. If S contains more than one
member of some edge class R;, it cannot be independent. Otherwise, its edge
probabilities are independent, and all that is left is examining the lengths of
the corresponding edge classes. Assume S contains r pairs which belong
to short edge classes: (x1,v1),..., (zry.). If v is odd, r = 0, otherwise
yi = x; + svn for all 4, and z; # x; (mod jvn) for all ¢ # j (distinct pairs in
S belong to distinct edge classes). It follows that » < 5, and we deduce that
for each such set S:

INOEIT 1 G)
Pr[S is independent] < (—) (—) < (—) 2°/2
v v v
Applying a union bound and using the fact that (2';;,/2 tends to 0 as IV, and
hence s, tend to infinity, we obtain:

S s!
(2v)%/2 _avs _ (20)%?
- s! (NV 2) = s! = o),

where the o(1) term here, and in what follows, tends to 0 as N tends to
infinity.

We next deal with G* for 2 < k < v. Fix a set S C V(G*) of size
s = [clogh(N)], where ¢; will be determined later. Define S, a subset of S,
in the following manner: start with S’ = ¢, order the vertices of S arbitrarily,
and then process them one by one according to that order. When processing
a vertex v = (vy,...,v;) € S, we add it to S’, and remove from S all of the
following vertices which contain v; +tn (mod N) in any of their coordinates,
for any 7 € [k] and t € {0,...,v — 1}. In other words, once we add v to
S’, we make sure that its coordinates modulo n will not appear anywhere
else in S’. If S is independent, it has at most a(G*!) vertices with a fixed
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coordinate, thus s’ = |S'| > s/ (k*-v-a(GF')). Notice that each two
distinct vertices u, v € S” have distinct vertices of G in every coordinate, thus
R (u;,v;) is defined for all ¢; furthermore, for any other pair of distinct vertices
u', v e S the sets {R(uy,v1),..., R(ug, vg)} and {R(u},v]), ..., R(uy,v))}
are disjoint.

We next bound the probability of an edge between a pair of vertices
u # v € 5. Let k' denote the number of distinct pairs of corresponding
coordinates of u, v, and let ¢;, 1 <1 < M, be the number of all such distinct
pairs whose edge class is R; (obviously Y1, t; = k). For example, when all
the corresponding pairs are distinct, we get &' = k and t;, = [{1 < < k :
R(u;,v;) = R;}|- Notice that, by definition of S’, for every i, v; # u; + %l/n,
and thus R(u;, v;) is an ordinary edge class. It follows that:

l/—tl

::]:

Pr[uv € E(G")] (1.1)

=1

This expression is minimal when ¢; = &’ for some [, since replacing ¢;,, ¢, > 0
with ¢ = t;, + ti,,t;, = 0 strictly decreases its value. Therefore Priuv ¢
E(GH)] < k;/ < % Notice that, crucially, by the structure of S’, as each edge
class appears in at most one pair of vertices of S’ the events uv ¢ FE(G¥)
are independent for different pairs u,v. Let Ag denote the event that there
is an independent set S” of the above form of size s’ = [ log,(N)], where
¢ = 2k%*. Applying the same consideration used on S and G to S’ and G,
gives (assuming N is sufficiently large):

k (%)
PI'[AS/] S (N ) (E) 2 S Nk5’2_%5/210g2(%) S

s’ v
< 2<kc’—% 10g2(%)C’2) log2(N) )

Now, our choice of ¢’ should satisfy ¢ > =7 for this probability to tend to

zero. Whenever 2 < k < & we get klogQ( ) > k> 1, thus ¢ = 2k? > logi"zf).
k

For § < k < v we have 1 < ¥ < 2 and thus log,(¢) > ¢ — 1. Taking any

c > 2k = would be sufficient in thls case, hence ¢ = 2k2 w1ll do. Overall, we
get that Pr[Ag] tends to 0 as N tends to infinity.
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Altogether, we have shown that for every 2 < k < v:

a(GF) < Eva(GFN2k%log,(N) =
2k* v log, (N)a(G*1) .

Hence, plugging in the facts that a(G) < 2log, (N) < 2logy(N) and 2% m! <
m™ for m > 2, we obtain the following bound for all k € {1,...,v —1}:

a(G*) < 2(EN)WF M ogh(N) < 2%k logh(N) |

1 1
ar < §k4ylog2(N) < §y5 log,(N) .

It remains to show that a, is large. Consider the following set of vertices in
G¥ (with addition modulo N):

I={z=(zr,z4+n,...,.24+wv—1n) | 0<z <N} (1.2)

Clearly [ is independent, since for any 0 < x < y < N, the corresponding
coordinates of T,y form one complete edge class, thus exactly one of these
coordinates is disconnected in GG. This implies that a, > N v
Hence, we have shown that for every value of v, there exists a graph G
on N vertices such that:
{ a; < c¢ilogo(N) (i=1,...,v—1)

1.3
a, Z N% ) ( )

as required. |

We note that a simpler construction could have been used, had we wanted
slightly weaker results, which are still asymptotically sufficient for proving
the theorem. To see this, take N = nr and start with the complete graph
K. Now order the N vertices arbitrarily in n rows (each of length v), as (v;;)
(1 <i<mn,1<j<v). For each pair of rows 7,7, choose (independently)
a single column 1 < j < v, and remove the edge v;;vy; from the graph.
This gives a graph G with (g) — (g) edges. A calculation similar to the
one above shows that with high probability ay < ¢ logy(N) for k < v,

and yet a(G") > n (as opposed to N in the original construction), hence
NYi > 1nL
a, = (7)" 2 3Nv.
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1.3 Graphs with an irregular independence

series

Theorem 1.1.2 states that there exists a graph G whose independence series
exhibits an arbitrary (finite) number of jumps. Our first step towards proving
this theorem is to examine the behavior of fixed powers of the form k£ > v
for the graphs described in the previous section. We show that these graphs,
with high probability, satisfy ar = (1 + O(log N)) N L%J%, for every fixed
k > v. The notation ar = (1+ O(log N)) N*, here and in what follows,
denotes that N¢ < ap < ¢N®log N for a fixed ¢ > 0. The lower bound of
N for ay can be derived from the cartesian product of the set I, defined
in (1.2), with itself, [£] times; the upper bound is more interesting. Fix an
arbitrary set S, as before, however, this time, prior to generating S’, we first
remove from S all vertices which contain among their coordinates a set of the
form {z,z +n,...,x 4+ (v — 1)n}. This amounts to at most (f)y!na(Gk_”)
vertices. This step ensures that S will not contain vertices that share a
relation, such as the one appearing in the set I defined in (1.2). However, an
edge class may still be completely contained in the coordinates of u,v € .S, in
an interlaced form, for instance: u = (z,y+n,z+2n,...,z+(r—1)n,...) and
v=(y,z+n,y+2n,...,y+(v—1)n,...). This will be automatically handled
in generating S’ since all vectors v with z+¢n in any of their coordinates are
removed from S’ after processing the vector u. Equation (1.1) remains valid,
with ¢; < v for all 7, however now me must be more careful in minimizing
its right hand side. We note that for every 0 < ¢;,¢; < v — 1, setting
t; =v—1,t; = t;+t; — t; reduces the product of w Therefore, again
denoting by &’ the number of distinct pairs of corresponding coordinates, we
obtain the following bound on the probability of the edge uv:

Priuv € E(GY)] > (1) 5y — (K mod (v — 1)) >

v

V
7N
| =
~_
R
i
IV
N\
R | =
~_
i
—
=

Thus:
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Now, the same consideration that showed a(G) < 2log,(N) implies that any
k
set S” generated from S in this manner, which is of size s’ > 2kvv-1 log(N),

is almost surely not independent (for the sake of convenience, we set p =

k
1

e_(?>ﬁ). Indeed, the probability that there is such an independent set S’
is at most:

s'/2

Nk) s p* i/ s’
(O < 5 vy
—s'/2 / L s
= 7 exXp (klog(N) — —v vl) <
—s'/2
p
= o(1) .

Thus, almost surely, |S'| < v log(N). Altogether, we have:

a(G*) < (’“

v

)y!na(Gk_”) + E*va(GF1Y . v log(N) =

= <k) (v — DINa(GF™) + 2k30 751 log(N)a(GF ) (1.5)

14

For k = v and a sufficiently large N, we get
N < a(G”) < N(v— 1)+ 207771 log(N) (¢,_1 logy(N))" ™! <

< Nlogy(N) . (1.6)

Setdy=...=d, ; =0,d, =1 and dy = 4k3'"T71d,_, for k > v. It is easy
k

to verify that %dk > (k)(y — 1)ldy_,, and %dk > 2k31 T v1d,_,. Hence, by

v

induction, equations (1.5) and (1.6) imply that for all £k > v:
a(G*) < d N1V logh(N)

By definition of the dj series,

| 3
dp < 4k (E> = (5t) <

VAN
W
=
—
oy
N
w
<
o
—~
=
_l’_
R
=z
Il
W
>
S
oyl
N
w
<
=
i
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Hence,

1< 2 <\t log,(N) ,

— k
v

%
as required.

Let us construct a graph whose independence series exhibits two jumps
(an easy generalization will provide any finite number of jumps). Take a
random graph, G, as described above, for some index v; and a sufficiently
large number of vertices Np, and another (independent) random graph, Gs

v2

for some other index v > v7, on Ny = N; ™ vertices (when o > 1). Let
G = G1 - G5 be the strong product of the two graphs; note that G has
N = NN vertices. It is crucial that we do not take G; and G5 with jumps
at indices vy, 15 respectively separately, but instead consider the product
G of two random graphs constructed as above. We claim that with high
probability, GG satisfies:

O(log N) kE<u
k1
(@) =4 (1+00og N) NF 1y <k < p
k1
(1+0(og N)) No#F & > 0,
i.e., for vy < k < vy which is a multiple of 14, we have
ap = (1 + O(log N)) N7vam ;
for k > v, which is a multiple of v, we have

ar = (1 4+ O(log N)) Nt

Therefore, we get an exponential increase of order v at the index vy, and
obtain two jumps, as required.

To prove the claim, argue as follows: following the formerly described
methods, we filter an arbitrary set S C V(G*) to a subset S’, in which
every two vertices have a positive probability of being connected, and all
such events are independent. This filtering is done as before - only now, we
consider the criteria of both G; and G5 when we discard vertices. In other
words, if we denote by u!, u? the k-tuples corresponding to G¥ and G% of a
vertex u € V(G*), then a vertex u € S filters out the vertex v from S iff u!
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would filter out v! in G¥ or u? would filter out v? in G% (or both). Recall
that, by the method S’ is generated from .S, no two vertices in S’ share an
identical k-tuple of G¥ or of G§. Hence, two vertices u,v € S’ are adjacent
in G* iff they are adjacent both in G} and in G%. These are two independent
events, thus, by (1.1) and (1.4), we get the following fixed lower bound on
the probability of u and v being adjacent:

Prluv € E(G*)] = Pru'vt € BE(GY)] Pr[u®v? € E(GS)] > Q(1)

This provides a bound of O(log N) for the size of S’. Combining this with
1

the increase in the values of {a} at indices vy and v (a,, > N, for i = 1,2)
proves our claim.

In order to obtain any finite number of jumps, at indices vy, . .. , Vs, simply

A

take a sufficiently large Ny and set NV; = Nia_yf’l for 1 <1 <'s, where a > 1.
By the same considerations used above, with high probability the graph
G =Gy ... Gg (where G; is a random graph designed to have a jump at
index v; almost surely) satisfies a,, > af for all k& < v;. Hence for every
€ > 0 we can choose a > % and a sufficiently large Ny so that ax < a5, for all
k < v;. This completes the proof. |

1.4 Concluding remarks and open problems

We have shown that even when the independence series stabilizes for an
arbitrary (fixed) number of elements, or jumps and then stabilizes, it still
does not necessarily approximate the Shannon capacity up to any power of
¢ > 0. However, our constructions require the number of vertices to be
exponentially large in the values of the jump indices ;. We believe that this
is not a coincidence, namely a prefix of linear (in the number of vertices)
length of the independence series can provide a good approximation of the
Shannon capacity. The following two specific conjectures seem plausible:
5¢(G).
that is, the largest of the first n elements of the independence series gives a
2-approzimation for c(G).

Conjecture 1.4.1. For every graph G on n vertices, max{ay }r<n >
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Conjecture 1.4.2. For every ¢ > 0 there exists an r = r(g) such that for a
sufficiently large n and for every graph G on n vertices, the following is true:
max{ay tr<nr > (1 —€)c(G).

Our proof of Theorem 1.1.1 shows the existence of a graph whose indepen-
dence series increases by a factor of N? at the k-th power, where § = 1_+(1)
It would be interesting to decide if there is a graph satisfying this property
for a constant § > 0 (independent of k). This relates to a question on chan-
nel discrepancy raised in [18], where the authors show that the ratio between
the independence number and the Shannon capacity of a graph on n vertices

oM and ask whether this is the largest ratio possible.

can be at least nz~
Proving Theorem 1.1.1 for a constant § > 0 will give a negative answer for
the following question, which generalizes the channel discrepancy question

mentioned above:

Question 1.4.3. Does max{a;}i<k, for any fived k > 2, approzimate ¢(Q)
up to a factor of nxt°W) (where n = |V (G)|)?

Although our results exhibit the difficulty in approximating the Shannon
capacity of a given graph G, this problem is not even known to be NP-hard
(although it seems plausible that it is in fact much harder). We conclude
with a question concerning the complexity of determining the value of ¢(G)
accurately for a given graph G:

Question 1.4.4. Is the problem of deciding whether the Shannon Capacity
of a given graph exceeds a given value decidable?



Chapter 2

Privileged users in zero-error
transmission

The results of this chapter appear in [13]

The k-th power of a graph G is the graph whose vertex set is V(G)*, where
two distinct k-tuples are adjacent iff they are equal or adjacent in GG in each
coordinate. The Shannon capacity of G, ¢(G), is limy_..c a(GF) %, where a(G)
denotes the independence number of G. When G is the characteristic graph
of a channel C, ¢(G) measures the effective alphabet size of C in a zero-error
protocol. A sum of channels, C = >, C;, describes a setting when there are
t > 2 senders, each with his own channel C;, and each letter in a word can be
selected from any of the channels. This corresponds to a disjoint union of the
characteristic graphs, G = Y. G;. It is well known that ¢(G) > >, ¢(G)),
and in [8] it is shown that in fact ¢(G) can be larger than any fixed power of
the above sum.

We extend the ideas of [8] and show that for every F, a family of subsets
of [t], it is possible to assign a channel C; to each sender ¢ € [t], such that
the capacity of a group of senders X C [t] is high iff X contains some F' €
JF. This corresponds to a case where only privileged subsets of senders are
allowed to transmit in a high rate. For instance, as an analogue to secret
sharing, it is possible to ensure that whenever at least k£ senders combine
their channels, they obtain a high capacity, however every group of k — 1
senders has a low capacity (and yet is not totally denied of service). In the
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process, we obtain an explicit Ramsey construction of an edge-coloring of the
complete graph on n vertices by ¢ colors, where every induced subgraph on

exp (Q(\/ log nlog log n)) vertices contains all ¢ colors.

2.1 Introduction

A channel C on an input alphabet V' and an output alphabet U maps each
r € V to some S(x) C U, such that transmitting = results in one of the
letters of S(z). The characteristic graph of the channel C, G = G(C), has a
vertex set V, and two vertices x # y € V are adjacent iff S(x) N S(y) # 0,
i.e., the corresponding input letters are confusable in the channel. Clearly,
a maximum set of predefined letters which can be transmitted in C without
possibility of error corresponds to a maximum independent set in the graph
G, whose size is a(G) (the independence number of G).

The strong product of two graphs, G; = (V1, E1) and Gy = (Va, Es) is the
graph, G1-Gs, on the vertex set V; x V5, where two vertices (uy, us) # (v1,v2)
are adjacent iff for all + = 1,2, either u; = v; or w;v; € F;. In other words,
the pairs of vertices in both coordinates are either equal or adjacent. This
product is associative and commutative, hence we can define G*¥ to be the
k-th power of G, where two vertices (uy,...,ux) # (v1,...,v;) are adjacent
iff for all i = 1,..., k, either u; = v; or wv; € E(G).

Note that if I,.J are independent sets of two graphs, G, H, then I x J
is an independent set of G - H. Therefore, a(G"*) > a(G™)a(G™) for
every m,n > 1, and by Fekete’s lemma (cf., e.g., [76], p. 85), the limit
lim, oo (G™) 7 exists and equals sup, a(G™)w. This parameter, introduced
by Shannon in [97], is the Shannon capacity of G, denoted by ¢(G).

When sending k-letter words in the channel C, two words are confusable
iff the pairs of letters in each of their k-coordinates are confusable. Thus, the
maximal number of k-letter words which can be sent in C without possibility
of error is precisely a(G*), where G = G(C). It follows that for sufficiently
large values of k, the maximal number of k-letter words which can be sent
without possibility of error is roughly ¢(G)*. Hence, c¢(G) represents the
effective alphabet size of the channel in zero-error transmission.

The sum of two channels, C; 4+ Cy, describes the setting where each letter
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can be sent from either of the two channels, and letters from C; cannot be
confused with letters from Cy. The characteristic graph in this case is the
disjoint union GG; + G, where G; is the characteristic graph of C;. Shannon
showed in [97] that ¢(G1 + G2) > ¢(G1) + ¢(G2) for every two graphs Gy
and G, and conjectured that in fact ¢(G1 + G2) = ¢(G1) + ¢(G2) for all G4
and Go. This was disproved by Alon [8] using an explicit construction of two
graphs Gy, Gy with a capacity ¢(G;) < k, satisfying ¢(Gy + Gg) > J U e Tos)
We extend the ideas of [8] and show that it is possible to construct ¢
graphs, G; (i € [t] = {1,2,...,t}), such that for every subset X C [t],
the Shannon capacity of ),  G; is high iff X contains some subset of a
predefined family F of subsets of [t]. This corresponds to assigning ¢ channels
to t senders, such that designated groups of senders F' € F can obtain a
high capacity by combining their channels (3 .. C;), and yet every group of
senders X C [t] not containing any F' € F has a low capacity. In particular,
a choice of F = {F C [t] : |F| =k} implies that every set X of senders has
a high Shannon capacity of ), C; if | X| > k, and a low capacity otherwise.
The following theorem, proved in Section 2.2, formalizes the claims above:

Theorem 2.1.1. Let T = {1,...,t} for some fivted t > 2, and let F be a
family of subsets of T. For every (large) n it is possible to construct graphs

G;, 1 €T, each on n vertices, such that the following two statements hold for
al X CT:

1. If X contains some F € F, then c(3 ;o Gi) > nM/IFl > pl/t.

2. If X does not contain any F' € F, then

(3 Gy) < ool VaEmTogTog

1€X

?

where the o(1)-term tends to 0 as n — oo.

As a by-product, we obtain the following Ramsey construction, where
instead of forbidding monochromatic subgraphs, we require “rainbow” sub-
graphs (containing all the colors used for the edge-coloring). This is stated
by the next proposition, which is proved in Section 2.3:
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Proposition 2.1.2. For every (large) n and t < ,/(102;10%71)3 there is an

explicit t-edge-coloring of the complete graph on n vertices, such that every

induced subgraph on
e(1—',—0(1))\/8 log nloglogn

vertices contains all t colors.

This extends the construction of Frankl and Wilson [56] that deals with
the case t = 2 (using a slightly different construction).

2.2 Graphs with high capacities for unions of
predefined subsets

The upper bound on the capacities of subsets not containing any F' € F
relies on the algebraic bound for the Shannon capacity using representations
by polynomials, proved in [8]. See also Haemers [63] for a related approach.

Definition 2.1. Let K be a field, and let H be a linear subspace of polyno-
mials in r variables over K. A representation of a graph G = (V, E) over
H is an assignment of a polynomial f, € H and a value ¢, € K" to every
v € V., such that the following holds: for every v € V, f,(¢c,) # 0, and for
every u # v € V such that wv ¢ E, f,(¢,) = 0.

Theorem 2.2.1 ([8]). Let G = (V,E) be a graph and let H be a space of
polynomaals in r variables over a field K. If G has a representation over H

then ¢(G) < dim(H).
We need the following simple lemma:

Lemma 2.2.2. Let T = [t] fort > 1, and let F be a family of subsets of T'.
There exist sets Ay, Ao, ..., Ay such that for every X C T

X does not contain any F' € F <= m A #0 .
iex

Furthermore, |U§:1 Ail < (u;zj)'
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Proof of lemma. Let ) denote the family of all maximal sets Y such that Y
does not contain any F' € F. Assign a unique element py to every Y € ),
and define:

Ai={py 1i€Y , YeY}. (2.1)

Let X C T, and note that (2.1) implies that (). 4 = {py : X C Y}
Thus, if X does not contain any F' € F, then X C Y for some Y € ), and
hence py € ﬂie « A;. Otherwise, X contains some I’ € F and hence is not a
subset of any Y € Y, implying that (., A; = 0.

Finally, observe that ) is an anti-chain and that ||J;_, A;] < |)|, hence
the bound on || J!_, A;| follows from Sperner’s Theorem [98]. |

Proof of Theorem 2.1.1. Let p be a large prime, and let {py : Y € YV}
be the first || primes succeeding p. Define s = p* and r = p3, and note that,
as t and hence |)| are fixed, by well-known results about the distribution of
prime numbers, py = (14 0(1))p < s for all Y, where the o(1)-term tends to
0 as p — oo.

The graph G; = (V;, E;) is defined as follows: its vertex set V; consists of
all (7) possible s-element subsets of [r], and for every A # B € V;:

(A,B) e £, <= |ANB|=s (mod py) for some py € A4; . (2.2)

Let X C T. If X does not contain any F' € F, then, by Lemma 2.2.2,
Micx Ai # 0, hence there exists some ¢ such that ¢ € A; for every i € X.
Therefore, for every i € X, if A, B are disconnected in G;, then |[AN B| # s
(mod ¢). It follows that the graph ) .., G; has a representation over a
subspace of the multi-linear polynomials in |X|r variables over Z, with a

degree smaller than ¢q. To see this, take the variables xy), i=1,...,]X|,
=1,...,r, and assign the following polynomial to each vertex A € V;:
fa@) = [ => ")
UZES JEA
The assignment c, is defined as follows: ) = 1if ¢ = i and j € A,

J

W) = 0. As every assignment cys gives values in {0, 1} to all Z‘§~i),

j . .
it is possible to reduce every f4 modulo the polynomials (:10?))2 — xg»l) for all

otherwise
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and 7, and obtain multi-linear polynomials, equivalent on all the assignments

Car.
The following holds for all A € V;:

falea) =[J(w—9)#£0 (modq),
UFES

and for every B # A:

where the last equality is by the fact that s # 0 (mod ¢), as s = p* and
p < q. As the polynomials f,4 lie in the direct sum of | X| copies of the space
of multi-linear polynomials in r variables of degree less than ¢, it follows from
Theorem 2.2.1 that the Shannon capacity of ) ._y G is at most:

q—1 q—1
r r r
X <t <t .
% ()= % () =0)
=0 1=0
Recalling that ¢ = (1 + o(1))p and writing t(;) in terms of n = (7) gives the
required upper bound on ¢( ..y Gi).
Assume now that X contains some F' € F, F' = {i,...,4p}. We claim

that the following set is an independent set in (Zze x Gi)‘F‘:
{(AC) AU AGR)y s AC ], A = s},

where A() is the vertex corresponding to A in Vi,. Indeed, if (A, A,..., A)
and (B, B, ..., B) are adjacent, then for every i € ', |AN B| = s (mod py)
for some py € A;. However, ;. A; = 0, hence there exist py # py- such that
|AN B is equivalent both to s (mod py) and to s (mod pj). By the Chinese
Remainder Lemma, it follows that |[AN B| = s (as |[AN B| < pyp} ), thus
A = B. Therefore, the Shannon capacity of ) .. G; is at least (Z) VIFL _
nY/IFl [ ]
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2.3 Explicit construction for rainbow Ram-
sey graphs

Proof of Proposition 2.1.2. Let p be a large prime, and let p; < ... < p;
denote the first ¢ primes succeeding p. We define r,s as in the proof of
Theorem 2.1.1: s = p?, r = p3, and consider the complete graph on n

vertices, K,,, where n = (Z), and each vertex corresponds to an s-element

2logn . . 1
subset of [r]. The fact that ¢ < ,/m implies that ¢ < (5 + 0(1))1O’g’p,
and hence, by the distribution of prime numbers, p; < 2p (with room to

spare) for a sufficiently large value of p.

We define an edge-coloring v of K,, by t colors in the following manner:
for every A,B € V, v(A,B) = i if |AN B| = s (mod p;) for some i € [t],
and is arbitrary otherwise. Note that for every i # j € {1,...,t}, s < p;p;.
Hence, if [AN B| = s (mod p;) and |[AN B| = s (mod p;) for such i and
j, then by the Chinese Remainder Lemma, |A N B| = s, and in particular,
A = B. Therefore, the coloring ~ is well-defined.

It remains to show that every large induced subgraph of K, has all ¢ colors
according to . Indeed, this follows from the same consideration used in the
proof of Theorem 2.1.1. To see this, let GG; denote the spanning subgraph
of K, whose edge set consists of all (A, B) such that v(A, B) = i. Each
pair A # B, which is disconnected in G;, satisfies |A N B| # s (mod p;).
Therefore, GG; has a representation over the multi-linear polynomials in r
variables over Z,, with a degree smaller than p; (define f4(z1,...,x,) as is
in the proof of Theorem 2.1.1, and take c4 to be the characteristic vector of
A). Thus, ¢(G;) < (;), and in particular, a(G;) < (;;) This ensures that
every induced subgraph on at least (p:) < (2;) vertices contains an ¢-colored
edge, and the result follows. |
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Chapter 3

Non-linear index coding
outperforming the linear
optimum

The results of this chapter appear in [83]

The following source coding problem was introduced by Birk and Kol: a
sender holds a word = € {0,1}", and wishes to broadcast a codeword to n
receivers, Ry, ..., R,. The receiver R; is interested in x;, and has prior side
information comprising some subset of the n bits. This corresponds to a
directed graph G on n vertices, where 7j is an edge iff R; knows the bit z;.
An index code for G is an encoding scheme which enables each R; to always
reconstruct z;, given his side information. The minimal word length of an
index code was studied by Bar-Yossef, Birk, Jayram and Kol [23]. They in-
troduced a graph parameter, minrks(G), which completely characterizes the
length of an optimal linear index code for G. The authors of [23] showed that
in various cases linear codes attain the optimal word length, and conjectured
that linear index coding is in fact always optimal.

In this work, we disprove the main conjecture of [23] in the following
strong sense: for any ¢ > 0 and sufficiently large n, there is an n-vertex
graph G so that every linear index code for GG requires codewords of length
at least n'~¢, and yet a non-linear index code for G has a word length of n®.
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This is achieved by an explicit construction, which extends Alon’s variant of
the celebrated Ramsey construction of Frankl and Wilson.

In addition, we study optimal index codes in various, less restricted, nat-
ural models, and prove several related properties of the graph parameter

minrk(G).

3.1 Introduction

Source coding deals with a scenario in which a sender has some data string
x he wishes to transmit through a broadcast channel to receivers. The first
and classical result in this area is Shannon’s Source Coding Theorem. This
has been followed by various scenarios which differ in the nature of the data
to be transmitted, the broadcast channel and some assumptions on the com-
putational abilities of the users. Another family of source coding problems,
which attracted a considerable amount of attention over the years, deals with
the assumption that the receivers possess some prior knowledge on the data
string z. It was shown that in some cases even some restricted assumptions
on this knowledge may drastically affect the nature of the coding problem.

In this chapter we consider a variant of source coding which was first pro-
posed by Birk and Kol [27]. In this variant, called Informed Source Coding
On Demand (ISCOD), each receiver has some prior side information, com-
prising some subset of the input word x. The sender is aware of the portion
of x known to each receiver. Moreover, each receiver is interested in just
part of the data. Following [23], we restrict ourselves to the problem which
is formalized as follows.

Definition 3.1 (index code). A sender wishes to send a word x € {0,1}" to
n receiwvers Ry, ..., R,. Fach R; knows some of the bits of x and is interested
solely in the bit x;. An index code of length { for this setting is a binary code
of word-length ¢, which enables R; to recover x; for any x and i.

Using a graph model for the side-information, this problem can be restated as
a graph parameter. For a directed graph G and a vertex v, let N (v) be the
set of out-neighbors of v in G, and for x € {0,1}" and S C [n] ={1,...,n},
let z|g be the restriction of = to the coordinates of S.
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Definition 3.2 (/(G)). The setting of Definition 3.1 is characterized by the
directed side information graph G' on the vertex set [n], where (i, j) is an edge
iff R; knows the value of z;. An index code of length { for G is a function
E :{0,1}" — {0,1}* and functions Dy, ..., D,, so that for all i € [n] and
x € {0,1}", Di(E(a:),a:|N§(i)) = x;. Denote the minimal length of an index
code for G by ((Q).

Example: Suppose that every receiver R; knows in advance the whole word
x, except for the single bit x; he wishes to recover. The corresponding side
information graph G is the complete graph K, (that is, (¢,7) is an edge for
all i # j). By broadcasting the XOR of all the bits of x, each receiver can
easily compute its missing bit:

Ba)= @ .
i=1
jF#i
In this case the code has length / = 1 and E is a linear function of x over
GF(2).

The problem of Informed Source Coding On Demand (ISCOD) was pre-
sented by Birk and Kol [27]. They were motivated by various applications
of distributed communication such as satellite communication networks with
caching clients. In such applications, the clients have limited storage and
maintain part of the transmitted information. Subsequently, the clients re-
ceive requests for arbitrary information blocks, and may use a slow backward
channel to advise the server of their status. The server, playing the role of the
sender in Definition 3.1, then broadcasts a single transmission to all clients
(the receivers). As observed by Birk and Kol [27], when the sender has
only partial knowledge of the side information (e.g., the number of missing
blocks for each user), an erasure correcting code such as Reed-Solomon Code
performs well. This is also the case if every user is expected to be able to
decode the whole information. The authors of [27] present some bounds and
heuristics for obtaining efficient encoding schemes, as well as protocols for
implementing the above scenario. See [27] and [23] for more details on the
relation between the source coding problem, as formulated above, and the
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ISCOD problem, as well as the communication complexity of the indexing
function, random access codes and network coding.

Bar-Yossef, Birk, Jayram and Kol [23] further investigated index coding,.
They showed that this problem is different in nature from the well-known
source coding problems previously studied by Witsenhausen in [106]. Their
main contribution is an upper bound on ¢(G), the optimal length of an index
code (Definition 3.2). The upper bound is a graph parameter denoted by
minrks(G), which is also shown to be the length of the optimal linear index
code. It is shown in [23] that in several cases linear codes are in fact optimal,
e.g., for directed acyclic graphs, perfect graphs, odd cycles and odd anti-holes.
An information theoretic lower bound on ¢(G) is obtained: it is at least the
size of a maximal acyclic induced subgraph of G. This lower bound holds
even for the relaxed problem of randomized index codes, where the sender
is allowed to use (public) random coins during encoding, and the receivers
are expected to decode their information correctly with high probability over
these coin flips. Nevertheless, they show that in some cases the lower bound
is not tight.

Having proved that the upper bound ¢(G) < minrky(G) is tight for sev-
eral natural graph families and under some relaxed restrictions on the code
(“semi-linearly-decodable”), the authors of [23] conjectured that the length
of the optimal index code is in fact equal to minrky(G). That is, they con-
jectured that linear index coding is always optimal, and concluded that this
was the main open problem to be investigated.

Before stating the main results of this chapter, we review the definition
of minrks(G) and other related graph theoretic parameters.

3.1.1 Definitions, notations and background

Let G = (V, E) be a directed graph on the vertex set V' = [n]. The adjacency
matrix of G, denoted by A¢ = (a;;), is the n x n binary matrix where a;; = 1
iff (i,7) € E. An independent set of G is a set of vertices which have no edges
between them, and the independence number of G, a(G), is the cardinality
of a maximum independent set. The chromatic number of G, x(G), is the
minimum number of independent sets whose union is all of V. Let G denote
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the graph complement of G. A clique of G is an independent set of G (i.e., a
set of vertices such that all edges between them belong to G), and the clique
number of G, w(G), is the cardinality of a maximum clique. Without being
formal, a graph G is called “Ramsey” if both a(G) and w(G) are “small”.

In [23], a binary n x n matrix A = (a;;) was said to “fit” G if A has
1-s on its diagonal, and 0 in all the indices ¢,j where i # j and (i,j) ¢ E.
The parameter minrks(G) was defined to be the minimal possible rank over
GF(2) of a matrix which fits G.

To extend this definition to a general field, let A = (a;;) be an n x n
matrix over some field F. We say that A represents the graph G over F if
a; # 0 for all 4, and a;; = 0 whenever ¢ # j and (i,j) ¢ E. The minrank of
a directed graph G with respect to the field F is defined by

minrkg(G) = min{rankg(A) : A represents G over F} . (3.1)
For the common case where F is a finite field, we abbreviate:
minrk,x (G) = minrkegpm (G)

The notion of minrk(G) for an undirected graph G was first considered in the
context of graph capacities by Haemers [63],[64]. The Shannon capacity of
the graph G, denoted by ¢(G), is a notoriously challenging parameter, which
was defined by Shannon in [97], and remains unknown even for simple graphs,
such as C7, the cycle on 7 vertices. Lower bounds for ¢(G) are given in terms
of independence numbers of certain graphs, and in particular, a(G) < ¢(G).
Haemers showed that for all F, minrkg(G) is sandwiched between ¢(G) and

X(G), the chromatic number of the complement of G, altogether giving
a(G) < ¢(G) < minrkp(G) < x(G) . (3.2)

While minrky(G) can prove to be difficult to compute, the most useful upper
bound for ¢(G) is ¥(G), the Lovasz J-function, which was introduced in
the seminal paper [81] to compute ¢(C5). The matrix-rank argument was
thereafter introduced by Haemers to answer some questions of [81], and has
since been used (under some variants) in additional settings to obtain better
bounds than those provided by the ¥-function (cf., e.g., [8]).
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3.1.2 New results

The main result of this chapter is an improved upper bound on the length of
index codes, which is shown to strictly improve upon the minrky(G) bound.
This disproves the main conjecture of [23] regarding the optimality of linear
index coding, as stated by the following theorem.

Theorem 3.1.1. For any € > 0 and any sufficiently large n, there is an
n-vertexr graph G so that:

1. Any linear index code for G requires n*=¢ bits, that is,

minrky(G) > n' "¢ .

2. There exists a non-linear index code for G using n® bits, that is,

UG) <n.

Moreover, the graph G is undirected and can be constructed explicitly.

Note that this in fact disproves the conjecture of Bar-Yossef et al. in the
following strong sense: the ratio between an optimal code and an optimal
linear code over GF(2) can be n!=°(). The essence of the new upper bound
lies in the fact that, in some cases, linear codes over other fields' may yield
significantly better coding schemes. This notion is incorporated in the fol-
lowing upper bound on ¢(G), which is a simple extension of a result of [23]
(the special case F = GF(2)).

Theorem 3.1.2. Let G be a graph, and let A be a matriz which represents
G over some field F (not necessarily finite). Then:

UG) <[ logy [{Az:z € {0,1}"} ] .
In particular, the following holds:
((G) < min [ minrkg(G)log, |F| ] . (3.3)

" F:|F|<co

!The term “linear codes over GF(p)” is used to describe a coding scheme, in which the
input word is encoded into a sequence of linear functionals of its symbols over GF'(p), which
are subsequently used for the decoding. The protocol for transmitting these functionals
need not be linear.
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Indeed, for some graphs the minimum of (3.3) is attained when F # GF'(2),
in which case the linear code over GF'(2) is suboptimal. Proposition 3.2.2
(Section 3.2) provides a construction of such graphs, and is the main in-
gredient in the proof of Theorem 3.1.1. This proposition, which may be of
independent interest, states that for any pair of finite fields with distinct
characteristics, F and K, the gap between minrky and minrkg can be n'=°®).
Theorem 3.1.1 is then obtained as a corollary of Theorem 3.1.2 and a special
case of Proposition 3.2.2.

As a corollary, Proposition 3.2.2 yields that minrkg(G)/9(G) (where ¥ is
the Lovéasz d-function and |V(G)| = n) is in some cases (roughly) at least
\/n, whereas in other cases it is (roughly) at most 1/y/n. This addresses
another question of [23] on the relation between these two parameters.

An additional corollary of Proposition 3.2.2 states that ¢(G) may be much
smaller than the upper bounds of Theorem 3.1.2. That is, there are graphs
for which all linear codes are suboptimal.

Corollary 3.1.3. For any € > 0 and a sufficiently large n, there is a graph
G on n vertices so that {(G) < nf, and yet ¢(G) > /n. In particular, for
any field F, minrkp(G) > ¢(G) > /n.

We also extend the main construction of Proposition 3.2.2 and give, for
any prescribed set of finite fields {IF;} and an additional finite field K of a
distinct characteristic, a construction of a graph G so that minrkg, (G) is
“large” for all i, whereas minrkk(G) is “small”. Thus, one cannot hope for
a tight upper bound of the type of Theorem 3.1.2 in which only a finite set
of fields is considered.

Proposition 3.1.4. For any fized t, let Fy,... F; denote finite fields, and
let K denote a finite field of a distinct characteristic. For any € > 0 and
a sufficiently large n, there is an explicit construction of a graph G on n
vertices, so that minrkg(G) < n®, whereas for all i € [t], minrkg, (G) >
n1-e/t.

In the second part of this chapter, we revisit the problem definition. It
is shown that the restricted problem given in Definition 3.1 captures many
other cases arising from the original distributed applications, which moti-
vated the study of Informed Source Coding On Demand. In particular, we
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suggest appropriate models and reductions for cases in which multiple users
are interested in the same bit, there are multiple rounds of transmission and
the transmitted words are over a large alphabet. These models are obtained
as natural extensions of the original problem, and exhibit interesting relations
to the original parameters ((G) and minrk(G).

3.1.3 Techniques

A key element in the proof of the main result is an extended version of the
Ramsey graph constructed by Alon [8], which is a variant of the well-known
Ramsey construction of Frankl and Wilson [56]. This graph, G, , for some
large primes p, ¢, was used by Alon in order to disprove an old conjecture of
Shannon [97] on the Shannon capacity of a union of graphs.

Using some properties of the minrk parameter, one can show that the
graph G,, has a “small” minrk, and a “large” minrk,, implying that the
optimal linear index code over GF'(p) may be significantly better than the
one over GF(q). However, it is imperative in the above construction that
both p and ¢ will be large, whereas we are interested in the case ¢ = 2,
corresponding to minrks. To this end, we extend the above construction
of [8] to prime-powers, using some well known results on congruencies of
binomial coefficients.

In order to generalize the main result and obtain a graph which has a
“short” linear index code over some field K, yet “long” linear index codes
over a given set of fields [Fy,...,[F;, we follow the approach of [1] and [89],
and consider a graph product of previously constructed graphs. En route,
we derive several properties of the minrank parameter, which may be of
independent interest.

The proofs of the results throughout the chapter combine arguments from
Linear Algebra and Number Theory along with some additional ideas, in-
spired by the theory of graph capacities under various definitions of graph
products.
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3.1.4 Organization

The rest of the chapter is organized as follows. Section 3.2 contains a de-
scription of the basic construction, and the proof of the main result (Theorem
3.1.1). In Section 3.3, we study the various extensions of the original problem.
Section 3.5 contains some concluding remarks and open problems.

3.2 Non-linear index coding schemes

We begin with the proof of Theorem 3.1.2, which is a simple extension of a
result in [23].

Proof of Theorem 3.1.2. Let V' = [n]| denote the vertex set of G, A =
(a;j) denote a matrix which represents G over some field F (not necessarily
finite), and S = {Az: 2z € {0,1}"} C F". For some arbitrary ordering of
the elements of S, the encoding of x € {0,1}" is the label of Az, requiring
a word-length of [log, |S|] bits. For decoding, the i-th receiver R; examines
(Az);, and since the diagonal of A does not contain zero entries by definition,
we have:

a;' (Az); = aj;' Z ai;r; = T; + a;’ Z a;xj , (3.4)

j

JENL (i)

where the last equality is by the fact that A represents G. As R; knows {x; :
j € NZ (i)}, this allows R; to recover ;. Therefore, indeed ((G) < [log, |S|].

To conclude the proof, note that in case F is finite, we have |S| <
|F|ranke(4) " implying (3.3). Furthermore, in this case it is possible to use
a linear code utilizing the same word-length. The sender transmits a binary-
encoding of the inner-products (u; -z, ..., u, - x) € F", where {uy,...,u,} is
a basis for the rows of A over F. [ |

Remark 3.2.1: As proved for the case F = GF(2) in [23], it is possible
to show that the above bound is tight for the case of linear codes over F.
That is, the length of an optimal linear index code over a finite field F is
[minrkg log, |F|].
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We now turn to the main ingredient in the proof of Theorem 3.1.1. Here
and in what follows, all logarithms are in the natural base unless stated
otherwise.

Proposition 3.2.2. Let F and K denote two finite fields with distinct char-
acteristics. There is an explicit construction of a family of graphs G = G(n)
on n vertices, so that

minrkp(G) < exp <\/(2 + 0(1)) lognloglog n) = n° (3.5)
and yet:
minrkg (G) > n/ exp (\/(2 + 0(1)) log nlog log n) =npte® (3.6)

where the o(1)-terms tend to 0 as n — oo.

Proof. We first consider the case F = GF(p) and K = GF(q) for distinct
primes p and ¢. Let € > 0, and let k denote a (large) integer satisfying?

¢ <p'<(1+e), wherel = |klog,p] . (3.7)

Define:
s=p"¢' —1 and r=p* . (3.8)

The graph G on n = (2) vertices® is defined as follows. Its vertices are all
s-element subsets of [r|, and two vertices are adjacent iff their corresponding
sets have an intersection whose cardinality is congruent to —1 modulo p*:

V()= ("), BG)={(X,Y)eV? : X£Y |XNY|=-1 (modp")}.
(3.9)
For some integer d to be determined later, define the inclusion matriz My

to be the (:) X (2) binary matrix, indexed by all s-element and d-element
subsets of [r], where (My)ap =11iff B C A, for all A € ([Z]) and B € ([:l]).

2Tt is easy to verify that there are infinitely many such integers k, as p, ¢ are distinct
primes, and hence the set {klog, p (mod 1)}xen is dense in [0, 1].

3By well known properties of the density of prime numbers, and standard graph the-
oretic arguments, proving the assertion of the proposition for these values of n in fact
implies the result for any n.
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Notice that the n x n matrix My(My)T satisfies the following for all A, B € V
(not necessarily distinct):

(Ma( M) 4 g — HX c ([2]) X (AﬂB)H _ <|ASB|> (3.10)

Define P = My (M y)" and Q = My (My )", We claim that P
represents G over GF (p) whereas @ represents G over GF(q). To see this,
we need the following simple observation, which is a special case of Lucas’s
Theorem (cf., e.g., [31]) on congruencies of binomial coefficients. It was
used, for instance, in [22] for constructing low-degree representations of OR
functions modulo composite numbers, as well as in [56].

Observation 3.2.3. For every prime p and integers i,j,e with i < p°,

(0 i

Consider some A € V; since s satisfies both s = (pF — 1) (mod p*) and
s= (¢ — 1) (mod ¢'), combining (3.10) with Observation 3.2.3 gives

Pya= (pks_ 1) =1 (modp), and Qa4 = (ql S_ 1) =1 (modq) .
Thus, indeed the diagonal entries of P and () are non-zero; it remains to
show that their (A, B)-entries are 0 wherever A, B are distinct non-adjacent
vertices. To this end, take A, B € V so that A # B and AB ¢ E(G); by
(3.9), JAN B| # —1 (mod p*), hence

ANB
Pyp = (’pk B 1|> =0 (mod p),

the last equivalence again following from Observation 3.2.3, as (p,f_l) =0
for all z € {0,...,p* —2}. Finally, suppose that A, B € V satisfy A # B
and AB ¢ E(G). That is, AB € E(G), hence |AN B| = —1 (mod p*). The
Chinese Remainder Theorem now implies |[AN B| # —1 (mod ¢'), otherwise
we would get |[ANB| = s and A = B. Since (qlfl) =0forallz € {0,...,¢'—

2}, we get
ANB
Qap = (’ql—l‘) =0 (modgq).
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Altogether, P represents G' over GF(p), and Q represents G over GF(q).
Therefore, minrk,(G) is at most rank,(P) < rank,(M,:_;), and similarly,
minrk,(G) is at most rank,(Q) < ranky(M, ;). As M, has (};) columns,

n = (5’351) and ¢' < p* < (1 +¢)¢!, a straightforward calculation now gives:

minrk,(G) < (

pkr_ 1> < €xp (\/<1 +e+4o0(1))2lognlog logn> ,

minrk,(G) < (ql 7’_ 1) < exp (\/(1 + e+ 0(1))2lognloglog n) :

The next simple claim relates minrk,(G) and minrk,(G):

Claim 3.2.4. For any graph G on n vertices and any field F, minrkp(G) -

minrkg(G) > n.

Proof. We use the following definition of graph product due to Shannon [97]:
G1 X Gy, the strong graph product of G7 and (G, is the graph whose vertex set
is V(G1) x V(Gs), where two distinct vertices (uq,us) # (v, v7) are adjacent
iff for all ¢ € {1, 2}, either u; = v; or (u;,v;) € E(G;).

As observed by Haemers [63], if A; and A, represent G; and G respec-
tively over IF, then the tensor product A; ® As represents Gy x G over F. To
see this, notice that the diagonal of A; ® Ay does not contain zero entries,
and that if (uy,us) # (v1,v2) are disconnected vertices in Gy X Gg, then by
definition (A1) (uy 1) (A2)(us,0e) = 0, since in this case for some i € {1,2} we
have u; # v; and w;v; ¢ E(G;). Letting A; and Ay denote matrices which
attain minrkg(G) and minrky(G) respectively, the above discussion implies
that:

minrkp(G x G) < rank(A; ® Ay) = minrky(G) - minrky(G) .

However, the set {(u,u) : u € V(G)} is an independent-set of G' x G, since
for u # v, either uv € E(G) and uwv ¢ E(G) or vice versa. Therefore, (3.2)
gives mintkp(G x G) > a(G x G) > n, completing the proof of the claim. M

This concludes the proof of the proposition for the case F = GF(p),
K = GF(q), where p,q are two distinct primes. The generalization to the
case of prime-powers is an immediate consequence of the next claim, whose
proof is given in Section 3.4.
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Claim 3.2.5. Let G be a graph, p be a prime and k be an integer. The
following holds:

%minrkp(G) < minrk,:(G) < minrk,(G) . (3.11)

This concludes the proof of Proposition 3.2.2. |

Remark 3.2.6: Alon’s Ramsey construction [8] is the graph on the vertex
set V = ([Z]), where r = p® and s = pg — 1 for some large primes p ~ ¢,
and two distinct vertices A, B are adjacent iff |[A N B| = —1 (mod p). Our
construction allows p and ¢ to be large prime-powers p* ~ ¢'. Note that the
original construction by Frankl and Wilson [56] had the parameters r = ¢*
and s = ¢*> — 1 for some prime-power ¢, and two distinct vertices A and B
are adjacent iff |AN B| = —1 (mod q).

Proof of Theorem 3.1.1. In order to derive Theorem 3.1.1 from Theorem
3.1.2 and Proposition 3.2.2, apply Proposition 3.2.2, setting F = GF(p) and
K = GF(2), where p > 2 is any fixed (odd) prime. Let ¢ > 0; for any
sufficiently large n, the graph obtained above satisfies

minrky(G) > n/ exp(O(y/lognloglogn)) >n'"¢,  and yet
((G) < [minrk,(G)log,(p)] < exp(O(y/lognloglogn)) < n . [ |

3.3 The problem definition revisited

Call the problem of finding the optimal index code, as defined in Definition
3.1, Problem 3.1. At first glance, Problem 3.1. seems to capture only
very restricted instances of the source coding problem for ISCOD, and its
motivating applications in communication. Namely, the main restrictions
are:

(1) FEach receiver requests exactly one data block.
(2) Each data block is requested only once.

(3) Ewvery data block consists of a single bit.
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In [27], where Definition 3.1 was stated, it is proved that the source coding
problem for ISCOD can be reduced to a similar one which satisfies restriction
(1). This is achieved by replacing a user that requests k > 1 blocks by k users,
all having the same side information, and each requesting a different block.
On the other hand, restriction (2) appeared in [27] to simplify the prob-
lem and to enable the side-information to be modeled by a directed graph.?
Restriction (3) is stated assuming a larger block size does not dramatically
effect the nature of the problem. In what follows, we aim to reconsider the
last two restrictions.

3.3.1 Shared requests

Problem 3.2: The generalization of Problem 3.1 to m > n receivers, each
interested in a single bit (i.e., we allow several users to ask for the same bit).

In this case, the one-to-one correspondence between message bits and
receivers no longer holds, thus the directed side information graph seems
unsuitable. However, it is still possible to obtain bounds on the optimal
linear and non-linear codes using slightly different models.

Let P, denote an instance of Problem 3.2, and let £(Ps) denote the length
of an optimal index code in this setting. It is convenient to model the side-
information of Py using a binary m x n matrix, where the ij entry is 1 iff the
i-th user knows the j-th bit (if m = n, this matrix is the adjacency matrix
of the side information graph). With this in mind, we extend the notion
of representing the side-information graph as follows: an m x n matrix B
represents Py over [ iff for all ¢ and j:

e If the i-th receiver is interested in the bit x;, then B;; # 0.

e If the i-th receiver is neither interested in nor knows the bit z;, then

Notice that in the special case m = n, the above definition coincides with the
usual definition of representing the side-information graph. Let minrkg(P2)

41t followed the observation that if the same block is requested by several receivers,
then most of the communication saving comes from transmitting this block once (duplicate
elimination).



3.3 The problem definition revisited

53

denote the minimum rank of a matrix B that represents Py over F. It is
straightforward to verify that a result analogous to Theorem 3.1.2 and Re-
mark 3.2.1 holds for the extended notion of matrix representation:

Theorem 3.3.1. Let Py denote an instance of Problem 3.2. Then the length
of an optimal linear code is minrks(Py), and the upper bounds of Theorem
3.1.2 on arbitrary index codes hold for Py as well.

Next, given P, define the following two directed m-vertex graphs Ginq
and G . Both vertex sets correspond to the m users, where each set of users
interested in the same bit forms an independent set in Gi,q and a clique in
G¢. In the remaining cases, in both graphs (v;,v;) is an edge iff the i-th
user knows the bit in which the j-th user is interested (for m = n, both
graphs are equal to the usual side-information graph defined in Definition
3.2). The following simple claim provides additional bounds on ¢(Ps); we
omit the details of its proof.

Claim 3.3.2. If Py denotes an instance of Problem 3.2, and Gi,q and G
are defined as above, then:

1. U(Gq) < U(Py), and in addition, minrkg(G.) < minrkg(Ps) for all F.

2. £(P2) < U(Gina), and in addition, minrkg(P2) < minrkg(Ginq) for all
F.

3.3.2 Larger alphabet and multiple rounds

Suppose the data string x is over a possibly larger alphabet, e.g., {0,1}° for
some b > 1:

Problem 3.3: The generalization of Problem 3.1, where each input symbol
x; € {0,1}° comprises a block of b bits. Every user is interested in a single
block, and knows a subset of the other blocks.

It is not difficult to see that this case can be reduced to Problem 3.1 by
considering the graph G[b], defined as follows. For some integer b, let G[b]
denote the b-blow-up of G (with independent sets), that is, the graph on
the vertex set V(G) x [b], where (u,7) and (v, j) are adjacent iff uv € E(G).
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Indeed, Problem 3.3 reduces to Problem 3.1 with side information graph G/[b],
by assigning a receiver to each of the data bits. Therefore, this extension is
in fact a special case of the original seemingly restricted problem. It is not
difficult to verify that ¢(G[b]) < b- ¢(G); the next remark shows this bound

is sometimes tight:

Remark 3.3.3: If an undirected graph G satisfies ((G)) = a(G) (this holds,

e.g., for all graphs satisfying a(G) = x(G), and namely for perfect graphs),
then ((G[b]) = b- {(G), as

b-U(G) = UG = a(GlB]) = b- a(G) = b-U(G) .

It seems plausible that there are graphs for which ¢(G[b]) < b-¢(G). That is,
transmission of a block may strictly improve upon independent transmissions.
In this case, it would be interesting to study the “rate” of an index code

defined by limy_, Z(i[b]) (the limit exists by sub-additivity).

Another interesting extension of the problem is the scenario of multiple
rounds:

Problem 3.4: The generalization of Problem 3.1 to t > 1 rounds: the

sender wishes to transmit ¢ words z',... ' € {0,1}", with respective side
information graphs Gy, ..., G;. Receiver R; is always interested in the i-th
bit of the input words, z},. .., zt.

If the side information graph is constant (i.e., G; = G for all i), then
Problem 3.4 can (again) be reduced to Problem 3.1 by an independent set
blow-up of the side information graph. Hence, in this case it also coincides
with Problem 3, where the block size b corresponds to the number of rounds
t. Nevertheless, even for general graphs {G;}, a reduction to Problem 3.1 is
possible: let G = G o --- o GG; denote the directed graph on the vertex set
V(G) = [n] x [t], where for all i1,iy € [n| and ki, ko € [t], ((i1, k1), (t2, k2))
is an edge of G iff (i1,is) € E(Gy,). Again, it is straightforward to see that
((QG) is precisely the solution for Problem 3.4.

Interestingly, in this case there are series of graphs such that independent
transmissions consume significantly more communication. For instance, for
every n there are n-vertex graphs Gy and Gy such that ((Gy) + ¢(Gy) = 2n,
whereas (G o G3) = n + 1. The example is given in Section 3.4.
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3.4 Proofs for remaining results

3.4.1 Proof of Corollary 3.1.3

Let € > 0, and let G be the graph constructed by Proposition 3.2.2 for F =
GF(2), K = GF(3), and a sufficiently large n such that minrky(G) < n®/2
and minrks(G) < n°/2. Let H denote the graph G + G, that is, the disjoint
union of G and its complement. We claim that

((H) < 3n*/? | and yet c(H) > V2n = +/|V(H)| .

To see this, observe that in order to obtain an index code for a given graph,
one may always arbitrarily partition the graph into subgraphs and concate-
nate their individual index codes:

Observation 3.4.1. For any graph G and any partition of G to subgraphs
G1,...,G, (that is, G; is an induced subgraph of G on some V;, and V =
U; Vi), we have ((G) <> U(G;).

In particular, in our case, by combining the above with Theorem 3.1.2, we
have

((H) < U(G) + U(G) < n°? + [logy 3n?] < 3n°/%.

Finally, label the vertices of G as {v1,...,v,} and the corresponding
vertices of G as {v},...,v,}. Following the arguments of the proof of Claim
3.2.4, it is easy to verify that the set of vertices {(v;,v}) : i € [n|} U {(v}, v;) :
i € [n]} is an independent set of size 2n in G x G + G x G, which is an
induced subgraph of H x H. Therefore, ¢(H) > V2n. [ |

Remark 3.4.2: A standard argument gives a slight improvement in the
above lower bound on ¢(H), to ¢(H) > 2y/n. See, e.g., [8] (proof of Theorem
2.1) for further details.

3.4.2 Proof of Proposition 3.1.4

We need the following definition:
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Definition 3.3 (Lexicographic graph product). The Lexicographic graph
product of G and H, denoted by G - H, is the graph whose vertex set is
V(G) x V(H), where (uy,v1) is adjacent to (ug,ve) iff either ujus € E(QG),
or u; = uy and vive € E(H).

The above product is associative, giving meaning to G;-. . .-Gy, where two
distinct k-tuples are adjacent iff there is an edge in the graph corresponding
to the first coordinate where they differ. Asnoted by Abbott [1], this product
satisfies «(G-H) = a(G)a(H) and w(G - H) = w(G)w(H) for any two graphs
G and H. This suggests that this product may be used to construct large
Ramsey graphs as a high graph power of a small (fixed) Ramsey graph (cf.,
e.g., [89]).

Notice that minrk,(G) < minrk,q(G) for any prime p and integers e > d.
Therefore, we can assume without loss of generality that all the [F;-s are fields
with pairwise distinct characteristics. Let G; denote the graph obtained by
applying Proposition 3.2.2 on K and F;, so that:

minrkg (G;) < n° and minrkg, (G;) > n'"¢ |

and let G = G - ... G;. The required result will now follow from the next
simple claim:

Claim 3.4.3. The following holds for any two graphs G and H and field F:

max{minrky(G), minrkg(H)} < minrkp(G - H) < minrky(G) minrkg(H) .
(3.12)

Proof. For the left inequality, observe that G - H contains an induced sub-
graph isomorphic to G, and an induced subgraph isomorphic to H. To see
this, consider {(u,w) : u € V(G)} for some fixed vertex w € V(H), and then
{(w,u) : uw € V(H)} for some fixed w € V(G).

For the right inequality, suppose |V (G)| = n and |V(H)| = m, and let Ag
and Ay denote the adjacency matrices of G and H respectively. We claim
that, if Bg and By are matrices which attain minrky(G) and minrkg(H)
respectively, then B = Bg ® By represents G - H over F. To see this, first
note that for all (u,v) € V(G - H) we have

B(u,v),(u,v) = (BG)u,u(BH)v,v 7& 0.
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Second, suppose that (uq,v1) # (u2,ve) are two non-adjacent vertices of G- H.
If uy # ug, then by the definition of G- H, ujuy ¢ E(G), hence (Bg)uy uy = 0.
Otherwise, v; # vq, and again, by the definition of G- H, vivy ¢ E(H), giving
(BH)vy 0, = 0. Altogether, we deduce that in this case

B(Ul,vl),(uz,w) = (BG)ULUQ (BH)vaz =0,

and rank(B) = rank(Bg) rank(By), as required. |

This completes the proof of Proposition 3.1.4. |
Remark 3.4.4: The proof of Proposition 3.1.4 in fact holds even when

1
t= 0< logt;)lgogn)'

3.4.3 Proof of Claim 3.2.5

The statement minrk,(G) < minrk,(G) follows immediately from the fact
that any matrix A which represents G over GF(p) also represents G over
GF(p"), and in addition satisfies rank,«(A) < rank,(A).

To show that minrk,(G) < kminrk,:(G), let V' = [n] denote the vertex
set of G, and let A = (a;;) denote a matrix which represents G over GF(p*)
with rank r = minrk,(G). As usual, we represent the elements of GF(p*)
as polynomials of degree at most k — 1 over GF(p) in the variable x. Since
the result of multiplying each row of A by a non-zero element of GF(p") is
a matrix of rank r which also represents G over GF(p"*), assume without
loss of generality that a; = 1 for all i € [n]. By this assumption, the n x n
matrix B = (b;;), which contains the free coefficients of the polynomials in A,
represents G over GF(p). To complete the proof, we claim that rank,(B) <
kr. This follows from the simple fact that, if {uy,...,u,} is a basis for the
rows of A over GF(p¥), then the set J;_,{u;,x - u;, ..., 2" - u;} spans the
rows of A when viewed as kn-dimensional vectors over GF'(p). |

3.4.4 The parameters minrk,(G) and minrk,(G[k])

Claim 3.4.5. Let G be a graph, p be a prime and k be an integer. The
following holds:

minrk,(G) < minrk,(G[k]) < kminrk«(G) . (3.13)
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Proof. The inequality minrk,(G) < minrk,(G[k]) follows from the fact that
G is an induced subgraph of G[k| (for instance, consider the set of vertices
{(u,1) : w € V}), hence any matrix which represents G|[k] over GF(p) con-
tains a principal submatrix which represents G over GF(p).

It remains to prove that minrk,(G[k]) < kminrk,(G). Set V = [n], and
let A = (a;;) be a matrix which represents G over GF(p*), whose rank over
GF(p*)is r = minrk,«(G). As usual, let us represent the elements of GF(p¥)
as polynomials of degree at most k—1 over GF'(p) in the variable x. As before,
assume without loss of generality that a; = 1 for all ¢ € [n]. Next, replace
each tow A; = (a;1 ... am,) of A by k rows {A;,x-A;, ..., 2871 A;}. Treating
each element of GF(p*) as a k-tuple over GF(p), translate the above kn x n
matrix over GF(p*) to a kn x kn matrix over GF(p), B, with all the diagonal
entries equaling 1. Clearly, the matrix B represents G[k|, and furthermore,
having included the multiples of each row of A by 1,z,..., 2%, it follows
that the rank of B over GF(p) is at most kr, as required. [ |

3.4.5 The parameters minrk(G) and J(G)

Consider the n-vertex graph G constructed in Proposition 3.2.2 for F =
GF(p) and K = GF(q), where p and ¢ are two distinct primes: it satisfies
minrk,(G) < n°® and minrk,(G) < n°Y. Clearly, G is vertex transitive
(that is, its automorphism group is closed under all vertex substitutions), as
we can always relabel the elements of the ground set [r]. By [81] (Theorem
9), every vertex transitive graph G on n vertices satisfies (G)9(G) =n .
Assume without loss of generality that 9(G) > /n > 9(G) (otherwise,
switch the roles of p and ¢ and of G and G). As minrk,(G) < n°" and

minrk,(G) > n'~°W, we deduce that

HG) > nz—o). minrk,(G)  and yet  minrk,(G) > nz—o0). I(G) .

3.4.6 Example for the benefit of multiple-round index-
coding

As a warmup, consider the following case. We have two receivers, Ry and R,
and two rounds for transmitting the binary words x = x125 and y = yyys.
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Suppose that in the first round receiver R; knows x5 and in the second
transmission receiver Ry knows y;. In this case, each round - if transmitted
separately - requires 2 bits to be transmitted. Yet, if the server transmits
the 3 bits

L1 DY, 2D Y2, T1 D Y2,

then both receivers can reconstruct their missing bits (and moreover, recon-
struct all of = and y).

This in fact is a special case of the following construction. We define a pair
of graphs G, G such that /(G1) = ¢(G2) = n and yet only £(G10Gs) = n+1
bits need to transmitted for consecutive transmissions. This is stated in the
next claim, where the transitive tournament graph on n vertices is isomorphic
to the directed graph on the vertex set [n], where (4, j) is an edge iff i < j.

Claim 3.4.6. Let Gy denote the transitive tournament graph on n vertices,
and let G5 denote the graph obtained from G by reversing all edges. Then
U(Gh) + £(G2) = 2n, and yet ((Gy 0 Go) =n + 1.

Proof. Without loss of generality, assume that E(Gy) = {(i,7) : i < j} and
E(Gs) = {(i,j) : i > j}. Since Gy and G9 are both acyclic, the fact that
((G1) = {(Gy) = n follows from the lower bound of [23] ({(G) is always at
least the size a maximum induced acyclic subgraph of G).

Recall that by definition, G| o G5 is the disjoint union of G; and Gg,
with the additional edges {((4,1), (j,2)) : j < i} and {((7,2), (4, 1)) : j > i}.
Therefore, GG; o GG has an induced acyclic graph of size n + 1: for instance,
the set {(i,1) : i € [n]} U {(n,2)} induces such a graph. We deduce that
U(G1o0Gy) >n+1.

To complete the proof of the claim, we give an encoding scheme for G;0G),
which requires the transmission of n + 1 bits, hence ¢(G; o G5) < n + 1.
Denote the two words to be transmitted by x = x1...x, and y = y1 ... Y.
The coding scheme is linear: by transmitting x; @ y; for i € [n] and ®;cp2;,
it is not difficult to see that each receiver is able to decode its missing bits
(in fact, each receiver can reconstruct all the bits of = and y). |
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3.5 Concluding remarks and open problems

In this chapter we introduced constructions of graphs for which linear index
coding is suboptimal (Theorem 3.1.1), thus disproving the main conjecture of
[23]. The new non-linear codes justified a new upper bound (Theorem 3.1.2)
on the minimal length of the code ¢(G), in which linear codes over arbitrary
fields are considered.

On the other hand, the best current lower bound on ¢(G) (due to [23]) is
known not to be tight. Hence, the main question for further work is trying
to close the gap between the bounds on ¢(G).

In addition, we showed that more general scenarios of index coding, as
presented in [27], can be reduced to the main problem, which recently at-
tracted attention. In this context, one may save on communication when
transmitting ¢ binary words at once, rather than transmitting these words
independently. Following the discussion in Section 3.3, it may be interest-
ing to study an appropriate definition of “index code rate” of a given side-
information graph.



Chapter 4

Index coding and
Witsenhausen-type coloring
problems

The results of this chapter appear in [16]

The problem of Informed Source Coding on Demand, introduced by Birk
and Kol [27], describes a setting where a server wishes to transmit n data
blocks (of ¢ bits each) via broadcast to n receivers; each receiver is interested
in a specific block of the input data and may have side information on other
blocks. The goal of the sender is to use a code of minimal word-length, while
allowing every receiver to recover his desired block. This problem can be
formulated as a graph parameter: let GG be a directed graph on the vertex
set [n], where ij is an edge iff the i-th receiver knows the j-th block, and let
B:(G) denote the length of a minimal binary code for G when the blocks are
of size t.

The above problem was studied in the case where each block consists of a
single bit (namely ¢ = 1, see [23], [27] and [83]). In this chapter, we consider
the general, and more natural, case. We provide general bounds on (;(G)
and show that in some cases usage of large data blocks may strictly improve
upon the trivial extension from the binary case, thus answering a question of
[83]. This motivates the study of a new graph parameter, the broadcast rate
of a graph G, defined by 5(G) = lim;_., 5;(G)/t. En route, we show that -
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surprisingly - an optimal code for a disjoint union of graphs can be strictly
better than a concatenation of the optimal codes for the individual graphs,
even when each of these graphs is a copy of Cs.

The proofs are based on a relation between this problem and some results
in the study of Witsenhausen’s rate, OR graph products, colorings of graph
powers and some properties of Cayley graphs.

4.1 Introduction

4.1.1 Background and definitions

Source coding deals with a scenario in which a sender has some data string
x he wishes to transmit through a broadcast channel to receivers. In this
chapter we consider a variant of source coding which was first proposed by
Birk and Kol [27]. In this variant, called Informed Source Coding On Demand
(ISCOD), each receiver has some prior side information, comprising some
subset of the input string x. The sender is aware of the portion of x known
to each receiver. Moreover, each receiver is interested in just part of the data.
Following Bar-Yossef, Birk, Jayram and Kol [23], we use the formalization of
Index code problem as given in Definition 3.1.

For an example of the applications which motivate the study of this prob-
lem, consider a central server and a collection of caching clients in a satellite
transmission network. Each of the clients has limited storage, and a slow
backward channel to the server. The server holds a data string, comprising a
large number of blocks, whereas each client can only store a relatively small
number of data blocks at any given point. During the transmission of the
data, the clients opt to hold certain data blocks, and subsequently receive
the actual user request for specific data blocks. The backward channel can
be used to notify the server which blocks are present at the client end, and
which are required. Finally, given the state of all clients (namely, the side
information of each client), the server must retransmit an encoding of its
data, in the most economical possible way, which would allow each client
to recover its required blocks (from the new transmission and its prior side
information).
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Following [23], the problem in Definition 3.1 can be restated as a graph
parameter, as described in Definition 3.2, by modeling the side information
state via a directed graph on n vertices. We next generalize this notion to
depend on the input block size. To this end, we identify the i-th vertex of
the graph both as the i-th receiver, R;, and as the ¢-th block of input, z;, and
place an edge (7,7) whenever R; knows x;. This is formulated in the next
definition, where the minimum possible length of an index code is expressed
as a parameter of the corresponding side information graph. Here and in
what follows, for a directed graph G and a vertex v, let N (v) be the set of
out-neighbors of v in G, and for x = zy...2, and S C [n] = {1,...,n}, let
x|s be the restriction of x to the coordinates of S

Definition 4.1 (5;(G)). Let G be a directed side information graph G on the
vertez set [n], where (i,7) is an edge iff R; knows the value of x;. An index
code of length ¢ for G is a function E : {0,1}"* — {0,1}* and functions
Ds,...,D,, so that for all i € [n] and x € {0,1}™, Di(E(x), %y ) = i
We denote the minimum possible length of such a code, for blocks of length
t, by Bi(G).

Notice that, according to the notation of Definition 3.2 given in the pre-
vious chapter, ¢(G) is the special case of G;(G) where t = 1.

4.1.2 Preliminaries

The following two trivial examples exhibit some of the properties of 3,(G)
which we will later review. Throughout the chapter, an undirected side
information graph corresponds to the directed graph, where each (formerly
undirected) edge appears in both directions.

Consider, first, the case where G = K, is the complete graph. In this case,
broadcasting the XOR of the n data blocks enables each user to reconstruct
its missing block. The length of this code is ¢. It is also easy to show that
this is the optimal coding scheme for this graph, and hence §,(K,) = t.

On the other hand, assume G = F,, is an edgeless graph, thus none of
the receivers has any prior side information. A straightforward counting
argument implies that §;(E,) = t - n (one cannot improve upon the naive
protocol of retransmitting the entire input word z).
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Before reviewing the basic facts and results of index codes, we define the
following graph theoretic parameters. An independent set in G = (V| E) is
a set of vertices which induces an edgeless graph. The chromatic number of
G, x(G), is the minimum number of independent sets whose union is all of
V (each such set is referred to as a color class). Let G denote the graph
complement of G. We denote by G + H the disjoint union of the graphs G
and H, and denote by k - G the disjoint union of k copies of the graph G.

An immediate property of the parameter §;(G) is monotonicity with re-
spect to the removal of vertices as well as edges:

(i) If G is obtained from G; by removing some of the vertices (i.e., Gy is
an induced subgraph of G1) then 3,(G1) > 5:(Gs).

(ii) If Go is obtained from Gy by removing some of the edges then 5;(G;) <
Bi(Go).

(ii) (G + H) < B(G) + B:(H) and hence Gk - G) < kB(G).
Combining item (i) with the second example, we obtain that
Bi(G) > t-a(G) (4.1)

where a(G) is the cardinality of a maximum independent set '. In addition,
items (ii), (iii) together with the first example show that

B(G) < t-x(Q) . (4.2)

See [27], [23] and [83] for several other examples and properties of index
coding schemes and details on the distributed application which motivates
this problem.

In all the previous works on index coding, the parameter 3;(G) (denoted
¢(@G) there) was studied. It was observed in [83] that the parameter G;(G) can
always be reduced to a parameter 3;(G’) by considering a graph G’ which is
the t-blow-up of G (with independent sets). This graph, denoted by G[t], has

LA slightly more sophisticated argument is used in [23] to show that for a directed
graph G: [1(G) > MAIS(G) where MAIS(G) denotes the maximum number of vertices in
an induced acyclic subgraph of G.
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the vertex set V(G) x [t], and an edge from (u,i) to (v, j) iff wv € E(G). By
definition, an index code for G[t] with block size ¢t = 1 is also an index code
for G with block size t, and vice versa. To see this, simply split each R; into
t receivers, each interested in recovering a single bit in the i-th block, and
notice that each of these new receivers knows all the bits that R; originally
knew.

Another simple fact is that one can always encode each of the ¢ bits in
the blocks independently, and hence

Bi(G) <t-p(G) .

More generally, the above reduction immediately yields sub-additivity of
Bi(G) for any graph G, namely 5;1s(G) < Bi(G) + Bs(G) for any G, s and t.

In various cases such equality holds. For example, whenever G is a perfect
graph and hence satisfies a(G) = x(G), it follows that the inequalities (4.1)
and (4.2) are in fact equalities, and in particular 5;(G) = t-6,(G) = i (G]t)).
It is asked in [83] whether, for some graphs, one can benefit from using
a unified scheme that encodes the entire blocks at once. In other words,
whether for some graph G and some t, 5;,(G) < t- (51(G).

In this chapter we answer this question in the affirmative. This justifies

the following definition:
Definition 4.2 (Broadcast rate). The broadcast rate of a graph G is the

asymptotic average communication that is required for a single round when
allowing a unified transmission for multiple rounds:

B(G) := lim Bu(G) )

t—o00 t

The above limit exists and equals the infimum by sub-additivity and
Fekete’s Lemma. Note that the motivation suggests that the quantity (5;(G)
is of interest mainly for large values of t, leading naturally to the study of

the limit 5(G)

4.1.3 New results

Our main technical result in this chapter is Theorem 4.1.1 below, which
addresses the size of optimal index codes for a disjoint union of graphs. The
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case where the side information graph is k - G, a disjoint union of k£ copies
of some graph G, describes the setting where there are k separate input
words (one for each graph), and receivers corresponding to one graph have
no information on any of the input words corresponding to the remaining
graphs. The theorem provides an upper bound on the size of the optimal
index code in this case, which will demonstrate the counterintuitive behavior
that §;(k - G) exhibits.

It will be convenient to address the more precise notion of the number of
codewords in an index code. We say that C, an index code for G, is optimal,
if it contains the minimum possible number of codewords (in which case,
B1(G) = [logy [C|]). Moreover, let us denote by ~ the maximal cardinality
of a set of input-strings in {0, 1}", which is unconfusable. That is, all the
strings can be encoded by the same codeword in an index code for G, and
for any pair of strings there is no coordinate in which the strings differ, but
the side information of this coordinate is identical in both strings.

Theorem 4.1.1. Let G be a directed side information graph on n vertices,
and let v be defined as above. The following holds for any integer k:

(%)k <lel<| (%)kkn log 2| (4.3)

where C is an optimal index code for k- G. In particular,

Pk - G)

lim A =n—log,v .

k—o0

Index codes for a disjoint union of graphs

Clearly, f1(k - G) < k- 81(G), as one can always obtain an index code for
k - G by taking the k-fold concatenation of an optimal index code for G.
Furthermore, this bound is tight for all perfect graphs. Hence, the smallest
graph where (3;(k - G) may possibly be smaller than k- 51(G) is C5, the cycle
on 5 vertices - the smallest non-perfect graph. Indeed, in this case index
codes for k - C5 can be significantly better than those obtained by treating
each copy of Cj separately. This is stated in the next corollary.
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Corollary 4.1.2. The following holds: The index code for k - Cs5 comprising
index codes of the individual C copies is suboptimal: (1(C5) = 3, whereas
Bi(k-C5)/k =5—1logy 5+ 0(1) ~ 2.68 4 o(1), with the o(1)-terms tending to
0 as k — oo.

Therefore, there is a graph G with an optimal index code C, so that much
less than |C|* words suffice to establish an index code for k-G, although each
of the k copies of GG has no side information on any of the bits corresponding
to the remaining copies.

Broadcast rate

The main corollary of Theorem 4.1.1 is the following theorem, which provides
a general bound on the broadcast rate of a graph.

Theorem 4.1.3. Let G be a side information graph on n vertices, and let y
be as in Theorem 4.1.1. The following holds:

a(G) < B(G) <n—logyvy . (4.4)

We note that the lower bound on the broadcast rate of a general directed
side information graph G is in fact 5(G) > MAIS(G), where MAIS(G) >
a(G) is the maximum number of vertices in an induced acyclic subgraph of
G.

The following is a corollary of Theorem 4.1.3 and Corollary 4.1.2. This
shows that there exists a graph G for which 3(G) < 51(G).

Corollary 4.1.4. For the special case G = Cs, we have
2 < B(C5) <5 —logyb~2.678 ,
whereas (31(Cs) = 3.

In addition, we deduce several properties of linear and non-linear index
coding schemes. In particular, some of the results of [83] can be reproved
in a stronger form using the new construction. The details follow in Section
4.3.3.
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4.1.4 Methods and organization

The basic idea behind the proof of the main technical result is an inter-
esting relation between optimal index codes of a disjoint union of graphs,
and vertex-colorings of OR graph products. The products are applied to
the confusion graph (introduced in [23]), which is an auxiliary graph whose
vertex set consists of all possible input data strings. This connection is then
translated, using probabilistic bounds on the fractional chromatic number,
into a probabilistic construction of index coding schemes. While the best
known upper bounds on index coding were all based on explicit linear coding
schemes, our new construction is probabilistic and inherently non-linear.

Using this connection, we obtain several rather surprising results, both on
the broadcast rate and on index coding of a disjoint union of graphs. These
results are achieved by combining the construction with an analysis of the
auxiliary graphs.

The rest of this chapter is organized as follows. In Section 4.2 we prove
Theorem 4.1.1, using a connection between index codes for disjoint unions
of graphs and the chromatic number of OR graph products. Section 4.3
contains applications of this theorem. The first application is for disjoint
union of graphs, namely the proof of Corollary 4.1.2. Then the application
for the broadcast rate is discussed, proving Theorem 4.1.3 and Corollary
4.1.4. The applications section ends with brief comments on non-linear and
linear index coding schemes. Section 4.4 is devoted to concluding remarks
and open problems.

4.2 Optimal index codes for a disjoint union
of graphs
Throughout this section the length ¢ of the blocks considered is 1.

Proof of Theorem 4.1.1. The OR graph product is equivalent to the comple-
ment of the strong product?, which was thoroughly studied in the investi-

2Namely, the OR product of G and H is the complement of the strong product of G
and H.
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gation of the Shannon capacity of a graph, a notoriously challenging graph
parameter introduced by Shannon [97].

Definition 4.3 (OR graph product). The OR graph product of G and
H, denoted by GVH, is the graph on the vertex set V(G) x V(H), where
(u,v) and (u',v") are adjacent iff either vu' € E(G) orvv' € E(H) (or both).
Let GY* denote the k-fold OR product of a graph G.

The size of an optimal index code for a given directed graph may be
restated as a problem of determining a chromatic number of a graph, as
observed by Bar-Yossef et al. [23]. We need the following definition:

Definition 4.4 (Confusion graph). Let G = ([n], E) be a directed side
information graph. The confusion graph of G, €(G), is the undirected graph
whose vertex set is {0,1}", and two vertices x,y € {0,1}" are adjacent iff

for some i € [n], x; # y; and yet x]Né(i) = y‘Ng(i)‘

In other words, €(G) is the graph whose vertex set is all possible input-
words, and two vertices are adjacent iff they cannot be encoded by the same
codeword in an index code for G (otherwise, the decoding of at least one of the
receivers would be ambiguous). Hence, every index code for G is equivalent
to a legal vertex coloring of €(G), where each color class corresponds to a
distinct codeword. Consequently, if C is an optimal index code for GG, then
ICl = X (&(G)).

Let G and H denote directed graphs on the vertex-sets [m] and [n] re-
spectively, and consider an index code for their disjoint union, G + H. As
there are no edges between G and H, such an index code cannot encode
two input-words z,y € {0,1}™*™ by the same codeword iff this forms an
ambiguity either with respect to G or with respect to H (or both). Hence:

Observation 4.2.1. For any two directed graphs G and H, the two graphs
C(G+ H) and €(G)VE(H) are isomorphic.

Thus, the number of codewords in an optimal index code for k-G is equal
to x(€(G)%). The chromatic numbers of strong powers of a graph, as well
as those of OR graph powers, have been thoroughly studied. In the former
case, they correspond to the Witsenhausen rate of a graph (see [106]). In the
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latter case, the following was proved by McEliece and Posner [86], and also
by Berge and Simonovits [25]:

lim (X(H\'/k)) 1k

k—o00

= xs(H) , (4.5)

where x;(H) is the fractional chromatic number of the graph H, defined
as follows. A legal vertex coloring corresponds to an assignment of {0,1}-
weights to independent-sets, such that every vertex will be “covered” by a
total weight of at least 1. A fractional coloring is the relaxation of this
problem where the weights belong to [0, 1], and x is the minimum possible
sum of weights in such a fractional coloring.

To obtain an estimate on the rate of the convergence in (4.5), we will use

the following well-known properties of the fractional chromatic number and
OR graph products (cf. [18],[80],[75] and also [51]):

(i) For any graph H, x(H"*) = x;(H)".

(if) For any graph H, x;(H) < x(H) < [ xy(H)log|V(H)| ]. [This is
proved by selecting r = [ xs(H)log|V(H)| | independent sets, cho-
sen randomly and independently according to the weight distribution,
dictated by the optimal weight-function achieving x s, and by showing
that the expected number of uncovered vertices is less than 1.]

(iii) For any vertex transitive graph H (that is, a graph whose automorphism
group is transitive), x;(H) = |V(H)|/a(H) (cf., e.g., [60]).

In order to translate (ii) to the statement of (4.3), notice that v, as defined
in Theorem 4.1.1 is precisely a(€(G)). In addition, the graph €(G) is indeed
vertex transitive (as it is a Cayley graph of ZI'), and combining the above
facts we obtain that:

1/k B on on

xr (€(@)7) B

Plugging the above equation into (ii), and recalling that x (€(G)"*) is the
size of the optimal index code for k-G, complete the proof of the theorem. W



4.3 Applications

71

Remark 4.2.2: The right-hand-side of (4.3) can be replaced by

(%)kﬂ%—klogﬂ |

To see this, combine the simple fact that a(GY*) = o(G)* with the bound
X(H) < [xs(H)(1+Ina(H))] given in [80] (which can be proved by choos-
ing [xs(H)loga(H)]| independent sets randomly as before, leaving at most
[x7(H)| uncovered vertices, to be covered separately).

4.3 Applications

4.3.1 Index-coding for disjoint unions of graphs

Recall that for any perfect graph (§;(G) = a(G). Since the disjoint union of
perfect graphs is perfect as well, and its independence number is the sum of
the independence numbers of the individual graphs, we conclude that

Bi(k-G)=k-(1(G) for any perfect graph G and integer k.

Therefore, the smallest example where (1 (k - G) might be nontrivial is Cs,
the smallest non-perfect graph. Indeed, in this case it is possible to do better
than k- 31(Cs) in an index code for k - Cj:

Proof of Corollary 4.1.2. One can verify that the following is a maximum
independent set of size 5 in €(Cj):

{00000,01100,00011,11011, 11101} .

In the formulation of Theorem 4.1.1, v = 5, and the theorem now implies
that §;(k - Cs)/k tends to 5 —log, 5 as k — co. On the other hand, one can
verify? that x(€(Cs)) = 8, hence (3;(C5) = 3. |

Remark 4.3.1: Using the upper bound of (4.3) in its alternate form, as
stated in Remark 4.2.2, we obtain that (k- C5) < k- 81(C5) already for
k = 15.

3This fact can be verified by a computer assisted proof, as stated in [23].
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4.3.2 Broadcast rate

We now turn to the main application of Theorem 4.1.1, discussing the broad-
cast rate of a graph GG. We first prove the general bound on the broadcast
rate of an arbitrary graph.

Proof of Theorem 4.1.3. To show the lower bound §(G) > a(G), notice that
a(G[t]) =t - «(G) for any integer ¢, hence (1(G[t]) > t - o(G) and B(G) >
a(G).

For the upper bound ((G) < n — log,~, notice that G[t] contains the
subgraph t - G (for each i € [t], the graph V(G) x {i} is isomorphic to G).
Thus, by the monotonicity of index coding with respect to addition of edges
(Item (ii) of the monotonicity property), 51 (G[t]) < fi(t - G), and Theorem
4.1.1 now provides the required bound. |

As in the case of a disjoint union of graphs, any perfect graph satisfies
B(G) = (1(G) = a(G). Therefore, once again, the smallest example where
the broadcast rate can be strictly smaller than 3, is C5 (the smallest non-
perfect graph). Indeed, that proves to be the case.

Proof of Corollary 4.1.4. In the special case G = Cj, recalling that a(G) = 2
whereas 7 = 5 (as stated in the proof of Corollary 4.1.2) gives:

2 < B(C5) <5 —logy 5~ 2.678,

as required. |

4.3.3 Linear vs. Non-linear index coding

An index coding scheme is linear over GF'(2) if every bit in it is a linear
function of the input word x. The authors of [23] proved that the minimum
possible length of such a scheme can be expressed as the minimum possible
rank of an appropriate matrix associated with the side information graph.
They further conjectured that no index code can outperform the best linear
coding scheme. This has been disproved in [83] where the authors showed
that sometimes it is better to view the input word x as a word over a larger
field and use a linear encoding over that field. It is also possible to split x
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into several pieces, and apply in each piece a linear encoding function over a
different field, thus obtaining some further savings.

Our results here show that inherently non-linear encodings are sometimes
better. In particular, when the side information graph is a disjoint union of
many copies of Cs, the non-linear scheme discussed in the previous sub-
sections can be shown to be better than any hybrid of linear schemes over
any collection of fields. This is proved by expressing the minimum possible
length of such a hybrid by the minimum possible sum of ranks of matrices
defined appropriately over the corresponding fields, and by showing that the
non-linear scheme is better.

4.4 Concluding remarks and open problems

e In this chapter, we have shown that for large values of k£ and for every
graph G, B1(k - G) = (n — log, a(€(G)) + o(1)) k, where the o(1)-term
tends to 0 as k£ — oo.

e Our results also imply that encoding the entire block at once can be
strictly better than concatenating the optimal index code for G with a
single bit block. This justifies the definition of the broadcast rate of G,
B(G), as the optimal asymptotic average number of bits required for a
single bit of index coding for G.

In the above case of C5, 2 < 3(C5) < 2.678, and it would be interesting
to determine the index coding rate of C5 precisely. It would be further
interesting to determine the index coding rate of additional families of

graphs, and in particular, to decide if there exists a family of graphs GG
on n vertices where 3(G) = O(1) whereas (1 (G) = w(1).

Moreover, it should be noted that the parameter 8;(G) is computable
(though maybe not efficiently) for any graph G and any ¢. It would be
interesting to find out whether the parameter 3(G) is also computable.

e We have also shown that f(k - C5)/k ~ 2.678 for large values of k,
whereas 3 (Cs) = 3. Hence, the optimal index code for a disjoint union
of k copies of a graph G can be strictly better than the concatenation
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of k optimal index codes for G (benefit is gained already for k = 15).
This is surprising, considering the lack of mutual information between
receivers which correspond to distinct copies.
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Chapter 5

Codes and Xor graph products

The results of this chapter appear in [10]

What is the maximum possible number, f3(n), of vectors of length n over
{0,1,2} such that the Hamming distance between every two is even? What
is the maximum possible number, g3(n), of vectors in {0, 1,2}™ such that the
Hamming distance between every two is odd? We investigate these ques-
tions, and more general ones, by studying Xor powers of graphs, focusing
on their independence number and clique number, and by introducing two
new parameters of a graph G. Both parameters denote limits of series of
either clique numbers or independence numbers of the Xor powers of G (nor-
malized appropriately), and while both limits exist, one of the series grows
exponentially as the power tends to infinity, while the other grows linearly.
As a special case, it follows that f3(n) = ©(2") whereas g3(n) = ©(n).

5.1 Introduction

The Xor product of two graphs, G = (V, FE) and H = (V', E’), is the graph
whose vertex set is the Cartesian product V' x V', where two vertices (u,u’)
and (v,v’) are connected iff either uv € E, u/v' ¢ E' or uwv ¢ E, u'v' € F/,
i.e., the vertices are adjacent in precisely one of their two coordinates. This
product is commutative and associative, and it follows that for any n > 1, the
product of Gy,...,G, is the graph whose vertex set is [[ V(G};), where two
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vertices are connected iff they are adjacent in an odd number of coordinates.
Throughout this chapter, let G- H denote the Xor product of G and H, and
let G™ denote the Xor product of n copies of G.

The Xor graph product was studied in [102], where the author used its
properties to construct edge colorings of the complete graph with two col-
ors, containing a smaller number of monochromatic copies of K, than the
expected number of such copies in a random coloring. See also [47],[52],[103]
for more about this problem.

Examine K3, the complete graph on 3 vertices. Each vertex of K3 can be
naturally represented by a vector in {0, 1,2}", and two vertices are connected
in K% iff their representing vectors differ in an odd number of coordinates,
or equivalently, have an odd Hamming distance. Thus, a set of vectors in
{0,1,2}" in which every two vectors have an even Hamming distance, rep-
resents an independent set in K¥; similarly, a set of vectors of {0,1,2}" in
which each pair has an odd Hamming distance represents a clique in K§, and
hence:

f3(n)
g93(n)

a(K3) ,

where a(G) denotes the independence number of G and w(G) denotes the
clique number of G. Studying the series of independence numbers and the se-
ries of clique numbers of powers of a fixed graph G provides several interesting
questions and results. Both series, when normalized appropriately, converge,
however one has an exponential growth while the other grows linearly.

In section 5.2 we show that the series of independence numbers, when
normalized, converges to its supremum, which we denote by z,(G):

zo(G) = nlLHOIO Va(Gr) = sup v a(Gm)

We calculate this parameter for several families of graphs and multi-graphs,
and study some of its properties.

In section 5.3 we show, this time using a linear normalization, that the
series w(G™)/n converges as well. We denote its limit by x,(G):

xw(G) = lim M = su M



5.2 Independence numbers of Xor powers

79

Determining the value of z, and z, for K3 and for a general complete
graph K, gives the asymptotic behavior of f3(n) and gs(n), and similarly,
of f.(n) and g,(n), defined analogously with r replacing the alphabet size of
3. For a general G, it seems that merely approximating z, and x, can be
extremely difficult. Both parameters are non-monotone with respect to the
addition of edges to the graph, and we use combinatorial ideas, tools from
linear algebra and spectral techniques in order to provide bounds for them
for different graphs.

5.2 Independence numbers of Xor powers

5.2.1 The independence series and z,

We begin with an immediate observation: for every two graphs G and H, and
every two independent sets [ C V(G) and J C V(H), I x J is an independent
set of G - H. Therefore, the function f(n) = a(G™) is super-multiplicative:
f(m +n) > f(m)f(n), and by Fekete’s lemma (c.f., e.g., [76], p. 85), we

deduce that
3 lim {/f(n) =sup {/ f(n)

n—oo

Let z,(G) denote this limit.

We note that the definition of the Xor product and of x, applies to
multi-graphs as well: indeed, since only the parity of the number of edges
between two vertices dictates their adjacency, we can assume that there are no
multiple edges, however there may be (self) loops in the graph. The function
f(n) = a(G™) remains super-multiplicative (notice that an independent set
I of G™ can never contain a vertex v = (v, ...,v,) with an odd number of
coordinates {v;, }, which have loops). However, in the single scenario where
every vertex of G has a loop, a(G) = 0 and we cannot apply Fekete’s lemma
(indeed, in this case, f(2n + 1) = 0 and f(2n) > 1 for all n). In all other
cases, 1, (G) is well defined. Furthermore, if we negate the adjacency matrix
of G, obtaining the multi-graph complement G (u and v are adjacent in G iff
they are disconnected in G, including the case u = v), we get 7,(G) = 2,(G),
as long as x,(G) is also defined. To see this fact, take the even powers 2k
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of the independence series, in which two vertices are adjacent in G2* iff they
. . =2k
are adjacent in G .

Proposition 5.2.1. For every multi-graph G = (V, E) satisfying a(G) > 0,
T (G) is well defined. Furthermore, if in addition a(G) > 0, where G is the
multi-graph-complement of G, then 1,(G) = x(G).

5.2.2 General bounds for z,

It is obvious that z,(G) < |V(G)], and this upper bound is tight, for instance,
for the edgeless graph. For the lower bound, the following simple fact holds:

Claim 5.2.2 (Uniform lower bound). Let G = (V, E) be a multi-graph sat-
isfying a(G) > 0. Then:
2o(G) > V/|V] (5.1)

Proof. Let I C V(G?) denote the set {(v,v) | v € V}. Clearly, I is an
independent set of G2 of size |V, thus z,(G) > |V|2 (and similarly, for all k
we get an explicit independent set of size |V |* in G2¥). |

For a better understanding of the parameter z,(G), we next show several
infinite families of graphs which attain either the lower bound of (5.1) or the
upper bound of |V(G)|. While, trivially, the edgeless graph G' on n vertices
satisfies z,(G) = n, it is interesting that complete bipartite graphs also share
this property:

Claim 5.2.3. Let K,,,, denote the complete bipartite graph with color classes
of sizes m,n, where m > n. Then for every k > 1, KF is a complete

m,n

bipartite graph with color classes Wy, W1 of sizes:

|Wo| = ((m—i—n)k—i-(m—n)k) , Wl = ((m+n)k—(m—n)k)

N —
N | —

Therefore, xo(Kpmpn) =m+n.

Proof. Let G = K,,,,, m > n, and denote its color classes by Uy, U;, where
|Uo| = m. For every vertex v = (vy,...,v;) € V(GF), define a vector w, €
{0,1}*, in the following manner: (w,); = 0 iff v; € Uy. By the definition of
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the Xor product (recall that G is a complete bipartite graph), the following
holds for every u,v € V(G*):

w ¢ B(GY) <= |H1<i<k| (w.)i# (w,)i}| =0 (mod ?2)
Equivalently, performing addition and dot-product over G F(2*):
w ¢ B(GY) <=  (w,+w,)-1=0 (5.2)

Let Wy denote the set of all vertices in v € V(G*) such that the Hamming
weight of w, is even, and let W, denote the set of all those whose correspond-
ing vectors have an odd Hamming weight. In other words, we partition the
vertices of G* into two sets, according to the parity of the number of times
a coordinate was taken from Uj,. Notice that:

15]

Wl =2 (f) it = 2 (m )+ (- n))

i=0
and similarly:
1

To see that G* is a complete bipartite graph with color classes Wy, Wy,
argue as follows: take u,v € W; (i € {0,1}); clearly, we have:

hence, by (5.2), Wy and W; are both independent sets. Next, for every
u € Wy and v € Wy, we have:

implying that u and v are adjacent. This completes the proof. |

The previous claim shows that x,(K,,) = 2n = nx,(Ky). This is a
special case of the following property of x,:

Claim 5.2.4. Let G = (V, E) be a graph on the vertex set V. = [n]. We
define the r-blow-up of G, G|r|, as the n-partite graph whose color groups are
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(Vi,..., Vo), where for all i, |V;| = r, and two vertices v € V; and y € V; are
connected iff ij € E. Then:

2a(G[r]) =7 24(G)

Furthermore, every mazimum independent set of G[r]¥ is an r-blow-up of a
mazimum independent set of G*.

Proof. Let T : V(G[r]) — V(G) be the mapping from each vertex in G[r]
to its corresponding vertex in G (i.e., if € V;, then T'(z) = ¢), and define
T°F : V(G[r]*) — V(G*) by

T% (v, ..., o) = (T(v1), ..., T(vy))

Then, by the definition of G[r]|, T°*(G[r]*) is isomorphic to G*, and further-
more, a set I is independent in G[r]*¥ iff T°¢(I) is independent in G*. This
implies that every maximum independent set of G[r]* can be obtained by
taking a maximum independent set of G* and expanding each coordinate in
each of the r possible ways. In particular:

a(G[r]k)% = (rka(Gk))% =r. a(Gk)%
and the desired result follows. [ |

A simple algebraic consideration provides an example for a family of
multi-graphs which attain the lower bound - the Hadamard multi-graphs
(see , e.g., [76] for further information on Sylvester-Hadamard matrices):

Claim 5.2.5. Let Hyn be the multi-graph whose adjacency matriz is the
Sylvester-Hadamard matriz on 2" wvertices: two (not necessarily distinct)
vertices uw and v, represented as vectors in GF(2"), are adjacent iff their
dot product equals 1. Then: xo(Hyn) = 27/

Proof. Let H = Hyn. Notice that exactly 27! vertices have loops, and
in particular there is a non-empty independent set in H and z, is defined.
Examine H*; by definition, u = (uy, ..., u;) and v = (vy, ..., v;) are adjacent
in H* iff > u; -v; = 1 (mod 2). This implies, by the definition of the
Hadamard multi-graph, that:

Hgn — Han
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We are thus left with showing that H = Hon satisfies a(H) < /|H|, and
this follows from the fact that an independent set in H is a self-orthogonal
set of vectors in GF'(2"), hence the rank of its span is at most /2 and thus:

a(H) <2"? =\/|H|,
as needed. |

Note that the result above is also true for multi-graphs whose adjacency
matrix is a general-type Hadamard matrix, H,; this can be proved using
spectral analysis, in a way similar to the treatment of strongly-regular graphs
in the next subsection. As another corollary of the analysis of strongly-regular
graphs in the next subsection, we will show that the Paley graph F,, defined
there, has ¢ vertices and satisfies 2, (F;) < /g+1, hence there exists a family
of simple graphs which roughly attain the general lower bound on z,.

5.2.3 Properties of r, and bounds for codes

The normalizing factor applied to the independence series when calculating
Z, depends only on the current graph power, therefore restricting ourselves
to an induced subgraph of a graph GG immediately gives a lower bound for
2o(G). It turns out that x, cannot drastically change with the addition of
a single vertex to the graph - each added vertex may increase x, by at most
1. However, x, is non-monotone with respect to the addition of edges. The
next few claims summarize these facts.

Claim 5.2.6. Let G = (V, E) be a multi-graph, and let H be an induced
subgraph on U C V', satisfying a(H) > 0. Then:

Ta(H) < 24(G) < wa(H) + V] = U]

Proof. The first inequality is trivial, since we can always restrict our choice
of coordinates in independent sets of G* to vertices of U. In order to prove
the second inequality, it is enough to prove the case of |[U| = |V| — 1. Denote
by v the single vertex of V'\ U, and assume that v does not have a loop. Let
I be a maximum independent set of G*. For every pattern of i appearances
of v in the coordinates of vertices of I, the set of all vertices of I containing
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this pattern (and no other appearances of v) is an independent set. This set
remains independent in H*~*, after omitting from each of these vertices its
i appearances of v, hence its size is at most a(H*™%). Since z,(H) is the
supremum of {/a(H"), we get the following bound for I:

1< Z (§)ater < Z (§)autent= = oty + 1)t

Taking the k-th root gives x,(G) < zo(H) + 1.

We are left with the case where v has a loop. If H has no loops, then
every vertex of I must have an even number of appearances of v in its coor-
dinates (as an independent set cannot contain loops). Hence, every pattern
of 7 appearances of v in the coordinates of vertices of I still represents an
independent set in H*~%, and the calculation above is valid. In fact, it gives
that

k . 1
<> (Z,)a(Hk_Q’) =3 ((:ca(H) + 1) + (2q(H) — 1)’“) < (zo +1)" .
If H does contain loops, then a(H) > 0, and we can apply the previous
argument to G with respect to H and v (which does not have a loop in G),
obtaining:
To(G) = 74(G) < 2o (H) +1=2,(H) + 1,

where the last equality holds since a(H) > 0, guaranteeing that at least one
vertex of H does not have a loop. |

Notice that, by the last claim, we can apply the vertex-exposure Martin-
gale on the random graph gné, and obtain a concentration result for z,, (see
for example [19], Chapter 7):

Corollary 5.2.7. Almost surely, that is, with probability that tends to 1 as
n tends to infinity, the random graph G = gn’% satisfies

|2a(G) — Bza(G)| < O(Vn)

A counterexample for edge-addition monotonicity exists already when
|V | = 3, as the next claim shows.
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Claim 5.2.8. z, is non-monotone with respect to the addition of edges.

Proof. Let G = (V, E) be the graph on three vertices V = Z3 and one edge
E = {(0,1)}. We show that z,(G) = 2, thus if we remove the single edge
(creating the empty graph on 3 vertices) or add the edge (1,2) (creating the
complete bipartite graph K ) we increase z, to a value of 3. In fact, up
to an automorphism of the graph G in each coordinate, there is exactly one
maximum independent set of G¥, which is {(vy,...,vz) : v; € {0,2}}.

The proof is by induction on k, stating that every maximum independent
set of G* is the Cartesian product of either {0,2} or {1,2} in each of the
coordinates (it is obvious that this set is indeed independent). The case
k = 1 is trivial. For & > 1, let I be a maximum independent set of G*,
and notice that by the construction of the independent set above, we have
I = a(GF) > 2% Let A; (i € Z3) be the set of vertices of I whose first
coordinate is i. We denote by A’ the set of vertices of G*~! formed by
omitting the first coordinate from A;. Since A; C I is independent, so is A]
for every i. However, every vertex of Aj is adjacent to every vertex of A}
(again since [ is independent).

Note that, by induction, |A;| = |A}| < 281, Clearly, this implies that
if either Ay or A; are empty, we are done, and [ is the Cartesian product
of a maximum independent set I’ C G*¥~1 of size 2!, with either {0,2}
or {1,2}. Indeed, if for instance A; is empty, then both Aj and A) are
maximum independent sets of G*~! (otherwise, the size of I would be strictly
less than 2%), with the same automorphism of G in each coordinate (otherwise
I would not be independent - consider the two vertices which contain 2 in
all coordinates except the one where the automorphism is different).

Assume therefore that Ay, A; # (). By a similar argument, A, # 0, oth-
erwise |I| > 2¥ would imply that both A} and A} are maximum independent
sets in GF~1 (of size 2¢~! each), and by induction, both contain the vector 2,
contradicting the independence of I. We therefore have:

1= 1Al =Y 1A < (14| + [45]) + (|47 + [4y)) < 2251 = 2F

3 K3

The last inequality is by the fact that Ay N Aj = A, N A} = 0, since, for
instance, all vertices in Aj, are adjacent to all vertices in A} but disconnected
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from all vertices in Aj. We therefore obtained a contradiction to the fact
that 1| > 2. [ |

We next prove a general upper bound for z, of regular graphs. As a
corollary, this will determine z,(/K3) and give the asymptotic behavior of the
function f3(n), mentioned in the abstract.

Theorem 5.2.9. Let G be a loopless nontrivial d-regular graph on n vertices,
and let d =X > Xy > ... > N\, denote the eigenvalues of G. Then:

2o(G) < max {|n — 2d|, 2| X\a|, 2| \n| }

Proof. We use spectral analysis to bound the independence numbers of pow-
ers of the graph G. Denote by A = Ag the adjacency matrix of G, and let
B = Bg = (-1)4, ie.:

B -1 ij € E(G)
Y 1 ij & E(G)
Notice that Bg.yp = Bg ® By, where ® denotes the tensor-product:

-1 (u,v)(v,v") € E(G-H)

B B A B B Iyl —
( G® H)(u,v),(u ') Gu,v Hu' v { 1 (u,v)(u’,v’) ¢ E(G H)

Our aim in using B is to obtain expressions for the eigenvalues of Agx, and
then use the following bound, proved by Hoffman: every regular graph H
with eigenvalues py > ... > pu,, satisfies:

alH) < ———— 5.3
( ) M1 — Hm ( )
(see [67], [81]). Recall that the eigenvalues of A are:

AA) ={d=Ai,.... A}

By definition, B = J, — 2Ag, where J, is the all 1-s matrix of order n,
and fortunately, the single non-zero eigenvalue of J,, (the eigenvalue n) cor-
responds to an eigenvector of 1, which is also an eigenvector of A (with the
eigenvalue d). Thus, if we denote the spectrum of B by A:

A=XB)={n—2d,—2\,....—2\,}
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Define A¥ = {ypia ... g = s € A}. As usual with tensor-products (c.f., e.g.,
[9]), we use the fact that:

ABPF) = {\ Ny - Xy | A, €A(B)} = AF

Returning to Agr, we have Agr = 5(J,x — Bgr), and 1 is an eigenvector of

1
1
Be corresponding to the eigenvalue (n — 2d)*. Hence, 1 is an eigenvector of
Agr with an eigenvalue of:

_nF—(n—2d)*
B 2
Since this is the regularity degree of G*, by the Perron-Frobenius theo-

Am

rem it is also its largest eigenvalue. The remaining eigenvalues of Aqx are
{—3p:peA* p+# (n—2d)"}. Hence, if we define:

B(k) = max {Ak \ {(n— 2d)k}}

then the minimal eigenvalue of Aqk, A, equals —%ﬂ(/{;). Applying (5.3)
gives:
—nk\ k
< M _ o) (5.4)
Av—Am 1= (1= 29k 4 3(k)/nk
Examine the right hand side of (5.4). The term (1 — %d)k tends to zero as k
tends to infinity, since G is simple and hence 1 < d < n—1. Considering 5(k),

o(G")

notice that for sufficiently large values of k, in order to obtain the maximum
of A*\ {(n—2d)*}, one must choose the element of A whose absolute value is
maximal with plurality at least & — 2 (the remaining two choices of elements
should possibly be used to correct the sign of the product, making sure the
choice made is not the one corresponding to the degree of G*). Therefore, if
we set 7 = max {|n — 2d|, 2| \a], 2|\,|}, we get B(k) = O(r*). To bound r, we
use the following simple argument, which shows that

A =max {|Aa],..., [ An]} < g

(equality is precisely in the cases where G is complete bipartite with d = 7).
Indeed, the square of the adjacency matrix A of G has the values d on its

diagonal (as G is d-regular), hence:

E+N <> N =tr(A%) =nd,
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implying that:
Agdan—agg

Therefore, either 1 = 2\ < n or r = |n — 2d| < n, and in both cases we
obtain that 3(k)/n* = O(1). Taking the k-th root in (5.4), gives:

2a(G) < lim Y/BR) =1,

k—o00

as required. [ |

Note that the above proof in fact provides upper bounds for the indepen-
dence numbers of every power k of a given regular graph G (not only for the
asymptotic behavior as k tends to infinity) by calculating (k) and applying
(5.4).

Corollary 5.2.10. For the complete graphs K3 and Ky,
I’a(Kg) = JZQ(K4> =2.

Proof. 1t is easy and well known that the eigenvalues of the complete graph
K, on n > 2 vertices are: {n —1,—1,...,—1}. By Theorem 5.2.9, we have,
for every n > 2:

zo(K,) < max{n — 2,2}

For n = 3, this implies z,(K3) < 2, and for n > 4 this implies z,(K,) < n—2.
The lower bounds for K3 and K, follow from the fact that x,(K5) = 2.
We note that (5.4) gives the following bounds on «(K¥) for every k > 1:

k 2"
&(K3>§ k k0
- (=3) +(3)

2(n — 2)k1

oz(Kff) — — , n>4 24k
RIS

2(n — 2)F1

a(KF) < . n>4 , 2|k
= o A |
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Recalling the motivation of the codes considered in the introduction, the
last claim implies that

f3(n) = ©(2")
fa(n) = ©(2")

In other words, extending the alphabet from 3 letters to 4 does not increase
the maximal asymptotic size of the required code, and both cases are asymp-
totically equivalent to using a binary alphabet. However, adding additional
letters to the alphabet does increase this asymptotic size, as it is immediate
by Claim 5.2.2 that f5(n) is at least Q(v/5 ). Using a simple probabilistic
argument (similar to the one used in [9]), we can derive an upper bound for
Zo(K5) from the result on Ky :

Claim 5.2.11. Let G be a vertex transitive graph, and let H be an induced

subgraph of G. Then:
|G|

Combining this with Corollary 5.2.10, we get:

Corollary 5.2.12. For all m < n, z(K,) < Mn and in particular,

Proof of claim. Let I be a maximum independent set of G*, and denote
by o1,09,...,0, random automorphisms of G, chosen independently and
uniformly out of all the automorphisms of G. The permutation 7, which
maps v = (vy,...,v;) € G* to (o1(v1),...,0%(vx)), is an automorphism of
G*, and moreover, if we fix a vertex v in G*, then 7(v) is uniformly distributed
over all the vertices of G*. Let S be an induced copy of H* in G*, and notice
that by the properties of T,

Bir($) 11 = 11150 = 1 (1Y

On the other hand, I is an independent set, therefore |7(S) N I| < a(H*) <
(2o(H))". Choose an automorphism 7 for which this random variable attains
at least its expected value of E|7(S) N I|, and it follows that:

HE (ma<H>“%’|)k
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While the best upper bound we have for K,,, when n > 5, is n/2, the
last corollary, as well as some simple observations on the first few powers of
complete graphs, lead to the following conjecture:

Conjecture 5.2.13. For every n > 4, the complete graph on n vertices
satisfies x4 (K,) = /n.

It seems possible that the Delsarte linear programming bound (c.f., e.g.,
[85]) may provide improved upper bounds for a(K¥) when n > 4, but it does
not seem to supply a proof of the last conjecture.

As another corollary of Theorem 5.2.9, we can derive bounds for x,
of strongly-regular graphs. Recall that a strongly-regular graph G with
parameters (n,d,\, p) is a d-regular graph on n vertices, where the co-
degree (the number of common neighbors) of every two adjacent vertices
is A, and the co-degree of every two non-adjacent vertices is p. The eigen-
values of such a graph are d and the solutions to the quadratic equation
22+ (u— Nz + (u—k) =0 (c.f., eg. [60], Chapter 10). As an example, we
consider the Paley graphs:

Corollary 5.2.14. The Paley graph P, (where q is a prime power, ¢ = 1
(mod 4)) satisfies \/q < xo(FPy) < /g + 1.

Proof. Recall that P, has a vertex set V(P;,) = GF(q) and i,j € V are

connected iff i — j is a quadratic residue in GF'(q). It is easy to check that

P, is a (q, %, q%f’, q%‘tl) strongly regular graph (c.f., e.g., [60]). Hence, its
largest eigenvalue is %, and its remaining eigenvalues are the solutions of

2
the equation z? + z — 1 = 0, i.e., {_H;‘/a}. By Theorem 5.2.9:

zo(Py) <max{l,\/qg+ 1} =/q+1
|

We conclude this section with another example of an extremal problem
on codes, which can easily be translated to the terms of z,: let f3(n) be
the maximum size of a set of words over Z%, where for every two not neces-
sarily distinct words u, v, the Hamming weight of their sum u + v (addition
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is performed modulo 3) is even. Determining fg(n) asymptotically becomes
relatively simple, once the problem is translated to the problem of determin-
ing x,(H) for an appropriate multi-graph H. This graph H has a vertex set
V = Zs, where 0 is connected to both 1 and —1, and there are loops on the
vertices 1, —1. It is easy to confirm that a maximum independence set in
H™ corresponds to a code of maximum size, meeting the requirements men-
tioned above. This is an induced subgraph of Hy, the Hadamard graph on
4 vertices (assign the vertices {0, 1, —1} the values {11, 01, 10} respectively),
hence z,(H) < z,(H4) = 2. The lower bound is immediate, and therefore,

faln) = ©(2").

5.3 Clique numbers of Xor powers

5.3.1 The clique series and =z,

In the previous section, we examined independent sets in Xor powers of
graphs; the behavior of cliques in Xor powers of graphs proves to be signifi-
cantly different.

Theorem 5.3.1. For every graph G = (V, E), the limit of @ as n tends
to infinity exists. Let x,(G) denote this limit. Then:
w(G") =2

< |V
n+1 _||

0 <z,(G) =sup

Proof. Let G and H denote two simple graphs, and let {vq,...,v,} and
{uy,...,us} be maximum cliques in G and H respectively. The following set
is a clique in the graph G - H - Ky, where the vertex set of K is {0,1}:

{va, ..y} x{u} x {0} U {vr} x{ug, ..., us} x {1} (5.5)
Thus, the following inequality applies to every two simple graphs G and H:
w(G-H- -Ky)>w(G)+w(H)—2 (5.6)

Note that there are graphs G and H for which equation (5.6) is tight. For
example, take both G and H to be powers of K. The graph K7 is triangle
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free (recall that by Claim 5.2.3, K7 is bipartite), therefore, w(K5t) =2 =
w(KY) +w(KL) — 2.

Consider a graph G, and define g(n) = w(G™). If G contains no edges,
then each of its powers is an edgeless graph, and g(n) = 1 for all n. Otherwise,
it contains a copy of K, hence equation (5.6) implies that for every m,n > 1:

glm+n+1) = g(m) +g(n) -2
Defining, for every n > 1,
g(n) =g(n —1) =2
gives:
gm+n) =glm+n—1)=2=g(m—1)+g(n —1) =4 =g(m) + 4(n)

Therefore, the function g is super-additive, and by Fekete’s lemma, the limit

of the series @ exists and equals its supremum. We note that this applies

for edgeless graphs as well, where this limit equals 0. Denote this limit by
Ty

w(G" w(G") —2

z,(G) = lim w(G") = sup w(G") =2

2.7
n—oo M n n+1 (5:7)

It remains to show that z,(G) < |V|. We first need the following defi-
nition: A function f : V — Z& (for some k > 1) will be called a proper
representation of G, if there is a by € {0, 1}, such that for every (not nec-
essarily distinct) u,v € V, wv € E'iff f(u)- f(v) = by. The dimension of the
representation, dim(f), is defined to be dim(f(V)) in Z&.

The upper bound for z,, is given by the following lemma:

Lemma 5.3.2. If G = (V, E) has a proper representation f, then x,(G) <
dim(f).

Proof. Let x oy denote the concatenation of the vectors z and y. By the
definition of the Xor product, for every two graphs G and H, if g is a proper
representation of G and h is a proper representation of H, then g o h, which
maps each vector (u,v) € V(G-H) to g(u)oh(v), is a proper representation of
G-H, with byop, = by+0b,+1 (mod 2). Clearly, dim(goh) < dim(g)+dim(h).
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Suppose f is a proper representation of G of dimension d, and let g
denote the k-fold concatenation of f. Allowing dim(g) to be at most kd + 1
we may assume that b, = 0 (by adding a new coordinate of 1 to all vectors
if necessary). Let S be a maximum clique in G*, |S| = s. We define B to be
the matrix whose s columns are {g(v) : v € S}. Since S is a clique, and g is
a proper representation of G¥ with b, = 0, then B'B = I. The rank of B'B
is thus s, hence:

s = rank(B'B) < rank(B) < dim(g) < kd + 1

w(G*)

We conclude that for every k, =

< d+ 1, and the result follows. [ ]

To prove that z,(G) < |V, it suffices to show that there exists a proper
representation for every GG (the dimension of the span of n vectors can never
exceed n). Set |V| =n and |E| = m, and examine the function f: V — Z5",
which maps each vertex v to its corresponding row in the incidence matrix
of G. For every u # v € V, either wv € E, in which case there is a single
index at which f(u) = f(v) = 1, or uv ¢ E and there is no such index.
Hence f(u)- f(v) = 1 iff wv € F (and in particular, this applies to the dot
product in ZZ* as well). All that remains in order to turn f into a proper
representation of G (with by = 1) is to adjust the values of f(u) - f(u) to 0
for every u € V. Note that f(u) - f(u) is precisely the degree of u modulo 2,
hence the vertices which requires adjusting are precisely those of odd degree.
Let S = {vy,...,vs} denote the set of vertices of odd degree (clearly, s is
even). We adjust the representation as follows: add s new coordinates to all
vectors. For every u ¢ S, set all of its new coordinates to 0. For v;, 1 <i <'s,
set the ¢-th new coordinate to 1 and the remaining new coordinates to 0. In
this manner, we reversed the parity of the v; vectors, while preserving the
dot product of v; and v;, guaranteeing this is a proper representation of G.
This completes the proof of Theorem 5.3.1. |

Remark 5.3.3: Lemma 5.3.2 can give better upper bounds for various
graphs, by constructing proper representations of dimension strictly smaller
than |V|. For instance, for every Eulerian graph G = (V, E), the incidence
matrix is a proper representation of G (there is no need to modify the parity
of any of the vertices, since the degrees are all even). Since each column has
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precisely two occurrences of the value 1, the sum of all rows is 0 in GF(2),
hence the rank of the matrix is at most |V| — 1. More generally, if G has k
Eulerian connected components, then z,,(G) < |V|—k (by creating a depen-
dency in each set of rows corresponding to an Eulerian component). Finally,
since the matrix whose rows are the vectors of the proper representation, B,
satisfies either BB' = A or BB = A + J (operating over GF(2)), where A
is the adjacency matrix of GG), then every proper representation f satisfies
dim(f) > min{rank(A),rank(A + J)} over GF(2). In particular, if both A
and A + J are of full rank over GF'(2), then there cannot exist a proper
representation which gives a better bound than |[V].

We now wish to extend our definition of x, to multi-graphs. Recall that
without loss of generality, there are no parallel edges, hence a clique in a
multi-graph G is a set where every two distinct vertices are adjacent, how-
ever, it contains no loops. We note that if we were to examine sets in G,
where each two vertices are adjacent, and in addition, each vertex has a loop,
then this notion would be equivalent to independent sets in the multi-graph
complement G, and would thus be treated by the results in the previous
section.

Notice that equation (5.6) remains valid, by the same argument, when
G and H are multi-graphs. It therefore follows that if a graph G satisfies
w(G) > 2, or equivalently, if there are two adjacent vertices in G, each of
which does not have a loop, then z, is well defined and satisfies equation
(5.7).

If w(@) = 0, then every vertex of G has a loop, hence w(G*"*1) = 0
and yet w(G**) > 1 for every n, thus the series @ alternates between zero
and non zero values. Indeed, it is easy to come up with examples for such
graphs where this series does not converge (the disjoint union of 3 loops is an
example: the second power, which is exactly the square lattice graph Lo (3),
contains a copy of K3, hence the subseries of even indices does not converge

to 0).

If w(G) = 1, then either the graph is simple (and hence edgeless), or there
exist two vertices a and b, such that a has a loop and b does not. In this
case, we can modify the clique in (5.5) to use the induced graph on {a,b}
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instead of a copy of Kos:

{va, ..., o} x{u} x {aba} U {v1} x {ug, ... ,us} x {aab} (5.8)

We can therefore slightly modify the argument used on simple graphs, and
obtain a similar result. The function g(n) now satisfies the inequality:

g(m+n+3)>g(m)+g(n) -2
hence we can define g as:

g(n) =g(n—3) =2
and obtain the following definition for x,,:

w(G") w(G™) —2

2,(G) = lim =sup—

n—oo

(5.9)

Altogether, we have shown that x,, the limit of @, exists for every
multi-graph G satisfying w(G) > 0. Examining the even powers of G, it is
clear that two possibly equal vertices u and v are adjacent in G?" iff they are
adjacent in a" (where G is the multi-graph complement of G, as defined in
the previous section). Hence, we obtain the following proposition, analogous
to Proposition 5.2.1:

Proposition 5.3.4. For every multi-graph G = (V, E) satisfying w(G) > 0,
7,(G) is well defined. Furthermore, if in addition w(G) > 0, where G is the
multi-graph-complement of G, then z,(G) = x,(G).

We note that the upper bound of |V| in Theorem 5.3.1 applies to multi-
graphs as well: Lemma 5.3.2 does not rely on the fact that G' has no loops,
and in the constructions of proper representations for G, we have already
dealt with the scenario of having to modify the value of f(u;) - f(u;) for a
subset of the vertices {w;} C V. The loops merely effect the choice of the
vertices whose parity we need to modify.
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5.3.2 Properties of x, and bounds for codes

While defining z, in the previous section, we commented that the lower
bound of 0 is trivially tight for edgeless graphs. It is interesting to state that
z,(G) may be 0 even if the graph G is quite dense: recall that the powers of
complete bipartite graphs are complete bipartite (Claim 5.2.3). Therefore,
for every k > 1, w(K}, ) = 2, and 2, (Kpn) = 0.

It is now natural to ask whether z,,(G) = 0 holds for every (not necessarily
complete) bipartite graph. This is false, as the following example shows: take
Py, the path on 4 vertices, w — z —y — z. The set {(w, ), (y,vy),(z,y)} is a
triangle in P7, hence (5.7) implies that z,,(Py) > 5 > 0. However, adding the
edge (w, z) completes Py into a cycle Cy = K3 o, which satisfies z,(K22) =0
by the discussion above. This proves the following property of z,:

Claim 5.3.5. z,, is non-monotone with respect to the addition of edges.

Recall the motivation of examining g3(n), the maximal number of vectors
in {0,1,2}" such that the Hamming distance between every two is odd. We
already noted in the introduction that gs(n) = w(K¥); it is now clear from
the lower and upper bounds we have presented for z,, that gs(n) = ©(n),
and more generally, that when the alphabet is {0,...,r — 1} for some fixed
r, g-(n) = O(n). The following holds for general complete graphs:

Theorem 5.3.6. The complete graph K, (r > 3) satisfies:
2,(G) = (1 —o(1))r,
where the o(1)-term tends to 0 as r tends to infinity.

Proof. We first prove the following lemma, addressing the case of r being a
prime power:

Lemma 5.3.7. Let r = p* for some prime p > 3 and k > 1. Then:

r

r—1-— <z,(K,)<r-—1

r—+
Proof. The upper bound of r — 1 is derived from the remark following Theo-
rem 5.3.1 (r is odd and hence K, is Eulerian). For the lower bound, argue as
follows: let £ denote the set of all lines with finite slopes in the affine plane
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GF(p*). Let {x,...,z,} denote the elements of GF(p*), and represent
each such line ¢ € £, ¢ = ax + b by the vector:

f(l) = (a,axy 4+ b,axs +b,... ax,: +b)

(i.e., represent ¢ by its slope followed by the y-coordinates of its set of points).
Every two distinct lines 1, ¢y € L are either parallel (a; = ay and by # bs)
or intersect in precisely one point (z = (b; — by)(as — a;)~t). In both cases,
precisely one coordinate in f(¢;), f(¢2) is equal, hence the Hamming distance
between them is p*. Since p is odd, the above set of vectors forms a clique
of size |£| = p** in Ké’:“. Equation (5.7) yields:

p2k ) L pk

wBp) 2 s = - -
) 2 1 P P42

as required. [}

There exists a 2 < © < 1 such that for every sufficiently large n, the

2
interval [n — n®, n| contains a prime number (see, e.g., [69] for © = 23/42).
Combining this fact with the lower bound of the above lemma immediately

implies the asymptotic result for every sufficiently large r. |

Remark 5.3.8: Lemma 5.3.7 gives a lower bound of 1.4 for z,,(K3). Using
a computer search, we improved this lower bound to 1.7 (compared to the
upper bound of 2), by finding a clique of size 19 in K3.

It is not difficult to see that the upper bounds of proper representations,
given for cliques, can be extended to complete r-partite graphs, by assigning
the same vector to all the vertices in a given color class. This is a special
case of the following property, analogous to Claim 5.2.4:

Claim 5.3.9. Let G = (V, E) be a graph on the vertex set V = [n]. The
r-blow-up of G, G[r| (see Claim 5.2.4 for the definition) satisfies:

2o(Glr]) = 2,(G)

Furthermore, every mazimum clique of G[r]* corresponds to a mazimum
clique of the same size of G*.
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Proof. Define the pattern of a vertex v = (v1, ..., v;) € G[r]* to be the vector
w, = (wy,...,wy) € G, such that every coordinate of v belongs in G|r] to
the color class of the corresponding coordinate of w, in G (i.e., v; belongs to
the independent set of size r which corresponds to w; in G[r|). Let S be a
maximum clique of G[r]¥; then every vertex v € S has a unique pattern in
S (by definition, two vertices sharing the same pattern are disconnected in
every coordinate). Thus, we can fix a vertex in each color class of G[r] (note
that this is an induced copy of G in G[r]), and without loss of generality,
we can assume that these are the only vertices used in every v € S. This
completes the proof of the claim. [ |

Corollary 5.3.10. For every complete r-partite graph G, §—1 < x,,(G) <,
and in addition, x,(G) = (1 —o(1)) r, where the o(1)-term tends to 0 as r
tends to infinity.

We have so far seen that for every graph G on n vertices and a maximum
clique of size r, Q(r) < x,(G) < O(n). For complete graphs, z,(G) = (1 —
o(1))r, and one might suspect that z,(G) cannot be significantly larger than
r. The following claim settles this issue, by examining self complementary
Ramsey graphs (following the ideas of [18]):

Claim 5.3.11. For every n € N there is a graph G on n vertices, such that
w(G) < 2[logy(n)] and yet z,(G) > “52.

Proof. In section 2.2 of [18], the authors prove the following lemma:

Lemma 5.3.12 ([18]). For every n divisible by 4 there is a self complemen-
tary graph G on n vertices satisfying a(G) < 2[logy(n)].

Set n =4m +r (0 < r < 3), and let G be the disjoint union of a self-
complementary graph H on 4m vertices, and r isolated vertices. By the
lemma,

w(G) < 2[logy(n)]

Furthermore, if 7 is an isomorphism mapping H to its complement, the set
{(v,7(v)) : v € V(H)} is a clique of size 4m in G?, since for every u # v,
w € E(G) iff 7(u)T(v) ¢ E(G). Hence:

wG) =2 _n—-r—-2_n-5
> > >
@)z T 2 Ty 2
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We note that a slightly weaker result can be proved rather easily and
without using the lemma on self-complementary Ramsey graphs, by taking
the disjoint union of a Ramsey graph and its complement. The lower bound
on z,, is again derived from a clique in G? of the form {(v, )} where o is the
vertex corresponding to v in the complement graph. This construction gives,
for every even n € N, a graph G on n vertices, satisfying w(G) < 2log,(n)

and yet z,(G) > # = ”T_"‘.

5.4 Open problems

We conclude with several open problems related to x, and x:

Question 5.4.1. Does every complete graph on n > 4 wvertices, K, satisfy

zo(K,) = /n?

Question 5.4.2. What is the expected value of x, for the random graph
Qné ¢ What is the expected value of x,, for the random graph Qn% ¢

Question 5.4.3. What is the precise value of z,(K,,) for n > 37

Question 5.4.4. Is the problem of deciding whether x,(G) > k, for a given
graph G and a given value k, decidable? Is the problem of deciding whether
z,(G) > k, for a given graph G and a given value k, decidable?
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Chapter 6

Graph p-powers, Delsarte,
Hoffman, Ramsey and Shannon

The results of this chapter appear in [11]

The k-th p-power of a graph G is the graph on the vertex set V(G)¥,
where two k-tuples are adjacent iff the number of their coordinates which are
adjacent in G is not congruent to 0 modulo p. The clique number of powers
of G is poly-logarithmic in the number of vertices, thus graphs with small
independence numbers in their p-powers do not contain large homogenous
subsets. We provide algebraic upper bounds for the asymptotic behavior of
independence numbers of such powers, settling a conjecture of [10] up to a
factor of 2. For precise bounds on some graphs, we apply Delsarte’s linear
programming bound and Hoffman’s eigenvalue bound. Finally, we show that
for any nontrivial graph G, one can point out specific induced subgraphs
of large p-powers of G with neither a large clique nor a large independent
set. We prove that the larger the Shannon capacity of G is, the larger these
subgraphs are, and if G is the complete graph, then some p-power of G
matches the bounds of the Frankl-Wilson Ramsey construction, and is in
fact a subgraph of a variant of that construction.
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6.1 Introduction

The k-th Xor graph power of a graph G, G®*, is the graph whose vertex set
is the cartesian product V(G)*, where two k-tuples are adjacent iff an odd
number of their coordinates is adjacent in G. This product was used in [102]
to construct edge colorings of the complete graph with two colors, containing
a smaller number of monochromatic copies of K, than the expected number
of such copies in a random coloring.

In [10], the authors studied the independence number, «, and the clique
number, w, of high Xor powers of a fixed graph G, motivated by problems
in Coding Theory: cliques and independent sets in such powers correspond
to maximal codes satisfying certain natural properties. It is shown in [10]
that, while the clique number of G®¥ is linear in k, the independence number
a(G®%) grows exponentially: the limit a(G@k)% exists, and is in the range
[WVIV(G)|,|V(G)|]. Denoting this limit by z,(G), the problem of determin-
ing x,(G) for a given graph G proves to be extremely difficult, even for
simple families of graphs. Using spectral techniques, it is proved in [10] that
ro(K,) = 2 for n € {2,3,4}, where K, is the complete graph on n vertices,
and it is conjectured that z,(K,) = y/n for every n > 4. The best upper
bound given in [10] on z,(K,) for n > 4 is n/2.

The graph product we introduce in this chapter, which generalizes the
Xor product, is motivated by Ramsey Theory. In [49], Erdds proved the
existence of graphs on n vertices without cliques or independent sets of size
larger than O(logn) vertices, and that in fact, almost every graph satisfies
this property. Ever since, there have been many attempts to provide explicit
constructions of such graphs. Throughout the chapter, without being com-
pletely formal, we call a graph “Ramsey” if it has neither a “large” clique nor
a “large” independent set. The famous Ramsey construction of Frankl and
Wilson [56] provided a family of graphs on n vertices, FW,,, with a bound of

exp <\/ (24 0(1)) lognloglog n) on the independence and clique numbers,
using results from Extremal Finite Set Theory. Thereafter, constructions
with the same bound were produced in [8] using polynomial spaces and in
[62] using low degree matrices. Recently, the old Frankl-Wilson record was
broken in [21], where the authors provide, for any € > 0, a polynomial-time
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algorithm for constructing a Ramsey graph on n vertices without cliques or
independent sets on exp ((logn)®) vertices. The disadvantage of this latest
revolutionary construction is that it involves a complicated algorithm, from
which it is hard to tell the structure of the resulting graph.

Relating the above to graph products, the Xor product may be viewed
as an operator, @, which takes a fixed input graph G on n vertices, and
produces a graph on n* vertices, H = G®*. The results of [10] imply that
the output graph H satisfies w(H) < nk = O(log(|V(H)|)), and that if G is a
nontrivial d-regular graph, then H is d'-regular, with ' — 3|V (H)| as k tends
to infinity. Thus, @, transforms any nontrivial d-regular graph into a random
looking graph, in the sense that it has an edge density of roughly % and a
logarithmic clique number. However, the lower bound a(H) > /|V(H)|,
which holds for every even k, implies that @, cannot be used to produce
good Ramsey graphs.

In order to modify the Xor product into a method for constructing Ram-
sey graphs, one may try to reduce the high lower bound on the independence
numbers of Xor graph powers. Therefore, we consider a generalization of
the Xor graph product, which replaces the modulo 2 (adjacency of two k-
tuples is determined by the parity of the number of adjacent coordinates)
with some possibly larger modulo p € N. Indeed, we show that by selecting
a larger p, the lower bound on the independence number, a(H), is reduced
from +/|V(H)| to |V (H)|'?, at the cost of a polynomial increase in w(H).
The generalized product is defined as follows:

Definition 6.1. Let k,p € N. The k-th p-power of a graph G, denoted by
G*® | is the graph whose verter set is the cartesian product V (G)*, where two
k-tuples are adjacent iff the number of their coordinates which are adjacent
in G is not congruent to O modulo p, that is:

(u, .. up) (vi,...,08) € B(G*) iff [{i:wwv; € E(G)Y#£0 (mod p) .

Throughout the chapter, we use the abbreviation G* for G*@ when there
is no danger of confusion.

In Section 6.2 we show that the limit a(G*)* exists and is equal to

&p) . ®

Supy, a(Gk)%; denote this limit by =z A simple lower bound on x4’ is
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|V (G)|'/?, and algebraic arguments show that this bound is nearly tight for
the complete graph: x&p)(Kn) = O(n'/?). In particular, we obtain that

Vn < zo(K,) = 2P (K,) <2vn—1,

improving the upper bound of n/2 for n > 4 given in [10], and determining
that the behavior of x, for complete graphs is as stated in Question 4.1 of
[10] up to a factor of 2.

For the special case G = K,,, it is possible to apply Coding Theory
techniques in order to bound z*(G). The problem of determining % (K,)
can be translated into finding the asymptotic maximum size of a code over
the alphabet [n], in which the Hamming distance between any two codewords
is divisible by p. The related problem for linear codes over a field has been
well studied: see, e.g., [105] for a survey on this subject. However, as we later
note in Section 6.2, the general non-linear case proves to be quite different,
and the upper bounds on linear divisible codes do not hold for z¥ )(Kn).
Yet, other methods for bounding sizes of codes are applicable. In Section 6.3
we demonstrate the use of Delsarte’s linear programming bound in order to
obtain precise values of a(K;]:(S)). We show that a(K{f@)) = 3%/2 whenever
k =0 (mod 4), while a(K§(3)) < 1342 for k = 2 (mod 4), hence the series
a(KST®) 1a(KY®) does not converge to a limit.

Section 6.4 gives a general bound on 2® for d-regular graphs in terms of
their eigenvalues, using Hoffman’s eigenvalue bound. The eigenvalues of p-
powers of GG are calculated using tensor products of matrices over C, in a way
somewhat similar to performing a Fourier transform on the adjacency matrix
of G. This method may also be used to derive tight results on a(G*®), and
we demonstrate this on the above mentioned case of p = 3 and the graph
K3, where we compare the results with those obtained in Section 6.3 by the
Delsarte bound.

Section 6.5 shows, using tools from linear algebra, that indeed the clique
number of G¥® is poly-logarithmic in k, and thus p-powers of graphs at-

taining the lower bound of 2? are Ramsey. We proceed to show a relation

between the Shannon capacity of the complement of G, ¢(G), and the Ram-
sey properties of p-powers of G. Indeed, for any nontrivial graph G, we

can point out a large Ramsey induced subgraph of some p-power of GG. The
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larger ¢(G) is, the larger these Ramsey subgraphs are. When G = K, for

some prime p, we obtain that H = K£2(”) is a Ramsey graph matching the
bound of Frankl-Wilson, and in fact, H contains an induced subgraph which
is a modified variant of FWy, for some /N7, and is contained in another vari-
ant of F'Wy, for some Ny. The method of proving these bounds on GFw
provides yet another (simple) proof for the Frankl-Wilson result.

6.2 Algebraic lower and upper bounds on :Uép )

In this section, we define the parameter xfyp ), and provide lower and upper

bounds for it. The upper bounds follow from algebraic arguments, using
graph representation by polynomials.

6.2.1 The limit of independence numbers of p-powers

The following lemma establishes that 7P exists, and gives simple lower and

upper bounds on its range for graphs on n vertices:

Lemma 6.2.1. Let G be a graph on n vertices, and let p > 2. The limit of
a(GF0)i as k — oo exists, and, denoting it by x&p)(G), it satisfies:
n? < 2P)(G) = sup a(Gk(P))% <n.
k

Proof. Observe that if I and J are independent sets of G* and G! respectively,
then the set I x J is an independent set of G¥*!, as the number of adjacent
coordinates between any two k-tuples of I and between any two [-tuples of
Jis 0 (mod p). Therefore, the function g(k) = a(G*) is super-multiplicative
and strictly positive, and we may apply Fekete’s Lemma (cf., e.g., [76], p.
85) to obtain that the limit of a(G*)* as k — oo exists, and satisfies:

k—oo

lim (G*)F = sup a(G*)* (6.1)
k

Clearly, a(G*) < n*, and it remains to show the lower bound on z®. Notice
that the following set is an independent set of G?:

I={(u,...,u) : weV(G)} CG?,
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since for all u,v € V(G), there are either 0 or p adjacent coordinates between
the two corresponding p-tuples in /. By (6.1), we obtain that x((f)(G) >
|I|Y/P = nl/P, [

6.2.2 Bounds on ng)) of complete graphs

While the upper bound |V (G)| on 2%(G) is clearly attained by an edgeless
graph, proving that a family of graphs attains the lower bound requires some
effort. The next theorem states that complete graphs achieve the lower bound
of Lemma 6.2.1 up to a constant factor:

Theorem 6.2.2. The following holds for all integer n,p > 2:
e P(K,) < 280/P) (n — 1)V (6.2)

where H(x) = —xlogy(x) — (1 —x)logy(1 — x) is the binary entropy function.
In particular, .rgp)(Kn) = O(n'/?). In the special case where n = p = q" for
some prime q and r > 1, the lower bound roughly matches upper bound:

prt < 2P(K,) < (ep?)"” .

Taking p = 2 and noting that H (%) = 1, we immediately obtain the
following corollary for Xor graph products, which determines the asymptotic
behavior of z, for complete graphs:

Corollary 6.2.3. For all n > 2, the complete graph on n vertices satisfies
Vn < zo(Ky) <2vVn—1.

Proof of Theorem 6.2.2. The upper bound will follow from an argument on
polynomial representations, an approach which was used in [8] to bound the
Shannon capacity of certain graphs. Take £ > 1, and consider the graph
H = K*. For every vertex of H, u = (uy,...,u;), we define the following
polynomial in R[z; ;], where i € [k], j € [n]:

L~/p)

k
fulzi, o Tpn) = H (k —tp— Z %ul) . (6.3)
i=1

t=1
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Next, give the following assignment of values for {z;;}, z,, to each v =
(v1,...,0) € V(H):

T3 = 5%.,]' s (64)
where 0 is the Kronecker delta. Definitions (6.3) and (6.4) imply that for
every two such vertices u = (uq,...,ux) and v = (vy,...,vg) in V(H):

[k/p) k Lk/p]
fed = IT (b= 0= 30w ) = T 000+ w2 udl =) . 69
t=1 i=1 t=1

Notice that, by the last equation, f,(z,) # 0 for all u € V(H), and consider
two distinct non-adjacent vertices u,v € V(H). The Hamming distance
between u and v (considered as vectors in ZF) is by definition 0 (mod p)
(and is not zero). Thus, (6.5) implies that f,(x,) = 0.

Recall that for all u, the assignment z, gives values z;; € {0,1} for all
7,7, and additionally, 2?21 x;; = 1 for all <. Therefore, it is possible to
replace all occurrences of z;, by 1 — Z;:ll x;; in each f,, and then proceed

and reduce the obtained result modulo the polynomials:

U ({xfg —x;:j €N} U {zirig: gl €nl,j#1})

1€[k]

without affecting the value of the polynomials on the above defined substi-

tutions. In other words, after replacing =;,, by 1 — > ._ ;;, we repeatedly

j<n
replace xgj by z;;, and let all the monomials containing x; ;x;; for j # [

vanish. This gives a set of multi-linear polynomials { fu} satisfying:

fulzy) #0 for all u € V(H)
{ fulzy) =0 foru#v, wwé¢ E(H) ’
where the monomials of f, are of the form 11—, i, for some 0 <r < LgJ,
a set of pairwise distinct indices {i;} C [k] and indices {j:} C [n — 1].

Let F = Span({f, : w € V(H)}), and let I denote a maximum indepen-
dent set of H. A standard argument shows that F' = {f, : u € I} is linearly
independent in F. Indeed, suppose that ) _; a, fu(x) = 0 ; then substitut-
ing x = x, for some v € I gives a, = 0. It follows that o(H) < dim F, and
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thus:
Lk/p]

k k
H) < — 1) < (2H0P (n — 1)/P 6.6
=Y ()) - ey e
where in the last inequality we used the fact that 3., (") < 2mHO (of,
e.g., the remark following Corollary 4.2 in [7], and also [19] p. 242). Taking
the k-th root and letting k£ grow to oo, we obtain:

x(()ﬁ)(_;(ﬂ) < 2H(1/p)(n — 1)1/17 :

as required.

In the special case of K, (that is, n = p), note that: 2HG) = p% (ﬁ)%l <
(ep)% and hence in this case m&p)(Kp) < (ep®)V/P. If p = ¢ is a prime-power we
can provide a nearly matching lower bound for 2P )(Kp) using a construction
of [10], which we shortly describe for the sake of completeness.

Let £ denote the set of all lines with finite slopes in the affine plane
GF(p), and write down the following vector w, for each ¢ € L, { = ax +b for

some a,b € GF(p):
we = (a,ax; +b,axs +b,...,ax,+0) ,

where x4, ..., 1, denote the elements of GF(p). For every two distinct lines
0,0, if 0||¢ then wy, wp has a single common coordinate (the slope a). Other-
wise, wy, wy has a single common coordinate, which is the unique intersection
of £,¢'. In any case, we obtain that the Hamming distance of w, and wy is p,
hence W = {wy : £ € L} is an independent set in K2*'. By (6.1), we deduce
that:

alp) (Ky) > pr |

completing the proof. |

Remark 6.2.4: The proof of Theorem 6.2.2 used representation of the
vertices of K* by polynomials of kn variables over R. It is possible to prove
a similar upper bound on xﬁf )(Kn) using a representation by polynomials of
k variables over R. To see this, use the natural assignment of x; = v; for

v = (vq,...,vx), denoting it by x,, and assign the following polynomial to
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w=(ug,...,ug):
Lk/p] koo _
fu<x1,...,xk>—H(k—tp—ZHui_j). (6.7)
t=1 =1 j=1
JFu;
The expression Hj L, ff:? is the monomial of the Lagrange interpolation

polynomial, and is equal to d,,.,. Hence, we obtain that f,(z,) # 0 for
any vertex u, whereas f,(z,) = 0 for any two distinct non-adjacent vertices
u,v. As the Lagrange monomials yield values in {0, 1}, we can convert each
fu to a multi-linear combination of these polynomials, fu, while retaining
the above properties. Note that there are n possibilities for the Lagrange
monomials (determined by the value of w;), and it is possible to express one
as a linear combination of the rest. From this point, a calculation similar
to that in Theorem 6.2.2 for the dimension of Span({f, : u € V}) gives the
upper bound (6.2).

Remark 6.2.5: The value of a(Kﬁ(”)) corresponds to a maximum size of
a code C' of k-letter words over Z,, where the Hamming distance between
any two codewords is divisible by p. The case of linear such codes when Z,
is a field, that is, we add the restriction that C is a linear subspace of ZF,
has been thoroughly studied; it is equivalent to finding a linear subspace of
Z% of maximal dimension, such that the Hamming weight of each element is
divisible by p. It is known for this case that if p and n are relatively prime,
then the dimension of C'is at most k/p (see [104]), and hence the size of C
is at most n*/?. However, this bound does not hold for the non-linear case
(notice that this bound corresponds to the lower bound of Lemma 6.2.1). We
give two examples of this:

1. Take p = 3 and n = 4. The divisible code bound implies an upper
bound of 4'/3 ~ 1.587, and yet 2 (K,) > v/3 ~ 1.732. This follows
from the geometric construction of Theorem 6.2.2, which provides an
independent set of size 9 in K;‘(?’) C Kj@), using only the coordinates
{0, 1,2} (this result can be slightly improved by adding an all-3 vector
to the above construction in the 12-th power).
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2. Take p = 3 and n = 2. The linear code bound is 2'/® ~ 1.26, whereas
the following construction shows that oz(sz(g)) > 24, implying that
:ES’)(KQ) > 24112 ~ 1.30. Let {v1,...,v12} denote the rows of a binary
Hadamard matrix of order 12 (such a matrix exists by Paley’s Theorem,
cf. eg. [65]). For all i # j, v; and v; have precisely 6 common
coordinates, and hence, the set I = {v;} U {7;} (where 7; denotes the
complement of v; modulo 2) is an independent set of size 24 in K;Q(S).

In fact, [ is a maximum independent set of K212(3), as Delsarte’s linear

programming bound (described in Section 6.3) implies that Oé(K212<3>) <

24.

6.2.3 The value of .CE'(()?)(K:;)

While the upper bound of Theorem 6.2.2 on 2P (K,) is tight up to a constant
factor, the effect of this constant on the independence numbers is exponential
in the graph power, and we must resort to other techniques in order to obtain
more accurate bounds. For instance, Theorem 6.2.2 implies that:
1.732 ~ V3 < 2®)(K3) < 27623 = % ~ 2.381 .

In Sections 6.3 and 6.4, we demonstrate the use of Delsarte’s linear program-
ming bound and Hoffman’s eigenvalue bound for the above problem, and
in both cases obtain the exact value of a(K;f(B)) under certain divisibility
conditions. However, if we are merely interested in the value of ZE((IS)(Kg), a
simpler consideration improves the bounds of Theorem 6.2.2 and shows that

2 (K3) = V/3:

Lemma 6.2.6. For any k > 1, a(K:f(g)) < 3- \/gk, and in particular,

2 (K3) = /3.

Proof. Treating vertices of K% as vectors of Z&, notice that every two vertices
r=(x1,...,2x) and y = (y1, ..., yx) satisfy:

k

Z(% —y)? =iz # v} (mod3),

=1
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and hence if I is an independent set in K%, then:
Z(Sﬁz —9)>=0 (mod3) forallz,ycI.
Let I denote a maximum independent set of K¥ and let I, = {z € I :
>, x7 =c¢ (mod 3)} for ¢ € {0,1,2}. For every ¢ € {0,1,2} we have:
2:@Z —y)?=2c—2x-y=0 (mod3) forall z,y € I,
and hence z -y = ¢ for all z,y € I.. Choose ¢ for which |I.| > |I|/3, and

subtract an arbitrary element z € I. from all the elements of I.. This gives
a set J of size at least |I|/3, which satisfies:

x-y=0 foral z,y € J .

Since Span(/J) is a self orthogonal subspace of Z%, its dimension is at most

k/2, and hence |J| < 3%2. Altogether, a(K¥%) < 3- V3", as required. [ ]

6.3 Delsarte’s linear programming bound for
complete graphs

In this section, we demonstrate how Delsarte’s linear programming bound
may be used to derive precise values of independence numbers in p-powers
of complete graphs. As this method was primarily used on binary codes, we
include a short proof of the bound for a general alphabet.

6.3.1 Delsarte’s linear programming bound

The linear programming bound follows from the relation between the distance
distribution of codes and the Krawtchouk polynomials, defined as follows:

Definition 6.2. Let n € N and take q > 2. The Krawtchouk polynomials
K4 () for k=0,...,n are defined by:

K - Y (‘"”) (Z _ ‘"’?) (~1)(g - M7 (6.8)

= \J j
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Definition 6.3. Let C be an n-letter code over the alphabet {1,...,q}. The
distance distribution of C, By, By, ..., By, is defined by:

By, = (w1, ws) € O : §(wy,wy) =k} (k=0,...,n),

=l
]
where § denotes the Hamming distance.

The Krawtchouk polynomials {K;*!(x)} are sometimes defined with a
normalizing factor of ¢~*. Also, it is sometimes customary to define the
distance distribution with a different normalizing factor, letting A, = %,
in which case A; is the probability that a random pair of codewords has a
Hamming distance k.

The Krawtchouk polynomials {IC} : k = 0,...,n} form a system of

orthogonal polynomials with respect to the weight function

n!
Frl+2)(n+1—x

w(z) = )(q -7,
where I is the gamma function. For further information on these polynomials
see, e.g., [99].

Delsarte [43] (see also [85]) presented a remarkable method for bounding
the maximal size of a code with a given set of restrictions on its distance
distribution. This relation is given in the next proposition, for which we
include a short proof:

Proposition 6.3.1. Let C be a code of n-letter words over the alphabet [q],
whose distance distribution is By, ..., B,. The following holds:

ZBIC’”’ ) >0 forall k=0,. (6.9)

Proof. Let G = Zj, and for every two functions f,g : G — C, define (as
usual) their inner product (f, g) and their delta-convolution, f * g, as:

1 _
o) = [ @il =z 3 HOT)

(f * 0)(s /f PR



6.3 Delsarte’s linear programming bound for complete graphs

113

Denoting the Fourier expansion of f by: f =3 ¢ . f(S)XS, where yg(z) =
w® and w is the g-th root of unity, it follows that for any k =0,...,n

> Z,qu > T (6.10)
el &

SeG:|S|=k TeG:|T|=i

where |S| and |T'| denote the Hamming weights of S,7 € G. Since the
delta-convolution satisfies:

—_— -~  —_—

fxg(S) = f(5)g(5) ,

every f satisfies: -

FxfS)=1f(S)F >0. (6.11)
Let f denote the characteristic function of the code C, f(x) = lecy, and
notice that:

(F NS |G|Zf |G|’{T T.T-SeC},

TeG
and thus: |G|

Bi= g S (f D). (6.12)
T:|T|=i

Putting together (6.10), (6.11) and (6.12), we obtain:

r nq C nq
0= XTI = g TR0 Y (00 = 5 S0

S:|S|=k T:|T|=i
as required. |

Let F' C [n] be a set of forbidden distances between distinct codewords.
Since |C| =), B;, the following linear program provides an upper bound on
the size of any code with no pairwise distances specified by F'

maximize ). B; subject to the constraints:
By=1
B; > 0 for all ¢
B;=0forallie F
Sor o BiKi(i) >0 for all k=0,.
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By examining the dual program, it is possible to formulate this bound as a
minimization problem. The following proposition has been proved in various
special cases, (cf., e.g., [44], [77]). For the sake of completeness, we include
a short proof of it.

Proposition 6.3.2. Let C be a code of n-letter words over the alphabet [q],
whose distance distribution is By, ..., B,. Let P(x) = ialeZ;q(x) denote
an n-degree polynomial over R. If P(x) has the followi;;;otwo properties:
ag>0 anda; >0 foralli=1,...,n, (6.13)
P(d) <0 whenever B; >0 ford=1,...,n, (6.14)
then |C| < P(0)/ap.

Proof. The Macwilliams transform of the vector (By,..., B,) is defined as

follows:
1 o~ .
B, = il > Kp(i)B; . (6.15)
i=0

By the Delsarte inequalities (stated in Proposition 6.3.1), B; > 0, and fur-
thermore:

1 & 1
Bi= SN K¥i)B=—S B =1.
PP P
Therefore, as (6.13) guarantees that a; > 0 for i > 0, we get:
> B> a . (6.16)
k=0

On the other hand, By = 1, and by (6.14), whenever B; > 0 for some i > 0
we have P(i) <0, thus:

> " BiP(i) < P(0) . (6.17)
i=0
Combining (6.16) and (6.17) with (6.15) gives:
Qo < ZakBk = EZB%'ZCWJCIJ(J(Z) = EZBiP(Z) < # ,
k=0 =0 k=0 =0

and the result follows. [ |
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We proceed with an application of the last proposition in order to bound
the independence numbers of p-powers of complete graphs. In this case,
the distance distribution is supported by {i : i =0 (mod p)}, and in Section
6.3.2 we present polynomials which satisfy the properties of Proposition 6.3.2
and provide tight bounds on «a(K. ;f @,

6.3.2 Improved estimations of oz(Kg(?’))

Recall that the geometric construction of Theorem 6.2.2 describes an in-
dependent set of size p? in Kgﬂ(”) for every p which is a prime-power.
In particular, this gives an independent set of size 3%/? in Kg(g) for every
k =0 (mod 4). Using Proposition 6.3.2 we are able to deduce that indeed
a(K¥) = 3%/2 whenever k = 0 (mod 4), whereas for k = 2 (mod 4) we prove
that a(K}) < 13%/2,

Theorem 6.3.3. The following holds for any even integer k:

o K%) = 3k/2 k=0 (mod 4)
1362 < a(K¥) <132 k=2 (mod 4)

Proof. Let k be an even integer, and define the following polynomials:

P(z) = §3k/2 + i K2 (z) (6.18)
t=1
t£0(mod 3)
2 i .
Q(z) = g3“2 + Z; K3 (x) . (6.19)
t=
t=0(mod 3)

Clearly, both P and @ satisfy (6.13), as Ky'? = 1 for all n,q. It remains to
show that P, () satisfy (6.14) and to calculate P(0),Q(0). As the following
calculation will prove useful later on, we perform it for a general alphabet ¢
and a general modulo p. Denoting the g-th root of unity by w = e*™/4, we
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have:
k k L\ [ — s
> = Y ()0
t=0 =0 =0 \/ J
t=0(mod p) t=0(mod p)

(14 (g— D" (1 —wh*,  (6.20)
where the last equality is by the fact that: }>°_, (j)(—l)j = 050, and there-

fore the summand for t = 0 vanishes if s # 0 and is equal to ¢*~! if s = 0.
Repeating the above calculation for ¢ Z 0 (mod p) gives:

5 icf;%s):i(j)(—l)jj_s (") (1__wa+z>t>

t=0 §=0 =0
t#£0(mod p)
1 &8
=050 (¢" —¢" 1) - p D (14 (g- 1)1 —wh) . (6.21)
t=1
Define:
qg—1
E=-> (1+(g- w1 -wh,

t=1

and consider the special case p = ¢ = 3. The fact that w? = @ implies that:

€= gRe((lnLQw)k_s(l—w)S) _ —Re ((\F@)’f “(VEE))

21rs

= —\/_ cos(— - T) : (6.22)

and for even values of k and s =0 (mod 3) we deduce that:

2
= 3R ()M (6.23)

& =3



6.4 Hoffman’s bound on independence numbers of p-powers

117

Therefore, & = 23%?2 whenever s = 0 (mod 3) and k£ = 0 (mod 4), and
(6.21) gives the following for any &k =0 (mod 4):

2 2 2
P0) = Z3M243h ¢ =23"
(0) 33 T3 o =733,
2
P(s) = =32 _¢, =0 forany 0#s=0 (mod 3) .

3
Hence, P(z) satisfies the requirements of Proposition 6.3.2 and we deduce
that for any £ =0 (mod 4):

o)

) _ e

wlN

As mentioned before, the construction used for the lower bound on 2 )(K 3)
implies that this bound is indeed tight whenever 4 | k.

For k=2 (mod 4) and s = 0 (mod 3) we get & = —23%/2, and by (6.20)
we get:

2
Q) = 343 g =31,

2
Qs) = §3k/2+§s:0 forany 0 #s=0 (mod 3) .

Again, Q(z) satisfies the requirements of Proposition 6.3.2 and we obtain the
following bound for k£ =2 (mod 4):

Q(0) 3 Lok

a(Ky) < 5 - <5
238241 238243 2

To conclude the proof, take a maximum independent set of size \/§l in K1,
where [ = k — 2, for a lower bound of £3%/2. [ |

6.4 Hoffman’s bound on independence num-
bers of p-powers

In this section we apply spectral analysis in order to bound the independence
numbers of p-powers of d-regular graphs. The next theorem generalizes The-
orem 2.9 of [10] by considering tensor powers of adjacency matrices whose
values are p-th roots of unity.
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Theorem 6.4.1. Let G be a nontrivial d-regular graph on n vertices, whose
eigenvalues are d = Ay > dg > ... > A, and let X = max{\y, |\,|}. The
following holds for any p > 2:

2P(@) < max{\/n2 9 (1 _ cos(%”)) d(n — d), )\\/2 ~ 9cos (%ﬂgj)} |

(6.24)

Proof. Let A = Ag denote the adjacency matrix of G, and define the matrices
B, for t € Z, as follows:

Bi=J,+ (W — 1A, (6.25)

where w = e>™/? is the p-th root of unity, and J, is the all-ones matrix of
order n. In other words:

t .
(B = i — { Wt if wo € E(G)

1 ifuv ¢ E(Q)

By the definition of the matrix tensor product ®, it follows that for all
u=(up,...,ux) and v = (vy,...,v;) in G*:

(Bl?k)uv — wt|{l : ulvleE(G)}\

Y

and:

s B®k B { p if {i:wv; € E(G)} =0 (mod p)

— 0 otherwise

Recalling that uv € E(G*) iff |{i : u;v; € E(G)} £ 0 (mod p), we get:

Agr = Jk——ZB@“ — nk——ZB@”“ (6.26)

The above relation enables us to obtain expressions for the eigenvalues of

G*, and then apply the following bound, proved by Hoffman (see [67], [81]):

every regular nontrivial graph H on N vertices, whose eigenvalues are j1; >
. > un, satisfies:

—Npuy

alH) < :
M1 — BN

(6.27)
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Recall that J, has a single non-zero eigenvalue of n, corresponding to the
all-ones vector 1. Hence, (6.25) implies that 1 is an eigenvector of B; with
an eigenvalue of n + (w' — 1)d, and the remaining eigenvalues of B; are
{(w" = 1)\; : i > 1}. By well known properties of tensor products, we obtain
that the largest eigenvalue of H = G* (which is its degree of regularity) is:

1 p—1 1 k l{ p—1
W o= nf—- Z(n—f— (W' = Dad) =nF - = Z ( >(n — d)k_jdewjt

P p §=0 J t=0

i k
= nf— Z ( ,)(n —d)" (6.28)

— J
J

j=0(mod p)

and the remaining eigenvalues are of the form:

1 p—1 s
R Y+ @ D)@ =N, (6.29)
t=1 j=1

where 0 < s < k and 1 < i; < n for all j (corresponding to an eigenvector
which is a tensor-product of the eigenvectors of A\;; for j = 1,...,s and

1¥%5). The following holds for all such choices of s and {\;, }:

S

) ) t k—s t )
le(Niyy s AiL) Jpax (n+ (w' —1)d) I_l1 (W' = 1)A
< t k—s t s
< 1§r?ggx_l|n+ (W' = 1)d|"*(Jw" = 1|N)
t t k
<  Jnax (max{|n + (W' — 1)d|, \|jw" — 1]})

Since for any 1 <t < p —1 we have:
2
In+ (W' —1)d)* =n*-2 (1 — cos(lt)) d(n —d)
p

<n?_29 (1 _ cos(%”)) d(n—d) |

ot 2
|wt—1|2 :2—2008(i)§2—2C05 —WLEJ J
p p 2
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it follows that:
|:u()‘i17 BRI )\’Ls>| < (max{pla pQ})k )

where:

pp = )\\/2 ~ 2cos (%ng)

By the same argument, (6.28) gives:

|lu1| an_plf )

and applying Hoffman’s bound (6.27), we get:

Oé(Gk) < _nklvbnk < (max{ph P2})k . (630)
I e S e e L (_maX{th})k

To complete the proof, we claim that max{pi, p2} < n, and hence the de-
nominator in the expression above is ©(1) as k — oo. Clearly, p; < n, and a
simple argument shows that A < n/2 and hence ps < n as well. To see this,
consider the matrix A? whose diagonal entries are d; we have:

nd = trA® =Y A} > d®+ \*

implying that A < \/d(n —d) < 3. Altogether, taking the k-th root and
letting k& tend to oo in (6.30), we obtain that x&p)(G) < max{py, p2}, as
required. |

ExXAMPLES: For p = 2,3 the above theorem gives:

z2(G) < max{|n—2d[,2)\} ,

07

z3(@) ; max{/n? — 3d(n — d), V3\} .

Since the eigenvalues of K3 are {2, —1,—1}, this immediately provides
another proof for the fact that xg’)(Kg) < /3. Note that, in general, the
upper bounds derived in this method for (K, are only useful for small
values of n, and tend to n as n — oo, whereas by the results of Section 6.2

we know that 2% (K,,) = ©(n'/?).
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Consider d = d(n) = % + O(y/n), and let G ~ G4 denote a random
d-regular graph on n vertices. By the results of [73], A = max{ s, |[\|} =
O(n®*), and thus, Theorem 6.4.1 implies that xg)(G) = O(n**), and that
2@ < (1+ 0(1))5. We note that one cannot hope for better bounds on

3)

Zeo  in this method, as p; attains its minimum at d = %

5.
Remark 6.4.2: The upper bound (6.24) becomes weaker as p increases.
However, if p is divisible by some ¢ > 2, then clearly any independent set of
G*o is also an independent set of G*@ | and in particular, 27 )(G) < :c((f’)(G).
Therefore, when applying Theorem 6.4.1 on some graph G, we can replace
p by the minimal ¢ > 2 which divides p. For instance, :E&4)(G) < 2 (G) <
max{|n — 2d|,2\}, whereas substituting p = 4 in (6.24) gives the slightly

weaker bound :Ug?)(G) <A{/(n—d)>+d? 2\}.

Remark 6.4.3: In the special case G = K, the eigenvalues of G are
{n—1,-1,...,—1}, and the general expression for the eigenvalues of G* in
(6.29) takes the following form (note that \;; = —1 forall 1 <j <s):

(14 (n— D51 —wh* |

tZ£0(mod p)

It is possible to deduce this result directly, as K* is a Cayley graph over ZF
with the generator set S = {z : |z| # 0 (mod p)}, where |z| denotes the
Hamming weight of x. It is well known that the eigenvalues of a Cayley
graph are equal to the character sums of the corresponding group elements.
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Since for any k = 0,...,n and any x € Z¥ the Krawtchouk polynomial K,
satisfies:
Kz = Y (),
YEZy:lyl=k
the eigenvalue corresponding to y € ZF is:

k

s = x= D> D x= > K.

zeS x:|z|=t t=0
t#0 (mod p) t#£0 (mod p)

Remark 6.4.4: The upper bound on 2 was derived from an asymptotic

analysis of the smallest eigenvalue ji,x of G*. Tight results on a(G*) may be
obtained by a careful analysis of the expression in (6.29). To illustrate this,
we consider the case G = K3 and p = 3. Combining the previous remark
with (6.21) and (6.22), we obtain that the eigenvalues of K;f(s) are:

2 2 k
W= 53’“ — g\/gk cos(%) :
2 k2
u(s) = —5\/§k cos(% - ?) for 0 <s<k. (6.31)

Noticing that 1(s) depends only on the values of s (mod 3) and k& (mod 4),
we can determine the minimal eigenvalue of G* for each given power k, and

deduce that:
a(GF) < 3k/2 if k=0 (mod 4)
G < 5 Lot g =1 d 2
Oé( ) ~ W < 5 1 = (IIlO ) ,
3 Lok P

matching the results obtained by the Delsarte linear programming bound.

a(GF)

6.5 Ramsey subgraphs in large p-powers of
any graph

In order to prove a poly-logarithmic upper bound on the clique sizes of p-
powers of a graph GG, we use an algebraic argument, similar to the method



6.5 Ramsey subgraphs in large p-powers of any graph

123

of representation by polynomials described in the Section 6.2. We note that
the same approach provides an upper bound on the size of independent sets.
However, for this latter bound, we require another property, which relates the
problem to strong graph products and to the Shannon capacity of a graph.

The k-th strong power of a graph G (also known as the and power),
denoted by G"*, is the graph whose vertex set is V(G)*, where two distinct
k-tuples u # v are adjacent iff each of their coordinates is either equal or
adjacent in G-

(ul,...,uk)(vl,...,vk)EE(GM) <~

foralli=1,...,k: u; = v; or wv; € E(G) .

In 1956, Shannon [97] related the independence numbers of strong powers
of a fixed graph G to the effective alphabet size in a zero-error transmission
over a noisy channel. Shannon showed that the limit of a(G"*)i as k —
oo exists and equals sup, oz(GAk)%, by super-multiplicativity; this limit is
denoted by ¢(G), the Shannon capacity of G. It follows that ¢(G) > «a(G),
and in fact equality holds for all perfect graphs. However, for non-perfect
graphs, ¢(G) may exceed a(G), and the smallest (and most famous) example
of such a graph is Cj, the cycle on 5 vertices, where a(C5) = 2 and yet
c(Cs) > oz(CQZ)% = /5. The seemingly simple question of determining the
value of ¢(Cs) was solved only in 1979 by Lovasz [81], who introduced the
¥-function to show that c(Cs) = /5.

The next theorem states the bound on the clique numbers of G*® | and
relates the Shannon capacity of G, the complement of G, to bounds on inde-
pendent sets of G¥w).

Theorem 6.5.1. Let G denote a graph on n wvertices and let p > 2 be a
prime. The clique number of G¥®) satisfies:

lm+p—1)

b1 (6.32)

st < (

and if I is an independent set of both G*® and @““, then:

1] < (k" LZJLI%J) | (6.33)
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Moreover, if in addition G is regular then:

W(GFw) < (k(”p__1)1+p) 1)< (k(n_ UL;J 5]+ 1) . (6.34)

The above theorem implies that if S is an independent set of @/\k, then
any independent set I of G*® [S], the induced subgraph of G¥@ on S, satisfies
inequality (6.33). For large values of k, by definition there exists such a set
S of size roughly c¢(G)*. Hence, there are induced subgraphs of G*® of
size tending to ¢(G)*, whose clique number and independence number are
bounded by the expressions in (6.32) and (6.33) respectively.

In the special case G = K,,, the graph ™ is an edgeless graph for any
k, and hence:

iy < (K00
]

where the o(1)-term tends to 0 as k — oo. This implies an upper bound on

) < (ep(n— 1) + e + o(1))" |

2P )(Kn) which nearly matches the upper bound of Theorem 6.2.2 for large
values of p.

Proof. Let g1 : V(G) — Z;" and g5 : V(G) — C™, for some integer m, denote
two representations of G by m-dimensional vectors, satisfying the following
for any (not necessarily distinct) u,v € V(G):

{ gz(“) ’ gi(v) =0 ifw EE(G) (Z =1, 2) ‘ (635)

gi(uw) - g;(v) =1 otherwise

It is not difficult to see that such representations exist for any graph G. For
instance, the standard basis of n-dimensional vectors is such a representation
for G = K,,. In the general case, it is possible to construct such vectors
inductively, in a way similar to a Gram-Schmidt orthogonalization process.
To see this, define the lower diagonal |V(G)| x |V (G)| matrix M as follows:

S MMy i<, v € E(C)
M 1—2 Mk] i<k‘, Uﬂ)kg_fE(G)
ki — .
’ 1 1=k

0 1>k
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The rows of M satisfy (6.35) for any distinct u,v € V(G), and it remains to
modify the inner product of any vector with itself into 1 without changing
the inner products of distinct vectors. This is clearly possible over Z, and C
using additional coordinates.

Consider G*@ | and define the vectors w, = gi(u1) o ... o gi(uy) for u =
(u1,...,ur) € V(G*), where o denotes vector concatenation. By definition:

Wy - wy, =k —[{i:wv; € E(G)}  (mod p)

for any u,v € V(G*), and hence, if S is a maximum clique of G*, then
Wy, - wy, Z k (mod p) for any u,v € S. It follows that if B is the matrix whose
columns are w, for u € S, then C' = B'B has values which are k (mod p)
on its diagonal and entries which are not congruent to £ modulo p anywhere
else. Clearly, rank(C') < rank(B), and we claim that rank(B) < kn, and that
furthermore, if G is regular then rank(B) < k(n — 1) 4+ 1. To see this, notice
that, as the dimension of Span({g;(u) : u € V'}) is at most n, the dimension
of the span of {w, : u € G*} is at most kn. If in addition G is regular,
define z = )~ .\, g1(u) (assuming without loss of generality that z # 0), and
observe that by (6.35), each of the vectors w, is orthogonal to the following
k — 1 linearly independent vectors:

{z0(=2)00°*? Qozo(—2)00°* ¥ .. 0°¢FPozo(-2)}. (6.36)

Similarly, the vectors w], = ga(u1) o ... o go(uy) satisfy the following for any
u,v € V(GF):
w cw, =k —|{i:uv; € E(G)} .

Let I denote an independent set of G*® | which is also an independent set of
at By the definition of @Ak, every u,v € I share a coordinate ¢ such that
uv; € E(G), and combining this with the definition of G*®, we obtain:

0<|{i:uw; € E(G)}]=0 (mod p) for any u,v €I .

Therefore, for any u # v € I:

k
w;.w;:k—tp for some te{l,...,L—J}>
p
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and if B’ is the matrix whose columns are w!, for u € I, then C' = B"B’
has the entries k on its diagonal and entries of the form k —tp, 0 <t < L%J,
anywhere else. Again, the definition of gy implies that rank(C’) < kn, and
in case G is regular, rank(C") < k(n — 1) + 1 (each w], is orthogonal to the
vectors of (6.36) for z = 3" i, g2(u)).

Define the following polynomials:

L&)
A= 1] G-o , k@=]]k-tr-2). (6.37)

JE€ZLp t=1
J#k(mod p)

By the discussion above, the matrices D, D’ obtained by applying fi, fo
on each element of C,C" respectively, are non-zero on the diagonal and
zero anywhere else, and in particular, are of full rank: rank(D) = |S| and
rank(D’) = |I|. Recalling that the ranks of C' and C’ are at most kn, and

at most k(n — 1) + 1 if G is regular, the proof is completed by the following
simple Lemma of [6]:

Lemma 6.5.2 ([6]). Let B = (b;j) be an n by n matriz of rank d, and let
P(z) be an arbitrary polynomial of degree k. Then the rank of the n by n
matriz (P(b; ;) is at most (k:d). Moreover, if P(x) = z* then the rank of
(P(bij)) is at most (Hz_l).

For large values of k, the upper bounds provided by the above theorem

are: < ((1+o]§1))kn) |
an = (070

This gives the following immediate corollary, which states that large p-powers
of any nontrivial graph G contain a large induced subgraph without large
homogenous sets.

Corollary 6.5.3. Let G be some fixed nontrivial graph and fix a prime p.
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1. Let S denote a mazimum clique of G, and set A = logw(G) = log a(G).
For any k, the induced subgraph of G*®» on S*, H = G*»[S*], is a
graph on N = exp(k\) vertices which satisfies:

log(np)+1
pPA

w(H) = O(log?’ N) , a(H) < NU+oW)

2. The above formula holds when taking A = M for some £ > 1
diwiding k, S a maximum clique of @Ae, and H = G*® [SF/*). In par-
ticular, for sufficiently large values of k, G*® has an induced subgraph
H on N =exp ((1 - o(1))klog c(G)) vertices satisfying:

log(np)+1

W(H) = O(logp N) y O{(H) S N(1+0(1))p10gc(§) .

Remark 6.5.4: In the special case G = K,,, where n, p are large and k > p,
the bound on w(K¥) is ((HOS))’“”) whereas the bound on a(KF) is ((l-i—z(/l;)kn).
Hence, the optimal mutual bound on these parameters is obtained at k = p?.

Writing H = K*, N = n* = n?* and p = n for some ¢ > 0, we get:

B \/(20 +0(1))log N

loglog N ’
and:
max{w(H),a(H)} < ((1+ o(1))epn)”
14+c¢
=ex +o(1 log N loglog N | .
p((\/Q—C ())\/g gg)
The last expression is minimized for ¢ = 1, and thus the best Ramsey

construction in p-powers of K, is obtained at p = n and k = p?, giving
a graph H on N vertices with no independence set or clique larger than
exp ((1 +0(1))y/2log Nloglog N) vertices. This special case matches the
bound of the FFW Ramsey construction, and is in fact closely related to that

construction, as we next describe.

The graph FWy, where N = (pfil) for some prime p, is defined as follows:
its vertices are the N possible choices of (p? — 1)-element sets of [p?], and
two vertices are adjacent iff the intersection of their corresponding sets is
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congruent to —1 modulo p. Observe that the vertices of the graph Kﬁ“’) for
n = p and k = p?, as described above, can be viewed as k-element subsets
of [kn], where the choice of elements is restricted to precisely one element
from each of the k subsets {(j — 1)n + 1,...,jn}, j € [k] (the j-th subset
corresponds to the j-th coordinate of the k-tuple). In this formulation, the
intersection of two sets corresponds to the number of common coordinates
between the corresponding k-tuples. As k = p? = 0 (mod p), it follows that

2
. .p : : : : . .
two vertices in K, are adjacent iff the intersection of their corresponding

sets is not congruent to 0 modulo p. Altogether, we obtain that K,I;(Q”) is an
induced subgraph of a slight variant of F'Wy, where the differences are in
the cardinality of the sets and the criteria for adjacency.

Another relation between the two constructions is the following: one can

3
identify the vertices of K;”(” with all possible subsets of [p®], where two
vertices are adjacent iff the intersection of their corresponding sets is not

congruent to 0 modulo p. In particular, Kg?p ' contains all the (p?—1)-element
subsets of [p?], a variant of FWy for the above value of N (the difference lies
in the criteria for adjacency).

We note that the method of proving Theorem 6.5.1 can be applied to the
graph F'Wy, giving yet another simple proof for the properties of this well
known construction.
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An extremal problem in Finite
Set Theory






Chapter 7

Uniformly cross intersecting
families

The results of this chapter appear in [15]

Let A and B denote two families of subsets of an n-element set. The pair
(A, B) is said to be (-cross-intersecting iff |A N B| = ¢ for all A € A and
B € B. Denote by Py(n) the maximum value of |A||B| over all such pairs.
The best known upper bound on Py(n) is ©(2"), by Frankl and Rodl. For
a lower bound, Ahlswede, Cai and Zhang showed, for all n > 2/, a simple
construction of an (-cross-intersecting pair (A, B) with |A||B| = (¥)2" % =
©(2"/+/f), and conjectured that this is best possible. Consequently, Sgall
asked whether or not Py(n) decreases with /.

In this work, we confirm the above conjecture of Ahlswede et al. for any
sufficiently large ¢, implying a positive answer to the above question of Sgall
as well. By analyzing the linear spaces of the characteristic vectors of A, B
over R, we show that there exists some ¢, > 0, such that Py(n) < (2;) on—2t
for all £ > ¢y. Furthermore, we determine the precise structure of all the
pairs of families which attain this maximum.
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7.1 Introduction

Let A and B denote two families of subsets of an n-element set. We say
that the pair (A, B) is ¢-cross-intersecting iff |[A N B| = ¢ for all A € A and
B € B. Let Py(n) denote the maximum possible value of |A||B| over all (-
cross-intersecting pairs (A, B). We are interested in finding the precise value
of Py(n), and in characterizing all the extremal pairs A, B which achieve this
maximum.

The study of the maximal size of a single family of sets F C 2", with
specified pairwise intersections of its members, has received a considerable
amount of attention over the years. For instance, the Erdds-Ko-Rado Theo-
rem [50], one of the most fundamental theorems in Combinatorial Set Theory,
gives a tight upper bound |F| < (Z:E) in case |[FNF'| >t forall F,F' € F,
|F| = k for all F' € F and n is sufficiently large. The case where there is no
restriction on the size of the sets of F is treated by Katona’s Theorem [70].
In both cases, there is a unique (up to a relabeling of the elements of [n])
family of sets which achieves the upper bound. For further results of this
nature, see, e.g, [53], [54], [56], [91], as well as [20].

A well known conjecture of Erdds [48] stated that if 7 C 2" is a family
satisfying |[FFNE'| # | 7] for all F, F" € F, then |F| < (2—¢)" for some £ > 0.
This was proved by Frankl and Rodl [55], by considering the corresponding
variant on two families: it is shown in [55], that if A, B C 2" and |[ANB| # I,
where nn < 1 < (3 —n)n for some n < 1, then |A||B| < (4 —&(n))". The au-
thors of [55] studied several additional problems related to cross-intersections
of two families of sets, and among their results, they provided the following
upper bound on P;(n), which was later reproved in [2]:

{ Py(n) < 2

Py(n) <21 for £ >1 (7.1)

The argument which gives the upper bound of 2" is simple: consider the
characteristic vectors of the sets in A, B as vectors in Zj. Notice that the
intersection of two sets is equal to the inner product of the two corresponding
vectors modulo 2. Therefore, if ¢ is even, then the families A, B belong to
two orthogonal linear spaces, giving |A||B| < 2". Otherwise, we may add
an additional coordinate of 1 to all vectors, and repeat (carefully) the above
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argument, gaining a slight improvement: [A||B| < 2"~!. Similar ideas are
used to show that the upper bound 2"~! holds for even values of £ > 0 as
well, by performing the analysis over GF'(p) for some prime p > 2 instead of
over Zs.

As part of their study of questions in Coding Theory, Ahlswede, Cai and
Zhang [2] gave the following simple construction of an (-cross-intersecting
pair: for n > 2/, let A contain a single 2/-element set, A, and let B contain
all the sets which contain precisely ¢ elements of A. This gives:

20

A1 = (% )2 = (14 o(1) 2

vl

where the o(1)-term tends to 0 as ¢ — oo. The upper bound (7.1) implies

(7.2)

that this construction achieves the maximum of Py(n) for £ € {0, 1}, and the
authors of [2] conjectured that this in fact holds for all /.

As the upper bound (7.1) is independent of ¢, compared to the above lower
bound of ©(2"/v/¢), Sgall [95] asked whether or not P;(n) is bounded from
above by some decreasing function of £. One of the motivations of [95] was a
relation between problems of restricted cross-intersections of two families of
sets and problems in Communication Complexity; see [95] for more details.

In [71], the authors verified the above conjecture of [2] for the case ¢ = 2,
by showing that Py(n) < 3 - 2773, However, for any ¢ > 2 the best known
upper bound on P(n) remained 2"

The following theorem confirms the above conjecture of [2] for all suffi-
ciently large values of ¢, and thus provides also a positive answer to the above
question of Sgall.

Theorem 7.1.1. There exists some £y > 0 such that, for all ¢ > £y, every
(-cross-intersecting pair A, B C 2" satisfies:

AlIB| < (Qf) o2t (7.3)

Furthermore, if |A||B| = (2;) 2"t then there exists some choice of parame-
ters k,T,n':
ke{20—1,2t}y, 7€{0,...,Kk},

7.4
k+T17<n <n, (7:4)



134 Uniformly cross intersecting families

Figure 7.1: The extremal family (7.5) of ¢-cross-intersecting pairs A, B in
case n = K+ T.

such that, up to a relabeling of the elements of [n] and swapping A, B, the
following holds:

A = {UT ; JC{ {1“;1}1}{7{?7} } =t }sz,

TeJ

Lc{l,...,nmk+1,....k+7}
B =<LU 1,... : e o 2y |
{ frtl.nl ILN{i,k+i}| =1 foralli€ 7] }X

(7.5)
where X ={k+7+1,...,0n'} andY ={n'+1,... ,n}.

An illustration of the family of extremal pairs A, B described in Theorem
7.1.1 appears in Figure 7.1. Indeed, this family satisfies:

(BN Xl grvl — (B gnens _ (20 gn2e
= (1) 2 o= () (M

where the last inequality is by the choice of k € {2¢—1,2¢}. The construction
of [2] fits the special case 7 =0, k = 2(.

The proof of Theorem 7.1.1 combines tools from linear algebra with
techniques from extremal combinatorics, including the Littlewood-Offord
Lemma, extensions of Sperner’s Theorem and some large deviation estimates.
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The rest of this chapter is organized as follows: Section 7.2 includes some
of the ingredients needed for the proof of Theorem 7.1.1. In order to prove
the main result, we first prove a weaker version of Theorem 7.1.1, which
states that Py(n) < 2"%3/y/{ for every sufficiently large ¢ (note that this
result alone gives a positive answer to the above question of Sgall). This is
shown in Section 7.3. In Section 7.4 we reduce the proof of Theorem 7.1.1
to two lemmas, Lemma 7.4.1 and Lemma 7.4.2. These lemmas are proved
in Sections 7.5 and 7.6 respectively. Section 7.7 contains some concluding
remarks and open problems.

Throughout the chapter, all logarithms are in base 2.

7.2 Preliminary Sperner-type Theorems

7.2.1 Sperner’s Theorem and the Littlewood Offord
Lemma

If P is a finite partially ordered set, an antichain of P is a set of pairwise
incomparable elements. Sperner’s Theorem [98] provides a tight upper bound
on the maximal size of an antichain, when P is the collection of all subsets
of an n-element set with the subset relation (A < B iff A C B):

Theorem 7.2.1 ([98]). If A is an antichain of an n-element set, then |A| <

In [78], Littlewood and Offord studied a problem which has the following
formulation in the 1-dimensional case: let aq,...,a, € R with |a;| > 1 for
i1 @i I C [n], which lie
in an interval of length 17 An immediate lower bound is (LN% J)’ when, for

all 7. What is the maximal number of sub-sums )

some « > 1, half of the a;-s is equal to a and the other half is equal to —a.

Using Sperner’s Theorem, Erdés [46] gave a tight upper bound of (Ln72 J)
for the 1-dimensional case of the so-called Littlewood-Offord Lemma. To
see this, consider the maximal number of sub-sums of a4, ..., a,, which all
belong to some unit interval. Without loss of generality, we may assume that
all the a;-s are positive (possibly shifting the target unit interval). Therefore,
a; > 1 for all ¢, implying that the desired family of subsets is an antichain.
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The result now follows from Sperner’s Theorem. Using a similar argument,
Erdés proved the following stronger result:

Lemma 7.2.2 ([46]). Let ay,...,a, € R\ {0}, and let 6 = min{|a;|}. Let
T be a union of m half-open intervals, each of width at most . Then the
number of sub-sums Y .., a;, I C [n], which belong to T, is at most the sum

of the m middle binomial coefficients in n.

7.2.2 A bipartite extension of Sperner’s Theorem

The following lemma gives an upper bound on the size of an antichain of
[n], which satisfies an additional requirement with respect to a pre-defined
partition of [n] into into two sets.

Lemma 7.2.3. Let U = [u| and V = [n]\ U, u < n. If A is an antichain
of [n], and in addition satisfies: |[ANV| = f(]JANU|), where f : N — N is

some monotone increasing function, then |A| < (Lu72J) (L(nyzq)tm).

The above lemma will follow from the next generalization of Sperner’s
Theorem:

Proposition 7.2.4. Let U = [u] and V = [n] \ U, u < n. If every two sets
A # B € A satisfy that either ANU, BNU are incomparable or ANV,

BNV are incomparable, then |A| < (LU72J) <L(HT:;)L/2J)'

Proof. Notice that the upper bound is tight, as it is achieved by a cartesian
product of maximal antichains of U and V. The proof is based on Lubbell’s
proof [84] of Sperner’s Theorem and the LYM inequality. For each A € A,
let:

Ay =AnU , Ay ={x—u:x€e ANV}. (7.6)

Let 0 € S, and 7 € S,,_,, (where S,, is the symmetric group on m elements)
denote two random permutations, chosen uniformly and independently . We
define the event E/4 for A € A to be:

Eys=(Ay={c(1),...,0(|Au)} N Ay ={=(1),....,7(JAv])} ) ,

that is, the first entries of o form Ay, and the first entries of 7 form Ay. The
key observation is that the events F4 and Ep are disjoint for all A # B € A.
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To see this, assume that F4 A Eg holds for some A # B € A. The fact that
the first entries of o form both Ay and By implies that either Ay C By or
By C Ay, and the same applies to Ay, By. Therefore, the assumption on A
implies that the events £ 4 and Eg are indeed disjoint, and thus:

> Pr[Es =Pr[| ] Ea<1.

AcA AcA

Since:
<|XU‘) (&_Vul) 7
it follows that:

ZWSL (7.7)

AcA \|[Au|/ \|Ay|

Note that in the special case u = n this is the LYM inequality. The left hand
side of (7.7) is at most >, .1/ <(Lu72j) (L(nzﬁi)LﬂJ)) and the desired result
follows. u

Proof of Lemma 7.2.5. Following the notation of Proposition 7.2.4, define
Ay and Ay for each A € A as in (7.6). By Proposition 7.2.4, it suffices
to show that, for all A # B € A, either Ay, By are incomparable or Ay,
By are incomparable. Assume the contrary, and let A # B € A be a
counterexample. Without loss of generality, assume that Ay C By. If Ay C
By then A C B, contradicting the fact that A is an antichain. It follows
that By ;Cé Ay, and since f is monotone increasing, the following holds:

[Av > |Bv| = f(|Bul) = f(lAul) ,

contradicting the assumption that |Ay| = f(|Ay]). [

7.3 An upper bound tight up to a constant

In this section we prove a weaker version of Theorem 7.1.1, whose arguments
will be later extended to prove the precise lower bound.
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Theorem 7.3.1. For any sufficiently large { € N, every {-cross-intersecting

pair A, B C 2" satisfies:
n+3

77
Proof. Let A and B be as above. A key observation is the following: it is
sufficient to prove (7.8) for the case where both 4 and B are antichains.

|A[1B] < (7.8)

This follows from an induction on n, where in the case n = ¢, |A||B| = 1 and
(7.8) clearly holds. Indeed, suppose that there exist A;, Ay € A such that
Ay C Ay, As (A, B) are (-cross-intersecting, this implies that:

BN (Ay\Ay) =0 forall BeB, (7.9)

hence the restriction of the families (A, B) to [n] \ (A2 \ 4;), (A, B), is
an (-cross-intersecting pair of an n’-element set, where n’ < n. By (7.9),
|B'| = |B|, and by the induction hypothesis:
, . , 2n+3
AllBl <2 |A'B| < —
|AllB| |A||B] Vi
as required.
For any subset A C [n], let x4 € {0,1}" denote its characteristic vector.
Let F4 and Fp denote the linear subspaces of R" formed by the characteristic
vectors of A and B respectively:

Fa = span({xa: A€ A}) CR"

1
Fs = span({xp:B € B}) CR", (7.10)

and assume without loss of generality that dim(F4) > dim(Fp). Choose an
arbitrary set B; € B and define:

% =span({xs — x5, : B € B}),

k= dim(Fa) , h = dim(Fp) < dim(Fg) . (7.11)

By the definition of ¢-cross-intersection, it follows that F4, Fj are two or-
thogonal linear subspaces of R™, and k£ + h < n. Note also that £ > h by the
assumption on dim(F.4).

Let M 4 denote the k x n row-reduced echelon form matrix, which is the
result of performing Gauss elimination on the row-vectors {x4 : A € A}
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over R, and let Mp denote the corresponding h x n matrix for the vectors
{xB — xB, : B € B}. As rankM4 = k and rankMy = h, without loss of
generality we have:

Ma=(Ii | *), Mg= (1 | ») .

where I, denotes the identity matrix of order r (and the order of the columns
in M4 and Mpg is not necessarily the same). This implies that any linear
combination of the rows of M4 which belongs to {0,1}" has precisely two
possible coefficients for each row: {0,1}, and in particular, |A| < 2*. Sim-
ilarly, |B| < 2" (the two possible coefficients in the affine combination are
now determined by the vector yp,), hence |A||B| < 28th < 27 giving the
known upper bound of [55]. Observe that if £ + h < n — logn, we get

271
|AIB] < —
n

and (7.8) clearly holds. Therefore, recalling that & > h, we may assume that:

{%—%logn< k

12
n—logn< k+h <n (7.12)

We claim that the following statement, which clearly implies (7.8), holds:

2k+h+3

AlIB] < = (7.13)

To show this, we need the next lemma, which will be applied once on M 4, A, k
and once on Mg, B, h, to conclude that a constant fraction of the rows of M4
and Mp have precisely two non-zero entries, 1 and —1.

Lemma 7.3.2. Let M denote a d x n matriz in row-reduced echelon form:
M = ( 1, ‘ * ), and let D denote an antichain of subsets of [n]. Assume
that:

1. The characteristic vectors of D belong to w + span(M), the affine sub-
space formed by some fized vector w € {0,1}" and the span of the rows
of M.

2. The antichain D satisfies |D| > 8 - 2¢//n.
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Then there exists a subset of ¢ rows of M, C' C [d], where ¢ > d—35—101logn,
such that:

1. Every row i of C belongs to {0,+1}™\ {0,1}".

2. Every column of the ¢ x n sub-matrix formed by C' contains at most 1
non-zero entry.

Proof. Our first step is to remove a small portion of the rows of M, such that
the remaining rows will have at most one non-zero entry in each column.

Claim 7.3.3. Let M,D,w satisfy the requirements of Lemma 7.53.2. There
exists a set of rows R C [d] such that |R| < gz + 10logn, and each column
of M has at most one non-zero value in the remaining d — |R| rows.

Proof of Claim. Perform the following process of column-selection on M:
first, set M’ = M. If M’ has no column with at least 2 non-zero entries,
the process ends. Otherwise, perform the following step (step j, for j > 1):

e Let i; denote the index of a column of M " with a maximal number of
non-zero entries, ;.

e Let R; denote the set of rows where the column i, is non-zero (|R;| =
T'j).
e Replace all these rows in M’ by 0-rows, and continue the process.

The result is a sequence of indices, i1, ..., (t > 0) and a sequence of sets of
rows Ri,..., R, of sizes 1y > 1y > ... > 1y > 1, such that the column ¢; has
r; non-zero values in the rows R;, and R;NR; = () for all j # j'. Finally, the
sub-matrix formed by removing the rows R = U§‘=1Rj from M has at most 1
non-zero entry in every column.

Consider affine combinations (with the affine vector w) of the rows of
M which produce a {0,1}"-vector. As stated above, each row of M allows
precisely two coefficients in such an affine combination, as the first d columns
of M form the identity matrix. Clearly, the value of the affine combination at
index 7, depends precisely on the ry coefficients of the rows R;. In general, if
we already chose the coefficients for the rows Uj ;R;/, then the value of the
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affine combination at index 7; depends only on the choice of the r; coefficients
for the rows R;.

A simple argument will show that for 1 < 7 < ¢, at most % of the above
2" combinations of coefficients for the rows R; are indeed valid. To this end,
recall the following simple fact, which corresponds to the Cauchy-Davenport
Theorem when A, B are subsets of Z/pZ instead of R:

|A+ B| > |A|+ |B| —1 for any two finite nonempty A, B C R, (7.14)

where A+ B={a+0b:a€ A, b€ B}. To see this, simply sort the values
of A and B by order of magnitude, then produce distinct sums by iterating
first on A, then on B.

Suppose we already chose coefficients for the rows U; ;R;, and consider
the column ;. Select 2 arbitrary rows w,v € R;, and fix the choice of
coefficients for the remaining r; — 2 rows. We are left with a choice between
two coefficients for u, yielding two possible values aq, as contributed by u to
the index ;. Similarly, the row v contributes one of two possible values by, by
to the index i;. Setting A = {a;, a2} and B = {by, b2}, the above fact implies
that |A + B| > 3, hence at least one of the 4 possible combinations of u
and v gives a non-{0, 1} value in index 7; of the resulting affine combination.
Therefore, at most 2 of the 27 combinations for R; result in a {0, 1}" vector.
We conclude that |D| < (%)t 2¢ " and hence t < 2logn, otherwise we would
get: . ;

2 2
D] < —Tlog(4/) < N
contradicting the assumption on |D|.

After providing an upper bound on ¢, we wish to bound the term Z;l .
Let 0 < s <t denote the maximal index such that r, > 6, that is:

7’12T22...

>rs 26,
6>T’S+1ZTS+22...ZT,5>1.

As before, we consider the choice of coefficients for the rows R; at step j,
determining the i;-th entry of the linear combination. By the Littlewood-

) <

Tj

Offord Lemma (Lemma 7.2.2), we conclude that there are at most 2(Lr- 2]
J



142

Uniformly cross intersecting families

\/_2” possible combinations of the rows R; which yield a {0, 1}-value in the

2 Tj

i; column (note that the inequality (2;) < 2% /\/mx holds for every integer
x > 1, by the improved approximation [92] of the error term in Stirling’s
formula). Applying this argument to iy, ..., s, we obtain that:

ID| < 2df[ % : (7.15)

Observe that every m reals aq, ..., a, > 2 satisfy:
ﬁ 1
a;

i=1 7' 1 a7’

(this follows by induction on m from the fact that xy > = + y for x,y > 2).
Therefore, as 7; > 6 > 2+ (24/2/m)? for 1 <i < s, it follows that:

ﬁ 2,/2/m <2 2/m

o VT T i
Combining this with (7.15) we obtain that if >0, r; > n/25, then |D| <
8 - 2¢/\/n, contradicting the assumption on |D|. Assume therefore that
> i i <n/25. Altogether, we obtain that R = U’_, R; satisfies:

— <— 101
|R| = Zn_ Zm +5(t —s) o T+ Ologn .

=1

This completes the proof of the claim. |

It remains to deal with rows which do not belong to {0,+1}™\ {0, 1}".
The next claim provides an upper bound on the number of such rows in M:

Claim 7.3.4. Let M,D,w satisfy the requirements of Lemma 7.3.2, and
let R C [d] be a set of indices of rows of M as provided by Claim 7.3.5.
Let S denote the set of indices in [d] \ R of rows which do not belong to
{0, £1}™\ {0,1}™. Then |S| < n/100.
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Proof of Claim. To prove the claim, fix a linear combination u of the rows
[d] \ S, and consider all the possible combinations of the rows of S which
can be added to w’ = w + u to produce vectors of D. We will show that the
number of these combinations is at most 2°/1/ms/2, where s = |S|, and the
result will follow from the assumption on |D].

Put S = Sy U Sj1, where Sy C S is the set of indices of rows in S
which are {0, 1}" vectors, and Sgr = S\ So1. Recall that the first d columns
of M form the identity matrix, and that w € {0,1}", hence the only two
coefficients which can be assigned to the row i to produce {0, 1} values in

{0,1} ifw; =0
{ {0,-1} fw; =1 ~ (7.16)

the i-th column are:

It will be more convenient to have the coefficients {0, 1} for all rows of S: to
obtain this, subtract each row i € S, whose coefficients are {0, —1}, from w/’,
and let w” denote the resulting vector.

Let i € Sgr be an index of a row which does not belong to {0, £1}", and let
j denote a column such that M;; = X\ ¢ {0,£1}. Crucially, SN R = ), hence
column j contains at most one non-zero entry in the rows of S. Therefore,
the two possible values of the affine combination in index j are {w}, w} + A},
and as 0 < |A| # 1 it follows that at least one of these values does not belong
to {0,1}. We deduce that there is at most one valid choice of coefficients for
all the rows Sgr. Denoting this unique combination of the rows of Szy by v, it
follows that every linear combination of S which, when added to w’, belongs
to D, is the sum of z = w” + v and a linear combination of Sy;.

It remains to set the coefficients of the rows Sy, and since each row of
So1 has {0,1} as its coefficients, we are considering a sum of a subset of
the rows of Sp;. Each of these rows belongs to {0,1}", and in particular, is
non-negative: we claim that the set of possible subsets of Sy is therefore an
antichain. To see this, suppose that two distinct subsets X,Y C Sy, X C Y,
produce (when added to z) two vectors x,y € R"™ which correspond to sets
in D. The values of x, y at the indices of Sy; are determined by the sets X, Y
(in fact, these values are equal to those of the corresponding characteristic
vectors), hence x # y. Furthermore, as the rows of Sp; are non-negative, and
X CY, we have z; < y; for all i € [n]. This contradicts the fact that D is
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an antichain. Let s’ = |Sp;|; Sperner’s Theorem gives:

LEESH W EL LR M E i—/z |

and by the assumption on |D|, we obtain that s < n/100, completing the
proof of the claim. [ |

Altogether, Claims 7.3.3 and 7.3.4 imply that we can delete at most
IR +|S| < = + 101
< 35 ogn

rows of M, and obtain a subset of c rows, d — 35 —10logn < ¢ < d, satisfying
the statements of the lemma. [ |

Note that the requirements of Lemma 7.3.2 are satisfied both by M4, A
and by Mg, B. Indeed, if either |A| < \% -2k or |B| < \% - 2" then (7.13)
holds and we are done. The remaining requirement on the characteristic
vectors of D is satisfied by definition (for A, w is the zero vector, whereas
for B, w = xp,).

Applying Lemma 7.3.2 to M4, A, we obtain a set of at least ¢; > k —
36 — 10logn rows, Cy C [k], such that each row has an entry of —1 at some
index 7 > k, and each column has at most 1 non-zero entry in these rows. In

particular, we get: ¢; <n — k, and thus:

n
k 20 Oogn n k,

and by (7.12) we get:

2] <k< % 1
{ 2 —logn <k< Zn+5logn (7.17)

Qn—Glogn <h< 2

40 2

Next, let C7 C Cy denote the set of indices of rows of C; with precisely two
non-zero entries. Notice that, as each of the columns {k +1,...,n} contains
at most 1 non-zero entry in the rows ', and on the other hand, each of the
rows C] contains a non-zero value in one of these columns, it follows that
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|C1\ Cj| <n—k—c;. The lower bound on ¢; and (7.17) give the following
bound on ¢ = |C{|:

2
ag>a—(n—k—c) ZSk—%—QOIOgn—nZ 5n—23logn. (7.18)

Since each row i € (] has precisely 2 non-zero entries, it follows that it has
the entry 1 at index ¢ and the entry —1 at some index j > k.

Applying Lemma 7.3.2 to Mp and B, we obtain a set of at least co >
h — 55 — 10logn rows, Cy C [h], and a similar argument to the one above
implies that at most n—h —cy rows can contain more than 2 non-zero entries.
Let C% C Cy denote the set indices of rows of Cy with precisely two non-zero
entries, and let ¢, = |C4]. By the lower bound on ¢y and (7.17) we obtain:

13
Gy >co—(n—h—cy) > 3h—1£0 —20logn —n > En—BSlogn. (7.19)

Note that each row i € C) has the entry 1 at the index i and the entry —1
at some index j > h.

Finally, notice that (7.18) and (7.19) imply that ¢} + ¢§, > n/2 for a suffi-
ciently large value of n. However, as the rows of M4 and Mp are orthogonal,
the non-zero entries of each pair of rows i € (] and j € CY must be in pair-
wise disjoint columns. In particular, we obtain that 2¢] + 2¢, < n, yielding a
contradiction. Thus, either A or B does not meet the requirements of Lemma
7.3.2, and we deduce that (7.13) holds. [ |

7.4 Proof of Theorem 7.1.1 and two lemmas

Let A and B denote an /-cross-intersection pair of families in 2", Recall
that in the proof of Theorem 7.3.1, we argued that if, for instance, A is not
an antichain, then Jz.5 B # [n] (see (7.9)). In such a case, letting i € [n]
be so that ¢ ¢ B for all B € B, it follows that A=A U{AU{i}: Aec A’}
and B = B’, where (A’, B') is an optimal ¢-cross-intersecting pair on [n]\ {i}.
Therefore, by induction, the structure of A, B is as specified in Theorem
7.1.1, where the parameter n' (determining the set X in (7.5)) accounts for
the modification of (A’, B') to (A, B). The same consideration applies when
Uuca A # [n], which follows when B is not an antichain (in this case, the set
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Y in (7.5) treats the modification of B’ to B). Altogether, we may assume
that A, B are both antichains, and furthermore:

UJa=JB=. (7.20)

AcA BeB

It remains to prove that in this case |A||B] < (2;) 2m=2and that equality
holds iff for some

ke{20—1,20} , 7€ {0,...,k},
K+T=mn,

(7.21)

the following holds up to a relabeling of the elements of [n] and swapping

A, B:

1L,ek+1},.... {7,k + 7},
A :{UT:‘]C{{ {t—l—}l},..{,{m; } }"J':E }

TeJ

Lc{l,...,1,k+1,....,6+7}
=< L 1,... :

(7.22)

Following the notations of Theorem 7.3.1, define F 4, F, k, h as in (7.10)

and (7.11), obtaining & > h. Recall that the proof of Theorem 7.3.1 im-

plies that |A||B| < 283/ /n provided that ¢ is sufficiently large (equation
(7.13)). This implies that if £+ h < n — 4 then:

1 2
Bl <=-.—=
AlBI < 5 -
and as % < 1/4/m, the pair A, B is suboptimal. Assume therefore that k+h >
n — J:
n=3 <k
2 = . 7.23
{ n—3< k+h <n ( )

Observe that, as the rows of M 4 are orthogonal to the rows of My, we may
assume without loss of generality that:

MA:([k‘*),MB:(*‘[h).
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To see this, first perform Gauss elimination on a basis for F 4 to obtain M 4.
Next, perform Gauss elimination on a basis for Fj, and notice that, as the
rows of M4 and Mp are pairwise orthogonal, it is always possible to find
a leading non-zero entry at some index 7 > k. Once Mp is in row-reduced
echelon form, we may relabel the elements k& + 1,...,n to obtain the above
structure.

We again apply the arguments of Lemma 7.3.2 on A, M4 and on B, Mg,
only this time we perform the calculations more carefully. Let R4 C [k] de-
note the subset of the rows of M 4 which are selected by the process described
in Claim 7.3.3. That is, we repeatedly select an arbitrary column with at
least 2 non-zero entries, while one exists, add the rows where it is non-zero
to R4, and delete them from My. While in Claim 7.3.3 we repeatedly se-
lected a column with a maximal number of non-zero entries, here we allow
an arbitrary choice when selecting the next column with at least 2 non-zero
entries. Let 74 = |R4|, and define Rp C [h] and r5 = |Rp| similarly for Mp.

Let Sa C [k]\ Ra denote the indices of rows of My, which belong neither
to R4 nor to {0,£1}"\ {0,1}". That is, S4 denotes the rows which were
treated by Claim 7.3.4. Let s4 = |S4|, and define Sp C [h]\Rp and sp = |S5]
similarly for Mpg.

The following lemma, proved in Section 7.5, determines the optimal pairs
A, B when 14 4+ s4 = o(n):

Lemma 7.4.1. If there exists some order of column selection when producing
the set Ry such that ra + sa = o(n), then |A||B| < (2;) 2n=2¢ " Purthermore,
equality holds iff either:

0 0 ~1 0

| e | | e | | e c I |

M.A_ 0 0 7MB_ 1 0

0 |1 ]1...1]1 0 | -1 ]o0...0] 1
he{20—2,20—-1} , h+k=n, ke {222}, By =Ugu{(i,k+1)}

(7.24)
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or .
0|0 0|0
I | e P
My = 0|0 0|0 )
0 1 1
0 |01 1
-1 | -1 0| 0
I, I, (7.25)
Mpg = -1 | -1 0
0 -1 | -1 1]0...0
0 -1 | =1 1]0...0l 0 | 1

he{20—-2,20—-1} , h+k=n, ke {2 2 241},

By = Uier{(i, k +14)}
up to a relabeling of the elements of [n| and the choice of By. In both cases
above, the pair (A, B) belongs to the family (7.22) withk =h+1, 7=k —1
and swapping A, B.

In the above figures (7.24) and (7.25), the columns to the right of the
double-line-separators and the rows below the double-line-separators appear
or not, depending on the value of k.

The remaining case is treated by the next lemma, which is proved in
Section 7.6, and concludes the proof of the theorem:

Lemma 7.4.2. [If every order of column selection when producing the set R4
gives 74 + s4 = Q(n), then |A||B] < (25) 2"=2t - Furthermore, equality holds
iff:

1 0 |1
= (e ) e (ol n)

ke{20—1,20} , h+k=n, B = [k
up to a relabeling of the elements of [n|. In this case, the pair (A, B) belongs
to the family (7.22) with k = k and T = h.

Remark 7.4.3: It is, in fact, not difficult to check that if, in one order of
column selection we have r4 + s4 = Q(n), so is the case in any order, but

(7.26)

the above formulation suffices for our purpose.
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Let C; = [k] \ (Ra U S4). By the assumption on r4,s4 and the fact that
k > =2 we deduce that |C;| = (1 — o(1))k. Recall that each column of
M 4 contains at most one non-zero entry in the rows of C, and that each
row of C} belongs to {0, £1}™\ {0,1}". Hence, n > k + |C1] = (2 — o(1))k.

Altogether, we obtain that:

k= (% + 0(1)) N, h= (% - 0(1)) n. (7.27)

The {1, —1} entries in each row of C; account for 2|C| = (1 —o0(1))n distinct
columns, leaving at most o(n) columns which may contribute additional val-
ues to rows of (. Again, as each column contains at most 1 non-zero entry
in the rows of (', the set of all rows with non-zero entries either in these
columns, or in columns {k + 1,...,n — h} (at most 3 columns), is of size
o(n). We obtain that, without loss of generality:

P S R | PR gy RN [ RS R
My — Iy 0 0 — Iy 0 ’ (7.28)
0 Iy g * * *

where k' = (1 —o0(1))k = (1 — o(1))h. The above structure of M 4 provides a
quick bound on |A|. Consider column n — h + 1; if this column contains at
least 2 non-zero entries, then we gain a factor of % by (7.14). Otherwise, the
fact that M,,_,4+11 = —1 implies that the coefficient of row 1 is necessarily
0, giving a factor of 1. Therefore:

3
|A| < 1 2k . (7.29)
For another corollary of (7.28), notice that for all i € [K'], row i of M4
contains 1, —1 in columns i,n — h + i respectively (and 0 in the remaining
columns), and is orthogonal to all rows of Mg. It follows that columns
i,nm — h +1 are equal in Mg for all i € [£'], and hence:

D R R | B i B B A
Mp = .
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We claim that the above structure of Mg implies that rp+sp = (1 —o0(1))A.
Indeed, once we delete the rows Rg U S from Mg, each row must contain
an entry of —1, which must reside in one of the columns &'+ 1,...,n — h.
As each column contains at most one non-zero entry in rows [h] \ (R U Sp),
we deduce that n — h — k' > h — rg — sp, and equivalently:

7~B—{—3322h—|—k"—n:(1—0(1))h= (%—0(1))71,

where the last two equalities are by (7.27) and the fact that & = (1 —o0(1))k.
Recall that the analysis of Claim 7.3.3 implies that, if Rg is nonempty, then
at most 27511/ \/gTB linear combinations of the rows of Rp are valid in
order to produce a {0,1}" vector from the rows of Mpg. Furthermore, if Sp
is nonempty, then for each choice of coefficients for the rows [h] \ Sp, Claim
7.3.4 implies that at most 2°%/,/Tsp combinations of the rows of Sp are
valid in order to produce a {0, 1}" antichain of vectors from the rows of Mp.
Since in our case we have rg + sg = Q(n), at least one of rg, sp is (n), and
we deduce that:

1B = O(2"/+/n) . (7.31)
Furthermore, if both rg = w(1) and sp = w(1) we get |B| = O(\/T%B) =
0(2"/\/n) and hence (regardless of the structure of M)

JAJIB| = (2" //n) < o(2"/VT) |

showing this cannot be an optimal configuration, as required. The same
consequence is obtained if either r4 = w(1l) or s4 = w(1), as in this case
|A] = o(2F). Assume therefore that 74 + sx = O(1), and by the above
arguments we obtain that:

E=2+0(1), h=2-0(1), (7.32)
K =k-o0(1), (7.33)
rg=0(1), sp=h—0(1) or rg=h—0(1), sp=0(1) . (7.34)

At this point, we claim that either n = (4 4+ o(1))¢, or the pair A, B is
suboptimal:
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Claim 7.5.1. Let A, B be as above, then either |A||B| = o(2"/y/n) or n =
(4 +o(1))L.

Proof. Fix a choice of coefficients for the last kK — k' rows of My, yielding
a linear combination wy. By the structure of My specified in (7.28), if for
some index i € [k], wa does not equal 0 at index i or does not equal 1 at
index n — h + i, then the i-th row of M 4 has at most one valid coefficient.
Thus, if there are w(1) such indices, we deduce that there are at most o(2*")
combinations of the rows [k'] of M4 which extend w4 to an element of A.
Therefore, by (7.31), this choice of w4 counts for at most o(2¥*"/\/n) pairs
(A, B) € A x B. Summing over all 2¢~* choices for wy, this amounts to at
most 0o(2"/y/n) pairs (A4, B) € A x B, and we may thus assume that at least
k" — O(1) of the indices j € [K'] satisfy

wd =0, WP =1 (7.35)

Next, fix a choice of coefficients for the last h — k' rows of Mp, yielding an
affine combination (together with xp,) wp, and consider the structure of Mg
specified in (7.30). Every index j € [k/] for which Xgl) =+ Xgl_hﬂ) implies
that the row j has at most one valid coefficient. Thus, if there are w(1) such
indices, it follows that wp can be extended to at most 0(2"/y/n) elements
of B. To see this, take m = w(1) and yet m = o(n) such rows, arbitrarily;
there is at most one legal combination for these rows. As rp + sp = Q(n),
the remaining rows have at most O(2"~™//n) combinations, and the result
follows.

Altogether, we may assume that & — O(1) of the indices j € [k'] satisfy:
v =i " (7:36)

Let L C [K'] denote the indices of [k] which satisfy both (7.35) and (7.36).
It follows that |L| = h — O(1), and for each i € L, the choice of a coefficient
for row ¢ exclusively determines between the cases i,n + h —¢ € B and
iwn+h—i¢B.

Fix a choice of coefficients for the remaining rows of M 4, and let A denote
the resulting set, and fix a choice of coefficients for all rows of Mp except
those whose indices are in L. For each v € L, let X; denote the variable whose
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value is 1 if we choose a coefficient for the row ¢ such that i,n+h —17 € B
and 0 otherwise. Recall that A contains precisely one element from each pair
{i,n+h—1i : i € L}. Therefore, any choice of coefficients of the rows L in
Mp gives a set B which satisfies:

(=]AnB|=(>_X:)+0(1), (7.37)
ieL
where the O(1)-term accounts for the intersection of A with at most n —
2|L| = O(1) indices. Choose one of each pair of coefficients for each row of
L uniformly at random and independently of the other rows, to obtain that
X =Y",c; X; has a binomial distribution Bin(% — O(1), 3). Fix some small
e > 0; by the Chernoff bound (see, e.g., [19], Chapter A.1):

Pr[| X — ZI > en] < O (exp(—Q(n))) ,

thus if [¢ — 2| > en then at most O(2"/exp(Q(n))) sets B € B can be
produced from wp and we are done. We conclude that £ = (3 +o(1))n. W

The last claim, along with (7.34), implies that the case sp = h — O(1) is
suboptimal. Indeed, in this case:
h 2h 2h 2h

2
1B| < TB/Q =(1 +0(1))\/T/2 = (1 +o(1)) — = (1 +O(1))ﬁ )

where the last inequality is by Claim 7.5.1. Combining this with (7.29), we
deduce that |A[|B] is at most (3 + 0(1))2"/vwl, and that the pair A, B is
suboptimal.

It remains to deal with the case g = h — O(1), in which case we have:
h+1 oh

2
B < v 2+ o) =, (7.38)

and hence (JA] < 3.2%), |A||B] < (2 + o(1))25/V/ml. It k+ h < n, it
follows that |A||B] is at most (2 + 0(1))2"/v/7/, and again the pair A, B is
suboptimal. We may thus assume:

k+h=n,rg=h—0(1), sp=0(1).
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To complete the proof of the lemma, we show that either |A||B| < (§ +
0(1))2"/v/wl for some fixed § < 1, or all columns of Mp except either 1 or
2 have at most 1 non-zero entry, whereas the remaining columns are of the
form (—1,...,—1). This will imply that either (7.24) holds or (7.25) holds.
For this purpose, we must first concentrate on the (k — k') x k' sub-matrix
of My, on rows {k' +1,...,k} and columns {k+1,...,k + k'}. This sub-
matrix appears boxed in diagram (7.39), which reflects the form of M4 and
Myp given the fact k + h = n:

D R Ry | PR R
M- I 0 —1I; 0
AT\ 0| Ly x
(7.39)
Y A [| €eeeeeahoeneen—=s
Ik' k Ik/ O
Ms —
o ( 0 * 0 Ih—k’ )
Suppose the linear combination of rows &' +1, ..., k of M 4 is some vector w 4.

A key observation is the following: if w4 has w(1) entries not equal to 1 in
indices {k+1,...,k+k'}, then at most 0o(2¥") combinations of the remaining
rows can be added to w4 to produce a vector in {0, 1}". This follows directly
from the structure of M4 in (7.28), as the fact that wffﬂ ) # 1 forces the
coefficient of row 7 to be 0. Using the above observation, we will show that
cither |A| < (2 4 0(1))2%, or at most O(1) columns of M4 with indices {k +
1,...,k+k'} are not of one of the forms {(—1,1,0,...,0),(-1,1,1,0,...,0)}
(at some coordinate order). Consider the following three cases:

(I) w(1) columns of M, contain at least 3 non-zero entries in rows
{K'4+1,... k}: Let S denote the indices of columns in {k+1,... k+
k'} for which M4 has non-zero entries in rows {k' + 1,...,k}. The
Littlewood-Offord Lemma implies that, whenever there are ¢t non-zero
entries in a single column in these rows, then at most m = 2=+~ (Lt;2 J)
of the 25=%" possible linear combinations of these rows can produce
a value of 1. Notice that for t > 3 we get (Ltfzj)/Qt < %, hence

m/2kK < %. Next, let each column which has at least 3 non-zero

entries in rows {k' + 1,...,k} “rate” m linear combinations, includ-
ing all those for which it gives a value of 1. It follows that choosing



154

Uniformly cross intersecting families

any combination for rows {k’ + 1,...,k} excluding the most popular
set of m linear combinations, yields values not equal to 1 in at least
|S|/(2kn;k) = Q(|S]) = w(1) columns, hence (by the above observa-

tion) such combinations contribute o(2*) vectors to A. We deduce
that [A] < (2 +o(1))2".

(IT) w(1) columns of M, contain 2 non-zero entries # (1,1) in rows
{K'+1,...,k}: The argument here is similar to the argument in the
previous item. If a column has two non-zero entries (z,y) # (1,1) in
rows k'+1, ..., k, then the possible values of the linear combination at
this column are {0, z,y, = + y}. At most 1 of these 4 values can be 1,

hence at most m = 25~%~2 of the combinations yield a value of 1 at this

column. By the above argument, we deduce that [A| < (1 + o(1))2".

(III) w(1l) columns of M, contain at most 1 non-zero entry # 1
in rows {k' + 1,...,k}: this case is the simplest, following directly
from the observation. Indeed, every linear combination of the rows
k' +1,...,k has w(1) entries which do not equal 1 in columns {k +
1,...,k+ K}, hence |A| = o(2F).

Note that if |A| < (2+0(1))2", then |A]|B] < (3 +0(1))2"/v/7l by (7.38), as
required. Assume therefore that M4 has at most O(1) columns among {k +
1,...,k+k'}, whose set of non-zero entries in rows {k' +1,...,k} is neither
{1} nor {1,1}. We use the abbreviation {1}-columns and {1, 1}-columns for
the &'—O(1) remaining columns whose non-zero entries in rows {k'+1, ..., k}
of M4 are {1} and {1, 1} respectively; according to this formulation:

k' —O(1) of columns {k+1,...,k"} of M4 are
{1}-columns or {1, 1}-columns . (7.40)

The two cases of whether there are w(1) or O(1) {1}-columns, are treated by
Claims 7.5.2 and 7.5.3 respectively, and determine which of the two optimal
families, stated in (7.24),(7.25), is obtained. These two claims are stated and
proved in Subsections 7.5.1 and 7.5.2.
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7.5.1 The optimal family (7.24)

Claim 7.5.2. Ifw(1) of columns {k+1,...,k+k'} of Ma are {1}-columns,
then (7.24) holds.

Proof. 1t follows that some row of {k’+1,..., k} contains a value of 1, which

is the single non-zero entry of this column in these rows, in w(1) columns of
{k+1,...,k+ K} (take the most popular row of {k + 1,...,k}). Without
loss of generality, assume that this row is row k, the last row of M 4. By the

observation above, the coefficient for row £ of M4 must be 1, otherwise only

0(2F) combinations of the remaining rows produce vectors in {0,1}". This

has several consequences:

(1)

Row k contains the value 1 in columns {k + 1,...,k + k’'}. To see this,
notice that if (Ma)ks4; # 1 for some j € [K'], then |A] < (1 4 0o(1)) 2%
either the coefficient for row k is 0, contributing o(2¥) vectors to |A|, or
it is 1, forcing the coefficient of row j to be 0.

Row k contains {0, 1} values in columns {k + &+ 1,...,n}. Indeed, if
(Ma)ki+; ¢ {0,1} for some j € {k' 4+ 1,...,n — k}, then the all-zero
choice of coefficients for rows {k' +1,...,k — 1} becomes illegal when
giving row k the coefficient 1, implying that |A] < (£ +o(1)) 2%, where
§=1-—2"(=)

If M, is the (k—1) x n sub-matrix of rows {1,...,k—1} of M4 (that is,
the matrix obtained by erasing the last row of My), then every column
of My contains at most 1 non-zero entry, and every row of My belongs to
{0,£1}™\ {0,1}". To see this, notice that the coefficient of row k is set
to 1, otherwise we obtain at most o(2*) vectors. We can thus regard this
row as an affine vector in {0,1}", and consider the 2! combinations
for the remaining rows. Now, a column of M, with at least 2 non-zero
entries implies that the number of such legal combinations (resulting in
a vector in {0,1}") is at most 3 - 2*7! and a row which does not belong
to {0,241} \ {0, 1}" implies that this number is at most 2*=2. In both
cases, we get [A| < (24 0(1))2".
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(4) Every row of M’; has at most 2 non-zero values: assume that the converse
holds, that is, that row m € [k — 1] contains at least 2 non-zero entries in
indices {k +1,...,n}. Since each of the £ — 1 rows of M/, must contain
a —1 value in an exclusive column, it leaves at most n —k — (k — 1) =
n — 2k 4+ 1 < 1 column (recall that & > %), which can contribute 1
additional non-zero value to row m. We deduce that row m has precisely
two non-zero entries at columns {k + 1,...,n}. However, in this case
column m of Mg has precisely two non-zero entries , since (7.39) and the

orthogonality of M 4, Mp imply that:
(MA)ig; = —(Mpg);; forallie[k] and j € [h] (7.41)

(the inner product of row i of M 4 and row j of Mp is (Ma);k+;+(Mg);: =

0). From the same reason, column k of Mp has at least k' non-zero
entries (as row k of M4 has the value 1 in columns {k 4+ 1,... k+ k'}).

Therefore, performing the process of Claim 7.3.3 first on column m and

then on column k of Mg gives |B] < 2 - QT/‘;%), hence the pair A, B is

suboptimal.

Items (3) and (4) imply that, if the pair A, B is optimal, then without loss
of generality, M/, is of the form (Zx-110/-Ix-110), as each row has 1,—1 in
exclusive columns and 0 everywhere else. In particular, &' = k — 1, and since
k>mn/2and k+ K <n, we get:

n—+1 n—1

or (k= , h=
2 2

h=h ="
2

), (7.42)

and without loss of generality (using the orthogonality of M4, Mp):

0 0 —1 0
g N | Tk | Ip—r |
Ma= 0 o | M7 -1 o |’
0 |1 [1...1]0 0 |0/—1]0...0]
(7.43)

where the last column of M4 and the last row and column of My do not
exist in case k = (n 4+ 1)/2. If h = n/2 and (Mp)sr = 0 (as opposed
to —1), then |B| < (1 + o(1))2"/v/7l: the first h — 1 rows have at most
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(2 + o(1))2"=1 //ml combinations by the usual Littlewood-Offord argument
on column k: and when adding row h we must form an antichain. It follows
that if K = h = n/2, then (Mp)nr = —1 and, by orthogonality, (M4)s, = 1:

M.A: 7MB:

0
1

1\ 0[—-1]0...0]
Finally, notice that the above structure of M4 implies that the coefficient
for row k is always 1: a coefficient of 0 necessarily results in the all-zero
vector, which is forbidden in A (for instance, since |.A| is an antichain, or
since £ > 0). Therefore:

Al <281

If X B 7é X(kﬂ for some j € [k — 1], we must assign the coefficient 0 to row
j of Mg, and We are done as in this case |B| < (1 + o(1))2"/v/ml. Assume
therefore that X31 = X31 ) for all j € [k — 1], and define:

P={ichl:k+i¢B}={ich:xs" =0}, Q=[h\P.

Every row ¢ € P of Mg has {0,1} as the set of possible coefficients, and
every row i € () has {0, —1} as the possible coefficients. Take B € B, and
suppose that the affine combination which produces B assigns the coefficient
1 to p rows of P (0 < p < |P|), and assigns the coefficient —1 to g rows of @
(0 < ¢ <QJ). Tt follows from (7.43) that for all A € A:

(=|ANBl=p+(Q —q) + % . (7.44)

Let By denote the sets {B € B: k ¢ B}, and let By = B\ By. By (7.44), we
obtain that ¢ = p + |Q| — ¢ if k ¢ B, hence:

si<2 ()60 -2 () - ()

Similarly, if £ € B then ¢ = p+ |Q| —{+ 1, and it follows that: |B;| < (/_11).

Altogether:
h h h+1
= < —
|B| ‘Bo’+’81|_(€)+(€_1) ( p )
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and as |A| < 2871

|A||B] < (h_f) gn—h=1 (7.45)

As the maxima of the function f(z) = ()27 on the domain N are achieved
at x € {20 — 1,20}, we conclude that h € {2¢ —2,2¢ — 1} (otherwise |A||B| <
(25) 27=28) Finally, recalling that:

X' =g -p+xy), (7.46)

and combining (7.44) and (7.46) we get:
(=1QI+ x5, -

Therefore, whenever Xg? = 0 we get |Q| = ¢, hence B = Ujcig{ (i, k +9)}
for some B € B. Letting B; denote this set B without loss of generality, we
obtain the statement of (7.24).

Finally, let us link the above to the optimal family (7.22). Define:

{k,n} ifk=2
X = 2
{ {k} k=
Each set A € A is obtained by choosing one out of each pair of elements
{{i,k + i} : i € [k — 1]}, then adding these k — 1 chosen elements to the
elements of X. Define:

Y:{ {{i,k+i}:i€[k—1]}u{{n}} if =2
({i,k+i}:iek—1]} i ntl

Each set B € By (that is, those sets which contain k) has, in addition to
k, £ — 1 objects of Y. Each set B € By is the union of ¢ objects of Y, and
altogether, all sets B € B are the union of ¢ objects of Y U {{k}}. As the
last set holds the k — 1 pairs {i, k + ¢} for ¢ € [k — 1] and the single elements
corresponding to X, this fits the description of (7.22) for k = h+1, 7 =k—1
and swapping A, B. [ |
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7.5.2 The optimal family (7.25)

Claim 7.5.3. If O(1) of columns {k+1,...,k+k'} of M are {1}-columns,
then (7.25) holds.

Proof. By the assumption and by (7.40), we obtain that &' — O(1) of the
columns {k + 1,...,k + k'} are {1, 1}-columns, that is, there are &' — O(1)
columns j € {k+1,...,k+k’'} where there are precisely two non-zero entries
in rows {k' + 1,...,k}, and both entries are equal to 1. For each such
column 7, let i1(j),i2(j) € {kK + 1,...,k} denote the rows where these two
entries are located. Assume that, without loss of generality, the pair of rows
k—1, k is the most popular pair among the above pairs of rows {(i1(7),i2(j)) :
j is a {1,1}-column}; it follows that there are w(1) columns (and in fact,
Q(k') columns) j € {k+1,...,k+ k'} such that:

(Ma)k-1j=(Ma)r; =1,
(M.A)i,j =0forallz e {k/+1,7k—2} .

Hence, if we assign the same coefficient to rows k — 1, k then we obtain w(1)
values which differ from 1 in columns {k + 1,..., %'}, and contribute o(2")
vectors to A. We must therefore assign the coefficient 1 to precisely one of
the rows k — 1,k (and assign the coefficient 0 to the other).

The arguments given in the proof of Claim 7.5.2 regarding row k readily
imply the following analogous results on rows k — 1, k:

(1) Rows k — 1,k contain the value 1 in columns {k+1,...,k}.
(2) Rows k — 1,k belong to {0, 1}".

(3) If M/ is the (k — 2) x n sub-matrix of rows {1,...,k — 2} of M4, then
every column of M/, contains at most 1 non-zero entry, and every row of
M, belongs to {0,+1}"\ {0,1}".

(4) Every row of M, contains at most 2 non-zero entries.

By the last two items, we deduce that if A, B is an optimal pair, then without
loss of generality, M’y = (Ix-2l0l-Ix—200 ), and in particular, ¥’ = k — 2. The
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constraints k > n/2 and k + k" < n now imply:

_n+1 _n—l n n

n
k=h=— k h = k=—4+1., h=—--1
5 o 2 ;) o (k=541 5~ 1)
(7.47)
and by orthogonality:
0] o0 0| o
Iyo | N e )
My = 0] 0 0| 0 ;
o [ 1]o0/1...1]o/1]0/1
0o [o]11...1]o0/1]0/1
-1 1 0] o0
Ik—2 : : Ik—2 : :
Mg = 1 -1 olo |, (7.48)

0 [o/—1]o/=1T0...0
0 |o/—1]o/=1]0...0] 0|1

where the last two columns of M 4 and the last two rows and columns of Mp
are optional, depending on whether k = 2 + 1, k = ”TH or k = % (where we
have 0, 1 or 2 of the last columns of M4 and the last rows and columns of
Mp respectively).

By (7.48), it now follows that choosing the same coefficient for both rows
k — 1,k does not produce sets in A (so far we only showed that it produces
0(2%) sets in A). Indeed, assigning the coefficient 0 to both these rows can
only yield the all-zero vector, forbidden in A (for instance, as ¢ > 0). As-
signing the coefficient 1 to rows & — 1,k can only yield a vector which is 1
in every coordinate j € [2k — 2], and is the sum of the two rows k£ — 1,k in
columns 2k — 1,2k if these columns exist. Hence, if this vector belongs to
{0,1}", then it contains any set which can be produced from My, and we
have |A| = 1, and a suboptimal pair A, B. It follows that:

|A] < 281

Our next goal is to show that if row ¢ € {k — 1, k} of My exists, then its
entries in columns k£ — 1,k (marked by 0/ — 1 in (7.48)) are both —1. Let
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q € {k—1,k} denote a row of Mg, let m € {1,2} denote the number of rows
of {k —1,k} in Mg, and let ¢’ # q denote the additional row of {k — 1, k} in
Mg if m = 2. Sincemzliffk::”THandm:2iffk:%,itfollowsthat
m=2—(k—h).

First, assume that (M4)qk-1 = (Mu4)qx = 0. It follows that row ¢ is
in {0,1}", and since B is an antichain, we get an additional factor of % on
|B| (first apply the Littlewood-Offord Lemma on the remaining rows with
respect to column k, then consider the coefficient for row ¢). It follows that

B < (1+0(1)) 2, and that |A[|B| < (§ + o(1))2"/v/xL.

Second, assume that (M4)qk-1 # (Mu4)qx. Let t; denote the number
of sets B € B produced from My by assigning the coefficient o # 0 to row
q, and the coefficient 0 to row ¢’ (if this row exists), and let to = |B| — t;.
Consider a set B counted by t3: since row ¢’ does not take part in the affine
combinations, the combination of rows [k — 2] together with yp, sums up
to the same value, some A, in the two columns k — 1,k (these two columns
are identical in rows [k — 2]). The fact that indices k — 1, k of the resulting
vector, xp, are {\, A — a’}, forces A to be equal to o. We can thus apply the
Littlewood-Offord Lemma on rows [k — 2] (with respect to column k&, which

has 1 target value), and deduce that:
2k—2
Vvl

To obtain an upper bound on t5, for each of the remaining 2™ —1 combinations

t1 < (14 0(1))

of rows {k — 1,k} in Mg, column k has at most 2 target values (in order to
give a {0, 1} final value), hence, by the Littlewood-Offord Lemma:

2k—2

ok

ty < (2™ — 1)(2 + o(1))

It follows that:

2nv+k—2 2h
—(2-2"" 4+ o(1)) |
vl ( ( ))\/ﬂé
where in the last equality we used the fact that m = 2 — (k — h). The fact
that |A| < 2¥~! now implies that the pair A, B is suboptimal.

|B| = tl +t2 S (2 -2 -+ 0(1))
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Having ruled out the cases (Ma)gi—1 = (Ma)gr = 0 and (Ma)gr—1 #
(M4)qk, we deduce that:

(Ma)gr—1 = (Ma)gr =—1,

hence the structure of My, My is:

My = 010 ,Mp = 010 ;
011]101(1...1 1 1 0O—-1]-11]0
0j0j11(1...1 1 1 0O|—-1]-=110 0 1

as specified in (7.25). To conclude the proof of the claim, recall that every
A € A has precisely one of the elements k — 1,k, hence the analysis of
|AN B| for all B € B is exactly the same as in Claim 7.5.2 (precisely one of
the columns k — 1, k of My effects the intersection). It follows that |A||B] <
((2) + (z )2l = (h}fl)Q”_h_l, and hence h € {20—2,2¢(—1}, otherwise
A, B is a suboptimal pair. Similarly, the arguments of Claim 7.5.2 imply that
|Q| = ¢, where @ is the set of indices {i € [h] : k+i € By}, and without loss
of generality, we can take B; to be Ujciq{i, k +4}. Altogether, (7.25) holds.
It remains to link the above to the optimal family (7.22). Define:

{n—1,n} ifk=7%
X =< {n} if k=124t
0 ifk=3+1

Recall that precisely one of the rows k — 1,k receives the coefficient 1 in a
linear combination which produces some A € A from M 4. It follows that
each set A € A is obtained by choosing one out of each pair of elements
{{i,k+1i} : i € [k — 2]} U{{k — 1,k}}, then adding these k — 1 chosen
elements to the elements of X. Define:

{{i,k+i}:iek—21yu{{n—1},{n}} ifk=2

V=< {{i,k+i}:iek—-2}u{{n}} if k=2
{{i,k+i}:ie[k—2]} if k =

Recall that, for all B € B, the elements k — 1,k are either both in B or
both not in B. If £k — 1,k ¢ B, then B is the union of ¢ elements of Y.

MIS ‘
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Otherwise, B contains, in addition to {k — 1, k}, the union of ¢ — 1 elements
of Y. Altogether, all sets B € B are the union of £ objects of Y U{{k—1,k}}.
As the last set holds the k—2 pairs {i, k+1i} for i € [k—2], the pair {k—1, k}
and the single elements corresponding to X, this fits the description of (7.22)
fork =h+1, 7=k —1 and swapping A, B.

This completes the proof of Claim 7.5.3 and of Lemma 7.4.1. |

7.6 Proof of Lemma 7.4.2

The assumption that r4 +s4 = Q(n) implies that |A| = O(2%/y/n). Thus, if
rg+sp = w(1l) we deduce that |A||B| = 0o(2"//n) and we are done. Assume
therefore that rg + sp = O(1), and let Cy = [h] \ (R U Sp). By definition
of Rp and Sp, the following holds:

e Every column of Mg contains at most 1 non-zero value in the rows of

Cy.

e Every row of Cy belongs to {0,£+1}"\ {0,1}".

We wish to show that Mp is roughly of the form (—1, | 0 | I;), although so
far we did not obtain any restriction on the number of rows in Cy with more
than 2 non-zero entries in Mp. In contrast to the analysis of M4 in Lemma
7.4.1, this does not follow directly from the fact that rp + sp = O(1), as h
might be substantially smaller than n/2 (as opposed to k).

We therefore return to M4 and claim that at most O(1) columns of M4
contain at least 2 non-zero entries in a cascading manner. In other words,
the process where we repeatedly select an arbitrary column of M4 with at
least two non-zero entries, and remove the rows where it is non-zero from the
matrix, ends after at most O(1) steps. To see this, assume that w(1) such
columns exist: 7j1,...,J,. Perform the process of creating R4, beginning
with the above columns: choose column j; at step i for ¢ < m, and complete
the process in an arbitrary order of column selection, j,,.1,...,5:. By the
assumption of the lemma, r4 + s4 = Q(n), hence two cases are possible:

e 74 = o(n): in this case sy = Q(n). Clearly, 74 > 2m = w(1) by the
assumption, and the additional O(1/+/n) factor resulting from the rows
S4 implies that |A| = o(2%/\/n).
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T Ty

C Y1 Yoy Yo

* X KL * %

By o
J1 J2 73

Figure 7.2: The duality between M 4 and Mp when selected rows of My have
0 entries in columns {k+1,...,n — h}.

e 74 = Q(n): by definition, 74 = S_i_, 7. If for some 4,j < t we have

ri,7; = w(y/n) then |A| = o(2%/y/n). Recall that if ¢ > 2logn, then
|A] < 28/(3)! < 2%/n. These two facts imply that precisely one i
satisfies ; = Q(n). Therefore, column i gives a factor of O(1/y/n), and
the remaining ¢t — 1 columns give a factor of o(1) as t > m = w(1) and
each such column contributes a factor of at most %. Altogether, we

deduce that |A| = o(2%/\/n).

Assume therefore that M4 contains at most O(1) columns which contain at
least 2 non-zero entries in a cascading manner. As we next show, returning to
Mg, this implies that at most O(1) rows of Cy contain more than 2 non-zero
entries. First, recall that £ + h > n — 3 and that each column contains at
most one non-zero value in the rows of (5. Thus, we can remove at most
3 rows from Cy and obtain a set C}, each remaining row of which does not
contain non-zero entries in indices k + 1,...,n — h. Second, suppose rows
i,j € Ch each contains more than 2 non-zero entries. Let iy,...,4, € [k],
r > 2, denote the indices of the non-zero entries of row i excluding its value
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of 1 at index n — h + i (recall that columns n — h +1,...,n of Mg form the
identity matrix of order h). Similarly, let ji,..., jm, € [k], m > 2, denote the
corresponding indices of row j :

(Mg)ii, #0for 1 <t <r, (Mg)in-nti=1,

(Mp)jj #0for 1<t <m, (Mp)jn-n+j =1

Since the rows of M 4 are orthogonal to the rows of Mp, and columns 1,...,k
of M 4 form the identity matrix of order k, we deduce that:

(MA)n—n+ii Z0for 1 <t <r,

(M.A)nchrjt,j 7§ 0 for 1 <t<m.

See Figure 7.2 for an illustration of the above relation between M4 and Mp.
As the sets {iy,...,4,} and {j1,...,jm} are disjoint, columns n — h + i and
n —h+ j of M 4 each contains at least 2 non-zero entries in pairwise distinct
indices. In general, if m rows in C} contain more than 2 non-zero entries,
we deduce that m columns in M 4 contain at least 2 non-zero entries in a
cascading manner. As argued above, there are at most O(1) such columns
in My, hence m = O(1): let CY denote the set C} after removing these m
rows, and let h’' = |CY| = h — O(1). Each row of C¥ is in {0,£1}"\ {0,1}"
and contains at most 2 non-zero values, and we deduce that without loss of
generality:

. B IS nr: ey [ R

My = —Iy | 0] 0 | Iy 0 | (7.49)
* * * 0 Ihfh’

Since the rows of M4 and Mg are orthogonal, it follows that:

P S | U g SN | IR S .
Ih’ 0 * [h’ * (750)
My = .

The above structure of M4 and Mp provides an upper bound on ¢ in terms
of k, which we prove in Subsection 7.6.1:
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Claim 7.6.1. Let A and B be as above. If |A||B|] = Q(2"/\/n), then:

(< (% + 0(1)) k. (7.51)

The proof of the lemma is completed by the next two claims, which are
proved in Subsections 7.6.2 and 7.6.3:

Claim 7.6.2. Let A and B be as above. If ry = o(n) then |A||B| < (25) 2n=2t
Furthermore, equality holds iff (7.26) holds.

Claim 7.6.3. Let A and B be as above. If ry = Q(n) then the pair A, B is
suboptimal.

7.6.1 Proof of Claim 7.6.1

Fix a choice of coefficients for the rows h'+1, ..., h of Mg, and let wp denote
the result of adding this combination to xp,. As argued in the proof of Claim
7.5.1, the structure of Mp in (7.49) implies that each index j € [A'] such that

wg) #1— wg_h+j) (7.52)

eliminates at least one of the two possible coefficients for the row j of Mp
(compare this to the treatment of the vector w, in (7.35)). Thus, if there
are w(1) such coefficients, then wp allows at most 0(2") combinations of the
remaining rows of Mg to produce sets in B. Since |A| = O(2%/\/n) (recall
that r4 4+ s4 = Q(n)), summing over at most 2"~* combinations for such
vectors wp gives o(28" /\/n) pairs (A, B) € A x B.

It remains to treat vectors wp in which at most O(1) indices j € [/]
satisfy (7.52). Note that each B € B produced from wg and a combination
of rows 1,...,h" of Mg satisfies:

|IBN{j,n—h+j} =1 for all but at most O(1) indices j € [h'] . (7.53)

Let A € A, and let X; € {0,1} denotes the coefficient of the row i of M4
in the linear combination which produces A. By (7.53) and the structure of
M4 in (7.50), we obtain that:
¥
[AnBA(Wu{n—h+1,...n—h+h})|=(_X)+0(1). (7.54)

i=1
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Furthermore, the structure of M4 in (7.50) gives:

k
ANBO{N + 1.k} <[AN{W +1,.. .k} = > X;. (755
i=h/+1

Combining (7.54) and (7.55) with the fact that £+ h' = n — O(1), we obtain
that:

k
(=|ANB| < (ZXZ-) +0(1) .

i=1
Let ¢ > 0, and assume that ¢ > (1 4 ¢)%. By the Chernoff bound, the
number of assignments of {0,1} to the variables Xi, ..., X}, which satisfy
S X > (1+¢e)k s at most 2/ exp(Q(k)) = 2/ exp(Q(n)). Therefore,
the assumption on £ implies that at most O(2%/ exp(2(n)) sets A € A satisfy
|AN B| = ¢, and summing over all sets B whose vector wg is as above
gives at most 28" /exp(Q(n)) pairs (A, B) € A x B. This contradicts the
assumption that |A||B| = Q(2"/y/n), and we conclude that £ < (1 + o(1))k,
as required. |

7.6.2 Proof of Claim 7.6.2

The assumptions 74 + s4 = Q(n) and r4 = o(n) imply that s, = Q(n),
and, as before, we may assume that r4 = O(1), otherwise we get |A| =
0(2%/\/n), leading to a suboptimal pair A, B. Thus, each column of M4 has
at most O(1) non-zero entries. Since n — (k+ h) < 3 and h — 1 = O(1),
it follows that at most O(1) rows of M4 have non-zero entries in columns
{k+1,....n—=h}U{n—h+ K +1,...,n}. Without loss of generality,
reorder the indices of these rows to K’ +1,...,k (where ¥’ = k — O(1)),
and let b = h' — O(1) reflect the reordering of rows whose original indices
belonged to [h']. We obtain that:

AAAAAAAAAAAA L | hG: It Y| I T ETI N PN
Iy 0 0 0 | I | o0
7.56
Myu=| 0 | Luw 0 0 o | o], (7.56)

0 0 Ik—k’ * 0
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and by the orthogonality of M4 and Mpg:

o o K ceieea [[e=- O(1) —=3]| €= - A e --s
My — Iy | 0 0 I 0 | (7.57)
0 O S 0 Ih—h”

Notice that the first k&’ rows of M 4 form an antichain on the first &” elements,
hence:
k 2k

where the last inequality is by (7.51). This yields an upper bound on |.A||B|
which is asymptotically tight, hence any additional constant factor bounded
away from 1 which multiplies either |A| or |B| implies that the pair (A, B) is
suboptimal. In particular:

|Al < (1+0(1))

(i) If k+ h < n, we have a suboptimal pair: |A[|B| < (3 +o(1)) 2"/V/xL.
Assume therefore that k + h = n.

(ii) If Mg has a column with more than 1 non-zero entry, we gain a mul-
tiplicative factor of at most % and we are done. The same applies to
M 4: such a column has O(1) non-zero entries, as 74 = O(1), and once
we set the combination of these rows (gaining a factor of at most %) as
well as of rows k' + 1,..., k, the remaining &' — O(1) rows out of [£]
must still form an antichain.

(iii) If M4 has a row with more than 2 non-zero entries, by Item (i) it
corresponds to a column with more than 1 non-zero entry in Mg (since
statement (7.41) holds), which does not exist according to Item (ii).
The same applies to the rows of Mp.

(iv) Each row of Mp must belong to {0, £1}"\ {0,1}", otherwise the argu-

ments of Claim 7.3.4 imply a constant multiplicative factor of at most
1

3-

Items (iii) and (iv) imply that every row of Mp has precisely two non-zero
entries: {1, —1}, and without loss of generality, h” = h. Recalling (7.56) and
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(7.57), M4 and Mp take the following form:
I, 0 I,
M =
4 ( 0 ‘[kh ’0 )

Ms= (-1 ‘ 0 ’1h ).
/) /)

Notice that the above structure of Mg implies that Xg = Xgl for all j €
{h+1,...,k} and B € B. As we assumed in (7.20) that gz B = [n], it
follows that {h+ 1,...,k} € B;.

Consider the rows of Mp, let wp take the initial value of the vector xp,,

(7.58)

then subtract from wp each row ¢ of Mg for which k+¢ € B;. This translates
the possible coefficients for each row i of Mp to {0, 1}; hence, the character-
istic vector of every element of B is a sum of wg with a sub-sum of the rows
of Mg. First, wg) = Xgl) =1forall j € {h+1,...,k}. Second, the structure
of Mp (7.58) implies that, if wg) # 1 for some j € [h], then row j cannot
be added to wg to yield a vector in {0, 1}". Since this leads to a suboptimal
pair (A, B) (of size at most (5 + 0(1))2"/v/7l), we deduce that:
k h
——
wp=(1...10...0) .

The structure of Mp (7.58) implies that for every B € B, xp is of the form:
h k—h h

xs=(0/1...0/1 .1 1/0...1/0) ,

where precisely one index in each of the pairs {(1,k + 1),...,(h,k + h)}
is equal to 1 in yp. If X; € {0,1} denotes the coefficient of row i of M4
in a combination that produces some A € My, it follows from (7.58) that
¢ =|ANB| = Zle X; for all B € B. By the properties of the binomial
distribution, we deduce that |A| < (’Z), and altogether:

48] < 27 (’;) |

The expression above realizes the bound (7.3) iff either k = 2¢ or k =20 — 1,
hence the final structure of the optimal pair (A, B) is as described in Lemma
7.4.2. [ |
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7.6.3 Proof of Claim 7.6.3

The assumption 74 = (n) implies that, unless s4 = O(1), we get |A| =
0(2*/VE) = 0(2*/\/n) as required. However, if we remove the rows R4 from
[k], (7.50) implies that only the columns {k+1,...,n—h}U{n—h+h, ..., n}
can contribute —1 entries to the remaining rows, and each column has at
most 1 non-zero entry in each of these rows. Since n — (k + h) < 3 and
h —h = 0O(1), we deduce that [k] —r4 — s4 = O(1), and altogether:

TA:l{—O(l).

Definition 7.1. A column of M4 is called “heavy” if it contains k — O(1)
non-zero entries.

The next argument shows that there exists a heavy column in M 4. There
are at most O(1) columns which may contain more than 1 non-zero entry in
My (as columns [k] and {n —h + 1,...,n — h + h'} contain a single non-
zero entry of 1). Therefore, there exists some column g € [n] of M4 with
Q(ra) = Q(k) non zero entries. If some other column has w(1) non-zero
entries in a cascading manner, we obtain |A| = 0(2%/,/n), and we are done.
We deduce the column ¢ has 74 —O(1) = k—O(1) non-zero entries, therefore
column ¢ is heavy. Applying the Littlewood-Offord Lemma to the &k — O(1)
rows where column ¢ is non-zero at, we obtain that:

k

|A] < (2+0(1)) —

< (24 0(1)) (7.59)

(\&)
ﬁ\%
~

where the last inequality is by (7.51).

Let ¢ denote a heavy column of M 4. Lemma 7.2.3 enables us to eliminate
the case where all non-zero entries of ¢ are +1. To see this, assume the
converse, and let:

U={ick]: (Ma)ig=1}, V={i €[k : (Ma)ig=—1}.

Recall that |U| + |V| = k — O(1), and take ¢ > 0. If |[U| > (5 + )k, then
Chernoft’s bound implies that the number of sub-sums of the rows U UV
which give a value of {0,1} in this column is at most 2%/ exp(Q(k)). We
deduce |U] = (1 4 o(1))k and that |[V| = (3 + o(1))k.
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Set m =n — (k+ h)+ (h — k') = O(1). For each possible set of values
z € {0,1}™ for columns {k+1,...,n —h}U{n—h+ K, ... ,n}, the family
of all sets A € A which matches the pattern z in the above set of columns
is an antichain, and either [ANV| = [ANU|or [ANV| = |ANU| - 1.
Therefore, Lemma 7.2.3 implies that |A] = O(2%/k) = O(2%/n). We may
therefore assume that:

Every heavy column ¢ of M 4 satisfies (M4);, ¢ {0, %1} for some i € [k] .
(7.60)
This provides an upper bound on |B|:

1B| < 2nkt (7.61)

The above bound follows immediately if A < n — k, so consider the case
k+ h =n, and let ¢ denote a heavy column of M 4. By the orthogonality of
M4, Mg, (7.41) holds, and (7.60) now implies that (Mg),—r; ¢ {0,%£1} for
some i € [k]. In particular, row g — k of Mg does not belong to {0, £1}", and
hence |B| < 2"7! (as enumerating on the coefficients for rows [h] \ {qg — k} of
Mp leaves at most one legal coefficient for row g — k).

Combining (7.61) with (7.59) yields an asymptotically tight upper bound
on |A||B: 2n -

iR <(1 +o(1))m .

Let ¢ > 0; if k > (2+4¢)/, then the first inequality of the bound above implies
that the pair A, B is suboptimal. Therefore, adding this to (7.51), we may
assume that:

JAJ[B] < (1 +0(1))

k= (2+0(1))C . (7.62)

Next, we wish to eliminate the case where some column ¢ has k — O(1)
non-zero entries, all of which have the same sign. In this case, let @ = {i :
(My)i, # 0}. As all the entries in rows @ and column ¢ of M4 have the
same sign, only the all-zero linear combination of these rows can produce the
value 0 at index ¢. Applying the Littlewood-Offord Lemma to the rows @,
we obtain an upper bound on the number of combinations which produce
the value 1, and altogether:

yA\gz’f—Ql(( | )+1):(1+o(1))

2k:
LiQl/2] Val
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where in the last inequality we used the fact that |Q| > (2 4 o(1))¢, as
|Q| = k — O(1). By (7.61), this implies that [A||B| < (3 + o(1))2"/V7,
implying the statement of the claim. We thus assume that:

Every heavy column ¢ of M 4 contains both positive and negative entries .
(7.63)
Using the last statement, we prove the next claim:

Claim 7.6.4. Let A € {0,1}, L C [k] and d > 0, and let ¢ denote a heavy
column of M 4. Define:

A ={Ac A |AnLl=d X =)} (7.64)
If d= (14 0(1))¢ and |L] > (14 o(1))¢ then:

k

A | < G " 0(1)> \% . (7.65)
Proof. Let @) denote the indices of the rows in which column ¢ of |.A| has
a non-zero entry. Observe that if Q@ ¢ L, then the rows of L have at most
(") legal combinations, and the remaining rows [k]\ L have at most 25~121-1
legal combinations, as these rows contain non-zero entries in column ¢, which
must combine to a final value of \. Hence, in this case:

(@) l k—|L| L] k—|L| L]
it <5271 ) =52

_140(1) 2k ( )
2 rlLl/2
where the last inequality is by the fact that |L| > (1 + ( ))E Assume

therefore that @ C L, and notice that, as || = k — O(1) and L C [k], then
|L| =k — O(1), and by (7.62):

|IL| = (24 o0(1))f = (24 o(1))d .

Fix an enumeration on the coefficients of the rows [k] \ L, and let S C 2%
denote the d-element subsets of the rows of L which extend this enumeration
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to elements of A(L[{)CM. Let ji,j2 € L be two indices such that (Mu)j, , #
(M4),,q (such indices exist by (7.63) and since @ C L), and define:

So={ScClL]:|S|=d, [Sn{jj}l =1} .

Notice that, as j; # jo, the function f : S§ — Sy which swaps ji, 72 is a
bijection, which satisfies the following property for all S € Sy: at most one
of the subsets {5, f(S)} can belong to §. Furthermore, if S is a random
d-element set of L, then:

2(0) _ 2d(|L|—d) _ 1

Pr[S € S| = (‘sl) = L= 1) =§-|—0(1)7

and thus |Sy| = (3 + 0(1))('5'), and we deduce that:

5] < ('5') Bl G +O(1)) (|§|) |
Therefore:

3 2k 3 2k
A< okl g < (——l—ol)—z (——1—01)—,
’ L,d,)\’ — ’ | = \4 ( ) 7T|L|/2 4 ( ) m
as required. [ ]

In order to deduce the claim from (7.65), we treat the two cases k+h < n
and k + h =n in Claims 7.6.5 and 7.6.6 below.

Claim 7.6.5. Let A,B be as above. If k + h < n, then the pair A,B is
suboptimal.

Proof. In this case, we may assume that k +h = n — 1, otherwise (7.59)
implies that |A||B| < (3 + o(1))2"/V7l. Recalling (7.49) and (7.50), we
have:

D P 1 [| €==+ B «or—=»
]h/ 0 * -[h’ *
My =
A ( 0 [kz—h’ * 0 *)

(7.66)
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Let m = h —h' = O(1), and consider a choice of coefficients for rows h' +

,h of Mg, yielding (together with xp,) a vector wg. First, by (7.59),
each of the 2™ — 1 choices of coeflicients such that (wy (n-m+1) ..wg)) # 0
can each be completed to a pair (A4, B) € A x B, in at most

k on—m
e = (1+0(1)) Nz,

ways. Let By denote the sets B € B which can be produced from the remain-
ing combination for wg (the one for which wg%mﬂ) =...= w =0). In

2h=m (2 + o(1))

order to show that A, B is suboptimal, it is enough to show that:

n—m

|A||Bo] < (o + 0(1)) N for some v < 1, (7.67)
since this would imply:
n—m 2n—m
[AlIB] < (2" = 1)(1 +o(1)) + (@ +0o(1))

Vrl vl

_ (1 e +0(1)) j% . (7.68)

If for some index j € [h’] we have wghhﬂ #1— wB , then row j of Mp
has at most one legal coefficient, hence |By| < 2=~ and the same holds in
case wp ¢ {0,1}" (if j € {W' +1,...,n — h} is such that w ) ¢ {0,1}, then
By =0). As |A| < (24 0(1)) 2 and k+ h < n, it follows that in the above

Vi
two cases |A||Bo| < (3 +0(1)) % satisfying (7.67) for a = 1
Assume therefore that w(" hti) — 1 — wg) for all j € [A'], and that

wp € {0,1}", and define:

L=[Wu{l+1<i<k:w? =1}.
Recalling that w(n AERED = wgl) = 0, (7.66) implies that every B
produced from wpg satisfies:

{=|AN B[ =1{tieann + ZXz ; (7.69)

€L
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for all A € A, where X; € {0,1} denotes the coefficient for row i in a
combination which produces A from M4. We may assume that By # ()
(otherwise (7.67) immediately holds), and by (7.69) we obtain that |L| >
¢ —1, and in particular, |L| > (1 4 o(1))<.

If column k + 1 of M4 has o(k) = o(|L|) non-zero entries in some rows
U, fix an enumeration on the coefficients of these rows, and let L' = L\ U,
noting that |L'| = (1 — o(1))|L] > (1 — o(1))¢. The enumeration on the
coefficients for the rows U determines whether or not k+1 € AN B, and by
(7.69), this determines the value of ), ,, X;. Therefore, by the properties
of the binomial distribution, there are at most ( L] ) < 21/\/7|L|/2

LIL']/2]
combinations for the coefficients of the rows L’. We conclude that:

e In case |[L| > (1 —o(1))k, recalling (7.62), we get |A| < (1 + 0(1))5—%.

e Otherwise, k — |L| = Q(k), and after choosing a combination for the
rows L', we are left with rows [k]\ (LUU) which contain Q(k) non-zero
entries in some heavy column ¢q of M4 (recall that each heavy column
has & — O(1) non-zero entries). The Littlewood-Offord Lemma gives
a factor of O(1/v/k) on the number of combinations for the remaining
rows, which, when multiplied by the previous factor of O(1/ \/\L_/| ) =
O(1/Vk) gives | A| < O(2*/k) = O(2%/¢). In particular, we have |A| <

(1+ 0(1))\3—% (with room to spare).

Altogether, as |By| < 2h=™ < 2n=m=F=1 in both cases we obtain that (7.67)
holds for o = %

It remains to treat the case where column &+ 1 of M4 has Q(k) non-zero
entries; by the arguments in the beginning of the proof of Claim 7.6.3, it
follows that column k + 1 is heavy. Therefore, recalling that By # 0 and

using the definition (7.64), it follows that:
k+1 k1) e (k1
AL |+ ALY iy ™ =0
A= (k+1) (k+1) (k+1)
+1 +1 . +1
|AL,€,O |+ |~AL,z—1,1 if wy =1
Applying Claim 7.6.4 (recall that |L| > ¢ — 1) gives:

Al <2- (Z+o(1))%= (g—l-o(l))%,
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and as |By| < 2™ < 2nmmmkL (7.67) holds for av = 2, as required. [ ]

Claim 7.6.6. Let A,B be as above. If k + h = n, then the pair A,B is
suboptimal.

Proof. The proof will follow from arguments similar to those in the proof
of Claim 7.6.5; the factor of % which followed from the case Kk + h < n
is replaced by the duality between My, Mp (7.41) when k + h = n. The
assumption k + h = n gives (7.49) and (7.50) the following form:

B | E T

Ih' 0 Ih' %
Ma =
A ( 0 ]k—h’ 0 *)

My — ( —Ip 0 Iy 0 )
* *

Let g € [n] denote a heavy column of M 4; by the above structure of M4, we
can assume without loss of generality that ¢ = n. Let p € [k] be such that
(M4)pn ¢ {0,£1} (such a p exists by (7.60)). Recall that, as k + h = n,
the orthogonality of M4, Mg implies that (7.41) holds, and thus (Mg), =
(M) ¢ {0.%1).

Consider the following set of rows of Mpg:

W {pyU{h +1,....,h =1} ifpeln],
{h+1,....,h—1} otherwise .

Let m = |W/|, and consider one of the 2™ — 1 choices of coefficients for the
rows W of Mp, such that the sum of yp, and the resulting combination of
these rows, satisfies w%ﬁj ) # 0 for some j € W. Observe that wg allows at
most one coefficient for row h of Mp, since all the remaining rows [h — 1]\ W
have 0 entries at column p, whereas (Mg)n, ¢ {0, £1}. Therefore, by (7.59),

each of the 2™ — 1 possibilities for such vectors wg can produce at most:

n—m

2h=m=1. (2 4 0(1)) N

= (1+0(1))

ﬁ\ﬁ%
~
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pairs (A, B) € A x B. Consider the remaining combination of the rows W,
satisfying wgﬁj ) =0 for all j € W, and let By denote the sets B € B which
can be produced from wg. Using this notation, it is enough to show that
(7.67) holds, and the claim will follow from the resulting calculation (7.68).
As before, the fact that (Mg)n, ¢ {0,£1} and that the remaining rows
[h — 1] \ W have 0 entries in column p, implies that there is at most one
coefficient possible for row h. If no coefficient for row h is legal, we get
By = 0 and (7.67) holds, otherwise let wp denote the sum of wp with the
appropriate multiple of row h of Myz. We are left with A —m — 1 rows of Mg
Whose coefﬁcients were not yet determined: rows [h — 1]\ W = [A/] \ {p}.
7é 1 - kﬂ) for some j € [W'] \ {p} or wp # {0,1}", we obtain
an addltlonal factor of at most 3 from one of the remaining rows of Mz,
and |Bo| < 2h=m=2 Combining thls with (7.59) implies that (7.67) holds for
a = . Assume therefore that wj(g) =1- (kﬂ for all j € [W']\ {p} and that
Wp 6 {0,1}", and define:

L:[h’]\{p}u{ie{h’+1,...,k}u{p}:wg):1} .

Since every set B produced from wp satisfies |B N {j,k + j}| = 1 for all
Jj €[]\ {p} and k+ j ¢ B for all j € W, we deduce that, if p ¢ [h] (in
which case W = {h' +1,...,h —1}):

(=]|ANB|=1peansy + Y Xi (7.70)

1€L

for all A € A, where X; € {0,1} denotes the coefficient for row 7 in a
combination which produces A from M 4. On the other hand, if p € [K],
then p € W and it follows that uvg““’ ) =0, and:

o If d}g’) =0, then p ¢ L, and indeed, X, does not contribute to |[AN B]
for all A € A and B produced by wpg, as neither p nor k + p belong to
B.

o If u?g) =1, then p € L, and indeed X, contributes 1 to |A N B for all
A € A and B produced by wg, asp € B and k+p ¢ B.
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We deduce that (7.70) holds for p € [W'] as-well. Recalling that By # 0 (oth-
erwise (7.67) immediately holds) (7.70) gives |L| > ¢ — 1, and in particular,
|L| > (1+0(1))¢. Using the definition (7.64), it follows that:

|-’4(er2,0| + |"4§an1’ if ﬁ)gb) =0
Al =
\AS{%M + !A(ﬁz_lﬂ if QDJ(BTL) =1

Applying Claim 7.6.4 (recall that |L| > ¢ — 1) gives:

Al <2 (§ + 0(1)> 2 (§ + 0(1)> 2
and as |By| < 2"7™~1 (7.67) holds for a = 2, as required. [ |

This completes the proof of Claim 7.6.3 and of Lemma 7.4.2.

7.7 Concluding remarks and open problems

e We have shown that if two families of subsets of an n-element set,
A, B, are (-cross-intersecting, and ¢ is sufficiently large, then |A||B| <
(Qf) 272t and in addition, we have given a complete characterization
of all the extremal pairs A, B for which equality is achieved.

e It would be interesting to prove that the above result holds for all values
of ¢ (instead of all ¢ > ¢, for some ¢y). Perhaps knowing the precise
structure of the extremal pairs A, B, as described in Theorem 7.1.1
(assuming that this holds for all ¢), will assist in proving this result.

e Finally, one may consider the corresponding problem where the pair
A, B does not have one possible cross-intersection, but rather a set L
of legal cross-intersections. Such notions have been studied in [2], [95],
[71], with different restrictions on L, and it would be interesting to
derive tight bounds on |A||B|, and possibly describe the structure of
all the extremal pairs, when in addition, each member of L is larger
than some predefined integer /.
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Chapter 8

Independent sets in tensor
graph powers

The results of this chapter appear in [12]

The tensor product of two graphs, G and H, has a vertex set V (G)xV (H)
and an edge between (u,v) and (u/,v’) iff both uv’ € E(G) and vv' € E(H).
Let A(G) denote the limit of the independence ratios of tensor powers of
G, lim a(G™)/|V(G™)|. This parameter was introduced in [37], where it was
shown that A(G) is lower bounded by the vertex expansion ratio of indepen-
dent sets of GG. In this chapter we study the relation between these parameters
further, and ask whether they are in fact equal. We present several families
of graphs where equality holds, and discuss the effect the above question has
on various open problems related to tensor graph products.

8.1 Introduction

The tensor product (also dubbed as categorical or weak product) of two
graphs, G x H, is the graph whose vertex set is V(G) x V(H), where two
vertices (u,v),(u’,v") are adjacent iff both wu’ € E(G) and vv' € E(H), i.e.,
the vertices are adjacent in each of their coordinates. Clearly, this product is
associative and commutative, thus G" is well defined to be the tensor product
of n copies of G.
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The tensor product has attracted a considerable amount of attention
ever since Hedetniemi conjectured in 1966 ([66]) that x(G x H) is equal
to min{x(G), x(H)} (where x(G) denotes the chromatic number of G), a
problem which remains open (see [109] for an extensive survey of this prob-
lem). For further work on colorings of tensor products of graphs, see [9], [61],
[74], [100], [101], [108], [110].

It is easy to verify that Hedetniemi’s conjecture is true when there is a
homomorphism from G to H, and in particular when G = H, by examining
a copy of G in G x H, and it follows that x(G") = x(G) for every integer n.
Furthermore, a similar argument shows that w(G x H) (the clique number
of G x H) equals min{w(G),w(H)} for every two graphs G and H, and
in particular, w(G™) = w(G) for every integer n. However, the behavior
of the independence ratios of the graphs G"™ is far more interesting. Let
i(G) = a(G)/|V(G)| denote the independence ratio of G. Notice that for
every two graphs G and H, if I is an independent set of GG, then the cartesian
product I x V(H) is independent in G x H, hence every two graphs G and
H satisfy:

i(G x H) > max{i(G),i(H)} . (8.1)
Therefore, the series i(G™) is monotone non-decreasing and bounded, hence
its limit exists; we denote this limit, introduced in [37], where it is called the
Ultimate Categorical Independence Ratio of G, by A(G). In contrast to the
clique numbers and chromatic numbers, A(G) may indeed exceed its value
at the first power of G, i(G). The authors of [37] proved the following simple
lower bound for A(G): if I is an independent set of G, then A(G) > %,
where N(I) denotes the vertex neighborhood of I. We thus have the following
lower bound on A(G): A(G) > a(G), where
= max M .

I'ind. set |[I| + |N(I)]

It easy to see that a(G) resembles i(G) in the sense that a(G x H) >
max{a(G),a(H)} (to see this, consider the cartesian product I x V(H),
where [ is an independent set of G which attains the ratio a(G)). How-

a(G)

ever, as opposed to i(G), it is not clear if there are any graphs G, H such
that a(G x H) > max{a(G),a(H)} and yet a(G),a(H) < 5. This is further
discussed later.
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It is not difficult to see that if A(G) > 1 then A(G) = 1, thus A(G) €
(0,3] U {1}, as proved in [37] (for the sake of completeness, we will provide
short proofs for this fact and for the fact that A(G) > a(G) in Section 8.2).
Hence, we introduce the following variant of a(G):

. [ a(G) ifa(G) <
¢ (G)_{ 1 ifa(G) >

and obtain that A(G) > a*(G) for every graph G. The following question
seems crucial to the understanding of the behavior of independence ratios in

N[O~

tensor graph powers:

Question 8.1.1. Does every graph G satisfy A(G) = a*(G)?

In other words, are non-expanding independent sets of GG the only reason
for an increase in the independence ratio of larger powers? If so, this would
immediately settle several open problems related to A(G) and to fractional
colorings of tensor graph products. Otherwise, an example of a graph G sat-
isfying A(G) > a*(G) would demonstrate a thus-far unknown way to increase
A(G). While it may seem unreasonable that the complicated parameter A(G)
translates into a relatively easy property of (G, so far the intermediate results
on several conjectures regarding A(G) are consistent with the consequences
of an equality between A(G) and a*(G).

As we show later, Question 8.1.1 has the following simple equivalent form:

Question 8.1.1°. Does every graph G satisfy a*(G?) = a*(G) ?
Conversely, is there a graph G which satisfies the following two properties:

1. Every independent set I of G has at least |I| neighbors (or equivalently,
a(G) < 1),

2

2. There exists an independent set J of G? whose vertex-expansion ratio,
[N ()| N (I

E | 1|)| for every independent set I of G.

, is strictly smaller than

In this chapter, we study the relation between A(G) and a*(G), show
families of graphs where equality holds, and discuss the effects of Question
8.1.1 on several conjectures regarding A(G) and fractional colorings of tensor
graph products. The rest of the chapter is organized as follows:
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In Section 8.2 we present several families of graphs where equality holds
between A(G) and a*(G). First, we extend some of the ideas of [37] and
obtain a characterization of all graphs G which satisfy the property A(G) = 1,
showing that for these graphs a*(G) and A(G) coincide. In the process,
we obtain a polynomial time algorithm for determining whether a graph G
satisfies A(G) = 1. We conclude the section by observing that A(G) = a(G)
whenever (G is vertex transitive, and when it is the disjoint union of certain
vertex transitive graphs.

Section 8.3 discusses the parameters i(G) and a(G) when G is a tensor
product of two graphs, GG; and G,. Taking G| = G5, we show the equivalence
between Questions 8.1.1 and 8.1.1°. Next, when GG; and G5 are both vertex
transitive, the relation between i(G) and a(G) is related to a fractional ver-
sion of Hedetniemi’s conjecture, raised by Zhu in [108]. We show that for
every two graphs G and H, A(G+H) = A(Gx H), where G+ H is the disjoint
union of G and H. This property links the above problems, along with Ques-
tion 8.1.1, to the problem of determining A(G + H), raised in [37] (where
it is conjectured to be equal to max{A(G), A(H)}). Namely, the equality
A(G+ H) = A(G x H) implies that if A(H) = a*(H) for H = G1+ G, then:

i(G1 X Ga) < a*(Gh + Gy) = max{a"(Gy),a"(G2)} .
This raises the following question, which is a weaker form of Question 8.1.1:

Question 8.1.2. Does the inequality i(G x H) < max{a*(G),a*(H)} hold
for every two graphs G and H ¥

We proceed to demonstrate that several families of graphs satisfy this
inequality, and in the process, obtain several additional families of graphs G
which satisfy A(G) = a(G) = a*(G).

Section 8.4 is devoted to concluding remarks and open problems. We list
several additional interesting questions which are related to a(G), as well as
summarize the main problems which were discussed in the previous sections.
Among the new mentioned problems are those of determining or estimating
the value of A(G) for the random graph models G,, 4, G

n,1 and for the random

graph process.
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8.2 Equality between A(G) and a*(G)

8.2.1 Graphs G which satisfy A(G) =1

In this section we prove a characterization of graphs G satisfying A(G) = 1,
showing that this is equivalent to the non-existence of a fractional perfect
matching in G. A fractional matching in a graph G = (V, E) is a function
f:+ E — R* such that for every v € V, > . f(e) < 1 (a matching is the
special case of restricting the values of f to {0,1}). The value of the frac-
tional matching is defined as f(E) =Y .5 f(e) (£ |2ﬂ) A fractional perfect
matching is a fractional matching which achieves this maximum: f(£) = |—‘2/|
Theorem 8.2.1. For every graph G, A(G) =1 iff a*(G) = 1 iff G does not

contain a fractional perfect matching.

The proof of Theorem 8.2.1 relies on the results of [37] mentioned in the
introduction; we recall these results and provide short proofs for them.

Claim 8.2.2 ([37]). For every graph G, A(G) > a(G).

Proof. Let I be an independent set which attains the maximum of a(G).
Clearly, for every k € N, all vertices in G*, which contain a member of
I'UN(I) in one of their coordinates, and in addition, whose first coordinate
out of TUN(I) belongs to I, form an independent set. As k tends to infinity,
almost every vertex has a member of JUN (/) in at least one of its coordinates,
and the second restriction implies that the fractional size of the set above

1] _
tends to W = CL(G) |

Claim 8.2.3 ([37]). If A(G) > 1 then A(G) = 1.

Proof. Assume, without loss of generality, that i(G) > %, and let I be a
maximum independent set of G. For every power k, the set of all vertices
of G*, in which strictly more than % of the coordinates belong to I, is in-
dependent. Clearly, since % > 1, the size of this set tends to [V/(G)[* as k
tends to infinity (as the probability of more Heads than Tails in a sufficiently

long sequence of tosses of a coin biased towards Heads is nearly 1), hence

A(G) = 1. n
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Proof of Theorem 8.2.1. By Claims 8.2.2 and 8.2.3, if a(G) > 3 (or equiv-
alently, a*(G) = 1) then A(G) = 1. Conversely, assuming that a*(G) =
a(G) < 3, we must show that A(G) < 1. This will follow from the following

simple lemma, proved by Tutte in 1953 (cf., e.g., [82] p. 216):

Lemma 8.2.4. For a given set S C V(G), let N(S) denote that set of all
vertices of G which have a neighbor in S; then every set S C V(G) satisfies
IN(S)| > |S| iff every independent set I C V(G) satisfies |N(I)| > |I|.

Proof of lemma. One direction is obvious; for the other direction, take a
subset S with |[N(S)| < |S]. Define S’ to be {v € S | N(v) NS # 0}, and
examine I = S\ 5. Since S’ C N(S) and |N(S)| < |S]|, I is nonempty,
and is obviously independent. Therefore |N(I)| > |I], however |N(I)| <
IN(S)| = |5"] < |S|—|9| = ||, yielding a contradiction. [ |

Returning to the proof of the theorem, observe that by our assumption
that a(G) < % and the lemma, Hall’s criterion for a perfect matching applies
to the bipartite graph G x K, (where K5 is the complete graph on two
vertices). Therefore, G contains a factor H C G of vertex disjoint cycles and
edges (to see this, as long as the matching is nonempty, repeatedly traverse
it until closing a cycle and omit these edges). Since removing edges from G
may only increase A(G), it is enough to show that A(H) < 1.

We claim that the subgraph H satisfies A(H) < % To see this, argue
as follows: direct H according to its cycles and edges (arbitrarily choosing
clockwise or counter-clockwise orientations), and examine the mapping from
each vertex to the following vertex in its cycle. This mapping is an invertible
function f : V — V, such that for all v € V, vf(v) € E(H). Now let I be
an independent set of H*. Pick a random vertex u € V (H*), uniformly over
all the vertices, and consider the pair {u,v}, where v = f(u) is the result
of applying f on each coordinate of u. Obviously v is uniformly distributed
over H* as-well, thus:

2

EJL 0 {0} =

1]

Choosing a vertex u for which [/ N {u,v}| is at least its expected value, and
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recalling that v and v are adjacent in H*, we get:

2
WW <[ In{uv}) <1.

Hence, i(H*) < 1, and thus A(H) < 3.

An immediate corollary from the above proof that A(G) = 1iff a*(G) = 1

is the equivalence between the property A(G) < % and the existence of a

fractional perfect matching in the graph G. It is well known (see for instance

[82]) that for every graph G, the maximal fractional matching of G can be
1
)9
matching is precisely a factor H C G, comprised of vertex disjoint cycles and
edges, and we obtain another format for the condition a(G) < 3: A(G) < 1

iff G has a fractional perfect matching; otherwise, A(G) = 1.

achieved using only the weights {0,z,1}. Therefore, a fractional perfect

Notice that a fractional perfect matching f of G immediately induces a
fractional perfect matching on G* for every k (assign an edge of G* a weight
equaling the product of the weights of each of the edges in the corresponding
coordinates). As it is easy to see that a fractional perfect matching implies
that i(G) < 3, this provides an alternative proof that if a(G) < 1 then

AG) < 1. [ |

Since Lemma 8.2.4 also provides us with a polynomial algorithm for de-
termining whether a(G) > 3 (determine whether Hall’s criterion applies to
G x K, using network flows), we obtain the following corollary:

Corollary 8.2.5. Given an input graph G, determining whether A(G) = 1

or A(G) < 3 can be done in polynomial time.

8.2.2 Vertex transitive graphs

The observation that A(G) = a(G) whenever G is vertex transitive (notice
that A(G) < 1 for every nontrivial regular graph G) is a direct corollary of
the following result of [9] (the proof of this fact is by covering G* uniformly
by copies of G):

Proposition 8.2.6 ([9]). If G is vertex transitive, then A(G) =i(G).
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Clearly, for every graph G, i(G) < a(G). Hence, for every vertex transi-
tive graph G the following holds:

A(G) = i(G) <a(G) < A(G) ,
proving the following corollary:

Observation 8.2.7. For every vertex transitive graph G, A(G) = a*(G) =
a(G).

We conclude this section by mentioning several families of vertex tran-
sitive graphs G and H whose disjoint union G + H satisfies A(G + H) =
a(G+ H) = max{A(G), A(H)}. These examples satisfy both the property
of Question 8.1.1 and the disjoint union conjecture of [37].

The next two claims follow from the results of Section 8.3, as we later
show. For the first claim, recall that a circular complete graph (defined in
[108]), K4, where n > 2d, has a vertex set {0,...,n — 1} and an edge
between 4, j whenever d < |i — j| < n —d. A Kneser graph, KN, , where
k <n, has (Z) vertices corresponding to k-element subsets of {1,...,n}, and
two vertices are adjacent iff their corresponding subsets are disjoint.

Claim 8.2.8. Let G and H be two vertex transitive graphs, where H is one
of the following: a Kneser graph, a circular complete graph, a cycle or a
complete bipartite graph. Then G + H satisfies A(G+ H) = (G + H) =
max{A(G), A(H)}.

Claim 8.2.9. Let G and H be two vertex transitive graphs satisfying x(G) =
w(G) <w(H). Then A(G+ H) = a(G+ H) =max{A(G), A(H)}.

8.3 The tensor product of two graphs

8.3.1 The expansion properties of G2

Question 8.1.1, which discusses the relation between the expansion of inde-
pendent sets of (G, and the limit of independence ratios of tensor powers
of G, can be translated into a seemingly simpler question (stated as Ques-
tion 8.1.1") comparing the vertex expansions of a graph and its square: can
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the minimal expansion ratio |N(I)|/|I| of independent sets I decrease in the
second power of G7

To see the equivalence between Questions 8.1.1 and 8.1.1°, argue as fol-
lows: assuming the answer to Question 8.1.1 is positive, every graph G sat-
isfies:

a’(G) = A(G) = A(G*) = a*(G") ,

and hence a*(G?) = a*(G) (recall that every graph H satisfies a(H?) >
a(H)). Conversely, suppose that there exists a graph G such that A(G) >
a*(G). By the simple fact that every graph H satisfies i(H) < a*(H) we
conclude that there exists an integer k such that a*(G2") > i(G?") > a*(G),
and therefore there exists some integer ¢ < k for which a(G2) > a(G2"™").

8.3.2 The relation between the tensor product and dis-
joint unions
In this section we prove the following theorem, which links between the quan-

tities i(G1 x G2), a(Gy X Ga), xf(G1 X Ga) and A(Gh + G2), where x(G)
denotes the fractional chromatic number of G:

Theorem 8.3.1. For every two vertex transitive graphs G1 and G, the fol-
lowing statements are equivalent:

i(Gy x Gg) < max{a"(G),a"(G2)} (8.2)
a*'(Gy x Gg) < max{a"(G;),a"(G2)} (8.3)
Xf(G1 x Gz) = min{x;(G1), xs(G2)} (8.4)
A(G1 4+ Gy) = max{A(G;), A(G2)} (8.5)

Proof. The proof of Theorem 8.3.1 relies on the following proposition:

Proposition 8.3.2. For every two graphs G and H, A(G+H) = A(G x H).
We note that this generalizes a result of [37], which states that A(G + H)
is at least max{A(G), A(H)}. Indeed, that result immediately follows from
the fact that A(G x H) is always at least the maximum of A(G) and A(H)

(by (8.1)).
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Proof of Proposition 8.3.2. Examine (G + H)", and observe that a vertex
whose i-th coordinate is taken from G is disconnected from all vertices whose
i-th coordinate is taken from H. Hence, we can break down the n-th power
of the disjoint union G + H to 2" disjoint graphs, and obtain:

n

a(G+HM =Y <Z)a (GFH™) (8.6)

k=0
To prove that A(G+H) > A(Gx H), fixe > 0, and let N denote a sufficiently
large integer such that i ((G x H)N) > (1 — )A(G x H). The following is
true for every n > 2N and N <k <n — N:
i(GPH™Y) = i (G x H)NGNH )
> i ((G % H)N) >(1—-¢)A(G x H) ,

where the first inequality is by (8.1). Using this inequality together with
(8.6) yields:

1 n—
i((G+ H)" )_mz( ) (GFH™ k)

X @ICrEP
S (CEa T
—(1-2)AG % H) .

Therefore A(G + H) > (1 —¢)A(G x H) for any € > 0, as required.
It remains to show that A(G+ H) < A(G x H). First observe that (8.1)
gives the following relation:

VEI1>1, i(GFHY <i(GFH' x G'H*) = i(GFH*) < A(Gx H) . (8.7)
Using (8.6) again, we obtain:

| S () (GHETR) ) G
6+ =3 () e e = 2 (1) ™ e

k=0
G ey HI® G| + |H|"
=@+ @ e +(1 (G~ A" )A(me
e a1 G[" + |H["
< Gt O a0+ (1 () 4G <)

— A(G x H) ,
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where the first inequality is by (8.7), and the second is by definition of A(G).
|

Equipped with the last proposition, we can now prove that Question 8.1.2
is indeed a weaker form of Question 8.1.1, namely that if A(G) = a*(G) for
every GG, then i(G x G3) < max{a*(G;),a*(G2)} for every two graphs Gy, Gs.
Indeed, if A(G7 + G3) = a*(G1 + G3) then inequality (8.2) holds, as well as
the stronger inequality (8.3):

CL*(Gl X Gg) < A(Gl X GQ) = A(Gl + GQ)
= a*(G1 + G3) = max{a*(Gy),a*(Gs)} ,

as required.

Having shown that a positive answer to Question 8.1.1 implies inequal-
ity (8.3) (and hence inequality (8.2) as well), we show the implications of
inequality (8.2) when the two graphs are vertex transitive.

Recall that for every two graphs G; and Ga,

i(Gy x Gy) > max{i(G,),i(G)} ,

and consider the case when GG, G5 are both vertex transitive and have edges.
In this case, i(G;) = a(G;) = a*(G;) (i = 1,2), hence inequalities (8.2) and
(8.3) are equivalent, and are both translated into the form

i(Gy % Ga) = max{i(G1),i(Ga)} .

Next, recall that for every vertex transitive graph G, i(G) = 1/x/(G). Hence,
inequality (8.2) (corresponding to Question 8.1.2), when restricted to vertex
transitive graphs, coincides with (8.4). Furthermore, by Observation 8.2.7
and Proposition 8.3.2, for vertex transitive GG; and G5 we have:

Z(Gl X Gg) = A(Gl X Gg) = A(Gl + Gg)
> max{A(G1), A(Gs)} = max{i(G),i(G2)} ,

hence in this case (8.4) also coincides with (8.5). Thus, all four statements
are equivalent for vertex transitive graphs. |
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By the last theorem, the following two conjectures, raised in [37] and
[108], coincide for vertex transitive graphs:

Conjecture 8.3.3 ([37]). For every two graphs G and H, the following holds:
A(G+ H) = max{A(G), A(H)}.

Conjecture 8.3.4 ([108]). For every two graphs G and H, the following
holds: x¢(G x H) =min{xs(G), xs(H)}.

The study of Conjecture 8.3.4 is somewhat related to the famous and long
studied Hedetniemi conjecture (stating that x(G x H) = min{x(G), x(H)}),
as for every two graphs G and H, w(G x H) = min{w(G),w(H)}, and fur-
thermore w(G) < x4(G) < x(G).

It is easy to see that the inequality

Xr (G x H) <min{x;(G), x;(H)}

is always true. It is shown in [100] that Conjecture 8.3.4 is not far from being
true, by proving that for every graphs G and H,

X(C x H) > Tmin{xs (), xs(H)}

So far, Conjecture 8.3.4 was verified (in [108]) for the cases in which one of
the two graphs is either a Kneser graph or a circular-complete graph. This
implies the cases of H belonging to these two families of graphs in Claim
8.2.8. Claim 8.2.9 is derived from the the following remark, which provides
another family of graphs for which Conjecture 8.3.4 holds.

Remark 8.3.5: Let G and H be graphs such that x(G) = w(G) < w(H).
It follows that w(G x H) = w(G) = x(G x H), and thus x;(G x H) =
min{x;(G), xs(H)}, and x(G x H) = min{x(G), x(H)}. In particular, this
is true when G and H are perfect graphs.

8.3.3 Graphs satisfying the property of Question 8.1.2

In this subsection we note that several families of graphs satisfy inequality
(8.2) (and the property of Question 8.1.2). This appears in the following
propositions:
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Proposition 8.3.6. For every graph G and integer ¢, the following holds:
i(G x Cp) <max{a(G),a(C,} (and hence, i(G x Cy) < max{a*(G),a*(Cy)}).

This result can be extended to G X H, where H is a disjoint union of cycles.

Proof. We need the following lemma:

Lemma 8.3.7. Let G and H be two graphs which satisfy at least one of the
following conditions:

1. a(G) > 3, and every S G V(H) satisfies |N(S)| > |S].

97
2. a(G) > 5 and every S C V(H) satisfies |N(S)| > |S].
Then every mazimum independent set I C V(G x H) contains at least one
“full copy” of H, i.e., for each such I there is a vertex v € V(G), such that

{(v,w):we H} CI.

Proof of lemma. We begin with the case a(G) > 5 and |[N(S)| > |S| for every
S G V(H). Let J be a smallest (with respect to either size or containment)
nonempty independent set in G such that % > 1. Clearly, |[N(J)] <
|J]. We claim that this inequality proves the existence of a one-one function
f:N(J)— J,such that vf(v) € E(G) (that is, there is a matching between
N(J) and J which saturates N(J)). To prove this fact, take any set S C N(J)
and assume [N (S)NJ| < |S]; it is thus possible to delete N (S)NJ from J (and
at least |.S| vertices from N (J)) and since [N (S)NJ| < |S| < |N(J)| < |J| we
are left with a nonempty J' G J satisfying [N(J')| < |.J'|. This contradicts
the minimality of J. Now we can apply Hall’s Theorem to match a unique
vertex in J for each vertex in N(J).

Assume the lemma is false, and let I be a counterexample. Examine
the intersection of I with a pair of copies of H, which are matched in the
matching above between N (J) and J. As we assumed that there are no full H
copies in I, each set S of vertices in a copy of H has at least |S|+ 1 neighbors
in an adjacent copy of H. Thus, each of the matched pairs of N(J) — J
contains at most |H| — 1 vertices of I. Define I’ as the result of adding
all missing vertices from the H copies of J to I, and removing all existing
vertices from the copies of N(J) (all other vertices remain unchanged). Then
I’ is independent, and we obtain a contradiction to the maximality of I.

The case of a(G) > 3 and |N(S)| > |S] for every S C V(H) is essentially
the same. The set J is now the smallest independent set of G for which
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|IN(J)| < |J], and again, this implies the existence of a matching from N (.J)
to J, which saturates N (J). By our assumption on H, each pair of copies of H
in the matching contributes at most |H| vertices to a maximum independent
set I of G x H, and by the assumption on I, the unmatched copies of H
(recall |J| > |N(J)|) are incomplete. Therefore, we have strictly less than
|H||J| vertices of I in (N(J)UJ) x H, contradicting the maximality of /. W

Returning to the proof of the proposition, let I be a maximum indepen-
dent set of G x Cy. Remove all vertices, which belong to full copies of Cy in
I, if there are any, along with all their neighbors (note that these neighbors
are also complete copies of Cy, but this time empty ones). These vertices
contribute a ratio of at most a(G), since their copies form an independent
set in GG. Let G’ denote the induced graph of G on all remaining copies. The
set I’ defined to be I N (G’ x Cy), is a maximum independent set of G’ x CY,
because for any member of I we removed, we also removed all of its neighbors
from the graph.

Notice that C satisfies the expansion property required from H in Lemma
8.3.7: for every k, every set S G V(Cary1) satisfies |[N(S)| > |S|, and every
set S C V(Cy) satisties |[N(S)| > |S|. We note that, in fact, by the method
used in the proof of Lemma 8.2.4 it is easy to show that every regular graph
H satisfies |[N(S)| > |S| for every set S C V(H), and if in addition H is
non-bipartite and connected, then every S & V(H) satisfies [N(S)| > [S|.

We can therefore apply the lemma on G’ x Cy. By definition, there are no
full copies of Cy in I, hence, by the lemma, we obtain that a(G’") < % (and
even a(G') < 3 in case £ is odd). In particular, we can apply Hall’s Theorem
and obtain a factor of edges and cycles in G’. Each connected pair of non-
full copies has an independence ratio of at most i(Cy) = a(Cy) (by a similar
argument to the one stated in the proof of the lemma), and double counting

the contribution of the copies in the cycles we conclude that % < a(Cy).
Therefore i(G x Cy) is an average between values, each of which is at most
max{a(G),a(Cy)}, completing the proof. [ |

Proposition 8.3.8. For every graph G and integer k, the following holds:
i(Gx Ki) <max{a(G),a(Ky)} (and hence, such graphs satisfy the inequality
of Question 8.1.2). This result can be extended to Gx H , where H is a disjoint
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union of complete graphs.

Proof. Let I denote a maximum independent set of G x K}, and examine all
copies of K} which contain at least two vertices of I. Such a copy of K} in
G x K}, forces its neighbor copies to be empty (since two vertices of K} have
the entire graph Kj as their neighborhood). Therefore, by the maximality
of I, such copies must contain all vertices of K. Denote the vertices of G
which represent these copies by S C V(G); then S is an independent set of
G, and the copies represented by S U N(S) contribute an independence ratio
of at most a(G). Each of the remaining copies contains at most one vertex,
giving an independence ratio of at most 1 = a(Kj). Therefore, i(G x Kj)
is an average between values which are at most max{a(G), a(K})}, and the
result follows. |

Corollary 8.3.9. Let G be a graph satisfying a(G) = %; then for every graph
H the following inequality holds: i(G x H) < max{a(G),a(H)}.

Proof. By Theorem 8.2.1 we deduce that G contains a fractional perfect
matching; let G’ be a factor of G consisting of vertex disjoint cycles and
edges. Since a(G') < 3 as-well, it is enough to show that i(G' x H) <
max{a(G"),a(H)}. Indeed, since G’ is a disjoint union of the form Cp, +
coo + Cy, + Ko + ... + Ky, the result follows from Proposition 8.3.6 and
Proposition 8.3.8. |

8.4 Concluding remarks and open problems

We have seen that answering Question 8.1.1 is imperative to the understand-
ing of the behavior of independent sets in tensor graph powers. While it is
relatively simple to show that A(G) equals a(G) whenever G is vertex tran-
sitive, proving this equality for G = G|+ G5, the disjoint union of two vertex
transitive graphs G; and G, seems difficult; it is equivalent to Conjecture
8.3.4, the fractional version of Hedetniemi’s conjecture, for vertex transi-
tive graphs. These two conjectures are consistent with a positive answer to
Question 8.1.1, and are in fact direct corollaries in such a case.
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The assertion of Conjecture 8.3.3 for several cases can be deduced from
the spectral bound for A(G) proved in [9]. For a regular graph G with n
vertices and eigenvalues A\; > Ay > -+ > \,, denote A(G) = ﬁ As
observed in [9], the usual known spectral upper bound for the independence
number of a graph implies that for each regular G, A(G) < A(G). It is not
difficult to check that for regular G and H, A(G x H) = max{A(G), A(H)}.
Therefore, by Proposition 8.3.2, if G and H are regular and satisfy A(G) <
A(H) = A(H), then the assertion of Conjecture 8.3.3 holds for G and H.
Several examples of graphs H satisfying A(H) = A(H) are mentioned in [9].

It is interesting to inspect the expected values of A(G) for random graph
models. First, consider G* ~ G,,;, the random graph process on n vertices
after ¢ steps, where there are t edges chosen uniformly out of all possible
edges (for more information on the random graph process, see [34]). It is not
difficult to show, as mentioned in [24], that a(G") is given by the minimal
degree of G*, 6(G"), as long as §(G") is fixed and |G| is sufficiently large.
When considering A(G), the following is a direct corollary of the fractional
perfect matching characterization for A(G) =1 (Theorem 8.1.1), along with
the fact that the property “G contains a fractional perfect matching” almost
surely has the same hitting time as the property “0(G) > 17:

Remark 8.4.1: With high probability, the hitting time of the property

A(G) < 1 equals the hitting time of 6(G) > 1. Furthermore, almost every

graph process at that time satisfies A(G) = %

Question 8.4.2. Does almost every graph process satisfy A(G) = w——— as

3(G)+1
long as 0(G) is fixed?

Second, the expected value of a(G) for a random regular graph G ~ G,, 4 is

logd), as the independence ratio of G, 4 is almost surely

logd and 2105‘1 asn — oo (see [32], [107]). As for A(G), the following

is easy to prove, by the spectral upper bound A(G) mentioned above, and
by the eigenvalue estimations of [57]:

easily shown to be O(

between

Remark 8.4.3: Let G denote the random regular graph G, 4; almost surely:
Q(%) < A(G) < O(\/Lg) as d — oo.

Question 8.4.4. Is the expected value of A(G) for the random regular graph
G ~ G equal to ©(*%%)?
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The last approach can be applied to the random graph G ~ Qn’% as well.
To see this, consider a large regular factor (see [96]), and use the eigenvalue
estimations of [59] to obtain that almost surely Q(lo%) < A(G) < O(4/ k’%),
whereas a(G) is almost surely (2 + o(l))logT?".

Question 8.4.5. Is the expected value of A(G) for the random graph G ~
G,y equal to @(10%)?

We conclude with the question of the decidability of A(G). Clearly, de-
ciding if a(G) > 3 for a given value 3 is in NP, and we can show that it is in
fact NP-complete. It seems plausible that A(G) can be calculated (though
not necessarily by an efficient algorithm) up to an arbitrary precision:

Question 8.4.6. Is the problem of deciding whether A(G) > (3, for a given
graph G and a given value (3, decidable?
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Chapter 9

The isoperimetric constant of
the random graph process

The results of this chapter appear in [24]

The isoperimetric constant of a graph G on n vertices, i(G), is the mini-
mum of %, taken over all nonempty subsets S C V(G) of size at most n/2,
where 0S denotes the set of edges with precisely one end in S. A random
graph process on n vertices, G (1), is a sequence of (Z) graphs, where é(O)
is the edgeless graph on n vertices, and é(t) is the result of adding an edge
to G (t — 1), uniformly distributed over all the missing edges. We show that
in almost every graph process i(G(t)) equals the minimal degree of G(t) as
long as the minimal degree is o(logn). Furthermore, we show that this result
is essentially best possible, by demonstrating that along the period in which
the minimum degree is typically ©(logn), the ratio between the isoperimetric
constant and the minimum degree falls from 1 to %, its final value.

9.1 Introduction

Let G = (V, E) be a graph. For each subset of its vertices, S C V', we define
its edge boundary, 0.5, as the set of all edges with exactly one endpoint in S

0S ={(u,v) e E:ue Sv¢S}.
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The isoperimetric constant, or isoperimetric number, of G = (V| E), i(G), is
defined to be:

i) = o5 1291

= min = min
0Py mm{|S,[V\ S]] ossev [3|
|S|<3|V]

It is well known that this parameter, which measures edge expansion
properties of a graph G, is strongly related to the spectral properties of G.

Indeed:
% <i(G) < VARAG) — N (9.1)

where A(G) denotes the maximal degree of G, and A denotes the second
smallest eigenvalue of the Laplacian matrix of G (defined as D(G) — A(G),
where D(G) is the diagonal matrix of degrees of vertices of G, and A(G) is the
adjacency matrix of G): for proofs of these facts, see [17] and [87]. The upper
bound in (9.1) can be viewed as a discrete version of the Cheeger inequality
bounding the first eigenvalue of a Riemannian manifold, and indeed, there is
a natural relation between the study of isoperimetric inequalities of graphs
and the study of Cheeger constants in spectral geometry. For instance, see
[38], where the author relates isoperimetric constants and spectral properties
of graphs with those of certain Riemann surfaces. The eigenvalue bounds in
(9.1) also relate i(G) (as well as a variation of it, the conductance of G) to
the mixing time of a random walk in G, defined to be the minimal time it
takes a random walk on G to approach the stationary distribution within a
variation distance of 1/2.

A closely related variant of the isoperimetric constant is the Cheeger
constant of a graph, where the edge boundary of S is divided by its volume
(defined to be the sum of its degrees) instead of by its size. For further
information on this parameter, its relation to the isoperimetric constant, and
its corresponding eigenvalue bounds (analogous to (9.1)), see [40], as well as
[41], Chapter 2.

There has been much study of the isoperimetric constants of various
graphs, such as grid graphs, torus graphs, the n-cube, and more generally,
cartesian products of graphs. See, for instance, [36],[35],[42],[68], [87]. In
[33], Bollobas studied the isoperimetric constant of random d-regular graphs,
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and used probabilistic arguments to prove that, for each d, infinitely many
d-regular graphs G satisfy i(G) > 2 — O(V/d). Alon proved in [5] that this
inequality is in fact tight, by providing an upper bound of i(G) < % — e/,
where ¢ > 0 is some absolute constant, for any d-regular graph G on a suffi-
ciently large number of vertices.

In this chapter, we study the isoperimetric constant of general random
graphs G(n,p), G(n, M), and the random graph process, and show that in
these graphs, the ratio between the isoperimetric constant and the minimal
degree exhibits an interesting behavior.

We briefly recall several elementary details on these models (for further
information, c.f., e.g., [34], Chapter 2). The random graph G(n, p) is a graph
on n vertices, where each pair of distinct vertices is adjacent with probability
p, and independently of all other pairs of vertices. The distribution of G(n, p)
is closely related with that of G(n, M), the uniform distribution on all graphs
on n vertices with precisely ]\N4 edges, if we choose p = M/ (’;) The rindom
graph process on n vertices, G(t), is a sequence of (Z) graphs, where G(0) is
the edgeless graph on n vertices, and G(t) is the result of adding an edge to
é(t — 1), uniformly distributed over all the missing edges. Notice that at a
given time 0 < t < (72‘), é(t) is~distributed as G(n, M) with M =t.

For a given graph process G on n vertices, we define the hitting time of
a monotone graph property A (a family of graphs closed under isomorphism
and the addition of edges) as:

7(A) =min {0<t< (Z) L G(t) € A} .

We use the abbreviation 7(0 = d) for the hitting time 7({G : 6(G) > d}) of
a given graph process, where §(G) denotes the minimal degree of G. Finally,
we say that a random graph G satisfies some property with high probability,
or almost surely, or that almost every graph process satisfies a property, if the
probability for the corresponding event tends to 1 as the number of vertices
tends to infinity.

Consider the beginning of the random graph process. It is easy to see that
for every graph G, i(G) is at most §(G), the minimal degree of G (choose a
set S consisting of a single vertex of degree 6(G)). Hence, at the beginning

of the graph process, i(G(0)) = 0 = §(G(0)), and this remains the case
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as long as there exists an isolated vertex in G (t). Next, consider the time
where the minimal degree and maximal degree of the random graph process
become more or less equal. At this point, we can examine random d-regular
graphs for intuition as to the behavior of the isoperimetric constant, in which
case the results of [5] and [33] suggest that i(G(¢)) is roughly 6/2. Hence, at
some point along the random graph process, the behavior of the isoperimetric
constant changes, and instead of being equal to 0 it drifts towards §/2 (it is
easy to confirm that the isoperimetric constant of the complete graph is [%1).
The following results summarize the behavior of the isoperimetric constant
of the random graph process (and, resulting from which, of the appropriate
random graphs models):

In Section 9.2 we prove that, for almost every graph process, there is
equality between the isoperimetric constant and the minimal degree, as long
as the minimal degree is o(logn). In other words, we prove a hitting time
result: the minimal degree increases by 1 exactly when the isoperimetric
constant increases by 1 throughout the entire period in which § = o(logn).

Theorem 9.1.1. Let £ = {(n) denote a function satisfying {(n) = o(logn).
Almost every graph process G on n wvertices satisfies i(G(t)) = 6(G(t)) for
every t € [0,7(5 = ¢)]. Furthermore, with high probability, for every such t,

every set S which attains the minimum of i(G(t)) is an independent set of

vertices of degree §(G(t)).

In Section 9.3 we show that the o(logn) bound in Theorem 9.1.1 is essen-
tially best possible. Indeed, during the period in which the minimal degree
is ©(logn), i(G) drifts towards 16(G), as the next theorem demonstrates:

Theorem 9.1.2. For every 0 < & < & there exists a constant C' = C(e) > 0,

such that the random graph G ~ G(n,p), where p = Cloin, almost surely
satisfies:
1
i(G) < <§ —i—s) d(G) = BO(logn) .
Furthermore, with high probability, every set S of size | 5| satisfies: % <

(3 +2)8(G).

An analogous statement holds for G(n, M) as well, where M = Cnlogn
for a sufficiently large C' = C/(¢).
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We note that throughout the chapter, all logarithms are natural.

9.2 The behavior of i(G) when § = o(logn)

9.2.1 Proof of Theorem 9.1.1

Since every graph G satisfies i(G) < §(G), proving that, for every d < ¢,
with high probability, at time 7(§ = d) the isoperimetric constant of G is at
least d, will prove the theorem. We show that for every d = d(n) = o(logn),
the probability for this event is at least 1 — 0(@), and the theorem follows
from the union bound on the events corresponding to all possible values of
d </, as we explain in the end of this section.

Recall that almost every graph process G satisfies 5(6’) <d—1 at time

<n) logn + (d — 1) loglogn — w(n)
M= 2 n

Y

and 6(G) > d at time

Y

(n) logn + (d — 1) loglogn + w(n)
Ma = 2 n

where d > 1 is some fixed integer, the w(n)-term represents a function grow-
ing to infinity arbitrarily slowly while satisfying w(n) < logloglogn (see,
e.g., [34], Chapter 3). Hence, 7(6 = d) is between m, and M,. Using the
same methods described in [34], it is easy to extend this statement to every
d = d(n) = o(logn), as the next proposition summarizes:

Proposition 9.2.1. Let ¢ = {(n) = o(logn). For every 1 < d < { define:

_logn
- d

r=r(n)
Next, define the following threshold functions:

iy — (Z) logn + (d = 1)logr — (2d + w(n))
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and:

M, — (n) logn+ (d—1)logr + (2d + w(n)) ’ 0.3)

2 n

where w(n) < loglogr and lim, ., w(n) = co. Then, almost every graph

process G satisfies 6(G(mg)) < d—1 and §(G(My)) > d for every 1 < d < £,

Notice that r < logn, and that r tends to infinity as n — oo, hence
these definitions coincide with the previous definitions of my and M, for a
fixed d, and it is left to verify them for 1 < d < logn. Proposition 9.2.1
follows from standard first moment and second moment considerations, and
we postpone its proof to Section 9.2.2. Assume therefore, throughout the
proof of Theorem 9.1.1, that the hitting time 7(6 = d) is almost surely in the
interval (mg, My for every 1 < d < /.

Consider a set S C V of size |S| < n/2; we need to show that, with high
probability, every such set satisfies |9S| > 0(G(t))|S] at every time ¢ < 7(5 =
¢) in the random graph process. Clearly, at a given time ¢t = M, the random
variable |0S| has a binomial distribution with parameters B (|S|(n — [S]), p),
where p = M/(%). When |S] is sufficiently large (namely, larger than n'/4),
the result follows from standard large deviation bounds and bounds on the
tail of the binomial distribution. However, these bounds are not tight enough
for small values of |S|, which require a separate and more delicate treatment.

Throughout the rest of this section, fix d = d(n) = o(logn), and define
mg, My and r according to Proposition 9.2.1.

The following lemma shows that every small set .S has a boundary of size
at least §(G)|S| almost surely:

Lemma 9.2.2. With probability at least 1 — o(n™'/%), the random graph
process G satisfies that every G € {G(t) = mqg < t < 7(6 = d)} has the
property 0S| > 6(G)|S| for every set S of size |S| < n'/4. Furthermore, if
such a set S satisfies |0S| = 0(G)|S)|, it is necessarily an independent set of
vertices whose degrees are §(G).

Proof. Given a graph G = (V, E), we call a set S C V bad if it satisfies
|0S| < 0(G)|S]. The idea of the proof is as follows: we show that, with high

1/4

probability, every induced subgraph on £ < n'/* vertices has a low average

degree. Since bad sets have a boundary of at most 6(G)|S|, this implies that
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bad sets, as well as sets which are “almost” bad, must contain many vertices
whose degrees are low in G. The result is derived from several properties
of the set of all vertices of low degrees. We begin with defining this set of
vertices and examining its properties:

Definition 9.1. Let G = (V, E). The set of vertices SMALL(G) is defined to
be:

SMALL = SMALL(G) ={v eV : d(v) <4(d+6)} .

Claim 9.2.3. With probability at least 1 —o(n~'/%), the random graph process
G has the following property: for every my < t < My, SMALL s an inde-
pendent set, and every two vertices of SMALL have no common neighbors in
V.

Proof. Notice that the set SMALL changes along the random graph process,
as vertices are removed from it once they reach a degree of 4(d+6). We show
a slightly stronger result: if Sy denotes SMALL(G(my)), then Sy satisfies the
above properties almost surely for every my < t < Mj. Since SMALL(G(t)) C
Sp for every t > my, this will imply the claim. In order to prove this result,
we show that, with high probability, Sy satisfies the above properties at time
t = my, and that the addition of My — my edges almost surely does not harm
these properties of Sp.

Let p = mq/(}), and let Gy ~ G(n,p). The same consideration will
show that SMALL satisfies the properties of the claim with the mentioned
probability, both in G(n,p) and in G(n,my); for the sake of simplicity, we
perform the calculations in the G(n, p) model, and note that they hold for the
G(n,mg) model as well. Indeed, the main tool in the proof is an upper bound
on the probability that a given vertex would have a low degree (a degree
of L = o(n) when the edge probability is p), and the probabilities of the
relevant events in G(n, m,) are already upper bounded by the corresponding
probabilities in G(n, p).

Both of the properties mentioned in the claim are immediate consequences
of the next upper bound for the probability of the event {B(n — L,p) < D},
where 4d < D < 30d and L = o(n). We use the fact that, by this choice
of parameters, D = o ((n — L)p), implying the following monotonicity of the
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binomial distribution:
— L
P~ L) < 0] < 0+ )" 1)t
<(D+1) (%) P —p(1—o()n

30d

(e + O(1>) IOg TL) e—(l—o(l)) logn
4d

(30d + 1)T3Ode_(1_0(1)) logn

=exp (O(1) +logd + 30dlogr — (1 — o(1)) log n)

< (30d + 1) (

IN

1
= exp <O(1) +logd + 30 logng — (1 —o0(1)) logn>

=exp (—(1 —o(1))logn) = o(n="?) .
Set D = 4(d +6), and let A, , denote the event that the edge (u,v) belongs
to the induced graph on SMALL, for a given pair of vertices u,v € V. The
following holds:

(14 o0(1))logn o

Pr[A,,] = pPr[B(n —2,p) < D —1* < n=25) |

Thus, the probability that there exists such a pair of vertices is at most
(5) Pr[A,,] = o(n™*/?), and SMALL(Gy) is an independent set with proba-
bility 1 — o(n~%/2). Next, let A, .., denote the event that u,v € SMALL(G))
and w is a common neighbor of u and v, for some u,v,w € V. Again, we
get:

Pr[Au v = p° <p Pr[B(n —3,p) < D — 2]?
+ (1 —p)Pr[B(n—3,p) <D — 1]2> <p*n ' =o(n7??)

and therefore (%) Pr[A,,.] = o(n~'/?).

We have shown that with probability at least 1 — o(n~'/%), SMALL(G))
satisfies the two properties of the claim, and by the same argument, Sy =
SMALL(G (my)) satisfies the two properties of the claim with probability at
least 1 —o(n~'/2). We now give a rough upper bound on the size of S, using

the above upper bound on B(n, p):
E|So| < nPr[B(n —1,p) < D] = o(n!) .
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Hence, by Markov’s inequality, Pr[|Sp| > n%3] < n=1/5. Altogether, we have

shown that, with probability 1 — o(n~'/%), the set SMALL at time t = my
satisfies the requirements of the claim, and is of size at most n%3.

Assume that indeed |Sy| < n%3 and that the distance between every pair
of vertices of S is at least 3 at time m4. We wish to show that this property is
maintained throughout the period ¢t € (mg4, My]. Notice that the probability
that an edge will be added between a given pair of vertices u, v in this period

is
2d 4+ w(n)

n

. n
p= (1 o0) My = ma) /() = (24 0(1)
Hence, the probability that an internal edge is added to Sy is at most:

(191 < 0L NG _ 1

Since the set of neighbors of Sy, N(Sp), consists of at most 4(d + 6)|So|
vertices, the probability that an edge is added between N(Sj) and a vertex
of Sy is at most:

n06(2 + o(1))4(d + 6)(2d + w(n))

[N (S0)[1Solp < =o(n /%) .

Finally, the probability that two edges are added between one vertex of V'\ Sy
and two vertices of S; is at most:

GOLE W2 o)At W) _ ey

2 n?

Altogether, with probability 1—o(n~'/°) the set Sy maintains the property
that the distance between each pair of its vertices is at least 3 in the period
mg < t < My. This completes the proof of the claim. |

The following claim is crucial to the handling of small sets in (G, showing
that the average degree of the subgraph induced by a small set is small:

Claim 9.2.4. With probability at least 1 —o(n~'/%), the random graph process
G has the following property: for every t < My, every induced subgraph of
G(t) on k < n'/* vertices contains at most 2k edges.



208

The isoperimetric constant of the random graph process

Proof. Since this property is monotone with respect to the removal of edges,
it is enough to prove the claim for t = M. Let p = My/ (;‘) and G ~ G(n,p).
Fix 1 < k < n'/*; the probability that an induced subgraph H on k vertices
has at least 2k edges is:

Pr[|E(H)| > 2k] = Pr[B( (S) ,p) > 2k] < ((i))pgk
< (kp)** < ((1 +0(§/)4) logn)% |

Summing over all the subgraphs of size at most k, we obtain that the prob-

ability that such a subgraph exists is at most:

Z/ 3 Pl > 26 < z/ (Z) (“*n(#)

< 3 () = o).

k§n1/4

Again, performing the same calculation in G(n, M) gives the same result: the
probability that a specific set of 2k edges belongs to G(n, My) is ( ]\]/\lfd__ékk) / ( AJ};)

(where N = (})), which equals ((1 + 0(1))M/N)** = (1 + o(1))p)**. [ |

Equipped with Claim 9.2.3 and Claim 9.2.4, we are ready to prove Lemma
9.2.2.

Recall that a set S is bad iff [0S| < 0(G)|S|. We call a bad set S
elementary if it does not contain a smaller bad set, i.e., every T C S, T # S
is not bad. Clearly, in order to show that there are no bad sets of size at
most n'/%, it is enough to show that there are no elementary bad sets of such
size. With high probability, every G € {é(t) :omg <t < My} satisfies
both Claim 9.2.3 and Claim 9.2.4. Since my < 7(d = d) < My, every graph
G = G(t) in the interval my < t < 7(6 = d) satisfies both claims, as well as
d(G) < d. We claim that this implies the required result; to see this, consider
a graph G which satisfies the above properties, and let § = §(G). We first
prove that there are no elementary bad sets of size at most n'/* in G:

Let S denote an elementary bad set S of size k < n'/%. Notice that
necessarily k > 2, since a single vertex has at least § edges and hence cannot
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account for a bad set. By Claim 9.2.4, the induced graph H on S contains
at most 2k edges. Since the boundary of S contains at most 6k — 1 < dk
edges, this implies that |[S N SMALL| > ik , otherwise the number of edges
in H would satisfy:

\E(H)| = %ZdH(v) > % (%4(d+ 6) — dk) > 3k |

veES

leading to a contradiction. Assume therefore that at most k/4 vertices in S
do not belong to SMALL. We define A = S N SMALL, and B = S\ A. By
Claim 9.2.3, A is an independent set, and furthermore, no two vertices of A
have a common neighbor in B. Hence, each vertex of B is adjacent to at
most one vertex of A, and if we denote by A" C A the vertices of A, which
are not adjacent to any vertex of S, the following holds:

3 1 1
Al >|Al—|B| > (= — )k ==k

41> 1A~ B> (- Ph =
In particular, A’ is nonempty; we claim that this contradicts the fact that S
is elementary. Indeed, each vertex v € A’ is not adjacent to any vertex in S,
hence it contributes d(v) edges to 0S. Removing the vertex v would result

in a nonempty (k > 2) strictly smaller subset 7" of S which satisfies:
|0T| = |9S] = d(v) < [05] =6 < 6(|S] = 1) = 8|T],

establishing a contradiction. We conclude that G does not contain bad sets
of size at most n'/4.

Next, consider a set S of size |S| < n'/* which satisfies 0S| = 4|9].
If |S| = 1, obviously S consists of a single vertex of degree § and we are
done. Otherwise, repeating the above arguments for bad sets, we deduce
that |S N SMALL| > 2|S] (this argument merely required that [9S] < 6]S5])
and that S contains a nonempty set A’, whose vertices are not adjacent to
any vertex of S. Consider a vertex v € A’; this vertex contributes d(v) > §
edges to 0S. However, d(v) cannot be greater than §, otherwise the set
S" = S\ {v} would satisty |05'| < §|S’|, contradicting the fact that there are
no bad sets of size at most n'/* in G. Therefore, all the vertices of A" are of

degree ¢, and are not adjacent to any of the vertices of S. If we denote the



210

The isoperimetric constant of the random graph process

remaining vertices by S = S\ A’, S’ satisfies |05’| = §|S| — 0|A'| = 6|9,
and, by induction, the result follows.

This completes the proof of Lemma 9.2.2. |

The large sets are handled by the following lemma, which shows that even
at time my (when the minimal degree is still at most d — 1) these sets already
have boundaries of size at least d|S| + 1.

Lemma 9.2.5. With probability at least 1 — o(n=/5), the graph G(my) sat-
isfies |0S| > d|S| for every set S of size n'/* < |S| < n/2 (and hence G(t)
has this property for every t > my with probability at least 1 — o(n™/?)).

Proof. Define p = my/ (Z) For the sake of simplicity, the calculations are
performed in the G(n, p) model and we note that by the same considerations
the results apply for the corresponding G(n,mg) model as well. To show
that, with probability 1 — o(n~'/%), the random graph G ~ G(n, p) satisfies
|0S| > d|S| for sets S of the given size, argue as follows:

Fix a set S C V of size k, ﬁ <k <n/2, and let Ag denote the event

{|0S| < dk}. Let p denote E|0S| = k(n — k)p. By the Chernoff bound,
Pr[|0S| < p—t] < exp (—iﬁ). Therefore, setting ¢t = — (dk + 1), we get:

1 d+i \’
Pr[Ag] = Pr[|0S| < dk + 1] < exp (—5 (1 — —kkp) k(n — /{:)p)

< exp <_% (1 _ WY K (% _ 0(1)) logn)

= exp (—1 _40(1)klog n) .
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Hence, the probability that there exists such a set S is at most:

n/2 n/2
n 1 —o(1) n\* 1 —o(1)
k} ) (k) exp (— 1 klog n) < k_g ) <6E> exp (— 1 klogn

" logn

n/2

1—o(1
< kz exp (k(log logn +1) — #klog n)

T logn
n/2

< 3 (wbem) o).

)
“logn

Let S C V be a set of size n'/* < k < or- Notice that:

(n—Fk)p=(14o(1))logn, (9.4)
and hence, dk < pu, and we can give the following upper bound on the
probability that |0S]| < dk:

Pr[|0S| < dk] < (dk + 1) Pr[|0S| = dk]
= (dk + 1) k(n — k) pdk<1 _p)k(nfk)fdk
dk
ek(n —k)p\™ _ .o

< (dk+1) | ———2 pk(n—k—d)

< (dk+1) ( o > e

= (dk -+ 1)(e/d)™ (pn — k)™ btk
We now use (9.4) and the facts that pk < 1+ o0(1) and d = o(k), and obtain:
log ) e(2d+e(n)+1+o(1)k+d

nkyk(d—1)

Pr[|0S] < dk] < O(l)dk(e/d)dk(

(ew(n)+2d+0(1) log n) k
<

- n
Summing over all sets S of size k, we get:

en k[ ew(n)+2d+0(1) log n k ow(n)+2d+0(1) log n k
Pr[|0S] < dk] < (_) _
> eifosi <a < ()" ( ) =( )

n k
|S|=Fk

k
(O(l)nQ/Tlogrlogn) _ (nfﬁ"(l))k .

nl/4

IN
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Thus:

> pilosi<ds)< YD (we) <o)

nl/4<|S|< 2 k>nl/4
- — logn -

Since G satisfies the properties of both Lemma 9.2.2 and Lemma 9.2.5
for a given d < ¢ = o(logn) with probability at least 1 — o(n~'/?), the
union bound over all possible values of d implies that these properties are
satisfied almost surely for every d < ¢. Theorem 9.1.1 follows directly: to see
this, assume that indeed a random graph process G satisfies the mentioned
properties for every d < ¢, and consider some d < ¢. By the properties of
Lemma 9.2.2, in the period t € [mg,7(§ = d)] every set of size k < n'/4
has at least 0k edges in its corresponding cut, and if there are precisely ok

edges in the cut, then S is an independent set of vertices of degree §. In

particular, at time ¢t = 7(§ = d), every set S of at most n'/* vertices has
a ratio % of at least d, and a ratio of precisely d implies that S is an

independent set of vertices of degree d. By monotonicity, this is true for

every t € [T(6d =d),7(0 =d+1)). Next, by the properties of Lemma 9.2.5,

1/4

every set of size k > n'/* has at least dk + 1 edges in its corresponding cut

at time ¢ = mg. In particular, for every ¢t € [7(6 = d),7(6 = d + 1)), every
/4 vertices, has a ratio % strictly larger than d. These

two facts imply the theorem. |

set S, larger than n

9.2.2 Proof of Proposition 9.2.1

A standard first moment consideration shows that indeed, with high proba-
bility, §(G(n, My)) > d for every d < ¢. We perform the calculations in the
G(n,p) model and note that the same applies to G(n, My).

For each v € V(G), let A, and B, denote the events {d(v) = d — 1}
and {d(v) < d — 1} respectively, and set Y; = [{v : d(v) = d — 1}| and
Zg = {v : d(v) < d—1}|. Recall that d = o(logn), and furthermore, we
may assume that d tends to infinity as n — oo, since my and My coincide
with the well known threshold functions for constant values of d. Choosing
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p=My/ (g), the following holds:

Pr(4,] = (Z::i)zﬂ‘lﬂ-—zﬂ”_d

d—1
((1 + 0(1))6 10g n) e—(l—%)(logn—&-(d—l) log r+2d+w(n))

d

d—1
1 ((1 + o(l))e?") o~ (1-0(1)) 2d-+w(n))
— nl—d/n /r’l_d/n

d/n _
_nY ((1 + 0(1))er‘ii">d ! (o) @dtem) < L (o) (@tem)
n

" (9.5)

Since d < (n — 1)p, we have:

Pr[B,] < dPr[A,] < ~e~(—o)d+e(m) |
n

Hence,
EZ, < e~ (1-o)(dtw(n))

Y

and summing over every d < { we obtain:

Z Pr[Z; > 0] < ¢~ (1mo)w(n) Ze—(l—o(l))d =o(1) .

d<t d<¢

A second moment argument proves that almost surely 6(G(n,p)) < d —
1 for every d < ¢. To see this, argue as follows (again, calculations are
performed in the G(n,p) model): following the same definitions, only this
time with p = md/(g), apply the bound (‘Z) > (%)b and the well known
bound 1 — z > ¢~ #/(=2) for 0 < z < 1, to obtain:

Prid.] = (Z _ Dp“(l -tz

)

d—1
> ((1 + o(cll)) logn> o(~logn—(d=1)logr+2d+w(n))/(1-p) > lQ(ed+w(n))
n

where in the last inequality we omitted the the 1/(1 — p) factor in the expo-

. . 1—-L1 —P _ logn
nent, since, for instance, n' 7 = nir > n OW7" = ¢°() Therefore:

E}/d _ Q(ed+w(n)) '
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Take v € V(G) with u # v; denoting PEX = Pr[B(K, p) = L], the following
holds:

Cov(Ay, A,) = Pr{A, A A,] — Pr{A,] Pr[A,]
=p(Py=3)* + (1 —p)(Pif)* = (Pimy)*
Since 79;;_—11 = pPZ}_‘f +(1- p)PZ}_‘f, we get:
Cov(Au, Av) = p(1 = p)(Pi=5)* + (1 = p)p(Pi=i)? — 2p(1 — p) Py 3 Pi3
=p(1=p) (P = Pi3)” < p(Pi)" -
Notice that Pg__f corresponds to the event A, for a graph on n—1 vertices, and

hence a similar calculation to the one in (9.5) shows that P}~ 2 = O(exp(3d+
w(n))/n). Altogether we get:

efd+2w (n) eddtw

Cov(A,, A,) < O(1)p———

n2

(n)]
< O(EY;———2" — o(n"*)EY;
n

which gives the following upper bound on the variance of Yj:
Var(Yy) < EY, + Z Cov(A,, A,) <EY; +n?o(n ?)EY, = (1 + o(1))EY; .
UFv

Applying Chebyshev’s inequality gives:

Var(§d> 1 + 0(1) —d— ( )
Y, = < < <0 win
PriYy = 0] < (EYy)? — EY; — (e )

and summing over every d < { we obtain:

as required. [ |

9.3 The behavior of i(G) when § = Q(logn)

Proof of Theorem 9.1.2: A bisection of a graph G on n vertices is a
partition of the vertices into two disjoint sets (S,7"), where |S| = [%] and
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T =V \S. Fix e > 0; we first prove that, with high probability, every
bisection (S,V \ S) of G(n, p) has strictly less than (1 4 &1) np|S| edges in
the cut it defines, provided that lim,, ., np = co. We omit the floor and
ceiling signs to simplify the presentation of the proof.

Let S be an arbitrary set of n/2 vertices. The number of edges in the
boundary of S has a binomial distribution with parameters B(n?/4,p), hence
(by our assumption on p) its expected value p tends to infinity faster than
n. By the Chernoff bound, Pr[|0S| > (1+t)u] < exp(—ut?/4) provided that
t < 2e — 1, thus we get:

Pr[|0S| > (% +51) np|S|] = Pr[|0S] > (1 + 2e1) p] < exp(—Q(n)) .

Since this probability is 0(27"), the expected number of bisections, in which
the corresponding cuts contain at least (3 + 1) np|S| edges, is o(1).

Next, fix &5 > 0. We claim that the minimal degree of G(n,p), where
p= C’lo% and C' = C(e9) is sufficiently large, is at least (1 —¢c9)np. Applying
the Chernoff bound on the binomial distribution representing the degree of
a given vertex v gives:

Prld(v) < (1 —e9)np] = Pr[d(v) < (1 — ey + o(1))Ed(v)]
exp (—C’%Q(l —o(1))log n) :

2 this probability is smaller than %

and for C' > 5
Altogether, for a sufficiently large C', the following holds with high prob-

ability: every bisection (S, V \ S) satisfies:

|8S’ < %—1-81
’Sl 1—62

5(G) = (% + 5) 5(G)

€1+€2/2 -

where € = il .
p——

Remark 9.3.1: We note that the above argument gives a crude estimate
on the value of C' = C(g). Since the first claim, concerning the behavior

of bisections, holds for every value of C', we are left with determining when
typically the minimal degree of G becomes sufficiently close to the average



216

The isoperimetric constant of the random graph process

degree. This threshold can be easily computed, following arguments similar
to the ones in the proof of Proposition 9.2.1; the following value of C(¢) is
sufficient for the properties of the theorem to hold with high probability:

1+ 2¢

¢> 2e —log(1+2¢) -

Remark 9.3.2: Theorem 9.1.2 provides an upper bound on i(G), which
is almost surely arbitrarily close to g while the graph satisfies 6 = O(logn).
We note that the arguments of Theorem 9.1.1 can be repeated (in a simpler

manner) to show that with high probability i(G(t)) > 6/2 for every ¢, and
hence the bound in Theorem 9.1.2 is tight.

9.4 Concluding remarks

We have shown that there is a phase transition when the minimal degree
changes from o(logn) to Q(logn); it would be interesting to give a more
accurate description of this phase transition. Theorem 9.1.1 treats §(G) =
o(logn), and Theorem 9.1.2 shows that, almost surely, i(G) < §(G) once p =
C'logn/n, where C' > 2/(1 —log 2) ~ 6.52, in which case §(G) > (C/2) logn.
Hence we are left with the range in which §(G) = clogn, where

0<c<1/(1—1log2)~3.26.

It seems plausible that in this range i(G) = 6(G), i.e., that the isoperimetric
constant is determined either by the typical minimal degree, or by the typical
size of a bisection.

The vertex version of the isoperimetric constant (minimizing the ratio
|05]/]S|, where S C V '\ S is the vertex neighborhood of S) is less natural,
since the minimum has to be defined on all nonempty sets of size at most
n/(K+-¢) if we wish to allow the constant to reach the value K. Nevertheless,
the methods used to prove Theorem 9.1.1 can prove similar results for the
vertex case, at least as long as the minimum degree is constant. Indeed, in
that case, the probability for two vertices to have a common neighbor is small
enough not to have an effect on the results.
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Finally, it is interesting to consider the isoperimetric constant of certain
subgraphs along the random graph process. To demonstrate this, we consider
the period of G in which the minimal degree is 0, i.c., t < 7(6 = 1). The
existence of isolated vertices in G(t) implies that i(G(t)) = 0, however we
may consider a connected component of G(t) and analyze its isoperimetric
constant. For instance, the largest component at time ¢, C;(t), after a short
while (say, at t = cn for some ¢ > 0) satisfies i(C1(t)) < ¢ for every £ > 0.
In general, an easy calculation shows that for such values of ¢, with high
probability there exist small sets which have an edge boundary smaller than
their size. For instance, when p = ¢/n for some ¢ < 1, G(n,p) almost
surely satisfies that all connected components are of size O(logn), hence
each component C has a ratio % of 0. Furthermore, if we take p = C/n
for some C' > 1, and consider the giant component H (recall that for this
value of p, almost surely there is a single component of size ©(n), and all
other components are of size O(logn)), i(H) < € for every £ > 0. One way
to see this, is to consider a collection of arbitrarily long paths, each of which

connects to the giant component at precisely one end.
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