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Section 1.1 : Invrodudtion

A differential equation is @ relafimship betueen a function of fime
and its derivatives.

b xamples. —gﬁ = CoslH)T 3y firsk-order diff. eqn.
t
d’y _ eV 4 dy seond -order diff. eqn.
dtl dt

“The order of a differential equatien is the order of he highest derivative

of the fundim Y that appears Ihthe equation.

A solution of a differential equotion & o continugus funchion y It} which
fogether with s denyatives sofisfies the relatienship

e.q. Sl\ow that 3&\ = asint - -al-cos at is a solvhm 4o +he equation

LHS =: d&?" + 3=w.sat.-=RHs

Jhow that LHS = RHS

3\5 = aeost + 2sinat
d+ 3

i:y = - Gih‘l? "'iw
pp T ANt Tgesat

LHS= -~ )s/r\t+§:-(nsat + (a%t -jl»(osal,)

s wsat
= RHS



Thus Yb) = asin t -gms:t IS o Solution 10 4he given diff . equ. \7'

Section 1.2, < Grst -Order Iinear differential equafions

Assume that our equation ooh be wrilten as

‘—d-"’ = f“:g) — Give,n -H’c:\j'),find all
o fundsons ylt) that Satisfy
this diff- eqn.

Def". The

general fitst-order lingar differential equakion is

o b
L?*! + el)y (t)

This is linear bewousse the dependent variable y appears by itself.
(That is, no terms like ed1y*, s yietc ihthe equatim)

€3 % s 3‘ t Sint +2 (montinear bewowse of y?)

i‘:wsmafS (linear)
dt

v _ (non linear bewanse of wsy).
3‘11 syt ¥

Def" the equation

y -
'—d-.-b— 1‘0.«‘.":)“ 0

(so with bt)=0 from above) is talled @ homageneous Jirst-order linear

differantial equatim , Whereas when blt)#0 Jiom above, it i& lalled the
mon homogeneous Frst -ovdes linear differential equation.




ex. Selve %\{, + 0y =0

Use separation of variables:

dy _ _
T alt)y
J%— :J—al’r) dt arbit
[ Conston

Injyl = -Jatdt¥C of inlggration

Now taking expcmem-ialfao;r')3«;’1r i\‘des' Sm\;’w”;tllant.
- —(al)dt 's It A
ly) = € = e J
- Jatbdt
= l\\j\ = Ae
ai)dt
jye /1=

NoHce that we have a continwous funchiom of +ime on the IHS,
i yl:t) e [atdt but m the RHS e have a wnstant.

But 1f fhe absolvie value of a Wnfinuous funchion glt) s tonstant

then g itself must be constant. Why?

If 9 is mot o tonstant there exist Wwodifferent times 4, and t, for
whidh g1t,)=C and q )= -c. 33 the IVT 9 must achieve al|

valves hetween - and Hc  Which is jmpassible if g 1)c.

- Jak)dt

= Weget the equation |Yyi)=7e




This s +he general soltim of the homhogeneous epuation 4

The wonstant A is o.rbih'a(y. Thus , %E. + a‘.t)ng-o has [M:.mf.,.e(ﬂ

many ssptims ; fir each value of A we obtain o distinct solutiom
)

e.q. Find the general solvtion +o gilf 3ty =0

alt) =3t and the general solvhian iS
Here 1 —faﬂ)di'
yi)= Ae

-[stdt _ - 317
Thus 3l’c)=Aef = Ae A
eq. Determine the behavior as t=>do Of all soluhms of the equalim
= sb.
% + 0.3 0, a 0N

The general SO |vfian Is !‘
[ alddbF _ -at
YW = Ae = fe
Soif a<0 = as t—200, Y > & (with the excephion °fy=v)
if a>0 > as >\ yd) 0

Usually - e look fora SPECIFIC  gopnfion yl-\) whid at Stme inifa)
dime t, hos the valuefo - |.e.

Save %%-ra.l{)\\j:o v Yle) = Yo




5
This (8 wlled an initial - value pob\em. \

%1— =-aWy
g—g— = -alt) dt

Now 'mt'eyra’re both srdes be’cWeen t, and t,

T4 t
I’. —yg': -J;o G-CS)ds

[Q" ’\‘J‘]; = ‘LtacS)ds

t
Ln|9l8)) - tn |ytt) = - L als)ds
n

L 3&)1

Toking exprnentialson both ades  yields

- L. acs)d s
%l

.ﬂ_ﬂ c awd&) =
[ [t.)

[—-@ How do we deade whether it‘s\‘denﬁwajy | oy -( !

4-let's evaluaie at +=1o:



| [F asrd
ars)ds
Hence yit) o 1 -
VIS
[, asd
s
> yw=yhe b I
- J, amds
Wwher ylt,)=y, omd soweget |YyH=Y, e
Example.:  Sove the IvP:
d;‘f T (cost) y=0 with ylo)= 3
Solwkion is _ ft als)ds -f{ ¢ os(Dds - sin(t) +sin ({3
3“)‘,705 i, =3 =%6 2
2 since 4,20
~sin (t)
= - 3
= yib)= 3e

Nethod of integrafing factor
Now back to nonhomdgeneous oquations..

d _
th* alt)y = bt).

Think of expressing it as d ( *) =blt) and then inteq rating
both sides to ge(: the solld'ion.&



So we need W ask: What shodd g be suh 4bat ibs derivative
W.T. £ ¥ gives the LKS é—g'ral’c)‘lj 1
w -

Stk with j“%ﬂ b a)y= bty

231‘22 P'g\\]b‘ﬂ) Lt) g‘! T i*H?)aH:)\\j = k)b It)
as fin ‘.LH) : ¢

We will dhoose [1l) & that }»Lt)é# + kialtly will be the
derivative of iy f dga) = alp)b)

_ |
ddT[P(W) = d:hﬁ& T P.L’C)_g mea""\‘] this fo

Mﬂ% + pu;)a(t{\y we
h ave that ol&*_ = itlall).

But %ﬁ W(bat) is a firt-order, linear homogen=pus

equation for filt) [ die— olt)p = ) and we know how to

soje it. |.e, ) < efalt)dt, INTEGRATING
P“’ FACTOR




So with this i) we have
}Lmﬁ%Jr pipaldy = kit)bli)

4 (ppy) =f1)bt)

and now Integrate this:
kDY = [ bt +c

Equa\cnﬂﬂ this is
([ it) blbAE + ¢)
;wc)

- [ [ Wtbbiodt +c>

esftkﬂz)d‘l’

With an inital condition, we would integrate from 1o To & to get

hiD)y = p o) Yo = ft luE)bLs) ds

= Y= ILJ(—{? [ falta)Y, +j MQLIY ds] G %)

Note. Do ot memomse (k) and Cxx). Tnstead, sohve ol]
'nonhomogeneovs equatiors lw:



() Muiplying both sides by fult).
() Wiiting the mew LHS 0 the derivative of i)y Lt)

() Integrating both sides of the equation.

§xamples . find 4he ﬂme,mj SoloHion of % _m.a <t
d #) y = blt)
E‘j{ talv)y

Here ) =-%. Jalb)di _ ef-.?t'dl‘ _ e—t‘
Integratiry fachoy (T.F): pt) = €

MUI'I“P\J both <ides of %ﬂt - g-\;u =t b\)’ I.F.

2

Now integrate oth sides 10, 4. ¢ -
2
e’ty =J e~tz‘t dt
_t" i ’b"
SRR M

y= e’ [— -_.'l-e_t 1-0]

S t*
y= -1 +ce




Example  Find the solution to +he 1.V.P.

Jatdt

.
IF  hkie=e - €

Mv\h’p\a both sides b\\/ (’,1 :
Yy 4 atet’y= tet
ot
d(oty) = 1‘(2"2
Y

Integm’re both sides W.ri. § fmm todo t.

t
- T Wh =1, 4 =
S R N A sl §.7 2




Sed'ivn .4 Separab\e e_qu_aﬁoﬂs Q
We have aiready vsed this in Sec. 1.2 bub let's look a the general method

Solve the general differentiol equahim

4 - g8
¥ {w

where § and g are cntinuous funchons of y and t.
finy equation which can be pet into this form, is said to be Separable.

MUHtiply beth sides by Jig):

79@3%_ = gt

4 (Fywn) =gl
5 (Flywd) <919
where fi) is an antiderivative of fup, Fly = J'FQP"S-
'Upon integrabon W.rt. & e get -
Fly) = [gwdt +c

Then sowethis fox yl¥) +o Frnd the general <oivhon.

Example . Find the general Solvhon of  dy _ p
dt 2
Y

2d
Y=t



&amplc . Sewe the I.V.P.

eddy _ (b tt3) =0, yw=!

dt
~ ay _aly
Reavrange into #he fovm - '-SPE)
Jdy _ 2
€ T t+t

d_(p300) £+
i )

e! = j(t FEUE

e - —Efﬁrc

2 3

12

Now singe Yy @) =) we wn debermine the wonstant of tiegration C

«_
o'z L)

+tC > e=2+C > C=€"



3
3___1-1 & X
€ '5'+-tz;*e'

3
(= 4 ‘_3
Y- f.nl%—‘\-%.-l-e Z

fxample  Swe the (v.P. %:L =01y) . ylod=-l
¢

4 -
5 &

t's deor fom this that i€ we plug in dhe Initia) condiion y (o)<
we will be dividing by 0.

But, we wn see that 1‘4,(-1;)= 9 |is a. Solvhion of this (.V.P.

Check thad it's o Solvfion:

= dy _d ro-
LH S a&-&itcno

RHS =(119)+ = (+5MH) £ =0

=> LHS =RHS
o+ ylE) =-1is o Solution.

Later in the class We will show that if's the only Selvkon,



- N
Section 1.4 Exodr equations , and why e tanmot solve vey many
difFerential eguafions

Generally, we @n soive all differentia) equations of the form

d
L_&?({:.s)ﬂ
for some (t.§). To colve this we integrate both sides W.vt. ¢ to obtuin
¢ (1.y) = onstont.

Then , if possible, solve for y *h tems of 4.
brampie. Soive sttt [1+@sEHPIY <o
A [y+sine )] =0

[ Verrfeation: %ﬂf + sttt stLt'ry);i“Jt -0

—
from 31-: (sinltty))
once diff.the T tem & then they tem

%‘% [ (+oostty)] + tosit+y) =0J

Thvs from .(%F[y +Sin Ct-;y)] =p We Seethot the so)utim s

Y+ sinlEtyd= const .

Bid this 6 an implicit equatiom in Y thet cannot be wived for
Y expliu’{\ly in time.



Which equations n bde pud into the form c_%q;u,y):o?

From the chain vule- % dlt,yw) = ?:Q + %,% il‘l:

MmpTNw@

S a diff. eqn. Lan be wiilten in the form d—cpu.y) =0 if and only if
there exists o fon dUB.Y) st

)= N )
M(w\% and [Nty Jé

Dves svch a funchion S Uy extst?

Theorem: Let MUy and NG&y) be dntinuons + hawe
continwous partial derivabives w.v-t. tand y in the
rectangle R tonsisting of those points [t.y) with
a<t<b ohd c<y<d. There exists & funchion $lt+Y) st

M(i,3)=_g!; and N4, y) =%§’ i

aM _ oN

=

°y o

in R.
oot M= 28 forsomegubp i itap= ) Mibgiit /gq,)

Taking partial derivatives on both sideS of this w.rt. y. ﬂnw.;'gf y

we get
- J %4&9) dt +h'rg)

Thus, thie G be equal to N E.y) Ff



Nthg) = | aafsg.lt.y)dt + h'ty)

= h'= N~ W igd
femopy Tl
only s of yoand t

But this wamot be tue which means that 1he RHS odso has v be o~

function of Y alone. ).e.

2 [ Niey- j_%&g wapde] = By - B <o

Thewmfor, if N o 3M 4hen thew is ™ function Plty) S.t.

Mz?ﬂ‘; N = > Ho:Jyeuer;p 2N - 3M
ot + N=3%. 6 DN < shen we an soive for

h ) =\”N&,g)~j% Lt dt ] dy

This implies that M = =9 :
! %, N % with

q)(tn )= ) = ‘a"ﬁ—tb)
y f"“* Dt + [Ny jay ¥ ] ay

Definion. The diff. eqn. Fﬂlt,y)? Netg) 3 =of is sai v be

ROy ’F a_M_. :a_N.,
2y ot

FracHuwally how do we choose Plt.y)?
Method 1: The equation M (tiy)= %9{: detemmines &lt.y) up toan
C"bi'l‘taq ‘FCHO‘?\H ajome, r-¢.

o k= [ Mitigdt +hig)



W& ﬂ'm take the derivative O'F +his w.y.t. the ojher Variab)e.f.c, \H:

L]
=2 2 4t +h'y)

” M")"a f?’Mdt‘N(bn) fﬂ')dl-

Which means +hat ng) txh be determined from this equation

Melhod 2 : I'F N(fl’)" % then

ey = [NEDY+ kib)

@rbitrany fen of + ajone
Now differontiote wot. the other varable. }.e. +

- J s
> e _ (2N iy)
> k)= Mty) - [ 2B gy

0 e
Method 3: %J(Q: Mm(t.y) and %:Ntt.\y}

= ~<P (.tly\ =j Ml‘l’uj)di‘ 'l'hly) lnregmﬁng 0D wrt. t
Then we wn usvally determine hiy) and k&) by inspection.



|
L:xamg\e \%
Find the general Solvtion +o

t q
3ute't (3t t+ios <0
sy relt(31es9) 3
Mitiy) N ty)

This equation 8 eradt If 35%). = %NT'

M _ 3 oand N . so this equationls €xoct.
3y =2 2p

“Thus, there exist o ¢ s.t.
M=2% opg N= 20
ot

I-e. %I-)E = 33+et
o I St‘l'OOS\y
%

let's find Qlty) now. .

= 3yt yet +hly)
Difernhaie this wrt Y

09 _a3t+h'ly) =3ttwsy Gwm defrof n)

0 W
= b' ) =ws(y)
hly)= sinty



Thus,  ¢lt.y)= 3yt +et tsiny. \l‘\

Medhod2 00 _ 3%+ cosy - Integuate Wit Y o get
™ c;blt 1y )= 31:3 T Siny + k(D
Diffetiate wit 1: 20 - k') = 3y+et (=m)
_a% 3y +k'lE) = 3y+

Thes k'lt)=et > ki =e”

-t
h t. =3ty +siny + € [wb)d's-rbe.so.mw.s the
% we hose PIrITIYTEN ansner fiom Method ).

Methad3 : it g)=e T+ 3tythly)
Plty) = 3ty +8in Y+t

Now coroparing his +wo its dear thod hiy)=Siny and xit) = ¥
Hene.again,  $ly)s ef+3ty+siny.

Eﬂﬂe. Fird the sowtion of the IVP
4 e 4™ 1ot ¢ (He Vg Ba, yyg),

Vesify that this is o.n exact equation
s 2M- 2N - M= at3et V4 etV

%y ot N‘ 4t +oy
t
%: 4' Y i;‘l'e } ’GM 'a” ’929‘3%
on
oN = 4ttt N e

T

[\



Now iv\beara’ro aithe N’% wit Y of M= %c wvt §- \J’o

In teara'h!\\j N< 3%} wr{:j i$ egsier:

b= [N dy= [ ray)ay

< 4" ey 4 kit)
Now  diffemntiate this vt -

2p- Yt K1) = m=ate Y+ e Yy
(0]

So wompuing the two we seedhat Kl =3t > k(p)=t”
Thusthe genenl Soltion is ¢ =tte™ T 4 +t =c smce <P
Now using the initiod ondihon Y 0)= Wwe have

ot\* 0t =C

e so\")

c=|

= t*e%«"'f Y* +p>=

&4

Suppose that the equation ow isnoh erackt. Con we make it exawt?

Tes, using o similar prowedure 1o the integrating Pactor fom before.

JR®)dt

T.F ub)=e where kw)-‘(’ém_%%

N



Example. Tind the genera) eopurion of X
.}E«-agcw (3tet)di§c -0

oy v
M= g-—r2ye =%% Q‘D:ldrze)‘
f\l = 3+et - @ 2{5 S Q'}ﬂj # oN
ON -
S Y =€ . Nt emd:
So wel mow find the inteqrotirg fador:
Ri)=L [ - W ( -
[ o o J(-C yt2et e)
= m‘t
yter
=
. REYdt
Sothe T.F is e‘[ = et and we ‘mvlhp)u the diff. egn.

Yo obtain e enodt {ovm apthe eqn
e 3} + 2@t Hebyt cltl% =0

Check thai it's exact ol

[\

;g e,ti*'%w v
‘B—N: t “"Z@Tt t/
117 e*d

= jmdt = ety yef% hnﬁ)
%%, 334-6 H'w) = N =ebyre®t D h'(g)=0=3 h () =



(P = ek%f,rdelt = C (qlu_adra}ic eqn ﬁyy 3) \ZL

vs the Selotion LS —
T}\s e \6[,1;).: —e?'ti'iCe?'t)“ﬂf[%t)(:—c)

A e%3)

-t .
€ £ |e* 1acet

A
. ¥+ (X race?)
e,t’

= eft (et tace™




Section (.10 : The eAstence -uniqueness theorem ; Fward iteration \9,3

Conslder the P % =fity), Ylb)<y,

Q ) Does this IVP have SoluHms?
(@) MHow mangy soloHtM

ALGDRITHM FOR PROVING EXISTENCE oF A Sowumon Jt)

() Construck, o. sequence of functions Yu(®) which tome choser and closar to
SOMPY +he (P.

— (b) Show that the sequence of functions g,,lt) has o limitylt) ma Switable
interval  Tost € 4o

—> (O Prowe that YLt) is a solvtion of the 1P on this interval .

(@) write the vp as (Y= L(.yit)) |wher L may depend explicitly on y
ond on integrals of functions of y.

y' =iy .
Now we can integm+e this w1t € : ds = tfls, (s)) ds
fig - [rom

= 3&\-3%.43 "—‘L 1s, ysy)ds

t A
h
2 LLt,g[t)): ‘yu-,\: ‘\L-"\J’t, :Hs»y(,s))d& (s\—) Inteqral equahon

Gorversely ¥ Y(O) 1S continuous and sasfies this then %-i = i, y1)



Scheme for tonstructing @ Sequence of dpproxima.te Solutions Yn L1, \M

Our quess for Yo (t)=Y, - T0 check if Y, (t) (s & solvtion op (B we wmpute
§i)=Y.t ] FG6Y.6)) ds

lf {{,((:\zy..-rhen ylt\ay, is mdeed Q solvtion of ()

It mot . hen we try Y, (t) as our nexi guess.To check if that is a solution
of (*) we Llompute

T
LYt F sy as
Thus, ws definea Sequencs of functions 4,[0) Y, (1), -+ Where

H'\'H (1»') = 301» L;t Q[[&Jn(ﬂ) ds
T

Siceessive appmxiwuﬁms/

ficard jterates

These ficard iterates olways tonverge on a svitable interval ¥o a Solvtion
Ye) of (4)

Gomgle . (orpuie the Picard itertes for the |VP

yeg Jyore] Y =AY

()
and show that they tonverge 1o the solvtion ylt) t.  for this examp

@ +he nahf g

% hand
y= L(t.ylt)) Whes Ufm‘/lm:yv"’fn {, ((,y(s)’)d.t sige
Yty 1+ [t ngs

=1+ fot | ds

= I+t



Y, (D)= |+f y,l.s)d.c QS
o |+\L (\+s)d.s

= t+[8fs_]

=1+t t £
X

and in general }Mﬂ‘ \+Lt Yn- (s)ds
3 “.J':[n-sr +Sn- st

a n
srreefreth Toylo spres espanson of e

Sine €< I+t ’t 4..1_ ,he Rcord iterades Y, (t) wnverge o the

Sowhon YG@t) of Hus NP
@Dle date Feb 6 CMondmd) ot 11:59pm on Gradeswpe.

Example  Gampute the Rard iterates Y, 1), (O for the WP
Y =y =)

Yy =Y.t J: {(s:y(0)ds

(18 -D(2s~)" Y, )= +f't (1+13)ds =1+ at-2 = at -|

= (as-1)( 45~ 4s ) Y =1+[" (e Gs’) ds

= 963-8s*+ as t
= 2_ync?
_ 45 445 = 1+[ " (F gs*-as tes A) ds
= Bs>-128™ 46s—| = l-l-[ as“' - 453-1- as"]t
|

1
=/l/+ 2t ¥ - 4t>+31% - (274 +3)
= at'- 4t +3t’



() Gorvergence of Piand iterates \{6
~The solutions may not exist for all time . Thus the Ruard itecates may
not converge ¥ €. We try tofind an intervol in which al the §,(t) are
uniformly kounded (i-e. [y, (t)] ¢h for some constant A)

lemma  Choase any hoo positive Mmbers & and b.and let R be the rectangle
betetro. 1y-Yl<b  Gompute

M = max |f(t.y\) ond set o =min [a': ,{‘;4)
(ty)inR

Then
Y-yl ¢ Mit-t) 2 -Mit-t) <y -y M)

for 4, ¢t 2t tex. Yo- Mit-to) & Yol < Y, + MLt ~tc)

Y,+bT U, +bT
Yo T y, + Ynlf)
Y,-b 7 ) . -b |
i 41 ’;O L'ta(
W= T
0

Proof e use nduction on n
Observe that  19n(8) -4 | € M(E-%) is true fov n=o since

19,(0- 4l = 1Y.-Y,\=0 € M (¢-1t.)



Newt) we mast show that [y, (-y,| £ MUE-t) & e for metl N
i tue f ny.

Assume tTne foi l"l"ﬁ')’y,\ ¢M(1-%)
R nej e o
LA | J‘l’l ly".“_‘(ﬂ 3.\ = ,/y(*\[toffs.l"i(s))df -A.,)
LA

iy (9
- 1
= [g Fs groyds|

rt
< ), Hsgwn|ds

sihe —s £ (+-1t.
M= max [ §(EY)) Mt )

[tc\’) inR

for G <tetto, Thus, [4a) Yol £ M(t-10) is true for
all », bC/ induction.

#

Next, we show that the Feard iterates § ¢, ()} wnverge for each
in the intenval 45 ¢t <t, to, if % exists and is tontinuous.

Write 4,@® as forlows

fatt) = Yt6 (4 -1D) +{416) - ygh)
RN (R () L TR “Y,46)



So the iterases fy @] are s pomal SUM for +he serles \8
3.&) 1'2 (Bn&) =Ynat))

Cleavly Y, () tonverges I} he infinite series

(4,60 =Y O] ¥ [y, (0 -y, 8] +- -+ Ly D ~ Yo (8]
onvenes, So we need +o shw that
Z |y ()~ Yoy (0] <00

REEMOIE /% L | Fleg @)ds - 4 j:f(s,g,._zmm‘

t
| i [ 590als) = Flsgoate) | ds

‘ & (s.705) \ Y04 € ~ Yp25)| de

lobere J(s) lies bejween Yo, @ and Yo (). Note  We have
1(s.y)-Fs.y,)= f —fcs £)dt, and So

|4¢s.40 - fsiy)] # jy l«f(s@ldt N [ﬂCS.}[s)))ly,-q,‘l.

[t foiows from the lemma that dhe points (§, 3D) lie inthe
veckangle R for §c<tytor

1
> 1@ Yo, O 1Yy D 4na®)ds, 1, etetm

L =max B{Cttﬂ)
[’c.@GR



Ny
&‘brﬂ n:a2 aiVCS 1
14,06) - LB | € Lft,, 1y, 16) -4, ds

SLEE M-t ds by tbe lenmg

= LM (s-t0)
2
This implies +hat
t
Iy, -y, 1)) & Lf,& ly, 00 -y,(s)1ds

<LLE umeopyas
° 2

L

Proceeding wih induction, g have that

Walt) “Yp (1€ L M(E-1)"  for goet <ot
n!

Thewfore, o1, et <tuta
-+ _+13
Y, 109, |+ 1Y, (0 -y )+ & Mit-to) + L_:wtt 1) *%lp(t t)’s.-

(since t<tot & £ mattmaty fnud
9 t-t.€x) 3 3!

T L[Mrssee ]
L al 31

|

m LOC_
T_-(C ‘) < o0

S we manoged to show that the Ficard iterates Ya() tonverge for each &
in the intenval to <X Stotx. we denote dhe limit of the sequence Y, i) by yLt).

(|



X
?mo.f thoX 3(:12) so¥isfies the WP %{it "-ﬂfﬂj)\ Hlftv‘)z‘jo' ard is ¢ks.

The Puard iterates Yolt) ate defined reoirsively through
t
Yol =y, + [t f(S.ynlsH)ds

Taking kimits of both sides we get
— - 1
y0O = Y, +lin, [1fGy,mds

we want to show that
this equals St't £ (siy1snds

1 ch
We must show That [[:f(&‘j(.mds = j;o ‘FC&VP)O‘S l approaches

Ze0 4S N 2%,

1 1
| I fes.yunds- [ Foyasnds) < ft’ Ifis,yisn -F15, Ynis) ) ds
< b Jyts) -yt ds
t
7\
L =max B{(’f‘g)l os before
— Estimate |y (s)- y,,(s‘)| (’c.@FK

YEYal) = 2 = [Y00) -yp00)

n
since () = g, ¥ ‘gl [y;0-4;,] and Ynlo)= y;rdé' Lyo00-Yoy0s]



- s 3
WED Sot] = IJ:Zrm 409 45,07

<
< d’%ﬂl | y‘j () “3,'_,(8), and previos)y e ¢ howed
> - 1Y) Yp-1 (1) E.L_.m,_,.\ﬂ [t-1.)"
J=ntl "g
S 1M
£ L My sine 1t D Pt <o
(LN E
= M35 ()
L =t J‘ —e"“
< M Qa)F ()
L ) P2 p!
=M CL“)“H Lx _50 as n—ese by rotio test
L e

Kodio +est lim L) R
o test lim m.;% im (Ldn? . L

n20°  (nH)!  nae

e o

mwfore lim

nh-360

J:t’t f(Sny”(J))dS :4‘Tf(sya))d$ where yt-t) saftsfies
the integral equation th)=(j°+ f,: f G, yzs))ds.

rRewﬂ this 1S what we wanted toshow
M)e must show that |j:f($.‘jcs))ds = ft;t"ch'y,!‘mds l approaches

_|

Ze0 GS N —>09.



32
Now e show that the limit y(ﬂ s tontinuovs. 1. we must show that

for all £70 T o £>0 ST ‘u('t’rh\ -y | <& if Ihl <§.
We do nOT know Y(t) explivily. So. .- We choose a large N €7
ond observe that

U(n—m - ylt) < [ﬂtfm - Yyt Hh))
+[Yo Ct+h) =y ]
+ [y to=yiy)
We choose the imteger N large enough s.t.
mE o€
Lijenn 7 3
Then from what we Showed before, i-e. that
| Yis) -Yal®) | < ms 1 4

L j=n4 l’.l

we have that
|y(t+b)-ytt) |€  [ylt+h— gul

+ ly,o (Tt +h—Yy () ] (4
F | Yo (8) =98] < from () this 1 < =

t +h)) & from (%) this s <§

< E+E4E - ¢
3 8 3

for |h1<E.
Regarding (1), we onstmict
funcisns soib's itself wntinuo
that [y (Eh) -ylt) | < %- for [hI<§.

Yu(t) by N nepeated Inbegrations of continuay
us. This impiies ¥t We choose §>0 $§0small



Ths YL & o ConHNUOLs sbwi-iatr_ao/‘ the integral guatim \33
Y= 1, s yis)ds

& dhis Hnishes our proof that yit) salisfies dhe JuP.

We just proved the folowing theorem:

“heorem : let T and % be Lontinwous in the recrangle R: to¢ T<tota,

lg-QOléb Gmpote M =max )FL"‘.:V)I and set K= mm[a:..). Then

(tn&\fﬂ-
the e y' = Fly) . yitrey, has at least one folutim y(t)  thenterval

Letetoto.

Uniquess of solotims of  Y'=£(tiq) . Ylte) <y,

Grsider  4'= sin@aty”? 1yw) =0

Note Hhat is 4. soluhon.

Tf we ignore the I.C.Y(0)=0 fhen dhe genera| sowtion is fourd wing
separatim of variab)es

| 3“V5 dy = [sina) dt
\‘j '-L(os[at)fc
So then if ylo)vo.we qet 0=-11C =C=i—

= Y3 _ ,
7 2y 7= - 70sBt) = sin(at)



So why are there multiple 69lutions to thic vp? 3’

=8ina)y'l
Bout Hhs RHS does not have aabvi at U:O.

: i
(Note g-% - él-mn(at)y,ﬂ)

New theorem  Let f and % be wntinuous i R :4g <t ¢ tote, I4-y, 150

Gmovte memax  |fiED |, and set a=min(a, 2 Then the VP
P (ty)éR J ( "’3 & e

;éty.-. flty) Y ia) <Y,
has o unique solution yit) mmthe interval Het<lotd. e if ylt) 5 2(t)
are Hwo 0 lwHmMs of the WP then y(t) <UL 67 telet +4.

PM . By the previous theorem, dhere, enists @ |east one Sivtion y(t).

Suppose »(1) is a Second Soluhim - Then baih 5‘”75@
12
ylt) =y, + ff Tle,us)ds

2(t) '-"j,ﬁ(: f (5, 2(s)) ds

Now , If we subtract the twp we get
~x()| = t e usnds - - [ Vs
-2 = |yt [ Fo - ‘fnfm(s))ds‘

¢ ,: | { Gy1s)- fes,z) | ds

.b
< th lyis)-26)| ds



&

= Y@= 1(+) . So the WP hs a unque Solvkim  y(t).

.t
Why is ) -= 0| £ LL ly&s)-e)lds 7

lema  let, i) be anon—negahc/e function wjth
w[t) < L‘Q wes)ds. [ﬁ
Then @ (£) is identitadly 22,

fxample. Show that the solvtion YLt) of the WP
-J—’i T e-t’- 3 ? W]=]
T +y

exists for 0<t< Yq,and in this Interval , 04y <2.

40 and Q.=
—>lot R be the rectangle 4, ¢t <t ta . in this mse

q
"1 “o KX 05 £
ly-11€b= -br1ey ¢ btl

I max e Ts ‘l'l =9
Compute M= ":;;Rl‘f(t Pl = oetey | ¥ =le°

0¢y<2

We see thatr YLt) exists for  0<t < win(g

.p ‘—
o
In
ﬁ
(s
'..

.(5 and In 1his Intera)

0cy <2 b et e Bt
Where o =min (0.2 m)

=mn/ L,
mj ‘?'q)
=l
9



Gample  Show that the slutron Y it) of the 1P

=1* _az' =0
%‘_{' 1 te Vo1 ylo)

extsts for 0<tel and in this (nterval  Jy L£) ] &l
— let R be the rattamgle s4. betetota whee t=0 and a=i
Ia-“olsb O |3"‘0‘$ b S b=)

Compute M=max  |{t.) = max. | tr4e \ (— >y e
[ty)eR 0stes
-]Laﬂ r— _L.H = i

T’W\S we have d'—‘-minlag 3 m”)lz\ Mn(l- 4\ - L

2 S 2

(5/4)
2 4 stet,taq ® O.“tf}z— and in e interval |3Lﬂl$\.



Section 113 = Numerita] approximations; Fujers method. \Q

fs we' ve aveady diswsed . Oflentimes it fs pot possible fo wnde down an
anabdt{w.l sojut{bn to the vP % <E). Yl =y..

In this sectm, we'll leam mumenod Mefhads to compute acwrate
a.ppmmimahms of the solvtion ylt).

we'll tempute approximate valves  Yi.---*Yn f y(t) at a finite pombes
of points b, T, by

The simplest approximation of some paint 7% IS fo use the Toylor
series agopvoximahim -
Y 2 Yty Go)(£-1)
Using the information available. e have
gty syt + Il gy (t-1)

c—('if ~ 3“5'3(&)
t -

= £(to1 Yo
\£ we look at .1, -~ and li-l-l—tf =h| then Yo)

y ()2 Ylo) thilt.y,) < this is known as

ExPLICIT EULER method
/_/ mey

ﬁctovi all\d :




To svmmarize: Y, wylty)
DQ'F'M 'jl 'fhf(.tl ‘JD

g

Q{Jproxlmhm © H ['tt.) (amus we donot know the
true ).

Example 3'("0:“‘('1-1:31, Yid=Yo

Exph’dt‘ Euler : u(ﬁ :3! + h (l.\-[HL-tC)‘L)

Error analysis

Reuwll the Taylor Series:
ylEy = Ylte) 1y ()£ -1) + w) (t-t)+.--
20

“Taylor's theorem says that if we bruncate his, then

o :T YU FYERME-8) + 909 (-t
2!

EQUALS ' .
1 7 isome number in the

interva) [1s,%].
To find the error in Euler's melhod we examne y{ﬂ -y{tt ﬂ)
— —
approx. tue vaie

Evler - g(ﬂ =yt hj-(tl,g{)

Taylor: Jit,) =yl ry'dh+ § (EON
o




Jue ~ Y L) =Y, -4 L) +h[ et 9, ~y'HD)] - uo b 3

Note tat  flk, y)- £ (ty. 3[‘[’0) = F0,y,)- F(tug(h)) (3 _3“‘\)
Y, -yl

| S—

?ﬁ (t.7,)
L_some Ul

= Ny, Yt < 1y -yt | + h|%’f (tu'),)“'H('H”‘”""J"(_K‘)lh‘
2

Set | € =y, -ylty) || + ervor

2 €

o € 61| Stwno|abr YRV

= [ 1-‘“\%% (’W\) € 1 IL‘Q‘-\P

S(1+h)e, + _295“

with | | = max ,.%‘] D = max |y"|

ll:d- ! = = 3'{ .
and wott y Iglj 4:(1'33 —i %? ?*ay'(:

[0 summarnize:
2
Eq & (|+hl-\€¢‘f5‘)—h fov L=0,1, -, NI

Note that € =9 since )2y, So i GI, SAGTR . &=0
|



then can  we Sag anq’:bl’ha about 6( \40

With [A = 1+hi-| and [B = Dh°
2

independent of €., °

\F | €y € A€ +B) Then we wn show that

&a 6‘(5 -B"' CAR")
%'Porbfowl A-I )
(s follows k
= Dyfi_ [ (iwh)* -t
see. pages =
92-93 0f 2 AL
your textbook = p h( 1+hL)% —l)

aL
J, —»0 as h—o

0
as h»o

(e wn oo obtain an_estimate for & that is Independent of k.
Note that | (1 +hl) £ e,M' Sinoe. from the Taylor ceries expansion

0f +the exponential funchiom we have
YR s y,;_.-r(%)‘* 031%)’,;.... 7 I+hL

e —
e 1t
?asﬁve,

Therefo re, ¢ D ht k__, = hik _
e 2 h{(e)-1) = DAE"*-)
<L) where « isthe me fiom the

Snee hk £ «, we hove & < %}(6

existene and unrquess theorem.
= Buler's scheme is FIRST-ORDER (ONVERGENT . le. If h—s bk then
ek’-7 6,‘/2.



examp\e Consider 3\_;4, u ylo): 0 %
(1) Show that YLt) e‘xlst at least for ozt¢l and that in this interval -1¢ydel

let R be the recramglie pctel, -1ey &l .
m=max |G| = MAX __U.}

[t'&)e 0<t <]

-"v('

-mi =
ov=min w.%} - min(1, D=1
Hence by the existence -and -uniqueness Thearem , ylf) exists od least for

bttt D 0<4¢
ond inthis intenval deygy. G el

()) Let N be a rge positive Integer. Set wp Eilers smeme o find approximate
valves O'FS at he points ¢, = k/N' k<0,1,.--.N.
Eoler's screme: Y, = Y, + h{ltay)  Sine % - Py’
2
Yt =Yyt h( w”z’)

L

4

ot e W

wiHh K=0,1,-- N and Y, =
since Ylo)=0

(0 Deteming the stepsize h= I-"f- So that the emer we make I approximading
YY) by Y, does mot exceed 107%.

In s example ik y)s 14> and 0 BF .
g =y 2 oy



T | 4L
RN AE 10 & '“‘*%Eu. +(t,_j\‘£

%0 wetnwe |yt -4ul ¢ PR oty ohare

L= max| &) = \
D smax |y"|= 1+ =2

Hence |y (t-y, (< Ah ,, -4
20 e D= hle-) <0
)

S the stepsize must be | he (072
e-l

hterpresed n tems o the exatt soption:

VP = flhy,  Ylk)=y,
Int eqrate both sides of the dif. eqn.

> Y- ';],-l'[: fs,y) ds
2 Y+ (-t FLE YLt
qo + hfCto v.

5uer‘.s me,mod obtained by approximating his integral
b 4his wse. the valve ot £ at to was vsed. Alematively we ©vld have
used thevale of t :

k) <Y, ¢ fZ’ fi5,46) ds
& U, + (h-t) Fib yota)

Now, the equation 4 =y,+ bf(t.y) must be solved for the vajve of
Y, Thes s known as IMPLICIT EULER .The erfor is similay, bt the

stability Is better

i 3)

&

Jl e g = ==
?"‘ ® ® > @m o




STABIUITY OF GULER g

£xomine the maded problem y'==2y with 370.
g Jin =Yy ¥ 1l g
expllat 61'3" SLﬂ T (JL - MU( - Cl_hﬂ) \d(

The tnie solvtion is Y= ce™ Y, and §EB)90 as tvo  [einte 370).

Inordor fiov y 0, we require
Y, =t-hady,
U = (i-hA)y, = U-P [a-PAY ] = Q-had*y,
that [i-ha) <l and therefore since 270, hro, we requre

-1<-ha<kl = -1<-ha<O

0<hAa<2
0< h< 2%

This means +hat the stepsize h  musk ke in this intenal to ensure
sl:abslrhg.

Sowe for Y. to obtain Y DA =Y, o V’tﬂ ‘[#M) o

The Hackr - A, 16 _elwoys <I i h»0,2>0, and therfore

implicit Evler s A-Stakle.



Section 115 |mpwved €vler meihod %\

Consider the WP y'(£) =fLt3D » Ylto)=4o.
,n{-eerahna the dlff qu) be')ween tg ard tk+h 3!\’68
Yiten = Y ) r] by )dt

\_——-’—v———_l

we must approx.
+he arca under the

wrve fty) betn t and T +h

Fic('tm' al@

N -F[tl (‘t)
T~ ——7= )

TR | A L S S

4 4th b b feth F
Areg R = '“.‘h; \‘]u)('y th- %) /rea T= h ('P(tk{gé"'{&hﬂ ’91‘ )
= bh fltw}ju)

So 1 we replace dhe integral in j[t,&,) =yt fjt f(ty )t

with e ara wnder the trpezoid. we get
b b e -[buowua? n umerital



(%) Y )® \‘/k t -2—[{: (Beo y,) + f[tk,,..y.m)] \45

we wnnot detemine 3IL-H frovn VK
betouse Yy, also appears on the RHS,

On he RHS we ww) then vse Fuler's methad . |.e.
Yenr = Yo t b [Ty
Thus (%) belomes

e = Yt %}[Fltn. Y+ 'F['f'_cf’ Y+ b (te ,y,“))] Yo=Yty
| 4, th
s 1s @led IMPROVED €ULER METHOD

exqmple. wﬂ'}edo\on the lmpmvd €v)er method o apPvoximate the

@it yit) o the WP
y' =1+ =) ylo)=d

at points t.f% With k=l ~- N.
—> Improved Evler method -

Vkﬂ"yk*}’ {”’(‘h‘ )+ ""['h*"(‘*@u tk)) J(kﬂ]}

D

€
Te iy ) F(tkﬂ Y, + ht (1, .‘/D)
‘A”"h h- .yo L The, mfeqer L <0, /N""




Sethitn 116 - The R\mse- Kutka ‘Mmeihod \4.6
k=0,],-~»N-]

Yty = Y T bs-ﬂ-k.g + 2,1 2,3 1"-1::4:) '
Where 3, =y It.) ond - Thinl:;ﬂws as o amgés\vpe
Lk.l = F(t"'\'fz)
Lea= Flb+dh, Yptdhly 1)
Leia= Fltetsh Yo t2hles)
Lo = £ (teth, Yot bly 3)

The Runge-Huta method is much MO acwrate than Evlers method.ound the
improved Evler method.

Nete, from above that there are 4 fundional evaluations at each step
for Runge -Kutta whereas in the Evler method we perform only wne

funchoma) evalvation at eadh step. However ,the Rumge - Huta method is
sl mvch worg acwrate.

SUMNMARY
First-order acu rate methods

Forward (exprat) €vler: Yy = Yy + h{ltky
Bad(mrd (implfd"') EU’G": UL{I= 91‘ L hf(tkﬂ» !I,‘.")

Sewnd-order a.cuurare meihod

Improved Evier: Yy, = §, + f’Z‘F“‘“' Y) + f (fen Bt b (b ,y.‘B)J

Hourth-order a.cuurate methad

Rnge- Kutta: Yy, =Yt BlLiat 2ot 2 tley)  with by bea
Lk.St'/lLlA'
Trom above



let's say we have 3 numerical methods that have an error \Q
3h, “h":‘}lb*
i we mquire § dedmal places acuwray, then +he Stepsiscs by has hs

mes must Sa tisf
of these three Sche 8‘51' JS ) <o > N, > 3x’08 - 300
errov, = 3h, <10 [ N, . milion
erfny, = (\b_-. <lO = ]\l2 >N x)p "% 34000
ht <1078
ecory= 42h3 <1 > Nyz 4 42”0 26D

L |
nvmber of iterations

o reach g8d.p. op

O.Clea(ﬁ,.




Chapter a:  Seternd-ovder )inear differentiol equations

A 2™ -ord er diffeential equ is of the form
Y _ £,
z%i fity, 44)

1 this is an (WP then the 1.G.s are of the form

3(1:.) =40

wea" lea'.n to Solvg av sebond“ordef Unear dfffm’rbia‘ eqaaﬁm-.")is '.S

of the form r
B o oy

Linear bewause both Y and ;d& appear hy themselvss.

e.q . b - :
3 Z%t e _da‘,‘ tay =]  Linear

i:, 1'3_% t(sint)* b‘=et lineas
d 2 _ .
:(171_ .‘-s@ =| mnenkneas

ﬁ 3 =3 i
c{t”+ %-}w I*  vomlincr



We start with the homogentows (ase: \4@

d _ o ufeegt
:% fpwﬁ% " q'm“r)’ 4(t) =y, . y'(t)=y;

gtt) =0
First we want to know If 0. sovhien enisfx .

Gxistence-uniqueness theprem
be tontinuows functions in the interva) X<t<p,

let p(t) and qt)
Then there exiss ome and mly one funchion Yy(t) saﬁ.sﬁ,ing

Y"+poy +9lt)y~o
on the entire cnterval of<t<g and the prescribed 1.C. Y)W,
y'l6)=t'. Note that any Solvtim y=ylt) whid satisfies the VP
whh g(tx)=0 ond y'@i) <0 at ame Hme t<t, must be identiiaty O.
——

Now we will view the differsn ol equation through operaiors L.
We Use the relation
Lf&ﬂ ()= y"(t)+pld) y'(t) t tut)y(t)

Where L js an operator which operades 90 funchens. i.e. j¢ assodales
each funcion y to a new function LIyJ.

Example. If pi)=0, )=t then
Lo = p"() + tya),




If ytrcust then LIyd)= ~cast T toost \L
If yiy=t® then  LLyJB) = t4 + 6t

" punction of a function?
Froperfies

I. LECUJ = CLE\(IJ for ona tonstant ¢
2 L[3'+323 = L[}I Jt Lfyzj

froofs
T LCegd (6= (e T PECeY (D 140 ()
= " [t) +eploy' ) +egD Y &)
= C[\t’ “We) TeIt)y'a) TEW yu)]
= cLlyJ w.

2. Lly, #4300 = (y+g) [0 + PO CYirys) 10400 (Y 44,00
= 4" by PR FPE Y, + 90y Fe DY

<[4 petry! +gwy] +L Y+ pury, +4.0y,)
= L[yJt 1 Lyl

Definitin  An operatgr L Which assigns funchons 10 functions @nd catisfies
propecties [and 2 1S talled a linear operator.

Al others ase non lincar.



6g. LQ;JLt)=3"-2tnyL’ Q
Ths opesator asigns o y=3 the fundion
W)= t—la— -21(p)*=0

but +o y= C'_EL It assigns

Llwd = &5 -ac% . acf19
* ta ia
Thus for C#0.) ant git)= 3t weseethat  LLoy](f) ¥ LI
go Hhis operafor is nonlingar.

Wby are Roperties (and 2 vsefud ?

The sowtims y(t) fo  y"+p0Yy't 4l£)y=0 are enadiy thuse
funclions Y for whioh

L{ydLD=y" + ptoy' + g (1) Y =0
{-e. dhe soltions ytt) ee exad{j ihose funchoms Y to whidh the
operatvy L assigns the Bew funchion,

. Soif YW is a sowtiom by propery | then & L5 oyH) sine
L{gd @) = cllyd(o =o.
¢ By property 2 i YD and 4, [5) 0% both sowtions of the diff-egn.
fhen Y)Y, k) &5 ako & DM dne
LCy, +,200 = LTyl + L[y, I(0

=010
=0



The Mo properties together imply that all linar Gombinstions >

Y, (£ TG o ()
of solotions of the diff- @Jn. are again sobtions.

Two sowtions ar Y tt) =St ] > yl)e GustTGsint
Y, lt)=Sint

is also a solHon for every chiice of G and ¢, .
By the eatstent - uniqueness therrern , (1) enists for an t

let y@)sYe, Y'lo)=Y, and ®nside
. so)Vhom sice its
1) = do ST ST TG tivear sombingiio

and of solvHons

Pro)= Y,

&) = 4.
Thus  yit) and pE) sofisfy the same 2.M-gvder linear dift . g,
and +he same [.Cs,

Theorem 2 (Tram texthook) < Let g,16) and y,10 be two solviions of
{\"*va"""/m‘f:o on te interval or<t<p with
4D B -y )y, (D #o

in this interval. Then YIE) = Gy, [t) + QY. () 1S the genem) solutiom
of the diff. egn.




Definition  The quamily y 15yt i) =y @y, (D is wled the
Wwsklan of 4.y, ond & dencted oy Wit =Wy, ],

va"'{’z] (.B: dd(:i:, 3:;>= ‘4‘9; “U’\'l‘z

Theorsm 3 (from textboo) : Let PED and glt) be @ntinuots in the
intenval of<t<p ond ler\y,a) and V, (f} be two Solvtions of
Yo *PUdY'+g(t)=0

Then Wfq..lh] 4) is either idevﬁmlld 2em, o7 Is Never 26m, on the,
mtesva) (<t <p.

Note . [ot y, () and w(t) be twp solvtions of 1he linear 2 oder
diff. egn. \d_"-rp&)y'fq.tt)y:o, Then:Their W roskian

W = Wiy, 13D < 4,0 ¥ ® ~ 9/ Dyl
satisfies the )St-ovdes diff. .

WK +p WD =0

Nofe (e wan sobve this |S¥ oder diff. e. US""& Separation 1f \anabig

\{-d—ww =§-P&) dt

> Wi) =Re Ipindt



? 4
Why doss the Wrwshian satisfy W'() +pl) W =0

W/ @)= f‘&- (.Y -y, Y,)

= 3 +gu -y, Wyl by preduct nile)

= g" !!J” —“llj ”a_

Siney and y, ans both so)vtions of W'+pt)y ' +46)y <0 they must
SGhS'ﬁ’, ] ’ V]
Ji tPEIY 140Dy, =0 D u=-piely! -4y

y:z” tp l")y.{ +‘W°) $.50 > IJ:? = - P[t)ya' “‘}(")32

Plugging thee into wly) = h¥%' - gy, we obtain

Wt =y, (-poyy -9 y,) - (pioy!-98 )y,
= TPOYY - 4By, T PIOY, Y, gl N,
= PN -y
W)
= W) +pr)WH) =0

Frood of theprem 3:  Chooss any t, in the inferval «<t<p
") 4plt) Wit) =0 e have
Then  from W (1) tplY) _1: pesxds

Wy 3] (5 = Wy.y)G)e
fom separation of wariabies




t
Bur ef‘f*» POds o for w<t<p. Thus, WLy, y,]0E) s eifher \55
?dcnfio«u}y 2€ro, oY is never 2em.

D

Note, The Wrosklan of two Functions Y Yo vanishes identically if
one of the fundions Is o- canstant muliple of the ofher, I [y=cy]

WLy, y,J0)= olet[ y, 9:) da[g. Ccyy)

= CH'H‘ —Cylyl
=0

Theorem & Let y,t0) and ,(f) be two SowHons of y" +plt)y “4i)y=0
on the interval «<t<p and syppose  WLy» YD =0 for some £ In

this ibfenal. Then one of these sojutions is a constant mulliple of
the oiher

Frool of theotemy2 Let ylt) ke any sovtion of

Y+ Py +g L1y =0 W)Yo, Y'(t)=},.

We must find constants ¢,, G s.t. yi)=aY, ()t Gy (), For toin
x<t<p

(x y! k) € 4 ) +6{alt) =4
(e (t)) G R TG (1)

G () W DT Gy, YRS ) = gl )
“L Y () T M)y e Y)Y

Ci [y, (' )~ (1 Y )] =y, W '(4.) ~Y 16Dy,

sahsfies the |.C.




Cxa\'{;t.)) G ‘d,{.‘to) "'Q‘j; (to) :g_b
(<y,8)  CY'H) +egH)=y,

c.qwt.n Q1) VB = Yoy )
TG W.’[‘&H @Yl Y ) = Yy, ()

G L6009/ 1)~ 00¥s ()] = 3o/ ) - Yo b) Yo'

G and G exist f H,(‘[’o) 9&’(’1.') -y, u,n) y‘/&b‘) #Q

Now, let ¢t :Qb‘u@ﬂag,(t) for this choice of G, ¢, . Sine it'S a hinear
®@mbination of Solvtians Cﬂf) 6 & sojution top - BY- oonsfmcﬁ.db. b b)= Y,
q>'(m.-..H. Thvs ,,(1') and LD safisfy the same 2" -gyder hrtear
homogentous  eqn and the same initia] tnditions. Qo by the uniqueness
thevm, Y=, thatis

Y =ahitl talh), xet<g



Froos of theorem 2 - Suppose Fhat WLY,.y,] (1) <0. Then by “theoten3 X
WLy, ) Y6 Is identically e, Aasvme (BB Fo for astep.
Then dividing both sdés of the equatian
3 DY, (1) -9, ) h(t) =0
by Y, (DY.(5) gives

Y, (t) ~y. (Y _
TR

Solving it qives: In(y(¢)) = bn(y, D)+ C

Y,(8) = Cy,,tt) for stme wnstant c.

Definihen :Two fnctions  §,(t) and y(t) are said 10 be lincoxly dependent
on an intervas If ome of dhese functions is a constant multiple of the
other on I.

M Two  solutions g,(8) and 9,60 of y"+p(t)y' y-qlt)y=0 ae
h’mf[{‘ mdcpendent on the inlénal «<t<p ©F |Nf‘1u‘j :_j[‘D #Ol on this
fnteral. So Hwo slvtions §,(¥) and y,6) form & Rundamentn) set of

sojuirors  of +he dff. egn. oy oct<p iff they are Jihear)y independent on
fhis interva).




Sechon 22 : Linear equafions with nstant coefficients \‘{3

Homageneos, Jingas  seond ovdder quation With onstant cecffidents

=ad _
Ly aﬁ«b% +cy=0 | CH)
wih a,b,c wnstants and axa

From the previous Sedion.we know that we nasd only find w0
independent solufions Yy, Y, and all other solutions are obtnined by kg

linear combmahons ef ) and y,.

Ansafz  feduded guess).

3(t\=—€"b. for v a onstant

[[et] = are™ +brerce rt

= e't(ar" 'l‘b'Y'('C)

3:3'1' is a sovhn I |al*+by +C =0| €ince eft#o,

Sowing the characteristic equation gle see that fhe tun roots are

'r'g ‘b""]b?—,.qm; ’ 12 - ,_b_ l‘bz%'
24
a

. (b b*-40c70 then v.r, are real and distinct
2 y=eY, y =™t
( 5"30"{5 independet on any intenal I)



Ta show this be jan olso Compirie Fhe Wroskian through &

w[y,.y,]ltbl et ghit

nt
ve' Yieqj;

when 777,

_((3 P") ('P 4'1}_)1; 70

Example:  find dhe gepenl solviim of 3"'\‘5}[""4’320

"ﬂe charadenistic @qua‘hon is r2+61 Y40
Crt 4)(r+)=0

1=-4,7="1
gt =% g0 €™
Thus fhe genaa] Sofvtion 15
ylo= e T rge®
for ame  onstants ¢, and C,.

Erample  Solve the IVP:
Q-Htl _‘_yl_my =0, 90725) bf'[D:Z

Ch aracteristic oquah'onr Aty r~0 =0
Grie§Xy-3=0
¥=-2 =2
w0-acfget
YU = - Sc.e”F +age

-2 a
Ve TL y0d)= G e - 1Ge =5 Multiply By 2 ¢

Yy =- %c/e'% race =2

(Porm e fandamental ger of solvtions)

£ z s 1
3%459'@:-%5



A’ddlﬂs +he two: 9 2
9ce= 2
x T =
Q 2 23
9e”

-5
Vs'i\na ¢ e * +Ce*=5 and Q’=%}"' gives us C, s

C,e‘-%"' &{:S
qg”

G <(5~A)e”:

-5
| Yyl = Je 2&'1)+ ,ﬁ_eﬂ.ﬁ'\: -1)

I Remars-. Observe from this esampie that e W i ama solvtion of.
wd"-{-by"\-cgco if ax*tb7tC=0. So to findthe Sv)fion to the P

ay" thy' +¢ =0, Y(t)=Y, » y'&)=y,’

we lwovld wiite " -
Y= ce™ it~ L, Qer"[t 1)
and sove for ¢, and G fiom he intig Conditmons.

e [Ff b*~4ac <O then the dharademsh c eqvation ar* thryyC =0 has
complen 100ls

7= —bri{sacH  , o ~b-iAACE
2a 20




Assvne that I_‘\jft) =u(t) +iVlY) [ is o wmplex-—alved Siutim op &/
ay" +hy' +¢y=0
This means thal 1 Saiisfies the diff.eqn. and so
a [yag) +iv ()] +bfu’(6) + V(O] ¥ c[uted +iver]so

S [avw'(Othu'@®Tt C“-ﬂ')BT \'(a.v (¢ +bv D+ cv(t)> =0

Boih the real and the imMginavy pasts must ke 20ro.
=5 [ au''(t) t bu'(t)t cult) =0 ]

AND | aw ()t bv'(® tcVer) =o

Lemma) Lt yit) = ULE) + VD) be a complen-valued solvHion of ay™ +hy' +Qy<0
with o b, creal. Then Hl)=w () and Yo(d= v/D are two real -valued
sowtins. )-e. both the (o] ond imaginary paris of o lomplen-valuey ot
of au"+oy’tcy =0 are iés Soltions,

whot is €7t For r complea?
. )t .
Let r:}«ﬂ%. ertze(«ﬂp) :eo(tcsgt =co(l: [(Npt +s'inp1:)
real real

Q:
=
A
=

The solution of ay "’*b.‘l""c‘ix’o jc & complex ~valved funcHon i f
b%-4ac <0, Rewmll’

1= =bt i; aacb* A ~b-iV 4ac -
2a 20

17
€0 by lemma I, Y= € =€ 22 ogp

for p= J4ac-b* one real-valved solotims of the diff-eqn.

20



Chec that these fw0 Soviiens are lineary independent by showing fhat ther 3
Wroskian is Tever 2em . Thvs , the general soluvhwvn for b*-4ac<0 s

~bt
\j(‘t)-- e 24 (C. (os pt fgsing‘) , F; “42(,-5*-
Qa

Remark,  |Ne must ver fy thai é% eTore't is tue for 1 omplex

before we an say that e"Wand el g complex -valued solutions g} The
diff. eqn. Q\A"'l' b\,‘-l-cg =0,
d BT, d (e (tosmt +isopt)
t [
d = € w&[(o(m p‘t - ps\'n Pt) L "( asinpt + Pws B‘l')]

- eo(l- [ d (s gt + 18in Bt) +f.|a(w.spt ¥ is’mﬁ‘\:)J

= et (@spt + isin pt) (x+iB)

Example Find Jwo Iineavbn independent Neal-valued wtions of

423 =0
K 1'4% +5Y

Characleristic &n: 4424 471520

1= - 42| l6-4alM)\S) - —4x{-6h - -4 +i18 -1
24) 8 B 8 °

=2 1= '3‘:'"") i, = "5"'-1.



-1 4 .
Thus e"* = e( 2"")1; = e- :te ‘b = e‘ét[wst + isin‘t) \@
83 Lemma ) g‘('ﬂ_-; Reiefnt} - e“i‘tw&t

L= Im$e™y = e 3tsint

are two lineary independent real-valued SoWtion d%y -
hy s of 4dt‘*4;\ﬂt +5{=0.

Example  Sohe the VP 4 e wle
_Cxampi® -Jgfzﬁfﬂ 0: §lo) ,,:”o) |

Ch avacteristic eqn. T¥+21 +4<0
c -t Va-a@ o~ x{-a , ‘
k s LRI (ER RS
- t - ]
> e = ¢ DY ot (wiF) Hion(IF )

y,(H)= e Voos(B B
Yolf)= e U EmIFE )

and the geperal Soiuton S yi= QU TGYM)
= et [c,msm )+ GeintEt)]

Now vse #he initiaj Gnditions o find ¢, and ¢
ylo.):.l D [:?6 [C| w'séé) *Czs‘?,oj
( | o

2) | = C
VD)= -e b c o 1G8ingE £)) re b (-3 csin(136) + 13 acos(B 1)

‘AI(Q)'::]:) I=__%+‘-§Ca
| fromabove

2D a=d&

= (a:}é\




Thus the sowton is  Y(£) = e't‘.fosaé' t)-r%sln(ﬁt)] \Glt

. (f b*—4aC =0 then the characteristic equation ar*tbr+c=0 has equaj Toots

Ti=a= - Y%,

-bt
e qet only one solvtian y)-e 24| o ay"+bg’+a\1 =0

Let's define a new dependent vavigble vV ‘H‘)mvgb
Ylt) =y, 1D - vlt)‘

Q: How do weind & oM sovhany which is independent of y7
A:

Then by the product cu'e éﬂ .-.édz v + i dv

d_ﬂ Yy
o vt gt Shde - gy

= dz ad dﬁl
e AT

Thus fov the tase of a hnear M arder diff. eqn- (et necessarily w/
wonstant weffidents) we have

L (4360 = 43 + ptods +qtidy=o
4_‘31 v+ 2%3% +y, 42 PL")[ oy ry |

dt*

+ 9Dy, Vv

4y d

Y, ¥ % fa%yé ¥ pl.t)y.]-\- v[%’%ﬁ plt) J?,-‘ +t;l,'c)‘ﬂ
—
) )] sl \ (Y
= ‘\1‘%" Y [2%1 +PL‘|;)33§% . o? solr:)c:o':‘\
LTy, 4) =0



This impiies that  Uft) = YD VI i a sowtion if v Sakisfies &

‘Jt‘i’;’z f[’%‘ mmﬂé,%:o

= bewomes . ' ' <0
£ [u= d¥|1his bew Y (:T‘é. + [J’ST% ,l,P(t)y] W

dt
which & & fiest ovder diff. eqmmon fr which we cap vse the in quﬁlg factoy

30 d‘k = |( )
Rennie: gg’f[-% g +p(e)} w =0 T o
S[-?- y; +th)_]d1— zj@x)dt [pLrdt
ay fACID)) dt {prddt

alnl () (t)dv
_ e Y e)ff

z (t)dt
- eln(\,"(.t))e JP
e (p)dt

IF.  u)=¢€

= )

Now ) + o] 24 rpe]u=o
9 [ ] = ©

ki) U= Cc for some Constant C

) 9 wlog Con toke
) . ~SpttMdt
But u-ﬁ{ and $9 \A—g_: - Ceya \/@
|

—[pt)dt

I we inteqraie oaain wit £ we obtain vit) = fuu;)dt; with |u= E‘Er
a
\




and thus The 20 solution which is lineavly independent 1o y,it) is \@

3 jz (.t)-:. % Lﬂ\ful:\:) dt

Yo # tg, (7;01’& wnstant Mmviple
bawuse u= ce”d Pt

is heger m) Yy
Remath: This s kmwn as the method of bewuse
the substitotion we used; ylt)= Y LtIVLY) redues the problem from

a Y order diff. eqn.tv o ($v order diff. egn.

~bt
y,it)= € 34 | o¢ one Sowtion of

Q%’.\ b%@-\- cy =0

We first want o write this in the fovrm _d_q’} + P(—t)c_iﬁ + o,(t)vd,w,
50 Wher the wefpiuamnt of 4; < e dt* d4

Ampa n'n% the two

APPLICATION TO EQUAL ROOTS * e found

. = b
;?1 T 24 ¢ Ly
e - [ dt
and so weget ult) = ‘L J’ 4 J -2k

eE = = e %

(1) @ ) S E |
Therefore Yatt) 36| wrn dt - e%f““% cpe 2 is a seund
so\when of Jhe diff. eqn.

-.b.t
W€ > ond Ja=te .H are lincavly independent pn de Interval o<t <co
. The general sojvhan is y [H=CY,@) tCy, (t)

-t
> | 30 ket ot] e 2
in the wSe of equal roots.

1"




Example  Solve the VP dY  edy .\ 0. =1, y'lo)=
thafez_yt 1-3.0, 3(0) ] 0)=0 \Q

Characteristic equation: ~ Jri+é6vtl=
(3v + =0
e -1
Y=-% Clwice)

Hence the gencral solvhon B yﬁ:)e. c'e"kt + Gt e'f?

Now vse 13(0):[; T=C

-3t -v_ -4
§@0: Y@ -sce T ree 7 T 3hte t

0= - 'é'ﬁ(“'cz > BL:Cz
|

“Thas, the sojvtion to ke IVP B [4(= e “Ib, g—tc’ét

Examgle

Solve the 1P (1- t)“‘_zﬁ 1-2t_1 -23-0 ) y(n) =3, ym):-q.
on 'ﬂe m‘l‘ENal ‘|4t<l g)mm o.f#*.s'lvhm s s‘(’t\ t

t)sma +he method o reduction ofsder we have that & seend Soutim y,(t) &

fourd by wlt)= & fpl:l.)dl’
Y, %t

Fist we rewrite the equartion such that the weff.of " is ¢, i-e.

dYy ‘ )
dt? e A

pet)




at _ _4% _42
a) = e TERH L (-0-tY) ot NGB

-

l—
"dl“ '& R _tz t?.

and  y, (t)= yt'c)jutt)dl: = l:] Py - fl?-—')dkzt('?_r)

= -t

Thus 4O = 6§D TGY, D = 6t — GU+HE)
Using the 1.c. 8(0)= 3, 3'&):- 4, we get the vaives of ¢, and ¢,.

y'®= ¢ -alat)

Yo)=3> - :=39[G=-3
y'lo)="4> [, =-4

Thus |9(t)= -4t t3(14EY) | is the solvtion tothe diff. equ.




Section 2.3 : The nonhtnmgmwu.s equatiom \%

der mow =d
(onsider no L(‘QJ IIE‘ ‘\'Ph"):lit'j + qlt)y =9@) )

Theorem 5 (fiom tenthook) ; let 41D and g, (1) be two lincavly independent
Solutions of the homogeneous equation

Lyl - %,frﬁ)g‘!c +¢tf)y <0
ond et Ylf) be a PQ(ﬁWJOY ®IvHN 0F the v)ﬂ,},a-magenms eqn [l,c) )
Then, eveny solution y(t) of (¥) st be of the form

Yy = ¢y lt) T oy, () +Pit)

{01 some choiles C G . fom so Mngf Partiuday

dhe homaceneous  So'uHon of
o nomemgencous

lemma  The differeace of any twe sojotims of the ronbemogenegus equation

e ———

Gx) is O Selotion of the hemugeneous egur.

Roo (et yt) and B8] be too sowrions of (). By bnemity of L

Ly-%]® = L) - LIl

= glt) -9t
T RH.s.of L sineitsa

=0 nonhomogencous problem

So ‘l’,('t)'%(t) 1§ G So)u¥ioy) Of'ﬂ')e bomr)gmeops PWle'O
( L[a:\(ﬂco > Yl1) Is a So)uhen of the hemogengous prob jom 2
LOp -2 1) =0 for gLod =y 1) -Yal®) ).



Proof of thearem 5: let yit) be any solvtion of (4). By the Lemma, \?O

‘Plﬂ ‘-‘3(6"{'(17) is a soutiun of the homogeneous pwblam §"+PLDY' +q(t)y =0

But every solution $t) of the hamogenepus equatian is of the form
PMI=aYi () TGy, ()
foc wnstants ¢,, g,
Y1) = PO TPiY)
=y reYL )T i) o

Theorem S € useful beuuse it tels uswe wan find Hao solunms of the
bomoqeneou.s pobleyy & ome solvtion of the namhamogeneous prblem instead of
al) svjotions of ¢+).

Exampe Three solfions of 0. spedfic 2™ order nanhemogensous near egu
are  ptt) =t. Wl =ttet, o =1+ ttet. Fnd the general solvtiom.

By the lemma:  Y(t) < V- = Aret - =¢*

L) = §y-Y = l-)\-r&/-[‘f-% =1
these afeto solotions of the homugeneous problem . They are altv
independent. By theorem S. evefy Solvfion is of the form

4B = GY T &Y, +VE)
=get+et+t.

linead«’.

Sedion 2.4 : The method o vaviation of parametes
6 : How do We find a darticular eivtion YIE) of the momhomogeneous egn

L[.‘jjz dd%?'-r Plﬂ% Tq“‘) 7‘ = a(t)

orte we know The Solutions of fhe hrmeqeneous eqn




_A Lot Yi k) and y,(£) be two linea . ind ependent soltions of the N

hemogenavs epn L fyd=y™ PpLdY g )y =0, we')l try 1o find a PS

(partiular Sowtim) V() of the nrnbawogenepus  eqn, of the fbvm
Wiy = ui )y, B T U O

J.e. We)l try to find furch s W, i) and us(t) & that The linear comby nabor
U, (1) Y, 1Y) +Ua(D)Y5(4) is @ Solohan . we aamfure

%[\P = dif.[u' (t) V'(t) + U Py, [ﬂ]
= oYty gy UL

: {"" Yyt U Y. ] + ["c‘!( tuzy; |
We want 1o slmplify this pwhiem to 'ﬁrd,'ns SolwHons u, ) and u,lt) of two
Vey simple ficst-order equations

We see that g%qu&)] will bage no 2Morder dedvatives of u, and 4 i

u’y, + ".1’94 =0

So we want v impose This onditim m the fnS w)E) and w(t).

(LYW= v tpr P’ H9lD) Y
= LU s wg ]+ pedfuytupyy ]+ 90 [uny tal]
=0 tu " PRy F U P WY TP L Y 9 vy, t 9y,

WY U Y + [y pee) gy, ]+ .y, tPOY gy,

=

= Uy +ulys S ne
~ »°
sinee y, and
= Y1) = W) Yilt) + U(DVa (1) 1s 5'0’”’7'03')5 :{-‘ '!llzeazadmweneom
a. SOIVHON of the Memhemagenencss equatim LlyJ=0

an. If wit) and ult) satisfy



14,’9,"‘“:’91=O multiply by y,/
u'y,’ tu'y,’ =gtt) moltiply by Y. , and subtract

U Y+ oy U.=0
W Y r iy cquyy, (o
'ui/[!hyz/’ yl/'/2) < ‘9(1')&/:

Wly.4.](t)

> [uw/@®= —9 Yyl
Wly,.y.30)

Similavly,
u’ Y tu'Y =0 multiely by v,

WY, 'y, =gt moitiply by ¥i , and subtract

;,/'3 Uiy, =0
T3y tuzgy - gy, &)
U (v ' 8y = - gy,
- WDJ;'VQ'J('T)

._—_) cua/&) - S(I)S((.t)
Wiy, K1)

To obtain W& Ualt) 1ttegrae koth w.r.t. %.

\47..



Note | The general Solution of 1he homogeneous egn Is 2B
Yyt = o Yilt) +Gya(t)

In whed We did above we used Y (1) =u, 1D)Y, (t) TUalt) Yolt) SO we ore
allowing the Constawds ¢, and @ o vany with fims. Thot s why
This method & known as the )

Example: @ Fird a partiwlar sowtion it) of the equation
H"-l-ﬂ =tan®
on the interval --;l<t<_lzf :

(b) Pind the solvtion t the Saume diff-egn. buj w/ initial wnditigns
y )=, y'w)=y.

ammderisﬁc qn: Y24)=0 D T
1t7 =~
yt= Refe'J=> st
Y, () = jmfefrtj = sind

WE )= | % % | o yyr-yry, =
U
"t &Y are linemly jndependent

wstlost — (~sint)sint =) #o

From the Melhad of Variation of parameiels we have

U,’(’d = -j% , 142'(1-) = 9y,
H WL, 4 J0) WYY, ) ()
ere,

g =tant and Wiy, y,)&t) =1 so

u(-t)zj-tant'smtd a-f int sy « - (sin2
| : E .Sml_s.gsmtdt -sc')or}: dt




Y

()

L= “"‘Szt dt f( - aost)dk

:j@'.ost -scct)dl- = &int —In|sect H:ant/ : "%ld"g

and = | tontcost = ¢
“®) j T at f%*@k‘fd{-c~a§st

Thus o= @Y, D+ Uale) 1)
=<th 7 —ln}scct + %antl) 00§t — costSin

= sintwst - Injsectitan t] st ~oostsin ¢

< _m]s&'t-l-‘tan t}oost
This (s the fartiowow sowsion o Y"ty<tent m +he intewal ~deted,
2

(by Fov the 1vp - Yo)=) and ylo) <

The genem| &Wfion Is Y= q Y+ G4t P

P |Ylt) = € cost +gsint - In)sectttant)cos t.
-ﬁn constantc ¢ and ¢, .

y'(e)= -asintigast -( (sec(t) tants) +/9ec2te))
ce(t)+ banlt)

+Injsect ttant)sint

= -¢sint TG lost ~ sect cast + Infsect tbant)on ¢



5
Yw)=l = = c‘._[rll//f > 65 AN
\"l(O):l =

o
| = G~ +Mfo D |2
o/

Thus the solvtion o the jyp s
Y(£) = cast +asin t ~ In st +ant )cest

Sechion 2.9 : Senigs soluhions

Hmoqentous \inear 2™ ovder eqn : LD‘] = Pl‘t)%zf(bl‘t')(:‘&t ¢ va)gfo
#0 in o<t<p

We already showed that every solutim is o He form YID=Gy, )Ty, (1)
for y ) and y,(&) lineavly independent.

Treuiously , PR),GL), RLD were all constants. Now we wnsider the wase
where -H)etﬂ are polynomiaels. We tan determine o polynamial Solvtion y(1)
by setting he sums of he weffidents bf- like powes of t in LTyl(t)
equad 1o 3er0.

Exompe. Find w0 linearly independent solutizns of
Lydiy=y" —aty' — 24 =0,

(o
We set| )= D agt” [= Got Qitt aat™+ At -
n=0

R
=y =a 20,1 ¥ 30t F. = 2N
o n-2
= ‘\}" ()= 260, +6a5t +... = 5 n(M-1Nant

n<o



Phgging them into LLyJ(D=Yy "~ aty'-2y qwes us 6
[ n-2 %na tn*l_aﬁantn
L[yl 2 nir-Dant™ ™ —at 2N 2

Ny

' S 2 "
= ﬁ N n-Nant” - =22 hant" ~2 2 Ont
N-o n=p

=0

Next, we rwvite ihe first summation f nn-Nant" ™ guch that the

Nn<o

aponent of t is n instead of n-2 go thed T mathes the other fwy

summations,

o &
> nnNat” T — D (MM HdAn,1

N=-2

o ¥

S () apet”
n=o
(sine the wntibvtion R this sUn from n= -2,
n=-) is e sine The factor (mi2)(nt)

y vanishes in oth of these jnstarxes)
Qo

Thewefore,  LIyJ0) = 2 (nt1)(ntidannt” - 22 Tant” - ’,% ant” -0
n=p o

NTo

Settirg the woeffidents of like powers ih T equal 70 e gives

t": (i) (nt)Ank ~2M0n—2Gn = 0O

A, = Q'[ma" = 2ln

So once G, and @, are prescribed . all the weffidents are determined

uniquely- The voues of a, and a, are arbitrang wnless ke ate given
Specific infrial conditions.
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~To ind fwo OWHOTS of the diff. eqn. We choose two  sefs of ao‘a,'\

(N G=1, €;=0
(::) a’OCOa a|=‘

- (0 oﬁ:‘, (1.=‘0

Re wil = 28&n
®ne2® T
N =N a, = 200 - ]
2
nzf: 483 :=2Q, =g

e All 0dd weffidients are ey Sine they all depend MQ, oviginauly_
which here is set as zerm.
e The ekn weffidents are found Hhroug h

= et <— is one Sojution of

€
Eine o= (+x+x*y K3 4. bith m=t) the diff. eqn.



—> (2) %=Ot d):'l

X

This dime al even eificends are e & oy the odd Ohes Qre MOWZerD,

_ 20n
Rzm“ Qnt2 ~ —f-)_';ﬁ'.

m=p: Q=32 o
> 3
n=3 Qs = 2_aé = 2'_@
S S
M=5" A = 2Q_5 = 2 3% a
T3 a( [3
n
Thos G ., = 2 (%ou, tan Show INis by induction
W 3 st 7}0 bi )

Q L o)
Therfore, Y (t)= y@»« at+osT+ a3+

i N
=t 2210
3 35

&

- by anH

= 2 17 <«— 15 a Sewnd )" of
N0 35 (2n+) Jhe diff. egn.

Not es!

(A) Infinide v Y= 'é: an [t-1)" : power series about t=to

(& Radius of tonvergence of the power series : P70 sT.
It -to]<p : infiniie Sefes  «nverges
|'I:‘t°]7f ! irdintle senes diverges

() You can differentiate and integrate each term separakely.
maintaining the Same interval of donvergence.



(D) Use the rohio tegt to determine the inferval of tonvergence. ]

i.e Compute lim | Onti | = 2.
n-o08 Gn

|t -1l < 4~ : power series lonvemea
| £-tl>L-: power series diverges
&) The pmdwﬁ of Z%(t—t,) and Z. by £ -1)" is o power senés
of the form Z c..(t-t,)" where G, = aobm- Qb ¥ +anb,.

The quo fient ‘:: :;::-?2\:1-:} is also apower series givenﬂ\ad b, o.

Theotem 6 @rom Tesibook)
le+ 4he variable t assume omplex valves. let % bs the point closest 1o to
at which  or e of its deriaives fails to exist. Gmpue 1he distance pe €
between 1 and 2. Then the Taylor seres op about to Gnverges for
lt-&| <p and diverges for 1t=h|2p.

Theorem 3 (fiom texthook)
Gonsider he diff.eqn.  L[yIE) = {1Y) 4—’8 + O) ét + RIDY=0

Let Jhe functions ﬂt) and lls(t) hawe wnvergent Ta:j)vr senes expahsions
(9]
abod t=fc for [t- t.l<P Then eveny solution yit) of the diff. egn. is

analytic of t=to and The radius of convergende about t<b is at least p,

yaumde'l'eﬂfﬂhe ihe weff. 04.93,... |In the Taalqy ©ries Czpan:ion
ylt) = Qo t Gl —t.) +a, (1~ 17+

by plugging the series akove into the diff. equ. and sething the swm op
the weffidenis of hke powers of ', equol fo 2ero.



Exampie: (&) Find two linearly independenf Solvtions of \80

Lyt = __ﬁf 3L dy +
t" I+t> dt

(b) Sowedthe diff-eqn in (a) with inHal Condibions 3(0),&:,’{0):3

)+—t"“! =

[ 1t's easter 0 muttiply The diff-eqn-by (i) to get Ik in fhe form
P(ﬂg%:. t @[t)j.—g. 3 R[-f)v =0

= O+1D i:g‘*' y 3t g‘é‘l:- +y =0
Now set ylt) = i ant". We get
(0= /)

' -2
() S Onn b +3’c2am*t""+2 ant" =0
n=

h."'-o

> 3 a2+ Sy v 32 0omtt 2 ont” w0

NZo
— ~r g ~—

rewwie this svch that we wnwmbme Ihase 3 tems
The power 0f 1 is
7 jnstead of N2

= Z Oy OT2)HDE” + Z an (N-D+3m + 1}1:

=0

> nZ:o [szCm?DCMB + Qn (m-l)'“] t" =0

D paa OV S - ARG

2 Qpgy = " an (0™ < = &) gourrence relarionship {o7
Cn-ﬂ'-)(\):m/ YRS the toettfdens




As before, 4o find Hwo linearly independent solvhmms of e diff. egn @‘"’S)'deﬁ

the simplesf wses (j) oo=1., @ =0
(;D Qs =0, Q Ql

_’(i) Qoz"o 0.|:’0
ALL odd weffienis am 2er0
The even ones ore e ~Qnlnf). M=90 Oy = —Co = —..L

n¥2 2
h=2 aq_: 02(3) =_ J')(q)

M4 = -
e ‘QJGQ == [3) zﬁ@

L)

Ozp= (-0 1:35 (200 ()" 1.3-(an-)
2.4"6'"(2"\) 2"’)-’"

0 O
Thus,the Jist solotim s Y, (t)= a.,fq(‘gmat‘i-&,lfr..
= |- AT L34,

24
= Z ()" 13- - (an- l)tzn
2"n!
IS one Sowhon.
in 1he absolvie valve
+hs '+ matFer 2h+2 -1 =2nti
Ratio test ¢ iy | O -3+ (2lni)1) 4200
-_— —| = lim 5
n-380 o, n=200 { (TH"I)'
=" 1-3--- (2n- 0
2 7\!




(arhY1° ~&2

= lim

h2% | 5 (n+H)
= t* lim [2M]| | 2%5 o as mooo
= t*

Thvs by the mtio test the Infinite series convemes by |ti<I, diverges 1tI>

'—9(“) 0o =0,0Q,%]

ALL even weifidents ar 26 Oppa = ~Anln)
nt2
= =24 . 2
0dd weftidents: ag= ~Zh = -k
5 = —4_0?: __j'
S 35
qQ < _Gas - 2'4"6
= 3.5-3

D Oyt (A 240D | ()"2"!
35 (2m1) 35 "(Znﬂ)

0Q
Therefom yzl‘t\ =t "‘%—'t}"t ﬁ:ts,',_ .= 5: (1’)“2" h! Tnnﬂ
39 > —
n%o 3.5..(2nH)

1S Fhe sewond selohm.

I can be shown using the m1iv tast that This soloffen also wnverges for
[t1<1 and diverges fov [tl>).

@) For the 1VP we want tasatisfy Ylor=2y 'l0)=3.
e fourd iD= 3 (LD a3,

= 2 002 "‘ P2 ats,



I ‘U](O) =1, 9.’(0\ z oJ B
Yal0)=0, y'(@ =|

So if we want 10 satisfy Yuo)= G Y,l0)+ Gy, (0)=2
Y700 = Yoy + &Y 00) =3

we must have { c.-a] which implies that| y(+) = QU.C‘C)fBV.‘[tﬂ
=3

Sectin 28.1: Singuiar points, Evler equafions

Gnsider again  Lhyl < P(ﬂ%?a.* @(ﬁ%* RI)Y =0
If [ PCt) <0 at 't"t'i then we van this a Snqular differential equation.

In the neighbohood of The singular point 1, he solurions of the diff.
eqn tah become veqy 1arye o7 uSUillat € very rapidly and solvHoms may
not be wntinwus at $. Sothe method of power series 1wiy, 3n general,

“ail Hv wom.

Definition  Eviep’'s EOUATION

The diff: eqn. |L[ydED) < J‘zi,%*“*;%‘fﬁv =0], wher Kk ad g

ore tohstants 15 known as Evler's equatiom.

We assyme for mp)ia’iy that >0,
Note: 12" and ty' are both moitiples of t" if g=t"

=32 v Nt
= 2(r-Nt”



This Svggests that we tan fy yst'| as the sowtion of Buler's &
€q uation.

L{= veo-nt"+ wrt” + pE°
[ree-n+oT4B]t”
= Fer)yt"
where FHr)= TE-NHxr+R
= r* 4+ (o=1)7 TR

]

‘This implies +hat U=t‘” is o solvfion of Lvler's equation iff
=0, 1-e. | Y*+0x-0) T+Ha <O
Using Fhe quadralic formula e o voots are - |
T2 TODH(ai>-4p | 1 = D -\ (x-1)"=4p
2 2

case 1 : [(=))*-4R>0| —> two real,distind roots
of the form: y,= 4" }
Y.<t

linearly indlependen}
" rER

> Geoeral ovfim : [y =t 1 t™

cAse2 . |(x-)*-4p=0| —> only ong Te0) SWHon : Y=1 n

S R (S ))
2

A sewond solution wn be tound by the method of reduction of order:




/8

However, there is anolher way tv do i1 whidh we Show hene:
Nofie thad  Fer) = Y5+ G&-nY Fp=0
= (-6 in the wase Of equal roots

= LA =(r-m)t"

We must find anather solvtion that's 7"090713 independent and safisfies
L{yJ=0.

DR J= 20"t (r-r) " tMint
T

= .b*(,-_r,)[g-rﬁ--ratnt}
when T=r, > lL[‘l:"] =0

Thus LTE"Int]=0 iobich implies that (1) =t" Int s 2™ solvtion.
Since Eand t" Intjars lmazrl& independent, the qeneral solvtion for

the wse of equal roots is
yi) =(eraln v’ 1 20

CASE 3 |(A-1)*-4p <0| —> amplex roois : =2+ i

Yy = 3-'114

EH = ¢ kit
Hence $lt) =t " =t”""‘=t"@ = tosCsIn D) tisin(pInt)

N -t"[cos(}d“ t)+ isln(yln’c):l

With A= —L_) < “13'(“ ')

“— Complex -vajved
So) 0tidn

A LA
2 Y, )=Reidlt)] = tws(pInt) } re) -valved independent Solutigns

YO =ImptD} = tAsin(fuln t)



86
Thie, the general solution in the wse of complex wots is N

Y= t*[ ¢ s (i) +asinClnt)]

with | A= (®=9| and M= ﬁp;(-ot-D" os above.
2

Examples .

. : _ 42 )
Find the general SolUtin OF L{y] t;ti(z ¥ 4*:‘%“4 t34 <0, 10

—> Substituting y=1" gves L{1'] = bocr-d +4v +2J37 <0
=D r -rt+4er+2 = va3vt+a= (v+0r)=0
= rs-=2,~
Hene yid=cit™ +q t™
= gt Gt
= _CL Ca
e 2.
Cage2
Find the general solutiomn ap LCa:l < tzi%a Stg}t +9Yy <0, 170
—_ S&l&*ﬂld‘fng y:tr 9‘"&5 L[.tr] = ["C"‘l)-sr _l.qjt'l‘ -0
= Y -r-5r49=v*~67+q = (r-3)*=0
¥ <3 Htwlice.
Y, s 1> and Yl = 3t

Hence 3L‘O=‘t’(c. +c.Int) , 470

Hnd the general solvtion of L[:‘ﬂ‘ tzﬁz "51?51 +5Y 0. P>o



- Sustivhig y=t" gives L{t"] =[rer-)-57+ 25]47 =0 &
D Fr-r-Sr+dS=T*—gv+25=0
2 e 62{36-405) . ga {_7}
The o6 = £ < BlepD®
-1 [m(ﬂnt)ﬂsm(ofmtﬂ
Y, ()= Rejp D] = +3@s (4)nt)
Yol =Im § c}tﬂ] = t%in (4 Int)

=3¢t

Henee yit) =4 Y D +ailt) = yit) = t[c,asami) +qsinaing)
Poy 1>0.

O : What happens if[}<0]?
ALy FY may not be defined if 1<0 T Ruhof these difiubias are
Y= $"Int is not defined if 1<0. ovoided i [ T =~x, X720
change of variables
Let [y u0x), X20] From the chain rule ég du dx - _44
olx dt
with x=-T
d-t’ dt dx>
= - di/dx
dx* dt
= d%y
Thus, we wn wite Ix*

LG = t24 )
(gd=1 071311- o(t%ﬂsy )
= ("X)"-d_z_“' + o(C—x)[—%t) +BU



But ofter this cange of vaniables this equation is enaclly The same ~ge
as befove bud bih 1 replod@ by % and y replacd by u.

Thws ,the solvHtns G re
if (x-)*-4p 70

G X Hax 2
‘24(70‘-'? [C.-rC,lnx)xr' , (F -N*-4p=0
X[ ¢, we(Juin %) +G sin(uInx)] , i (x-17-48<0

Notice that| x= -t = t)| o7 [t 0| Whidh implies that

C, i Ta
ym:f It + G It

Co+In| ft)™
1] ¢ cos (pinJ£1) T GSin Cleln 141)

Section 252 : Re.gumr.smgujar points, the methad of Frobenius

Can we {ind @ dass OFsinguJar diff. eqhs , more 3eneral than the
Buler ejuakim ¢ty "taty'tBy =0 buf still solvable analytiially?

Rewrlfe itas [ 4"+ %s'téﬁ =0
.l?.

L[y]=y"* Py’ +9lDy =0

where pit) and glt) an be expanded in series of the form
i p(t) = ftg + P rpattpt e

P = Jeo + . 4.
_tt it!‘r 1 73t+q/‘}t t... J

-~

- (1)




Definition: L['j] = y"+ ptt)g‘ + q(t):’ -0 Is Said to have o \(q
reqular sinquiar point ot 1=0 if ptt) and §[t) howe senes
expansits of Jhe form (). Eqm‘vdwﬂa. t=0 is o regular Sinqular
punt of L[fj:l= :1" tpit)y' H;,l‘l")y =0 If the functions tplt) ond

'l.‘tq.(t’) are analytic ot t=0.

Example® Classify The sinqular points of Bessel's equation of order ¥
'it‘iﬁ dy 2y =
el t (t*-v*)y <o
Where v is & tonstant.

- Her Plt)=1* vanishes ot t=0. Hene t=0 I the miy singwas
point. If we dinde by 1* we get

tptf)=) and  {%lt) = t*-v> are both analytic at teo
TB\JS, Bessel's equatia) oa{ ordef vV has a msl‘jar ssngular posnt ok
t=0.

Example@) Classify the singular points of the Legendre equatim
(-tHy" =ty * (A1) y =0
Where o IS a tonstant.

(1-tDvanishes al- t= |, Sothe egqn is singular 1here.

If we divide by 6-155 e obtain
w - at
h Tg‘l-s‘ "" «(ld—";l ,:0




smce, t=| is asingular pt

at X
L (t-nptd = (- l)( )(, t)('+t)> %
[-[ |)"c',(t) = (£- l) d(‘”") = [1- l)‘o((o(-l-l) AH)  _ olon)l-t
(-t b 1+t

which are both analytic at +<|.
sinee t=-1 is a singular poinf

Similarly, (£+1) pIEd = (t+) ( ~at

2t ) = @) -2t = —at
! 'l't) )6([ :—t‘);y—ﬂ) Il—-t

Hh) ‘)UI} (tn) d(“m (t*") KOH) = o) T
Which are also bo'lh Q"@'Aj'hc of t=- (- t)ll}’fs -t

Hence t=-[and =2 ane reqular singuwar points.

——”—

FROBENIVS METHOD

We consider again 1fy) - y "+petdy! +§)y =0  where =0/ a reqular
S)'ng\uar pomt .

If we mvtiply -rhmvghou- by 1% we get
tryn+ Bplt) y' + tyt)y =0 (3
Rewll: €vler's equatom 7Y "+aty' +RY=O

So (#) s viewed as being obtnined from Eulers equatim by adding highes
powers of  to the Geffiients orandp.

let's try solutions of the fovm

00
g2 ant™ | £ 27 0t
n=o h=o




Example  Find two linearly independent solvtions of the equation
Lyl 6= aty" + Y'tiy=o , o< i<t

(]
let yr= Z at"" | axo

'\"o
ntr -I|

Y'H) - Z 0, (ntDT
}j"(.‘t) = éﬂn (n+r) (n‘l'rﬂ)'linﬂ =

’Plugamg them info the diff - eqn- we get

w -
Uy atéa"(nﬂ)cn"ﬂtm S+ r\f(’nm‘r") £ -rtfant""
£ Pl

- r-I b
= 2Z Bt D™+ S i)t 3y T
n=p

Np
PUI( out tf
- ’ar[zz an e (ntry " + Z an (n+r) £" ' + 5_ @, nﬂ]
hee n=o
o n-\
let's make all of them start at n=2 S apat
h=2
= 't [a a-orcf"‘)t + Q.O,(l{-r)T +‘:\Zz o’ﬂ(n"'r)(n"'r"')‘t'n =\
+ Go Tt~ +q, () + Z an (ntr) "
+ Z o,y B J

[a.a.,v(r-l\ +8T £ + [20,040)v+0,0+0)] 1"

> +r-)
+ 3 [28, (=) + Gn ()00 ] £"
nc2

-—
-
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Scl-hn" the weffiuenisof each pwer of T equal to 2erv gives ~

() 2@ (r-N+8:T =0 — 207" —20F+ AT = 20T ~GT =
. Gof (2 -1)=0
(i) 20,0+ T4, (1tr)=0 = q, ((+r)[2r+1] =0 =0, =L
(i) 20n(0#)Cn4r) a0 1an2 =0 |
bot since r=o0, r=%
l $rom (D), the G imples

+thot-| a,=0

an(n-rﬂ[:lCn-rr-i) T I] = =0pa

Qn Sic = ‘ﬁ)r N2
(M) (2 (1) ~1)
Sovhon I:
ey Q,= —0n-2 Ny
1 (2n-V

and since a;=0 fom (it) we have +hat alf the odd cweficients afe zem.

The een Welf. are :

nN=2 : Q,=-0
23)
h=4 A== - - 1..70 . 4,

N=6: sz—aq. = ) .ao =_3°
G () 6o 2343 2:34-6-3-1

n
O\I?IO“. an - C——l) ab - C_l)'\ ao
2-3- @221 270! (4n-1) 33




If weset ap =l then

&
Y, ()= Qo+ Gabt ot

4
= | = L-3*+ - 7.
2'31 2.3-4%

60
=1+ > (0"

"1 20l (4 )33
IS sne solvtion of 4, diff. eqn

Solvtion 2

v=3| Real that we obtained fhe rewuvence refation

an = qn—l

(h1) (2 (1) ~1)

'ﬁ)r N7

Subst. r=4 we get ap= - &n-2
(+5)(20014))

- - aﬂ-z,

.-.i-(an-n)@,itlnﬂ)‘o

D |0 = ~ Qp2

All the odd weffidents are as before 2em sinee from (il) wegot a, =0,

The even weffidents are now gj ven by



'nQ al < "'ab
2(5)
h:q. a‘tt—al - -_L.—Qo = Qo
4(9) 4(9) 2.5  2.4.359
N=6 Qg = —Lz—J—.ao_.= ~ Q&
6(13) 1% 2:459 i Scqn

Eel-Hha o, s{ Weget thal $he 2““' Svlutian isg)ven@

'}L(t)= a,+a4t"1~a4t4+

| - _l_t".} l -L-q'q....
-5 2:4-59

8o
= 1+ S @
"Foala” (an)S59-

-
-

0<t<co,

L



CHAPTER 3: Systems of difterential equatins

Stction 3.1 Algebraic properties of solvtioms 0f hnear syStems
We consider Simultaneous |57 -order diff . equatiovs i several variables :

d—‘-‘; < 'F, ctt Ky)ony xn‘)
dt

dx" - (,tp X e
-d—b Fg i, 0xﬂ)

% = falt. X cees®n)
The solutim is n fanchors X, @, .~ Alt) ST sld_?ﬂ) = £t ML), %ald),

[=h2--n We wan also impose initia tondiHans of the form
X (b)Y X7
X (%)=X)

Kolt) < %on.
This wowld then make it an initial -value problem.

Note: Every nh-order differntial equation for the Single vanable § o be
wnverted Into & SYstem of n fint 0vder equahions fov the vanables

n-
K@Y, A=Y xatt)= 4

Crample  (onvert the diff. eqn.

into a system of n first-ovder equations.



and  4his impiies thet

w&tf’f.;‘ + Qoo (t) x, t0g-2 () %y, +

2 d&n (00 E)%n T Analt) Ana

O X,

1A %,)

at 2,10

> . - - M=
Example : (onverl the VP %’rf%) 1-33 e 53(0)-!.3'10)-0,3 ©)=0

into an WP for g, Q{
d‘l:"

“-,dx
_,Sdmyd_g%’&i?j;z“ dt

dy t
'K 3%, =€
o‘t + K2 1+ 35X

_n)U.S‘”)e 6v .Sm o{ {rl. order df{;' ean JS
T dx, _
i

d’%.» X
ac >

dfg = - X*-3x%,3¢

3
S



We aks0 have to convert 1he initial tondihions ('
‘1(0\:‘ ® X,l0) =]
Y'k) =0 2 x,(0)=9
3"(0')'-'- 0 => X300

If each of the fuachons £,f,, ... fy is a Vinear funchon of he dependent variables
Xyi+-- X then the system of eguations issaid to ke )inear,

Most gencral System of n first-oder linear equations hasthe form

i_’% ¢ AalEIX, +- - HAmLE) Xn TG 1)

™ it each oF 9,55,
9o is identically

4

) Zero then e
'fi_": = @, (0% t - -3 Aplt) A 1 Golt) System is
dt homogeneous.

Oherwise, it's el
nom homogeneou:

We'll be wing vector and matrix notation to wite dowm The system of diff. eqns.

TIn parfiadar, we'll We the wmcise form
a;u Qla . "-am

%
v X ! =
X = dx =Ax where X-= X2 + R 0y 0, ---a,,

Xn Qp Qe - %nmn

with inial wnditians x Uh)<Xx" = ;:I

Xy



Js
Gampe  dx, = X, - X:AXs | xi0)=

ot

d‘z - 3K,- X, (0)=0
3t 5. %

d._’_‘}- = x)"':'xs ) XSlO):~|
dt

£ oonstant c
Defimtions () cx = X\ - . The protess of Muitiplying a vecior X b\y
{xf’ C'x" a nvmber ¢ (s wlled swlar mvl tiplicatim
Xn
C

® xtys ":. + %‘ _ [y, . This process of adding two vectors together
: "’ Xetys | 15 caligy vedtor addi Hom

X ’ :

M xatge

Theorem . Let x(t) and Y) be two soluhons of X ~dx Ax. Then
G) cx(@) is & Solution fov any wnstant C
(i) X(OrY(t) s again a solvtion

(emma : let A be an nan matix . for any vedors 5andgand consfant C,
() A(cx)=chx
(1) A(x+y)=AztAY

Pmof of theorem ; (i) ¢ xct) s « Solvhion of 5:% =Ax then

at dt
Hencwe CX is also a solvHion



c=dx _ 99
i) 1§ 500 and (1) are sowhims of 522 <Ax then \{

d = dX,dy _ Ax+Aq < A(xt
d_t(s-rg) 3?1‘%.,4“;1 (xt4)

Hence x(t)+Y(t) IS alsoa Sohimy

Note ! Any linear wmbination of goldtians of %_l‘ =Ax ic again @ Solotion.

' ' . J
e if x'(9), .. X0 are j Solvtions of dx - Ax then GX(P)r--1QX 2
'S again a solvtion for and choice of he oonsfa:fg &G, ---.§.

Example  Consider éfé x, , A%

—

&

3 il.{x' = [9 V)~

d‘t Xz ""' \Y ){Kz)
Ths (s derived €rom %’;;!z.fﬂ =0 [u.stn3 Ky, g:&)
rit4z09) r=tdi I Y (t)<les(2f)

} two Sojutions of the siajar quality.
S(t)=shat)

e.g. x,:m: wstat) , X * Yz = sintat)
%244 c-naf), 7 ;%‘ = Aas(at)
< (£)= (&%’ﬁ) ag, (a:s(zt) ) .w(a‘n‘l‘t) ) - (zc, @S (21) ¢, Sinkz )

~25in () Laskt) Csinl2t) + aG casfzt)
(s o SolvHom ¢or ony choice of tonstants ¢, apd ¢,



%0

Sedion 2.9 The ejemuaju_e -eigenvector melhod of findins luhons
RAR, R- (") a=(“" G
Qn - - - QAppy

Fom befoie:  bolh 1§t order and 2" ovder Linear homogenepus Stadar €gns
have expamential functigns as solvfions,

lev's tw 2 (t) =" v| wher V is a tonstant Vvedor.

ond we also hove A(eAt7)= e LA

Hene X(6)= eAVV is a solution if and iy if Ae 0V = A4 P

Divide by et V= AP )

bef. A nOMrero vedror SaﬁSfyPQj thie Gnditim is waled an eigenvector of
A with eigenvalus A

We wn rewrite () as AV-AT=0
=) Cﬁ-m.)?‘“ﬂ 9

[t) has & nonzery solobon V only if det (A-AT) =0

1- o, - ¢ |
1-S. de,t ! A Oy, n o
az| Qn'ﬂ ce - Qm -

Qn‘ ® e o am e ® o a';n-A



)
Note for v an evector of A aith walue A: \IO\

A(cT)= CAV=CAT = AV)
for ony wnstant ¢. 8o ang wnstant muitiple (c#o) of an evedor of A
is ogain an evectoy of A with the Same evalue .

The gencra) oivtim of X =Ax (6

— A>T == ant"’n.
x(t) = etV t@eM YT HGe Y

Tho When the matix A has n dislinct reaf eigeovalueS A, A, - An W/
eigervectos ',V , .. 1", we are guarantesd that V..,

are Iheady jndependent:

-3

v")

Exampke Find a) solvtions of phe equation

2 L -l 4] >
X = (3 a __‘)x
2 | -

—> The characteristic P"\'lmmm of the matix A = (3' 1 ﬁ)

det (A-AT)= (v;a 204 A )._ 0

2 I -1-A

D (-33[(2-2 )24 T) H1[3(-1-3) t2]+4 [ 3-2(2-4]=0

2 -0-DC+a)2-4) + (1-3) T[-3-23 +2]+4[3-4+24]1=0
3 —(-0HAN2-A) t A-A - 83 A +[~4+82] =0

——

42-4 = 4[a-1)




2~(1-4) (1+aYz-2) +4] =0 &2

= - (A-D)(A1)
= G-A)(2-3)(A+2) =0

=) :—2|\|3

Now let's find the eigenveciovs:

= - 2 1= = 4 v
@ [A =2 (A AL)V ( 2 2-(2) o )(v,>
)

2 1 )/ )
= 3 1 4 v,
T
2 1 1\
:(;
o]

S i T4V T 3WVT4(3V T4V <D
) a~V3s0 3 V3 = 3y, 7V, =D ISy, ’”svlto
2V, +V, +V3 =0 V; +V, <0
2
= v; ='-Vl

Vl 3 Va

ﬁ

Thes  v=c 1] s an dgenvedor op A With ejenvalue 2. This implies that
A4 Aty = -
part of the sovtim is R (§)=C - € 17.

{



Nvw lep's qo the same for the mba-eigmva\ues.

2,1

=1 4 4
3 2=l -t
2

(A-a)V = (

=V, + 4\’330 =

v
-1-l

L =4\;

3V|"'v3 "V3=0 5 3V|"' 4V3 =Vg O

2 8V, = -3

=

Vi = -V

V3

-_ [

Thus V“(4
' -

part of the solvtion is Rit)=e®b v, =

-3 -
(’*”‘3);72( 3]

is an eigenvector of A with elgenvalue A= |. This impiies thot

;)
o

=D = -V, t4v, =0
3V -V, -V3 =0
Q.V. r \’1 "4\’3 =0

® |

3 13
2 |

"2 o 4\ (V). [0
3 -~ -1||%]| 7 |o
2 ) -4%)V; 0
—v)\lg-'-BV.-\I)

~y - 1\I‘-\,3 "'4[3V| = VJ.) — ‘ov' - SVQ. <0
V,

2

= l\,l

=) V3 :V‘

T V=¢[ ;] 5 an eigenecfor of A whh eigemaiue A= 3. This

| - 3 |
implies that Pa"t o} Tre ‘solution & X (1) = efst \-Z =gt (?.)



Therefore, 4he General solotion is

[
A= C.e"t(',‘}-\-qe*(;‘)* G (7)

{

Ge -2t '\'4Qet + lc'e

2 3
= (QC QG ‘PCQC
Q€1t+get1-c3 3t

Same as prevously ...

Gample  Sole the WP % (; 'lz)i' with ?{o)em.

det (A—AI) 2039 (1-A)*-36°0
2*-12+1~36=0
A*-22-35°0
(a+ A -P=?
-5.7

A=-S 9 ( [ (o 3 6VitRV,=0 = V= -2,
3 s 0

=) \?: {—Ij
|

Ag=1 D (-8 12 v.)=[°) 9 -6V ti2), =0 D ;= Vz
3 -6/l 0

V=
- W
)= c.fl)egb+c,('-}) e = zGeg tige

Now using ;(o)=(“') ) *zcl':.:?éq.;lo =» 6=,
=) G = 1

=2 G-=

vl‘



N
This implies that the sorvtjon 10 this WP is

Sedion 3.9: (omplex roots

-4
lemma If [a= ctig| is o wmpler evalue of A with evechr V=§+i’%’"”°”
—

R ()= e P is o wmpen-valued sovtion of the eqn. ' < AX'.
G"V reaj-aleed  Sdlvtims .
PE IR T + 20 is a wmplex - valued <olviion o v =AY then
il’(t) = -g’( t)+ i%”(t)
AV = A TR v’."é’)
< A\"J"-r 142

Sinee V=AYV we haye g"i' iZ = Ag,'l"ih?
E‘!“Gﬂhﬁ The rea) and imaﬂma/g paris we have:
Re: "lT
Im . A%

59 both 3(6 Re ] v(t)) ond B = Imi?h-):), are reaj-valued Solvtions

Of ‘7" AV n



\l‘%

ﬁ0_+_e . The wmplex—valued fandton (5 = erﬂp)v( '+iW?) can be willen as

V() = e “U( @s(pe)+ ssin (p) ( V+if"®)
= e[ (\7’ ' o5 () ~¥*sin(pt)) +i ( V'sin(pt) + V *0os(t))]
= g’(t)—\- i20)

4 At -
The Y= e (V'WS(bt%V’zsm(pt)] are 0o ra)-walved SOIHMS of o AV
2= e * [ ¥'siney +¥* cos(gt) |
and they are ako fnearly independent.

Grample.  Sowe the NP : x=(; 12)%. 55’(0):[:)
{

|

A 0, o . _ a _
det (: £ :ﬂ):f) > (-ACA+] =0
2 (1) A*-22+11+) =0
= (1-A)(A*-2412)=0

A = A= 21'44-4(2)= Iti
2




(

= Q . Q
ol _sing +‘(Wt5
sint

wst

- (1] I~
Thus Xz(ﬂ=ct[.§nt>, 7‘3@'-'8?;{;)' arg ka] -valudl sopims.

The thee soivtions X'tt), X2(), % 3(t) are b‘mvy ndependent sinee their initial

val ves
0 (3 ) e
0

o

ore linear')y independent* vedure.

The general Solution s % [t)= c.ct(é)“’ chl-g'ht) +Ge rgﬂ:)
s t oint,

Sﬁlﬁv\g t=0 we see that

ORORURIONY

= |g=l=G=C

Thus the paryiadar SOluiten is

-9 [ 0 (] t |
X([)= et(g) tef ~en’nt;) + ct(ao.stB: € ( Sint +Cost
wsC anv wst +6int

v =
Note  If V'is aneigenvector of 4 with éigenvaiue A, Yhen V (Hhe compiex
CoRjode of V) is Gn eigenveckor of A with eigenvalue 7.



0
Sectiom 3.10: Equal roots \’\5

If det(A-2T)=0 does not have m distind rofs then A may not have M
lincavly independent eigenvectors.

Suppose that an nxn matrix A hos only k<n lmemJ independient eigenvectors.
“Then the diff. eqn.- 7( AK "0507!‘7 Kk hnca'sj mdep solvheys D}- the ﬁym Cat -~

Q@ : How dowe find an additonal M-k hnea@ independent solutions?

A Sine fora swdar diff. egn we. vsed x(t)aeatc os the sojoim to x=ax. fo
a constant C, we uss X(P = Bm\? as the soWtion v the vector diff- egn x= A%
for wery wonstant vector V.
At
What s e for A,a matix?
At

e =I+At+ A " ... 4 A"
2! )
. n.

We can okso differentiate this infinite series term by term:

+00.

d 177 - e
:t..Le )~A+ 4 t-f'.-.-f-A»_"_f"tn,,_

= A[I"’At"‘ -}-An.t +. J

nj
t
= AeA

Therefore, M 1s asowton of T <AR for every constoant vectov V' sine

At?
dt [e V) = AeAt7 :A (CAtV

e At) 12 ond eA(t*s) - Mt



Q. How dv we find n lineavly mdependmt WBtors V for which the infinite \@
sedes ¢V (o be summed exadly?

a. M. em’m)‘be”t" fov any constant A note (A-AL) AT = AT(A-AD.

BEXS 2l
Thus, eAt\-,-,: eate(A-a:)t 7

Nofe alo that if (A -AS)™V =0 for ame infeger m hen (a-ar)™*t V is also
e for ey positive integer L.

(a-an)" L 7 - a-an)' [ a-an)™?]= T

This impiies that
e(A—AI.\t\?: 14 B-3
[ Dt + (&- 2 Ly A-an™ ']v
(m-1)1
= v+ FTA-ADV + t"(,q-,u)“’ . g™ (A- a.t)"'" i

(A (m-).
Buf ¥¢ also showed that e**v'= elte "“)"7 which iImp)ias that

e - c"*[ﬁm-mh t'CA-21)*P+... + "' (4-2T)™! V]
21 (m-1)
Algovithm for -ﬁndma n lmcavbn independent Soludions of AR
@ find ai_eigenvaluesand eigenvectors of 4.

IF A has n lineavly ’MQPQ'J‘MTO nvectors, then % =AX has 1 lmamy independent
solufions of the form 2% 7.

Note. ;{: V is an eiﬂemedot o A with afqenvadue A then the infinite serfes
“A
é‘\ nt * -éermmcrtas after 1 term.



@ Svppose A has | k<n linear)a independent eigenvedors N
We have anly k Linenty independent solutions of the form €7tV

for addifonal oWhons We pick an eijenvalue A of A and find
(A-AI)* 7 =0 | but |C(A-AT) V70|

o
Rr each 7:  eAP7= et €A P < ™[ 74 bla-mV L o)V ]
2.

is an additional solution of %=A%. We repeat th's ¥ 2igenvakes A of A.

@ I there are stil ot enoug h solutions, then we find all vectors V' s.3.
(a-25)*? =5'| bt [(a-25)777T]-

o
For each ;2 < 7t fR-PEP ™[ 74 114 -ar)T + HA-AIYV' + GV
3!

2!

is on additional cOtion of X = AR +..]
@ e repeat- this process until we obtain lu’near}j independent soiwkions.

Exanpie . Find three Imeavh\’ independent sojuhoms of the dift. egn.
- t 1 0\ >
= Py
- (8 2)

~> Characteristic paldnomid : de.t( Al o =0
(-A o \'
o
= (A)*(2-3) =0
Hente 2= with mulliplicity =
A=2 /i l.

A=) (A-AT)V = (g '0 (v. _[o) - V,=0
o -

0 o O' \‘,,:) g Vs O

V, enylhing




U
Sinie A has only one |ineq~a:, independent dgenvector with e:qomdbte {, we look for N

solvhone of azi
Y
(A-‘ﬂl\v:(o 'O)(ol O)v_ O o O\fVY\_|Jo
© 00]lo oo ‘(Ooo)(vz)'{o)
00 t/\oo0 00 1/)\y/ (o
= V320 and we tan chae angthing for v, and v,

The vector V=(?) satisfies (A-AI)*'=0 but (A-AT)V #o0. (Souewzn

0
Choosg, ony V= ( 3‘) for Which vam> — Sinwe the odher solution was ¥ = /é)
&

A soltion s Kt)= € t() ete(ﬂ l)tlo)

= ¢*|1t +(A—1\](‘.;)
g2 ¢
0

- e" ( t) is the sewond linuny independent Sowtion

{]
(g}
-+
ﬁl—ﬁ
p—
o-&

T -

A=2|  (R-AD)V =0
| - - o
e Ay ) e G (349)

@) =3 4 )(%)(s
0 o 0/\Vs




This Xy« o2t { :3) is the other [iheavly independent sontion.

Cxample, Solve the WP %= (3- {§.)§’ with i’{o)=(;)
002 |

The charactersiic polynomialis  det (A-AT) =0

2-4 1 3 =0
> det (o 2- ~ >
o 0O 2-A4

2 Q-3 [ 2-2)¥] -1 (0) 43(0) =0

< la=2 v/ muttipliidy 3.

The cigenveotors Satisfy (A-aDV =0’

0 1 3\[\W\ (o
o o -)|%.\F[o) V3 =0
o 0 0o/lv;) 19 V, 3V320 D V, 30

Vi ‘anymv
Thus X 'BH=¢e {>4S‘One of the Silvkions

We now Shawld loow for the other two neavly independent, solukions. let's y

to sowve for v in fﬁ’/\l) V=0
Q 1 3\[0 1 3\/w\_]|0
(o g -|>[oo-1>( >‘[o>
(o) O/\o 0O o)
(oo X)
00 O
o 00

D %0 and Vi,V Suything



ﬂ\e vectov V: (?) Saﬂsﬁes (ﬂ _11)3 \;":6’ b‘d (A _21)\-;) 769 -I\LS
0

_’!\eﬁe[—me. a M lfneml] independent  so lution is

R2p)= eﬁt(g) RPN eV {9)

0

= gt [ 1 +6(a-.u)]( 3)
[l s 4200
e [y

e now 100k f\n’ ihe third h'neav\lj independem‘ Sogion bn wmrwﬁra.
7 fhat saHsfies

i

9 « J |
0 0 0 o 0 o/\0 0] 0 vl o)
&__»—___.

0 Q-
(o g 0' > fiom (A -AL)* above

So any V satisfies dhe equation above. For example [ 3\ sutisfies
Q‘[ e | \

[ A —2133 6’:6’ and daes naft mﬂ&& (‘A-/‘I) V =0



3 (1) - e’*t[g> ot o (A7)t lc‘g)
|
2t [11-t(A-al)+§l:(A-mz](g>

= ezt[]; ++(8$?>+.L A o—\‘k
0
e
I

IS a 3“’ linear]j independent WM. The 3eﬂcra! solion is thuyy

7 [ of) (]

. =9 = ]
The wnstonts ¢ .G,G are found using  x[) (?)

() ()

Thus the solwtion v this IVP is

o <)) )

. ezt( |+at+at~t72)

n

2-t
|

1+5¢ — "572.
= 62t ( 2-t ) -
l

L



ng
Theorem. CAYLEY- HAMICTON ~

let p02) =P thAT..- +(TA™ be the characteristic Plynomial of A.
Then P(A)= pLtpA +... + (H)"A"=0.

Section 3.11: Fyodamental matrix soldions; & A

X6, . %0 ar v lineary independent soludims of X = AR then
U solufion K1) cah be wniten as
<) = C ?‘(‘r\ + XL +. - tC X &). [*)

—,
Let X[ be o mahix Whose wolumns are the solwhians X'(t), ..., X .
Then (*) can be witten as [Z(t) = X[ &” | Wher 6:/5;).

G
Definition : A matx —X?['l:) 15 called a -ﬁmdmental odn.x soluﬁar,_’o{ x= AR
if ity wiumne fom a set of N linea(l:«, independent souHons of X = Ax"

Gxample. Hnd the fundamental matnx solutim of
< = [1 ~I v
X [3 . _4;)>‘
2 | -
This is the enample we did jn secfim 3.8. There we Hund Ihod the
egenvalues werg R -2,0:3 and the assouated @genvectors weme
V= (-\‘), v,_-.[;\) ' Vg"(:;)’ and they wee kmearly independent. Thus




-2t ...e"’f e3t Q6
Xle)= t e~2t 4e® :ze3f)

. - > -
S o Fundameniol mach % sOlubov o‘f‘lhcs x=Ax

le“;'e“' let XI8) be o fundamental mahix solidion of the differential eg.
X <AR. Then

e %= X0 X lo)

lemma A mabix XD is o fundemente) medrix soluhon of X=AX iff
X&)= AXE) ond det [ X(0)) #o.

Proot . Let 20, ..., ®(E) denote Fhe 1 wlumns of X(t), Obsewe that
X@)= [ <0 ..., ;Z"“[‘t)]

and  AX() = [ AROLD, - AZMH).

The n vedtor equations xO(D)= AR (), ... BT =AX W) ere
fhe same 0S  Yg)= AXE. n sonhons Zg ..., HOILD are lincouly
idependent "t X (g) , ..., X9 0) are lincasly (ndep. vecovs of R",
which are ncary indeperdenf i} det %(o) 70 .




lemma. ler X)) and Y be 4wo fundamenta) majrix sondions of ~
Xl = AR B. Then. them exists o wonstant mabix C $4. Vo= X)C.

froof. The wlumes KO, .., XM of X[t) and JOlD, - FCW °f
T4 ore linecrly indep. Gfs of solulions of =AX. Thus,every clumn o
YI8) tan be wilen o @ linear wmbination 9 the wiumns of X. 3

wmstarms dc,_. ,c,‘ ot

g‘)[b) d"(t)«-q‘x‘(ﬁat 4%, ¥ )
Let C be the mdax (?_‘.'6’-,.-.,1:') wher
. el
Al
Q.
Then The n equehions &) am  equivalent 0 the mabiequeban 7 H) = XK.
D

Eanple.  Find & if A=($—QJ.)'

005
We wont 3 (ineaﬂd indep. Colutions of %= AX. We fist wompure  he,
charatfesistic pol\tlnomial

PR = det CA-7D) = det {' SA ‘2_) =0
0 0 S

2 0-D[G-AE-] =0
A= 5




=7\ - (A -AD“\7=6’

= O ) VS:O =)
o G 4 N, =0

V, =ony fhing

Hene one solution is % (D = ' [ é)

2:3]: (A-ADV =

a2 t I\/wvw\_[o
(00 2{Vz~0)=9\,=0
6 0 2/Va) L0

"ZV.'HIZ-I-)(Q o
4

2V =\,
TP = [ 2|_ .
0
ﬂ\us.‘rbe ofher solubon & 5&"(")(1-) =e3t{é-).
A-ADW =9

(-é" _‘2 \2. 3; -g W, V2 S0 = V=V,
o 0 0)v;)lo ~UVtUp YO

Vo
4\’! = 2“/:..

The, third sowtion is 5?(3)[1)= est( é)



q

/=

The fundomente) matnx solution & themfore "
t o3¢ ¢
Alt) = ( % z(?e-"t 2et )

0 o0 205t
We now compure X~'(0). X(o)={cl’ ;-zl—)z) X' = {; ’l}f 0‘
0 90 0 o "//;

Thas et= Xit)X o)

_ 3t 5t
= et e ( St ] ..yz o
0 0 2691‘ o =
0 i
= { e¥ -Let+ted ‘ée’t%csf)

0 0 eSt

Sedion 3.12 The ncnimoseneous oquahon, VARIATION OF PARAMETERS

Cnsider | T<AR+ F| X=X

let '), .... X" be M lfncav\(ts indep. gviuifons of ;'(t):ﬁ?(t) —7he hDWJ
Gase. Since the. genera) soltion fr this s X+ X "D we Seek a
Sowchon of fhe form

X()< U, XMW + ) R+ + Unlt) X"l) ()

This wan be written in the form | £ = XT'())| where XU =[¥ (1), ..., X 0]
ond (s [“f“') ] If we pivg this into X < AR+ ?(ﬂ we aef
Uit

Xlofiey+ XO0® = AXeT +F) /P

g
fom 42 =dd; (A9e)
Product nele



The matix X0 is a fundamenta) Mahix solghon of the homoaenmu; probem
=R Thus  X[t)sAXH od (1) redues to

R+ Xk < F)}J() oo +Fiy
X 5D
> Xwen £

We ohea{«/ saw that the wlumns of X(p) are lmeavla independent vectors of R"
at every 1ime t. Henee X (D exists,and

XHak=Fgs utt) = XL
Now we integmic betwem t, and t 1o get:

u(t)-. 5 X F© ds

T Xy Re  (rewl that ws Weote &) s K@) = X[t)u[t))
9 FO:X" LW

R X+ [ 1 X 7
X "(1) X®) ’

L= XX G)Z° + x(f)l: K5 9ds

[f X®) Is e fundamenta) mabix sovtion et then we wn wvile X (f)=e , XLy
=) 'x(t) = eAt ~Ato 40.1.8417/1' -AS-F[S')dS

A& -to) -’° + ft A(t-s)‘P (Ods.



Exomple.  Solve
38(; 0 ?)
3 2 ! e”'casnt
A

det(A-AL) = det ( ‘3" 2, 8 ): 0-D-a+4] = a-[ar-2at 4l

2 (-3
= 0-A(*2a+5=9

A=) A= 22{4-40 - 2:8i -2 M
2 2
2] (AaDV=°
0 o o\[W), g o
(%3 -le;) (Z) > HhTANE
Vlz\’é

3V, ‘:-2\,2- ‘) V. < .';“VL

"Lt_ -2
vi= 3)

Thus one of e slubons is 2'@)= et(;:)

Now (e wnside |A = 14

(;il I :’) ) 3)

~aiV, =0 2 V,30

o
/ Wo— Va0 = V3= =iV =2 Ve = (')
4
Thus Xf= € (l+2|)t( ) V(wsa‘l:ﬂfmlf)(-‘) ‘lzw‘a) (s)n:.t}
sinat

Which imphes thal X3 < et(c.as;l(; , ®pee® smzt ) are the reol-valjed solvtions
of #=AX. v ~taszt




l
e chex thad fhedate )ineav\hj mdep. bél— S'ubsliruﬁng t<o. ~

X {0)= ( ?) , X30) [ 3). These are lineav(sj independent, which implies ot
0 -
t
20 o (o)
i ( 3¢V elisat etssinztc)
-6 ebsinat  -ctasa

is the Furdementn] matix soldion of X =AX.

- A Q
ol T
-2 o -+l o -

T‘\lenﬁ
Therefore "= XX o)
.t 0 0 2 o
( ;gt e tpat esinat )(;/; : Oo
-zet etsinat -et(ﬂ.Slf

t
e
-sct 3ctiosst te'sin efcoszt ~c"'.slnzt

e" 3ct€1mf-c"wszt, &t&n.zt etosat

Read that | 2= ¢t 3o, ft: eA) Fpos, | Ond Hheinitiol condifion &

R (o) = { ) . Thus 4,0
"y Rwee® [))t A(t"s) cmsys

= (ctm.s at -ebsin2b
etsin at retwsat



-

T - 0 ~{22
6&7 CAS ( 0 ds
0 e cos 2$

_tf o
- ¢ ( wsat-sinat \ +
sin 2t 4052t

at (U -/ 0 0 Q
e C - ;—'-"’fms(-ﬂs) +$ C"QS) oS ‘:.z-) S‘P,i"z) o ) d's
’ 1+ 2S4S - ms(-4&)  sinkas) sba) |€WsH

v - :
= et (cp.sgt-sinzt ) + eAtJ e s(-%sms(as)m@s) ds

$in 21 + o5 24 ° e s cos*(2s)

oin 2t + o2
et {m;t—slnlt + CAt [ (
sinat +os2t
9 0
et wsat-dnat | et (%coSCM:)’%
sin2t w2t ‘ )
e( o
= e |[csat-Sinat T
sin 21 +sat

-3ct 3 etwst e tsinat c'ttont ,.C‘t.sln af ( 3 (oS (4t) - 1:)>
1+ +L&sinl4
et Scteinzt-cfwszt, ebinat etwsat 3 b l5

At [t /o
< e (ms?\t st | & L (‘ ﬁsm(.“‘s) bc\s

I

t 0 v 0 : :
¢ (co::c-t -sinat )‘!’ e (wsatécos 4t-‘é>~&n2t(it*§8104

Sinat + osat sinat[-é-wsﬂ 'e) \-oos:rb(;-vgsinq’c



/
CHAPTER 4: Oualitative theory of differential equations N\

|n voses where ;‘:"f?(t,?) whem ?(i,??) )S o. Monkinaar function of
Xis oo Xn we might not howe the tools to solve {for %". Howewver,
Offentimes it's wough to know the qualifchive propecies of *°

fropertics of somhons of ;:=TH. x) we're interested in.
®© Are*rbexe_f‘iwlrorrm values X°= /x?) for which X H)=X° jea
swtm of x =F(t,%)? x:;
X:0 (F ©H=X°. Hene X Is an equilibiium value of

=T & ond oy if | F(x,X)=T

® Lz{’?f(,t,) ke a.Solufion of X = f&_;?) 5,",”059 that vm is a 2" solutiom
whth \|»:i[o) Ve dose to %'[o) ) 6’:(,.". N. Wil Tf(t) remain ve(gdose foﬁt)
for oll +ime1 srABILITY

() What happens Yo soivhions X of 33:?[1:‘73) 0s $->ca?

(0) Do they approady equilbstum values]
(b) If not. do Thy appma.d)a. pen'odecsoluﬁm?

72
7

Exampe . Find all equilibfium valves of d—;‘i < 1-x,, dXa < x3%a,,

— -,’<o.-.(’:;) is an oquilibvivm value iff  1-xPe0 | o XP=
(x'o)S.\.;ggo

Thus ;zo =(|‘|) s the 01)!] Qqu.i)lbiium value qfﬂ).'s sgq'em,



find a\l equilibrivm solufions of
dx o (rA)y-) M= (xOYH
Sz (ny-) » = ()

(%1 Uy, =) =0 B
Oty ) =o

Example .

9 Toxt i
Jo =2l

X°s= X.) is an equilibvivm value if§

Example . Let 3(’:) denote the position o the pavdide relative to its equilibvivm
position . Deteming the stabiliby. The relevant equation js

Cﬁ -l-d-wsat

and the iniied Londinons are I_n{p) (Y’ (0)=0|.
- We st convert his rd-order diff . eqn. into & System of fwo I1St-order

diff. eqns by setting X, =

Xz =g/
Thus 8'0=X2f = xg'i-x,:casat = X, = -‘)(,‘H»O.SQ‘D
x‘l = y' :’xa
dx
— ) l X
ada X cos at
puaih” - 0 2 S
dt '

o
If we solve the homogeneous problem EAX we have

dej(A-a1) = det [o Al ) A%+l =0 9 A=ty
A= i 2 (-1 —1)( ) {) :r’:::iw v:('{')

X6)= Gw(':) =(‘°"t"“’“t)( .') = (wst + i,/ﬂint
! ~sfn um;>



B e, Fen(2) &

Fov the hvnm«m pattiie, pavﬁadarmuﬂon we hawe rom variation
of parametess that

b, | o (OS si - = 1 mst _g;lnt
KLf):[x x]-( .t n‘b> < X'® oy (dm it

—sint oost
X(t)= XX "(TAX' + XLGJ X T E)ds I
_ [ wst smt (nsb smtj s s\ o \
-(‘sint cnst ( -sint st Shs Cocs Qm)

T fst sint) (| +( @St st t(*&inswsas)ds
(-sint cost> (o sint st ) ). \ cass cosas

-sint -sint Q)St g"\t Q_s'n-s_t

s i;) ‘l'( Zoostt - s>t +Fos st “Zsint

+ costsint "%’-wst sin3t

First ow of 2" matix

2 ost £ -os*t + Llost Fsin*E ~2ein%t

3
> gles®d sin*t) (ws't - sint) ~( s>t -sin*t)
¥ :‘gmt =2 \-cos"l;

¢ gD
= -—é—COs"«b *é‘(,l'w“zﬁ)*é‘mst

= - &OO.S" 4 -l-
3 b “Sws'b«l-3



Seond row of 2M mtix

o 2 3 . - o N
5-“’5 tsint +sintwst $Sint +lstsing ~31-mstsm%

= _?mnb(wﬁb) Hgintuwst — ésmt
|

s %w«tsiht -‘-gl-x‘m‘l;

s t + 3 2t+§mtf§
20N 3
Thus  X'(t) (_g(m:) [ £ st & - Fsint

=/~ %'co-s"t + Fwost ¥

= [-twsat+ T wet
§’=s:‘n at - g:sint *



\§
Section 4.2 ability of linear systerns

(onsider the Stakoility of ioHars op autonomous  diferential equations. Let
g~ -
,-g;,?(ﬂ be @ soludion o x =F(X). |s P(t) stable or wnstable?

at t20 will it Mmain dase tv P&t) v 1307

if eveny soluion Pit)

£

Def". The solvtin X=Pl) of x =R is|Shble

- ' (0 for all
whidy starts suffiently dae tp PO at =0 must remain close 0 Lo for
fubure time t. The solotin ) is unstoble if there exists at least one Solution ve)
of X=F(R) which starts near PO at t=o but tohich does not remain close to

S For all future time.
The soiotin Glf) is stable if for evay €20 JE=5(5) such that
Vi - gty ) <e F V) -$ o) <8y . j=to-m
for evey soluhmn Plt).

Thcstabilifg quesfion can be ompletely mso lved
Py

Theonm. (o) €very solubiom R:Plo of X:AR isstable # all the eiqenvalues

of A have Negative ceal part.

Go) Guey sowution R=&lt) of X <AX Ic unstable if @k least one eigenvalue of

A hes positive real part.

() Suppose. thak all the <jgenvalues of A have real part <o and 3, =i07, ..,
A2 0 have 260 redf part. Let 3= io; have multiplicity kj- This means that




the characlenistic polynomia) of A (on be fadored into the form \”’

f(ﬁ):()-(,r‘\“\ e (2'\'.0'0,3 kt
1

all roots of g,(3) have negative read part

Then eveny solution ;’:Efct) of % = A% is stable if A has k; lineady indeperclent
tiqen vectoss of ench eiqenvalue A; =i} Dthenwise. oy 50 lutim Plt) & unstable.

X

.
.
3

Det". let X-= ) be & vector with n omponens, with =, ... %, real or complex.
Xn

We define the length of R as [ = max§ixl, ixal, . Xl

Soi{ Xz G}l)'fhen ll)'c’llu} ond if ;’:(;""i then nX’)= J?

=l

froperties. 1. 1R 170 for any vedor 5 gnd |(X1j=0 only if R=0
1. ll)i’ll=max? |ax,\, ...,mx,.IJ = |a| max?\x.l, - |x,,l}=li\l°llxll'
3.1 ?“'g’" = maxﬂx.-l-g,l, vee s \Xni‘sn‘}

< maxs 1 (H1Y, 0 Xnl+1Ya)

€ maxi| g1, Xl max 14,1, - . 1§al}

=0+ gl

If all eigenvalues of A have Re(X)<0 then every soluhn X[ of X =AR
approaches tero 0S £ —»00. Therefore, not only i§ Jhe equilibrium Solution (s 0’
stable but every slvHm $(t) n-ppvoa.cbes it os t—60. This is known as asympivtic

Stabi li‘y .



Example. s the seidtion K)o X (“3 3 f)i’ Stable , asy mptotically

sa - -‘
Stable , or unstable?

-2
-1
—3 —J -|.a

det(" 20 0 )= - Er-A 4] = - (HFA) ] A%+24 +1+4)

= - (4A)(a*+2At5)
=0

9 A=, A= -at{&-45) . —ir &
2

All 3 tigenvalues have negative ree] part and S0 eyery solution of RAR Is

asymptoti iy stable.

0 N . o -
Example  Refermine the stabikty of overy solutiom of X« (‘S ‘5) 2
dct( A 5 3 (1-A)*-25 < A*-2a+1 -35 =A*-23-24- = (2-6)(2+4) =0

=) Az -%hb

Stnce ome eigenvalue of (1 ,5-) s posiHwe, evry swution X =g Lt) of X < AR

IS unstable.

(30
N

Gampl . Show that ey sdion of 7= [ 3)R is stable but ot osymptoticely

stuble.
det {‘7‘ ';”;) s A*460 D A=3{g 3
. -
B:j part (<) of the Thesmm : cvery solutim
Solution is asamptnﬁwnv stable,

Solvins for Xx= (: 2);’ we see thadl the aigenvectors are.

< Bl6) of AR Is stable. But, wo



azﬁ:i"-) (*&\ -3 )(v'] :(O) ) -E.b\h"3\b=0 \
2 ..wi V, ] .
Vy = {G_l. v
3
- RS Zrd - .
Thes - (éb X&) = € v [‘ﬂs(ﬁﬁh&t\ﬁtﬂ/ﬁs
= (wsuz{;) +3isin(fg )
(€ i ws(T5t) ~ (3 sin(E £)
= [ 3wsUE t) .|.i(33i06r6t)
-/6 sin () 16 ST t)

The general solut ™ & thus

L@= G (3 osUT4) \ + q( 36n(5 1) \
6 sin ({5 1) 1€ cos (g t)

So every solution X(t) is periodic, with period Wiz and mo sowtion R(t) (except
*(f)=0’) opproaches 3er ast-» .

Crampe.  Show that every sowrm §<’=(g -3 0);3 k unstable.

-6 =2
-6 o =3
2-A -3 7
det (A-AL) = Jet( o —6-2 "; , ).-. (- [~62)(-3-2)] +3(-1)
_ o ~3-

T (2-3) [ (A+6)AH) | 3

= (2-A)(2*+ 92 +18) ~36

22 +18R + 3¢/~ A3 -9 )9 36
~A3 -3A%

- A‘l;\ﬂ)

"

o

n
o |



3%
Thes a=-3, 0 (w/ mulkipliaty 2). S

Every eigenvector of A with eigenvalue o wust satisfy

& 33086

2y -3V2 20 2 V= $Va
= GVa "2“3:0 => Vzg "'é-Va

mc(‘.i
6

Sinte rhene Is only ome lineavly independent eigenvector, this Means that overy
Soution X =lt) of X=AR is unsiuble

Sackion &3 Stability of eqyilbrium sowtims

Nom concider 3’?:/‘\?( *:‘j’[i’) Lith J(x)- 39‘52)\ veny small wmparedto 2,
We assyme that :
9al<)]

J () ., 942) are confinuous Functions of X, .--. Xy Which vanish fpy
nxﬂ XN
A= ...’:X“:O_

e XX ) then both _x'x:_ = X2 , xli}_ are
1 X\ Xz HES LT
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|f 5’(3)=3 then X(t)=0 is an equilibivm solvHon of ';':Hi'-rali')\

We want o say whether it’s stable or unstable.
[f = is very small then § (=) i very small ompared b AX. So we will
determine the stubility of the egm solvtim x Et) =0 from the Stability of

-
x =AY

Theorem Suppose a"(f(’) 1S o continwous funchon Of Xi. - Xa Whith vanishes for
Ix'l
X 9. Then |
(8) the eqm solution XM)0 of X =AX +31x) is aSymptotically stable ¢
the egm solution X'@)=0” of the Linearizeq equatim X <AS Is asy mptohcally

stable.
= R0 of x =ALHGLR) is asymptoticaly stable i all e(genvalues

of A hawe negetive redl part.

(b) The eqm soiuhan R(2) =0 of X Ai’f—g”(i’) Is unstable If at least one
eigenvalue of A has positive real part.

(c) The stability of X(4)=0 tannvt be determined from 1he Stability of the
eqm Solutim xt) =0 of % AR ¥ ol eigenvalues of A have rea) part <o
but at least one eigenvalue o A hes 20 rel part:

&a mple. Consides %‘ = K- (4 XY)
} )
de: < —X,“Xg {X."‘l' X;'3

The lincarived equation is (""'/d’c _ [0 N\(%
dx’-/df A 0N



3%
and the eigerwalues of the matrix are  det(A-AT) = det(-j .‘a)._az“;’)\
M=ti

TTo analyze the behafor of (¥) We molti ply the first eqn by X, and the
setond equaHon by % and add them
2/
%, 4% ¢ x d% = ol % - KRR HXE) — % X2 “Xa (xF AT

dt dt

= = (RO (XX
d [1v2el@)= - (x> + o
&{éx, +§x) O +%)

xR ) = (xR

(x3) dt
-1 --at tc¢
(X%
t 0 — =C
(%, () +X2‘(o))

T Fat /-

Thus ’
7 (x)t x3h) 4 (XHo)+ o))

—— = at( X.’l°)+)<210))+|

XHDFRHE) X% (0)+x.{0)

2 [ xeBet () = Xl tgTo)
2 [ x o) +xTo)] )




This Impliesthat as £ 260, XF@) t X2 20 Jor any solvtion  X(t), k().

Thus %00, %Wz 0 is asymptotically stab e.
€Exarnple Now tonsider instead
dx ) 1 3
7&+>‘ (R'+%)
% fw

%x; - ‘-X'—XQ [X;""’ x:7-3

“The linearized sjstem & the same % = [ é)

However if we Now follow Jhe same process we have 1hat

d (x> X))
iL;[_ ’f’X)(l X

which gives | xOI XM= X,(0) t+%'h)

| -at [xre)+xto)]

Note thot- every solvrion x(t), %(E) of (}) with x() +%,%(0) # 0

approuches infinity in finite Hme.
Thus X ()0, X2 (£)=0 is knstoble .

Example . Gnsider 4% - _ox 4 x, 3% T9X3
at

AM g
—2 = -6X, 5%, t7
3t 6 Xy ~OX3 X,

S - Xtht X

*35

Drtermine whelher the equi libim So|vtin  xR)20 % )20, Xg(t)s0 5 stable oy

wstable,



We rwrife this system as *=AX 1-3"[7‘(‘) where N

< = (&;) . A :('02_2 _g-) and ‘7(2’):{7&‘
Xs 0 D - x5
K,&‘_Xz'b
The 5’()?’) saHsfies the hnpo'lhesis of the Theomm. l.e..

?ﬂ () = 5()’(’)

iS & antinkous fandion of x,, ---, x, Which

NRI max§ixi, - 1%}
vahishes for X=7
-2-2 L 3
det(p-aD)= det [ o A_Gﬂ 5 \ = (—2—&)}?—6-,1)(.,-,3)] =0
o o0 -4
=> A == 63’2,—|

Sineall the ejgenvalu
ey = genvalugs of A are negafi

- . ative, fhe lib .
) 30 is asymptotically Stable. v equilibrivm solution



3
Sedion 4% The phase-plone

Consider the cystem of dffesntial equations
é_)t(. = f£(x.9)
dy -
;-;‘ 9l 9)

and observe that avery soluhim x=x{t), y=ylt) defines a_turve in the 3D
spate (t.x,4).

@xamp\e. solue )f=-3 and describe the curve e Sivhons Hrace out
3 L X

2 ;"{’s{o -\ % det(ﬁ-AI)“ A%+ S0 D Ak
“"‘"‘o’ Azl D (l ‘l o > =iy -Vg,sO
A - = —iv,
X = [) (ccstﬂsm't)/_) /'B)

= (wst Fisint
veost +8Mn

Gos ¢ [ Sing
sin 1;> il

x(t)= cast . y)ssin t s a solvhon. As t runs fom 0 o o,

1he points (%vj)’—[wst,sint) traccout G cirde of tadivs | and (enfer
(0.0)- Vie. X ¢f=1- As t vuss from 0 1o &, the et of points
(wst,sin t) tracs out this crde mfinitely often.



Example |F «an be shown that @ SO)VHm of \QB

ox =g -2
dt o—‘% 10
I x=3t*r2, y=5t"+3
X724 Y23

Solulns for t we hape 3t* = X2 D ¢-= {.’% » X7 &
= 5(x3Ax3 D|y=5 (x- So for 2£X<6a
Y =5(ZF¥ P Y=2 (=213 <°

orbit of ¥he solvtion.

An o«dvantOje of qs{n‘g the -0mbit o,C o Solvhen ralher than the solvfion
Aself is that it'S often possible to obtain the oibit ot & solvtion wW/o pyior
knowledge of the solvyim

\J~ t)
; ;;hgbw)
then we wn solve FOY t‘:ﬂX) in a ﬂdghborhm of )((a)([-t‘). For t near t,
the obit of x() JU) is the wne

Nofe that 3’3 - dadt . Wt - gxy). Thus the orbiks ¥ the solvfims
A fixy)
X=x(t)§ =yl we the solhm wrugs of _‘% m)
'FOG\'I
= We do not need tv find a solvhon X(h ) in ovder fo Compute 1ts ovbit,

We oy weed 1o solve the ingle ISt -ovder Sialar diff- egu. (4 = %(R?«}l))

. -2 cxt
Example Hnd the ovbils of %xt_ =y o%_i X

ﬂ-a;&z x?
yL
dt



/y’-dy%‘dx
S 3::)(3
?t 3._1—0
y3= x>+ A
(X"f'q) 3 Where A is o wonstent,
Orblts of .df -3’- L‘_‘ﬂ:){ are teset of all wwes Y= (x*+A) 3

Example - Orbits of j—f’ Yl X+, 2‘_‘1 ~2x(1+x*t))
) é.ﬁ
ax =~

~2x(1tx> '-)z__&(
q0+x%yy)  J

deJ .-‘:f-Zde

3 2
vlL:—)( +C
2

..Hf.,. xz=c <— ellipses
2

Section 43 : Phase poriraits of linear sysrems

-

¢ - oy ~9: xl = a b
X .A'x. X Yz} ' A' {C d)

A complete picture of oll arbils of this lineor diff. egn. is wllela

phase portrait, and it depends almosk completely on the a:eenvalu&s of A.
It al<o d)ange; o lot when e c‘genvalues ofF A dunge Sign of become
\maglna(y

3



140
(ases : o~

O 2,<2<0| Llet V'and V= be eigenvectors of 4 wit) eigenvalues

X
N
M and 7. {, « k) =Ce™ T,
/ eqm sol" X'=9 is o
SN X SThBLE
N X

NOD€E

\\//’7/

Lg «~ %) =C@zt0’a

R0 =cMVGENT, 87 cueq soutim K1f) appoaches (2) as £

(A;-ANt »
It's helpful o ruwtite the generat solwhmnas X4) = e’}‘t( aurge T g)

Observe that  A,-A,<0.7Thus, asing as ¢ 70 v'\?aﬁwa

the +em ¢ dAAt P2 ls negligible mparedto G foy t suhaentiy
large . Therefore, 05 t - 00 dhe -L'rad'edory not cmly approaches Jhe on'gfn
but alSo tends toward he Khe hrovgh V).

®0<A <A both evalucs AR positive  R(+)z0' is o [UNSTRELE Nope




had
® A=A <0  Qoes A howe | 07 2 linearly independent cigenvectons?

= [FAbhas 2 ll'neavlté indep . evecfoxs vy and W/ evalue A<0 then eery
oWk can bewrien as X (£)= e (Vi +6 V).
élu\d veclor is an eigenvector with this eigenvalue A.
Ls et s write an arbitran vector Xy @S a linear combination of 10 evectors:
2 = C\T;: +CJIZ . Then

AZ = A(C.-\-":"'sz:) < C.A V,‘l‘ Caz lla A (C,-\?‘ .'-CZ-\;: = qi:

S0 Xs is olso an eigenvector with eigenvalue A.

STAR
NOD€

> |t A has llineary indep- ewecfor V' with A then
K &) e TV + Qe (@ +(kt?)

Every soltion X'ft) approuches (g) as t—6e.  Heme the tangent to the
orbit of Rt)— £ o7 as
X, t—w.

-
—

L~
.e—’
—/




\]Q?.

@ [2=2>° Sameas ©) above bvi W/ dicection of amvws reversed.

O [A<oem| F@=gedtgrae™T

SADDLE
POINT

@ | M=a*R|  pyo
Pr= X -

deb(“’“ v B:o 9  (a-a)(d-2A)-bc=0

c 4 2*- (a+d)atad —bc =0

2= (atd) 2 {(a+d)*-4(ad-bo)
2

We get Complex A if
(atd)* - 4lad-bc)<0

Sine p#0 the eigenvaltres an disknct and the general Solvhion is
st Ré)= ge Mt rGeM i

The ¢ ¥ are complex since the A's are. X(t) s a 1inear wmbinakion
of WL, By vlerssidentity B swslpt)+iSinCpt)
Thus X°@) is o combination of terms involving & “cos (et ) and
e*tsincpat).
o Gxpoventialy diw{jirg ostillations If [oc=Re(3)<0)
2

ff;:\\ STABIE
\ By, % SPIRAL




. &mmhwg amwily oscillations if

a=Re )79

X4

()
&

UNSTh8Le
SPIRAL

o |{+hegi3mvalu&swe p\lqyimaﬂimw.i'e. X =0

are periodic wilh period T=9Tp.

-
NSZ2

5

then the solufions

CENTER

Note: The dinection of the ampus must be determinéd from The di FFrerentral equntion,

X = A, The 5implesi way of doing This is to check the sign of X, when X, =0
O\E k20 for X, =0 and %20 then all +he Solutions <) move in the

lounterdockwise direcHon.
@ ¢ K <0 for x,=0 and X
direcrion.

>0 then all solutims X' (1) move in the clackwise



£xanple ’Draw_:he phase porirait of the linear equation
X = AR = ( 2 ~|) 2
4 -1

det( ﬁ;ﬁ

2A=-3:

-3-2

(

, :“I')[‘Z.‘):(:)

V.-V2_‘=O = V\z\/z_ .

) ) 0 D (=2-A)-3~ A +4=0

A% +GAT14+H=0
A*+9A+IB =0
(2 +3)» +6)=°

A=

Thus

’3:"6

Stable node




qume\e ‘Draw the phose porirail of :" (._‘\3 T)?
et -A -3 =90
(7 2)
= (1-2) —1=0
Ar - 2A+1-9<0
A*-24-8=0
(A +2YA—H=0
A|: —3 / Az‘ c"

2“:.& = (3 3 {\l\ :(0 > 3v,"3V, =0
3 3\%) 10 V=V, =>;?':( :)

A4 [ -3 -3) Vi\ =(0\ 9 v,*V,=0
=3 -3 Vo 0 v“:-\l,_ E)) zz(-j

€xample  Dyau the phase portrait of X s (,_, l);?
-1~
det (1 1) =(-ay =0
4-A=4i 9 Aac-1xy, = Sstablespira)

o deddethe direction of +he ormows e |ook ot x, = =X|=Xz and ste

that when ;=0 (so olong the heizontal axis) X <0 wheh X 70, S0
the arpws §o dectwise.

AN



//'

\S

Stiability properhies of linear systems k <AX w/ det(A-AT)=0 and det(A)¥0

Eigenvalues Type o+ criticad point Stabili
272220 mMode unstable
A< <0 node asympt - stable
Ay, <O<A, saddle point unstable
A=A, 70 proper oY | MPropes node unstable
A=A, <o proper o¥ impropernod€ 4 yumpt staple
A, A"+ spiral point

«(>Q
%<0 unstable

A, =ip, A= -ip Conter Yympt.-stable

stable

Eample.  (onsider  x = ( ay Q,
azf an,

Show thatthecriticad Point (e,o0) ?s o—
(@) node if ¢<0 and A>O0
() soddle point i ¢,<0
(<) Sriral point if p7o and A<O
d) centerift p=0 ond g0

xX.let p=q,tee, - trace(n)
4 = QQ3,-Q,,0,, = det-(A)

@mPu')'e : de‘*(ﬁ - 3I) = (ay —/f) (az2- :l) -, Ay



4}
= Qula - (@u+a20) A+ 3™ -Q1Qe, \K
= A% - (ay +022) A + GpGarz~Qi202
. ~—

P &
= A*t-patq
=9

ﬂ‘.:' P: JP;—4C" = !!im

2

GG B) g g
RS & 23 S 8

(0.) So (€ fs implies that 3' and A have.'.beme s‘an sinee
q’g;\‘a,)o and if D70 i means that 3, and 3, are real. So i hos

o be o nde.

(b) l—C t means that 7,3, hawe opposite Signs % i’s o-sodd\e point

(9 € p#o and 8<o this implies thed 2,

A2 e (omprex Eigenvalues so
wwst be o.spiva) ?

(4) i p=o (real part <0) and 40 = 3.2, are Fhe same sign,  cenfer~

— Now shuww that the equilibriom point [0,0) is
(a) asymptutically Steble (F ¢70 and pcO
(b) stable if g>0 and p=0

(c) unstable if 4<0 ov p?0



asymp. Stable, ’2 p unstoble, spiral point &8
gpirelpoint =3,

@ =p[44 <0 %@"’ A=p*-44=0

asymp. Stab\e .
hade
/ ¢ wnstoble
é'ﬂ% @ 2 node.
L
20ge
4
P
= 4,17,

LZ. unstable, Saddle pt
At Pz._‘(_q7o /%

= p arobola. 1 p—q, GXes. = proper/improper  Aedes
c[/ % i ¢ ~ repeoded el evolmes.

CLM%} =) Pa_q.q'«) D (omplex eigenvalues.

Along the g -axis, p=0
obove the 3 b =
parabola (mp\3 (i
Whith  impies thot A, 3, are purely

fmeginany = e@nter

9 < st = P‘—q-("?o& 4<0
below the (7\'3:;‘0) =) Saddle point
pauraloo (&
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Sedion 29 : The method of Loplace transforms

We want t solve the vP: o d - ’
e olue the Iv aga -rbc% rey=flv ; ylo)fslo'}l'/")“lo

Usuedly useful when + f(t) is a diswontinusus functin of 4ime

* f(t) iszem except for overy shovt Hime interval w,
Which it is Very large.

Definition (et {lt) be defined for o0<t<oo. The Laplae tronsform of (1),
Which is denoted by F(3), or LFfR) is  given by
Pl = £ FF0) < [ ety dt

Whee jome'“f (Bt = lim [A e~ Crpit

A— 00

0
Eomple  Gompude the  Laplace Fransfom of £(t)=|

L #ey= Jim % estay

S A’";n {- -Le -St] A
2 \Y N

= lim ~SA_
pooo |"5€ +5]

[0 = {j’fﬁ

(!




Gample  (ompute the Loplawe transform of ¢ \

(&-s)t A
at I A -St a;td . l' [ J
= [im y-l— e(a-s)a -1
A=200 |Q-S a-s
= ot7_
,[fe ]_ ?-sl-—d, Sro
0o, SSO
€xample  Compute the Laplate tansform of cas(wt) and Sin (wWt)
~A
Liws (i)} = U " astat)dy
A"°°vo

Lisinwp)] =lim_ % ¢Stsinwi)dt
vo

‘ -st wt, . [% tw-
2 Ifwtwt)+Mnlwﬂ]=I §e,""t}=jo°°e e dt'-/o glw-ty

= Jim e(cwzﬁ&_ |
AZ% Tw-s
_<- | . Stiw_ stiw  Sv0
'? WS S-W SHW  swur
undefined $<o
L§stot)] + 1L fsinat)} = }'z? . ti L swz > Mfuswt)] = m N
S , 579
f.sn(wt)]‘ s"-/-w‘




Y|

_Nate  Hers we used the fact that the Loplate transfirm i o

[fefit)raf )] - fo Yot [ehin rofw)]dt
=a[” et ) dt AROR AT
= ¢ [ {f 8] T [fLW)]

Lemmay Let FE=L{Fm) Then [LT4))= s fre} -flo) =sF-fi)

fo. Use the formuia and integrate by pasts
L5y = tim (B oty use ™  d=f'H
) A-veo&: ¢ : (t)th < -se T Vefr
. -5 . A .
(&5, 1 fim s [N e
- . (A _-st
flo) +tvﬂl-ﬂmbjb e SYndt

Y-

€(s)

= - ) +sFs)
Leomz (et F6)= [§(6)]).Then | [3F (0] = $*F0-5Fl0)- F'l)
froof  sing Lemma ( wice :

L3#0] = sLf ] - ')

= 5| stpfm) - Fo) - £6)
)
=S FCs) - 5flo) - ()
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Now we wn reduw the problam of Solvingthe we

ay'+by' +oy= flt), Y=Y, Y'l)=y
to that of <olving an algebraic equation. Let V@=Liyw) and FL)=Jp s
Taking laplaie transforms of both sides of the diff- eqn. gives

Liay" )+ by’ +wy)] = F6)

BU linearity of the Laplase fransformwe hove :
alfyna)t bLiyw) + Liyw) = FC)
Vs{"\‘) Lemma ) and 2

o.[ Y3 -8y10)- Y1) +h] §7E)- Y9 | +e Vi) = Fes
Yo yol Jo

=) \/CS)[ &S‘L’"bS‘\'C-] - '\jo (Q'S.rb) - 0'30’ = FCS)

= ycs); CQ.S"'b)‘Jo "".%9-‘—-' “+ RO (¥

0s21bs+C  pe2tbsye as*+bsyc

(x) bells us the Laplace transfoym of the solvhion yE) of the WP
To find \jlﬂ we must @nsult the Cinverse Loplace transform ables
yitl= L1V )



\1{3

éxamp)e SO\UQ H" —3\\,'.1. 33:e3t’ 9(0):| , 8"’0):0
led Y& [f ylt)}, 'l/akinﬂ the Laplace transform wn both sides gives

52Yes) - syth-g'/é) - 3(sYes) -W yaY&) = é

) [ —3s+2] _L—,+ S -3

Ye) = | + 5-3
Cs-3)s2-3st2)  st-3sh2

! L, _8-3

(s- 3)(s-2) (‘5~|) (s-2)(s "")
To find ylt) we expand the RHS in parbial fradions

1)

| A g C.

(s2)(s -D-3) o &3 8-3

D ACs-As-ABE-NEB) + C ) (s-D = |
ler s= 1o A(EI=I= E
€=a = B(NE1)12 8=

§23 9 cU)>[C 1/2




Thus 1 -
(sN(s2)s-3) 2 §-4 §-2 2 §-3

_’-*-z

Sfmila1\3 5:3 A _8:_
GNs2) s+ S22

=) $-3: ACs-2)+B(sA)

Let Sz| 2 ~3=-A=)|A=2

S=a= -1=8

\

D (8=

Thvs S3_  _ 2
(S)s2Y §-o1  §-2

Ovenail, then we have

YGS) = | 4 $-3
(s-3)(s-D&1) (D)
s Jb L yl]) +2 L
59 §2 2353 sa sa
=2 L. -2 1
281 T T2is

Loplace,  loplace Laplace transforma,
fransform mn?ﬁvmt of il-e-'*t

2t
Thus  Ye)= L3 el -ae +5Le""’] > yttkl'-’:et -:ze’tfil-e“.

54



Section 2.10: Some Usefd properties of Laploue transfoms

Nt

Bovety 1 1y [£0] = Feo) then  [LT-4FE00E = L

()
foof  F&)= [ " St 1dt - Let s difterentiate both sides.

j“;ch) = d J ® et (t)dt

=St
jo CTORHBLY

= jo e dt
=[] -te)]

Example : Gompute the Loplatetransform of tat

_é- = - = t o - - P
& PO - Lipfa)) > dftet]=- L Lo< e

Example : Compute he Loplace transform of +*°
Using froperty 1, i.e. £3-t(8)) < eLch) 20 times yields

£F49) = GO0 A5 SO0 A0 L o

481‘0 A\ S?J
Example  What function has Loplose transform -[.SJ;) T
- 1 :é_..!—- and —L=£§eztj
(s-2)* ds s-2 §-2

So if we use L5- H'l't)) F(s') we have



I ol ;Jd;Fa)] s - tf(‘l’) \{G

= I—l ?—CS‘J:;)"} = —tc"t

Exomple  What ion h e {fransform T4 2
Example fundion hos Loplae 1ran (o

Vse - L3 tEw] = - Q% F&)

-4 _ d R : = 2
Fe? &_(_r_s =) ed  Afsinei) o
T
. - (Y]
_[f.sn(wt)} §*w*
Thus, veing Fropedy 1 Litein@)] = -4 (L= 45
dS\ S%q (8"1'4)7'
> l"j-%ﬁ_} = ~tsinat

Poperty 2= F FCO L)) hen | £ eS8 = FG-0)

Poog: L] CHADY = [ " e tost i)t = ([ oGt Aty
= F(s-o.)

Q

This States that the Laplase transferm of e f1f) evaluated at the
point s equals the Llaplace tmnsfom of AP eynluated ot s



Example  Gompvie the Loplace transform of o Xsjn -

Reod] that the loplace transform of sint is ?'1:,— 4 {sinwty = '&;;wz

&0 to tompute Lfestsint} We need t0 onjy replace s by s-3:

L5etsint = _I
fefont) = “‘37 1T s

Cxample Whet funcion  q&) hos Laplace transform

GCS\ =53
S +(6-9>
Note thot L3 OO«S(th = A"--}RS
Thas Gs) is obtained ﬁnm L5 s St} < Z’U replasing
evbry S by S-3. Thus by Properla Q, we baue,
fﬁi 1 3= e Vs (5t).
25+(8- )
Example  (hai fundim has Laplace transfom ¢
(s‘-4s'r?)
| = l = 4 = J T = rg —
(st —4st9) Cs-.ny‘_q.fq B0+ G-+ (B) 5 G-3+(5-
to H'
memwpcug

= L sinCFt)e?
S nClst)e

OS]

5 (2 6ER ?&.ﬂ% a“)"}



l\SG

Example What fundlion has Lopace tansform —S
(s‘~4s+Q) ‘ily:' 'lo refofe
Ky . _S - & _ s&s-atd [waWE} s
G*-4st9)  (e-2-44) 'S G-2)*t5 W? s
L {sinwt} = w’-p-s‘

= S22 4+ 2 (5
(s-2) +5 V5 (5-D*+5

-..? -
L f s*- q-s+Q} L ?(g -5 +5} ¥ T%ES-{;%S.&

at
= 2 o 2t
€ s (isSt) + —(3 Gm,({jt)e
_#N

Lastly. we onsider

-at
wshbot)= €t " gnppor) = ™ -
2

——————

2

Thefor, by the linearity of the laplace transform:
[ {wshlan)] = L{L(ebre )} = 3 £{ e*Grd L5e™]

=.'.['4-']~.L$‘rﬁ'l’sjf y['
2L 8- gta ~a? stqe s,__a,,_

[{sinh@at)] = LiL(e-e )] = 2L feit} - %1 .Ie-o’c}

Py fa-
>l 7= - s, .s"--’r:\




Section 2.4

29
Ditterential equations With distontinuous right ~hand sides X

(onsider again ay"tby'tcy = f(t) whee f(t) Now has @ ump dismnﬁnm"ly
at one or mare points

The simplest example is Hc ()= i 0.0¢t<c .Thisis wdled the Heaviside fon
[

112 ¢C
[

- ks Laploce dransform is [{Hctt)} =z lim
A

700

A
L e~V 4, ()t

Next we let f be any funchm defined on the interval 0s t<oo and et § be the
funchion obtainal from m by shifting the graph of £, ¢ unils to the nght, i-e,

A
ity /3(.1:)
> 4 = >

So we have 3(1;)?-? 0, Os<tec
'F(‘l;‘C), t),c,

An atternative way of wiiting down this fundion is

qb) = HFet -cﬂ

Fopertys: Lot F6)=L5£11] . Then

liHc(ﬂ'pﬂ: “C)3 :e =Cs F[s)

Proof Uﬁnﬂ the definition we have o <b
LTHDF (-] = [, € Helftt~c) db

S fm e "t ~c)dt
C



(lsing int egition by Substifvhon we have w=1t—C 2 dusdt QO
When t=C = U=0

Thus  fHcDflt -0} = [ * g 5(4*9) f(u):;m:) o

= e ¢ b“e""f(u)da

= e [ff)]

€xample-  What fundion has Laplace transform o~S 7
— £

. WA - ko-
N He thad 'Li'l’i" lim f e‘s*'tdl' = lim [‘-t-e st]‘(_r }Lf e Syt
o ° o

A-00 A-7p S
Uu=t M:e"st
dy dt st
- V - e
i © e
= lim ~p AL L J_-.sl&]4
A~ w 3[-86 o
=) °
im _ J-SA
A9 §3 +§I;
)
L
82.

Thus by Fropedy 3,ie. /3 H(DF(t <)f =€ L5 L1t)} . we have that
C~S

ol the Laprace transtosm of [H ()£t )| ‘

' t




Example  What {unction has Laplace transform _ € - ? o

§t-25 -3

Noie first that [ < -~ -
st-as-3 @E-1)*-1-3 (s1)*- &% (s4)=2*

- _ pel t .
We know ot LFe—t ] = 'f;.zL (Sf)h?} = Fsinbat)

Rewdl [fsinh fot)] = Sf__qz and {§e )] =~ Fi-a)

Thus from propedy 3 we have

N 3
LY WD) = Aol & S -3
$t-25-3 2

1, Os<t . 0, 1€t<2
Example  Solve the 1WP y" -3y'+2y = {{f) :f I, 2:,;:;:. 0, 3<t<4

|
' ' 4e -0, S<t<oo
and y(0)<0, y'(0=0. 4st<s, 0 <

Let Ya)s.[iy[t]} ond F(s)=[3f(1)}- Tahing the Lopluce transforms of
both sides of the diff. eqn. gives

Y -syghr-yp) 516 +3y6r 130 = F

7

16 [ g2-3st2]= F&)
Yes) = FG) _ _F@)

st-3st2  (5-2)(G~)

How dowe ompute FS 7



£(t) \ M) ethod |

— FC)=[H. (O -H,v)]

[ H(4) - Hs )]
t [Halh) - Hslt)]

By the lil)eqn‘)a property Of Laplate Transforms we have

FCS):'J— _ e'.S.‘. e"z‘s_ ~ -45 -Js
) S S

#t second way of wmputing FG&) is o ewalyate

i 3 - 5 st
PO = [Pestfmdr = [ g tas r [ €7 b [ € dE

1 S
= - se .Stl, N [_éest]: +[: 5€ -Stjc}

- - =98 - -

\) S

-“')US 7(5) = = c'$+ 8-28_9’351,8“4’5 @ =55

S(s1)62)

' -
-

S(-Ns-2)

A B C
\)

-4s
_'eq'

[

- -SLl'l_c-s_'8-15_3'38’.8‘4'8_8‘58']

s T3 217 A (s)(s-2) +Bs(s-2) +C s (s)
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let §=0 |= A(H)R)> [A=1L ¥

2
§=1 = 1= BR) = =3
§=2% |=aCc »|C=4%
! = L4~ ol
Thos Lol

S(sH)(s)

L5y ks -'-—}~3L-e +te
So now that we hove 90 @mpute
£ Q‘f 7(&)‘] = I-' (- c-s,'. 6‘28_9’38_',6"4‘5_6"55
s(s1)62)

By propaty 3,
H(.t) = EL-e'b-l-i_elt - H,(9 [:T:' __eCt"l)_‘_ilezlt-D]
+ H, (1;‘)[% -c”"')-\-i} e 9.(%-2)]_ '13&)[;-—6&'3) N %eqf-sy

- - - (£-S
@] 4 ~e @9+ Le2t9)] < s 1)1 - et 5) +1e2]
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Section 5.2 - Intw 4o Partial Differential Egmations ~~

A gottidl differntial equation is a refaton involuing one or more funchipys
of ‘seyera) vaviables. ond their pavtiol derivodiyes,

The order of @ PDE is the order of the highest povtial derivotive that
appears in the equation.

Eample - 2% ¢y
ot- oot Both are setond ordes Ppe.
20 . 2 0%
ot ""%(z

Some dassic PDEs of order 2

HEAT eauATion Bl = o ZU

ox?

WRVE ERUATION U o

at* ox*

LAPLACE'S QQUATION TY .\.ﬁu =0
ux* oy

Sedim 53 Heai-eqaaﬁm, Separation of variab)ey

Consider the boundary~value problem

%?u - az_a;_;.‘ v WX, 0)=f(x), 0<X<d; ufo,t)=u(d,d) <0

We want to find uxd).



Rewll thal when we Were wnsidering 1he \VP{\j“-lrplt)y'f‘}L’c)\) 20

e
ot sy

We first chowed +hat Yo Fpet)y' Fg D Yy =0 is Unear and so 0.0y linear
combinadion of solulions of this Would again be a. solvtien. §o our
Sojutin WoS ¢ 4,(£) + Y (t) For o h’ncmld indep. soluHms Yy, €) & Yaft).

= A’ﬂ\" (incar ombination of GV (x,t) ‘!'.--‘\‘C”un["ft)a-f solubons  u,(x,),...

Un(xD of U . x*3%W is again o-Solufion, and we also want the bounday
ot ax*

conditions to be satisfied,

STRATEGY

g

—_——

Find as mapy solotims Wi (x4) ta(xit) , - @s We wn of the Byp

l‘ = z 2& . = S
3t ~X°LY, ;. Ulog)=ulli) <o

STz Find the svlation u(x®) by toking an appropriate Linear combinatin

of the fundions u,(xt), n=i,a,...

Keq ading

Step)

- We reduce the probiem o solving bne Oy more QDL

Set ulxt)= Xx)TO < this is Whﬂ the method s wlled "SepArAaTION OF

VARIABLES *

G>mputng 2U = XT ‘and B - X'T weseethat ufxd):XOITIH i



a So)ufign of

ou =dzai“
ot

ox*

lob
XT) - O(Q'X"T \

Pividing both sides by o XT We obtain

XT - "

ATXT

oA*T x

—_—~
fundhion of
T alome

—
function of

2 olme

o

Theefog, this impties that A);_.—. -3 and -T_T = =2, {for some corstant 3,
o(‘

[this is bewulse the only way éhat o funchm of = wn equal a function of t

's if both are copstant.)

The boundany Gnditions = u@,t)= X(o) T(
0=ullht)=AN)TY

(mply that

So we haye

X [0) =0

ard

X (9)=0

T' + o%AT=0

(otherwise, u must be i denh’aa.lly 2em).

X"+ aX =0 and X(0)=0, X({) =0

Notethat X'+AX =0 (s o Q" order oDE

™4 2=0

ms= 212
ind  Xix)= AwsU7an)t BeinUix) , which upan using X(0)=0=X(4)



will determine A&.8 A ~6?
X009 |0=A

870 and
X(0)s0 @ 0=Bsin@@AL = (Fl=wm

A fhm*
O,
Thus  Xfx)s T Si“(ﬂt-‘l%>

Similarly .wehave T'+ «*AT=0 bd we olmady have 2- (%’)‘

T’ 2 T L
-_F 2=dAD =2~ N0
T —F."

b|T)= -ac“n"n‘t
Lt

— o T
Ti)=Tf )=e (>

We wovid mUlliply both Xnlt) and Tm(y) by tonstants bud. we omit these constants

herm sine we will soom be baking Nnear combinations of the functions Xabx)Tat)
-“ln&nﬂt
3 Ut = sin ('ﬁ]{l‘.)e t* " is o nontrivial SOVH of fhe 8vp

{or every positive integer n.

Suppose that F0x) is  Hfinite linear combination of sin Cl%) that is
N
f1x) = §:‘ c,,sm(nlcu)

M _ﬂtntnz . .
i : Zh Nt is the desired solotim as it
Then  u(x.A4) an Cn sm(mg&) e ~{ZF

N
0ls0 safis fies the injtia] wnditiom U(x.9)< é'QSin(ﬂlgﬁ) £, 0<x<l,
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Section 9.4 : Fourier series

An arbitrany funchion £0<) wuld be expanded in an Infinite  Series of sines
0nd wsines, let {tx) be de€inad gn ~(2x<l and wompute

n=,’1' e Se

[ &

2’

- { an:,—r'. .
a, tLL(‘(x)dx, . _{{-cms[%‘l- dx
b, -

t _:' fex) 8‘”(-”{1’5) dx , nzp,2

Then we hawe

0o

0
frx) x = + 0,008 X4 | 5inTx 4+... = @, os MUX 4 ¢ sin(nRX
2 ( T e ';""%‘( [a,,, ) +bn m(T)}

Example . Let £ be -ftx)=i 0, “IEX<0 . (ompute the Fourier series
1, 0¢ Ksl

for £ on the interva) -14x<).

In this poblem [{=] and 50 @, = ! {fcx)dxafo‘\dﬂl
-l

Qp = j_: F(x)wS(“m)d""'L' Co.s'[n‘“x)dx= [Sf" (“"")—'—-]l

Nnmw
°
= Sinnsztri‘ﬂ:) -0 =0 fw N> )

o

= ! . N,
1’m "L' f(’QQﬂCﬂWX)dK" fo S\n(,ﬂﬂ')()dx:[—"—’h—n. COSLDRX)J‘:

S -L ws(hm)+4. = (-()nﬂ = n
Ly —) _+4L = LT 1=
n NI nK * nfl nn [ (—O J

for n?)



Note that when N=ewven b, =0 4

hzodd, b,z Z=
no

Thus . the  Fourier Serigs for £ on the irtterval ~(¢Xx &) i

{
'f(x)x'@/:- é[y[c:s (1}%‘ -c-b,,,sm n‘l():\

0 whm
n (s even,

2 o
" when n isodd
=1+ 2SNETX) + 2 gin (3TA) + Sin (5
2 = a0 s{h (3TX) ’ls'rr in (5mx)

ple . let { be defined as 1C:? I for -a¢x<o0
o X for Dexga

(ompute the Fourier series for f om the interval -2<x < 2.

[n his problem [{=2
2

0, = ’H.: T(x)dx = _Q&J_O: dx + ﬂ:x dx =3[ x]; +3.[:§.3]o
2
= .L(o+:1)+.1.(i_o) = I+1=2

-.LJ 'F(x) ogs(q_x dx = _| CDS Y\ﬂx)d)('l'-'-j X(DS[ )

z

= 4112 + 1
a[ﬁrs‘ )+ [ ein(S )a

L Fﬁ'rsm ) dx



R

NG
= 1[4&_ gin(NT -o|] =L |- %
3(““/) mr{nrrms nm)]
°
o

~(f\LF)»CO"‘S(““)"> (mr) (€om-) e 2

-4  nodd
(nﬂ) n even

j {(X)snh('-‘“l‘ dx = -I-j Sin8d x +1LJ°' x sin (ML) dx

=é-ff— (os{“w‘) -l-J.[ ’*"-xtns["“"')JL
*RE [T o

- - a
= -r‘Ti' + .'{.Woos(-nu) -;“—-“C ) s (ntr) 4-“(7,((1)){(0)

h .
cos [NT) Sinte Cos K even

="
+ - )13(:1(%7'29/3 *

(o

0
(Lo

"

wn ELHE0T) - 2 e?

n

— (15" for nay

fo n odd

2
N h cven

1)

Hene the ?oun'er series {or F m2asX&a ©

Ler)y = (- L lioX3 {gﬂ) - ?'l‘_ Sin (TX)— i Gos 3“") $in (2Nx)+.



do 3
&5 sprw)vy | F sienmx =

"

Note

—

The stondard INNER PRODUCT (w.V) of +two-veal-valuad fincions
wand V gn dhe Inteval X<xsB s defined by

ww= [ B L 0Ivex)d x.

The funchions w and v are ‘ovthegonal - on «<xsp if their inner product

'S 28(03‘"\0{' i§:

f €40 v(x) dx <0
«

A set of funchioms Is M:Iudij otthoqonal i each distint pair of functions
in the sel (s D1‘lbogona.l

The functons sin[1 “7‘) and ms(vm) 1202, .- form a mvluauj
avthogonal set of fupctims 'rhe inFervo) —g<xs /. They sakisfy the
(b)lvwma ovihoqenality Telations:
Lo [nmx VA <1 [ ' Cos [(Nm)rx ~n) X
J B ) g e () wens((Bm) 4
= L[ U gnfntmTx) 4 L sin[(rmwx t
3’[(mm)1lsm( - 1 +(n-m)wm 2]
= 4L Sln@wm)‘n) J_) Sin ((n-m)T)

2
(ntm)W

= ‘;___5‘”@“*"))1-) since sine is odd -

-4 g' ~ 4 sin(-(n-mm

i in - Cnﬂn)ﬂ) et ( )

= _L[C l S\n([n‘\M)'ﬂ') + ’i‘ 8\0[((\-70)'")3




as (ong os MM and n-m are not 2w (dherwnse we ore ctwvicing_by o) ~3Z

Sinte m and nare positive, ntm £0. On theother hand if n-m=g > n=m
and the integval must be evoluated in o different way.

ufina
T 1) ) ) )
1 ws(%k-m(m&)= oos é__vs m‘M)+sm Mjﬂ
ws({ntmgnx>+c°5( -crt))mc) = a.ms _Y\(_M)cos(mgj
&) [ps(g(“}) ws(r_t\_{&?; i_[cps(cn-rm‘)n?+cos(@~m)1r ]
(€ n=m then

J | olpes(m)ox = [ ([
= [Ergos(2E)] o

= [-‘,ll-x + jéﬁ Qn(é'('_"*):lf

T L .
1(‘('4.1;‘? Sin (ahm) + é_-df%“:i}(-,@
o

= {
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S t - G0 N¥m
Q ‘('l’ W("—c"i‘) ws(ﬂ(‘_‘") v L, nem
and similarlg, Wwe hawe that
L: cos("_ﬂcZ) 8"\('11{2‘) dx<o for alnm

j:: ﬁn('-\-‘é‘i‘) sin(mTWX)dx :?Z ,’ n#n

n=m
[_’:Fﬁeorem
Suppose that f and £! are piecewise onhnwovs M the interval -1¢ x< (.

Further, suppose that £ is defined outside - { <x<{ 50 that it's penodic with
period 2l .Then { has o Fourier Senes

a0
{fx) = %.1.“2' (an Cos (BIX) ¢ b“sm(ﬁ?‘))
whose we{{-iaen):s ane aivcn {’1 0, = d: 'r(X)COS(n%D‘)dX 5 N30,),2-..

ba= ‘({.'f_,:’fc")ﬁn("—gﬁ‘)d)‘ y WEl, 2 ,...

The Jourier series tonverges o o9 at all poinks whew { s watinuous, and
b [ F0)+10<9) ot all points where is diswntinuous.
2

Note: (fox) tf(x-y)

A
[imifs aF the puint x.

is the mean value of e right - and left - hond
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Section S| Bmmdarg value problems

O what values of 2 give nontriviel fupcims yex) that safis fy
y'1+ay=0 ; aqwtby'i)=0
) tdy'() <0
J
bewause we need info
@bout (%) ond y'(x)
at+ two distind- points
2=0 and <.
Example . What values of A grve nomtrivial solufims for

Y" iy =0, Y=o yl)=0?

3 =0 Y0 =ax+b fo1some worstants ¢ and b,

yw0)= 09 b=o
yi)=0 » al=0% a=0

This implies that y(x) =0 Is the only soletion of the BUP for A=0,

e -
A<0 yll.,.aH 0 > y('x): C,,e 'I’QC *

charaderistic eqn: ¥*+A=0
Yo tF

Now USinS the B.C.s pe gef

Yho)=0 9 0= Gta

Ji)=0 = - c,eﬁ:’—‘«»gér:”



/&

These two equations have a mnzer sowrion GG AR

from (l ! G\ -/9) we hay
c‘:\'. e“‘-‘ﬁl>(cz (D ¢
| | _ -=at -a'L
<

] :e
T})\)S, e-“—'ﬂz e“'_&t ___) ezl::”l:l b.ld_,

e hnow that €% 5| For 2>0.

Thus GG and the boundary-value pwbiem has 1o nhontrivial
SoluHmns y(z‘) when A IS 'negaﬁae.

270|  Fromthe characteristic Cquafion Y*+A=0 = 1 = +1{7 we have

that the Solim of (ntAy<o is of the form

Y = & 5[ X) T GIIN(IF )
8.Cs ’

3(0):0 3 C,’:O

Yyd)=0 9 GsingAL)=0 be- w0 o FHl=nn

3 =nm
2

73/_27_?')" fir some ne7.
Jhus the BVP s nonfrivial Solvrions
%) = ¢, 8infANX\ [for n=)2,--

y( ) (ﬂ- [e ) r /
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Theoramy The BYP  has nmirivial so(ufons y(n) oy for o denvmerable’ 26

%1' o'f Val(]es ?\..A;u-- ll)bem A)é”as"' and 2" —>00 OS5 N2 0,
These spediol volues of A are wiled eigenvalues and the nontrivial SoNtions
Y (x) are hed eigenfundions

2
Note. In the previous example  the efgenvaies am ﬂ=_€gf, 41" 912 ..

and the eigenfundions as® all constant mulntiples of a‘n(%,sin(%%,

8 Why do we uethis terminology ?

—, o
A et V bethe set of all functions Yoy yhich have o continuous derivatives
and satisfy ayio)+by’lo)=0 le()rdqf[l)co V is a vecor space gf
INMinite dimension .

(onsider now the limear openrfor or transformation L, given by
(Ly]eo- "j'—:%(&)

The o Solufions YiX) of the pvp am those funchians g in V for whidh
Lﬂ: 23 [.Sil\lﬂ La = "g "and the egn Is v” {’/‘)3'20)

Example  dind the eigenvaluss and eigenfunchions of the gy
Y"tageo, Yw)+y'w)<0, y4)=o

2:'0 3“:0:) y:qu

J'(m=c
G te =0
G +G =0

3 fom both B.¢s [G = -G |

| able to be toun ted by @ ome-tv-ome comespond ence With Jhe infinite set of integers



?
YW =CX¥e = ¢ (x-1) for ¢#0 ~22
o the eigenfundim ks Yx) = G (71) and the eigenvojve. i 2000

A< Every s0[vhon) yix) of " +Ay=0 is given by

Y= G wshd~3 x) tGsinh (5 x)

r Whg his and not :‘/(x)aqemxrge-mx ?

-A'x, -FAx

Cnsb(p,‘;,‘): e " “+e , ainh(15 " < el x_ s
2

c

P) .

So ff we wethe B. ylol +Y'®)=0. () =0 ve have
6 cosh (37 ) + ¢sinh(j5) = 0
4 (x)= C,F;‘Q‘DI\(FTX)+QFA~CDS,\(FJK)
c,ws}/(o)-t- Q&%) + QJ;‘ §) b(o) rc,ﬁ O&SW) =0
o )

) o)

Thus ¢,o0sh (I3 ) +Gsin h{=3")=0
C 1-czl§' =0

This tmplies that the rgﬁl‘@m of equafions has o nontivial sojutiy)
Q.G Iff

det (wsh(ﬁ) sinb(ﬁ')) -wsh(F7) T ~sinhtf ) =0
| 3

=) | sinh ({=37) = (-4 wsh({=37")
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Bul- thss equation has no SoHM for A<p Y5~ see this we ek @ ¢

end 'H)eﬂ ®neder BQ) = %wsh 2 —Sinb <.

Note h)=0 and h(2)70 for 270 since
h'(9)= Gshit fasinb%'-w;}f% = ¥sinh2 >0
1 220 . Thus 10 A<0 can safisfy  sinb(F7) <=7 osh(/)

A20| Every soluhiom y(x) of Y +Ay <0 is of Hhe form

Y&x) = ¢ s (I3 X ) +¢, sinclx)
for some ¢, G wnstants,

fFrom the .G yta)—r\(/’(o) <0 and y[y):-o ae have
G cos (§A) + 8in(f3)=0

3(x) = =G S(FTX) 7 G, (705 (77 x)

G 1TCIa =0

Thus dc+(q)’5(ﬁ) si?_[_ﬁ))=wl_cos(ﬁ) ~SIntA) =0
A

D | fan ({3 )~{A

S0 how do we solve this? (e set §=la, and 1y o find the intersoction
poinis between the graph of 'ﬁ:fan[}) and 4 =§, for 570
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3
%[q(-‘! af 57271
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More generaly, the wwes yef and y=tan 7 intemect exactly mce in the
inberval ‘3'—’:%)" <§< @g).” and this ouurs of-a prt I, 7n.

Note also That thep don's intersedt in 0<F< 0. Tp show #his cer hG)= tang-§
h'(5) ssec*F-1 = tan*§ 70 for 0<f<t.= h(f)?o for § (o, 1)

Thus the eigenvalugs are Mefh MEs and e elgenfunchioms are
v

fom §=13
all cwnstant mkﬂ‘!plﬁs of -n,i Funchioms ﬂ w.s(ﬁf X) 1-:1'0(]3_, x)»
-JTJ m(@x)ﬁfﬂ(@*) PR
We wnnot  mpute A, exacl) (oadytionlly), but we Hnow that

Mt < A, 4@;'!1'!)%‘ *  llookat bive highlight abose)

ol

[

'
]
!
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Section 63 :  Hermilian Operators (Mhojmal bqses) NgY

Def" A cel of vedvrs & orthoganal if the inner pmduct o any two distinch
vedors in the ce} Is »er.

lemmaq i: ®, X, ..., X ™ i
£mma I let %), X,, N be vivaug Orthogmal , thet is
<K.'o'k’¢'7=o V¥

f roduct viofati
- nner p n
Then X, %5 2. Xp are linearly independent.

Proot  guppose that G % +6 T+ --+Cuih <8
Taking imer producks of both sides with X} gies
G <;?,J;S; > t Q‘&:%? + ...+'C~<;~, ;(:) 20
9 xR0 fom te ordfim bat <X XG>0 for i

= c‘,‘=o fov (f‘"” .~ ,N 8ince <3<:,‘,"§>>0.

Antiher advantage of whthing with orihogma) boases is that it's easy 1o find the
loordinates of a vedor Wrt a. given wil\agona! basis

let Tolzs---. (?,, be o mul-ualld aﬂhoacmal &et of veciors in o. rea) n-dimensioma)
vectw space V. By lemma 1, ihis set of vedors is alio o basis for Y and coepy
Vegor ZeV an be expanded in the form

ﬁ *'-CIT'?*QD: * ”'*Cnl“’n’



" - - -,\LQ
ﬁking inne[ producks ¢ both sides of The egn with f{, gives <X U 7= G<T B>

o 1hat e <AL '=1,2, ..., N,
Example.  Let V= IR, and define <)?,3’7=[x’3-/@= RN
The vedor Il’."'(:) oad IE:{-D are orjhogone) and  Jhus firm a. basis for IR

T )

Jo fom| X=q GG @ . any vectoy >‘<’=/X. @n be written as
Co = <RJ .) . x‘
J <u‘i—* 3 J-h?-

"’,u'
J

n
NE
X
Sl
".J‘f.
v

\V/
s e
<+
A\

N
3
{3
I
|
~_

("

A

<X

L RN

—

<_—
N K

Theorem (Gram - Schmidt) €ven‘ n-dimensional  Eyclidean space V has on
oﬂhoatmal bosis

Proof  Choose a basts @0, ,--., un for V. We wil inductively construct an
ovthegonal bosis GiVi,..., Vs by tahing swisble combinatims ot he recous
B>y, Un . Leb VI=5’.| ond set | L= G +37

'ﬁkl'n‘j 1the mner Pmdu.d- of V: wih V," 3)‘\'&)
<0 > = < WAl LW >
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-_<G},V,’7+a<§',.\'/7> N

o that G, wil be orthegomal to Vi if A= - <z .V>

Notieihat C# 0 sine T =W, +aV,
l:‘near“ ind ependant.

Pm(.eaﬁnﬁ (nductively, lgj ‘s assume tha+ P,’.VZ, -~ Vk are mv-luallg orrhosml

ﬁ
and SeE o PR v AT et AT

Uy
The requirement that P s orthegeaal 1o V,, ..., % 9ives
*
0 o "'<u .V'?
2‘) = —?:—_—:L F’Y d.='l"’) k.
<,y

["-Dfﬂ)l's @se of Ay, o tﬂg the vedoxs \7,’;---,'172,\7:1-: ar WWV‘G@
‘-’ . .
0Mhogwnal. Also Vit 79 bewutse of fhe linear indepehdence of ), .-.. URy, .

ﬂm.eedn'nj ind_i,ccﬁvelcs until k=n, weobtain N muiualg ot)’bogma’ Nonserp
vedots Vi, »-1Vh -

GRrAM - ScHmipr ORTHOGONALIZAT I ON
PROCEDLRE

Example Let | be the space of ol polytamials of degree n- and define
<€’ 3 > :.[L P(X)Q(K)dx

¥ fes § ond A€ V. It eosy o verify that £, (x) =/
F)[X)?-X

F;;-q (X) gl‘n-’



form abasis for V. Awlying 7he (am - Schmidt orthogmmalization @
procedure 0 Lix), fx). - (0 gives

P00 = |
()= f)+3plx)= x+A = X*(" %ﬁg}
< x- Jykd
f (dx ~

P O)=(h )+ 3P (ot CHAY)
T X%+ (<£:E¢>)| + (‘<zv ,>)x

<Povfo <p.p?
I__ [ ax - AR °
dx_ [J - [ Xx e _ [
W Baele) | s B
[x]_, 3 \f'x’- dx o1
3 -
2 Fz(’() = Xz—g
fa(<) = £, () 2, P.(x) +2,p,(<) + Ay, )
| 3 4!
A= =-<€3’P_°7= "S—c x"dx = "[%]4-—-0
<fo: P’ J_‘llk 2
A = "<F3' u>: fJ.’(‘xdx..-?S_]‘ 2
4?,.P,7 2 ) S ":‘—5'_‘_3
AR ST
13 J4 3




[
2, -<f.07 ] ’\(.'. (- dx _ ..[g_ﬁ_ &3_]( 84

260 —3 TN
5k y) 4 Ji(x“-%x"%%—)dx

_or_ 3
Thus P, (%) =X S.x
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Saction 2.12. The Dirac detta. funclion N

lonsider the VP d - IRy
a’ﬁ'}‘b%*c&;ﬂ'@ » Lo Yo yla)-'j,

Where Fl4) is not knoww explicitly and Q&) is identi OOL(lg 2er0 except

o very short fime interval fctet, ‘| ()

. - impulsive functiom
| o b {(t)

end its integral over this time interval is I, % 0.

l:\fthod _gropored ,bl' Dirac:

Let 4,—> t . Thenhe funchion {C8)_, . 0 for t7¢,
u o o funchion equalto ?oo{br Ny

and whose inteqral is equalto | o ver any interval tontoiving t..
We denote his  function b}j St ~to) and wall it 1he Dimc defta
Funchion.
If we set {{f) in ad - - d
{[#) in d_:g-l-b%t&tf%- fit) as 1,88- 1) an
iMpase the wonditim

b _Salt.) if asto<h
B)§-to)= 2 9
[, gee-ta)= 73

bihermse
{or any wntinuoss funchom ¢R) « we')l always obtain the worrect
Solution Y &).

Note  Suppate dhat- (k) is an impukive function thd is positive for to <t<t,
and 2em otherwise, and whose integral oer f, <tst, is . for any

ontinuovs funchion glt)



[ nl:t rgt,g(t)Jf(t)s att)ﬂt)f {t':sat’;i. gt‘t)] () \m

b [
21, Lping, 49Ot rr geofto de<[, [, 1@)rtoay

— o —

Can pulil oud of the inic.qm.l

S win quy ¢ [ quar e max 36)
{‘oststt J'ro 3 '“ ‘loStstl 3

S0 05 4t P J: g (£ Lb).

Apply dhe definition of the Laplace transform end the propesty

b "L ¢teh
'to) 4= t‘ﬁ s W
{ NG 3 ¥ ’)mmisc

5 Obtain
7] -
L5580 [ e Hit-tace < e o for 1 0)

Example Find the solvlion of the WP: 13" -—41{'-\'@3: 38(L-DN+EE2)
with ylo)=) and y'(0) =1I.

9 let Y(s)zu[iyml ,Takma Lapiace transforms on boh sides of the ODe
gtves



s"Yo) - 53{;4 -ﬂo’v -4 (sY9 ~yu) +4Ye) = 3¢50, C—sw\m

7(5)[9”- 4Sf+] -$ -1+ 4 =374 e

Yo : 3e +e o453 | 3¢5+ 453
§?-46+4 (s-2)*
=> L) bl 8‘3 -
! R &— A i

S.- 2

L I

G-a &2 cs—.z)
(

"—-

2 -t

So i} we want 1o mvert J&) W& hae
Y@ = e - ter - 3"' (o(t- l)e +ﬁlt)(t-1)€t2)

2($-2)

= (1-t)e?t - 3{ -l)e S L(BeE-2) €



&

Exanple  Solve he WP %‘i_‘ fa‘% S et 4 380-) §(0)+ 0
y'fe) =0
Usina Laglace travsfoms:

Ve - 8}7@) -y)ﬁ) +2(5Y0s) /Wé)) + Yo) = ,L{e"tj’ri[fegl’rﬂz}

o

To[ s vas 47 = =i " 3¢

(st)*
Ve = L + 32
GH)*  csh)?

Invec'ﬁna this we qet

A “'L
yi) = ¥ s m-de £

foy L"'_Ec-gf;;)sj we Wl vse J’Li -'b-j-‘u;)ﬁ ‘i—s .

o ~ L—  ahich Weans thad F)s-Fd—

The funchon wbose Lopiace yransfon s FS) is - + te?

Thos ,(i t(«Lte't)i 3‘[ a0st)*) Cs%3

=) ii 'Lt e t} =

let's  inbegrate



Gample  Find the solution of the VP
24" +y'+2y =§(t-9
J@)=0., y'0)=0

A'ppU Laplace transform
1s*Yls) - awaf 2V)1»S‘Y[s)b},(o)1-2y1:)~ 58

[as® +s+zJY@ CS‘S

V)= = £
A ‘9*37‘ s+ )]+

Comp |ete
th e square
e -5s -53

2(s+i-)‘”-g-r% 1{s+ i) +'5

-5

- Ss

(sd—)‘*l,%

-1g_| "5 4
Thus A ?(s*%)‘*.%} ! 7?5 -

(stf)'t (%3)&3

< 1
2

&

A

-xb
= Len(Fe 3
s

TbUSa b\lj the %wmm

~ - (t- )
o =L"§16)= & fAstle

o T5-)



N

The convolution integral

Theokn i FIO=Jffct)] and G&Y= [ {fqlt)) boih exist foy §> 0 then

Hts) = F(S) G (s) “L5hi)} §>0,

whew b= [ Eft-gwde <[t foglt-vdT
T this follows from ihe ohanee of variables

The function h is keown asthe convolution of fandg.  t-L°
=%-
dt = -df
if TooF=?t
—H— T=12¢=9

The whvoltion integral o be thoughl of os a’qeneratised product® by writing
h(t): (f49)

h

meaning the integral in
The fheorem above.

The wnuolvtion f¥9 has MARY of she properties of ordinaw multipli cafim
It an be shown 3hat

fxg - g#f [ commuiative law)
£x(9,19) = f4q,+ F*92 (distrbutive law)

G""j) #h=f *x(g2h) (assodative 1aw)

f40z04f <0 this is not the number v
b vi the fundimn that has the
Value 0 for each Valve of t



, (
But fhere are alsv properties of erdinary multiplication that the N
Gonvo) viion integral does not have, for example it is not in genana)
true that 1 Is equal to f.

Note: (fx1)CE) -'fot f(t-1)ide ~=f¢,t fit-t)de

If for example fit) sw0st :

({*:)Lthjf w0 [t ~dt = [s»‘n(t-c)]:” = ~sin(~})

=eh
deatly (fx)))7 Flt) in his lase.

froof of theomm  first we nofe that F(s) %“e'sf{'[j)df
G{s) ‘-‘-L ®es "ﬁw) dc

Fovee) = [ “e Tf(pds/ e vgmdz

Gine the integrand of the first integral does not depend on the intggration
vatable of the sewnd we wn write FB)Grs) as an teraldd integra)

o[~ [ Ty )0
lot Fet-C
d‘f 3 dt

_ foaoe-‘tgcc)Uaoe-s(t-LJ {(t-'[)dt_] do
T

6o 60
= (t) =St }
f, 9“[fc e S“ c)dt]dr



=T
Region of ’
integration $=1T—0
(s)GE): i= —> £ 200 T=0—>0
T " v

- ‘[O“e~st ”t {.‘(—(;-C)g(.t)dt} dt

= [ " e Sthius
= Lfhi

Example  Find he inverse lap)ae fransfom of

Hes) =
SETD
It's wnvenient tohink of Hs) as 1he product of &5 and &
£2ra®

which have invense Laplace transforms of + and rm (o), Tespectively
33 the theorem. the invese transform of His) is

hit)=J T (¢ - sin(amddr

-titan(ac)dt -L Tsinlat)dt

a=c AV =sin@at)
gg - Y. _Lcosao)
T Ve o



* b l:Ja—:ws(at)]:L + ['—'CCOS(O.'C)] v N

- _f Gos(aT)dT

[ 7@"’)"""] * i—y(lo.t) - J_[smcat,)]

% —é—,_ sin(at)

e
—

-—
-

Note thal  we wn also find hit) using partial fradions
Alernative

= A4 B
sz(slfa) st §+a*
A'(S"'fﬁ“‘)f Bs® =0
Let s:0 = Ag®=a 2 A:.t
§2 6 3 A‘(:QQ).,. Ba? =

L (20% +Bg*:a
-

QQ/J-BQ(:Q{
Ba= -\

- _1

B=

Thus Hes)= o -l . @
o § & $219* o

hit)s £ _ '
(t) = 5'38""“*')

Which is the some answer as abowe.
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@'DPJC Find the solufin fo the (VP Y

Y t4y=g9® , Yw=3. y'0)s)

s“[cg)—sgyl—w/) +4Yl) = G
3 -

Y9 [ng 4] = Gls) +3s-1

Jjl = - Jj sin(2(t-1) g dT + 3cos (2t) - L sinl20)

I a spedfic forcina fundion g &s Qiven then the infegra) can be
evaluafed.



