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The leapfrogging of vortex pairs



A vortex pair in a uniform flow
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Counter-rotating vortex pair

K = 1,-1

Streamline topologies



Complex potential

Compare the imaginary parts to get the stream function: 

Streamlines are defined by a constant stream function.

We can show that the relative 
positions of the vortices are 
maintained.

Complex potential and stream function



How do we find the separating streamline?

Find stagnation point

(xS1 , yS1) = (±
p
3a, 0)
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Two vortices and stagnation 
points form an equilateral triangle



Vortex rings



Leapfrogging motion of vortex pairs



Schematic diagram

Both !", !$ > 0

Question:
Is the periodic motion 
conditional on something?

Assume that  !$/!" ≤ 1



Important coordinates

Relative coordinates

Centre-of-vorticity coordinates

(xr, yr) = (x2 � x1, y2 � y1)
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sin↵ =
y2 � y1

A
<latexit sha1_base64="g/ZhiNv/dxpIfhewAlg/tTDYslw=">AAACBXicbZDLSsNAFIYn9VbrLepSF8EiuLEkRdCNUHXjsoK9QFPCyXTSDp1MwsxECCEbN76KGxeKuPUd3Pk2TtsstPWHgY//nMOZ8/sxo1LZ9rdRWlpeWV0rr1c2Nre2d8zdvbaMEoFJC0csEl0fJGGUk5aiipFuLAiEPiMdf3wzqXceiJA04vcqjUk/hCGnAcWgtOWZh66k3AUWj+DSDQTgLPXqp6nn5NlV7plVu2ZPZS2CU0AVFWp65pc7iHASEq4wAyl7jh2rfgZCUcxIXnETSWLAYxiSnkYOIZH9bHpFbh1rZ2AFkdCPK2vq/p7IIJQyDX3dGYIayfnaxPyv1ktUcNHPKI8TRTieLQoSZqnImkRiDaggWLFUA2BB9V8tPAKdhdLBVXQIzvzJi9Cu1xzNd2fVxnURRxkdoCN0ghx0jhroFjVRC2H0iJ7RK3oznowX4934mLWWjGJmH/2R8fkDU++YcQ==</latexit><latexit sha1_base64="g/ZhiNv/dxpIfhewAlg/tTDYslw=">AAACBXicbZDLSsNAFIYn9VbrLepSF8EiuLEkRdCNUHXjsoK9QFPCyXTSDp1MwsxECCEbN76KGxeKuPUd3Pk2TtsstPWHgY//nMOZ8/sxo1LZ9rdRWlpeWV0rr1c2Nre2d8zdvbaMEoFJC0csEl0fJGGUk5aiipFuLAiEPiMdf3wzqXceiJA04vcqjUk/hCGnAcWgtOWZh66k3AUWj+DSDQTgLPXqp6nn5NlV7plVu2ZPZS2CU0AVFWp65pc7iHASEq4wAyl7jh2rfgZCUcxIXnETSWLAYxiSnkYOIZH9bHpFbh1rZ2AFkdCPK2vq/p7IIJQyDX3dGYIayfnaxPyv1ktUcNHPKI8TRTieLQoSZqnImkRiDaggWLFUA2BB9V8tPAKdhdLBVXQIzvzJi9Cu1xzNd2fVxnURRxkdoCN0ghx0jhroFjVRC2H0iJ7RK3oznowX4934mLWWjGJmH/2R8fkDU++YcQ==</latexit><latexit sha1_base64="g/ZhiNv/dxpIfhewAlg/tTDYslw=">AAACBXicbZDLSsNAFIYn9VbrLepSF8EiuLEkRdCNUHXjsoK9QFPCyXTSDp1MwsxECCEbN76KGxeKuPUd3Pk2TtsstPWHgY//nMOZ8/sxo1LZ9rdRWlpeWV0rr1c2Nre2d8zdvbaMEoFJC0csEl0fJGGUk5aiipFuLAiEPiMdf3wzqXceiJA04vcqjUk/hCGnAcWgtOWZh66k3AUWj+DSDQTgLPXqp6nn5NlV7plVu2ZPZS2CU0AVFWp65pc7iHASEq4wAyl7jh2rfgZCUcxIXnETSWLAYxiSnkYOIZH9bHpFbh1rZ2AFkdCPK2vq/p7IIJQyDX3dGYIayfnaxPyv1ktUcNHPKI8TRTieLQoSZqnImkRiDaggWLFUA2BB9V8tPAKdhdLBVXQIzvzJi9Cu1xzNd2fVxnURRxkdoCN0ghx0jhroFjVRC2H0iJ7RK3oznowX4934mLWWjGJmH/2R8fkDU++YcQ==</latexit><latexit sha1_base64="g/ZhiNv/dxpIfhewAlg/tTDYslw=">AAACBXicbZDLSsNAFIYn9VbrLepSF8EiuLEkRdCNUHXjsoK9QFPCyXTSDp1MwsxECCEbN76KGxeKuPUd3Pk2TtsstPWHgY//nMOZ8/sxo1LZ9rdRWlpeWV0rr1c2Nre2d8zdvbaMEoFJC0csEl0fJGGUk5aiipFuLAiEPiMdf3wzqXceiJA04vcqjUk/hCGnAcWgtOWZh66k3AUWj+DSDQTgLPXqp6nn5NlV7plVu2ZPZS2CU0AVFWp65pc7iHASEq4wAyl7jh2rfgZCUcxIXnETSWLAYxiSnkYOIZH9bHpFbh1rZ2AFkdCPK2vq/p7IIJQyDX3dGYIayfnaxPyv1ktUcNHPKI8TRTieLQoSZqnImkRiDaggWLFUA2BB9V8tPAKdhdLBVXQIzvzJi9Cu1xzNd2fVxnURRxkdoCN0ghx0jhroFjVRC2H0iJ7RK3oznowX4934mLWWjGJmH/2R8fkDU++YcQ==</latexit>

sin� =
y2 + y1

B
<latexit sha1_base64="oz2W+aBQPasnvNNEZQTHwY1olQg=">AAACBHicbZDLSsNAFIYn9VbrLeqym2ARBKEkRdCNUOrGZQV7gSaEyXTSDp1MwsyJEEIXbnwVNy4UcetDuPNtnLZZaOsPAx//OYcz5w8SzhTY9rdRWlvf2Nwqb1d2dvf2D8zDo66KU0loh8Q8lv0AK8qZoB1gwGk/kRRHAae9YHIzq/ceqFQsFveQJdSL8EiwkBEM2vLNqquYcAMK+NoNJSZ55jfOM9+Z5q2pb9bsuj2XtQpOATVUqO2bX+4wJmlEBRCOlRo4dgJejiUwwum04qaKJphM8IgONAocUeXl8yOm1ql2hlYYS/0EWHP390SOI6WyKNCdEYaxWq7NzP9qgxTCKy9nIkmBCrJYFKbcgtiaJWINmaQEeKYBE8n0Xy0yxjoL0LlVdAjO8smr0G3UHc13F7Vmq4ijjKroBJ0hB12iJrpFbdRBBD2iZ/SK3own48V4Nz4WrSWjmDlGf2R8/gCBTpf8</latexit><latexit sha1_base64="oz2W+aBQPasnvNNEZQTHwY1olQg=">AAACBHicbZDLSsNAFIYn9VbrLeqym2ARBKEkRdCNUOrGZQV7gSaEyXTSDp1MwsyJEEIXbnwVNy4UcetDuPNtnLZZaOsPAx//OYcz5w8SzhTY9rdRWlvf2Nwqb1d2dvf2D8zDo66KU0loh8Q8lv0AK8qZoB1gwGk/kRRHAae9YHIzq/ceqFQsFveQJdSL8EiwkBEM2vLNqquYcAMK+NoNJSZ55jfOM9+Z5q2pb9bsuj2XtQpOATVUqO2bX+4wJmlEBRCOlRo4dgJejiUwwum04qaKJphM8IgONAocUeXl8yOm1ql2hlYYS/0EWHP390SOI6WyKNCdEYaxWq7NzP9qgxTCKy9nIkmBCrJYFKbcgtiaJWINmaQEeKYBE8n0Xy0yxjoL0LlVdAjO8smr0G3UHc13F7Vmq4ijjKroBJ0hB12iJrpFbdRBBD2iZ/SK3own48V4Nz4WrSWjmDlGf2R8/gCBTpf8</latexit><latexit sha1_base64="oz2W+aBQPasnvNNEZQTHwY1olQg=">AAACBHicbZDLSsNAFIYn9VbrLeqym2ARBKEkRdCNUOrGZQV7gSaEyXTSDp1MwsyJEEIXbnwVNy4UcetDuPNtnLZZaOsPAx//OYcz5w8SzhTY9rdRWlvf2Nwqb1d2dvf2D8zDo66KU0loh8Q8lv0AK8qZoB1gwGk/kRRHAae9YHIzq/ceqFQsFveQJdSL8EiwkBEM2vLNqquYcAMK+NoNJSZ55jfOM9+Z5q2pb9bsuj2XtQpOATVUqO2bX+4wJmlEBRCOlRo4dgJejiUwwum04qaKJphM8IgONAocUeXl8yOm1ql2hlYYS/0EWHP390SOI6WyKNCdEYaxWq7NzP9qgxTCKy9nIkmBCrJYFKbcgtiaJWINmaQEeKYBE8n0Xy0yxjoL0LlVdAjO8smr0G3UHc13F7Vmq4ijjKroBJ0hB12iJrpFbdRBBD2iZ/SK3own48V4Nz4WrSWjmDlGf2R8/gCBTpf8</latexit><latexit sha1_base64="oz2W+aBQPasnvNNEZQTHwY1olQg=">AAACBHicbZDLSsNAFIYn9VbrLeqym2ARBKEkRdCNUOrGZQV7gSaEyXTSDp1MwsyJEEIXbnwVNy4UcetDuPNtnLZZaOsPAx//OYcz5w8SzhTY9rdRWlvf2Nwqb1d2dvf2D8zDo66KU0loh8Q8lv0AK8qZoB1gwGk/kRRHAae9YHIzq/ceqFQsFveQJdSL8EiwkBEM2vLNqquYcAMK+NoNJSZ55jfOM9+Z5q2pb9bsuj2XtQpOATVUqO2bX+4wJmlEBRCOlRo4dgJejiUwwum04qaKJphM8IgONAocUeXl8yOm1ql2hlYYS/0EWHP390SOI6WyKNCdEYaxWq7NzP9qgxTCKy9nIkmBCrJYFKbcgtiaJWINmaQEeKYBE8n0Xy0yxjoL0LlVdAjO8smr0G3UHc13F7Vmq4ijjKroBJ0hB12iJrpFbdRBBD2iZ/SK3own48V4Nz4WrSWjmDlGf2R8/gCBTpf8</latexit>

cos� =
x2 � x1

B
<latexit sha1_base64="ixnNzPngOJFTXGfZeVM/ggF4QWk=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFEE3QqkblxXsBTrDkEkzbWgmGZKMtAxduPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLa+sblV3C7t7O7tH9iHR20lUolJCwsmZDdEijDKSUtTzUg3kQTFISOdcHQzq3ceiFRU8Hs9SYgfowGnEcVIGyuwyx4WyguJRtdeJBHOxkHtfBy406wxDeyKU3Xmgqvg5lABuZqB/eX1BU5jwjVmSKme6yTaz5DUFDMyLXmpIgnCIzQgPYMcxUT52fyIKTw1Th9GQprHNZy7vycyFCs1iUPTGSM9VMu1mflfrZfq6MrPKE9STTheLIpSBrWAs0Rgn0qCNZsYQFhS81eIh8hkoU1uJROCu3zyKrRrVdfw3UWl3sjjKIIyOAFnwAWXoA5uQRO0AAaP4Bm8gjfryXqx3q2PRWvBymeOwR9Znz95K5f3</latexit><latexit sha1_base64="ixnNzPngOJFTXGfZeVM/ggF4QWk=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFEE3QqkblxXsBTrDkEkzbWgmGZKMtAxduPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLa+sblV3C7t7O7tH9iHR20lUolJCwsmZDdEijDKSUtTzUg3kQTFISOdcHQzq3ceiFRU8Hs9SYgfowGnEcVIGyuwyx4WyguJRtdeJBHOxkHtfBy406wxDeyKU3Xmgqvg5lABuZqB/eX1BU5jwjVmSKme6yTaz5DUFDMyLXmpIgnCIzQgPYMcxUT52fyIKTw1Th9GQprHNZy7vycyFCs1iUPTGSM9VMu1mflfrZfq6MrPKE9STTheLIpSBrWAs0Rgn0qCNZsYQFhS81eIh8hkoU1uJROCu3zyKrRrVdfw3UWl3sjjKIIyOAFnwAWXoA5uQRO0AAaP4Bm8gjfryXqx3q2PRWvBymeOwR9Znz95K5f3</latexit><latexit sha1_base64="ixnNzPngOJFTXGfZeVM/ggF4QWk=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFEE3QqkblxXsBTrDkEkzbWgmGZKMtAxduPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLa+sblV3C7t7O7tH9iHR20lUolJCwsmZDdEijDKSUtTzUg3kQTFISOdcHQzq3ceiFRU8Hs9SYgfowGnEcVIGyuwyx4WyguJRtdeJBHOxkHtfBy406wxDeyKU3Xmgqvg5lABuZqB/eX1BU5jwjVmSKme6yTaz5DUFDMyLXmpIgnCIzQgPYMcxUT52fyIKTw1Th9GQprHNZy7vycyFCs1iUPTGSM9VMu1mflfrZfq6MrPKE9STTheLIpSBrWAs0Rgn0qCNZsYQFhS81eIh8hkoU1uJROCu3zyKrRrVdfw3UWl3sjjKIIyOAFnwAWXoA5uQRO0AAaP4Bm8gjfryXqx3q2PRWvBymeOwR9Znz95K5f3</latexit><latexit sha1_base64="ixnNzPngOJFTXGfZeVM/ggF4QWk=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFEE3QqkblxXsBTrDkEkzbWgmGZKMtAxduPFV3LhQxK0P4c63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLa+sblV3C7t7O7tH9iHR20lUolJCwsmZDdEijDKSUtTzUg3kQTFISOdcHQzq3ceiFRU8Hs9SYgfowGnEcVIGyuwyx4WyguJRtdeJBHOxkHtfBy406wxDeyKU3Xmgqvg5lABuZqB/eX1BU5jwjVmSKme6yTaz5DUFDMyLXmpIgnCIzQgPYMcxUT52fyIKTw1Th9GQprHNZy7vycyFCs1iUPTGSM9VMu1mflfrZfq6MrPKE9STTheLIpSBrWAs0Rgn0qCNZsYQFhS81eIh8hkoU1uJROCu3zyKrRrVdfw3UWl3sjjKIIyOAFnwAWXoA5uQRO0AAaP4Bm8gjfryXqx3q2PRWvBymeOwR9Znz95K5f3</latexit>

From figure, observe that

x0 =
K1x1 +K2x2

K1 +K2
,

<latexit sha1_base64="ys9VZE8B9HcmIVYZRenCo5KSofQ=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMpoh6AXYehF2GWCe4GtlDRLt7A0LUkqG6V3L34VLx4U8eoX8Oa3Md160M0/BH75P89D8vy9iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFbhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74Jqt3HoiQNOT3ahoRJ0BDTn2KkdKWa5YnrnXV9wXCScO1J6592nBrE7eWZteM0zPXrFhVaya4DHYOFZCr6Zpf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPI0cBkU4y2yWFx9oZQD8U+nAFZ+7viQQFUk4DT3cGSI3kYi0z/6v1YuVfOgnlUawIx/OH/JhBFcIsGDiggmDFphoQFlT/FeIR0sEoHV9Jh2AvrrwM7VrV1nx3Xqlf53EUwREogxNggwtQB7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgj4zPHyEFmSw=</latexit><latexit sha1_base64="ys9VZE8B9HcmIVYZRenCo5KSofQ=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMpoh6AXYehF2GWCe4GtlDRLt7A0LUkqG6V3L34VLx4U8eoX8Oa3Md160M0/BH75P89D8vy9iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFbhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74Jqt3HoiQNOT3ahoRJ0BDTn2KkdKWa5YnrnXV9wXCScO1J6592nBrE7eWZteM0zPXrFhVaya4DHYOFZCr6Zpf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPI0cBkU4y2yWFx9oZQD8U+nAFZ+7viQQFUk4DT3cGSI3kYi0z/6v1YuVfOgnlUawIx/OH/JhBFcIsGDiggmDFphoQFlT/FeIR0sEoHV9Jh2AvrrwM7VrV1nx3Xqlf53EUwREogxNggwtQB7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgj4zPHyEFmSw=</latexit><latexit sha1_base64="ys9VZE8B9HcmIVYZRenCo5KSofQ=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMpoh6AXYehF2GWCe4GtlDRLt7A0LUkqG6V3L34VLx4U8eoX8Oa3Md160M0/BH75P89D8vy9iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFbhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74Jqt3HoiQNOT3ahoRJ0BDTn2KkdKWa5YnrnXV9wXCScO1J6592nBrE7eWZteM0zPXrFhVaya4DHYOFZCr6Zpf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPI0cBkU4y2yWFx9oZQD8U+nAFZ+7viQQFUk4DT3cGSI3kYi0z/6v1YuVfOgnlUawIx/OH/JhBFcIsGDiggmDFphoQFlT/FeIR0sEoHV9Jh2AvrrwM7VrV1nx3Xqlf53EUwREogxNggwtQB7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgj4zPHyEFmSw=</latexit><latexit sha1_base64="ys9VZE8B9HcmIVYZRenCo5KSofQ=">AAACC3icbZBNS8MwGMfT+TbnW9Wjl7AhCMpoh6AXYehF2GWCe4GtlDRLt7A0LUkqG6V3L34VLx4U8eoX8Oa3Md160M0/BH75P89D8vy9iFGpLOvbKKysrq1vFDdLW9s7u3vm/kFbhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt74Jqt3HoiQNOT3ahoRJ0BDTn2KkdKWa5YnrnXV9wXCScO1J6592nBrE7eWZteM0zPXrFhVaya4DHYOFZCr6Zpf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPI0cBkU4y2yWFx9oZQD8U+nAFZ+7viQQFUk4DT3cGSI3kYi0z/6v1YuVfOgnlUawIx/OH/JhBFcIsGDiggmDFphoQFlT/FeIR0sEoHV9Jh2AvrrwM7VrV1nx3Xqlf53EUwREogxNggwtQB7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgj4zPHyEFmSw=</latexit>

y0 =
K1y1 +K2y2
K1 +K2

<latexit sha1_base64="5qUxeQn+hj/Aw709mq1pPMtsR+E=">AAACCnicbZBNS8MwGMdTX+d8q3r0Eh2CIIx2CHoRhl6EXSa4F9hKSLN0C0vTkqRCKTt78at48aCIVz+BN7+N6daDbv4h8Mv/eR6S5+/HnCntON/W0vLK6tp6aaO8ubW9s2vv7bdVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449v8nrngUrFInGv05h6IR4KFjCCtbGQfZQi56ofSEyyBnJT5J41UC1FtUl+zXmC7IpTdaaCi+AWUAGFmsj+6g8ikoRUaMKxUj3XibWXYakZ4XRS7ieKxpiM8ZD2DAocUuVl01Um8MQ4AxhE0hyh4dT9PZHhUKk09E1niPVIzddy879aL9HBpZcxESeaCjJ7KEg41BHMc4EDJinRPDWAiWTmr5CMsMlFm/TKJgR3fuVFaNeqruG780r9uoijBA7BMTgFLrgAdXALmqAFCHgEz+AVvFlP1ov1bn3MWpesYuYA/JH1+QOyzZj5</latexit><latexit sha1_base64="5qUxeQn+hj/Aw709mq1pPMtsR+E=">AAACCnicbZBNS8MwGMdTX+d8q3r0Eh2CIIx2CHoRhl6EXSa4F9hKSLN0C0vTkqRCKTt78at48aCIVz+BN7+N6daDbv4h8Mv/eR6S5+/HnCntON/W0vLK6tp6aaO8ubW9s2vv7bdVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449v8nrngUrFInGv05h6IR4KFjCCtbGQfZQi56ofSEyyBnJT5J41UC1FtUl+zXmC7IpTdaaCi+AWUAGFmsj+6g8ikoRUaMKxUj3XibWXYakZ4XRS7ieKxpiM8ZD2DAocUuVl01Um8MQ4AxhE0hyh4dT9PZHhUKk09E1niPVIzddy879aL9HBpZcxESeaCjJ7KEg41BHMc4EDJinRPDWAiWTmr5CMsMlFm/TKJgR3fuVFaNeqruG780r9uoijBA7BMTgFLrgAdXALmqAFCHgEz+AVvFlP1ov1bn3MWpesYuYA/JH1+QOyzZj5</latexit><latexit sha1_base64="5qUxeQn+hj/Aw709mq1pPMtsR+E=">AAACCnicbZBNS8MwGMdTX+d8q3r0Eh2CIIx2CHoRhl6EXSa4F9hKSLN0C0vTkqRCKTt78at48aCIVz+BN7+N6daDbv4h8Mv/eR6S5+/HnCntON/W0vLK6tp6aaO8ubW9s2vv7bdVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449v8nrngUrFInGv05h6IR4KFjCCtbGQfZQi56ofSEyyBnJT5J41UC1FtUl+zXmC7IpTdaaCi+AWUAGFmsj+6g8ikoRUaMKxUj3XibWXYakZ4XRS7ieKxpiM8ZD2DAocUuVl01Um8MQ4AxhE0hyh4dT9PZHhUKk09E1niPVIzddy879aL9HBpZcxESeaCjJ7KEg41BHMc4EDJinRPDWAiWTmr5CMsMlFm/TKJgR3fuVFaNeqruG780r9uoijBA7BMTgFLrgAdXALmqAFCHgEz+AVvFlP1ov1bn3MWpesYuYA/JH1+QOyzZj5</latexit><latexit sha1_base64="5qUxeQn+hj/Aw709mq1pPMtsR+E=">AAACCnicbZBNS8MwGMdTX+d8q3r0Eh2CIIx2CHoRhl6EXSa4F9hKSLN0C0vTkqRCKTt78at48aCIVz+BN7+N6daDbv4h8Mv/eR6S5+/HnCntON/W0vLK6tp6aaO8ubW9s2vv7bdVlEhCWyTikez6WFHOBG1ppjntxpLi0Oe0449v8nrngUrFInGv05h6IR4KFjCCtbGQfZQi56ofSEyyBnJT5J41UC1FtUl+zXmC7IpTdaaCi+AWUAGFmsj+6g8ikoRUaMKxUj3XibWXYakZ4XRS7ieKxpiM8ZD2DAocUuVl01Um8MQ4AxhE0hyh4dT9PZHhUKk09E1niPVIzddy879aL9HBpZcxESeaCjJ7KEg41BHMc4EDJinRPDWAiWTmr5CMsMlFm/TKJgR3fuVFaNeqruG780r9uoijBA7BMTgFLrgAdXALmqAFCHgEz+AVvFlP1ov1bn3MWpesYuYA/JH1+QOyzZj5</latexit>



Governing equations (induced velocities)
Consider the vortex with strength !"and find the velocities induced by the other three vortices

Note that 

K1ẏ1 +K2ẏ2 = 0
<latexit sha1_base64="Jq5lPNSH2CrUu59r6CPfpR+N/Qg=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyyCIJSZIuhGKLoRuqlgH9AOQybNtKGZB0lGGIYu3Pgrblwo4taPcOffmLYjaOuBwMk595Dc48WcSWVZX0ZhZXVtfaO4Wdra3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47Tjja+nfueeCsmi8E6lMXUCPAyZzwhWWnLNcsO1+4NIZenEtU8bbu3nUru0XLNiVa0Z0DKxc1KBHE3X/NRpkgQ0VIRjKXu2FSsnw0Ixwumk1E8kjTEZ4yHtaRrigEonmy0xQcdaGSA/EvqECs3U34kMB1KmgacnA6xGctGbiv95vUT5F07GwjhRNCTzh/yEIxWhaSNowAQliqeaYCKY/isiIywwUbq3ki7BXlx5mbRrVVvz27NK/SqvowhlOIITsOEc6nADTWgBgQd4ghd4NR6NZ+PNeJ+PFow8cwh/YHx8A3Vql1E=</latexit><latexit sha1_base64="Jq5lPNSH2CrUu59r6CPfpR+N/Qg=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyyCIJSZIuhGKLoRuqlgH9AOQybNtKGZB0lGGIYu3Pgrblwo4taPcOffmLYjaOuBwMk595Dc48WcSWVZX0ZhZXVtfaO4Wdra3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47Tjja+nfueeCsmi8E6lMXUCPAyZzwhWWnLNcsO1+4NIZenEtU8bbu3nUru0XLNiVa0Z0DKxc1KBHE3X/NRpkgQ0VIRjKXu2FSsnw0Ixwumk1E8kjTEZ4yHtaRrigEonmy0xQcdaGSA/EvqECs3U34kMB1KmgacnA6xGctGbiv95vUT5F07GwjhRNCTzh/yEIxWhaSNowAQliqeaYCKY/isiIywwUbq3ki7BXlx5mbRrVVvz27NK/SqvowhlOIITsOEc6nADTWgBgQd4ghd4NR6NZ+PNeJ+PFow8cwh/YHx8A3Vql1E=</latexit><latexit sha1_base64="Jq5lPNSH2CrUu59r6CPfpR+N/Qg=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyyCIJSZIuhGKLoRuqlgH9AOQybNtKGZB0lGGIYu3Pgrblwo4taPcOffmLYjaOuBwMk595Dc48WcSWVZX0ZhZXVtfaO4Wdra3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47Tjja+nfueeCsmi8E6lMXUCPAyZzwhWWnLNcsO1+4NIZenEtU8bbu3nUru0XLNiVa0Z0DKxc1KBHE3X/NRpkgQ0VIRjKXu2FSsnw0Ixwumk1E8kjTEZ4yHtaRrigEonmy0xQcdaGSA/EvqECs3U34kMB1KmgacnA6xGctGbiv95vUT5F07GwjhRNCTzh/yEIxWhaSNowAQliqeaYCKY/isiIywwUbq3ki7BXlx5mbRrVVvz27NK/SqvowhlOIITsOEc6nADTWgBgQd4ghd4NR6NZ+PNeJ+PFow8cwh/YHx8A3Vql1E=</latexit><latexit sha1_base64="Jq5lPNSH2CrUu59r6CPfpR+N/Qg=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyyCIJSZIuhGKLoRuqlgH9AOQybNtKGZB0lGGIYu3Pgrblwo4taPcOffmLYjaOuBwMk595Dc48WcSWVZX0ZhZXVtfaO4Wdra3tndM/cP2jJKBKEtEvFIdD0sKWchbSmmOO3GguLA47Tjja+nfueeCsmi8E6lMXUCPAyZzwhWWnLNcsO1+4NIZenEtU8bbu3nUru0XLNiVa0Z0DKxc1KBHE3X/NRpkgQ0VIRjKXu2FSsnw0Ixwumk1E8kjTEZ4yHtaRrigEonmy0xQcdaGSA/EvqECs3U34kMB1KmgacnA6xGctGbiv95vUT5F07GwjhRNCTzh/yEIxWhaSNowAQliqeaYCKY/isiIywwUbq3ki7BXlx5mbRrVVvz27NK/SqvowhlOIITsOEc6nADTWgBgQd4ghd4NR6NZ+PNeJ+PFow8cwh/YHx8A3Vql1E=</latexit>

ẏ0 = 0
<latexit sha1_base64="Eb+puS5xhUBtoKV0xfdL3l0AH+0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB/QhjKZTtqhk5kwcyOE0M9w40IRt36NO//GaZuFth4YOJxzD3PvCRPBDXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3EoWCec3M38zhPThiv5iFnCgpiMJI84JWilXn+oMM+mA+/GG1RrXt2bw10lfkFqUKA5qH7ZNE1jJpEKYkzP9xIMcqKRU8GmlX5qWELohIxYz1JJYmaCfL7y1D2zytCNlLZPojtXfydyEhuTxaGdjAmOzbI3E//zeilG10HOZZIik3TxUZQKF5U7u98dcs0oiswSQjW3u7p0TDShaFuq2BL85ZNXSfui7lv+cFlr3BZ1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTpE5hj9wPn8A4POQ+A==</latexit><latexit sha1_base64="Eb+puS5xhUBtoKV0xfdL3l0AH+0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB/QhjKZTtqhk5kwcyOE0M9w40IRt36NO//GaZuFth4YOJxzD3PvCRPBDXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3EoWCec3M38zhPThiv5iFnCgpiMJI84JWilXn+oMM+mA+/GG1RrXt2bw10lfkFqUKA5qH7ZNE1jJpEKYkzP9xIMcqKRU8GmlX5qWELohIxYz1JJYmaCfL7y1D2zytCNlLZPojtXfydyEhuTxaGdjAmOzbI3E//zeilG10HOZZIik3TxUZQKF5U7u98dcs0oiswSQjW3u7p0TDShaFuq2BL85ZNXSfui7lv+cFlr3BZ1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTpE5hj9wPn8A4POQ+A==</latexit><latexit sha1_base64="Eb+puS5xhUBtoKV0xfdL3l0AH+0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB/QhjKZTtqhk5kwcyOE0M9w40IRt36NO//GaZuFth4YOJxzD3PvCRPBDXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3EoWCec3M38zhPThiv5iFnCgpiMJI84JWilXn+oMM+mA+/GG1RrXt2bw10lfkFqUKA5qH7ZNE1jJpEKYkzP9xIMcqKRU8GmlX5qWELohIxYz1JJYmaCfL7y1D2zytCNlLZPojtXfydyEhuTxaGdjAmOzbI3E//zeilG10HOZZIik3TxUZQKF5U7u98dcs0oiswSQjW3u7p0TDShaFuq2BL85ZNXSfui7lv+cFlr3BZ1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTpE5hj9wPn8A4POQ+A==</latexit><latexit sha1_base64="Eb+puS5xhUBtoKV0xfdL3l0AH+0=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB/QhjKZTtqhk5kwcyOE0M9w40IRt36NO//GaZuFth4YOJxzD3PvCRPBDXret1NaW9/Y3CpvV3Z29/YPqodHbaNSTVmLKqF0NySGCS5ZCzkK1k00I3EoWCec3M38zhPThiv5iFnCgpiMJI84JWilXn+oMM+mA+/GG1RrXt2bw10lfkFqUKA5qH7ZNE1jJpEKYkzP9xIMcqKRU8GmlX5qWELohIxYz1JJYmaCfL7y1D2zytCNlLZPojtXfydyEhuTxaGdjAmOzbI3E//zeilG10HOZZIik3TxUZQKF5U7u98dcs0oiswSQjW3u7p0TDShaFuq2BL85ZNXSfui7lv+cFlr3BZ1lOEETuEcfLiCBtxDE1pAQcEzvMKbg86L8+58LEZLTpE5hj9wPn8A4POQ+A==</latexit>

which implies that

So, #$ a constant and can be considered as the 
mean width of the vortex pair.



Thinking in terms of a Hamiltonian

Recall that the motion of individual fluid particles is given by

This has a Hamiltonian structure with Hamiltonian ψ and conjugate variables x, y.
The stream function for the fluid due to N vortices is 

ẋ =
@ 

@y
<latexit sha1_base64="tfkivclQMUyi+5pfva9d4rx7yJU=">AAACEHicbVBNS8MwGE79nPOr6tFLcIieRiuCXoShF48T3AesZaRZuoWlaUhSsZT+BC/+FS8eFPHq0Zv/xnQropsPBJ48z/u+yfsEglGlHefLWlhcWl5ZraxV1zc2t7btnd22ihOJSQvHLJbdACnCKCctTTUjXSEJigJGOsH4qvA7d0QqGvNbnQriR2jIaUgx0kbq20feINbZfX7hhRLhzBNIaoqYJxTNf24wzft2zak7E8B54pakBko0+/anmYyTiHCNGVKq5zpC+1kxEDOSV71EEYHwGA1Jz1COIqL8bLJQDg+NMoBhLM3hGk7U3x0ZipRKo8BURkiP1KxXiP95vUSH535GuUg04Xj6UJgwqGNYpAMHVBKsWWoIwpKav0I8QiYZbTKsmhDc2ZXnSfuk7hp+c1prXJZxVMA+OADHwAVnoAGuQRO0AAYP4Am8gFfr0Xq23qz3aemCVfbsgT+wPr4BrouePA==</latexit><latexit sha1_base64="tfkivclQMUyi+5pfva9d4rx7yJU=">AAACEHicbVBNS8MwGE79nPOr6tFLcIieRiuCXoShF48T3AesZaRZuoWlaUhSsZT+BC/+FS8eFPHq0Zv/xnQropsPBJ48z/u+yfsEglGlHefLWlhcWl5ZraxV1zc2t7btnd22ihOJSQvHLJbdACnCKCctTTUjXSEJigJGOsH4qvA7d0QqGvNbnQriR2jIaUgx0kbq20feINbZfX7hhRLhzBNIaoqYJxTNf24wzft2zak7E8B54pakBko0+/anmYyTiHCNGVKq5zpC+1kxEDOSV71EEYHwGA1Jz1COIqL8bLJQDg+NMoBhLM3hGk7U3x0ZipRKo8BURkiP1KxXiP95vUSH535GuUg04Xj6UJgwqGNYpAMHVBKsWWoIwpKav0I8QiYZbTKsmhDc2ZXnSfuk7hp+c1prXJZxVMA+OADHwAVnoAGuQRO0AAYP4Am8gFfr0Xq23qz3aemCVfbsgT+wPr4BrouePA==</latexit><latexit sha1_base64="tfkivclQMUyi+5pfva9d4rx7yJU=">AAACEHicbVBNS8MwGE79nPOr6tFLcIieRiuCXoShF48T3AesZaRZuoWlaUhSsZT+BC/+FS8eFPHq0Zv/xnQropsPBJ48z/u+yfsEglGlHefLWlhcWl5ZraxV1zc2t7btnd22ihOJSQvHLJbdACnCKCctTTUjXSEJigJGOsH4qvA7d0QqGvNbnQriR2jIaUgx0kbq20feINbZfX7hhRLhzBNIaoqYJxTNf24wzft2zak7E8B54pakBko0+/anmYyTiHCNGVKq5zpC+1kxEDOSV71EEYHwGA1Jz1COIqL8bLJQDg+NMoBhLM3hGk7U3x0ZipRKo8BURkiP1KxXiP95vUSH535GuUg04Xj6UJgwqGNYpAMHVBKsWWoIwpKav0I8QiYZbTKsmhDc2ZXnSfuk7hp+c1prXJZxVMA+OADHwAVnoAGuQRO0AAYP4Am8gFfr0Xq23qz3aemCVfbsgT+wPr4BrouePA==</latexit><latexit sha1_base64="tfkivclQMUyi+5pfva9d4rx7yJU=">AAACEHicbVBNS8MwGE79nPOr6tFLcIieRiuCXoShF48T3AesZaRZuoWlaUhSsZT+BC/+FS8eFPHq0Zv/xnQropsPBJ48z/u+yfsEglGlHefLWlhcWl5ZraxV1zc2t7btnd22ihOJSQvHLJbdACnCKCctTTUjXSEJigJGOsH4qvA7d0QqGvNbnQriR2jIaUgx0kbq20feINbZfX7hhRLhzBNIaoqYJxTNf24wzft2zak7E8B54pakBko0+/anmYyTiHCNGVKq5zpC+1kxEDOSV71EEYHwGA1Jz1COIqL8bLJQDg+NMoBhLM3hGk7U3x0ZipRKo8BURkiP1KxXiP95vUSH535GuUg04Xj6UJgwqGNYpAMHVBKsWWoIwpKav0I8QiYZbTKsmhDc2ZXnSfuk7hp+c1prXJZxVMA+OADHwAVnoAGuQRO0AAYP4Am8gFfr0Xq23qz3aemCVfbsgT+wPr4BrouePA==</latexit>

ẏ = �@ 
@x

<latexit sha1_base64="1jkiYtMRUfludqrwHbmjgnzLKVU=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoxjIjgm6EohuXFewDOqVk0kwbmsmEJCMOw/yCG3/FjQtF3Lpz59+YaQfR1gOBk3Puvck9vmBUacf5skpLyyura+X1ysbm1vaOvbvXVlEsMWnhiEWy6yNFGOWkpalmpCskQaHPSMefXOV+545IRSN+qxNB+iEacRpQjLSRBnbNG0Y6TbKLYy+QCKeeQFJTxDyhaPZzg/fZwK46dWcKuEjcglRBgebA/jSjcRwSrjFDSvVcR+h+mg/EjGQVL1ZEIDxBI9IzlKOQqH463SiDR0YZwiCS5nANp+rvjhSFSiWhbypDpMdq3svF/7xerIPzfkq5iDXhePZQEDOoI5jHA4dUEqxZYgjCkpq/QjxGJhltQqyYENz5lRdJ+6TuGn5zWm1cFnGUwQE4BDXggjPQANegCVoAgwfwBF7Aq/VoPVtv1vustGQVPfvgD6yPbyEBnnM=</latexit><latexit sha1_base64="1jkiYtMRUfludqrwHbmjgnzLKVU=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoxjIjgm6EohuXFewDOqVk0kwbmsmEJCMOw/yCG3/FjQtF3Lpz59+YaQfR1gOBk3Puvck9vmBUacf5skpLyyura+X1ysbm1vaOvbvXVlEsMWnhiEWy6yNFGOWkpalmpCskQaHPSMefXOV+545IRSN+qxNB+iEacRpQjLSRBnbNG0Y6TbKLYy+QCKeeQFJTxDyhaPZzg/fZwK46dWcKuEjcglRBgebA/jSjcRwSrjFDSvVcR+h+mg/EjGQVL1ZEIDxBI9IzlKOQqH463SiDR0YZwiCS5nANp+rvjhSFSiWhbypDpMdq3svF/7xerIPzfkq5iDXhePZQEDOoI5jHA4dUEqxZYgjCkpq/QjxGJhltQqyYENz5lRdJ+6TuGn5zWm1cFnGUwQE4BDXggjPQANegCVoAgwfwBF7Aq/VoPVtv1vustGQVPfvgD6yPbyEBnnM=</latexit><latexit sha1_base64="1jkiYtMRUfludqrwHbmjgnzLKVU=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoxjIjgm6EohuXFewDOqVk0kwbmsmEJCMOw/yCG3/FjQtF3Lpz59+YaQfR1gOBk3Puvck9vmBUacf5skpLyyura+X1ysbm1vaOvbvXVlEsMWnhiEWy6yNFGOWkpalmpCskQaHPSMefXOV+545IRSN+qxNB+iEacRpQjLSRBnbNG0Y6TbKLYy+QCKeeQFJTxDyhaPZzg/fZwK46dWcKuEjcglRBgebA/jSjcRwSrjFDSvVcR+h+mg/EjGQVL1ZEIDxBI9IzlKOQqH463SiDR0YZwiCS5nANp+rvjhSFSiWhbypDpMdq3svF/7xerIPzfkq5iDXhePZQEDOoI5jHA4dUEqxZYgjCkpq/QjxGJhltQqyYENz5lRdJ+6TuGn5zWm1cFnGUwQE4BDXggjPQANegCVoAgwfwBF7Aq/VoPVtv1vustGQVPfvgD6yPbyEBnnM=</latexit><latexit sha1_base64="1jkiYtMRUfludqrwHbmjgnzLKVU=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoxjIjgm6EohuXFewDOqVk0kwbmsmEJCMOw/yCG3/FjQtF3Lpz59+YaQfR1gOBk3Puvck9vmBUacf5skpLyyura+X1ysbm1vaOvbvXVlEsMWnhiEWy6yNFGOWkpalmpCskQaHPSMefXOV+545IRSN+qxNB+iEacRpQjLSRBnbNG0Y6TbKLYy+QCKeeQFJTxDyhaPZzg/fZwK46dWcKuEjcglRBgebA/jSjcRwSrjFDSvVcR+h+mg/EjGQVL1ZEIDxBI9IzlKOQqH463SiDR0YZwiCS5nANp+rvjhSFSiWhbypDpMdq3svF/7xerIPzfkq5iDXhePZQEDOoI5jHA4dUEqxZYgjCkpq/QjxGJhltQqyYENz5lRdJ+6TuGn5zWm1cFnGUwQE4BDXggjPQANegCVoAgwfwBF7Aq/VoPVtv1vustGQVPfvgD6yPbyEBnnM=</latexit>

 =
NX

i=1

 i(x)
<latexit sha1_base64="YcqvCgHdBTIBUgwaNt7/H4Y15Kk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoJtC0Y0rqWAf0MQwmUzboTNJmJmIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx7ufceP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/vsz97j0RkkbhrZrExOVoGNIBxUhpyTMtJ5YUNqAjE+4wyqmSXkobdnZ3nTserTl+xAI54fpLH7Jjz6xadWsKuEjsglRBgZZnfjpBhBNOQoUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakr2mIOJFuOr0sg0daCeAgEvqFCk7V3x0p4jLfTVdypEZy3svF/7x+ogbnbkrDOFEkxLNBg4RBFcE8JhhQQbBiE00QFlTvCvEICYSVDrOiQ7DnT14knZO6rfnNabV5UcRRBgfgENSADc5AE1yBFmgDDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzC+fgD+TaDt</latexit><latexit sha1_base64="YcqvCgHdBTIBUgwaNt7/H4Y15Kk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoJtC0Y0rqWAf0MQwmUzboTNJmJmIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx7ufceP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/vsz97j0RkkbhrZrExOVoGNIBxUhpyTMtJ5YUNqAjE+4wyqmSXkobdnZ3nTserTl+xAI54fpLH7Jjz6xadWsKuEjsglRBgZZnfjpBhBNOQoUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakr2mIOJFuOr0sg0daCeAgEvqFCk7V3x0p4jLfTVdypEZy3svF/7x+ogbnbkrDOFEkxLNBg4RBFcE8JhhQQbBiE00QFlTvCvEICYSVDrOiQ7DnT14knZO6rfnNabV5UcRRBgfgENSADc5AE1yBFmgDDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzC+fgD+TaDt</latexit><latexit sha1_base64="YcqvCgHdBTIBUgwaNt7/H4Y15Kk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoJtC0Y0rqWAf0MQwmUzboTNJmJmIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx7ufceP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/vsz97j0RkkbhrZrExOVoGNIBxUhpyTMtJ5YUNqAjE+4wyqmSXkobdnZ3nTserTl+xAI54fpLH7Jjz6xadWsKuEjsglRBgZZnfjpBhBNOQoUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakr2mIOJFuOr0sg0daCeAgEvqFCk7V3x0p4jLfTVdypEZy3svF/7x+ogbnbkrDOFEkxLNBg4RBFcE8JhhQQbBiE00QFlTvCvEICYSVDrOiQ7DnT14knZO6rfnNabV5UcRRBgfgENSADc5AE1yBFmgDDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzC+fgD+TaDt</latexit><latexit sha1_base64="YcqvCgHdBTIBUgwaNt7/H4Y15Kk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoJtC0Y0rqWAf0MQwmUzboTNJmJmIJeQ33Pgrblwo4lJX/o2TNgttPTDM4Zx7ufceP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/vsz97j0RkkbhrZrExOVoGNIBxUhpyTMtJ5YUNqAjE+4wyqmSXkobdnZ3nTserTl+xAI54fpLH7Jjz6xadWsKuEjsglRBgZZnfjpBhBNOQoUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakr2mIOJFuOr0sg0daCeAgEvqFCk7V3x0p4jLfTVdypEZy3svF/7x+ogbnbkrDOFEkxLNBg4RBFcE8JhhQQbBiE00QFlTvCvEICYSVDrOiQ7DnT14knZO6rfnNabV5UcRRBgfgENSADc5AE1yBFmgDDB7BM3gFb8aT8WK8Gx+z0pJR9OyDPzC+fgD+TaDt</latexit>

 i = �Ki

2⇡
ln ||x� xi||
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where

where

H is related to ψ and physically it represents the kinetic energy of the N-vortex 
system.

Main idea:
Vortex motion =  finite-dimensional Hamiltonian system



Hamiltonian and velocities

Hamiltonian system:

andKiẋi =
@H

@yi
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Kiẏi = �@H

@xi
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H = �
X

i 6=j

KiKj

4⇡
ln ||xi � xj ||
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The Hamiltonian is a conserved quantity that can be thought of as the energy of 
the vortex system.



The Hamiltonian is a conserved quantity that can be thought of as the energy
of the vortex system.

From the energy conservation we get

where

More on the Hamiltonian



Vortex trajectories in relative coordinates

Each curve corresponds to a different energy value E.

μ = 0.7

CCRIT = 0.96949

How do we find the critical curve (separatrix)?



Steps for finding the leapfrogging criterion

We let the relative coordinate in the x-direction go to +/- infinity

Now take the derivative wrt !r and set it equal to 0. We obtain

So the separating !r is



Leapfrogging criterion in terms of energies

• !
" < $max: two distinct ()values

• !
" = $max : two equal () values

• !
" > $max : no () values

Leapfrogging occurs only when:

In the case of equality the
period of the leapfrogging is infinite.



Leapfrogging criterion in terms of vortex pair separation

There is an upper bound for the distance, d, between two given vortex pairs for which 
leapfrogging occurs.

Too complicated to look at… 
Main idea:
• If the vortices start a distance greater than d apart, no leapfrogging occurs
• The separation of vortices increases to infinity with or without a pass by



Brief derivation of the criterion
How did we derive this upper bound for d?

• Replace all the !" coordinates with the initial y separation (constant of motion) 
• Solve for the #"$ term
• Get a condition that relates the #"$ to the critical energy curve

Recall from before:

Initial separation 
coordinates:

x2
r0 < x2

rm
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Finally use




