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ABSTRACT. We study Glauber dynamics for the Ising model on the
complete graph on n vertices, known as the Curie-Weiss Model. It is well
known that at high temperature (8 < 1) the mixing time is ©(nlogn),
whereas at low temperature (8 > 1) it is exp(©(n)). Recently, Levin,
Luczak and Peres considered a censored version of this dynamics, which
is restricted to non-negative magnetization. They proved that for fixed
B > 1, the mixing-time of this model is ©(nlogn), analogous to the
high-temperature regime of the original dynamics. Furthermore, they
showed cutoff for the original dynamics for fixed f < 1. The question
whether the censored dynamics also exhibits cutoff remained unsettled.

In a companion paper, we extended the results of Levin et al. into a
complete characterization of the mixing-time for the Curie-Weiss model.
Namely, we found a scaling window of order 1/+4/n around the critical
temperature 5. = 1, beyond which there is cutoff at high temperature.
However, determining the behavior of the censored dynamics outside
this critical window seemed significantly more challenging.

In this work we answer the above question in the affirmative, and
establish the cutoff point and its window for the censored dynamics
beyond the critical window, thus completing its analogy to the original
dynamics at high temperature. Namely, if 8 = 14 for some § > 0 with
8?n — oo, then the mixing-time has order (n/6)log(6?n). The cutoff
constant is (1/2 4 [2(¢?8/6 — 1)]7"), where ( is the unique positive root
of g(z) = tanh(Bz) — z, and the cutoff window has order n/é.

1. INTRODUCTION

The Ising Model on a finite graph G = (V, E) with parameter 8 > 0
and no external magnetic field is defined as follows. Its set of possible
configurations is Q = {1, -1}V, where each configuration o € € assigns
positive or negatives spins to the vertices of the graph. The probability
that the system is at the configuration o is given by the Gibbs distribution

16(0) = iz o0 (8 3 ola)o)
zyel

where Z(3) (the partition function) serves as a normalizing constant. The

parameter [ represents the inverse temperature: the higher  is (the lower
1
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the temperature is), the more pg favors configurations where neighboring
spins are aligned. At the extreme case § = 0 (infinite temperature), the
spins are completely independent and pg is uniform over €.

The Curie-Weiss model corresponds to the case where the underlying
geometry is the complete graph on n vertices. The study of this model (see,
e.g., [6],[7],[8],[13]) is motivated by the fact that its behavior approximates
that of the Ising model on high-dimensional tori. It is convenient in this
case to rescale the parameter 3, so that the stationary measure u, satisfies

g
n(0) X ex (— o(x)o ) 1.1
pin(7) o exp ( ;/ (x)a(y) (1.1)
The heat-bath Glauber dynamics for the distribution pu, is the following
Markov Chain, denoted by (X;). Its state space is 2, and at each step, a
vertex © € V is chosen uniformly at random, and its spin is updated as
follows. The new spin of x is randomly chosen according to u, conditioned
on the spins of all the other vertices. It can easily be shown that (X;) is an
aperiodic irreducible chain, which is reversible with respect to the stationary
distribution gp,.
We require several definitions in order to describe the mixing-time of the
chain (X;). For any two distributions ¢, on 0, the total-variation distance
of ¢ and v is defined to be

1
16 =iy = sup [$(4) —w(A)| = 5 > [#(0) = ¥(o)] -

e

The (worst-case) total-variation distance of (X;) to stationarity at time ¢ is
dp(t) = max [Py (X¢ € -) — pin| TV
oef

where P, denotes the probability given that Xy = o. The total-variation
mizing-time of (X;), denoted by tmix(¢) for 0 < & < 1, is defined to be

tmix(€) = min{t : d,(t) <e} .

A related notion is the spectral-gap of the chain, gap = 1— A, where X is the
largest absolute-value of all nontrivial eigenvalues of the transition kernel.

Consider an infinite family of chains (Xt(n)), each with its corresponding

Sfi)x, etc. We say
I(IZ)X(%)) we have

the following: for any 0 < € < 1 there exists some ¢, > 0, such that
()=t (1—-¢) <cow, foralln. (1.2)

mix

worst-distance from stationarity d,(t), its mixing-times ¢

that (Xt(n)) exhibits cutoff iff for some sequence w, = ot

(n)

tmix

That is, there is a sharp transition in the convergence of the given chains to

(n)
t

equilibrium at time (14 o(1))¢,5 (1). In this case, the sequence wy, is called

a cutoff window, and the sequence tf:l)x(i) is called a cutoff point.
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FIGURE 1. The analogy between the original dynamics at
high temperature (5 =1 — §) and the censored dynamics at
low temperature (§ = 1+4). (a) The stationary distribution
of the normalized magnetization chain (average of all spins)
for the original dynamics on n = 500 vertices. (b) The above
distribution for 5 =1 —§ vs. the corresponding distribution
for 5 = 14 ¢ in the censored dynamics, shifted by ¢ (the
unique positive solution of tanh(fz) = x).

It is well known that for any fixed 8 > 1, the mixing-time of the Glauber
dynamics (X;) is exponential in n (cf., e.g., [10]), whereas for any fixed 5 < 1
(high temperature) this mixing-time has order nlogn (see [1] and also [4]).
In 2007, Levin, Luczak and Peres [13] established that the mixing-time at
the critical point 3. = 1 has order n%/2, and that for fixed 0 < 8 < 1 there
is cutoff at time ﬁnlogn with window n. In a companion paper [5],
we extended these results into a complete characterization of the mixing
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time of the dynamics as a function of the temperature, as it approaches
its critical point. In particular, we found a scaling window of order 1/y/n
around the critical temperature. In the high temperature regime, 8 =1—§
for some 0 < § < 1 so that 2n — oo with n, the mixing-time has order
(n/5)log(6%n), and exhibits cutoff with constant 3 and window size n/d. In
the critical window, 3 = 14 6 where §?n is O(1), there is no cutoff, and the
mixing-time has order n3/2. At low temperature, there is no cutoff, and the
mixing time has order %exp (% [ﬂ@ —Clog (%) —log(1 — CQ)D, where (
is the unique positive solution of tanh(fz) = x.

The key element in the proofs of the above results is understanding the
behavior of the sum of all spins (known as the magnetization) at differ-
ent temperatures. This function of the dynamics turns out to be an ergodic
Markov chain as well, namely a birth-and-death chain (a 1-dimensional chain
that only permits moves between neighboring positions). In fact, the expo-
nential mixing at low-temperature is essentially due to this chain having two
centers of mass, +(n, with an exponential commute time between them.

Interestingly, this bottleneck between the two centers of mass at +(n is
essentially the only reason for the exponential mixing-time at low temper-
atures. Indeed, as shown in [13] for the strictly supercritical regime (the
case of § > 1 fixed), if one restricts the Glauber dynamics to non-negative
magnetization (known as the censored dynamics), the mixing time becomes
O(nlogn) just like in the subcritical regime. Formally, the censored dynam-
ics is defined as follows: at each step, a new state o is generated according to
the original rule of the Glauber dynamics, and if a negative magnetization is
reached (), 0(i) < 0) then o is replaced by —o. It turns out that this simple
modification suffices to boost the mixing-time back to order nlogn, just as
in the high temperature case. It is thus natural to ask whether the analogy
between the original dynamics at high temperatures and the censored one
at low temperatures carries on to the existence of cutoff.

In this work, we strengthen the above result of [13] by showing that the
censored dynamics exhibits cutoff at low temperature beyond the critical
window, with the same order as its high temperature counterpart.

Theorem 1. Let § > 0 be such that 6°n — oo arbitrarily slowly with n. The
Glauber dynamics for the mean field Ising model with parameter 5 =149,
restricted to non-negative magnetization, has a cutoff at

1 1 n
th={ =4+ -—s——— ) = log(6®
(2 T 1)) 5 o)
with a window of order n/d. In the special case of the dynamics started from

the all-plus configuration, the cutoff constant is [2(¢28/6 — 1)]™1 (the order
of the cutoff point and the window size remain the same).



CENSORED DYNAMICS FOR THE MEAN FIELD ISING MODEL 5

As pointed out in [5], the censored dynamics has a mixing-time of order
n3/? within the critical window 8 = 1+ 6 where § = O(1/y/n). Thus, the
above theorem demonstrates the smooth transition of this mixing-time from
O(n®?) to ©(nlogn) as B increases. Furthermore, combining this theorem
with the above mentioned results of [5] shows that the cutoff for the censored
dynamics at = 1 + ¢ has precisely the same order as its high temperature
counterpart 1—9 in the original dynamics, yet with a different constant. This
analogy is illustrated in Figure 1, which compares the stationary distribution
of the two corresponding magnetization chains. As the figure illustrates,
the stationary measure of the censored magnetization is concentrated on a
O(1/+/én) window around ¢ (see Corollary 4.18), analogous to the behavior
of the original magnetization chain at high temperatures.

In addition, we determine the spectral gap for the censored dynamics at
low temperatures, which again proves to have the same order as in the high
temperature regime of the original dynamics.

Theorem 2. Let § > 0 be such that §°n — oo arbitrarily slowly with n.
Then the censored Glauber dynamics for the mean field Ising model with
parameter =1+ 9 has a spectral gap of order é/n.

The rest of the paper is organized as follows. Section 2 outlines the main
ideas of the proofs for the main theorems. Several preliminary facts on
the Curie-Weiss model are introduced in Section 3. Section 4 contains a
delicate analysis of the behavior of the censored magnetization chain for the
case 0 = o(1). Based on the results of this section, we establish the cutoff
of the dynamics (Theorem 1) in Section 5, and determine the spectral gap
(Theorem 2) in Section 6. Section 7 contains the modifications required to
prove the (simpler) case where § is fixed. The final section, Section 8, is
devoted to concluding remarks and some open problems.

2. OUTLINE OF PROOFS AND MAINS IDEAS

In this section, we outline the proofs of the main theorems and highlight
the main ideas and techniques required to prove the case where § = o(1)
(the proofs for the ¢ fixed case follow the same line of arguments).

2.1. Cutoff of the magnetization chain. Clearly, in order to obtain the
mixing of the entire Glauber dynamics, it is necessary to achieve the mixing
of its magnetization. Hence, we first study the normalized censored magne-
tization chain, S; = L3, Xi(i), where X; denotes the configuration of the
censored dynamics at time ¢. It turns out that the stationary distribution of
S; concentrates around ¢ at low temperatures. Therefore, we need to show
that, for any starting position, the magnetization will hit near ¢ around the



6 JIAN DING, EYAL LUBETZKY AND YUVAL PERES

o
o
—

05F——————————— =

0.41

03[

0.2}

01f o

n
: : : R L1 x—log®n)
0.2 04 0.6 0.8 10 ¢

Ficure 2. The magnetization chain in a single simulation
of the censored dynamics on n = 50,000 vertices at tem-
perature S = 1.25. Results show the three segments of the
magnetization started at so = 0, until it reaches equilibrium
near ¢ (the unique positive root of g(z) = tanh(fz) — x).

cutoff point. To show this, we consider the two extreme cases: starting from
So = 0 and starting from Sy = 1.

The case Sg = 1 is significantly simpler, and follows basically from the
contraction properties of the magnetization chain. However, the case Sg = 0
requires a delicate analysis. As mentioned in the introduction, in order
to obtain the concentration of the hitting time from 0 to (, we partition
the region [0, (] into three segments: [0,n~'/4], [n=1/4,/§] and [v/6,¢] (up
to constants). Figure 2 shows the transition of the magnetization chain
between these three segments, as it occurred in a sample run of the censored
dynamics.

In each of the three segments, we exploit different properties of the mag-
netization chain to track its position along time. As we later show, the
properties of the hyperbolic tangent function dominate the behavior of the
magnetization chain. Around 0, the function tanh(Sz) is well approximated
by a linear function, which in turn leads to an exponential growth in the
expected value of the magnetization near 0. Around (, the Taylor expansion
of tanh(Sz) implies that the magnetization is contracting towards (.

In order to achieve the concentration of S;, we introduce the times Tf
and T for i = 1,2, 3,4, where the difference between T;r and T is O(n/d),
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hence can be absorbed in the cutoff window. These times correspond to the
above three segments together with the segment [, 1] (which treats the case
Sp = 1), and we study the position of S; in each of them.

Hitting n~* from 0. This segment begins with a “burn-in” period of O(n/4)

steps, which is in fact the only regime where we benefit from the censoring
of the dynamics. By the end of this burn-in period, &; will have hit posi-
tion 1/ v/on with probability arbitrarily close to 1. Once the magnetization
reaches order 1/v/0n, we may analyze the effect of the exponential growth
of its expected value (dictated by the above mentioned properties of the
hyperbolic tangent function).

Two elements are needed in order to complete the analysis of this segment.
First, we we establish an upper bound on Var S;. Second, we carefully bound
the difference between the ES? and (ES;)3, which allows us to switch these
two when tracking down the slight changes in ES; along time (via the Taylor
expansion of tanh(fz) in this regime).

Altogether, we show that with probability arbitrarily close to 1, we have
ST; < n=1/4 and yet ST1+ > n-1/4,

Hitting v/3 from n~1/*. Given a starting position of n~/4, an analogous ar-
gument which tracks ES; (using the exponential growth given by the Taylor
expansion of the hyperbolic tangent around 0) implies that with high proba-
bility, ST2+ > % 6 and yet ST{ < /4. Crucially, though the above argument
is similar to the one used for the previous segment, resetting the starting
position to n='/4 (by separating the treatment of the first two segments)
provides the required control over the variability of S;.

Hitting ¢ from v/6. Given a starting position of, say, %\/5 , with high prob-
ability &; will remain above, say, %\/3 for at least T3Jr steps. In this re-
gion, the magnetization is attracted towards (, and combing this with cor-

relation inequalities (e.g., the FKG inequality) one can obtain the bound
Var §; = O(n/d). Altogether, we show that with high probability \ST; — (]

is at most O(1/v/dn) whereas ST:; is further below (.

The results for the above three segments establish cutoff of the magneti-
zation chain started at Sy = 0. To complete the analysis, we treat the case
So = 1 in the fourth segment described next.

Hitting ¢ from 1. Starting from Sy = 1, the magnetization is strongly at-
tracted towards (. In fact, its behavior throughout this segment is roughly
equivalent to that in the segment [\/5, (], and as a result, the expected
hitting time from 1 to ¢ is asymptotically the same as that from V8 to ¢
(explaining the relation between the two cutoff constants in Theorem 1). To
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show this, we obtain a variance bound, analogous to the one derived in the
segment [v/9, (], and deduce that with high probability \STI — (| is at most

O(1/v/dn) whereas ST; is further above (.

Coalescence of the censored magnetization chains. To establish an upper
bound on the mixing-time of the censored magnetization, we construct a
coupling of two instances of the censored Glauber dynamics, which ensures
a fast collision. There are three key points in accomplishing this coupling.

(i) Around the cutoff point, with probability arbitrarily close to 1, the
magnetization is concentrated around ¢ within distance O(1/v/dn).

(ii) Starting from somewhere near ¢, with high probability the magnetiza-
tion chain will stay “sufficiently close” to ¢ for a reasonably long period
of time: Within this distance from (, the magnetization demonstrates
certain contraction properties, and we can use correlation inequalities
(such as the FKG inequality) to control its higher moments.

(iii) In the above mentioned contracting region, |S; — (| behaves as a super-
martingale with a non-negligible variance at each step. Altogether, we
can deduce that within O(n/d) steps beyond the cutoff point, the two
censored magnetization chains will collide with probability close to 1.

Combining the above coupling argument with the behavior of the stationary
distribution of the censored magnetization (which concentrates around (),
as well as the lower bounds we obtained for hitting ¢ from Sp = 0 or Sy = 1,
completes the proof of the magnetization cutoff.

2.2. Full mixing of the dynamics. The cutoff point of the censored mag-
netization chain clearly gives a lower bound on the mixing-time of the entire
dynamics. Furthermore, note that in the special case where the dynamics
starts from the all-plus configuration, by symmetry it has a cutoff precisely
whenever the magnetization chain exhibits cutoff. It remains to generalize
this result to an arbitrary starting configuration. To boost the mixing of the
censored magnetization (from an arbitrary starting position) to the mixing
of the full dynamics, we use a Two Coordinate Chain analysis, following the
approach of [13]. In order to apply this method, one needs to establish a
series of delicate conditions on the censored magnetization chain.

First, we combine an expectation analysis with concentration arguments
to show that after n/J steps, with high probability the censored magneti-
zation starting from Sy = 1 will stay at some “good state” — roughly, not
too biased towards plus or minus. As a corollary (since the all-plus initial
position can be used to sandwich the remaining initial positions), this holds
for any starting position Sp.
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Two additional conditions are required to complete the Two Coordinate
Chain analysis. First, we show that the censored magnetization almost
surely stays around ( for a sufficiently long period beyond its cutoff point.
Second, we show that with high probability, the average value of a spin over
the set of initially positive spins (i.e., {i : o¢(i) = 1}) also concentrates
around ( for a reasonably long period.

These properties imply that the magnetization restricted to the set of
initially positive spins mixes at the cutoff point, and the same holds for the
magnetization over the set of initially negative spins. By symmetry, these
two statements imply the entire mixing of the dynamics.

2.3. Spectral gap analysis. We first study the spectral gap of the cen-
sored magnetization chain, which provides an immediate upper bound on the
spectral gap of the entire dynamics. To determine this gap, we analyze the
conductance of the chain (a birth-and-death chain) following the approach
of [5, Section 6], and establish the order of the bottleneck ratio, yielding
an effective lower bound. To obtain a matching upper bound, we use the
Dirichlet representation for the spectral gap, combined with an appropri-
ate bound on the fourth central moment of the censored magnetization in
stationarity.

To infer the spectral gap of the full dynamics from that of the censored
magnetization, additional arguments are needed to obtain a lower bound on
the gap. We separate the eigenfunctions into two orthogonal spaces, one of
which exactly corresponds to the censored magnetization chain. We then
use the contraction properties of the dynamics to prove that on the other
space, the corresponding eigenvalues are uniformly bounded from above.
This implies the desired lower bound for the spectral gap.

3. PRELIMINARIES

3.1. Magnetization chain and censored magnetization chain. In our
efforts to analyze the censored Glauber dynamics, in many cases it is useful
to study the original dynamics and relate it to the censored one. Through-
out the paper, we let X3, S; denote the original Glauber dynamics and its
corresponding magnetization chain, and let A; and S; denote the censored
dynamics and its magnetization chain.

Recall that the normalized magnetization of a configuration o is defined
as S(0) £ 1 > j=10(j) (we define S(o) analogously for the censored dynam-
ics). In the original Glauber dynamics, given that the current state of the
dynamics is ¢ and a site ¢ has been selected for updating, the probability of
updating i to a positive spin is p*(S(c) —n 1o (i)), where p* is the function
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given by

pH(s) 2 efs _ 1+ tanh(f3s)

ePs 4 e—Bs 2 '
Similarly, with probability p~(S(c) —n~1o(4)) site i is updated to a negative
spin, where p~ is the function given by

HPENUN e fs 1 —tanh(Bs)
pls) = efs +e=Ps 2 '

We can then obtain the transition probabilities of the original magnetization
chain:

1Tp( -1 ifs’zs—i—%,
Py (s,s) = { H2p~(s —n7) ifs' =5—2
1—s

n
Tp*(s%—n H—LEp=(s—nt) ifs=s.

—

(3.1)

It is easy to verify that, by definition, the censored magnetization chain S;
has the same distribution law as |S¢|, and hence has the following transition
matrix Pu:

Pum(s,s') = Py(s,s') + Pu(s,—s') . (3.2)
The next lemma will prove to be useful in the analysis of the censored
magnetization chain.

Lemma 3.1 ([14, Chapter 17]). Let (W;)i>0 denote a non-negative super-
martingale with respect to a filter (F;) and 7 be a stopping time for (F)
such that

(i) Wo =k,

(ii) Wiy1 — Wi < B,

(iii) Var(Wyy1 | Fi) > 02 > 0 on the event T >t .

If u > 4B%/(302), then Py(1 > u) < 04—\/]%.

3.2. Monotone coupling. A useful tool throughout our arguments is the
monotone coupling of two instances of the Glauber dynamics (X;) and (X;),
which maintains a coordinate-wise inequality between the corresponding
configurations. That is, given two configurations o > & (i.e., o(i) > & (i) for
all 7), it is possible to generate the next two states o’ and &’ by updating the
same site in both, in a manner that ensures that ¢’ > 6’. More precisely,
we draw a random variable I uniformly over {1,2,...,n} and independently
draw another random variable U uniformly over [ 1]. To generate o’ from
o, we update site I to +1 if U < p* (S( ) — ut )), otherwise o’/(I) = —1.
We perform an analogous process in order to generate ¢’ from &, using the
same I and U as before. The monotonicity of the function p™ guarantees
that ¢/ > &', and by repeating this process, we obtain a coupling of the
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two instances of the Glauber dynamics that always maintains monotonicity.
Clearly, this coupling induces a monotone coupling for the two corresponding
magnetization chains.

We say that a birth-and-death chain with a transition kernel P and a
state-space ¥ = {0,1,...,n} is monotone if P(i,i + 1)+ P(i + 1,i) < 1
for every i < n. It is easy to verify that this condition is equivalent to the
existence of a monotone coupling between two instances of the chain. Hence,
by the above discussion, the magnetization chain S; is indeed a monotone
birth-and-death chain.

In addition, we will also need a monotone coupling for the censored mag-
netization chain &;. The only questionable point is the state nearest to 0.
Assuming that n is even (the case where n is odd follows from the same
argument), this question is reduced to the following: taking Sy = % and
So = 0, can we construct a coupling such that S; > Si. This is indeed
guaranteed by the fact that Pu(0, %) + PM(%, 0) < 1, hence the censored
magnetization chain &; is monotone as well.

Note that there does not exist a monotone coupling for the censored
Glauber dynamics. To see this, consider the case of n even. Let o be a
configuration with S(o) = 0, and let 6 be a configuration which differs
from o in precisely one coordinate i where o(i) = —1. Next, consider two
instances of the censored Glauber dynamics X; and X, starting from ¢ and
¢ resp. By definition of the censored dynamics, with positive probability X7
will flip n — 1 spins, including all n/2 spins that were negative in o. Thus,
in order to maintain monotonicity, X} must in this case update 5 —
from minus to plus. However, the 1-step censored Glauber dynamics started
from & is exactly the same as the original Glauber dynamics, where only

1 sites

one spin can be updated. We conclude that no monotone coupling exists.

4. CUTOFF FOR THE MAGNETIZATION CHAIN

The goal of this section is to establish cutoff for the censored magnetiza-
tion chain &, as stated in the following theorem:

Theorem 4.1. Let f = 1+ 6, where § > 0 satisfies 6°n — oo. Then the
corresponding censored magnetization chain (S;) exhibits cutoff at time

1 1 n
o= (3 s s

with a window of order n/d. In the special case So = 1 (starting from the
all-plus configuration), the cutoff has the same order of mizing-time and
window, yet its constant is [2(¢28/6 — 1)] 7.
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The next simple lemma, which appeared in [5] and is a special case of a
lemma of [13], illustrates the importance of the magnetization chain. We
include its proof for completeness.

Lemma 4.2 ([5, Lemma 3.2]). Let (X:) be an instance of the censored
Glauber dynamics for the mean field Ising model starting from the all-plus
configuration, namely, oo = 1, and let S; = S(X;) be its magnetization
chain. Then

[P1(X; € ) — pnllrv = [[P1(St € -) — TV (4.1)
where m, is the stationary distribution of the censored magnetization chain.

Proof. For any s € {0,2,...,1— 21}, let Q £ {0 eQ: S0) = s}
Since by symmetry, both u,(- | Q) and P1(X; € - | S¢ = s) are uniformly
distributed over (), the following holds:

[Py € )~ pallry = 5 37 3 [Pa(% = 0) — jin(o)

s o€
B2 i T )
s o€ s
= |P1(St € 1) — mallTV - [ |

Combining Theorem 4.1 with the above lemma immediately establishes
cutoff for the censored dynamics starting from the all-plus configuration.

Corollary 4.3. Let § > 0 be such that 6°n — oo, and let (X;) denote the
censored Glauber dynamics for the mean-field Ising model with parameter
B =1+90, started from all-plus configuration. Then (X;) exhibits cutoff at
time [2(¢2B/6 — 1)] "1 2 log(6°n) with a window of order n/d.

In order to prove Theorem 4.1, we consider 4 phases for the censored
magnetization chain. For each phase, we select a pair of times, Tf and T,
whose difference can be absorbed into the cutoff window; we then estab-
lish that with probability arbitrarily close to 1, the magnetization at T is
smaller than some given target value, whereas at TiJr it is larger than this
value. That is, a given value is typically being sandwiched by the magne-
tization at the two time-points T, and Ti+, and this allows us to continue
the analysis with this value serving as the new starting point of the mag-
netization chain. For instance, in the first phase, we start from S = 0 and
the above mentioned target value for the magnetization is n~/4, hence this
phase is referred to as “Getting from 0 to n~1/%”, and studied in Subsection
4.1. The remaining 3 phases appear in Subsections 4.2, 4.3 and 4.4.

For the sake of simplicity, we assume throughout the section that § = o(1),
as this case captures most of the difficulties in establishing the cutoff points.
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Section 7 contains the changes one needs to make in order for the proof to
hold in the (simpler) case of ¢ fixed.

Set 8 =1+ and §%°n — co. Let ¢ denote the unique positive solution to
tanh(Bx) = z, and notice that the Taylor expansion

tanh(82) = Bz — 3 (B2)" + O((B2)") (4.2)
implies that whenever § = o(1) we get

¢ =1/36/83 = O((BC))° = V35 + O(6%/?) .

4.1. Getting from 0 to n~/%. In this subsection, we address the issue of
reaching a magnetization of n=/4 from Sy = 0.

Theorem 4.4. Define
Ty £ L(n/8) log(6%n) .
AN

TH(y) ETv+n/s , Ty (1) 2Ti—n/s .

The following holds for the censored magnetization chain S;:

. .. —1/4y _
ngrolo hnrr_1>£f PO(STT(W) >n /%) =1, (4.3)
lim limsup PO(ST{(W) >p 4y =0, (4.4)

Y= n—oo

4.1.1. Proof of (4.3): Lower bound of n="* for ST1+. To establish the men-
tioned lower bound on ST1+, we first show that within some negligible burn-in

period, the censored magnetization chain S; will hit near A/v/dn.

Lemma 4.5. There ezists some constant ¢ > 0 such that the following holds:
For any A,~v > 0, the censored magnetization chain S; started at Sy € {0, %}
will kit A/ dn within yn/§ steps with probability at least 1 — cA/./7.

Proof. The transition probabilities of the censored magnetization chain, as
given in (3.1) and (3.2), together with the fact that tanh(8s) > s for 0 <
s < ¢, imply that S; is a non-negative submartingale. Thus, A/ Von — 8 is
immediately a supermartingale. Recalling that the holding probability for
the magnetization chain is bounded uniformly from below and above, we
infer that the conditional variance at each step is bounded uniformly from
below. Therefore, upon defining

Tayven = min{t : S > A/Von}
we may apply Lemma 3.1 and obtain that for some absolute constant ¢ > 0,

n) cA -

Py (TA/\/(TZ’YE < \ﬁ .
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Next, we can assume that the chain is started from A/ V/on. With this
assumption, we can simply approach the censored magnetization chain S;
via the original magnetization chain S;, as shown in the following.

We first establish an upper bound for the variance of the magnetization.

Lemma 4.6. Let (S;) be a magnetization chain with some arbitrary starting
position so. Then for some absolute constant ¢ > 0, the following holds:

t—1 i t
5 26\’ c 20
s B8 (B 2 (1 B) L g

- n n n
Jj=0

Remark. Unlike the high temperature regime, where (using the contraction
property of the magnetization chain) the variance can be uniformly bounded
from above for all ¢, the above bound on the variance grows with ¢t. Although
this bound is not sharp, it will suffice for our purposes.

Proof. The censored magnetization chain does not exhibit contraction prop-
erties in the low temperature regime, and so our argument will follow from
tracking the change in the variance after each additional step. To this end,
we first establish two recursion relations, for (ES;)? and ES? respectively.
By (3.1) (a similar calculation appears in the proof of Theorem 4.3 in [5])
we get that

E[S;41| S, = s]
— <5+Z> Py (s,s—l—z) + sPy(s,s) + (s— i) Py (878—Z>
~ (14 2) s+ i -p0 [0 (35)] - 10

Taking expectation and squaring, we obtain that
9 20 9 2 c

Applying an analogous analysis onto the second moment yields
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Since
p(s—2)+pt(s+2)= % (2 + tanh (B(s + 2)) — tanh (B(s — 1)))
1
=1 n cosh?(€)

for some B(s —n~1) <& < B(s+n71), and

(tanh (B(s +n~1)) +tanh (B(s —n 1)) ,

N | —

prs+n™)—p(s—nl)=

the concavity of the hyperbolic tangent gives that

26 2s 4
Taking expectation,
9 26 9 2 4
ES7 < (1+ - ES; + ZE [S; (tanh(BS;) — BSy)] + 3 (4.9)

Crucially, we claim that the next quantity is non-positive:
D; 2E[S, (tanh(8S;) — 85;)] — E [tanh(8S;) — 8S,] (ES}) .

To see this, once can verify that the function f(s) = tanh(8s) — s is mono-
tone decreasing in s. Thus, the fact that D; < 0 follows from the FKG
inequality, and together with (4.7) and (4.8), it implies that for large n,

20
Var S;11 < (1 + > Var S; + % .
n n

Iterating, we obtain that

t—1

c 25\’ c 26\*
VarSOStSTﬁjZ:O(l—Fn) §5n<1+n> : |

Another ingredient required for tracking the magnetization along time
appears in the following lemma, in the form of a bound on the difference
between (ES;)? and ES;.

Lemma 4.7. Let Wy, (t) = By, S3—(Ey, Sy )3, where (S;) is the magnetization
chain started from sy > 0. Then for some absolute constant ¢ > 0,

c 1
Wi, (t) < p (so + n) 3to/m
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Proof. Recalling (4.6), taking expectation and rearranging both sides, we
obtain the following:

30 d
3 3 2
(ESt41)” = <1 + n) (ESy)” + 5 (ES)
3
+ ~E [tanh (85;) — B5)] (ESy)? . (4.10)
We next establish a recursion relation for ES7. Recalling the transition

matrix Pys as given in (3.1), we have

1 1-
B[St 1 Si=s] = 5 (= 1) (5= 2P+ 2500 s+ ) (54 2
1_Sp+(3+711)> &3

1+s _ 1
+<1— 5 p(s—:)— 5

2
3 s cg 657 1
=S +Cl$+$+7'1<—28

-+ tanh (B(s — n_l)) + tanh (ﬂ(s + n_l)) +28s — 28s
+ s (tanh (B(s —n™')) — tanh (B(s +n 1)) ) ,

Combined with the concavity of the hyperbolic tangent, this gives

30 S c 352

3 _ 3 2
E[StJrl’St—S]S(]."‘n)S +Clﬁ+$+7(tanh(68)—ﬂ8).
Taking expectation, we obtain

30 ES, c 3
ES}, , < <1 + n) (ES?) + cln—; - n—f,, +-E [S7 (tanh(BSy) — BS,)] -

(4.11)

Now, another application of the FKG inequality, combined with (4.10) and
(4.11), implies that for every sufficiently large n

30 c c
Waalt +1) < (1420 ) Wap (1) + B0 S+ 5 - (4.12)

Iterating, while noting that Wy, (0) = 0 by definition, we conclude that

t

36\ [ ¢ d
W) <> 1+— —EwSj+ ) -
j=1

Note that (4.6) implies the following immediate rough upper bound on ES;:

EqSis1 < (1 + i) E.,S; . (4.13)
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Plugging this estimate into (4.12) now gives

36\ s\’ ¢ c
WsO(t)§Z<1+n> <<1+n) n280+n3)

7j=1
c 1 §\3%
<o) 2 ()
7=1
<< <30+ 1) 3to/n ,
on
as required. [}

We can now show that, starting from a magnetization of A/v/dn, we have
that S; for some appropriate ¢ (see the definition of 77 in the next lemma)

—1/4

is at least n with probability arbitrarily close to 1.

Lemma 4.8. Let A,y > 0, and define
AN

T4

Consider the magnetization chain S; started at so = A/ dén. Then for some
absolute constant ¢ > 0, the following holds for any 0 < £ < ~yn/§:

T} (1og(52n) ~log(A/2) + (5%)*1/5) .

_ c
PSO(STl*+£ <n 1/4) < A2
Proof. By Lemma 4.7, for every t < T} we have

—1/5

c 1 3/4 _3/4 3(§2n
WSO (t) S % <80 + n) (5277/) (A/Q) 3/464(6 )
1
<2c-§ <so + n) (6%n)~1/4

where the last inequality holds for A > 2 and any sufficiently large n. Thus,
substituting the value of sg, for any sufficiently large n we have
/

Wi () < =

3 for every t <T7 . (4.14)

We next need a lower bound on s; = E,,S;. By (4.6) and the Taylor expan-
sion of the hyperbolic tangent (4.2), we have

1
E[Si1— S | S =] > — (95 — 253 /5 — és/n) , (4.15)

where the constant ¢ replaced the O(s/n?) from (4.6) and we used the fact
that tan(z) > 2 — 23/3. Taking expectation and plugging in (4.14), we
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obtain that for any ¢t < 77,

St41 — St =

V
S>>
|

| =
/T\
»
W
+
Q\
N
3
&
~
Ny
N——

v
\
Vo)
~
|
\
—
»
W
_|_
Q\
N
:)\
w
~
o~
~—

(4.16)

where in the first inequality the value of ¢’ was increased so that the term
¢ An~3/* will absorb the term és; /n?. In the second inequality above, we
used the fact that s} > 0. To see this, first consider the case where n is even.
In that case, EyS; = 0 for all t by symmetry, thus the monotone coupling
immediately gives that whenever sy > 0 we get Eg,S; > 0 for any ¢t. If n is
odd, a similar argument achieves this property (coupling with a chain that
starts at :I:% with equal probability).

Observe that (4.16) implies that s; increases (it has positive drift) as long
as s7 < 6. By the assumption that 62n — oo, this is guaranteed whenever
s¢ = O(n~Y*). Now, for some a > 1 to be specified later, let

7
b; = Aa ,  u; =min{t: s, > b;} , and iy = min{i : b; > 2n*1/4} )

Von

Clearly,

i = [ 10s, 2”_1/4} < Liog, (87n) — log,(A/2)
N ARE

The definition of w;, together with the fact that s; is increasing as long as
S = O(n_1/4), implies that b; < s; < ab; for any t € [u;, u;11). Combined
with (4.16), we obtain that

r — s < ((I—l)bz . (a_l)n
ol | ((5bi — a’b} — C’An*3/4) 5 — adb? — ¢ An=3/4 /b,
n a—1 n a—1

< 2. < . ,
T8 1—a3(82n) V2 — A(62n)" Y T 61— " A(82n)1/4
where we used the bounds by < b; < 2n~1/% and the last inequality holds
for any large n. Therefore,
i1

—1
(u’i+1 - u’L) S Zlﬁ : ¢ 2 1/4
Zi:l § 1—c"A(6%n)~Y

n (1 — 1 1
< < [ = log(s? log(A/2
) (4 0g(0°n) — log(4/ )> loga 1 — " A(62n)~1/4

< 5 (f1o80%0) - og(a/2) + @) ) (=10,

4

where the last inequality follows from a choice of a = 1 +n~!, and holds
for a sufficiently large n, as the change in the exponent of §2n absorbs the
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logarithmic factor. We conclude that, for a sufficiently large n
EqsoSts > 20714 (4.17)

Now, by Lemma 4.6 we have
c
Vars, STl* < AT/ﬁ )

and hence Chebyshev’s inequality gives

3 4
Py, (ST; < 2n—1/4> o Ao

(4.18)

= A2
In order to extend this to T} 4 ¢ for ¢ € {0,...,yn/d}, consider a second
chain S; which we spawn at time 77 with an initial value of 59 = %n*1/4.
By monotone coupling the two chains, it suffices to show that
G —1/4 ¢

]P)go <Sg <n / ) < ﬁ . (4.19)
Recalling the above observation that the series s; is increasing as long as
sy = O(n~Y*), we deduce that

Egogg > 50 = gnil/z& .

On the other hand, by the assumption that ¢ < yn/§, Lemma 4.6 gives that

()

on

Thus, the fact that 6°n — oo implies that Var 305, = o((Es,S¢)?), hence
Ps,(Sy < n~Y%) = o(1), and in particular (4.19) holds. This completes the
proof. |

Varg, 5'4 <

To deduce the lower bound on ST1+ as given in (4.3), first observe the
following: Given that the magnetization chain S; and the censored magne-
tization chain S; are both started from the same sg > 0, the chain S; is
stochastically dominated by S;. Thus, it suffices to prove the given lower
bound for ST1+.

Next, consider A,~ > 0, and recall that according to Lemma 4.5, the
hitting time to sy = A/v/dn is at most L = |yn/§| with probability at least
1 —cA/\/7. Lemma 4.8 states that for any 0 < ¢ < L, the probability that

Strvr—0 < n—1/4 given that Sy = sg is at most ¢/A%. Plugging this in the
summation over the cases where the hitting time to sg is £ € {0, ..., L} gives
—1/4 C cA
Po(Sty4r <n )SﬁJrﬁ,

and choosing v = A3 and A large implies the required inequality (4.3).
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4.1.2. Proof of (4.4): Upper bound of n=/* for S = Consider the original

magnetization chain S;. Let sg € {0, %} Recalling the rough upper bound
(4.13) for ES;:

oNTT
ESOST;('Y) S 30 <1 + *) ! == 0(“71/4) .

n
By Lemma 4.6, we have

ce 7
Varg, ST{ < —.

Vn
Therefore, Chebyshev’s inequality gives
]P)SO(‘STf(»y)| = "71/4) <ce 7.

Since the distribution of |S;| and S; are precisely the same, this completes

the proof of (4.4), and hence concludes the proof of Theorem 4.4. |
4.2. Getting from n~'/% to /5. This subsection determines the amount
of time it takes S; to reach order Vo starting from an initial value of n1/4,
Theorem 4.9. Define
Ty 2 1(n/5) log(s%n) .
T ()2 Ta+m/s . Ty (1) =Te—n/s.
The following holds for the censored magnetization chain S;:
Jim T inf P, 1/a(Spp ) > We =1, (4.20)
Jim Tim sup P, 1/a(Sy ) > V) =0. (4.21)

4.2.1. Proof of (4.20): Lower bound of %\/5 for ST;. We will show that for

any vy > 22, the magnetization at time T;('y) will be at least %\/5 with high
probability. Fix some ~ > 22 throughout this subsection. By Lemma 4.7,
for any t < T, (7)

1 _
Wi () < e - 5(50 + E) (62n) "

< 8sg- (0%n) V1, (4.22)
where ¢ = /(). Defining
2 %
bl-:nl—a/4 ,  u; =min{t : sy > b;} andigzmin{i:bi>\/%} ,

we get that iy < 1log,(6%n)+log, 4. Combining (4.15) and (4.22), we obtain

that 5

2 s /0 2. \—1/4

— 8> -8 ——+— —(C— 4.2
St+1 — St = nSt 5 c n50(5 n) ) ( 3)
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where the term és/n? from (4.15) was absorbed in the last term by increasing
¢ (and noting that on?/3 = oo, with room to spare).

Again notice that, started from sop = n~'/4, by (4.23) we have that s; is
increasing as long as s; < v/20 (up to that point the second term in the
right-hand-side of (4.23) is smaller than the first one while the third term
is of lower order since s; > s and 6%°n — o0). We deduce that

w < (a — l)bi
Uil — U <
H n=1 (6b; — 2a3b3 /5 — /§s0(6%n)~1/*)
(a—1)n n a—1

< Z.
§ —2a3b? /5 — "§(62n) V4 T 6 1 —2a3b?/(50) — ¢/ (§2n) /4

< %(a ~1) (1 +9a3b2/5 + c”((s?n)*l/‘*) ,
where the last inequality requires that a < (10/9)'/3. Since b; is a geometric
series,

n

& , 9 4n :
Z(Ui+1 —u;) <ig(a—1) 5 + . 1a3ﬁb?2 +i2(a—1)

n

50//(52n)—1/4

i=1
1 n 9 n no Mmoo \-1/5
<(= = = ST
_<4 510g(5n)—|—25>+196+5(5n)

where again we chose a = 1 4+ n~!, and this holds for large n. We conclude
that En71/4ST2+(,Y) > +/26. In order to show concentration, we return to
Lemma 4.6, and get

2y
Var, —1/4 ST;(’Y) < % ( 52716%) = % =o(9) . (4.24)

Hence, Chebyshev’s inequality implies that ST; ) > %\/5 with high proba-
bility, completing the proof of (4.20).

4.2.2. Proof of (4.21): Upper bound of /5 for S o This bound will again
follow from analyzing the original (non-censored) magnetization chain. We
will in fact prove a stronger version of (4.21), namely that

Jim P, (Srr ) 2 V&) =0 for any fixed y > 4 . (4.25)

Fix v > 4, and note that the simple bound (4.13) gives

5 Ty (v)
En—1/4ST2—(7) S n_1/4 (1 + n) S 6_3\/5 .
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Lemma 4.6 gives the following variance bound (recall (4.24) for the analogous
bound at time T, (7)):

Var, —1/4 STQ—(

IA

20)

Combining the above bounds on the expectation and the variance, we get
that for n large enough

En*1/4‘ST2*(,y)‘ < \/En*1/4‘ST2*('y)

2
< \/(En1/4ST2('y)) + Varn71/4 ST{(’Y) < 672\/8 .

Recalling that Var | X| < Var X for any random variable X, we immediately
get a bound on Var, _1/4 |ST2— ( ,Y)]. From another application of Chebyshev’s

‘ 2

inequality, it follows that
Posa(1Sg )| = VB) = o(1) ,
completing the proof of (4.25) and of Theorem 4.9. [ |

4.3. Getting from /¢ to ¢. This subsection, the most delicate one out of
the first three subsections, deals with the issue of reaching ¢ from v/§. Our
goal is to establish the following theorem.

Theorem 4.10. Define
13

A 1

Ty (y) =T+ /6, Ty (1) =T5—n/s .
The following holds for the censored magnetization chain Sy and any B* > 0:

. %log(éQn) ,

Blgnoovli_{go 11,{22,}”4\/5/3(5@(7) >(—B/Vvdon)=1, (4.26)
7lgl;o hﬁsogppﬁx\/gﬁ(ST{(v) >(—B*/Vdén)=0. (4.27)

Remark. Note that since ¢ = v/§ — O(6/2) we have
n

7= (3+00) 5

4.3.1. Proof of (4.26): Lower bound of ¢ for ST;. First, we will show that
with high probability, the original magnetization chain starting from posi-

log(6%n) . (4.28)

tion sg = %\/5 will remain in a certain “nice” interval up to time T3+ .

Lemma 4.11. Consider the original magnetization chain Sy started from
s = %\/3 Let 73 = min{t : S} < %\/5} The following holds for any fized
~v > 0 and sufficiently large n:

1

Pso(m3 < T3 (7)) < 53,

(4.29)
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Proof. The essence of the argument we use to prove (4.29) lies in the follow-
ing inequality: For any event A and non-negative random variable Y,

EY
A < gvTa) -

The role of Y in the above inequality will be played by the following:

Y. = Z 1{St < Oé\/g} R Ya = Z 1{St < Oé\/g} .

t<T3 () t<Ty (27)

We now wish to bound the probability that 73 < T3 (). First, we claim
that started at sg = %\/5, we have

8¢ > 8o for any t < T3+(fy) .

By induction, it suffices to establish that for every such ¢t we have s;y11 > g
provided that s; > sg. To see this, notice that 75 and 73 have nearly the
same order (see (4.28)), and hence as long as ¢t < T3 (v) Lemma 4.7 yields

Wi, (t) = O(850(8%n) ~H/4+00@)y |

that is, a bound similar to the one given in (4.22). Hence, Wj, () can easily
be absorbed into the leading order term of (4.15), giving

1/3 2
St41 — St = - <458t - 5(8t)3> .

Therefore, either s; > 1/155/8 or s;41 > s¢, and in any case we get $¢+1 > So,
as required.

Next, we will bound the probability that S; < %\/5 for some t < T3.
To this end, we introduce an intermediate point & into our analysis; any
arbitrary 2 <€< % will do. Plugging (4.5) in Chebyshev’s inequality gives

c 20"
P, (S; <eVo) < — (14+22) |
o(S1 < €V0) < 52n< + n)
where ¢ = ¢(§), and summing over ¢ gives

~ c  V§2net n
E Y < . 2 0(5) — /7 52 71/24’0(5) . 4
Furthermore, recall the rough bound (4.13) which we inferred from (4.6). In
fact, (4.6) and the fact that tanh(z) < z for every & > 0 implies that for
any s > 2/n
5
E[St+1|5t:$]§ (1—|—>S

n
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That is, before hitting £v/9, the magnetization chain S has a drift bounded
from above by §%/2¢/n < 26%/2/n. Each step of S; is bounded in absolute
value by 1/n, hence if we define ¢¢ > 0 by ¢¢ = (£ — 2)/4 and let

7(§) = min {t 0 S > fﬁ} A cen/d

then optional stopping implies that M, = Sinrie) — ENAT(E)) - 20%/2 /n, is a
supermartingale with

My — My <n', Var(Myy | F) <72, My > Siare) — 2ceV6.

By a well-known variant of Hoeffding’s inequality (using the sum of the
conditional variances rather than an L>° bound; see e.g. [9])

CL2

IF’( U {MtZMO—i—a}) < exp <_2(mn_2+an_1)> for any a > 0 and m.

te[m]

Thus, for Sy = %\6 taking a = % (f — %) Vo = 205\6 and m = c§n/5 gives
2
4c£(5

2ce 2ce Ve
on n

P%\/S(T(f) < cen/d) < exp (— ) = exp (—(2¢¢ — 0(1))6%n) .

In other words, when Sy = 3v/§ with high probability 7(£) > cgn/d and in
particular for large enough n we have

E (Ve | Yoja > 0) 2 Es 5 [min{t: 8, 2 €V} Avs] 2 (14 5)

n

5 (431)

Combining (4.30) and (4.31), we deduce that
Ps5(Yasa > 0) < e (9%) 7200,

where ¢; = ¢1(&,y). The exact same argument shows that, for some other
constants co, c3, we have:

Py Y5 > 0) < cafdPn) /300
P /5(Yrss > 0) < c3(8%n)~1/2+00)

Combining the three bounds on Y5,4,Ys/5 and Y75, and writing the event
73 < T4 () conditioned on the first time S; hits below %\/3, and similarly
below g\/g , we conclude that

1

P(rs < T3 (7)) < crcacs (8°n) 2400 <

n
where the last inequality holds for any sufficiently large n. |
Remark. The above method in fact shows that for any constant m > 0, we

have P(r3 < T3) < (§%n)™ for large enough values of n (one simply has to
add extra intermediate points playing similar roles as 5/4 and 6/5).
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We will now shift to the censored magnetization chain for a while. Since
S will stay within the interval (7\f 1) with high probability, so will ;.

Define Z;, = C S;, for the convenience when performing Taylor expansion
around (. First let us consider the case where Z; > 0. Recalling that

C

1
E[Si41|Si=s]>s+ E(tanh(ﬁs) —8) — ol

consider the Taylor expansion of the hyperbolic tangent around (,

tanh(fs) = ¢ + B(1 — 3 (s — ¢) + B2(—1 + ¢3)¢(s — ¢)?

ﬁ3 tanh)(53¢)
3 41

where ¢ is between ¢ and s. Adding the fact that ¢ = /8 + O(5%/2),

(14 =3 (s = O + (s = O, (4.32)

C

B2t — 21 | 2] 2 1 ~(tanh(B(C - 2)) = (( = 2)) = —

_ % ((g?ﬁ_a) Z,— /3622 +

1 c

320 +o(2)+ O(6*222 + 523)) - —

where the o(Z}) term originates from the fact that Z; = ¢ — S;, hence
the leading order (constant) term in the coefficient of each Z; equals the
coefficient of z! in the Taylor expansion of tanh(z). This further implies
that the term %ZE can easily absorb all the remaining terms, and we obtain
that

c
n?’

E[Z, — Zip1 | 2] > — ((g B—06) 2 — 3522+ 0(52? )) (4.33)

(with room to spare, having increased the error terms for the sake of sim-
plicity). Whenever Z; < 0, we need Z; to approach 0, hence again the terms
|Z;| and |Z;|? are in our favor, giving
c
Bl|Zi] ~ 1Zenl | 2] >+ (%6~ ) 12 + V3322 +0(62D)) + 5
(4.34)
It is evident from (4.33) and (4.34) that we require a bound on the second
moment of Z;. We therefore move on to calculate the variance of Z;, which
is precisely the variance of S;.

Lemma 4.12. Let &; be the censored magnetization chain starting from
some sg > %\/5 There exists some constant ¢ > 0 so that for any fixed
v > 0 and n large enough,

Varso St <

< % for any t < T3 (7). (4.35)
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Proof. Rearranging (4.8) and combining it with the fact that |S;| and S,

have the same distribution, we have
§s2 2 4 2s §
(S |Si=s] <s el R e Qﬁn(5$ U))
) 2s 1) 4
2
= 1—— — | tanh 1—— — .
< 5n> + < anh(fs) — < 10> ) + 2

Taking expectation, we get another recursion relation for the second mo-

ment:
4

52,1 <1 = 51) E[S2] + %]E {St(tanh(ﬁst) - (1- 1‘?))575)] + .

Modifying (4.6) in the same spirit, we then obtain another similar recursion

relation for the expectation squared:
c

@S> (1- 0 ) @807+ 5
° ) St>:| : (4.36)

“E[S]-E [(tanh(ﬁst) - <1 -2

Define I' £ tanh (8S;) — (1—+5)S: , according to which we can then

rewrite (4.36) as
o 2 c
Varg, (Se+1) < (1 — 5 Varg, (S¢) + - (E[S:I'] — ES{ET) + 3 (4.37)

f(73) = tanh (8s) — (1 — %) s

Crucially, for any s > %\fd, the function
> 5\/5 we can apply the FKG

is decreasing. Hence, conditioning on &;

inequality and obtain that

E[S;I] P(&Z%\/g) E[Str|8t>%\/g]
+P (8 < IVE) E[Sr S < V]
<P(stzg\/8) E[Styst>g 5| E[r| 8 >1Ve

where in the last inequality we used the fact that the I' < 3§S;, combined
with the condition &; < %\/3 Notice that since S; is non-negative,
ES;

B[S | S > Vo] < ————— |
S LP(Stzgﬂ)
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and furthermore, £ [F | S < %\/5] > (0 . We therefore conclude that

ES,ET ,

EST < — 2 | Py <1)-66
TSP, > IVO) (s <)

IP>(St<%\/5)

1-— P(St < %\/g)

= ESET (1 + > + 60%P(m3 < 1) ,

hence for any t < T3+ ()

Es SiEs, I’
]ES()St]-_‘ - ES()StESUF S IP)S() (7'3 S t) . (]_]P?t(q'go<t) + 6(52) .
S0 >

For this range of ¢, applying Lemma 4.11 to bound P(73 < t) and recalling
that T" is bounded from above by 30S; we get that for n large enough

1
EgySiI — By SiE,, I < %(45(1&0&)2 + 60?)

1
< =5 (49(Es, S¢)? + 46 Varg, S; + 662),

and combining Lemma 4.6 with the fact that |ES;| < (++/§ (since whenever
|ES;| > ¢ Jensen’s inequality and Eq. (4.6) imply that |[ES;11| < |[ES;|) now
yields that

1
on
with the last inequality holding for large n. Altogether,

50

EgySiT — By SiEs, I < - (4.38)

(4(< +V8)? +0(d) + 65) <

/

)
Varg, Si41 < (1 — — ) Var S, + ° ,
5n n2

and by iterating we get that for any ¢ < T3 (v)

c 1 c

W 55 on
To extend the above to any starting position s, > so, notice that the only

difference is the bound we get on 73, which is inferred immediately from
monotone coupling. This completes the proof of the lemma. |

Varg, S¢ <

We are now ready to establish the lower bound on ST;.

Proof of (4.26). At this point, equipped with the variance bound on Z;
(the same bound we have for S;), we can return to (4.33) and (4.34):

c

Ef[Z] = |20l = e}

((¢?8 - 0)E|Zi| - VIIEZ} + OGEZD) ) —
>

S 3=

((¢?8 - 0)E|Z:| - VBI(EZ)? + O((EZ,)?)) - S
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Setting:
bi=a (g oy 5) vig = min{i: b; < 1/vVon} ,u; = min{t : E|Z] < b},
we get
bi/a <E|Z| <b; for any t € [ui, uit1) ,

since Eg,|Z;| is decreasing as long as Es Z; > 1/v/én. For sufficiently large
n, we have

S35 — A5 4 O(83/2
i3 < log, ’ 31\/f;- o ) %10&(52 ) -
Von

Our estimates on | 2| — | Z;41| yield the following:

=< (D) (@2 -0l o) - )

a
= Z ' V3 —— A
27 _ 3a
3(5-1) 1- gt abi-
where in the last inequality we wrote
702& = é . C/2 . 71 S g . 6/2 bz .
Vonz  n V/§2n Ven T n \/62n

Therefore, as b; < ¢ — % 5=(V3 - %)\/5—# 0(5%/?), we get
1

Ujp1 — Ui <

)

n
5(c28-1) 1-2k -

NG Vé2n
. . . b; ct 4
where the last inequality requires that a < 4/3. As 2% + 522n s for a

sufficiently large n, we conclude that

13 4 s n B 13 b /2 >
;U%Fl uzgé(éﬂg_l)(a 1);( +5\f \/57

<(a—1)

< —— - —log(6°n) + 6 (=T5(6) ). (4.39)
92 (C2§ - 1) 1) 1)
0
where again we chose a = 1 +n~!, and this holds for large n.

Remark. Since |Z;| is again a supermartingale with holding probabilities
bounded from above, an application of Lemma 3.1 implies that

Py, (e > T5 (v +6)) < c/v7
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where 7¢ is the hitting time of ¢, i.e., 7¢ = min{t : §; > (}. We thus have:

lim limsupP, s (7 > T (7)) =0.

Y70 n—oo

Combined with the decreasing property of E;,Z; up to 1/v/dn, inequality
(4.39) implies that for any v > 6 and sufficiently large n,

Eoy| 27| < 1/V0n . (4.40)

Together with Lemma 4.12 and Chebyshev’s inequality, we deduce that

Cc

Pso(ZT;(,Y) > B/\/(ST”L) < m,

for some constant ¢ and hence implies (4.26). [

4.3.2. Proof of (4.27): Upper bound of ¢ for S . Similar to our definition

of Z; for the censored magnetization chain, define Z; = ¢ — S for the
non-censored chain. We first show that EZ; is suitably large at 7, , and
then proceed to translate this result to its censored analogue EZ;. Since
tanh(® (2) < 0, the Taylor expansion (4.32) of tanh around ¢ implies that

tanh(8s) < ¢ + B(1 - (2)(s — C) .

We deduce that

23 -6)Z
ElZ; — Ziy1 | Zy) < %(tanh(ﬁ(( -Z)-(-2)) < (Cﬁn)t ’
and therefore
EZiy1 2 <1 - Czﬁn_ 5) EZ; . (4.41)

Iterating the above inequality and choosing sy = %\/5 gives

€25_5 Ty (v) e 4 _ ey
ESOZT:;(V)Z (1_ n 302\/% \/g—g \/g—\/%
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Note that ZTs_ ) + ZTB_ () only if 5; = 0 for some ¢ < Ty’ (7). Noting that,
clearly, 79 > 73 for the above choice of sy, we thus obtain that

EaZry () 2 BsZry oy = D Paolro=tEoSp(,) -,
t<T5 ()

> E, ZT ) — Py (10 < Ty (7)) max EoS,,

t<T; (7) 5 (1)t

2 B, ZT ™) — Py (13 < Ts_(’Y))KI??)((w Varg S,

_ 1/2
1 (¢ 26\ s ()
2 B2y )~ 52 (5n (1 " n) )

- el < 1 > - d'eY
N -
Von von/) — Vén
where the bound on the variance is by Lemma 4.6. Finally, combining

Lemma 4.12 and Chebyshev’s inequality, we infer that for some constant
cp+ depending on B™,

]PSO (ZT:;('Y) = B*/ v 577’) < CB*ei’Y )

Ty (v)-t

which then implies (4.27), and concludes the proof of Theorem 4.10. [ |

4.4. Getting from 1 to (. In this subsection, we consider the problem
of reaching ¢ from the other endpoint of the censored magnetization chain,
namely, from 1. The result stated by the following theorem is analogous to
Theorem 4.10 from the previous subsection.

Theorem 4.13. Define

A 1

R Y
T () ETa+m/s , Ty (y)=Ty—n/s .

- %log(6%n) ,

The following holds for the censored magnetization chain St and any B* > 0:

Jim lim lminf Py (S ) < ¢+ B/Von) =1, (4.42)
lim limsup Py (S, y <S¢+ B*/vén)=0. (4.43)
Y= n—oo

4.4.1. Proof of (4.42): Upper bound of ¢ for STI' Our argument here again
hinges on the contraction of the magnetization towards {. For convenience,

define Z, = (St — ¢) to obtain a positive sequence until hitting ¢. Recalling
that by (4.6),

1
E[Sir1| St =5 <s+ E(tanh(ﬁs) —s)fors>0,
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we can combine Jensen’s inequality with the concavity of the hyperbolic
tangent and get that

E[Zt—i-l — Zt] = E(E[St+1 — St ’ St]) S % (Etanh(ﬁSt) — ESt>

S % (tanh(ﬁESt) — ESt) = % (tanh(ﬁIESt) — EZt — C) . (444)

Consider the Taylor expansion of tanh around ¢ as given in (4.32). Since

tanh(® () < 5 for any x > 0, it follows that for a sufficiently large n the

term —%(s — ¢)? absorbs the last term in this Taylor expansion, and hence

tanh(fs) < ¢+ B(1 = *)(s = ) + (=1 + *)¢(s — )%
Recalling that ¢ = v/35 + O(6%/2), Eq. (4.44) now translates into
E[Z 1 — 7] < % (— (€8 — 6)EZ — V36(EZ,)* + O(5(IEZt)2)> . (4.45)
As before, set
bi=a"" iy =min{i:b; < 1/\/%} and u; = min{t : EZ; < b;} .

As a bi-product, our analysis of EZ; will also yield a result on its behavior
for the first n/d steps, as we will later formulate in Lemma 4.14 and use in
Section 5. To this end, we also define

i 2 minf{i : b; < Vo) .

By (4.45) we have that E1Z; is decreasing as long as it is larger than 0,
giving
b;/a <EZ; < b; for any t € [u;, uir1) .

It follows that

daey — s < (a—1)b;/a
Tl ((gZﬁ —0) %+ V/35(%)2 - 05’?3)
(a —1)a*n

(¢28 — &) a + V/38b; — ca2db;
Hence, absorbing the term ca2b; in the term v/36b; gives

i 2 2

a*(a—1)n a*n n

Zui—i-l —u; < Z < <=, (4.46)

po S, V20b V2(1+a)s — 0
i:b2>6/a?
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and

1
Z Ujp] — Ui < Z (cgw_)ogn

i=i)+1 1<i<iy
b2 <8

<(Ca25 5 {1<i<ig:(6n)” 1<b2<(5H
1

<7
T 22510

where we used the fact that the {b; %} is a geometric series with ratio a2, and
in the last inequality we chose a = 1+n~!. Adding the last two inequalities
together, we get that

*lg(5 n) ,

14
n 1 n
i1 — g < = + —————— log (62 =T; (1)) . 4.47
Do = S G gy o) (STHW). (4D
Thus, for a sufficiently large n and any v > 1 we have E1 ) < 1/vén

(recall the decreasing property of EqZ;). Furthermore, by Lemma 4.12,
Vary ZTI(V) = Var; STj('y) < /(6n) .
Applying Chebyshev’s inequality, we therefore deduce that

Pso(Zy+ () = B/Von) < ﬁ
for any v > 1 and some constant ¢. This completes the proof of (4.42).

Notice that, in addition, for any v > 1 and sufficiently large n, Cauchy-
Schwartz gives the following

E1|ZTI(7)| <c¢/Von. (4.48)
This bound will be used later on in Section 5.

Remark. Recalling that |Z;| is a supermartingale with holding probabilities
bounded uniformly from above, we apply Lemma 3.1 and obtain that for
some constant c,

Py (¢ > T (y+1)) <e/V7

where ¢ 2 min{t : S; — ¢ < n~'} denotes the hitting time to ¢. This
immediately implies that

lim limsup Py (¢ > T, (7)) =0 .

Y—=X npn—oo

As mentioned above, a bi-product of the above analysis is the following
lemma that addresses the behavior of Z; after n/§ steps.
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Lemma 4.14. Starting from all-plus configuration, the expected magnetiza-
tion drops quickly in the first n/d steps. Namely, for sufficiently large n we
have E1 S, /s < ¢+ 2V/4.

Proof. To prove the lemma, recall that by (4.46) and the definition of i, we
have

E1Z,5 < V5 .

Lemma 4.12 gives

/

= c
Var1 Zn/5 = Var1 Sn/(; < % < ) 5

where the last inequality holds for any sufficiently large n. The proof is
concluded by Cauchy-Schwartz. [ |

4.4.2. Proof of (4.42): Lower bound of ¢ for S o We wish to show that a

censored magnetization chain started at 1 will satisfy S - > ¢+ B*/ Von
with high probability for any fixed B* > 0. By the monotone coupling, it
suffices to prove the above statement given any other starting point. With
this in mind, it is convenient to set sy = ¢ + V8, and similarly, zy = V¢
(continuing the notation Z; = S; — ¢, given in the previous subsection).

As we will show, the magnetization chain has a roughly symmetric be-
havior in the interval of order v/§ around ¢. In particular, recall that in
order to prove Theorem 4.10 (that addresses the time it takes S to hit ¢
starting from %\/3, that is, order V¢ away from ¢ ), we established Lemma
4.11, stating that the magnetization stays above v/§ with high probability
all along the relevant time-frame. By following the exact same argument
of Lemma 4.11 it is possible to obtain an analogous symmetric statement:
Here the magnetization will always stay below ¢ +2+v/8 with high probability.
This is formulated in the following lemma. The proof is omitted, as it is
essentially identical to that of Lemma 4.11.

Lemma 4.15. Consider the original magnetization chain Sy started from
so=C+V0. Let 7y = min{t : S; > ( + 2V/6}. The following holds for any
fixed v > 0 and sufficiently large n:
1
Py, (14 < T4+(’7)) < 20
Given the above lemma, we can define

7 & Za{my >t}

and obtain that the indictor in the definition of Z* does not make a real
difference.
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Using the Taylor expansion of tanh(-) around ¢ as given in (4.32), we get

Bl i~ 2| 20> (tanh(8(Z0+ Q) — (Z+ Q) -

3)
_! (- (¢2B—0) Zi — V36 2} + tanh(j(g)zf - 0(53/223)> — %

n

n2

for some ¢ between S; and ¢, and switching to Z; gives
_ _ _ c _
E(Zfy — ZF | Z4) > —$—2\/5]P>(74 =t+1|Z)

+i(—@%—azrﬂﬁazf—mm?“%@ﬁ+owm&m%>-

Since tanh®) (r) > —2 for any 0 < x < 2, and crucially, since Z} < 21/9,
changing the coefficient of the term (Z})? from v/36 to —3v/§ absorbs the
entire term (Z;)3 (as well as the error term) for a sufficiently large n. There-
fore, using (4.41) (notice that Z; = —Z;) as well as Lemma 4.12, we have
that

EZf, > <1 - CQBn_ 5) EZ; — ﬁlE(Z*) - % —2VoP(ry =t +1)
> (1 — C2ﬂn_ 5) EZ} — ﬁ (Var Zy + (IEZ;)Q) — 2\/5]?(7'4 =t+1),
and also

249 t
Vath+(EZt)2§C+<1—C b 6) 2.
on n

Combining the above two inequalities and iterating, and finally applying

Lemma 4.15, we obtain the following bound on ESOZ; ") for sufficiently
large n:
g g oy CB=\"T n§§11_85—5t
W =\ Ve & "
; (-1 T, (v)—t
3f fa 23 -6 7 _
(1-2= ) 3 2B, (i < Ty (7))
t=0
>e7/2_ c n _3\/5 1 n 5= of 1 )
T Von  Ven?2 (PB—06 n \§2n B—90 Von

eV/3

> )
T Von
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where in the last inequality the second and the third term are absorbed in
the first term, due to the assumption 6?n — co. This then implies that

_ /3
s0lrr o) 2 5

Together with the variance bound of Lemma 4.12 and Chebyshev’s inequal-
ity, we obtain that for any constant B* > 0 there is some cp+ such that

E

PSO(ZT[(W) < B*/Von) < cpee P
This concludes the proofs of (4.43) and Theorem 4.13. [

4.5. Proof of Theorem 4.1: magnetization chain cutoff. Based on
the above analysis, we are now ready to establish cutoff for the censored
magnetization chain. Define

TET +To+T3, TT(Y) 2T +~n/6 and T () =T —~n/s .

Upper bound given worst starting position. Our goal in this subsection is to
prove an upper bound on the cutoff location for the chain &, as specified
in Theorem 4.1. The hitting-time estimates that we have so far provided
for S; will imply that this chain is reasonably close to ¢ at time T (v) (se
Lemma 4.17 below), and the required upper bound will then be obtained as
an immediate corollary of the following lemma:

Lemma 4.16. Let S; and S; be censored magnetization chains starting
from two arbitrary positions sy and §g, and denote their coalescence time
bY Tmag 2 min{t : Sy = S;}. Then there exists a coupling so that
ST + _
Jim Tim sup Py, g (Tmag > T (7)) =0 -
To prove the above lemma, we must first establish that starting from any
s0, the censored magnetization chain at time T (v) is fairly close to (.

Lemma 4.17. Let S; be a censored magnetization chain started from sg > 0.
Then St+ () will be in an O(ﬁ) interval around ¢ in the following sense:

. N > —0.
Blgnoo 71520 hgljgp Py (ISr+(y) — ¢l = B/Vdon) =0

Proof. The proof will follow from the monotone coupling, combined with our

results from the previous subsections. We construct the following couplings

of three chains S, S; and S}, which start from 0, so and 1 respectively.

(1) At time 0, we start the chains Sf and S;. We construct a monotone
coupling of S? and &;, and run these two chains up to time Ty + 7.
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(2) At time T} + T, the top chain S} starting from 1 joins in (for better
consistency, we index its time starting from 77 + 75, to match it with
the other two chains). Now, we construct a monotone coupling for
these three chains and run them for another T5 + yn/d steps, with
~ sufficiently large (note that T3 = Ty).

By our construction, S? <S5 < Stl holds for all t > T1 415, and in particular
at time ¢t =T + To + T5 + yn/4.

Combining Theorems 4.4, 4.9 and 4.10 (namely, equations (4.3), (4.20)
and (4.26) respectively), we obtain a lower bound for SP, and hence for
S;. On the other hand, Theorem 4.13 (namely, equation (4.42)) provides
an upper bound for S} and hence for S;. This concludes the proof of the
lemma. |

The above lemma has following immediate corollary, which establishes
the concentration of the stationary censored magnetization. To obtain the
corollary, simply choose sy randomly according to the stationary distribution
of §; and apply Lemma 4.17.

Corollary 4.18. Denote by w the stationary distribution of the censored
magnetization. Then the following holds:

lim lim 7([¢ — B/Vén,(+B/Von])=1.

B—o0o n—00

To continue the proof of Lemma 4.16, we next study the coalescence time
of two censored magnetization chains, each starting from somewhere close
to (. Recalling that the magnetization is contracting around {, we will show
that in fact the difference of the above mentioned two magnetization chains
behaves essentially like a supermartingale. To be precise, define

TDémiﬂ{ti St — S <2 or §<IVS or Stgg\/g} ,
D £ (8 —8)1{rp >t} .
Under these definitions, the following holds:

Lemma 4.19. Let S; and S’t be two censored magnetization chains started
at so and Sy resp., with sg > 59 > %\/3 Then Dy is a supermartingale.

Proof. Noting that there is no difference between censored and non-censored
magnetization for any ¢ < 7p, the proof below will treat non-censored chains
for simplicity.

Note that Dy = 0 implies that 7p < t and in particular D; 1 = 0, therefore
the supermartingale condition holds in this case. It remains to treat the case
Dy > 0. In this case, by definition we in fact have D; > 4/n, which implies
that Sy > %\/5, that S, > % 6 and finally that we cannot have Sy < Sy
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for any t' < t+ 1. We now track the slight change in D; after a single step.
Here and in what follows, let F; be the o-field generated by these two chains
up to time ¢. By definition (3.1),

E[Dyy1 — Dy | Ft) = E[Sp1 — St + S — Spq1 | | F]

=[50 = fa30)] + 2k L o)~ 0n(80)]
where
fals) = % {tanh[B(s + n~!)] + tanh[B(s — n~ )]}

0, (s) 2 _73 {tanh[B(s +n~")] — tanh[B(s — n~)]} .

As argued above, S; > S, hence the Mean Value Theorem implies that for
some Sy < £ < S

Fa(Se) = fa(Se) = (S: — gt)g [cosh™?(B(¢ +n~1)) + cosh*(B(6 —n™"))] ,

and by the assumption D; > 0 we deduce that & > % 0 and therefore
E—n"t>(I- 0(1))V/4. Recalling that cosh(z) > 1+ 22, we get

(50 = (50 < (5= S e
~ 5 5 -
< (S —St)1+(% —o(1))26 < (1 - 3> (S¢ = Se) ,

where the last inequality holds for any sufficiently large n (as § = o(1)).
Applying Taylor expansions on tanh around (S; and 5S;, we deduce that

BS BS;

Gn(St) - Hn(st) = _nCOSh2(/BSt) nCOSh2(B§t)

on=?),

and since the derivative of the function z/cosh?(8z) is bounded by 1, an-
other application of the Mean Value Theorem gives

B(St — S) N

071(515) - an(gt) S n

o(n=3) .
Altogether,

b (S — S;) +0(n™%,

n2

5 _
E[Di11 — Dy | ] < —BTL(St — S +
hence for a sufficiently large n we obtain that for all ¢ < 7p,
0
E[Diy1 — Dy | Fi] < —@Dt <0. (4.49)

Altogether, we conclude that D; is indeed a supermartingale. |
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We are now ready to provide an upper bound on the coalescence time of
two chains, each starting from somewhere close to (.

Lemma 4.20. There exists some constant ¢ > 0 so the following holds. Let
B > 0 and let S;,S; be two censored magnetization chains starting from
50,80 € [¢ — \/%, ¢+ \/%] resp. Then there exists a coupling of S¢, S with

75

Proof. We run the censored magnetization chains S; and S; independently

Pso,éo (Tmag > B3n/5) <

until 7p. Without loss of generality, suppose that Dg > 0, and let W} = 5Dy
By Lemma 4.19, D; is a supermartingale and hence so is W4.

It is easy to verify that W} satisfies the conditions of Lemma 3.1 with the
stopping time 7p, by the uniform upper bound for the holding probability of
the magnetization chain and since at most one spin is updated in each step
prior to 7p (no censoring comes into effect). Hence, by Lemma 3.1, together
with the bound on Wy due to the assumption s, 9 € [( — \/%, ¢+ \/%], we
obtain that the following holds for some constant ¢ > 0:

B3n c

P >——|Dy) < —. 4.50

(o> 55 120) < 75 (20

On the event D,,, = 2/n, we construct a simple monotone coupling of S;
and Sy, which turns D; into a non-negative supermartingale. By (4.49),

1)
E(Diy1 — Dy | Ft) < o2

2 for t < Tmag -

Therefore, an application of the Optional Stopping Theorem for non-negative
supermartingales gives that for some constant ¢’ > 0,

/

B3 2 E(Tmag —
"\ D, = 2) < Bl 0] € (451)

]P) mag ~— 2 Tac B =~ 5 -
(T gD =95 B3n/26 B

Finally, Lemma 4.11 implies that for any t = O(n/d) we have Dy = S; — S;
with high probability. Altogether, we deduce that there exists a coupling
with the required upper bound on 7. |

Lemmas 4.17 and 4.20 immediately complete the proof of Lemma 4.16,
which establishes the upper bound for the cutoff in Theorem 4.1. |

Lower bound given worst starting position. In order to establish the lower
bound for the cutoff as specified in Theorem 4.1, we show that for any
fixed B > 0, the censored magnetization starting from 0 satisfies Sp-(,) <
¢ — B/v/én, unlike its stationary distribution.
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To see this, we combine Theorems 4.4, 4.9 and 4.10 (namely, equations
(4.4), (4.21) and (4.27)), and deduce that for any constant B > 0
lim lim sup Po(Sp-(y) > ¢ — B/Vdn) =0.

Y70 n—oo

Together with Corollary 4.18, it then follows
lim hmmf | PT"00,.) = x|ty =1,

y—o0 n—

providing the desired lower bound.

Cutoff from all-plus starting position. The cutoff for the censored magne-
tization starting from Sy = 1 will follow from the results we had already
proved in order to establish cutoff from the worst starting position.
Indeed, for the upper bound, we first claim that the following statement
holds, analogous to Lemma 4.17:
lim lim hmsupPl(|ST+ —¢| > B/Vin)=0.

B—0o0oy—20 poco

To see this, construct a monotone coupling of two chains, S; and S, starting
from 1 and %\/3 resp. The above statement then follows from equation (4.26)
of Theorem 4.10 and equation (4.42) of Theorem 4.13, together with the fact
that S; > S; for all .

Therefore, Corollary 4.18 and Lemma 4.20 imply that S; will coalesce
with the stationary chain at some ¢t < T, (v) with probability arbitrarily
close to 1 (as vy increases).

The lower bound follows from equation (4.43) of Theorem 4.13 combined
with Corollary 4.18, in a manner similar to the proof of the lower bound for
the worst starting position.

This concludes the proof of Theorem 4.1. |

5. CUTOFF FOR THE ENTIRE DYNAMICS

In this section we prove Theorem 1. Recalling the definition of T', T (v)
and T (), we need to show the following:

lim limsupd,(T*(y)) =0, (5.1)
TR n—oo
lim liminfd, (T (y)) =1. (5.2)
Y—00 M—00

Note that the lower bound for the mixing time of the censored magneti-
zation chain, as given in Theorem 4.1, immediately gives the desired lower
bound (5.2) for the entire dynamics, and it remains to prove (5.1).

We wish to extend the upper bound we had for the magnetization chain
onto the entire dynamics. To this end, we need the following Two Coordinate
Chain Theorem, which was implicitly proved in [13, Sections 3.3, 3.4] using
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two-coordinate chain analysis. Although the authors of [13] were considering
the case of the original (non-censored) Glauber dynamics with 0 < 5 < 1
fixed, one can follow the same arguments and extend that result to censored
Glauber dynamics with 8 = 14§ where § = o(1). Later on, when we discuss
the case of § fixed, we shall describe how this argument should be (slightly)
modified so that it would hold for any constant §.

Theorem 5.1 ([13]). Let (X;) be an instance of the censored dynamics, p
the stationary distribution of the dynamics, and suppose Xy is supported by

Q={oeQ:[S0)<3i}.

For any og € Qo and 6 € Q, we consider the dynamics (X;) starting from
oo and an additional censored dynamics (X;) starting from &, and define:

Tmag = min{t : S(X,) = ()},

U() 2 i oli) = ooli) =1}, V(o) 2 [{is0(i) = oo(i) = 1} .
= £ {o: min{U(0),U(a9) — U(0),V(a),V(00) = V(0))} > 2} |

R(t) 2 ’U(Xt) —Ux)|

Hl(t) = {Tmag < t} s H2(t17t2) = ﬂtj2

1=t1

(X, €2 AN X €5} .

For any possible coupling of X; and X, the following holds for large n:

n
i [Py (o €)= v < i [P (R) > oy [7)

GeN

+P,,o,a(H1<n>>+PUO,5<H2<n,rz>>+ﬁ-\m C 53)

and any ry <1y and o > 0.

We begin with establishing the fact that any instance of the censored
Glauber dynamics concentrates on {2y once it performs an initial burn-in
period of n/d steps, as incorporated in the following lemma.

Lemma 5.2. Let X; be the censored Glauber dynamics starting from some
starting configuration oo. Then X, ;5 € Qo with high probability.

Proof. By the monotone-coupling of the censored magnetization chain, it
suffices to bound Py (|S,, /5| > 1), i.e., to treat the worst starting state oy = 1.
Lemma 4.14 gives that

E1S,5 < ¢ +2V6=0(V6) .
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Combining with the variance bound given in Lemma 4.12 and Cheybeshev’s
inequality, it follows that

1 1
> ) = e =
PiSa > ) =0 (5 ) = o).
completing the proof. |

Remark. The statement of the above lemma in fact follows directly from
the upper bound on E;S,, /5, without requiring a second moment argument.
Nevertheless, we included the above proof as it also holds when § is fixed (a
case that will be treated in Section 7).

It remains to bound R(r1) and Ha(r1,r2), where the parameters r; and
ro will be specified later. To do so, we must first extend the variance bound
given in Lemma 4.12 to the original magnetization chain.

Lemma 5.3. Let S; be a magnetization chain starting from sg > %\/5
Then there exists some constant ¢ > 0 so that the following holds:

Varso St S % 5 (54)

for any T;(6) <t < Ty (), any fired v and any sufficiently large n.

Proof. Define 7o = min{t : |S;| < 1}. Recalling the fact that |S;| and S;
have the same distribution, we obtain that for any T3 (6) < t < T3 (v)

Varg, (S;) = Varg, (S¢) + (EgySt)? — (EsySi)?
C
S % + (ESOSt + ESQSt)(ESQSt - ESOSt)

t

< 2B, ;- Y Pug(m0 = k)y/Varo Si

k=1

C1 1 (&) 20 t
<L yaec |2 (1+2
_5n+<52n 5n<+n>’
where the last inequality follows from (4.48), Lemma 4.11 and Lemma 4.6.
Note that, as § = o(1), we have

1
T3 = (Z + o(l))%log(dQn) and ¢ <4V0 .
Altogether, there exists some ¢ > 0 so that for sufficiently large n,

Vars, (St) < <

on

as required. |

for any Ty (6) <t < T3 (7) ,

Now, we are ready to establish an upper bound for the sum of the spins
over a prescribed set, as stated by the next lemma.
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Lemma 5.4. Let X; be the censored Glauber dynamics starting from og with
corresponding magnetization sg > %\/5 Then there exists some ¢ > 0 so the
following holds for any fized subset F' C [n], any v and sufficiently large n:

Eoo| S (X:(0) — g)] < c\/? for dl TH(6) <t < Ty (7).  (5.5)

i€EF

Proof. Observe that the censored Glauber dynamics X; is identically dis-
tributed as X; -sign(3_,¢p,) X¢(4)). Thus, it is possible to study the censored
dynamics via the original one in the following manner: We construct a mono-
tone coupling of X, , X; and Xt‘*' , starting from all-minus, o¢ and all-plus
respectively, such that X, < X; < X, for all £. At the same time, we
couple X; and &; so that &} = X - sign(3_; ¢, Xe(4)). Altogether,

> () - O < max{ D (X7 6) - ¢) L Y (X7 () - Q) }
ieF el 1eF

< ‘Z(X;(z') —g‘)) +‘Z(X{(i)+é)’ :
ieF i€l

Replacing F' with F° in the above inequality, we obtain

> (a0 -0 < | S0 -0+ | X xr@+9)

which implies that
> (@) =0 zn(s - O = (| D@ -0+ | v +0])
A::gether, we have - -
);w@(i) IE ‘EZF(XM -0+ DX ) +0)|
+| 3 (X ) -0 +| ;W<X;<i>+c>\ +n(S—0)

Squaring and taking expectation, it follows that

FE [ (00— 0] < B S0 - O + B (X (@) + O
el el el
+ 1By (St — O+ Eo| D (X)) - O +E| D (X7 () + O, (5.6)
1€Fc icFec

where we absorbed the mixed terms, generated when squaring the former
expression, using the multiplying factor of % We now move on to estimating
each of the expressions in the right-hand-side of (5.6).
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Combing (4.48) and Lemma 5.3, we get

By (S~ (2 = 0(5-) -

on

Next, we need to estimate Ep| Y, p(X; (i) — C)}z. Again by (4.48), and
also by symmetry, we infer that

2 n
= S0 -0 - o).
B> - 0 =0(5
1EF
It remains to bound the variance for the partial sum:

e If at time ¢ the spins are positively correlated (by symmetry, the
covariances of all the pairs of spins are the same) then Lemma 5.3
yields

A (i) = ¢) < n? = (ﬁ) .
ar,. Z(Xt (i) = ¢) <n*Vary § = O (=

el

e If at time ¢ the spins are negatively correlated, then it follows that
Vary S(XH() — 0) < 3 Var, X[ (i) = O(n)
i€F icF
In any case, the variance is O(%), and hence
. 2 n
Y (X =0(5) -
IEF

The remaining three terms in (5.6) are treated similarly (the chains starting

from all-plus and all-minus are symmetric). Therefore, we conclude that for
some constant ¢ > 0 independent of the choice of F',

) 2 en
Eo| Y (0) Q)| <5 (5.7
1EF
The proof now follows from Cauchy-Schwartz. |

The above lemma will next be used in order to produce upper bounds on
R(r1) and H(ry,r2) as defined in Theorem 5.1. The next lemma will address
the bound on R(r;), for some r; to be specified later.

Lemma 5.5. Consider two instances of the censored Glauber dynamics,
(X) and )Et, started at some o9 € Qo and some arbitrary 6o respectively.
Define R(t) and U(X:) as in Theorem 5.1. Then there exists some ¢ > 0
such that for any o > 0,

lim limsup Py, 4, (R(T+(7)) > oz\/g) <
TP n—oo o

21lo
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Proof. Let F' = {i: 00(i) =1} and E be the event

£ 4 4
By definition,

R(1)] = 1U(X) — U()| = | 30 4) = > &)

i€F el
= > (@) - = > (A0 - 0|
el i€l
< ‘Z(Xt(i) —g)‘ +‘Z(??t(i) —C)( :
i€l el

Together with Lemma 5.4, this gives that

Eoo [|R()| | E] < \/§ (5:8)

for any TF(6 4+ v/2) <t <T*(v) and sufficiently large n. Note that

PJOv&U (R(TJF(’Y)) 2 O‘\/?) < Poo,&o (Ec) + Pao,&o (RTvL(,y) > Oé\/?‘ E)

The first term in the right-hand-side above vanishes as 7 — oo by (4.3) and
(4.20), and the second term can be bounded by ¢/a according to (5.8) and
Markov’s inequality. This completes the proof. |

We proceed to bound Hy(r1,72), the final ingredient required for applying
Theorem 5.1.

Lemma 5.6. Let X; and X, be two instances of the censored dynamics,
started at some og € Qo and some arbitrary & respectively. Define Ha(r1,72)
as in Theorem 5.1. The following then holds:

lim lim limsup Py, 5,(H2(TT(71),T%(72))) =0 .

Y170 Y270 noo

Proof. Let F' = {i: 09(i) = 1} and note that o¢ € Q¢ implies that

T<IFl< %” .
Next, define:
o {smm ) 2 A3V A Spyiri > %JS} ,
y 2 S 1{‘2(;@@) ‘ %}

THM)E<THy2)  i€F
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Notice that
)
(U {|S@wo-o|z5}np)

gP({Y>”}mE>§WE[§1E].

Recall that, (5.7) actually gives that for any choice of 12 < 41 < 79, any
TT(y) <t <T7(y2) and any sufficiently large n,

E[|Y (%) = QF | E]

ieF

cn
<.

Hence, a straightforward second moment argument gives the following:

P (\ > () = Qf1p > &) -0 (5171) , (5.9)
i€l

and altogether, E,,[Y1g] = O(6~2) and

IP’( T*Ow) {‘Z(Xt(i) —g)’ 2n/32} ﬂE) =0 (5217) :

t=T+(m) \ i€F

An analogous argument for the chain (X;) shows that

]P’< T*L(JV?)){‘Z(;@@) _g)‘ > n/32} ﬂE) e, <521n) :

t=T+(m) \ i€F

Combining last two inequalities along with (4.3) and (4.20) (that establish
that P(E) — 0 as 73 — oo) implies the required result. [ |

Finally, we set
ri=T"(y), o=T"(2y) and a= a

Combining Lemmas 4.16, 5.2, 5.5 and 5.6, then applying Theorem 5.1 with
the above specified parameters, we obtain (5.1), the required upper bound
on the mixing time.

6. SPECTRAL GAP ANALYSIS

In this section, we prove Theorem 2, which establishes that the spectral
gap has order J§/n.

The following proposition of [5] relates the spectral gap of the original
(non-censored) Glauber dynamics for the mean-field Ising model to the spec-
tral gap of its magnetization chain:
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Proposition 6.1 ([5, Proposition 3.9]). The Glauber dynamics for the
mean-field Ising model and its one-dimensional magnetization chain have
the same spectral gap. Furthermore, both gaps are attained by the largest
nontrivial eigenvalue.

It was shown in the proof of the above proposition that the spectral
gap of the Glauber dynamics is achieved by the second largest eigenvalue.
This is also true for the censored Glauber dynamics, and the proof for the
original dynamics extends directly to the censored one (we omit the full
details). Therefore, it remains to estimate the second largest eigenvalue of
the censored Glauber dynamics. To do so, as in the case of the non-censored
dynamics, we begin by studying the spectral gap of the magnetization chain.

6.1. Spectral gap of the censored magnetization chain. We wish to
prove the following result:

Theorem 6.2. The censored magnetization chain S satisfies gap = ©(d/n).

Note that the censored magnetization chain is a birth-and-death chain on

2 2
\Ifé{o,—,---,l——,l}
n n

with jumps of size % (for the sake of simplicity, assume that n is even: For

the space

n odd, the only difference is that the initial state 0 is replaced with % and
all of our arguments remain the same).
For the convenience of notation later on, we define

Ula,b) £ {z eV :a<z<b}

(and similarly, ¥U(a,b), etc., are defined accordingly). We also introduce the
notation p,, ¢z, h, to denote the transition probabilities of the chain from x
to x + %, tox — % and to x respectively, as follows:

1
pzépm(l‘,x—&-%): (2-1{x:0}+1{x>0})1;$-1+tanh[2ﬁ(x+”)],

l+z 1-— tanh[B(z — 1)]

n

2 9

¢ = Pu(z,x — 2) = 1{x > 0}
hx éPM(.’L‘,fE) = 1_pZ‘_Q$ )

where the indicators treat the special case of x = 0. By well known results
on birth-and-death chains (see, e.g., [14]), the conductance ¢, of the edge
(x,z +2/n), and the conductance ¢, of the self-loop (z,z) for z € ¥ are

P h
Cy = H -+ ) C;: = Tm(cm—2/n + Cac) :
yEU(0,2] Qy Pz T 4z
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We define the total conductance as the sum

cg = Z(C”” +d,) .

zew

Finally, for the convenience of using the results of [5], we follow the notation
there and define &; as:

A 1 A 1 A 1
51:\/;7 SQZC_\/;a 53:C+ %

6.1.1. Lower bound on the spectral gap. The lower bound will rely on a
Cheeger inequality involving the conductance of the chain (not to be con-
fused with the above notion of a conductance of an edge), to be defined
next. First, the edge measure @, corresponding to a transition kernel P, is
given by

Q(z,y) = x(@)P(z,y) , QA B = > Qx,y),

reAyeB

and has the following interpretation: Q(A, B) is the probability of moving
from A to B in one step when starting from the stationary distribution. The
bottleneck ratio of the set S is defined as

2 Q(8.5%

2(5) £ =5

and the bottleneck ratio of the whole chain is

d, £ min  D(S).
S:m(5)<1/2
The beautiful relation between ®, and the second largest eigenvalue of a
chain was established by Alon (1986), Jerrum and Sinclair (1989) and Lawler
and Sokal (1988), as formulated by the following lemma.

Lemma 6.3 (2], [11], [12]). Let A2 be the second largest eigenvalue of a
reversible transition matrix P, and ®, be its corresponding bottleneck ratio.

Then
(1)2
7* <1 - <20, .

We therefore proceed to determine the order of ®, for our censored mag-
netization chain. The following lemma, together with Lemma 6.3, will im-
mediately provide the desired lower bound of order % on the spectral gap.

Lemma 6.4. The bottleneck ratio of the censored magnetization chain sat-

isfies ©, = O(y/d/n).
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In the following proof and throughout this subsection, we will apply the
results from the companion paper [5] on the conductances of the magne-
tization chain. Although those results address the original (non-censored)
chain, notice that the conductances are the same everywhere except at the
origin 0 (where the corresponding conductances are of the same order).

Proof. Considering ( as the bottleneck, by definition we have

TOpe __mQ)  _ G2tete
([0,¢1) ~ w(¥[0,C]) T Cocwpqles + i)

In the proof of [5, Lemma 6.2], it was shown that

@ ([0, ¢]) =

o = O(c) uniformly over x € W[y, &3]
¢ = O(c¢) uniformly over x € ¥ | (6.1)
¢, =0O(c,_2 +c;) uniformly over z € U .

Therefore, we deduce that

By symmetry, an analogous argument gives that

o(T[C, 1)) :o( é) .

n
Altogether, noting that at least one of ¥[0,(] and W¥[(, 1] has stationary
probability no more than %, we obtain that

B < min (2(2(0,)) , #(¥Lc. 1)} = 0(y/2)

implying the required upper bound on P,.

For the lower bound, let S be the set minimizing ®(S) in the definition
of ®,. Observe that S is necessarily some interval W[, £], by the struc-
ture of the birth-and-death chain. Since we consider only such sets with
(W[, ) < %, then either W[0,&] or W[¢’, 1] will have stationary probability
at least ;. Suppose without loss of generality that m(¥[0,¢]) > 7(¥[¢, 1]).
This gives
Q(Y[E &, Vg &)  Q¥[0,&,v[0,¢) 1

sulee) o g 2t 62

since our assumption implies that 7(¥[0,¢]) > 7. It therefore remains to

show that for some constant b > 0 we have ®(¥[0,&]) > by/d/n.
First, consider the case £ < ( = & + /1/dn. In this case we have

Cat2/n >1+ \/g— O(1/n) uniformly for x € V[§;,& —/1/0n], (6.3)

Cx

B(S) =
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by [5, equation (6.8)]. Therefore, the sum of the c¢,-s in the above interval
is at most the sum of a geometric series with a quotient of 1/(1 + £+/5/n)
and initial position c¢, and it follows that

Z chB\/?-Q.

T€W[E1,6—+/1/07]
Furthermore, it follows from [5, equation (6.4)] that
¢z = O(cy) uniformly over all z < y in ¥[0,() . (6.4)
Altogether, we deduce that
Z Cx = O( n/5)c§ .

2EV[0,€]
Therefore, noting that p, > % for all x < (, we conclude that

T ce/8 o

Y08 = G > e T > -

where by > 0 is some absolute constant. Together with (6.2), we deduce
that in the case £ < ( we have

1 1 1)
5(5) > Lo(wio.e) > T2

Second, consider the remaining case where £ > (. By symmetry, a similar
argument to the above then shows that in this case, for some other absolute

constant by > 0, we have
0
D(WIE 1)) = bay

Therefore, we immediately have
QYL L], WIEETY) _ QL 1), W[E, 1]°) \/?
d(S) = bat/ — .
B =""weeny = swey  Va
Altogether, ®, > b\/d/n for b = min{%bl, by}, as required. [ |

6.1.2. Upper bound on the spectral gap. Observing that the censored mag-
netization chain contracts around (, our argument for the upper bound on
the spectral gap will be based on the Dirichlet representation, using the test
function I — ¢, where I : R — R denotes the identity map. To this end, we
will need to estimate the fourth moment of S — (, where S is the censored
magnetization chain started from the stationary distribution.

Lemma 6.5. The stationary censored magnetization chain satisfies:

Er (IS —¢*) =0 ((6n)7%) .
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Proof. Using the same notation of Lemma 6.4, let

N S N A AT e L

and define
, 32 32
= -, _|_
£=¢ Von &=¢ Von

We will analyze the decay of d, as x grows further away from W[¢5, &5].
Noting that in [5, equation (6.10)] it was shown that

Cx+2/n§1_m+0(1/n) for x > &3
C

T

we deduce that for = > & and sufficiently large n

da:+2/n < Ca:+2/n (1 i 2/n >4 <1 1 1)
da: - Cy 32/\/ (571

which implies that

> de <4\[ dg . (6.5)

zeW[Es,1]

Similarly, an analogous argument using (6.3) gives that
Y odo= 0(\/?%) , (6.6)
LISy
Now, recall that &, = O(1/v/6n) = o(¢), which together with (6.4) yields
dy = O(dg,) uniformly over x € ¥[0,&1] ,
and since dg, = O(dg,) (again by (6.3)), we get

Y odo= 0(\/?%) . (6.7)

zeWw [0761}

Finally, in the interval W[&), &5] by (6.1) we have

B 1 . 1ot
dy = O(W . CC) uniformly over x € U[¢), &5

Y 4 —0(\/;(5n) <)~ (6.8)

zeW[Eh £l
Combining (6.7), (6.6), (6.8) and (6.5), we conclude that

D da= O(\ﬁ(&lz) <)

zev

and therefore
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As (6.1) gives that d), = O(d,) uniformly over 2z € ¥, we further have that

S e+ ) —-()<\/7;(5;)2‘c<) |

zew

Now, by [5, Lemma 6.2] we have

@=@<¢Zm0, (6.9)

cs

and altogether

Er(lS —¢*) = =0 ((6n)7?) ,

as required. |

Remark. Using the above method, one can obtain that for any fixed k we
have E.|S — (/¥ =0 (((5n)*k/2).

Another ingredient required for the upper bound on the gap is the next
estimate on 7(0), which is readily obtained from our previous results on the
conductances of this chain.

Lemma 6.6. The stationary distribution of the censored magnetization

chain satisfies m(0) = O(1/¢n).

Proof. Following the notation of the previous lemmas, recall that (as stated
before), [5, equation (6.8)] gave that

Cx42/n o .

——>141/——0(1/n) uniformly for x € ¥[¢,&] .

Cx n
In particular, we have
— —2/V6
g > 2 —&[  _ C—2/vin

1
- >SZC.n.
2/n &1 2/n ¢ Z 4< n-Cg oy

where the last inequality holds for large n, as 6°n — oo with n. In addition,
(6.1) and (6.4) imply that

Co = O(C&) ) 66 = O(Cfl) .
Altogether, we have

co + 66 1
0 T e O(7> ’
(0) -~
as required. |

We conclude the proof of the upper bound on the spectral gap of S; with
the following simple lemma, which provides a lower bound on the Var; S;.
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Lemma 6.7. There exists a constant b > 0 so that the stationary censored
magnetization chain satisfies Vary S > b/(on).

Proof. By (6.1) and (6.9) we have

ce = O(ce) = @(\/g : cs) uniformly over z € W[y, &3] .

It follows that there exists some constant b’ > 0 such that 7(z) > bv/\/d/n
for all x € U[,, &3] and every n. As the interval W[{a, 3] consists of \/n/d
elements, the required results immediately follows. |

Now, we are ready to establish the upper bound for the spectral gap. Ap-
plying Dirichlet’s representation of the spectral gap using the test function
f =1—¢, we obtain that

Er[(St — E(St11 | S¢))(St — Q)]
Var,; S; i

gap < (6.10)

Recalling (4.6), we have
E[Si+1 | St =5, s>0 =E[Si+1 | St =5, s >0
=s+ %(tanh(ﬁs) —5)+0(1/n?),
ElSt41 [ S =0]=0(1/n) ,

and therefore, using the Taylor expansion (4.32) of tanh around ¢, we deduce
that

Er (St = E(Ser1 | 80))(St — ()] < 7(0)¢ - O(1/n)
* % (BC* = 8)Ex|St — CI* + CE|S: = ¢ + O (EWI& ¢+ ;ﬂ
=0(1/n*)

where in the last inequality we plugged in Lemmas 6.5 (in order to bound the
2nd, 3rd and 4th moments) and 6.6 (the upper bound on 7(0)). Plugging
this in the Dirichlet form (6.10), and using the variance bound given in
Lemma 6.7, we obtain that gap = O(d/n), as required.

This concludes the proof of Theorem 6.2. |

6.2. Spectral gap of the censored Glauber dynamics. It is easy to
verify that every eigenvalue of the censored magnetization chain is also an
eigenvalue of the entire dynamics (via the natural projection of each config-
uration onto its magnetization). Thus, the upper bound for the spectral gap
of &, given in the previous subsection, immediately yields the desired upper
bound for the gap of &;. It remains to provide a matching lower bound.
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Define
Qké{a:zigi:k} )
FE{f:Q—R},
FL2{feF: Forallk, fis constant over Q} |
A {f €F: Forallk, Y, o fl0) = o} .

Clearly, F' = F1 ® F>, and the transition kernel Py preserves the two spaces
Iy and Fy. Moreover, the lower bound for the spectral gap of &, as stated
in Theorem 6.2, implies that there exists some universal b > 0, so that for
any non-constant eigenfunction f € F} corresponding to some eigenvalue A,

A<1—-b-0/n.

Next, we need to treat the eigenfunctions in F5. We need the follow-
ing straightforward lemma, proved implicitly in [13] for the original (non-
censored) dynamics. Its proof extends directly to our setting of the censored
Glauber dynamics:

Lemma 6.8 ([13, Section 2.6])). Let dist(-) be the Hamming distance on €2,
and consider two instances of the censored Glauber dynamics, Xy, X, starting
from o,5 € Q resp., such that Sy = Sy. Then for any B > 0 there exists a
coupling of X, and X, such that S = 81 and for some constant ¢ > 0,

Eys [dist(o1,61)] < (1 —¢/n)dist(o, ) .

In order to translate the above contraction property of the dynamics into
an eigenvalue bound, we follow the ideas of Chen [3] (see also [14, Theorem
13.1)).

Lemma 6.9. There exists some constant ¢ > 0, so that every eigenvalue A
of the censored Glauber dynamics with corresponding eigenfunction f € Fy
satisfies 1 — X > ¢/n.

Proof. Define the wvaried Lipschitz constant of a function f on the space
(Q, dist) as

lip(f) 2
p(f) = max = tlo

0<k<n

2 [f(0) = f(9)|
76—) .

Using the coupling in Lemma 6.8, we infer that for any k and 0,5 € (,

[Pflo) =Pf(0)| = [Eos(f(o1) = f(o)]] < Eoslf(0o1) — f(01)]
< lip(f) - Eo5[dist(1,01)] < (1 — ¢/n)lip(f) - dist(o,5) ,
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where in the last two inequalities we use the definition of the varied Lipschitz
constant and applied Lemma 6.8. This proves that

lip(Pf) < (1 —¢/n)lip(f) ,

which then completes the proof of the lemma, by noting that lip(f) > 0
whenever 0 # f € Fy. [ |

This establishes the order of the spectral gap of X}, thus completing the
proof of Theorem 2. |

Remark. In the special case 6 = o(1), the arguments in the section in fact
imply that the censored magnetization chain &; and the censored Glauber
dynamics X; have precisely the same spectral gap (as opposed to simply
having the same order).

7. THE CASE OF FIXED LOW TEMPERATURE

Thus far, we proved Theorem 2 for any § with 6%n — oo, and established
Theorem 1 for the special case of such ¢ with 6 = o(1). In this section, we
extend the statement of Theorem 1 to the case of § > 0 fixed.

We note that the arguments used in the proof of Theorem 1 hold almost
without change for this case of § > 0, and our only reason for distinguishing
between these two cases was to simplify some of the statements and formulas
(since whenever § = o(1) we have ¢ = (1 + o(1))Vv/36, rather than some
fixed constant). In fact, several of the complications in the case § = o(1)
disappear when ¢ is fixed, such as our arguments which carefully tracked
down the precise power of § in various settings.

Therefore, in what follows we list the required modifications that one
needs to make in order to extend the proof in Sections 4 and 5 to the
considerably simpler case of § fixed.

Analysis of hitting a magnetization of ¢ starting from 0: In Section 4 we
introduced the intermediate points n=1/4 and v/d in order to estimate the
time it takes S; to hit ¢ starting from 0 (see Theorems 4.9 and 4.10). Since
now we could have § large enough so that v/§ > ¢, one needs to modify the
above mentioned second intermediate point, replacing v/ by, say, ¢ /2. This
includes adjusting the finer level of intermediate points chosen in Subsection
4.3, i.e., £4/8 should be replaced by (/3 and so on.

Estimates of hyperbolic tangent: Throughout Sections 4 and 5, we apply a
Taylor expansion to analyze the change in the magnetization (see (4.2) and
(4.32)). For simplicity, we used the fact that 6 = o(1) when estimating the
error terms in these formulas, and note that a straightforward application
of the Mean Value Theorem gives the required bounds in the case of § fixed.
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Bound on 13: “escaping” from around (: In Lemma 4.11 we study the prob-
ability of S; dropping below %\/5 (defining 73 to be this corresponding hitting
time) given an initial position of %\/S Following the above mentioned mod-
ification to the intermediate position \@, we should now define 73 as the
hitting time to /3, and the new statement of Lemma 4.11 would be that

1

Pepa(ms < Ty (7)) < —

In our original proof of Lemma 4.11, we used that the term (62n)%/2-90) is
roughly (0%n)'/2, as § = o(1). Whenever § > 0 is fixed, we simply reapply

the intermediate points analysis with additional points

(3= <& <...<&k=(/2,

where K = K(6) is some sufficiently large constant. The rest of the proof
of Lemma 4.11 holds without requiring any changes.

Two coordinate chain analysis: The Two Coordinate Chain Theorem for-
mulated in [13] was bdesigned for the § < 1 case, where the stationary
magnetization concentrates around 0. For the case § = 1+ o(1), the sta-
tionary magnetization concentrates around +( instead, and having ¢ = o(1)
(which is the case when § = o(1)) rather than 0 enables us to use the original
version of this theorem almost automatically.

However, for the § fixed case, we have 0 < ¢ < 1 fixed, yet ¢ can be quite
close to 1, and the mentioned theorem needs to be adjusted accordingly.
Two definitions need to be modified:

Qo ={0€Q:[S(0) — ¢ <155}
and
= {a : min{U (o), U(oo) — U(a), V(0), V(ag) — V(o)} > %} .

The remaining definitions and statement are all left without change, as well
as the application of the theorem. We further note that, with the above
two modified definitions, following the same arguments of [13] proves the
required variant of the theorem.

Variance bound on the non-censored magnetization: In Lemma 5.3 we proved
an upper bound of O ((571)_1) on Varg, S; for any sop > %\/S and throughout
a certain time interval. In that proof, we used the fact that 6 = o(1), giving
a certain estimate on the required time point T3, which was then translated
into a bound on the variance.

To prove the same statement for the case of § fixed, recall that Lemma
4.11, discussed above, gives a bound of 1/n for Py, (73 < t) and hence also
for Py, (10 < t) (hitting O rather than (/3). Plugging this into the proof of
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Lemma 5.3, and using the fact that .S; is clearly bounded by 1, provides the
required upper bound of O(1/n) for the variance.

8. CONCLUDING REMARKS AND OPEN PROBLEMS

In this work, we established cutoff for the censored Glauber dynamics
on the mean-field Ising model. It is widely believed that the behavior of
the dynamics in the mean-field setting is essentially the same as that for
other underlying geometries, such as high dimensional tori. We therefore
formulate several conjectures following the insight that the mean-field model
had recently provided.

Our results, together with those in the companion paper [5], reveal a
symmetry around the critical temperature, where the subcritical regime is
analogous to the censored supercritical one. Namely, the behavior below
B shows order n%/? mixing without cutoff at 8 = 1 — ¢ for § = O(1//n),
and cutoff with mixing order (n/§)log(4%n) whenever §?n — oo. The same
behavior was established for the censored dynamics above ., only with a
different cutoff-constant in the case of §%2n — oo.

In light of this, we have the following conjectures:

Conjecture 1. Consider the Glauber dynamics for the Ising model on a
sequence of transitive graphs {Gp}. Then for a suitable notion of censoring
and any || < Be, there is cutoff for the original dynamics at p1 = . — 9§ iff
there is cutoff for the censored dynamics at By = B. + 0.

Conjecture 2. Consider the Glauber dynamics for the Ising model on a
sequence of transitive graphs {Gp}. Then for a suitable notion of censoring
and any |8 < B, the mizing-time tmix(%) at 1 = B. — 0 has precisely the
same order as the mizing-time at 8o = B. + 6.
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