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Abstract

This thesis proposes a general framework to extract information from low-resolution
data, a crucial challenge in applications ranging from microscopy, astronomy and
medical imaging to geophysics, signal processing and spectroscopy. Assume that we
only have information about the spectrum of a superposition of point sources in the
low-frequency band [—fi,, fio]. We show that as long as the sources are separated
by 2/ fio, solving a simple convex program achieves exact recovery, in the sense that
the original signal is the unique solution to the optimization problem. This is estab-
lished by leveraging a novel proof technique which constructs a dual certificate by
interpolation. In addition, we describe how to implement the recovery algorithm by
solving a finite-dimensional semidefinite program, which locates the support of the
signal with infinite precision. The guarantees extend to higher dimensions and other
models. They imply, for instance, that we can recover a piecewise-smooth function
from bandlimited data by super-resolving the discontinuity points. We also provide
an analysis of the stability of our method in the presence of noise. On the one hand,
we prove that it is possible to extrapolate the spectrum of the original signal up to
a frequency fu; > fio to obtain an approximation error between the higher-resolution
reconstruction and the truth that is proportional to the noise level times the square
of the super-resolution factor (SRF) fui/fio- On the other hand, we derive support-
detection guarantees that quantify the precision with which we can determine the

location of each individual point source in the signal.
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Chapter 1
Introduction

As Lord Rayleigh pointed out in his seminal 1891 paper On Pin-hole Photography [82],
it has long been known that the resolving power of lenses, however perfect, is lim-
ited. Indeed, diffraction imposes an inflexible limit on the resolution of any optical
system [73]. However we are often interested in information that is only apparent
beyond this limit. For instance, in microscopy [74], astronomy [81] or medical imag-
ing [58] it may be challenging to discern cellular structures, celestial bodies or incipient
tumors from the available data. This is illustrated by the image on the left of Fig-
ure , which shows measurements of the interior of a cell obtained by fluorescence
microscopy. The limited resolution of the microscope produces aliasing artifacts that
completely obscure the fine-scale details of the image. The aim of super-resolution
is to uncover such fine-scale structure from coarse-scale measurements. This is a
fundamental problem in optics [73], electronic imaging |75, where photon shot noise
constrains the minimum possible pixel size, and many other areas including spec-
troscopy [60], radar |76], non-optical medical imaging [67] and seismology [68].

The main objective of this thesis is to develop and analyze effective methods for
signal estimation from low-resolution measurements; a problem that we call super-
resolution. We warn the reader that this word has different meanings in different
disciplines. In optics it is usually used to describe data-acquisition techniques de-

signed to overcome the diffraction limit [73]. In image-processing and computer-vision

'T would like to thank Veniamin Morgenshtern for these two images.
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Raw data Super-resolved image

R

Figure 1.1: An example of super-resolution applied to cell imaging using fluorescence
microscopy data. The measurements on the left are contaminated by noise and heavy
aliasing. Super-resolving the probes reveals the fine-scale details of the cell, as we can see
on the right.

applications the term tends to refer to the problem of obtaining a high-resolution im-
age either from several low-resolution images [77] or by upsampling a single image
while preserving its edges and hallucinating textures in a reasonable way [52]. Here,
super-resolution denotes the inverse problem of estimating a signal from low-pass
measurements. In contrast to the previous definitions, we assume that the data-
acquisition mechanism is fized and we aim to recover rather than hallucinate the lost

high-resolution information.

1.1 Super-resolution of point sources

In order to super-resolve a signal it is necessary to leverage some prior knowledge
about its structure. Otherwise the problem is hopelessly ill posed; the missing spec-
trum can be filled in arbitrarily to produce estimates that correspond to the data.
In this work we consider signals that are well modeled as superpositions of point
sources, although our analysis extends to other classes of signals such as piecewise-

differentiable functions. Point sources are an important model in many applications.
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They are used to represent celestial bodies in astronomy [55], neuron spikes in neuro-
science [83] or line spectra in signal processing and spectroscopy [70,95]. In addition,
locating pointwise fluorescent probes is a crucial step in some optical super-resolution
procedures capable of handling more complicated objects. Techniques such as pho-
toactivated localization microscopy (PALM) [13}/62] or stochastic optical reconstruc-
tion microscopy (STORM) [88] are based on localizing probes that switch randomly
between a fluorescent and a non-fluorescent state. To obtain an image of a certain ob-
ject, multiple frames are gathered. Each frame consists of a superposition of blurred
light sources that correspond to the active probes. Deblurring these sources and
combining the results allows to super-resolve the object of interest. The image to the
right of Figure [I.1] was generated in this way.

Mathematically, we will be interested on signals modeled as sums of Dirac mea-

sures or spikes supported on a set T’

T = chétj, (1.1.1)

tjET

where ¢, is a Dirac measure at 7 and the amplitudes a; may be complex valued.
In many of the applications mentioned previously a reasonable model for the mea-
surement process is the convolution of the signal with a low-pass point spread func-
tion (PSF) ¢. This convolution smooths out the fine-scale details producing a low-

resolution version of the original signal,

v (t) = ¢xa(t) =Y co(t—1), (1.1.2)

t; eT

as illustrated at the top of Figure .2, The aim of spatial super-resolution is to
estimate x from xpr, a problem which is often also referred to as deconvolution.
Recovering the lost fine-scale information amounts to extrapolating the spectrum of
x. This becomes apparent when we consider the sensing mechanism in the frequency

domain. If the cut-off frequency of the PSF is equal to f,, the spectrum of xpr

:E.LR = ¢ i‘ = ¢ H[_floaflo]d j}’
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Figure 1.2: Schematic illustration of spatial and spectral super-resolution.
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where d is the ambient dimension, f denotes the Fourier transform of a function or
measure f and H[f Foufio]d 18 A1 indicator function that is zero out of the set [— fi, flo]d.
Consequently, the high frequency information in the signal is suppressed in the data.
Super-resolution aims to extrapolate this information from the low-pass measure-
ments.

In this thesis, we assume that the PSF of the sensing mechanism is known. This is
usually a realistic assumption in point-source super-resolution as long as the measure-
ment process is indeed space-invariant. In such cases the PSF can be estimated by
locating an isolated blurred source in the data. However, for general images or PSF's
that are not low pass, which arise for instance due to motion blurring, it is necessary to
jointly estimate the PSF and the signal; a problem known as blind deconvolution [22].

An important instance of the model given by and is when the signal
is one dimensional and the Fourier transform of the PSF ¢ is constant over [— fi, fio),
i.e. ¢ is a periodized sinc or Dirichlet kernel. In this case, since the support of xpg is
restricted to the unit interval, it follows from the sampling theorem that its spectrum

is completely determined by the discrete samples
1 . .
y(k) = irr(k) = / e PMa(dt) = e ke Z, |k| < fo, (1.1.3)
0 -
J

where we assume for simplicity that fi, is an integer. In a more compact form,
Yy = JFnx

where y € C" and F,, is the linear operator that maps a measure or function to its
lowest n := 2fi, + 1 Fourier coefficients.

The interest of analyzing data of the form (|1.1.3)) is twofold. First, many of the
conclusions obtained from such an analysis translate almost directly to cases where
the sensing mechanism is based on low-pass PSFs other than the periodized sinc.
Second, the model is of prime importance in signal-processing applications. Indeed,
if we interpret x as the atomic spectrum of a multi-sinusoidal signal then the data y

have a very natural interpretation: they correspond to a finite number of samples of
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the signal measured at the Nyquist rate. Truncating the samples in the time domain
is equivalent to convolving the spectrum of the signal with a periodized sinc, which
induces aliasing in the frequency domain as depicted in the lower half of Figure [1.2]
Spectral super-resolution is the problem of estimating the line spectra z from such
measurements.

In the signal-processing literature, spectral super-resolution has particular sig-
nificance in direction-of-arrival (DOA) problems where the aim is to determine the
direction from which a propagating wave arrives at an array of sensors. In fact, some
of the most popular techniques for spectral super-resolution, such as ESPRIT [85],
have been motivated by this problem. We refer the reader to [1},/108] for a detailed
account of DOA problems and their connection to spectral super-resolution.

Before presenting an outline of the thesis and an overview of the main results, we
provide some context by describing the state of the art for tackling the problems of

spatial and spectral super-resolution.

1.2 Previous art

Existing super-resolution methods can be divided into two main categories: nonpara-
metric approaches, widely used in both spatial and spectral super-resolution, and
parametric approaches based on Prony’s method, which are popular mainly in spec-
tral super-resolution. The distinction is based on whether the algorithm receives the
number of sources present in the original signal as input. If this is the case, the

method is considered parametric.

1.2.1 Nonparametric estimation

Nonparametric techniques can be classified in turn depending on the PSF of the
sensing process. We begin by describing techniques applied in spatial super-resolution
and then move on to those adapted to spectral super-resolution, where the PSF is a

periodized sinc.
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Spatial super-resolution

In this section, we assume that the low-resolution measurements of our signal of inter-
est x are obtained as in ([1.1.2)) and in addition are corrupted by a certain perturbation

Tdata (t) = xR (t) + 2 (1) = d*xx () + 2 (1). (1.2.1)

Imagine that we know that the signal consists of a single blurred source. In this case, it
seems reasonable to estimate the location of the source by fitting the PSF to the data.
The fit can be carried out, for instance, by minimizing a least-squares cost function.
This is a common choice for two reasons: first, the minimizer can be computed very
efficiently, as we explain below, and second, the result corresponds to the maximum-
likelihood estimate under Gaussian noise. For a single source, performing a least-
squares fit amounts to finding the shift that maximizes the inner product between
the data and the PSF ¢ shifted by ¢, which is denoted by ¢;. More precisely, the

estimated location

test = arg min min ||Tgata — @ @7,
t «a€R

= arg m?X |<xdata7 ¢£>| : (122)

Here (-,-) is the inner product in Ly (or RY for some integer N if the data are
discretized). The procedure is equivalent to performing detection using matched
filters [54], a popular technique in signal processing and communications.

When more than one point source is present, estimating the signal support may
be significantly more difficult, depending on to what extent the data corresponding
to the different point sources can be teased apart. If the sources are far enough with
respect to the decay of the PSF, the aliasing caused by neighboring blurred sources
may be negligible. In this case, one can just fit the PSF locally to each of them. This
approach is often followed in fluorescence microscopy [13}/62,88], where a Gaussian
parametric model can be used to approximate the PSF [110].

If there is interference between the blurred sources, then the problem becomes
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much more challenging. An option is to apply iteratively to estimate the
sources one at a time in a greedy fashion. In [5] this scheme is applied to seismography
and in [63] to astronomy, where it is known as CLEAN. Assuming a statistical model
on the distribution of the spikes and on the noise allows to develop more sophisticated
schemes. For example, a common choice is to model the noise as Gaussian and
the spikes as following a Bernouilli prior. An approximation to the maximum a
posteriori (MAP) estimate can then be obtained by expectation maximization [31]
or by successively optimizing the estimate with respect to the location of one of the
spikes while fixing the rest, a technique known as Single Most Likely Replacement
(SMLR) [69] which is equivalent to maximizing the MAP criterion by coordinate
ascent. Although these methods may work well in some cases, for many applications
super-resolution of sources that are clustered is very challenging. As a result, in
fluorescence microscopy the data is usually measured at a rate that ensures a certain
separation between the active fluorophores [13,/62,88]. Developing methods capable
of operating at higher densities is an active research area (see for example [112] for

an approach that is very related to the methods developed in this thesis).

Spectral super-resolution

In this section we focus on the case where ¢ is a periodized sinc, so that the measure-
ments are described by (|1.1.3]) and we have access to

Ydata = Fn T + 2, (1.2.3)

where ygata € C" and z € C" is an unknown perturbation. By far the most popular
nonparametric method for analyzing this kind of data is the periodogram [91] (see
also Chapter 2 in [98] for a thorough analysis). The periodogram is computed by
projecting the data onto signal space, in order to obtain an approximation to the

spectrum of the original signal,

P = JT_: Ydata-
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In a high signal-to-noise regime,

P(t) = (FpFax) () = Y e;Dp, (t =),

tjET

where Dy is the periodized sinc or Dirichlet kernel

flo 1 lf t — O
o i2mkt _
Ds (0= 3, ™™ =0 Lon i

k= fio /il sm@y Otherwise .

Just to clarify, in most applications ¢ would index the frequency domain, not the time
domain, but we keep this notation for the sake of consistency. Also, fj, no longer has
a physical meaning (beyond determining the number of time-domain samples) in
contrast to spatial super-resolution where it represents the cut-off frequency of the
sensing mechanism.

In the absence of noise, the periodogram is consequently the result of convolving
the line spectra with a periodized sinc, which is equivalent to the projection of the
original line spectra onto a space of low-pass functions. Since Dy  is unimodal, a
straightforward way to detect the line spectra is to locate local maxima of P that are
far apart. The problem with this approach is that the side lobes corresponding to large
blurred spikes may mask the presence of smaller spikes. As a result, the periodogram
is not very useful if the spikes are not far enough from each other or if their amplitudes
differ substantially, even if no noise is present in the data. The image at the center
of Figure [L.3] illustrates this: detecting some of the lower-amplitude spikes from the
periodogram is impossible.

In order to alleviate this problem one can apply a window function w € C™ to the

data before computing the periodogram,

~

Yy = Ydata * W,
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where - denotes pointwise multiplication. If the noise is small, the windowed peri-

odogram

Pi(f)=Fryp ~ ch ,

t; €T

where w denotes the inverse Fourier transform of the window function. Ideally, w
should be as spiky as possible to make it easier to locate the support of the line
spectra from the windowed periodogram. However, this is challenging due to the
constraint that w has finite support and hence w is a low-pass function. In the image
on the top right of Figure we apply a Gaussian window to the data. To be more
precise, we set w to be a truncated Gaussian, so that w is equal to the convolution
between a periodized sinc and a periodized Gaussian. The resulting periodogram,
shown at the center of Figure [I.3] has much less spectral leakage from the largest
line spectra, due to the fact that the Gaussian window has lower side lobes than the
periodized sinc. However, the latter is spikier at the origin, which allows to better
distinguish neighboring line spectra with similar amplitudes. This is also apparent
in the image, especially for the line spectra on the right. In general, designing an
adequate window implies finding a good tradeoff between the width of the main lobe
and the height of the side lobes. We refer the reader to [59] for a detailed account of
design considerations and types of window function.

To conclude, the periodogram is a useful method to obtain a general idea of the
spectral structure of the signal and can provide insight as to the number of sources
and their approximate location, especially if the data is processed with a suitable
window function. However, the method does not provide a precise localization of the
line spectra of the original signal even in the absence of noise. This is the aim of the

techniques described in the following section.

1.2.2 Parametric methods for spectral super-resolution

In this section we review parametric methods for spectral analysis based on Prony’s

method. These algorithms take the number of line spectra of the original signal
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—— Data — Window function

—— Windowed data

—— Signal (magnitude)
—— Periodogram

—— Signal (magnitude)
— Windowed periodogram

Figure 1.3: Example of data in spectral super-resolution generated according to (|1.1.3))
before (top left) and after applying a window function (top right). No noise is added to
the data. Below we can see the periodogram (center) and windowed periodogram (bottom)

computed from the data. The scaling of the periodograms is set so that both the large and
small peaks can be seen on the plot.
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as input and return an estimate of their location. We would also like to mention
that algebraic techniques related to these parametric methods have been applied to
the location of singularities in the reconstruction of piecewise polynomial functions
from a finite number of Fourier coefficients (see [3,6,47] and references therein).
The theoretical analysis of these methods proves their accuracy up to a certain limit

related to the number of measurements.

Prony’s method

The following simple observation is the key idea behind Prony’s method [80]: the
position of s line spectra can be encoded as the zeros of a trigonometric polynomial
of order s. In fact, in the absence of noise, it turns out that we can always find
such a polynomial and achieve perfect spectral super-resolution by locating its roots.
Unfortunately, this good news comes with a caveat: the method can be extremely
unstable in the presence of noise, as we will show in a moment.

A first question that arises is whether a polynomial of order s with roots on the

support of the signal actually exists for any possible support. The answer is yes:
assume that z is as in (1.1.1) and |T'| = s, then

S

Prorony(t) := H (1— e t=t)) =1 4 Zvlem’t, vo = 1, (1.2.4)
=1

J=1

is a polynomial of order s with roots located exactly on T'.

Now, how can we find such a polynomial? We must relate the coefficients of the
polynomial to the available data. In spectral super-resolution the data correspond
to regular samples of the multi-sinusoidal signal, or equivalently to the Fourier coef-
ficients of the line spectra. We assume that we have access to n such measurements
21, ..., Tp. This model is exactly equivalent to . Observe that for any integer
k,

S

1
/ 6i27rktPPr0ny(t)x(dt) — Z Cj6i27rktj (1 - €i27r(tj—tj)) =0.
0

J=0
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By Parseval’s Theorem this implies

Z Ulfi"k_l = Zvli'k—l = O, (1.2.5)
=0

l=—00

which provides us with an equation linking the coefficients of the Prony polynomial
and the Fourier coefficients of the signal for each k. The coefficients of the polynomial
can be interpreted as a filter that suppresses the signal x. This motivates the use
of the term annihilating filter in works on estimation of signals with a finite rate of
innovation [17,109]. These are signals with a parametric representation that has a
finite number of degrees of freedom. The superpositions of Dirac measures that we
consider in spectral super-resolution belong to this class. For them, this approach
reduces to Prony’s method (see Section 3 in [109)]).

If we select k to be between s+ 1 and n+ s then only involves the available
data. This provides a system of n equations, so that as long as n > 2s, we have
enough equations to solve for the s unknown coefficients of the Prony polynomial
(recall that we fix v9 = 1). Prony’s method consists of solving this system and then
decoding the location of the line spectra by rooting the corresponding polynomial.

For simplicity we assume that n = 2s:

A

Input: Number of line spectra s, regular time samples Z1, ..., Z,.

1. Solve the system of equations

T Ty T U1 Tst1
Tsi1 T3 Ty Ug _ Tyt (1.2.6)
j:n—l i‘n—s—i—l jn—s f)s jn
and set 7y = 1.
2. Root the polynomial corresponding to vy, ..., vs to obtain its s roots zy, ...,

2, (for instance by building the companion matrix of the polynomial [79)]).

3. For every root on the unit circle z; = g2 (test); output (tes) I
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It is straightforward to prove that this procedure achieves exact localization of the

line spectra in the absence of noise.

Lemma 1.2.1. In the absence of noise, the output of Prony’s method is equal to the

support of the line spectra of the original signal.

Proof. The coefficients of the polynomial ([1.2.4]) are a feasible solution for the system
of equations ((1.2.6)). In fact, they are the unique solution. To show this we compute

the factorization

Tg i) T
Tst1 T3 o) .
Tpn-1 - Tp—stl Tn—s
6—2271'151 6—227rt2 6—7,27rtS c 0 o 0 6—227r(s—1)t1 o 6—127rt1 1
67127r2t1 671271’27&2 6712#215S 0 Cy ... 0 671271'(571)1‘/2 67z27r2t2 1
e—zQﬂstl 6—127rst2 o e—z?ﬂ'sts O 0 o Cs e—z?w(s—l)ts o e—z?ﬂ'sts 1

The diagonal matrix is full rank as long as all the coefficients ¢; are non zero, whereas
the two remaining matrices are submatrices of Vandermonde matrices, and conse-
quently also full rank. As a result, the matrix in is full rank, so the system
of equations has a unique solution equal to . This completes the proof, as
rooting obviously yields the support of the line spectra. O

Unfortunately, Prony’s method as presented above cannot be applied to real data
even if the signal-to-noise ratio is exceptionally high. The image on the left of Fig-
ure [1.4] shows how the Prony polynomial allows to super-resolve the location of the
line spectra to very high accuracy from noiseless data. However, on the right we can
see the result of applying the method to data that have a very small amount of noise
(the ratio between the ¢, norm of the noise and the noiseless data is around 1078!).
The roots of the Prony polynomial are perturbed away from the points of the unit

circle that correspond to the line spectra, so that it is no longer possible to accurately
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No noise SNR = 140 dB
T |
—— Signal (magnitude) —— Signal (magnitude)
—— Prony polynomial (magnitude) —— Prony polynomial (magnitude)

Figure 1.4: Prony polynomial applied to the data in Figure (left). On the right we
can see the effect of adding a very small quantity of noise to the data. The roots of the
polynomial no longer coincide with the line spectra of the original signal. Note that the
vertical axis is scaled differently in the two figures.

locate the support of the signal. It is consequently necessary to adapt the method to
deal with noisy data if there is to be any hope of applying it in any realistic scenario.

The following sections discuss such extensions.

Subspace methods

In this section we describe one of the most popular approaches for robustifying Prony’s
method. We will assume that the signal and the noise follow probabilistic models that

satisfy two assumptions:

e Assumption 1: The different sinusoidal components in the original signal are

of the form

=Y by =Y el €y,

t;eT t;€T

where the phases ¢; are independent and uniformly distributed in the interval

0, 27], whereas the amplitudes are arbitrary and deterministic. Note that this



CHAPTER 1. INTRODUCTION 16

implies that the expectation of x is equal to zero and that the covariance matrix
E [c¢*] = D., where

’Cll2 0 0
0 2

D, = e
0 0 ... |

e Assumption 2: The measurements are corrupted by white Gaussian noise with
zero mean and standard deviation o, which is independent from the signal. At

time k& we measure
1 .
Yp = / e~y (dt) + 2, (1.2.7)
0

where z ~ N(0,021) is a zero-mean Gaussian random vector with covariance

matrix o?1.

Let us compute the covariance matrix of the data under these assumptions. To ease

notation, for two integers n; < no, we define

6—127m1t

e—i27r(n1+1)t
Anyqing (t) = ) An1:n2 = [anlzng (tl) Anying (t2) ccr Qpping (ts)] .

—i2mnot

(1.2.8)

If the data consists of a vector y € C™ of m samples of the form (|1.2.7)), we have
Y= Al:mc + 2,

where ¢ € C? is the vector of signal coefficients and z € C™ is a noise vector. The
samples are indexed from 1 to m. This choice is made to simplify notation; we could

have taken any m contiguous integers (recall that we can interpret these measurements
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as time samples of a multisinusoidal signal, so choosing a different set of contiguous

integers merely introduces a time shift). Due to our two assumptions,

E[yy*| = E[A1mec AL, + Armez™ + 2¢* AL, + 227]
= A Elcc’| AL, + AL B[ E 2] + E[z] E[c*] AL, + E[z27]
== Al:chAT;m + 0'21.
The following lemma characterizes the eigendecomposition of the covariance matrix.

Lemma 1.2.2. The eigendecomposition of E [yy*] is equal to

A+ 0?1, 0

0 oI,

Us
Uy

Y

Elyy*] = [Us UN}

where Ug € C™*% is an orthonormal matrixz that spans the column space of A1.,, Uy €
C™*(m=5) 4s an orthonormal matriz spanning its orthogonal complement, oI, € CF**

is a diagonal matriz with diagonal entries equal to o* and

MO 0
0 X ... 0

A= 2 : A >0 forl<j<s.
0 0 As

Proof. We begin by writing the full eigendecomposition of AD.A*, which is a sym-
metric matrix of rank s. By the spectral theorem, this matrix has a singular value

decomposition of the form

A O
0 0

Us
Uy

)

Ay DeAL,, = |Us Uy]
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where Ug, Uy and A are as defined above. To complete the proof, note that

Eyy"] = Aum DAL, + ol
A o2l 0

o?l, .

Us
Un

Us

+|vs Uy i,
N

SR

]

Let us assume that we have available ¥ € C™*™ an approximation to the real
covariance matrix E [yy*]. The theorem suggests performing an eigendecomposition
of this matrix and then exploiting the fact that the eigenspace associated to the
largest eigenvalues should approximately correspond to the signal subspace, whereas
the remaining eigenvectors should belong to the noise subspace. As a final step, we
would somehow decode the position of the line spectra from these subspaces; hence
the term subspace methods.

A common approach used to approximate the covariance matrix is to compute
the empirical covariance matrix of the data. Assume that we have access to n mea-
surements of the form , where the realizations of the noise component in the
measurements are independent. For a fixed integer m, we define the empirical covari-

ance matrix

1 n—m-+1 )
b (m) = n——n”H—1 ; y[j:j+mfl}y[j;j+m_1], (129)
T
where ypjjim-1 = |y; Yj41 - yj+m_1} . Asymptotically, when the number of

measurements tends to infinity, this estimate converges to the true covariance matrix
of the data (see Section 4.9.1 in [98]). The left column of Figure shows the
eigenvalues of this approximation for different values of the signal-to-noise ratio and
the parameter m.

We are now ready to describe the arguably most popular parametric spectral-
analysis method: multiple-signal classification (MUSIC) [4,(16190].

Input: Number of line spectra s, value of m, noisy data yq, ..., y,.
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1. Build the empirical covariance matrix 3 (m) as in (1.2.9).

2. Compute the eigendecomposition of ¥ (m) and select the matrix of eigenvectors

Uy corresponding to the m — s smallest eigenvalues.
3. Output an estimate of s estimated positions for the line spectra by:

(a) Spectral MUSIC [16,/90]: Locating the s highest peaks of the pseudospec-

trum

1
Wy () Un Uy a1m (1)

Psyusic(t) =

(b) Root MUSIC [4]: Finding the s pairs of reciprocal roots of the polynomial
PRMUSIC(t) - afl:m(t)*ﬁNU;\}alzm(t)

which are closer to the unit circle.

If we set m = s+ 1 this is equivalent to the Pisarenko method [78]. In the absence of
noise, MUSIC allows us to locate the line spectra exactly, as shown in the following
lemma. This is not surprising, as Root MUSIC is essentially equivalent to Prony’s

method if no noise is added to the data.

Lemma 1.2.3. For noiseless data, the subspace corresponding to the matriz Un used
i the MUSIC algorithm, corresponds exactly to the noise subspace, i.e. it is the
orthogonal complement to the subspace spanned by ai.,(t1), ..., a1.m(ts), where ty,

..., tg are the true locations of the line spectra.

Proof. In the absence of noise, we can write ¥ = X X*, where

X1 ) P i | C1 0
i’g i’g c i'nfm+2 0 Co T

X = = Al:m A():n—m
T Fmit G 0 0 cs
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The matrix X in the proof of the lemma is simultaneously Toeplitz and low rank.
This motivates a denoising procedure that can be used to preprocess the data prior

to applying MUSIC in the presence of noise:

1. Compute a rank-s approximation of X by truncating its singular value decom-
position. In general, this low-rank approximation will not be Toeplitz due to

the noise in the data.
2. Project the result onto the space of Toeplitz matrices by averaging its diagonals.

This approach was originally proposed by Tufts and Kumaresan [106] and is also
known as Cadzow denoising [21].

When noise is present, MUSIC will be effective as long as the empirical covariance
matrix— or the denoised approximation if we choose to apply preprocessing— is close to
the true covariance matrix. This will be the case if the noise is small. The theoretical
analysis that is currently available is based on an asymptotic characterization of the
sample covariance matrix under Gaussian noise [34,100]. This allows to obtain explicit
guarantees on the recovery error in simple cases involving one or two spikes. More
recently, some steps towards analyzing the algorithm in a non-asymptotic regime have
been taken in [4§].

Figure [1.5] shows the performance of Root MUSIC for a specific example. On
the left column, we can see the decay of the eigenvalues of the empirical covariance
matrix. At high signal-to-noise ratios (SNR) there is a clear transition between the
eigenvalues corresponding to the signal subspace (in this case s = 7) and the noise
subspace, but this is no longer necessarily the case when the noise is increased. On
the right column, we can see the performance of the algorithm for different values
of the SNR and the parameter m. At relatively high SNRs MUSIC is an effective
algorithm as long as the assumptions on the signal (random phases), noise (Gaussian)
and measurement model (equispaced time samples) are satisfied. In Figure we
show the result of running the algorithm for the wrong value of the parameter s. If
the value is not too different to s and the SNR not too low, the method is still capable

of approximately locating the support.



CHAPTER 1. INTRODUCTION 21
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Figure 1.5: Eigenvalues of the autocorrelation matrix used for the Root MUSIC algorithm
(left) and corresponding line-spectra estimates (right) for different values of the parameter
m and of the SNR respectively. The noise is i.i.d. Gaussian with zero mean.
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Figure 1.6: Line-spectra estimates obtained by Root MUSIC when the estimated number
of sources is equal to s — 1 (left) and s 4+ 1 (right) for the same data as in Figure

Matrix-pencil methods

In this section we describe an alternative approach to perform spectral super-resolution
by robustifying Prony’s method. We assume that the data consists of a vector
y € C"! of n + 1 samples of the form (1.2.7), y = Apnc + 2z, where ¢ € C* is

the vector of signal coefficients and z € C"*! is a noise vector, and define

Yo Y1 Yn—m Y1 Y2 Yn—m+1
Y, = n Y2 - Yn—m+t1 ’ Y, = Y2 Y3 Yn—m+2 ’
Ym—1 Ym Yn—1 Ym Ym+1 .- Yn

for a certain integer s < m < n. Without further ado, we present the matrix-pencil

method for spectral super-resolution [65]:

Input: Number of line spectra s, value of m, noisy data yqg, ..., yn.
1. Build the matrices Yy and Y;.

.., As of the matrix Yy ¥}, where Y]

indicates the Moore-Penrose pseudoinverse of the matrix Yj.

2. Compute the s largest eigenvalues A1, Ag, .
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3. Output the phase of A1, Ag, ..., Ag divided by 27.

At a first glance, it is not very clear why the method should produce a good estimate
of the line spectra, i.e. why \; & e”®™ for ¢; € T, or for that matter why the method
has anything to do with matrix pencils. To clarify this, let us once again consider

what occurs in the noiseless case. In the absence of noise, Y, and Y; are equal to

Zo r1 ... Tn—m I T2 N PP S |
T To ... Tpemegr Ty T3 ... Tpomyo
XO = ) Xl =
Tm—1 Tm .- Tn—1 Tm LTmal - -- Tn

respectively. The matrix pencil of two matrices M; and M, is defined as the matrix-

valued function
LMl,M2 (M) = M2 - /~LM1

for any complex-valued p. For square matrices, the eigenvalues of MlT M, are called
generalized eigenvalues of the matrix pencil. In our case, the matrices are not rectan-
gular, but we can still define a rank-reducing value of the matrix pencil as a value of
for which Ly, ar, (1) has a lower rank than M. The following lemma establishes that
obtaining these values allows to super-resolve the line spectra if no noise is added to

the data.

Lemma 1.2.4. 2™ 22 ei27s qre rank-reducing values for the matriz pencil

X1 — uXy, which can be obtained by computing the eigenvalues of the matrix Xg X;.

Proof. Recall the definition of A,,.,, (1.2.8)). We can write

XO - AO:m—ICAT

O:n—m=

Let U X V* be the singular value decomposition of C' AL where U € C*¢, ¥ €

0:n—m>
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Cs*s and V € Cr—m+1%s We have

X, = A, C AL

0:n—m

= AO:m—l o0 AT

0:n—m

=X, VE'UroU v,

Now, note that the row space of X; is spanned by AL . This implies that V=
X[T) XoV so that

T 7S =L T & 7T S 1 1|20
X)X, =V lUreUsV =P P,
00
where
U o] [ o] V"
0 I||0 I||V;

and V| is an orthonormal matrix whose column space is the orthogonal complement
to the column space of V. In words, computing the eigendecomposition of Xg X4

yields ¢ as stated by the lemma. O

An analogous procedure to the matrix-pencil method can be carried out using
the signal subspace obtained from an eigendecomposition of the empirical covariance
matrix (see the previous section on subspace methods). This algorithm is known
as ESPRIT (Estimation of Signal Parameters via Rotational Invariance Technique)
and was originally introduced in the context of direction-of-arrival problems [85]. For
more information on ESPRIT, we refer the interested reader to Chapter 4 of [9§],
where it is reported that matrix-pencil algorithms exhibit a similar performance to

subspace methods in practice.
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1.3 Outline and Contributions

At an abstract level, the deconvolution of point sources or spikes from bandlimited
data is an instance of a central question in modern data processing: how to recover a
low-dimensional object embedded in a high-dimensional space from incomplete linear
measurements. Nonparametric techniques based on convex optimization have had
great success in tackling problems of this flavor. Notable examples include sparse
regression in high-dimensional settings [103], compressed sensing [28,39] and matrix
completion [25]. The main objective of this thesis is to explore the application of
these ideas to the problem of super-resolution. In the following outline we highlight

some of the main contributions:

e In Chapter 2] we propose a nonparametric algorithm to perform super-resolution
of point sources and provide theoretical guarantees for its success in the absence
of noise under a condition on the support of the signal. We also describe exten-
sions of our results to a multidimensional setting and to the super-resolution of

piecewise-smooth functions.

e Chapter [3|is dedicated to analyzing the stability of the proposed method. First,
we show that the problem of super-resolution may be hopelessly ill posed if the
point sources are too clustered. Then we provide robustness guarantees that
bound the estimation error at resolutions beyond that of the available data
under the same condition on the signal support as in the noiseless case. Finally,
we present guarantees on the support-detection capability of our method in the

presence of noise.

e In Chapter {4] discusses how to implement super-resolution via convex program-
ming, offering two alternatives that are based on the discretization of the domain
and on the reformulation of an infinite-dimensional program into a tractable

finite-dimensional semidefinite program.

e Chapter [5| proves the main result in Chapter 2l In it we present a novel proof
technique which allows to construct a polynomial that certifies exact recovery

and is also useful to establish stability guarantees.
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e Chapter [0] proves that exact recovery also occurs in a two-dimensional setting,

extending the techniques presented in Chapter [3]

e Chapter [7] proves stability guarantees presented in Chapter [3] which bound the

approximation error at higher resolutions.
e Chapter [§ proves the support-detection guarantees presented in Chapter [3]

e Chapter [9 contains the conclusion and outlines several future research directions

and open problems.



Chapter 2

Super-resolution via convex

optimization

In this chapter we propose a nonparametric algorithm to perform super-resolution
of point sources and provide theoretical guarantees for its success in the absence of
noise. In Section we begin by motivating the condition under which these results
hold, which precludes the support of the signal from being too clustered. In Sec-
tion we present our main result concerning exact recovery in a noiseless setting.
The extension to multiple dimensions is analyzed in Section [2.3] whereas Section
discusses a discrete setting which prompts the definition of super-resolution factor in
Section Section provides numerical experiments to characterize the perfor-
mance of the algorithm. Sections and survey related work in the literature.
Finally, Section describes the extension of our results to the super-resolution of

piecewise-smooth functions.

2.1 Sparsity is not enough

In contrast to compressed sensing [26], where randomized measurements preserve the

energy of arbitrary sparse signals with high probability (this is commonly known as

The results presented in this section are joint work with Emmanuel Candés and have been
published in [23].

27
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the restricted isometry property [27]), sparsity is not a strong enough prior to ensure
that the super-resolution problem described in Section [1.1]is not extremely ill posed.
Indeed, clustered signals can be nearly completely annihilated by the low-pass sensing
mechanism. This can be characterized by means of the seminal work of Slepian [94]
on discrete prolate spheroidal sequences, as surveyed in Section [3.1] but we give here
a concrete example to drive home this important point .

To keep things simple and coherent with Slepian’s work, let us assume that (1) the
signal is supported on an infinite unit-step grid, not on a continuous interval, and (2)
we have access to a low-pass band [—W, W] of the discrete-time Fourier transform of
the signal Z(w) = Y, ze”?™" w € [-1/2,1/2]. The corresponding measurement
operator is denoted by Py, and is equivalent to a convolution with a sinc kernel, not
a periodized sinc or Dirichlet kernel as in Section . The quantity SRF = 1/2W
can be interpreted as a super-resolution factor, that quantifies to what extent we
need to extrapolate the spectrum in order to recover the signal. This definition of
the super-resolution factor coincides with the one in Section [2.5| when N — co. Set

a mild level of super-resolution to fix ideas,

SRF = 4.
Now the work of Slepian shows that there is a k-sparse signal supported on [0, ..., k—
1] obeying
Pwz =z, A=x522Vk+ 1e 3230+, (2.1.1)
For k = 48,
A< T7x107%, (2.1.2)

Even knowing the support ahead of time, how are we going to recover such signals
from noisy measurements? For a very mild super-resolution factor of just SRF = 1.05
(we only seek to extend the spectrum by 5%), (2.1.1) becomes

Pwz = Az, AN~ 387k -+ 1e O10k+D) (2.1.3)

which implies that there exists a unit-norm signal with at most 256 consecutive
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nonzero entries such that ||[Pyz|], < 1.2 x 1071°. Of course, as the super-resolution
factor increases, the ill-posedness gets worse. For large values of SRF, there is z

obeying with
log A =~ —(0.4831 + 2log(SRF))k. (2.1.4)

It is important to emphasize that this is not a worst-case analysis. In fact, with
k = 48 and SRF = 4, Slepian shows that there is a large-dimensional subspace of
signals supported on C* spanned by orthonormal eigenvectors with eigenvalues of
magnitudes nearly as small as (2.1.2).

The conclusion is that if signals are allowed to be arbitrarily clustered, then super-
resolution can be completely ill posed. We need additional conditions on the signals
of interest beyond sparsity for the problem to make sense. Here we use a minimum-

separation condition, illustrated in Figure for this purpose.

Definition 2.1.1 (Minimum separation). Let T be the circle obtained by identifying
the endpoints on [0,1]. For a family of points T C T, the minimum separation is

defined as the closest distance between any two elements from T,

A(T) = inf t—1]. 2.1.5

(T) (L) et | | ( )

where |t —t'| is the {o, distance (mazimum deviation in any coordinate). To be clear,
this is the wrap-around distance so that the distance between t = 0 and t' = 3/4 is

equal to 1/4.

In the rest of this thesis we will show that constraining the support of the signals
of interest to have a certain minimum separation allows to prove that a nonparametric
method based on convex optimization is capable of producing accurate estimates even

in the presence of noise.

2.2 Total-variation norm minimization

To perform super-resolution of point sources we propose to minimize a continuous

counterpart of the ¢; norm, the total-variation norm, subject to data constraints.
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Figure 2.1: Illustration of the minimum-separation condition (2.1.5]).

With T = [0, 1], the total variation of a complex measure v on a set B € B(T) is
defined by

v (B) =sup Y Iv (5)].

where the supremum is taken over all partitions of B into a finite number of disjoint
measurable subsets. The total variation |v| is a positive measure on B (T) and can be

used to define the total-variation norm on the space of complex measures on B (T),

1]y = [V (T).-

For further details, we refer the reader to [87]. As mentioned above, for the purpose
of this work, one can think of this norm as a continuous analog to the ¢; norm for
discrete signals. In fact, with x as in (L.1.1), ||z||py is equal to the ¢; norm of
the amplitudes [|c[|, = >_;|¢;|. We would like to emphasize that it should not be
confused with the total variation of a piecewise constant function, which is a popular
regularizer in image processing [86].

To recover the signal of interest x from low-pass data we propose solving the

convex program

min ||Z||, subject to F,Z =1y, (2.2.1)



CHAPTER 2. SUPER-RESOLUTION VIA CONVEX OPTIMIZATION 31

where the minimization is carried out over the set of all finite complex measures T sup-
ported on [0, 1]. Chapter 4] discusses ways of computing solutions to this optimization
problem.

One of our main theoretical results is that minimizing the total-variation norm
of the signal estimate achieves exact recovery in the absence of noise, as long as
the original signal satisfies a certain minimum separation. Its proof is provided in
Chapter [5]

Theorem 2.2.1. Let T' = {t;} be the support of x. If the minimum distance obeys
A(T) = 2/ fio 2= 2 N, (2.2.2)

then x is the unique solution to (2.2.1)). This holds with the proviso that f,, > 128.

If x is known to be real-valued, then the minimum gap can be lowered to 1.87 \,.

At first sight, this result might appear quite unexpected. The total-variation
norm makes no real assumption about the structure of the signal. Yet, not knowing
that there are any spikes, let alone how many there are, total-variation minimization
locates the position of those spikes with infinite precision! It is interesting to note
that the theorem does not depend on the amplitudes of the signal and applies to
situations where we have both very large and very small spikes, or— put in signal-
processing terms— a large dynamic range in the input signal.

The information we have about x is equivalent to observing the projection of
x onto its low-frequency components, i.e. the constraint in is the same as
P,z = Pyx, where P, = FiF,. As is well known, this projection is the convolution
with the Dirichlet kernel, which has slowly decaying side lobes. The width of the
main lobe of this convolution kernel is equal to A, as shown in Figure 2.2l The
theorem states that exact recovery will occur if the spikes are 2\, apart. Numerical
simulations provided in Section [2.6] indicate that the actual minimum separation at
which total-variation norm minimization is guaranteed to achieve exact recovery is

Alo- In the literature A, /2 is known as the Rayleigh resolution limit.
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\VAY, \/ V

Rayleigh resolution distance

Figure 2.2: )\, corresponds to the width of the main lobe of the convolution kernel.

2.3 Super-resolution in higher dimensions

Our results extend to higher dimensions and reveal the same dependence between
the minimum separation and the measurement resolution as in one dimension. For
concreteness, we discuss the 2-dimensional setting and emphasize that the situation

in d dimensions is similar. Here, we have a measure
xr = E CiOt;,
J

as before but in which the ¢; € [0,1]?. We are given information about z in the form

of low-frequency samples of the form

y(k) = / e~ 2k o (dt) = che_izﬂk’tj), k= (ki,ky) € Z2, k1|, ko] < fio-
(0,12 r

(2.3.1)
This again introduces a physical resolution of about A\, = 1/fi,. In this context,
we may think of our problem as imaging point sources in the 2D plane—such as
idealized stars in the sky—with an optical device with resolution about \,—such as
a diffraction-limited telescope. Our next result states that it is possible to locate the
point sources without any error whatsoever if they are separated by a distance of

2.38 A\, simply by minimizing the total variation.
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Theorem 2.3.1. Let T = {t;} C [0,1]* identified with T* be the support of x obeying

the separation condition]
A(T) > 2.38 / fio = 2.38 Apo. (2.3.2)

Then if x is real valued, it is the unique minimum total-variation solution among all
real objects obeying the data constraints (2.3.1). Hence, the recovery is exact. For

complex measures, the same statement holds but with a slightly different constant.

Whereas we have tried to optimize the constant in one dimension, we have not
really attempted to do so here in order to keep the proof reasonably short and simple.
Hence, this theorem is subject to improvement.

Theorem[2.3.1]is proved for real-valued measures in Chapter[6 However, the proof
techniques can be applied to higher dimensions and complex measures almost directly.
In details, suppose we observe the discrete Fourier coefficients of a d-dimensional ob-
ject at k = (ky, ..., kq) € Z* corresponding to low frequencies 0 < |k1, ..., |ks| < fio-
Then the minimum total-variation solution is exact provided that the minimum dis-
tance obeys A(T') > Cy A\, where Cy is some positive numerical constant depending
only on the dimension. Finally, as the proof makes clear, extensions to other settings,
in which one observes Fourier coefficients if and only if the ¢, norm of k is less or

equal to a frequency cut-off, are straightforward.

2.4 Discrete super-resolution

Our continuous theory immediately implies analogous results for finite signals. Sup-
pose we wish to recover a discrete signal 2 € CV from low-frequency data. Just as

before, we could imagine collecting low-frequency samples of the form

N-1

Yy = Z zpe” 2N k] < fo (2.4.1)

t=0

IRecall that distance is measured in fo.
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the connection with the previous sections is obvious since x might be interpreted as
samples of a discrete signal on a grid {¢/N} with t = 0,1,..., N — 1. In fact, the
continuous-time setting is the limit of infinite resolution in which N tends to infinity
while the number of samples remains constant (i.e. fi, is fixed). Instead, we can
choose to study the regime in which the ratio between the actual resolution of the
signal 1/N and the resolution of the data defined as 1/ fj, is constant. This gives the

corollary below.

Corollary 2.4.1. Let T C {0,1,...,N — 1} be the support of {x,;} X" obeying

. 1 p
—t—=t| > = . 4.
t,t'rer%rtl;ét’ N [t =1 =200 =2/ fo (2:4.2)
Then the solution to
min ||Z]|, subject to F,Z =1y (2.4.3)

in which F, is the partial Fourier matriz in (2.4.1) is ezxact.

2.5 The super-resolution factor

In the discrete framework, we wish to resolve a signal on a fine grid with spacing 1/N.
However, we observe the lowest n = 2f}, + 1 Fourier coefficients so that in principle,
one can only hope to recover the signal on a coarser grid with spacing 1/n as shown
in Figure . Hence, the factor N/n, or equivalently, the ratio between the spacings
in the coarse and fine grids, can be interpreted as a super-resolution factor (SRF).
Below, we set

SRF = N/n ~ N/2f; (2.5.1)

when the SRF is equal to 5 as in the figure, we are looking for a signal at a resolution
5 times higher than what is stricto senso permissible. One can then recast Corollary
as follows: if the nonzero components of {z,}Y ' are separated by at least
4 x SRF, perfect super-resolution via ¢;-norm minimization occurs.

The reason for introducing the SRF is that with inexact data, we obviously cannot

hope for infinite resolution. Indeed, noise will ultimately limit the resolution one can



CHAPTER 2. SUPER-RESOLUTION VIA CONVEX OPTIMIZATION 35

A
v

A
v

Figure 2.3: Fine grid with spacing 1/N. We only observe frequencies between — f, and
fios fio/N =~ %SRF_l, so that the highest frequency sine wave available has wavelength
1/fio = Alo- These data only allow a Nyquist sampling rate of \j,/2 ~ 1/n. In this sense,
we can interpret the super-resolution factor N/n as the ratio between these two resolutions.

ever hope to achieve and, therefore, the question of interest is to study the accuracy
one might expect from a practical super-resolution procedure as a function of both the
noise level and the SRF. In Chapter [3| we will elaborate on this and in Section
we provide a definition of the super-resolution factor that is applicable for the case
when the point sources in the signals are located on a continuous interval rather than

on a discretized grid.

2.6 Numerical evaluation of the minimum distance

To evaluate the minimum distance needed to guarantee exact recovery by ¢; mini-

mization of any signal in C¥, for a fixed N, we propose the following heuristic scheme:

e For a super-resolution factor SRF = N/n, we work with a partial DFT matrix

F,, with frequencies up to fi, = [n/2]. Fix a candidate minimum distance A.

e Using a greedy algorithm, construct an adversarial support with elements sep-
arated by at least A by sequentially adding elements to the support. Each new
element is chosen to minimize the condition number formed by the columns

corresponding to the selected elements.
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e Take the signal x to be the singular vector corresponding to the smallest singular

value of F,, restricted to T

e Solve the ¢;-minimization problem ({2.4.3) and declare that exact recovery occurs

if the normalized error is below a threshold (in our case 107%).

This construction of an adversarial signal was found to be better adapted to the
structure of our measurement matrix than other methods proposed in the literature
such as [43]. We used this scheme and a simple binary search to determine a lower
bound for the minimum distance that guarantees exact recovery for N = 4096, super-
resolution factors of 8, 16, 32 and 64 and support sizes equal to 2, 5, 10, 20 and 50.
The simulations were carried out in Matlab, using CVX [57] to solve the optimization
problem. Figure [2.4] shows the results, which suggest that on the discrete grid we
need at least a minimum distance equal to twice the super-resolution factor in order
to guarantee reconstruction of the signal (red curve). Translated to the continuous
setting, in which the signal would be supported on a grid with spacing 1/N, this

implies that A > )\, is a necessary condition for exact recovery.

2.7 Comparison with related work

The use of /1 minimization for the recovery of sparse spike trains from noisy bandlim-
ited measurements has a long history and was proposed in the 1980s by researchers
in seismic prospecting [33,72,/89]. For finite signals and under the rather restrictive
assumption that the signal is real valued and nonnegative, [53] and [41] prove that
k spikes can be recovered from 2k + 1 Fourier coefficients by this method, a result
very related to Carathéodory’s work from the beginning of the 20th century [29}30].
The work [36] extends this result to the continuous setting by using total-variation
minimization, dubbed as Beurling minimal extrapolation in honor of Beurling’s work
on extrapolating a function from a portion of its spectrum [14]. In contrast to these
previous works, our results require a minimum distance between spikes but allow
for arbitrary complex amplitudes, which is crucial in certain applications (especially

those concerning spectral super-resolution).
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Figure 2.4: Minimum distances (vertical axis) at which exact recovery by ¢; minimization
occurs for the adversarial complex sign patterns against the corresponding super-resolution
factors. At the red curve, the minimum distance would be exactly equal to twice the
super-resolution factor. Signal length is N = 4096.
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The only theoretical guarantee we are aware of concerning the recovery of spike
trains with general amplitudes is very recent and due to Kahane [66]. Kahane offers
variations on compressive sensing results in [26] and studies the reconstruction of a
function with lacunary Fourier series coefficients from its values in a small contiguous
interval, a setting that is equivalent to that of Corollary when the size N of the
fine grid tends to infinity. With our notation, whereas we require a minimum distance
equal to 4 x SRF, this work shows that a minimum distance of 10 x SRF+/log SRF
is sufficient for exact recovery. Although the log factor might seem unimportant at
first glance, it in fact precludes extending Kahane’s result to the continuous setting
of Theorem [2.2.1] Indeed, by letting the resolution factor tend to infinity so as to

approach the continuous setting, the spacing between consecutive spikes would need
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to tend to infinity as well.

2.8 Connections to sparse recovery literature

Theorem and Corollary can be interpreted in the framework of sparse signal
recovery. For instance, by swapping time and frequency, Corollary asserts that
one can recover a sparse superposition of tones with arbitrary frequencies from n time

samples of the form

where the frequencies are of the form w; = j/N. Since the spacing between con-
secutive frequencies is not 1/n but 1/N, we have an oversampled discrete Fourier
transform, where the oversampling ratio is equal to the super-resolution factor. In
this context, our results imply that a sufficient condition for perfectly super-resolving
these tones is a minimum separation of 4/n. Moreover, Theorem extends this
to continuum dictionaries where tones w; can take on arbitrary real values.

In the literature, there are several conditions that guarantee perfect signal recovery
by ¢;-norm minimization. The results obtained from their application to our problem

are, however, very weak.

e The matrix with normalized columns f; = {e~®"i /\/n}}""} does not obey the
restricted isometry property [27] since a submatrix composed of a very small
number of contiguous columns is already very close to singular, see [94] and
Section for related claims. For example, with N = 512 and a modest
SRF equal to 4, the smallest singular value of submatrices formed by eight

consecutive columns is 3.32 1075,

e Applying the discrete uncertainty principle proved in [40], we obtain that re-

covery by f; minimization succeeds as long as

2|T| (N —n) < N.
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If n < N/2, i.e. SRF > 2, this says that |T'| must be zero. In other words, to

recover one spike, we would need at least half of the Fourier samples.

e Other guarantees based on the coherence of the dictionary yield similar results.

A popular condition [105] requires that
|T| < (M +1), (2.8.1)

where M is the coherence of the system defined as max;.; |(f;, f;)|. When
N = 1024 and SRF = 4, M =~ 0.9003 so that this becomes |T'| < 1.055, and we

can only hope to recover one spike.

There are slightly improved versions of ([2.8.1)). In [42], Dossal studies the decon-
volution of spikes by ¢; minimization. This work introduces the weak exact recovery

condition (WERC) defined as

WERC(T) = 1— .

where

—SUP Z f'uf] —SUPZ| fwfj

c
€T JET/{i} €T jeT

The condition WERC (T') < 1 guarantees exact recovery. Considering three spikes
and using Taylor expansions to bound the sine function, the minimum distance needed
to ensure that WERC (T) < 1 may be lower bounded by 24 SRF?/7x® — 2 SRF. This
is achieved by considering three spikes at w € {0, £A}, where A = (k + 1/2)/n for
some integer k; we omit the details. If N = 20,000 and the number of measurements
is 1,000, this allows for the recovery of at most 3 spikes, whereas Corollary
implies that it is possible to reconstruct at least n/4 = 250. Furthermore, the cubic
dependence on the super-resolution factor means that if we fix the number of mea-
surements and let N — oo, which is equivalent to the continuous setting of Theorem
the separation needed becomes infinite and we cannot guarantee the recovery
of even two spikes.

Finally, we would also like to mention some very recent work on sparse recovery
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in highly coherent frames by modified greedy compressed sensing algorithms [44,
49]. Interestingly, these approaches explicitly enforce conditions on the recovered
signals that are similar in spirit to our minimum distance condition. As opposed
to ¢;-norm minimization, such greedy techniques may be severely affected by large
dynamic ranges (see [49]). Understanding under what conditions their performance
may be comparable to that of convex programming methods is an interesting research

direction.

2.9 Extensions

Our results and techniques can be extended to super-resolve many other types of
signals. We just outline such a possible extension. Suppose z : [0,1] — C is a

periodic piecewise smooth function with period 1, defined by

z(t) = Z Lt 0P (1);

t; €T

on each time interval (¢;_1,t;), = is polynomial of degree ¢. For ¢ = 0, we have a
piecewise constant function, for ¢ = 1, a piecewise linear function and so on. Also
suppose z is globally ¢ — 1 times continuously differentiable (as for splines). We

observe

o = / 2(8) 2™t | k] < fio
[0,1]

The (¢ + 1)th derivative of  (in the sense of distributions) denoted by z(**1) is an

atomic measure supported on 7" and equal to
¢ ‘
d = by, ¢ =pih(t) = (t).
J

{41

Hence, we can imagine recovering 1) by solving

min ||| py  subject to  F,@ = y. (2.9.1)
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Standard Fourier analysis gives that the kth Fourier coefficient of this measure is
given by
gD = (i2mk) e, kA0 (2.9.2)

Hence, we observe the Fourier coefficients of 2(*1) except that corresponding to k = 0,
which must vanish since the periodicity implies fol A0 dt) = 0 = fol 20) (t)dt,
1 < j < {. Hence, it follows from Theorem m that (2.9.1)) recovers 21 exactly
as long as the discontinuity points are at least 2\, apart. Because x is £ — 1 times
continuously differentiable and periodic, ) determines x up to a shift in function

value, equal to its mean. However, we can read the mean value of x off yy = fol x(t)dt
and, therefore, (2.9.1]) achieves perfect recovery.

Corollary 2.9.1. If T = {t;} obeys (2.2.2)), x is determined exactly from y by solving
@2.9.1).

Extensions to non-periodic functions and other types of discontinuities and smooth-

ness assumptions are also possible using similar arguments.



Chapter 3
Stability guarantees

In Chapter [2] we studied the problem of recovering superpositions of point sources in
a noiseless setting, where one has perfect low-frequency information. In this chapter
we consider a setting where the data are contaminated with noise, a situation which
is unavoidable in practical applications. In a nutshell, Chapter [2| proves that with
noiseless data, one can recover a superposition of point sources exactly, namely, with
arbitrary high accuracy, by solving a simple convex program. This phenomenon holds
as long as the spacing between the sources is on the order of the resolution limit. With
noisy data it is of course no longer possible to achieve infinite precision, but we can
still evaluate the robustness of the method.

We begin by justifying the need for conditions on the signal support beyond spar-
sity to ensure that the problem is well posed when noise is added to the data in
Section [3.1 Under such a condition, stability guarantees are then derived in two
different ways: by quantifying the estimation accuracy at a higher resolution in Sec-
tion and by studying the support-detection accuracy in Section [3.3] At the end
of the chapter, relevant references are discussed in Section [3.4]

3.1 Sparsity and stability

Consider the vector space C* of sparse signals of length N = 4096 supported on

a certain interval of length 48. Figure [3.1] shows the eigenvalues of the low-pass

42
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Figure 3.1: (a) Eigenvalues of P, acting on signals supported on a contiguous interval

of length 48 for super-resolution factors of 2, 4, 8 and 16 and a signal length of 4096. (b)

Singular values of ﬁFn on a logarithmic scale. (¢) Same as (b) but on a linear scale. Due

to limited numerical precision (machine precision), the smallest singular values, marked
with circular dots on the graphs, are of course not computed accurately.

filter P, = +F,F; acting on C* for different values of the super-resolution factor.
Recall the definition of super-resolution factor (SRF) in Section 2.5 For SRF = 4,

there exists a subspace of dimension 24 such that any unit-normed signal (||z||2 = 1)
belonging to it obeys

|Puz]l2 <252107"° < <5.02107%.

Il
For SRF = 16 this is true of a subspace of dimension 36, two thirds of the total
dimension. Such signals can be completely canceled out by perturbations of norm
5.02 1078, so that even at signal-to-noise ratios (SNR) of more than 145 dB, recovery
is impossible by any method whatsoever.

Interestingly, the sharp transition shown in Figure between the first singu-
lar values almost equal to one and the others, which rapidly decay to zero, can be
characterized asymptotically by using the work of Slepian on prolate spheroidal se-
quences [94]. Introduce the operator 7, which sets the value of an infinite sequence
to zero on the complement of an interval T of length k. With the notation of Sec-

tion [2.1], the eigenvectors of the operator Py Ty are the discrete prolate spheroidal
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sequences {s;}¥_, introduced in [94],
/PW'77€S]' = )\ij, 1> )\1 > /\2 > ... > /\k > 0. (311)

Set vj = Tgs;/+/Aj, then by (3.1.1)), it is not hard to see that
T Pwvj = Ajuj, [lvsll, = 1.

In fact, the v;’s are also orthogonal to each other [94], and so they form an orthonormal
basis of C* (which can represent any sparse vector supported on T'). For values of j

near k, the value of \; is about Aje_V(’““) for

14(k—5)4+9  2(k—j)+1

ﬁ2 S o - (kf + 1)kfj+0.5
A; = . k—j+0.5 ’
(k=) (2—-a)

where

2
a=1+4cos2rW, Vzlog(l va >

Ao e Ja
Therefore, for a fixed value of SRF = 1/2W | and k > 20, the small eigenvalues are
equal to zero for all practical purposes. In particular, for SRF = 4 and SRF = 1.05
we obtain and in Section respectively. Additionally, a Taylor series
expansion of 7 for large values of SRF yields .

Since | Pwvjl|z, = \/)\_j, the bound on A; for j near k directly implies that some
sparse signals are essentially zeroed out, even for small super-resolution factors. How-
ever, Figure suggests an even stronger statement: as the super-resolution factor
increases not only some, but most signals supported on 7" seem to be almost com-
pletely suppressed by the low pass filtering. Slepian provides an asymptotic charac-
terization for this phenomenon. Indeed, just about the first 2kW eigenvalues of Py T},
cluster near one, whereas the rest decay abruptly towards zero. To be concrete, for
any € > 0 and j > 2kW (1 + €), there exist positive constants Cy, and vy (depending
on € and W) such that

A < Cye 10k,
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This holds for all £ > ko, where ky is some fixed integer. This implies that for any
interval T' of length k, there exists a subspace of signals supported on T" with dimen-
sion asymptotically equal to (1 — 1/SRF) k, which is obliterated by the measurement
process. This has two interesting consequences. First, even if the super-resolution
factor is just barely above one, asymptotically there will always exist an irretrievable
vector supported on T'. Second, if the super-resolution factor is two or more, most
of the information encoded in clustered sparse signals is lost. Consider for instance a
random sparse vector x supported on 7" with i.i.d. entries. Its projection onto a fixed
subspace of dimension about (1 —1/SRF)k (corresponding to the negligible eigen-
values) contains most of the energy of the signal with high probability. However,
this component is practically destroyed by low-pass filtering. Hence, super-resolving
almost any tightly clustered sparse signal in the presence of noise is hopeless. This

justifies the need for a minimum separation between nonzero components.

3.2 Accuracy at a higher resolution

Suppose that we aim to super-resolve a signal and that the noise level and sensing
resolution are fixed. Then one expects that it will become increasingly hard to recover
the fine details of the signal as the scale of these features become finer. There should
be a tradeoff between the resolution at which we aim to recover the signal and the
precision with which we are able to do so, which will depend on the noise level. The
goal of this section is to make this vague statement mathematically precise. We begin
with an analysis of the discrete setting and then provide a more general result valid

for signals supported on a continuous domain.

3.2.1 A discrete result

In this section we study the robustness to noise of super-resolution via convex opti-
mization in the discrete setting of Section[2.4] For simplicity, we study a deterministic

scenario in which the projection of the noise onto the signal space has bounded /¢;

The results presented in this section are joint work with Emmanuel Candés and have been
published in [23] and [24].
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norm but is otherwise arbitrary and can be adversarial. The observations are conse-
quently of the form

1 *

< Il <0 (3.2.1)
for some 0 > 0, where F), is the partial Fourier matrix in (2.4.1). Letting P, be the

orthogonal projection of a signal onto the first n Fourier modes, P, = %F;Fn, we

y=Ihe+z,

can view ([3.2.1]) as an input noise model since with z = F,w, we have
y=Fu(z+w), |lzll; <o
Another way to write this model with arbitrary input noise w € CV is
y=Fu(e+w), [[Pwll, <0

since the high-frequency part of w is filtered out by the measurement process. Finally,
with § = N~'F*y, (3.2.1)) is equivalent to

j = Pux + Paw, ||Pawl], < 0. (3.2.2)

In words, we observe a low-pass version of the signal corrupted with an additive low-
pass error whose ¢; norm is at most 6. In the case where n = N, P, = I, and our
model becomes

g=xz+w, |w] <4

In this case, one cannot hope for a reconstruction with an error in the ¢; norm less
than the noise level 9. We now wish to understand how quickly the recovery error
deteriorates as the super-resolution factor increases.

We propose studying the relaxed version of the noiseless problem (2.4.3))
min ||Z]|, subject to ||P,Z — ||, < 4. (3.2.3)

We show that this recovers x with a precision inversely proportional to ¢ and to the

square of the super-resolution factor.
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Theorem 3.2.1. Assume that x obeys the separation condition (2.4.2)). Then with

the noise model (3.2.2)), the solution x.s to (3.2.3)) obeys

||Test — 2]|, < Co SRF? 6, (3.2.4)

for some positive constant Cy.

This theorem, which shows the simple dependence upon the super-resolution factor
and the noise level, is proved in the next section. Clearly, plugging in 6 = 0 in (3.2.4])
gives Corollary 2.4.1] In the rest of Section we show that the same dependence
between the error at a higher resolution and the super-resolution factor holds for
signals supported on continuous domains, as long as the definition of the SRF is

adapted to this setting.

3.2.2 Proof of Theorem [3.2.1]

The proof is a fairly simple consequence of the following lemma.

Lemma 3.2.2. Under the assumptions of Theorem |3.2.1, any vector h such that
F,h =0 obeys
1Prhll, < pl|Preh

| (3.2.5)

for some numerical constant p obeying 0 < p < 1. This constant is of the form
1 — p = a/SRF? for some positive a > 0. If SRF > 3.03, we can take a = 0.0883.

Proof. Let Prh; = |Prhy| et be the polar decomposition of Prh, and consider the
low-frequency polynomial ¢(t) in Proposition interpolating v, = e~*t. We shall
abuse notations and set ¢ = {q,} ' where ¢, = q(t/N). For t ¢ T, |q(t/N)| = |q| <
p < 1. By construction ¢ = P,q, and thus (g, h) = {(q, P,h) = 0. Also,

(Prq, Prh) = || Prhl;.
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The conclusion follows from

0= (g, )
= (Prq, Prh) + (Preq, Prch)
> ||Prhlly = || Preql|oo|| Prehl]y
> [|Prhlly = pl|Preh

1.

For the numerical constant, we use Lemma [5.2.5| which says that if 0 € T" and
1/N < 0.1649\),, which is about the same as 1/SRF ~ 2f.,/N < 2 x 0.1649 or
SRF > 3.03, we have

lg(1/N)| <1 —0.3533 (f./N)? ~ 1 — 0.0883/SRF? = p.

This applies directly to any other ¢ such that min,cr [t — 7| = 1. Also, for all ¢ at
distance at least 2 from 7', Lemma implies that |¢(t/N)| < p. This completes
the proof. O

Set h = ot — x and decompose the error into its low-pass and high-pass compo-

nents

h’L:Pnh, hH:h—hL.

The high-frequency part is in the null space of P, and (3.2.5) gives
|Prhull, < pl|Prehall; - (3.2.6)
For the low-frequency component we have

1ALl = [[Pa(es = )l < | Patest = sl + l[s = Bazfly < 20. (3.2.7)
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To bound || Prehy |1, we exploit the fact that xes has minimum ¢; norm. We have

lzlly = [lz + hlly = |z + hall, = [[holh
>zl = [[Prhally + ([ Prehall, = [lhel
> [lzlls + (0= p) [[Prehally = [[helly,

where the last inequality follows from (3.2.6[). Hence,

1+p

1
Prch < ——Ih h < —
\Prebally < T lbels = lnlh < 72

ey

To conclude,
49

Il < hall + Wl < T2 lhalh < 7

where the last inequality follows from (3.2.7)).
Since from Lemma , we have 1 — p = a/SRF? for some numerical constant
a, the upper bound is of the form 4a~' SRF?§. For A(T) > 2.5\, we have a~! ~

11.235.

3.2.3 The super-resolution factor for continuous domains

Let us consider a continuous setting where we have observations about an object x

of the form

y(t) = (Qur)(t) + =(1), (3.2.8)

where ¢ is a continuous parameter (time, space, and so on) belonging to the d-
dimensional cube [0,1]¢. Above, z is a noise term which can either be stochastic
or deterministic, and @), is a bandlimiting operator with a frequency cut-off equal to
flo = 1/Ao. Here, Ay, is a positive parameter representing the finest scale at which x
is observed. To make this more precise, we take @), to be a low-pass filter of width
Ao as illustrated at the top of Figure [3.2} that is,

(Quz)(t) = (Ko * 2)(t)
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such that in the frequency domain the convolution equation becomes

(Qur)(f) = K(N2(f), feZd,

and the setting is the same as the one described in Section with K, = ¢. Recall
that we denote the usual Fourier transform of a measure or function g, provided that
it exists, by g(f) = [e 2"t g(dt) and note that we assume that the spectrum of
the low-pass kernel IA(lo( f) vanishes outside of the cell [~ fi,, fio]%.

Our goal is to resolve the signal x at a finer scale \y; < A\. In other words,
we would like to obtain a high-resolution estimate x.y such that Qu; Test =~ Qui T,
where @y; is a bandlimiting operator with cut-off frequency fu; := 1/Ap > fio. This
is illustrated at the bottom of Figure 3.2] which shows the convolution between Ky;
and z. A different way to pose the problem is as follows: we have noisy data about
the spectrum of an object of interest in the low-pass band [— fio, fio], and would like
to estimate the spectrum in the possibly much wider band [— fu;, fui]. We redefine
the super-resolution factor (SRF) as

_ S N, (3.2.9)

SRF := = —;
flo )\hi

in words, we wish to double the resolution if the SRF is equal to two, to quadruple
it if the SRF equals four, and so on. Given the notorious ill-posedness of spectral
extrapolation, a natural question is how small the error at scale Ay; between the
estimated and the true signal Ky; % (esy — ) can be? In particular, how does it
scale with both the noise level and the SRF? The rest of this section addresses this

important question.

3.2.4 Stability guarantees at a higher resolution

We consider the signal model (1.1.1]). Although we focus on the one-dimensional case,
our methods extend in a straightforward manner to the multidimensional case, as we
shall make precise later on. In addition, we assume the measurement model ((3.2.8)

in which ¢ € [0, 1], which from now on we identify with the unit circle T, and z(t) is
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L1

Figure 3.2: Illustration of the super-resolution factor (SRF). A signal (left) is measured
at a low resolution by a convolution with a kernel (top middle) of width A, (top right).
Super-resolution aims at approximating the outcome of a convolution with a much narrower
kernel (bottom middle) of width Ap;. Hence, the goal is to recover the bottom right curve.

a bandlimited error term obeying

Il = / 2(t)]dt < 6 (3.2.10)

The measurement error z is otherwise arbitrary and can be adversarial. For concrete-

ness, we set Kj, to be the periodic Dirichlet kernel

flo .
_ wonke SIN(T(2f10 + 1))
Ko(t)= ) ™ = ey (3.2.11)
k:_flo

By definition, for each f € Z, this kernel obeys [A(lo( f) = 1if |f| < fi, whereas
Kio(f) = 0if |f| > fi.. We emphasize, however, that our results hold for other low-
pass filters. Indeed, our model can be equivalently written in the frequency
domain as §(f) = z(f) + 2(f), | f| < fio- Hence, if the measurements are of the form

y = Gy, * x + z for some other low-pass kernel G),, we can filter them linearly to
obtain 96(f) = 9(f)/Gio(f) = 2(f) + 2(f)/Gi(f). Our results can then be applied
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.nllH”HH” ||H||HHIII|}]

_fhi
2 A

Figure 3.3: The Fejér kernel (3.2.13)) (a) with half width about Ay;, and its Fourier series
coefficients (b). The kernel is bandlimited since the Fourier coefficients vanish beyond the
cut-off frequency fp;.

to this formulation if the weighted perturbation 2(f)/Gi(f) is bounded.

To perform recovery, we propose solving
min [[Z[|py,  subject to  [|[QT —yl|,, <. (3.2.12)

This is a relaxed version of Problem analyzed in Chapter 2| It is important to
observe that the recovery algorithm is completely agnostic to the target resolution Ay;,
so our results hold simultaneously for any value of \y; > Aj,.

Our objective is to approximate the signal up until a certain resolution determined
by the width of the smoothing kernel \,; > A\, used to compute the error. To fix

ideas, we set

fhi

oy L . B orkt sin(r(fu + 1)t) )
) = g D U 1= ke - (ALY )

to be the Fejér kernel with cut-off frequency fn; = 1/A;. Figure shows this kernel
together with its spectrum.

Our model (3.3.1)) asserts that we can achieve a low-resolution error obeying

HKIO * (xest - m)”ﬁl S 57



CHAPTER 3. STABILITY GUARANTEES 53

but that we cannot do better as well. The main question is: how does this degrade

when we substitute the low-resolution with the high-resolution kernel?

Theorem 3.2.3. Assume that the support T of x obeys the separation condition
A(T) > 2. (3.2.14)

Then under the noise model (3.3.1)), any solution xes to problem 3.2.12E| obeys
[ Khi * (est — x)”cl < Cy SRF?§,

where Cy is a positive numerical constant.

Thus, minimizing the total-variation norm subject to data constraints yields a
stable approximation of any superposition of Dirac measures obeying the minimum-
separation condition. When 2z = 0, setting 6 = 0 and letting SRF— oo, this recovers
the conclusion of Theorem [2.2.1| which shows that z.¢ = z, i.e. we achieve infinite
precision. What is interesting here is the quadratic dependence of the estimation

error in the super-resolution factor. Chapter [7] contains the proof of the result.

3.2.5 Application to stochastic noise

We have chosen to analyze problem (3.2.12)) and a perturbation with bounded L,
norm for simplicity, but our techniques can be adapted to other recovery schemes

and noise models. For instance, suppose we observe noisy samples of the spectrum
n(k) = /e—i%’ftx(dt) tets k= —for—fot L. fio (3.2.15)
T

where € is an iid sequence of complex-valued A (0, 0?) variables (this means that the
real and imaginary parts are independent A(0, 0?) variables). This is equivalent to

a line-spectra estimation problem with additive Gaussian white noise, as we explain

'To be precise, the theorem holds for any feasible point & obeying ||Z||py < ||z||py; this set is
not empty since it contains .
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below. In order to super-resolve the signal under this model, we propose the following

convex program
min [[Z[|p,  subject to  [|[QwT —yl|,, <6, (3.2.16)

which can be implemented using off-the-shelf software as discussed in Section [4.3]
A corollary to our main theorem establishes that with high probability solving this
problem allows to super-resolve the signal despite the added perturbation with an
error that scales with the square of the super-resolution factor and is proportional to

the noise level.

Corollary 3.2.4. Fix v > 0. Under the stochastic noise model (3.2.15)), the solution
to problem (3.2.16) with 6 = (1 + ) ov/4fio + 2 obeys

|| Kni % (est — 2)]], < Co (L47) V4fio +2SRF? 0 (3.2.17)

with probability at least 1 — e=2f107*,

Proof. The proof of Theorem relies on two identities

||xeSt||TV < ||x||TV7 (3.2.18)
HQIO (xest - x)Hﬁl < 267 (3219)

which suffice to establish
||Khi * (xest - 'T)Hﬁl < C() SRF2 0.

To prove the corollary, we show that (3.2.18) and (3.2.19)) hold. Due to the fact that

|le]]3 follows a y2-distribution with 4 fi, 4+ 2 degrees of freedom, we have

P (1lell, > (1 +7) o v/Tfi 7 2= 8) < e,

for any positive 7 by a concentration inequality (see |71, Section 4]). By Parseval,

this implies that with high probability |[Qwx —yl|;, = [|e]l, < J. As a result, wey is
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feasible, which implies (3.2.18)) and furthermore

||Qlo (xest - m)“ﬁl < ||Q10 (mest - x)HLQ

S HQIOJ: - y”ﬁ2 + ||y - CgloxestHﬁ2
< 26,

since by the Cauchy-Schwarz inequality ||f|[, < |[|f]|;, for any function f with
bounded Ly norm supported on the unit interval. Thus, (3.2.19)) also holds and the

proof is complete. O

3.2.6 Extensions

Other high-resolution kernels. We work with the high-resolution Fejér kernel but our

results hold for any symmetric kernel that obeys the properties (3.2.20) and ((3.2.21])
below, since our proof only uses these simple estimates. The first reads

[iswlae<c [ Ol sl 0] < G (3:220)
T T

where Cy, (' and Cy are positive constants independent of Ap;. The second is that

there exists a nonnegative and nonincreasing function f : [0,1/2] — R such that
|KT; (E+ M) < F(1), 0<t<1/2,

and

1/2
/ f)dt < Cy A, (3.2.21)
0

This is to make sure that holds. (For the Fejér kernel, we can take f to be
quadratic in [0,1/2 — A;| and constant in [1/2 — Ay;, 1/2].)

Higher dimensions. Our techniques can be applied to establish robustness guaran-
tees for the recovery of point sources in higher dimensions. The only parts of the proof
of Theorem that do not generalize directly are Lemmas [7.2.1] [7.2.2] and [7.2.4]

However, the methods used to prove these lemmas can be extended without much
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difficulty to multiple dimensions as described in Section
Spectral line estimation. Swapping time and frequency, Theorem [3.2.3] can be

immediately applied to the estimation of spectral lines in which we observe
y(t) = Zajew”“ft +z(t), t=0,1,...,n—1,
J

where « is a vector of complex-valued amplitudes and z is a noise term. Here, our
work implies that a nonparametric method based on convex optimization is capable
of approximating the spectrum of a multitone signal with arbitrary frequencies, as
long as these frequencies are sufficiently far apart, and furthermore that the recon-
struction is stable. In this setting, the smoothed error quantifies the quality of the

approximation windowed at a certain spectral resolution.

3.3 Support-detection accuracy

In this section we consider the problem of super-resolving the support of a superpo-
sition of point sources x, denoted by 7. Our aim is to quantify how accurately we
can estimate T from the lower end of the spectrum of x when the data are perturbed
by noise. We will assume measurements of the form y = F, z + 2, as in . We

model the perturbation z € C" as having bounded ¢, norm,
|I2]l; < 6. (3.3.1)

The noise is otherwise arbitrary and can be adversarial.
To recover x we again propose relaxing Problem to account for our prior

knowledge about the noise:
min ||Z||py  subject to || F,E — yl|, < 6. (3.3.2)

This problem is equivalent to [3.2.16| and can be solved tractably using semidefinite

The results presented in this section have been published in [51].
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programming as detailed in Section [£.3]

Chapter [2| established that TV-norm minimization achieves exact recovery in a
noiseless setting under the minimum-separation condition. Section |3.2| characterizes
the reconstruction error for noisy measurements as the target resolution increases. In
this section, we study support detection. If the original signal contains a spike of a
certain amplitude we ask: How accurately can we recover the position of the spike?
How does the accuracy depend on the noise level, the amplitude of the spike and the
amplitude of the signal at other locations?

The following theorem characterizes the error between the estimated support T
and the original support 7" in terms of the estimated spikes that are near or far from

the locations of the original spikes.

Theorem 3.3.1. Consider the noise model (3.3.1)) and assume the support T satisfies
the minimum-separation condition (3.2.14). The solution to problem 3.2.12ﬂ

_ est
Lest — E Cp. (Stzst

t,ejteTest
with support Ty obeys the properties
¢ — > St <O Ve, (3.3.3)
{t€Test: |55t —t | <eio }
> ] (85 — ;)" < CuA2 S, (3.3.4)

{tt€Test, ;€T

> || < Cso, (3.3.5)

tleSt —t; ’ >cAlo Vt]' GT}

#550—t;] <edio }

{tleSt GTeSt:

where C1, Cy and C3 are positive numerical constants and ¢ = 0.1649.

In plain words, the energy of the estimate is guaranteed to cluster tightly around

2This solution can be shown to be an atomic measure with discrete support under very general
conditions.
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locations where the amplitude of the original signal is above the noise level. Prop-
erty implies that each individual spike ¢; in the original support 1" is well
approximated by spikes that belong to a small neighborhood around t; of width
about 0.16\,. Property strengthens this statement, by showing that the far-
ther away the estimated spikes are from ¢; the smaller their amplitude has to be.
Finally, Property establishes that any spurious spikes that do not belong to a
neighborhood of the original support must have small amplitude. These bounds are
essentially optimal for the case of adversarial noise, which can be highly concentrated.
The main novelty of the result is that it provides local stability guarantees that only
depend on the value of the original signal at a given location. This allows to quantify

the accuracy of support detection for each individual spike in the signal.

Corollary 3.3.2. Under the conditions of Theorem for any element t; in the
support of x such that ¢; > C10 there exists an element t$ in the support of the

estimate Tes satisfying

Cy6

— .
’Ci’ — C15 :

7] <
Despite the aliasing effect of the low-pass filter applied to the signal, the bound on
the support-detection error only depends on the amplitude of the corresponding spike
(and the noise level). This does not follow from previous analysis. In particular,
the bound on the weighted £; norm of the error derived in Section does not
allow to derive such local guarantees. As explained in Chapter [§] obtaining detection
guarantees that only depend on the amplitude of the spike of interest is made possible
by the existence of a certain low-frequency polynomial, constructed in Lemma [8.1.2]
We illustrate the significance of this result with the example shown in Figure [3.4]
The signal in the figure has a source with very large amplitude which induces very
heavy aliasing. Our theory predicts that nonetheless applying our convex-programming
approach will yield an accurate estimate as long as the smallest spikes are sufficiently
large with respect to the noise level. In the example, we add white Gaussian noise

to induce a signal-to-noise ratio of 20 dB, which would actually be 15 dB without



CHAPTER 3. STABILITY GUARANTEES 99
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Figure 3.4: Super-resolution of a signal with a large dynamic range. We add white
Gaussian noise to induce a signal-to-noise ratio of 20 dB, which would actually be 15 dB
without the presence of the large spike. To compute the estimate we solve Problem
as explained in Section

the presence of the large spike. Our numerical experiment shows that convex pro-
gramming is indeed capable of super-resolving the spikes despite the aliasing and
the noise. This is interesting because such situations can be highly problematic for
more traditional nonparametric super-resolution methods such as those described in
Section [1.2.1} as shown in Figure [1.3] and may also be challenging for the paramet-
ric methods described in Section [1.2.2] since the aliasing might make it difficult to

estimate the number of point sources beforehand.

3.4 Related work

Earlier work on the super-resolution problem in the presence of noise studied under
which conditions recovery is not ill-posed. Donoho [38] studies the modulus of con-
tinuity of the recovery of a signed measure on a discrete lattice from its spectrum
on the interval [— fi,, fio], @ setting which is also equivalent to that of Corollary
when the size N of the fine grid tends to infinity. More precisely, if the support of
the measure is constrained to contain at most ¢ elements in any interval of length
2/(¢ fio), then the modulus of continuity is of order O (SRF**!) as SRF grows to
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infinity (note that for ¢ = 1 the constraint reduces to a minimum distance condi-
tion between spikes, which is comparable to the separation condition ([2.2.2))). This
means that if the £5 norm of the difference between the measurements generated by
two signals satisfying the support constraints is known to be at most 9, then the
¢ norm of the difference between the signals may be of order O (SRF%+1 5). This
result suggests that, in principle, the super-resolution of spread-out signals is not
hopelessly ill-conditioned. Having said this, it does not propose any practical recov-
ery algorithm (a brute-force search for sparse measures obeying the low-frequency
constraints would be computationally intractable). More recently, [7] studies the lo-
cal stability of the super-resolution problem in a continuous domain, but also does
not provide any tractable algorithms to perform recovery.

Other works have explored the trade-off between resolution and signal-to-noise
ratio for the detection of two closely-spaced line spectra [93] or light sources [61},92)].
A recent reference [50], which focuses mainly on the related problem of imaging point
scatterers, analyzes the performance of a parametric method in the case of signals
sampled randomly from a discrete grid under the assumption that the sample covari-
ance matrix is close enough to the true one. In general, parametric techniques require
prior knowledge of the model order and rely heavily on the assumption that the noise
is white or at least has known spectrum (so that it can be whitened) as described in
Section [1.2.2] An alternative approach that overcomes the latter drawback is to per-
form nonlinear least-squares estimation of the model parameters [99]. Unfortunately,
the resulting optimization problem has an extremely multimodal cost function, which
makes it very sensitive to initialization [97].

Previous theoretical work on the stability of methods based on ¢;-norm regular-
ization is limited to a discrete and finite-dimensional setting, where the support of
the signal of interest is restricted to a finer uniform grid [23]. However, even if we
discretize the dictionary, previous stability results for sparse recovery in redundant
dictionaries do not apply due to the high coherence between the atoms of the over-
complete Fourier dictionary. In addition, it is worth mentioning that working with
a discrete dictionary can easily degrade the quality of the estimate [32] (see [96] for

a related discussion concerning grid selection for spectral analysis), which highlights
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the importance of analyzing the problem in the continuous domain. This observation
has spurred the appearance of modified compressed-sensing techniques specifically
tailored to the task of spectral estimation [44,49,/64]. Proving stability guarantees for
these methods under conditions on the support or the dynamic range of the signal is
an interesting research direction.

Finally, we would like to mention some very recent work on super-resolution via
convex programming. In [2], the authors bound the support-detection error of a
convex program similar to Problem (3.2.16|) in the presence of stochastic noise, but
the bound depends on the amplitude of the solution rather than on the amplitude
of the original spike. In [15], the authors consider the problem of denoising samples
taken from signals with sparse spectra using convex programming. In more detail, for
a signal composed of s sinusoids supported on an arbitrary set 7' of the unit interval,

assume that we have access to n measurements of the form
Yp = wp + 2, 1< k<mn,

where wy denotes the noiseless sample

S
wy, = E Cj6_22ﬂ—ktj, 1 S k S n’
=1

and z is a vector of i.i.d. Gaussian noise with standard deviation equal to o. Using an
estimator that combines a least-squares term with total-variation norm regularization,

[15] shows that it is possible to obtain an estimate wes satisfying

2 s
|| — West |5 <o logn el
~ J
n n -
Jj=1

In later work |101], this result is improved to

o = wally _ oklogn
n ~ n

under the minimum-separation condition (3.2.14]) by building upon the techniques
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presented in Chapters[5land[7] It is important to emphasize that these results concern
the denoising of the available samples, which in the case of spatial super-resolution
would correspond to the low-pass part of the spectrum, in contrast to the methods
analyzed in this chapter, which aim to achieve the extrapolation of the spectrum
of the signal up to a higher resolution. However, [15] does include an extension of
the results of Section to sparse superpositions of point sources measured under

Gaussian perturbations.



Chapter 4
Total-variation minimization

In this chapter we discuss how to solve Problem ([2.2.1]), which may seem challeng-
ing at first because its primal variable is infinite-dimensional. We describe two ap-
proaches: Section explains how to approximate the solution to the primal problem
by discretizing the support of the estimate, whereas in Section we show that it is
actually possible to solve the continuous program directly by reformulating its dual
as a semidefinite program. The latter approach is extended to a noisy setting in
Section [£.3] An alternative method to perform total-variation minimization, which
we do not discuss, would be to approximate the solution by estimating the support

of the signal in an iterative fashion as proposed in [20].

4.1 Discretization of the primal problem

For superpositions of Dirac measures lying on a finite grid, the total-variation norm
reduces to the ¢; norm, for which many efficient optimization algorithms have been
developed in the last decade. We refer the interested reader to [8-10}18,35.56,107] and

references therein. In more detail, if we discretize the unit interval into an N-point

The results presented in this chapter are joint work with Emmanuel Candes and have been
published in 23] and [24].

63
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grid, the operator F,, becomes a matrix F,, € C"*" and Problem (2.2.1]) becomes

jrg(glv ||Z||, subject to F,T=y.
This approach is particularly appropriate for applications such as imaging where the
original data may correspond to discrete samples of the low-resolution version of the
signal xp g, which we denote by zpr y (for simplicity we assume that the grids for x
and zpr are the same). In such applications, the point spread function ¢ in (1.1.2))
is usually not well approximated by a sinc function. For instance, in fluorescence
microscopy a Gaussian parametric model is often employed for this purpose [110].
We can incorporate a discretized estimate ¢y of the point spread function of the

sensing process by recasting the problem as

iﬂel(l:% ||Z||, subject to ¢n*T = xR N. (4.1.1)
A possible disadvantage of discretizing the primal problem is the higher computa-
tional cost that is incurred when a very high accuracy is desired in the support
estimate. The computational complexity will depend on N, instead of on the number
of measurements n or the number of spikes, which may be undesirable for certain
applications. In such cases, the approach described in the following section would be
more appropriate, as long as the sensing mechanism is well modeled as a convolution
with a sinc or a Dirichlet kernel, which is the case in spectral super-resolution as
described in Section [L.2.1]

4.2 Reformulation of the dual problem

In this section we take an alternative route to the discretization of the primal prob-
lem, showing that can be cast as a semidefinite program with just (n + 1)* /2
variables, and that highly accurate solutions can be found rather easily. This formu-
lation is similar to that in [15] which concerns a related infinite-dimensional convex

program.
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The convex program dual to
miin ||Z||ty subject to F,T =1y
1s
max Re(y,v) subject to ||Fhv|| <1, (4.2.1)

the constraint says that the trigonometric polynomial (F; v)(t) = > <. vyet2mr

has a modulus uniformly bounded by 1 over the interval [0,1]. The interior of the
feasible set contains the origin and is consequently non empty, so that strong duality
holds by a generalized Slater condition [84]. The cost function involves a finite vector
of dimension n, but the problem is still infinite dimensional due to the constraint.

Theorem 4.24 in [45] allows to express this constraint as the intersection between
the cone of positive semidefinite matrices {X : X > 0} and an affine hyperplane.
The result follows from the Fejér-Riesz Theorem. We provide a proof for the sake of
completeness. To ease notation we define the matrix-valued operator 7 : C* — C"*".
For any vector u such that w; is positive and real, T (u) is a Hermitian Toeplitz matrix
whose first row is equal to u. The adjoint of T with respect to the usual matrix inner
product (M;, My) = Tr (M Ms), extracts the sums of the diagonal and off-diagonal
elements of a matrix

n—j+1

T (M)] = Z Mi,z’+j—1~
=1
Proposition 4.2.1. For any v € C"* and any positive constant d,
(Frv)(t)| <d forallteT

if and only if there exists a Hermitian matriz (Q € C™*" obeying

vt 1

[Q V] =0,  T(Q) = d, (4.2.2)
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where ey is the first vector of the canonical basis of R™.

Proof. Let us define

Zo(t) — [eiznfct ei2n(fe=1t e’iZﬂfcti|T

T
Zl(t) — [1 6i27rt . ei?ﬂ'nt] .

Note that (Fc)(t) = zo(t)*c and T (z1 (t)) = 2zo(t)*20(t).
If (.2.2) holds then @ — vv* = 0 and T* (Q) = d?e;. This implies

(Fr ) () = 2(t) vrzo(t)
< 2o(t)" Qz0(t)

r (20(2)"Qz0(1))

,20(t)20(1)")
;T (21 (1))

(@), 2 (1))

—T
- (Q
- (Q
= <’T
= & (2(1)), = ¢

66

For the converse, |(F*v)(t)] < d implies that the trigonometric polynomial d* —

20(t)*vv*zo(t) is non-negative. By the Fejér-Riesz Theorem there exists a polynomial

P(t) = 0*2(t) such that

d? — z(t) v 2o(t) = |P(1)]? = 20(t)* 00" z(t).

(4.2.3)

Now let us set Q = vv* + vv*. Q — vv* is obviously positive semidefinite and conse-

quently so is

e
v 1
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Figure 4.1: The sign of a real atomic measure x is plotted in red. The trigonometric
polynomial F;;v where v is a solution to the dual problem is plotted in blue. Note
that F, v interpolates the sign of . Here, fj, = 50 so that we have n = 101 low-frequency
coeflicients.

Furthermore, by (4.2.3))

d* = 2(t)"Qzo(t)
= (@, 20(t)z0(t)")
={(Q, T (21(2)))
=(T"(Q), 2 (1))

for all ¢, which is only possible if 7* (Q) = d®e;. This completes the proof. O

Setting d = 1 in Proposition |4.2.1} Problem (4.2.1)) is consequently equivalent to

max Re(y, v) subject to [Q V] =0, T"(Q)=e. (4.2.4)
ZIE(CTL, Qe(Can I/* 1

To be complete, the decision variables are an Hermitian matrix () € C™*" and a
vector of coefficients v € C". The finite-dimensional semidefinite program can be

solved by off-the-shelf convex programming software.
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fio 25 50 75 100
Average error | 6.66107% | 1.70107° | 5.58 10710 | 2.9610~1°
Maximum error | 1.831077 | 8.14107% | 2.55107% | 2.3110°®

Table 4.1: Support-estimation accuracy achieved by solving via CVX [57]. For
each value of the cut-off frequency fi,, 100 signals were generated with random complex
amplitudes situated at approximately f),/4 random locations in the unit interval separated
by at least 2/ fi,. The table shows the errors in estimating the support locations.

The careful reader will observe that we have just shown how to compute the
optimal value of , but we are really interested in the solution of the primal
instead of the dual problem, as the theoretical results in Chapters [2| and |3| suggest
that the former will be a good estimate of the signal of interest. Fortunately, due
to strong duality the finite-dimensional solution has a very useful interpretation: it
corresponds to the coefficients of a polynomial that interpolates the sign of the primal
solution.

In more detail, to find a primal solution, we abuse notation by letting v be the
solution to and consider the trigonometric polynomial

2flo
Pon—a(€) = 1= [(Fa) (O =1 = Y we™™,  up=> vipj . (4.25)
J

k:72flo

Note that z%opy, o(z), where 2z € C, is a polynomial of degree 4f,, = 2(n — 1) with

the same roots as py,_»(z)—besides the trivial root z = 0. Hence, pa,_o(e™) has

at most 2n — 2 roots. By construction pa, (™) is a real-valued and nonnegative

trigonometric polynomial; in particular, it cannot have single roots on the unit circle

since the existence of single roots would imply that py, »(e®™) takes on negative

values. Therefore, pa,_»(e?™) is either equal to zero everywhere or has at most n — 1
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roots on the unit circle. By strong duality, any solution xes to (2.2.1]) obeys

Re(y, v) = Re(F, Test, V)
= Re(Zest, For V)

= e[ [ ) @ et
= [|Zest!| v »

which implies that the trigonometric polynomial F}v is exactly equal to the sign of
Test When e is not vanishing. This is illustrated in Figure [4.1} Thus, to recover the
support of the solution to the primal problem, we must simply locate the roots of py,_»
on the unit circle, for instance by computing the eigenvalues of its companion matrix
[79]). As shown in Table[4.1] this scheme allows to recover the support with very high
precision. Having obtained the estimate for the support Ty, the amplitudes of the
signal can be reconstructed by solving the system of equations > €T cje 2 =y
|k| < fe, using the method of least squares. There is a unique solution as we have
at most n — 1 columns which are linearly independent since one can add columns to
form a Vandermonde system.ﬂ Figure illustrates the accuracy of this procedure; a
Matlab script reproducing this example is available at http://www-stat.stanford.
edu/~candes/superres_sdp.m.

In summary, in the usual case when p,, 5 has less than n roots on the unit circle,
we have explained how to retrieve the minimum total-variation norm solution. It
remains to address the situation in which ps, o vanishes everywhere. In principle,
this could happen even if a primal solution to is an atomic measure supported
on a set T obeying |T'| < n. For example, let x be a positive measure satisfying the
conditions of Theorem , which implies that it is the unique solution to ([2.2.1)).

Consider a vector v € C" such that (F}v)(t) = 1; i.e. the trigonometric polynomial

IThe set of roots contains the support of a primal optimal solution; if it is a strict superset, then
some amplitudes will vanish.


http://www-stat.stanford.edu/~candes/superres_sdp.m
http://www-stat.stanford.edu/~candes/superres_sdp.m
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T

Figure 4.2: There are 21 spikes situated at arbitrary locations separated by at least 2\,
and we observe 101 low-frequency coefficients (fi, = 50). In the plot, seven of the original
spikes (black dots) are shown along with the corresponding low resolution data (blue line)
and the estimated signal (red line).

is constant. Then
Re(y,v) = Re(F, z,v) = Re(z, Fi v) = ||2]| v

which shows that v is a solution to the dual (4.2.4)) that does not carry any information
about the support of x. Fortunately, this situation is highly unusual in practice. In

fact, it does not occur as long as

there exists a solution 7, Q to obeying |(F;7)(t)] < 1 for some t € [0, 1],

(4.2.6)
and we use interior point methods as in SDPT3 [104] to solve (4.2.4). (Our simulations
use CVX which in turn calls SDPT3.) This phenomenon is explained below. At the
moment, we would like to remark that Condition is sufficient for the primal
problem to have a unique solution, and holds except in very special cases. To
illustrate this, suppose y is a random vector, not a measurement vector corresponding
to a sparse signal. In this case, we typically observe dual solutions as shown in
Figure (non-vanishing polynomials with at most n — 1 roots). To be sure, we have
solved 400 instances of with different values of fi, and random data y. In
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o

Figure 4.3: The trigonometric polynomial pa, 2(e??™) computed from random data y €

C%' (n = 21 and fi, = 10) with i.i.d. complex Gaussian entries. The polynomial has 16
roots.

every single case, Condition held so that we could construct a primal feasible
solution x with a duality gap below 1078, see Figure . In all instances, the support
of x was constructed by determining roots of ps,,_»(z) at a distance at most 10~* from
the unit circle.

Interior point methods approach solutions from the interior of the feasible set by
solving a sequence of optimization problems in which an extra term, a scaled barrier
function, is added to the cost function [19]. To be more precise, in our case

would become

max Re[y*v] + tlog det ([Q*

14

v
1]) subject to  (4.2.2)), (4.2.7)

where t is a positive parameter that is gradually reduced towards zero in order to
approach a solution to (4.2.4). Let A\;, 1 < k < n, denote the eigenvalues of ) — vv*.
By Schur’s formula (Theorem 1.1 in [111]) we have

log det @ v = logdet (Q —vv*) = Z log A\
ve o1 Pt

Suppose Condition (4.2.6) holds. Lemma below states that there exists a solu-
tion to Problem (4.2.4) 7, Q with the property that at least one eigenvalue of Q—ii*
is bounded away from zero. This immediately implies that the magnitude of the cor-

responding polynomial F 7 is not equal to one all over the unit interval and therefore
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Figure 4.4: Primal feasible points z with a duality gap below 1078 are constructed from
random data y sampled with i.i.d. complex Gaussian entries. A dual gap below 10~8 implies
that ||z|| v — ||Test|| Tv < 1078, where Zeg is any primal optimal solution. (For reference, the
optimal value ||Zest||Tv is on the order of 10 in all cases.) Each figure plots the frequency of
occurrence of support cardinalities out of 100 realizations. For example, in (a) we obtained
a support size equal to 44 in 25 instances out of 100. The value of n is the same in each
plot and is marked by a dashed red line; (a) n = 51, (b) n =101, (c) n = 151, (d) n = 201.

the solution will be informative if we use an interior-point method and will allow us
to estimate the support. More precisely, in the limit ¢ — 0, will construct a
non-vanishing polynomial py, o with at most n — 1 roots on the unit circle rather
than the trivial solution ps,_s = 0 since in the latter case, all the eigenvalues of

() — vv* vanish. Hence, an interior-point method can be said to solve the primal

problem (2.2.1)) provided Condition (4.2.6]) holds.

Lemma 4.2.2. The solution v, Q from Condition ([£.2.6)) is such that

Q — i = 0.
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Proof. Let ¢ be the point at which |(F;2) ()| < 1. Then,

20 (8) (Q=79") 20 (1) = T (20 () Qa0 (B)) = 20 () 9920 (7)
(Q 20D (®)~|(Fw) (O
QT @) - FED @
=(7(Q) 2 () - [ED O

=1-|(F2) (D)’ >0

4.3 Reformulation of the dual problem for super-

resolution from noisy data

In this section we discuss how to solve a total-variation norm minimization problem
with relaxed constraints that account for perturbations in the data. The dual problem

of the convex program
mi@n |Z||y subject to ||F.Z —yl||, <9, (4.3.1)
takes the form
max Re[y*v] —d||v||, subject to [|Frv|| <1

This dual problem can be recast as the semidefinite program
* : Q v *
max Re[y*v] —d|lv||, subject to . =0, T°(Q)=e, (4.3.2)
v, ]/*

where () is an n xn Hermitian matrix, leveraging Proposition[4.2.1l As in the noiseless
case, our aim is to obtain a primal solution, which corresponds to the estimate of our

signal of interest. This means that after solving Problem (4.3.2) we still need a
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procedure to compute a solution to the primal. The following lemma provides such a

procedure. Similarly to the noiseless case, the argument is based on strong duality.

Lemma 4.3.1. Let (Test, Vest) be a primal-dual pair of solutions to (4.3.1)—(4.3.2]).
For any t € T with xes () # 0,

(F7 Vest) (t) = sign (Test (1)) -

Proof. Since e is feasible, ||y — Frnest|le, < 0. Strong duality holds here by a

generalized Slater condition [84]. Hence, we have that

erStHTV = Re [y Vest] — 0 [|Vest|5
= <~Fn$esta Vest) + <y - fnxesta Vest) -0 ||Vest||2

S <$est7]:;7/est> .
Since the Cauchy-Schwarz inequality gives

6 ||Vest||2 Z ||y - ~anestHg ||Vest||2 Z <y - anes‘ca Vest> .

By Holder’s inequality and the constraint on F;Vest, ||Zest||py = (Test, FrVest) SO that
equality holds. This is only possible if F; ey equals the sign of zes at every point

where T 1S nonzero. ]

This result implies that it is usually possible to determine the support of the
primal solution by locating those points where the polynomial q(t) = (Fves)(t) has
modulus equal to one. Once the support is estimated accurately, a solution to the
primal problem can be found by solving a discrete least-squares problem.

Figure shows the results of some numerical experiments that illustrate this
approach. On the left column we see the projection of the data onto the signal space
compared to the noiseless low-pass projection of the signal for different values of the
signal-to-noise ratio induced by adding i.i.d. white Gaussian noise. On the right
column, we see the result of solving the semidefinite program , locating the

support by determining at what points the modulus of Fve (t) is equal to one and
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fitting the amplitude of the spikes using least squares. For large signal-to-noise ratios
the estimate produced in this way is very accurate. For lower signal-to-noise ratios
we are still able to locate the larger spikes. This behavior is in agreement with the

theoretical results on support detection provided in Section (3.3
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Figure 4.5: Results of super-resolving a signal by applying semidefinite programming for
different values of the signal-to-noise ratio induced by adding i.i.d. white Gaussian noise.



Chapter 5
Proof of Exact Recovery

This chapter proves that total-variation norm minimization achieves exact recovery
under a minimum-separation condition on the signal support, as stated in Theorem
Section 5.1 explains how the proof relies on the construction of a certain polyno-
mial that certifies exact recovery. Section presents a novel proof technique which
allows to construct such a polynomial when the support of the signal is not too clus-
tered together. A number of subsequent works build upon this construction to prove
the support-detection capability of super-resolution via convex programming [2,46],
guarantees on denoising of line spectra via convex programming [101], recovery of
sparse signals from a random subset of their low-pass Fourier coefficients [102], re-
covery of non-uniform splines from their projection onto spaces of algebraic poly-
nomials [12,/37] and recovery of point sources from their projection onto spherical
harmonics [11]. Finally, the lemmas used to establish the result are proved in Sec-
tion [5.3] Throughout the chapter we write A = A(T) > Ay = 2A. Also, we
identify the interval [0, 1) with the circle T.

5.1 Dual certificates

In the discrete setting, the compressed sensing literature has made clear that the
existence of a certain dual certificate guarantees that the ¢; solution is exact [26].

In the continuous setting, a sufficient condition for the success of the total-variation

7
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solution also concerns the existence of a solution to the dual of the convex program,
which corresponds to a low-pass polynomial that interpolates the sign pattern of the

signal. This is made precise by the following proposition.

Proposition 5.1.1. Suppose that for any vector v € C/Tl with unit-magnitude entries,
there exists a low-frequency trigonometric polynomial
flo )
g(t) = > ae®™ (5.1.1)

k=—fio

obeying the following properties

q(t;) = vj, t; €T,
lq(t)] <1, teT\T.

(5.1.2)

Then x s the unique solution to Problem (|2.2.1)).

Proof. The proof is a variation on the well-known argument for finite signals, and
we note that a proof for continuous-time signals, similar to that below, can be found
in [36]. Let xes be a solution to (2.2.1) and set xe = x + h. Consider the Lebesgue

decomposition of h relative to |x|,
h — hT + th,

where (1) hr and hpe is a unique pair of complex measures on B (T) such that Ay is
absolutely continuous with respect to |z|, and (2) hre and |z| are mutually singular.
It follows that hp is concentrated on T while hre is concentrated on T°¢. Invoking a
corollary of the Radon-Nykodim Theorem (see Theorem 6.12 in [87]), it is possible

to perform a polar decomposition of hr,
hT _ ei27r¢(t) |hT| 7

such that ¢ (t) is a real function defined on T. We can now choose v such that
v; = e %) for all t; € T, so that [ q(t)hr(dt) = ||hr||py. The existence of the
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corresponding ¢ suffices to establish a valuable inequality between the total-variation

norms of hr and hr.. Begin with

0= / g(t)h(dt) = / a(B)hr(dt) + / A(O)hre (A1) = ||y + / QB ()

and observe that

TV

/Tq(t)th(dt)‘ < ||hre

provided hpe # 0. This gives

hr|| oy < [|hre

TV

with a strict inequality if A # 0. Assuming h # 0, we have

||$||TV > ||z + h||TV = ||$+hT||TV+||hTC

v 2 |2l ov =Pzl pyH Rzl v > (2]l gy -

This is a contradiction and thus h = 0. In other words, x is the unique minimizer. [J

Constructing a bounded low-frequency polynomial interpolating the sign pattern
of certain signals becomes increasingly difficult if the minimum distance separating
the spikes is too small. This is illustrated in Figure [5.I] where we show that if

spikes are very near, it would become in general impossible to find an interpolating
low-frequency polynomial obeying ((5.1.2)).

5.2 Proof of Theorem 2.2.1]

Theorem is a direct consequence of combining Proposition (5.1.1)) and the propo-
sition below, which establishes the existence of a valid dual certificate provided the

elements in the support are sufficiently spaced.

Proposition 5.2.1. Let v € C!T! be an arbitrary vector obeying lv;| = 1. Then
under the hypotheses of Theorem there exists a low-frequency trigonometric

polynomial obeying (5.1.2)).
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+1 +1

(a) (b)

Figure 5.1: (a) Low-frequency polynomial interpolating a sign pattern in which the sup-
port is well separated, and obeying the off-support condition . In (b), we see that
if the spikes become very near, we would need a rapidly (high-frequency) interpolating
polynomial in order to achieve . This is the reason why there must be a minimum
separation between consecutive spikes.

The remainder of the chapter proves this proposition. Our method consists in
interpolating v on T" with a low-frequency kernel and correcting the interpolation to
ensure that the derivative of the dual polynomial is zero on T. The kernel we employ
is
sin ((% + 1) 7Tt)
(% + 1) sin (7t)

K(t)= ] ., 0<t<l, (5.2.1)

and K (0) = 1. If fi, is even, K () is the square of the Fejér kernel which is a trigono-
metric polynomial with frequencies obeying |k| < fi,/2. As a consequence, K is of
the form (5.1.1). The careful reader might remark that the choice of the interpola-
tion kernel seems somewhat arbitrary. In fact, one could also use the Fejér kernel
or any other power of the Fejér kernel using almost identical proof techniques. We
have found that the second power nicely balances the trade-off between localization
in time and in frequency, and thus yields a good constant.

To construct the dual polynomial, we interpolate v with both K and its derivative

K/

Y

q(t) = Y oK (t—t;) + 8K (t = 1)), (5.2.2)

t; €T

where a, 3 € CITI are coefficient sequences. The polynomial ¢ is as in (5.1.1). In
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order to make it obey ¢(t;) = vi, we impose

=D ok )+ BiK (L — tj) = vy, V4 €T, (5.2.3)

t;eT

whereas to ensure that it verifies |¢(t)| < 1 for ¢t € T, we impose ¢'(t;) = 0,

=Y K (ty —t;) + BE" (tp —t;) =0, Y €T (5.2.4)

t; €T

As we will see, this implies that the magnitude of ¢ reaches a local maximum at those
points, which in turn can be used to show that holds.

The proof of Proposition [5.2.1] consists of three lemmas, which are proved in the
following section. The first one establishes that if the support is spread out, it is

possible to interpolate any sign pattern exactly.

Lemma 5.2.2. Under the hypotheses of Proposition there exist coefficient vec-

tors a and [ obeying
lall, < a®:=1+8824107%,

(5.2.5)
18], < B> :=3.204 1072 \,,
such that (5.2.3)~(5.2.4) hold. Further, if vi =1,
Rea; > 1—28.824 1077,
(5.2.6)

[Tm a;| < 8.824 107%.

To complete the proof, Lemmas [5.2.3) and [5.2.4] show that |¢ ()| < 1 in the unit

interval.

Lemma 5.2.3. Fiz 7 € T. Under the hypotheses of Pmposztwnu 5.2.1, |q(t)] < 1 for
|t — 7] € (0,0.1649 \y,).

Lemma 5.2.4. Fiz T € T. Then under the hypotheses of Pmposztzon- lg(t)| < 1
for|t — 7] € [0.1649 \j,, A/2]. This can be extended as follows: letting T, be the closest
spike to the right, i. e. 7+ = min{t € T : t > 7}. Then |q(t)| < 1 for all t obeying
0<t—71< (1 —7)/2, and likewise for the left side.
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In addition, we record a useful lemma to derive stability results.

Lemma 5.2.5. If A(T) > 2.5\, then for any T € T,
lg ()] <1—0.3353f2 (t —7)*, forallt: |t —7| <0.1649 . (5.2.7)

Further, for min,cp |t — 7| > 0.1649 Ay, |q (t)| is upper bounded by the right-hand
side above evaluated at 0.1649 A, .

Finally, Section describes how the proof can be adapted to obtain a slightly

smaller bound on the minimum distance for real-valued signals.

5.3 Proofs of lemmas

The proofs of the three main lemmas of the previous section make repeated use of
the fact that the interpolation kernel and its derivatives decay rapidly away from
the origin. The intermediate result below, proved in Section [5.3.6, quantifies this by

establishing upper bounds on the magnitude of the kernel.

Lemma 5.3.1. For ¢ € {0,1,2,3}, let K be the (th derivative of K (K = K©).

For %flgl = %)\lo <t< %, we have

~ t
Bi(t) = ot 3ho <t <2/,

wt H® 1
Tog2)i=ras V2/m<t< 3

|KO@)] < Bi(t) =

where Hy* =1, H® =4, H® =18, H® =77,

Hy(t) = a'(t),

H,(t) = a*(t) (2 + 2b(t)),

Hy(t) = a*(t) (4 + 7b(t) + 66*(t)) ,

Hs(t) = a'(t) (8 + 24b(t) + 300%(t) + 15b°(1)) ,
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and

e ()
-y a

b(t) =

1
flo

For each {, the bound on the magnitude of By(t) is nonincreasing in t and By(A —
t) + By(A +t) is increasing in t for 0 <t < A/2 if 0 < A+t <2/,

This result can be used to control quantities of the form -, 7 (. [K (¢ — ¢;)] for

7 € T as shown in the following lemma.

Lemma 5.3.2. Suppose 0 € T. Then for allt € [0,A/2],

Y KO —t)| < F (A1) = FF(A ) + Fy (A1) + F* (D),
t;€T\{0}

where
20

F(At) = max{ max ‘K(e) (t — t+)| , B (3Amin — t)} + Z Bg(jAmin —t),

Agt+ SBAmin

j=2
20 ~
F7 (A t) = max {A<tm<agXA KO )], B (3Amin)} + ) Bo(jAmin + 1),
—=v— = min j:2
kTt HE® 4 Y
FR(Apim) = £ , =——2) — <898107°.
T e D

Moreover, Fy (A, t) is nonincreasing in A for all t, and Fy (Amin,t) is nondecreasing

m t.

Proof. We consider the sum over positive t; € T first and denote by ¢, the positive

element in T closest to 0. We have

> KO —t)] = KOt —ty)] + > KO (t—t,)]. (5.3.1)

tiET:0<ti§1/2 tiET\{t+}:0<ti§1/2

Let us assume ¢, < 2A., (if t2 > 2A, the argument is very similar). Note that the
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assumption that fj, > 128 implies 21A,;, < 0.33 < \/§/W By Lemma and the

minimum-separation condition, this means that the second term on the right-hand

side is at most

> Bi(jAmin —t) +

(fio +24 fz yAmmit)

(5.3.2)

which can be upper bounded using the fact that

i i < i Hl?o
: 4 — . 4
j=21 (JAmin £ 1) =20 (7 Amin)

mln

s (53

Hp t 19 1

5 (%%5)
B kH®

2Ai’11’111’1’

the first inequality holds because t < Ap;, and the last because the Riemann zeta

function is equal to 7*/90 at 4. Also,

MAXA<t, <3A 10 t < 3Anin,

BE(SAmin - t)7

t_|_ > SAmin-

Hence, the quantity in is bounded by F; (A, t) + F°(Amm)/2. A similar argu-
ment shows that the sum over negative ¢; € 7" is bounded by F, (A, 1)+ F°(Amin) /2

To verify the claim about the monotonicity with respect to A, observe that both
terms

|K9 (¢t —t3)|, Be (3Amm — t)}

max max
A§t+ <3Amin
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and

(©) )
maX{ aiax KO ()] B (3Amm>}
are nonincreasing in A.

Fix A = Ay, now. Since By (JA —1t) + By (JA +t) is increasing in ¢ for j <
20 (recall that 21A,, < V2/7), we only need to check that the first term in the
expression for F, £+ is nondecreasing in t. To see this, rewrite this term (with A = Ai,)

as
max {A max |K(z) ()], Be (3Amin — t)} :

min_t§u§3Amin —t

Now set ¢’ > t. Then by Lemma |5.3.1]

’ Bf (SAmin - t) )
B€ (BAmin —1 ) Z
| K (u)], u > 3Anm — t'.
Also, we can verify that
max |K(z) (u)] > max ‘K(E) (u)] .

Aminft,SUSBAminft, - AminftgugsAminft,

This concludes the proof. O

In the proof of Lemmas [5.2.3] and [5.2.4], it is necessary to find a numerical up-
per bound on Fy(Apin, t) at t € {0,0.1649 Ay, 0.4269 A\, 0.7559 A, } (for the last two

points, we only need bounds for £ = 0,1). For a fixed , it is easy to find the maximum

of ‘K O (t — t+)| where ¢, ranges over [Apin, 3Ami] since we have expressions for the
smooth functions K (see Section . For reference, these functions are plotted
in Figure 5.2l The necessary upper bounds are gathered in Table [5.1]

Finally, a last fact we shall use is that K (0) = 1 is the global maximum of K and
|[K" (0)| = |—72 fio (fio + 4) /3| the global maximum of |K"|.
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t/Mo | Fo (198N, ) | 1 (198N, 1) | F (1.98N0, £) | F5 (1.98N, £)
0 6.253 105 | 7.639 102f,, | 1.053 /2 8.078 3
0.1649 | 62791073 | 7.659 10 2f, | 1.055f2 18.56 f3
0.4269 | 8.020 103 0.3042 5,
0.7559 | 5.565 102 1.918f,

Table 5.1: Numerical upper bounds on Fy(1.98)\,,1).

x 10~

6/ : 0.12; ‘
— K@)l — KO
— KA c
5¢ o 047 — KR
al 1 0.08
3t 1 0.06
2 10,04
1t 1002
% 3 4 5 % 3 4 5
(a) (b)

Figure 5.2: }K(@ (t)’ for t € [Amin, 3Amin]. The scaling of the x-axis is in units of \j,.

5.3.1 Proof of Lemma [5.2.2]

Set
(Do)j, =K (t; —tr), (Di)y,=K"(t; —tx), (D2);,=K"(t; —t),
where j and k range from 1 to |T'|. With this, and become
Dy Di| |« v
o o 17

A standard linear algebra result asserts that this system is invertible if and only if
D, and its Schur complement Dy — Dy D5 ! D, are both invertible. To prove that this
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is the case we can use the fact that a symmetric matrix M is invertible if
11— M|, <1, (5.3.3)

where ||A||s is the usual infinity norm of a matrix defined as

l[#]loo=1

[l = max Azl = max Y |4y
J

This follows from M~' = (I — H)™" =37, H*, H = I — M, where the series is

convergent since ||H|| < 1. In particular,

1
M| < : (5.3.4)
Il = T,
We also make use of the inequalities below, which follow from Lemma [5.3.2]
11— Doll, < Fo (Amin,0) < 6.253 107, (5.3.5)
1Dy, < Fy (Apin, 0) < 7.639 1072 fio, (5.3.6)
I|K" (0) I — Dsl|, < Fa (Apin, 0) < 1.053 f2. (5.3.7)

Note that Dy is symmetric because the second derivative of the interpolation kernel
is symmetric. The bound (5.3.7) and the identity K” (0) = —72 fi, (fio +4) /3 give

D,
I— <1
|- ot <

which implies the invertibility of Dy. The bound (5.3.4) then gives

_ 1 0.4275
* K" (0) — [IK"(0) = Dofl, = f

|| D3] (5.3.8)
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Combining this with (5.3.5)) and (5.3.6) yields

17— (Do = DiD; " Dy)| < (1= Dol + 1D11% |05 ]]
< 8.747107° < 1. (5.3.9)

Note that the Schur complement of D, is symmetric because Dy and Dy are both
symmetric whereas DI = —D; since the derivative of the interpolation kernel is
odd. This shows that the Schur complement of D, is invertible and, therefore, the
coefficient vectors o and [ are well defined.

There just remains to bound the interpolation coefficients, which can be expressed

o Lot

where C' is the Schur complement. The relationships ([5.3.4) and (5.3.9) immediately

give a bound on the magnitude of the entries of «

as

C v, C:=Dy— DD;'Dy,

el = |[C7 || < [|C7Y| . < 1+8.824 1075,

Similarly, (5.3.6]), (5.3.8) and (5.3.9)) allow to bound the entries of §:

181l < 102" DiC|
< 1D | 1Dallog [|C7H], <3294 1072 A

Finally, with v; = 1, we can use to show that «; is almost equal to 1. Indeed,
ar=1-—m, m=[I-C ",
| < [[1=C7H], and
[ I=C7M| =l U=-O)|, <||]C7Y|, [H=Cll <8824107°.

This concludes the proof.
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5.3.2 Proof of Lemma [5.2.3

We assume without loss of generality that 7 = 0 and ¢(0) = 1. By symmetry, it
suffices to show the claim for ¢ € (0,0.1649 \;,]. Since ¢’(0) = 0, local strict concavity
would imply that |g(¢)| < 1 near the origin. We begin by showing that the second
derivative of |q| is strictly negative in the interval (0,0.1649 A,). This derivative is

equal to
& lq| (1) = @O (0) +ar (g ), la' OF +ar () 4o () + a1 (£) a7 (1
dt2 lq () la (t)] ’

where gg is the real part of ¢ and ¢; the imaginary part. As a result, it is sufficient
to show that

ar () df (t) + |d O + lar ()] g} ()] <0, (5.3.10)

as long as |q (¢)| is bounded away from zero. In order to bound the different terms in
(5.3.10), we use the series expansions of the interpolation kernel and its derivatives

around the origin to obtain the inequalities, which hold for all ¢t € [-1/2,1/2],

2

K(t) 21— %ﬁo (fio +4) 2, (5.3.11)
K 0] < T fo (ot 4) 1 (53.12)
K"(t) < —%2f10 (fio +4) + %4 (fo +2)" 2, (5.3.13)

K7 ()] < T fo (i +4). (5:3.14)
K] < T (o4 2 (53.15)

The lower bounds are decreasing in ¢, while the upper bounds are increasing in ¢, so

we can evaluate them at 0.1649 \j, to establish that for all ¢ € [0,0.1649 A\j,),

K (t) > 0.9539, K" (t) < —2.923 f2,

(5.3.16)
|K' (t)] <0.5595 fio,  |K"(t)] <3.393 f7, [K™ (t)] < 5.697 f;3.
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We combine this with Lemmas|5.3.2/and [5.2.2|to control the different terms in ([5.3.10))

and begin with gg (t). Here,

qr(t) =Y Re(a;) K (t —t;) +Re (8;) K (t — t;)

t; €T

>Re () K (8) = llalle D K (=t =118l D 1K (t—t))]

t;€T\{0} t;eT
> Re (o) K (1) — a™Fy (A1) = B (|K' (1) + F1 (A, 1))
> Re (1) K () — a®Fy (Amin, t) — 8% (K’ ()] + Fy (Amin, 1))
> 0.9182. (5.3.17)

The third inequality follows from the monotonicity of F, in A, and the last from

(5.3.16) together with the monotonicity of F} (Awyin,t) in £, see Lemma so that
we can plug in t = 0.1649 \,,. Observe that this shows that ¢ is bounded away from

zero since |q (t)| > qr (t) > 0.9198. Very similar computations yield

lar (1) = > Tm (o) K (t = t;) + Im () K’ (t — t;)

t; el

< [ ()| +llallg D 1K=t + 1181l D 1K (E =)

t;€T\{0} t;eT
S |III1 (al)l + aOOFO (Amina t) + ﬁoo (|K, (t)| + Fl (Amimt))
< 3.611 1072

and

g (t) =Y Re(a;) K" (t—t;)+ > Re () K" (t —t;)

t;eT t; €T
< Re(an) K" (1) + llall, D K" (t=t)[+ 1Bl D IK"” (t—t;)]
t;€T\{0} t; €T

S Re (041) K” (t) + aOOFQ (Aminv t) + 600 (|K”/ (t)| + F3 (Aminv t))
< —1.034 f2. (5.3.18)
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Similarly,

a7 ()] = [>T (ay) K" (t —t;) + > Tm (8;) K" (t 1)

t;eT t;eT
<Im (o) |K" ()] + ol Y K" (=t + 18]l D IK" (t—1t;)]
t;€T\{0} t; €T
<Im (o) [K" (#)] + @ F (Amin, ) + 8% (|K" ()] + F5 (Amin, 1))
< 1.893 f2

and

| (1) = Y iK' (t—t;) + BE" (t — 1))

tjET
<lallo D 1K (=) + 18Il D 1K (t = 1))
t;eT t; €T
S aoo |K/ (t)| + aOOFl (Aminat) + ﬁOO (|KH (t)| + F2 (Aminvt))
< 0.7882 fio.

These bounds allow us to conclude that |g|” is negative on [0,0.1649)\,,] since
ar (t) a () + ' (0" + lar (D] g7 (£)] < =9.291 1072 f < 0.

This completes the proof.

5.3.3 Proof of Lemma [5.2.4]

As before, we assume without loss of generality that 7 = 0 and ¢(0) = 1. We

use Lemma [5.3.2] again to bound the absolute value of the dual polynomial on
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[0.1649\,, A /2] and write

0] = | 0K (= 1) + 8K (t — 1)

t;€T

< llalle 1K 01+ >0 1K =)l + 18l [[K' O+ Y 1K (= t)]]
t;€T\{0} t;€T\{0}

< a®|K )]+ a®Fy (A, t) + 87| K (¢)| + B°F1 (A, t) - (5.3.19)

Note that we are assuming adversarial sign patterns and as a result we are unable to
exploit cancellations in the coefficient vectors o and 8. To control |K(t)| and |K'(t)]

between 0.1649 A\, and 0.7559 \y,, we use series expansions around the origin which

give
K(t)<1- 7 fio (fro +4) ? N o (fio +2)" t!
B 6 2 (5.3.20)
K (1)) < Ao o + 4)8

3 )
for all t € [-1/2,1/2]. Put

71'2]010 (flo + 4>t
3 ?

_ o (o £ E  m (fio + 2)" ¢

L, () = 00[1
1(t) =a 6 72

<o
with derivative equal to

7T2flo (flo + 4)t - 774 (flo + 2)4 t3
3 18

:| _‘_6007-(2]010 (?;104_4).

L5 (1) = —a™|

This derivative is strictly negative between 0.1649 A\, and 0.7559 A\},, which implies
that L; (t) is decreasing in this interval. Put

Ly (t) = @™ Fy (Amin; t) + B7F1 (Amin, t) -
By Lemmal5.3.2] this function is increasing. With (5.3.19)), this gives the crude bound

g ()] < Ly (8) + Lo (t) < Ly (1) + Lo (t)  for all t € [t1, ). (5.3.21)
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t1/ Ao | t2/ Mo | L1 (t1) Ly (t2)
0.1649 | 0.4269 | 0.9818 | 1.8121072
0.4269 | 0.7559 | 0.7929 0.2068

Table 5.2: Numerical quantities used in (5.3.21]).

Table shows that taking {t1,t} = {0.1649 )\, 0.4269 A\, } and then {ty,t,} =
{0.4269 Ay, 0.7559 Ao } proves that [¢(£)] < 1on [0.1649\, 0.7559\]. For 0.7559A, <
t < A/2, we apply Lemma and obtain

lq(t)] < a™ [BO (t) + Bo (A —1t) + f:Bo (JAmin + A —t) + f:Bo (7 Amin + t)]

j=1 j=1

+ 8% [Bl (t)+ B (A—t)+ i By (jAmin + A —1t) + i B (jAmin + t)}

j=1 j=1

<o [BO (0.7559N0) + > Bo (jAmin — 0.7559M0) + > Bo (jAmin + 0.7559)\10)}

J=1 J=1

+ B> [Bl (0.7559M0) + > By (jAmin — 0.7559N0) + > By (jAmin + 0.7559)\10)]

j=1 j=1

< 0.758;

here, the second step follows from the monotonicity of By and B;. Finally, for A/2 <
t < t,/2, this last inequality applies as well. This completes the proof.

5.3.4 Proof of Lemma [5.2.5|

Replacing A = 1.98 A\, by A = 2.5 )}, and going through exactly the same calculations
as in Sections [5.3.1) and [5.3.2] yields that for any ¢ obeying 0 < [t — 7| < 0.1649 A,

d*|q|
a2

(t) < —0.6706 f2.
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t/ Ao | Fo(2.5M0,t) | F1(2.5N0,1) | F2(2.5M0,1) | F3(2.5\,,1)
0 5175107 | 6.839 1072 f, | 0.8946 f2 7.644 f2
0.1649 | 51821073 | 6.849 1072 f, | 0.9459 f2 7.647 1
Table 5.3: Numerical upper bounds on Fy(2.5\,,1).
t/ Ao | Fo(1.87TA\o,t) | F1 (1.87\,t) | Fo (1.87\,t) | F5(1.87 )\, 1)
0 6.708 103 7.978 1072 fi, 1.078 f2 16.01 f2
0.17 | 6.747 1073 0.1053 fio 1.081 f2 41.74 f3

Table 5.4: Numerical upper bounds on Fy(1.87\p, t).

For reference, we have computed in Table numerical upper bounds on Fy(2.5\,, t)
at t = {0,0.1649 A}. Since |¢(0)| = 1 and ¢'(0) = 0, it follows that

1
lg ()] < |q(0)] — 5 06706 fit2. (5.3.22)

At a distance of 0.1649 \),, the right-hand side is equal to 0.9909. The calculations
in Section with A = 2.5\, imply that the magnitude of ¢(¢) at locations at
least 0.1649 A\, away from an element of T" is bounded by 0.9843. This concludes the

proof.

5.3.5 Improvement for real-valued signals

The proof for real-valued signals is almost the same as the one we have discussed
for complex-valued signals—only simpler. The only modification to Lemmas [5.2.2
and is that the minimum distance is reduced to 1.87 A, and that the bound in
Lemma is shown to hold starting at 0.17 A\, instead of 0.1649 A\j,. For reference,
we provide upper bounds on Fy(1.87\,t) at ¢ € {0,0.17 Ao} in Table 5.4l As to
Lemma the only difference is that to bound |g| between the origin and 0.17 Ay,
it is sufficient to show that the second derivative of ¢ is negative and make sure
that ¢ > —1. Computing for A = 1.87)\, for t € [0,0.17 \},], we obtain
q" < —0.1181. Finally, (5.3.17)) yields ¢ > 0.9113 in [0,0.17 \].
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5.3.6 Proof of Lemma [5.3.1]

The first inequality in the lemma holds due to two lower bounds on the sine function:

|sin (7t)| > 2|t|, for all t € [-1/2,1/2] (5.3.23)
S5 2t

sin (rt) > 7wt — — =~ forall t > 0. (5.3.24)
6 a(t)

The proof for these expressions, which we omit, is based on concavity of the sine
function and on a Taylor expansion around the origin. Put f = fi,/2 + 1 for short.

Some simple calculations give K’(0) = 0 and for ¢ # 0,

K/ (1) = dx (sin (fms))?’ (cos (frt) sin (fmf);(:os( )). (5.3.25)

fsin (7t) sin (7t) f sin® (7t)

Further calculations show that the value of the second derivative of K at the origin
is =2 fio (fio +4) /3, and for ¢ # 0,

47% sin? (frt)

Ko (8) = f2sin (1)

_ sin (fmt) cos (i) ?

[3 (cos (fmt) Fem (D) )

sin (2f7wt)  sin? (frt) sin? (frt)
ftan(wt)  f2tan®(wt)  f2sin® (nt)

—sin? (frt) — } . (5.3.26)

It is also possible to check that the third derivative of K is zero at the origin, and for

t 40,

K" (t) = % (6G1(t) + 9sin (frt) Go(t) + sin® (fxt) G3(t))  (5.3.27)
with
M cos(Fn _ sin (fnt) cos (i) ’
G(0) = (cos ) - T
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Ga(t) = (cos (frt) — B0 (f7t) cos (7rt)>

fsin (7t)

, 2 cos (fnt) sin (frt) sin (frt)
<_ sin (frt) - f tan (7t) i f2tan? (7t) * f2sin? (mf)) ’
 3cos (fmt) (1 + cos® (nt)) 3sin (frt)
B f2sin? (7t) f tan (7t)
sin (fnt) (1 + 5 cos (7t))
B f3sin® (7t) '

Gs(t) — cos (fmt) +

The remaining inequalities in the lemma are all almost direct consequences of plugging

(5.3.23) and ((5.3.24)) into (5.3.25)), (5.3.26)) and (5.3.27]). The bounds are nonincreas-

ing in ¢ because the derivative of b(t) is negative between zero and v/2/m and one can
check that Hy(v/2/7) < H for fi, > 128. Additionally, b*(t) is strictly convex for
positive ¢ and k € {1,2,3}, so the derivative with respect to 7 of b*(A —7) +b*(A+7)
is positive for 0 < 7 < A/2, which implies that By(A — 7) + By(A + 7) is increasing

in 7.



Chapter 6
Proof of exact recovery in 2D

This chapter provides the proof of Theorem [2.3.1] which establishes exact recovery
in two dimensions. Section describes the main argument of the proof, using
several lemmas that are proved in Section [6.2] Throughout the chapter we write
A =A(T) > Apin = 2.38 \o. Unless specified otherwise, | — 7’| is the oo distance.

6.1 QOutline of proof

Note that Proposition [5.1.1] also holds in multiple dimensions. It states that if there
exists a low-pass polynomial that interpolates the sign pattern of a signal and has
a magnitude strictly smaller than one on the off-support, then total-variation norm
minimization achieves exact recovery. As a result, Theorem follows from Propo-
sition below, which guarantees the existence of such a dual certificate.

Proposition 6.1.1. Let T = {ry,ry,...} C T? be any family of points obeying the

manimum distance condition
|7 — 1| > 238N, 1 F£ 1T
Assume fi, > 512. Then for any vector v € RIT with |v;| = 1, there exists a

trigonometric polynomial q with Fourier series coefficients supported on {— f., — fio +

97
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1,..., fe}? with the property

q(rj) =v;, t; €T,
lg(r)| <1, teT?\T.

(6.1.1)

The proof is similar to that of Proposition [5.2.1]in that we shall construct the dual
polynomial ¢ by interpolation with a low-pass, yet rapidly decaying two-dimensional

kernel. Here, we consider
E* (r) =K (z) K (y),

obtained by tensorizing the square of the Fejer kernel . (For reference, if we
had data in which y(k) is observed if ||k||2 < f., we would probably use a radial
kernel.) Just as before, we have fixed K somewhat arbitrarily, and it would probably
be possible to optimize this choice to improve the constant factor in the expression
for the minimum distance. We interpolate the sign pattern using K2 and its partial

derivatives, denoted by K (21]?0) and K (23?1) respectively, as follows:

q(r) =Y (K (r — 1)) + B Kily (r =) + Bo Koy (r = 7).

Tj eT

and we fit the coefficients so that for all t; € T,

q(t;) = vy,

Yol —0 (6.1.2)

The first intermediate result shows that the dual polynomial is well defined, and also

controls the magnitude of the interpolation coefficients.

Lemma 6.1.2. Under the hypotheses of Proposition there are vectors o, [
and B2 obeying (6.1.2) and

lall, <1+5.577 1072,

B (6.1.3)
115]], <2.930 107= Ny,
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where 5 = (p1, B2). Further, if vy =1,
a; >1—55771072. (6.1.4)

Proposition is now a consequence of the two lemmas below which control

the size of ¢ near a point rq € T. Without loss of generality, we can take rq = 0.

Lemma 6.1.3. Assume 0 € T. Then under the hypotheses of Proposition [0.1.]],
g (r)] < 1 for all 0 < |r| < 0.2447 \y,.

Lemma 6.1.4. Assume 0 € T. Then under the conditions of Proposition [0.1.1],
lq (r)| <1 for all r obeying 0.2447 X\, < |r| < A/2. This also holds for all r that are

closer to 0 € T (in the oo distance) than to any other element in T

6.2 Proof of lemmas

6.2.1 Proof of Lemma [6.1.2

To express the interpolation constraints in matrix form, define

To be clear, K (22 () means that we are taking ¢; and ¢, derivatives with respect to
the first and second variables. Note that Dy, D20y, D1,1) and D) are symmetric,
while D1y and D(y ;) are antisymmetric, because K and K" are even while K' is

odd. The interpolation coefficients are solutions to

D D D o v -
0 (1,0) (0,1) py -] [a y
Daoy Deoy Day| |b] =0 = | = = |, (621
0

Doy Dany Dog| |Be
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where we have defined two new matrices Dl and f)g. The norm of these matrices can

be bounded by leveraging 1D results. For instance, consider

1= Dol =D [K® ()]

r;€T\{0}

We split this sum into different regions corresponding to whether |z;| or |y;| < A/2
and to min(|z;|, |y;|) > A/2. First,

o K[ < )] Bolr) <2)  Bo(jA).

720 [y;|<A/2 770 |yj|<A/2 j=1

This holds because the z,’s must be at least A apart, By is nonincreasing and the
absolute value of K?P is bounded by one. The region {r; # 0, |z;] < A/2} yields
the same bound. Now observe that Lemma [6.2.1] below combined with Lemma [5.3.1]

gives

Y. KT < > Bolw)Boly) < | Bo(A/240)]
r;7#0:min(x;,y;)>A/2 r;7#0:min(x;,y;)>A/2 7120
To bound this expression, we apply the exact same technique as for (5.3.2)) in Section
[5.3] starting at j = 0 and setting jo = 20. This gives

2
11— Doll, <43 Bo(jA) + 4[2 Bo(A/2 +jA)} < 48541072 (6.2.2)
i>1 7>0
Lemma 6.2.1. Suppose x € R: and f(z) = fi(z1)fa(x2) where both fi and fo are

nonincreasing. Consider any collection of points {x;} C R% for which |x; — x;| > 1.

Then
Zf(»’lfj) <Y AGD) Y falia):

Jj120 J220
Proof. Consider the mapping x € R2 + (|21, |22]). This mapping is injective over
our family of points. (Indeed, two points cannot be mapped to the same pair of
integers (j1, jo) as it would otherwise imply that they are both inside the square [j; +

1) X [j2 + 1), hence violating the separation condition.) Therefore, the monotonicity

2
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assumption gives

mej <Zf1 IJIJ fa( %2 Z fi(j) f2(52),

J1,J220
which proves the claim. O

Applying the same reasoning, we obtain

[1Daoll, <23 Bi(GA) + 21K [l Y Bo(jA)

j21 j21

+ 4[2 Bo(A/2 + jA)] [Z Bi(A/2+ jA)].

In turn, the same upper-bounding technique yields
1D, < 77231072 fi, (6.2.3)

where we have used the fact that || K’ || < 2.08(fi, + 2), which follows from combin-

ing Lemma [5.3.1] with (5.3.12)). Likewise,

2
1Dan]| < 41K 1 S Bi(iA) + 4[2 Bi(A/2 + jA)} <0.1576 f2,  (6.2.4)

Jj=1 320
and finally,

15850 ()] 1= Dag)| . <2 Ba(GA) + 2| K"l > Bol(jA)

t4 [Z BO(A/_Q + jA)} [Z BQ(A/2;]‘A)] <0.3539 f2, (6.2.5)

j=0 j=0

since [|K"||oo = 7 fio (flo +4) /3, as | K| reaches its global maximum at the origin.
We use these estimates to show that the system (6.2.1)) is invertible and the



CHAPTER 6. PROOF OF EXACT RECOVERY IN 2D 102

coefficient sequences are bounded. To ease notation, set

S1= D20 — DD, Q)D(Ll),
S = Do) — Dy Digly,
Sy = Do + S5 5782 — Dio,1)D gy Dio)-

D(01)7

Note that S; is a Schur complement of D2 and that a standard linear algebra

identity gives

-1 -1 _
Hot = [ S; —S7'D 11)D(02) ] |
02)

Dy DanStt Dy + Doy DSt Dy Dy,

Using this and taking the Schur complement of D,, which is equal to S, the solution

to ([6.2.1) can be written as

I e o N1
= | (po+ DIDD)
B ~D;'D,
o 1
& B = —S;1S, Sy tv.
Bo D(fo?g) (D(1,1)5f152 - D(o,l))

Applying (5.3.4)) from Section [5.3.1, we obtain

1 0.3399

< 2o (6.2.6)
‘K(OQ ‘_‘HK(OQ )‘—,_D(Oﬂ) lo

—1
HQWM

o0

which together with K%7, (0) = =7 fio (fio +4) /3 and (6.2.4) imply

11680 O 1= 81l <[[[K8% )] 1= Degl|, + [1Pan]l

ool

< 0.33624 f2.
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Another application of ([5.3.4) then yields

1 0.3408

ol ofs - % Y

o0

Next, (6.2.3), (6.2.4) and (6.2.6) allow to bound S,

19211 < 1Pl + [1Panll || Pk

N | Deo,p], < 81421072 f,

which combined with (6.2.2)), (6.2.3)), (6.2.6) and (6.2.7) implies

11— Sl < 11— Dol + 11Sl1% |17 || + || P |-

—1
’Dm)

< 5.283 1072

The results above allow us to derive bounds on the coefficient vectors by applying

(5.3.4) one last time, establishing

lall < |]S51],, <1+5.5771072,
1811 < 115728255 ]] < (1871 1111 1S5 < 2930 1072 A,
ar=vi— ((I=85")v), >1—||S5|| 11— Ss]|c >1—5577 1072,

where the last lower bound holds if v; = 1. The derivation for ||3s|| is identical and

we omit it.

6.2.2 Proof of Lemma [6.1.3

Since v is real valued, «, § and ¢ are all real valued. For |r| < 0.2447 )\, we show

that the Hessian matrix of ¢,

H = [q@,O) (") qa. (7“)]

a1 (1) g2 (1)
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is negative definite. In what follows, it will also be useful to establish bounds on the

kernel and its derivatives near the origin. Using (/5.3.11)—(5.3.15]), we obtain

KzD(;p y) <1_ 2f1®(f18+4);132) (1_7T2f10(flg+4)y2>
fio (fo +4) | (o +2)" e 2 fio (fio +4) v
Kgp) (a y)§<—ﬁl(31 )+(1 6)7r$>(1_7rl(16 )?/)
and
2 ol flo+4 4 % . 42
K25y ()] < T DD (0] < Tl D,
12 2 A A
iy o] <« BV g ) < T 2

These bounds are all monotone in z and y so we can evaluate them at x = 0.2447 A,
and y = 0.2447 )\, to show that for any |r| < 0.2447 \,,

K* (r) > 0.8113 | K ()] <0.8113 Ky (r) < —=2.097 f2,
|K2 ()] <0.6531 fio, | Kk (r)] <2669 f2,  |Klp (r)] <8.070 f2.
(6.2.8)

The bounds for K (21]?0), K (22]30) K (22]?1) and K (2550) of course also hold for K (2(}?1), K (28?2),

K(QD and K 2533) Additionally, it will be necessary to bound sums of the form
ereT/{O} ‘K(€17€2) (r —r;)| for r such that |r| < A/2 and 41,0, = 0,1,2,3. Consider
the case (€1, 02) = (0,0). Without loss of generality, let r = (z,y) € R%. By Lemma
6.2.1] the contribution of those r;’s belonging to the three quadrants {|r| > A/2}\R%

obeys

S P )| <3[3 Bua2 +jA)r.

rj|>A/2,r;¢RE 320
Similarly, the contribution from the bands where either |r;;| or |r;2| < A/2 obeys

Z K2 (r 1)) §2ZBO(JA_|TD'

[75,11<A/2 or |rj2|<A/2 j>1
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It remains to bound the sum over r;’s lying in the positive quadrant {|r| > A/2}NR?.
To do this, let f; (t) be equal to one if |t| < A and to By(At — |r|) otherwise. Taking
fo = f1, Lemma [6.2.1] gives

Z ‘KQD (7“—7“] ZBO JA —|r|) + [ZBO JA —|r]) ]

‘7"]">A/2,’r‘jERi Jj=>1 Jj=1

We can apply exactly the same reasoning to the summation of K (2£D t2) for other values
of ¢, and /5, and obtain that for any r such that |r| < A/2,

> K ey r =) € Zyn (I7D) 5 (6.2.9)
r;€T\{0}
here, for u > 0,
Ziny) (W) =23 KBy, (A — u) + 2K By, (A —u) + K Y By, (jA)
i>1 j>1
+ K3 By, (jA) +3 [Z Bi (A2 + jA)] [Z By (A)2 + §A — u)
j>1 j=>0 j=>0
j>1 i>1

in which K% is a bound on the global maximum of K1), The absolute value of
the kernel K and its second derivative reach their global maxima at the origin, so
K9 =1and K& = 7r2f10 (fio +4) /3. Combining the bounds on |K'| and |K"| in
Lemma [5.3.1) with ( and ( m, we can show that K = 2.08 (fio +2) and
K® =953 (fio + 2)3 if f10 > 512. Since Zy, 4,) = Z(1,,0,), we shall replace Zy, 4, for
which £y > € by Z, 0.

Since

)= Kl (r—ry) + By (r — 1) + Boy Ky (r = 1)

TjET
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Zooy(w) | Zoy(w) | Zay(u) | Zegy(u) | Zasy(u) | Zes)(u)
6.405 10 2 | 0.1047 fiy | 0.1642 fZ | 0.4019 fiy | 0.6751 f2 | L57ASD

Table 6.1: Upper bounds on Z, 4,)(u) at 0.2447 Ay,

it follows from (6.2.8)) and ([6.2.9)) that

g0 (1) < an Kipg) (r) + e Z |K0) (r—1))]

r;€T\{0}
+ 118l [‘K(SO T)|+ Z ‘K(SO Tj)|
r;€T\{0}
+}K(21 T)|+ Z ‘K(Zl Tj)”
r; €T\{0}

< o K (r) + lledl o Zozy (Ir]) + 1181l (\Kgo) )|+ Zoas (7))
+ K ()] +Z(1,2)(!7’|))

< —1.175 f2.

The last inequality uses values of Z, s, (u) at u = 0.2447 Ay, reported in Table .

By symmetry, the same bound holds for g ). Finally, similar computations yield

‘—Z% 11 rj) + B K 21)( ')+52JK(21],32)(7’_73')

r; €T
< llall [\Kzf?l ()] + Za(Ir)|
+||ﬁ|| DK(M |+‘K(12 7’)|+QZ(172)(|7"|)]

< 1.059 f2.

Since Tr(H) = g0 + go2 < 0 and det(H) = |gw0llg02| — lgan> > 0, both
eigenvalues of H are strictly negative.

We have shown that ¢ decreases along any segment originating at 0. To complete
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the proof, we must establish that ¢ > —1 in the square. Similar computations show

r) = Z%‘KQD (T_Tj)+51jK(21]?0) (r—r;) + By K 01)( — ;)

T]'ET
> K (r) = ||all Zoo (Ir]) = 1Bl (|EGS) ()] + | Ki) ()| +2Z0n (7))
> 0.6447.

6.2.3 Proof of Lemma [6.1.4]

For 0.2447 A, < |r| < A/2,

|Q|<‘ZO‘JK2D(T_TJ)+51J 10( 1) + B K 01)( = 7;)

r; €T

< llall [[K2 ()] + Ziooy (D] + 11811 [| K2 ()] + [ ()] + 2200 (IrD)].

Using the series expansion around the origin of K and K’ (5.3.20]), we obtain that for
t < r| <y,

‘K2D | (1 7 fio f10+4) +7r4(f10+2)4x4>
72

—_

77 flo f10+4> 7T4 (f10+2)4y4
+
72
2 2
t2 w2 (1+ 2) t
( )i, )

B 12 :
(0} (0} 4
|K(21]?0) >|§< fl fg‘i‘) ) .

The same bound holds for K (2(}?1). Now set

IN

W (r)=a> !KQD |+2500|K10) )‘
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t1/ Ao | ta/No | Upper bound on W (r) | Zo) (t2) | Zoa) (t2)

0.2447 | 0.27 0.9203 6.561 1072 0.1074
0.27 0.36 0.9099 7.196 1072 0.1184
0.36 0.56 0.8551 9.2391072 0.1540
0.56 0.84 0.8118 0.1490 0.2547

Table 6.2: Numerical quantities used to bound |g| between 0.2447 A, and 0.84 \j,.

where a® and 5 are the upper bounds from Lemma[6.1.2] The quantities reported
in Table imply that setting {¢1,t2} to {0.1649 A, 0.27 A}, {0.27 A, 0.36 A },
{0.36 Ao, 0.56 Ao} and {0.56 A\, 0.84 A, } yields [g] < 0.9958, |¢| < 0.9929, |¢| <
0.9617 and |q| < 0.9841 respectively in the corresponding intervals. Finally, for
7| between 0.84 \,, and A/2, applying Lemma allows to show that W (r) <
0.5619, Z(p,0) (0.84 \js) < 0.3646 and Z(g,1) (0.84 \j,) < 0.6502 f, , so that |g| < 0.9850.
These last bounds also apply to any location beyond A /2 closer to 0 than to any other

element of T" because of the monotonicity of By and B;. This concludes the proof.



Chapter 7
Proof of stability guarantees

This chapter contains the proof of Theorem [3.2.3] The main argument is laid out in
Section [7.1] while Section provides proofs for all the supporting lemmas. Finally,

Section discusses how to extend the result to a multidimensional setting.

7.1 Proof of Theorem [3.2.3

It is useful to first introduce various objects we shall need in the course of the proof.

We let T = {t;} be the support of = and define the disjoint subsets

Sri\ear (J) = {t : |t - tj| S 016/\}7
S = {t : [t—t;] > 0.16), Vt; € T}

here, A\ € {\o, Ani}, and j ranges from 1 to |T'|. We write the union of the sets S (5)

near

as
A T ex
Snear T Uj:ISnear (])

and observe that the pair (S

near?’

S2 ) forms a partition of T. The value of the constant
0.16 is not important and chosen merely to simplify the argument. We denote the

restriction of a measure p with finite total variation on a set S by Psp (note that in

109
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contrast we denote the low-pass projection in the frequency domain by @),). This
restriction is well defined for the above sets, as one can take the Lebesgue decompo-
sition of p with respect to a positive o-finite measure supported on any of them [87].

To keep some expressions in compact form, we set

1
g (=57 [ (=t ).

near (])

[Séear (’u) = Z [Séear(j) (/J/)

t; €T

for any measure g and A € {\,, Api}. Finally, we reserve the symbol C' to denote a
numerical constant whose value may change at each occurrence.

Set h = & — . The error obeys

HQloh’Hﬁl < HQlox - yHLl + Hy - Qlomestuﬁl < 2(57

and has bounded total-variation norm since ||h||py < [|2][py + [|Zestl v < 2120y

Our aim is to bound the L; norm of the smoothed error e := Kj; * h,

llell ., Z/T’/TKhi (t —7) h(dr)|dt.

We begin with a lemma bounding the total-variation norm of h away from T.

Lemma 7.1.1. Under the conditions of Theorem[3.2.3, there exist positive constants
C, and Cy such that

HPSMO M|+, (h) < Cus,

far ’ ‘ TV near

‘ ’P Sphi (h)

‘ < C, SRF?s.
TV

This lemma is proved in Section and relies on the existence of the dual cer-
tificate constructed in Chapter |5| to guarantee exact recovery in the noiseless setting.

To develop a bound about ||e||,, we begin by applying the triangle inequality to
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obtain

t) =

A}qdr—ﬂh@h)

Ky (t— 1) h(d7)]. (7.1.1)

Ahj
Shear

By a corollary of the Radon-Nykodim Theorem (see Theorem 6.12 in [87]), it is
Py, ()] (a7)

possible to perform the polar decomposition P, (h) (d7) = ?2m0(7)
far

such that 6 (7) is a real function and ‘PSAM (h)| is a positive measure. Then
far

/

Ky (t —7) h(dT)
S>\hl
far

&<// | K (t WPm W&Mt
-

/m(/ﬂmnt—TmQ Pgm)ﬂmq

< Co||Pgrs () (7.1.2)

far ‘ ‘TV ’

where we have applied Fubini’s theorem and (note that the total-variation
norm of [Py (h)‘ is bounded by 2 ||z|| 1 < 00).

In orderhtro control the second term in the right-hand side of , we use a
first-order approximation of the super-resolution kernel provided by the Taylor series
expansion of ¢ (1) = Ky; (t — 7) around ¢;: for any 7 such that |7 —¢;] < 0.16\y;, we

have

1
[ Ki (8= 7) = K (¢ = 15) — Ky (= 15) (t; = 7)| < sup jKﬁWN@‘ﬁﬂ?
u:|t7t]~7u|§0.16)\hi

Applying this together with the triangle inequality, and setting ¢; = 0 without loss of
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generality, gives

/ / Ky (t—7)h(dr)|dt < / / Ky (t) h(d7)
T |/ sabi (5) T |/ S0k, ()

1
. / dt + & / / sup KU (u)] 72k (d7)
T 2 T Sr)l\ehz;r(])

|t—u|§0.16)\hi
To be clear, we do not lose generality by setting ¢; = 0 since the analysis is invariant
J

dt

dt.

/ KL (®)rh(an)
Snea‘l‘(j)

(7.1.3)

by translation; in particular by a translation placing ¢; at the origin. To keep things

as simple as possible, we shall make a frequent use of this argument.)

We then combine Fubini’s theorem with (3.2.20)) to obtain

// Ku (£) h (d7) / h (dr)
T |/ Spdd (4) S (5)

at < / K ()] dt
T

< (Cy / h (dr) (7.1.4)
Sl ()
and
/ / K. (1) 7h (d7)| dt < / KL ()] dt / h (dr)
T |58 () T Sl ()
Ch
< Th(dT)]. (7.1.5)
Ani [J2.(7)
Some simple calculations show that (3.2.20)) and (3.2.21]) imply
1" 04
sup K (u)|dt < o (7.1.6)
T \t—u|§0.16>\hi )\hi
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for a positive constant C;. This together with Fubini’s theorem yield

/ / 2h] (dr)
T Soli ()

J(h) (7.1.7)

/ KY ()| 7B (dr)| dt < / sup KL () dt
Sobi () T

|t—u|<0.16 Ay

< C4SRF? I,y

near

for any u. In order to make use of these bounds, it is necessary to control the local
action of the measure h on a constant and a linear function. The following two lemmas
are proved in Sections [7.2.2] and [7.2.3]

Lemma 7.1.2. Take T as in Theorem and any measure h obeying ||Qih||,, <

26. Then
> / h(dr)
Sabi, ()

t; €T
Lemma 7.1.3. Take T as in Theorem and any measure h obeying ||Qioh||,, <
20. Then

D

t;eT

<25+ HPSAM || +CIp, ().

far ) ‘ TV near

< C()\lo 5+ Mo

P, (h)

0] e

near

Lo =t)hian

near (])

+ A SRF? T, (h)).

near

We may now conclude the proof of our main theorem. Indeed, the inequalities
(7.1.2), (7.1.3), (7.1.4), (7.1.5) and (7.1.7) together with T (h) < T (h) and
Lemmas [7.1.2] and [7.1.3] imply

lell, < C (SRF 6+ HPSAM (h)

2
far HTV +SRE HPSQE’ (h)‘ ’TV +SREF [Sﬁéﬁa’r <h)>

< C SRF?,

where the second inequality follows from Lemma [7.1.1]
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7.2 Proof of lemmas

7.2.1 Proof of Lemma [7.1.1]

The proof relies on the existence of a certain low-frequency polynomial, characterized

in the following lemma which recalls results from Proposition and Lemma[5.2.5]

Lemma 7.2.1. Suppose T obeys the separation condition (3.2.14) and take any v €

CI™l with |vj| = 1. Then there exists a low-frequency trigonometric polynomial

flo
q(t) _ Z CkeiZTrkt
kz*flo
obeying the following properties:
Q(tj) =vj, 1€ T, (721)
C, (t —t;)° ,
i <1- B e ). (722
lo

lq(t)| <1—Cy, te S

far »

(7.2.3)

with 0 < C, < 0.162C, < 1.

Invoking a corollary of the Radon-Nykodim Theorem (see Theorem 6.12 in [87]),

it is possible to perform a polar decomposition of Prh,
Prh = O |Prh

such that ¢ (t) is a real function defined on T. To prove Lemma [7.1.1], we work with

v; = e~") Since ¢ is low frequency,

[awan| =| [atr@un o] < lallQunll, <25 24
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Next, since ¢ interpolates e **® on T,

H%me:Amw%hww

<| [atoman| + | [ atomia)
T c
<26+ ) / q(t)h (dt)| + / q(t)h (dt)|. (7.2.5)
Ao AL
jeT ncar( )\{t} Sfa;)
Applying (7.2.3)) in Lemma and Holder’s inequality, we obtain
<
/S at)h (dt) HP?;: u o (h>HTV
<(1-Cy) HP o ( HTV. (7.2.6)

Set t; = 0 without loss of generality. The triangle inequality and (7.2.2)) in Lemma
yield

Alo

Snear (7)\{0}

t2
s/ @—C)ww
SNe. ()\ {0} Aty

< / B (A1) = Cul g (h). (7.2.7)
near (])\{0} near

Combining (725), (726) and (727) gives

1Prhlly < 28+ 1Preblly = G || P ()| = Calgp, (b).

Tv near

Observe that we can substitute A, with Ay; in (7.2.5)) and (7.2.7) and obtain

||PTh||TV < 20 + ||7DTCh

[y = 0162 Cu SRF 2 || Py, (1) Cal g (h).

far ‘ )TV Snear

This follows from using (7.2.2)) instead of (7.2.3)) to bound the magnitude of ¢ on Sp™.

far

These inequalities can be interpreted as a generalization of the strong null-space
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property used to obtain stability guarantees for super-resolution on a discrete grid
(see Lemma [3.2.2)). Combined with the fact that x.y has minimal total-variation

norm among all feasible points, they yield

zlly = [l + Allpy
2 |[z[lpy = [[Prhllry + [[Prebl| v
> |[allry =20+ Co|[Pon, ()| + Calgn, ().

far near

As a result, we conclude that

Cb) Po, (W)|| 4 Cul i, (h) <25,

far ‘ ’TV Shear

and by the same argument,

0.162 Cu SRF 2 || P, ()| + Cul gy (B) < 20

This finishes the proof.

7.2.2 Proof of Lemma [7.1.2

The proof of this lemma relies upon the low-frequency polynomial from Lemma [7.2.1]
and the fact that ¢(¢) is almost constant locally near the support of the signal of
interest, as illustrated by Figure As a result the polynomial is a good approxi-
mation to the chosen sign pattern when we only take into account a neighborhood of

the support. This is shown by the following lemma, which we prove in Section [7.2.4]

Lemma 7.2.2. There is a polynomial q satisfying the properties from Lemma|7.2.1

and, additionally,

C(t—t;)°

2 . forallt € SN (5).
lo

q(t) —vy| <
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Figure 7.1: The low-frequency polynomial from Lemma is almost constant in a
neighborhood of the support of the signal.

Consider the polar form

/ h(dr) =
S (5)

near

003

/ h (dr)
S, ()

where 6; € [0,27). We set v; = ¢ in Lemma and apply the triangular inequal-
ity to obtain

/ h (dr)
Sabi, ()

near

= / e ®ih (dr)
Sz (7)

near

< / q(T)h(dr) + / (q(r) - e_wf) h(dr)|, (7.2.8)
St (5) Stk (7)
for all t; € T'. By another application of the triangle inequality and (7.2.4])
L anan < | [a@nan|+| [ amnen)| <+ ||Py,m| -
Si\ehaiur T S;hri far TV
(7.2.9)

To bound the remaining term in ((7.2.8)), we apply Lemma with ¢; = 0 (this is
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no loss of generality),

N (q<t>—ef9f)h<dt>\ < [ Jattr— e al @
Sndd () S (9)

near

Ct?
< /S S @ = Clgy ().

near (]) lo Snclr

It follows from this, and ((7.2.9) that

/ h (d7)
Sk,

The proof is complete.

<25+HP““ )H + Clp, (h).

f ar TV near

7.2.3 Proof of Lemma [7.1.3

We record a simple lemma.

Lemma 7.2.3. For any measure p and t; = 0,
0.16A10

J—
0.16n;

Proof. Note that in the interval [0.16Ap;, 0.16A,,], /0.16 Ap; > 1, whence
0.16\10 0.16A10

[ mtan| < [ an
0.16n; 0.16Apn;

0.16 )\, 7_2
< |l (d7)
/0‘ 16)\}1 O 16)\}11

)\2
< —
= 0.16 )\h 5n&%e (4)

< 6.25 M SRF? [y, (1)

near
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Figure 7.2: The low-frequency polynomial from Lemma is almost linear in a neigh-
borhood of the support of the signal.

We now turn our attention to the proof of Lemma|7.1.3, By the triangle inequality,

SI[, r-tynn)| <

fer | Sabi ()
Z/ (1 —t;) h(d7) +Z/ (r —t;)h(dr)|. (7.2.10)
fer |V sk ) £t |/ 016 <l —t;1<0.16),

The second term is bounded via Lemma [7.2.3] For the first, we use an argument
very similar to the proof of Lemma [7.1.2 Here, we exploit the existence of a low-
frequency polynomial that is almost linear in the vicinity of the elements of T'. The

result below, proved in Section [7.2.5] characterizes the polynomial, which is portrayed
in Figure 7.2

Lemma 7.2.4. Suppose T obeys the separation condition (3.2.14) and take any v €

CITl with |vj| = 1. Then there exists a low-frequency trigonometric polynomial

flo

q1<t) — Z Ck€i27rkt

k=—fio
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obeying
Co(t —t;)° .
1) = v (t—1;)| < —Al L teSm (), (7.2.11)
[ (t)] < Coho, € SR, (7.2.12)

for positive constants C,, Cy.

Consider the polar decomposition of

/ (r — ;) h (dr) = / (r— t;) b (d7)| ¢,
Sl (5) Sl (5)

where 0; € [0,27), t; € T, and set v; = ¢ in Lemma [7.2.4, Again, suppose ¢; = 0.
Then

= / e Yirh (dr)
Sale(7)

< /A (q1 (1) — e 1) h(dr)
Shlo

near (])

/ Th (dT)
Sl2. (4)

/A ¢ (1) h(dr).
Snédr(4)
(7.2.13)

The inequality ([7.2.11) and Holder’s inequality allow to bound the first term in the
right-hand side of (|7.2.13|),

(q1 (1) —e” 37') h(dr)| <

B /A g1 (1) — e 7| |h| (d7)
Shagr (4)

A

Sngr ()
C,
< 72 |h] (d7)
Ao J 520, (5)
< Cudia g ;) (). (7.2.14)

Another application of the triangular inequality yields

[, annrn <

We employ Hélder’s inequality, (7.2.4), (7.2.11)) and (7.2.12]) to bound each of the

] ¢ (T)h(dT)| + /SMO ¢ (T)h(dr). (7.2.15)
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terms in the right-hand side. First,

/ 0 (1) (0| < sl 1@l < CAod (7.2.16)
T
Second,

om0 <y ] 0], = e ] 72

Combining ([7.2.10f) with these estimates gives

—t. < o o [|[Poro H ol
t; /S —_ (T —1;) h(dr) _O(Al 5+ o || Pane ()[4 Mo Iy (R)
+ Mai SRF? Lgn, (R) ),
as desired.

7.2.4 Proof of Lemma [7.2.2]

We use the construction described in Section In more detail,

q(t) = > K (t — t) + B KD (t — 1),
treT
where a, 8 € CITl are coefficient vectors, and K is defined in (5.2.1). Recall that we

denote here, the ¢th derivative of K by K. By construction, the coefficients o and
B are selected such that for all t; € T,

Without loss of generality we consider t; = 0 and bound ¢ (¢) — v; in the interval
[0,0.16),]. To ease notation, we define w(t) = ¢ (t) — v; = wg(t) + iw;(t), where

wg is the real part of w and w; the imaginary part. Leveraging different results from



CHAPTER 7. PROOF OF STABILITY GUARANTEES 122

Section (in particular the equations in ([5.3.16) and Lemmas [5.2.2| and [5.3.2)), we

have

— ZRe(ak) t—tk ZRQ 5k t_tk)

teT tp €T

<lalle S E® (¢ —to)| + 118l S |[K® (t — t)]

treT treT

KO @)+ > |E?(-t)

tL€T\{0}

+Cpo [ [KO )]+ > [K® (£ —1)

t,€T\{0}

<Cfg.

The same bound holds for w7. Since wg(0), wi(0), wr(0) and w;(0) are all equal to
zero, this implies |wg(t)] < C'f2t? and |w;(t)| < C'f2t* in the interval of interest,

which allows the conclusion

w(t)] < C fiat®.

7.2.5 Proof of Lemma [7.2.4]

The proof is similar to the technique proposed in Section where a low-frequency
kernel and its derivative are used to interpolate an arbitrary sign pattern on a support

satisfying the minimum-distance condition. More precisely, we set

= 3 K (t— te) + BEW(t — 1), (7.2.18)

treT

where a, 8 € C!7l are coefficient vectors, and K is defined by (5.2.1)). Note that K,

KM and, consequently, ¢; are trigonometric polynomials with cut-off frequency fio.
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By Lemma [5.3.2] it holds that for any ¢y € T and ¢t € T obeying |t — to] < 0.16\,,

Z ’K(f) (t — tk)‘ < Cuft, (7.2.19)
th€T\{to}
where () is a positive constant for £ = 0, 1, 2, 3; in particular, Cy < 0.007, C; < 0.08
and Cy < 1.06. In addition, there exist other positive constants Cj and Cf, such that
for all tg € T and t € T with |t — to] < A/2,

Z |K(f) (t — tk)’ < O ft (7.2.20)
tx€T\{to}

for £ =0, 1.
In order to satisfy (7.2.11]) and ([7.2.12)), we constrain ¢; as follows: for each t; € T,

Intuitively, this forces ¢; to approximate the linear function v; (¢ —t;) around ¢;.

These constraints can be expressed in matrix form,
DO D1 « . 0
Dy Do |8 |’

(Do)jk =K (tj - tk:) ) (Dl)jk = KW (tj — tk) , (Dg)jk = K® (tj — tk) ,

where

and j and k range from 1 to |T|. Lemma establishes that under the minimum-
separation condition this system is invertible, so that a and 3 are well defined. These
coefficient vectors can consequently be expressed as

-

Sy, S:=Dy,— D/ Dy'Dy,
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where S is the Schur complement. Inequality ((7.2.19) implies

11— Dol|, < Co, (7.2.21)
1D1]loe < Ch fros (7.2.22)
|51 = Ds||, < Cofi, (7.2.23)

where k = !K(Q)(O)’ =72 fio(fio +4)/3.

Recall that if [|T — M||__ < 1, theseries M~ = (I — (I — M)) ' = D kso (I — M)
is convergent and we have

1

1
Il < T

This, together with (7.2.21)), (7.2.22) and (7.2.23)) implies

< 1
© = 1—|[I— Dyl
1
1-Cy
|61 =S|l < |IKI= Ds|l, +[1Dillo || D5 | o 11D1]]

Ct 9
<
< <C2 + 1— Oo) Jios

[1267]]

<

157 =7

<
— = lRl= S,

C? -
< (F& — (02 + 1 _100) fli)

< C AL,

for a certain positive constant C,. Note that due to the numeric upper bounds on
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the constants in ((7.2.19)) C is indeed a positive constant as long as fi, > 1. Finally,

we obtain a bound on the magnitude of the entries of «

llofloo = [ D5 D18~ |
<[Py Dis7|
< 105 I1Pull (1571
< Cao, (7.2.24)

where C, = C,C1/ (1 — C}), and on the entries of

181l = |[S7"0][,
<[$7
< CsA\, (7.2.25)

for a positive constant Cz = C,. Combining these inequalities with (7.2.20) and
the fact that the absolute values of K(t) and K(t) are bounded by one and 7f,
respectively (see also Section [6.2.1]), we obtain the bound below, valid for any ¢. We

use t; to denote the element in 7" nearest to ¢t (note that all other elements are at

least A/2 away). This establishes (7.2.12)).

()] = Z oK (¢ —ty) + Z B (t — ty)

tpeT treT

<ladlog DK (=t + 118l D | ED (¢ —ti)]

tr€T t €T

<Colo [ KM+ D K (t—t)

t€T\{t:}

+ O [ KD 0]+ Y KD —t)|

t€T\{t:}

< C o (7.2.26)
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The proof is completed by the following lemma, which proves ([7.2.11)).

Lemma 7.2.5. For any t; € T and t € T obeying |t —t;] < 0.16A1,, we have

C(t—t;)°

g1 (t) —v; (t — ;)| < 3
lo

Proof. We assume without loss of generality that ¢; = 0. By symmetry, it suffices to
show the claim for ¢ € (0,0.16 \,,]. To ease notation, we define w(t) = vt — ¢;(t) =
wg(t)+iw;(t), where wg is the real part of w and w; the imaginary part. Leveraging
(7.2.24), (7.2.25) and together with the fact that K®(¢) and K®(t) are
bounded by 4f2 and 6f respectively if [¢| < 0.16A;, (see Section [5.3.2), we obtain

(Wi ()] = Z Re (ag) K@ (t — t),) + Z Re (B) K@ (t — tx)

treT tr €T

<lalle D [E® (t =t + 1181l D [K (¢ = )]

treT treT

<Codo | [P )]+ D |K@ (¢ —1)]
treT\{0}

+ A [ |ED 0]+ > |ED (¢ —ty)]
teT\{0}

Soflo~

The same bound applies to wy. Since wgr(0), wi(0), w;(0) and w}(0) are all equal
to zero, this implies |wgr(t)| < Cfi,t*—and similarly for |w;(¢)|—in the interval of

interest. Whence, |w(t)| < C fiot?. O

7.3 Extension to multiple dimensions

The extension of the proof hinges on establishing versions of Lemmas
and for multiple dimensions. These lemmas construct bounded low-frequency

polynomials which interpolate a sign pattern on a well-separated set of points S and
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have bounded second derivatives in a neighborhood of S. In the multidimensional
case, we need the directional derivative of the polynomials to be bounded in any
direction, which can be ensured by bounding the eigenvalues of their Hessian ma-
trix evaluated on the support of the signal. To construct such polynomials one can

proceed in a way similar to the proof of Lemmas [7.2.1] and [7.2.4] namely, by using

a low-frequency kernel constructed by tensorizing several squared Fejér kernels to
interpolate the sign pattern, while constraining the first-order derivatives to either
vanish or have a fixed value. As in the one-dimensional case, one can set up a system
of equations and prove that it is well conditioned using the rapid decay of the inter-
polation kernel away from the origin. Finally, one can verify that the construction
satisfies the required conditions by exploiting the fact that the interpolation kernel
and its derivatives are locally quadratic and rapidly decaying. This is spelled out in
Section to prove a version of Lemma in two dimensions. In order to clarify
further how to adapt our techniques to a multidimensional setting we provide below
a sketch of the proof of the analog of Lemma [7.1.1]in two dimensions. In particular,
this illustrates how the increase in dimension does not change the exponent of the

SRF in our recovery guarantees.

7.3.1 Proof of an extension of Lemma[7.1.1to two dimensions

We now have t € T?. As a result, we redefine

SI)I\ear(j) = {t : ||t_tj||oo§w>\}7
Spe=1{t ||t —tj|l, >wA Vt; €T},

1 2
i 0= 5 [ le= il (@),

near (])

where w is a constant.

The proof relies on the existence of a low-frequency polynomial

flo flo

q(t) — Z Z Ck1 ko eiQW(kltl—l-thg)

k1=~ f1o k2=—f1o
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satisfying
q(t;) =v;, t; €T, (7.3.1)
Collt =l 4
()] <1 - = e S (), (7.3.2)
lo
lq(t)] <1-Cj, e Sp, (7.3.3)

where C? and Cj are constants. Proposition establishes the existence of such
a polynomial. Under a minimum distance condition, which constrains the elements
of T to be separated by 2.38 A}, in infinity norm (as mentioned before this choice of

norm is arbitrary and could be changed to the ¢, norm), in Section we show that ¢

satisfies ([7.3.1]) and ([7.3.3]) and that both eigenvalues of its Hessian matrix evaluated
on T are of order fZ, which implies (7.3.2)).

As in one dimension, we perform a polar decomposition of Prh,

Prh = O |Prhl,

and work with v; = e~*()  The rest of the proof is almost identical to the 1D case.

Since q is low frequency,

g(t)dh(t)| < 26. (7.3.4)
[ woanc)

Next, since ¢ interpolates e **® on T,

1Prilley = [ attPeh@n <2543 [ |+ | [ aona).
T2 e |7 Saka: )\ {t;} Star
(7.3.5)
Applying (7.3.3) and Hélder’s inequality, we obtain
<(1-Cf H ) 3.
L, aonan| < 0= cp . wl],, (7:36)
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Setting ¢; = (0,0) without loss of generality, the triangle inequality and ([7.3.2)) yield

/ q(t)h(dt)‘ < / [B] (dt) = Cil g, i () (7.3.7)
Sl ()\{(0,0)} SN2 ()\{(0,0)} neart)
Combining ((7.3.5)), (7.3.6) and (7.3.7) gives

[Prhl|py <26 4+ [[Prehllpy — Cy Pg*lo (h) - Cclzj_g)‘lo (h)

far ‘ ‘ TV near

and similarly

1Prhllpy < 20+ [Prebllyy = w? CLSRE 2 || Po, ()| = Cll g, ().

far ‘ ‘ TV near

By the same argument as in the 1D case, the fact that x.s has minimal total-variation

norm is now sufficient to establish

Gy

P, (h)

/
far HTV + CG,IS)‘]O (h> S 26’

near

and

w® C, SRE™2 || Pox (B)|| 4 Codny (h) <20

far ‘ ‘TV near




Chapter 8

Proof of support-detection

guarantees

In this chapter we prove Theorem [3.3.1] Section provides the outline of the proof
and Sections [8.2| and |8.3| contain the proofs of the two main lemmas used to establish
the result.

8.1 Main argument

We begin with an intermediate result proved in Section 8.2}

Lemma 8.1.1. Under the assumptions of Theorem[3.53.1]

est
¢ | min Ca,w < 20,
A

tZSt eTest

where C, and Cy are positive numerical constants and
d(t,T) :=min (t — ;).
(t,T) = min (¢ — £;)

Properties (3.3.4]) and (3.3.5)) are direct corollaries of Lemma (8.1.1)). To establish
Property (3.3.3) we need the following key lemma, proved in Section

130
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Lemma 8.1.2. Suppose T' obeys condition (3.2.14)) and fi, > 10. Then for anyt; € T
there exists a low-pass polynomial
flo ]
Qtj (t) — Z bkeﬂwkt’

k=—fio

b e C", such that |q,(t)| <1 for allt #t; and

qtj<tj) = 17
qtj(tl) =0 ¢t € T\ {tj},
(t—t)?
11 —q,(t)] < Cl()\—QJ) for |t —t;| < cho, (8.1.1)
lo
Ol (t—t,)°
lgi, (t)] < % for tye T\ {t;}, |t —t,| < e, (8.1.2)
|Qtj (t)l < Cé if |t — tl| >cA\o Vit €T, (813)

where 0 < 2Cy < C] < 1.

The polynomial ¢, provided by this lemma is designed to satisfy [ g, (t)z(dt) = ¢;
and vanish on the rest of the support of the signal. This allows to decouple the
estimation error at ¢; from the amplitude of the rest of the spikes. Since z and e
are feasible for , we can apply Parseval’s Theorem and the Cauchy-Schwarz

inequality to obtain

/T g (D)z(dt) — /T & (t)xest(dt)' = S BFule—

< 26, (8.1.4)

where we have used that the absolute value and consequently the £y norm of ¢, is
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bounded by one. In addition, by Lemmas [8.1.2| and [8.1.1] we have

> e > @ -1

{k: |t =t [>chio {k: |t =t | <cho }
D SN [T IR DR C A EPAC]
G fi i zen)
Cid (¢80, T
< > }czst}mm{c;,—l &5 >}
15t € Tugt o
< %, (8.1.5)

for a positive numerical constant C'. Finally, Lemma the triangle inequality,

(8.1.4) and (8.1.5) yield

¢ — Z Czst‘ = ‘/thj (t)z(dt) — /thj () Test (dt)

{k: tZSt—tj ‘ §C>\lo}

D SRS

{k: t?t—t]' |>C)\10}
+ Z Czst (qtj (tZSt) . 1)
{k): tiSt—tj |§C)\10}

< ',

for a positive numerical constant C".

8.2 Proof of Lemma 8.1.1]

The proof relies on the dual certificate constructed in Chapter [5] Recall that Propo-
sition implies that if 7" obeys Condition (3.2.14)), for any v € C”! such that
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lvj| =1 for all entries v; there exists a low-pass polynomial

flo
_ Z dkeiZTrk’t
kz*flo
where d € C™ that satisfies
q(t;) =v;,  t; €T,
lg(t)| < 1—C,, [t —t;| >cho Vt; €T,
Cy (t —t;)°

g <1- =t <At €T,

A2 ’

lo

with 0 < CQC[, <C,<1.
We set v; = ¢j/|cj|. The proposition implies that

/ -Iest dt < Z ’Cest’ ’q test
< Z 1 —min< C Gd (7, T) st
= - as )\120 k .

The same argument used to prove (8.1.4)) yields

/T q(t) et (dt) — /T q(t)x(dt)‘ < 26.

133

(8.2.1)

Now, taking into account that [ q(t)x (dt) = ||z||1 by construction and ||Zeg||py <

|||y, We have

/Tq(t)xest (dt) = /Tq(t)x (dt)+/Tq(t)a:eSt(dt) —/Tq(t)x(dt)

> [y =20 > erstHTv —20

_E :‘Cest o

Combining this with (8.2.1)) completes the proof.
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8.3 Proof of Lemma [8.1.2

The proof is similar to the technique proposed in Section [5.2] where a low-frequency
kernel and its derivative are used to interpolate an arbitrary sign pattern on a support
satisfying the minimum-distance condition (3.2.14)). More precisely, we set

g, (1) = > K (t —ty) + B KW (t — 1), (8.3.1)
treT
where a, 3 € C"l are coefficient vectors, and K is defined in (5.2.1)). Recall that we
denote the ¢th derivative of K by K. Note that K, KV and, consequently, q; are
trigonometric polynomials of the required degree.

We impose

di; (tj) =1,
dt; (tl) =0, 7S T/ {tj}a
q;j (tk) =0, tyeT.

We express these constraints in matrix form. Let e;, € RITI denote the one-sparse

vector with one nonzero entry at the position corresponding to ¢;. Then,
D() D1 (0% - th
D, Ds| | 0l

(Do) = K (i —t), (D1),, =KW (4 —t),
(Dz)lk = K(Q) (tl - tk) ,

where

and [ and k range from 1 to |7|. Lemma establishes that under the minimum-
separation condition this system is invertible. As a result o and ( are well defined

and ¢, satisfies ¢, (t;) = 1 and ¢, (t;) = 0 for t; € T'/ {t;}. The coefficient vectors can
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be expressed as

a I -1 ~1
6 = DilD S etj, S = DO — D1D2 Dl,
—D; 1

where S is the Schur complement. We borrow some results from Section [5.3.1}

11— 8|, <8.7471077,
|S7], < 1+88241077,
T = S, < IS IS — 1l < 88251077,
[la el < 117 = 57| llew ]
< 8.825107%, (8.3.2)
18] < 3.2941072 ). (8.3.3)

Lemma [.3.1] allows to obtain

4
<0333, K'(t) < —— <4.18 fi,
(fiot)* ot

for |t| > ¢\, as long fi, > 10. By the same lemma, if we set the minimum separation

Amin to Q/fc

[e.9]

2; flo mlnl)

Y. K-t < Z

t€T\{ta,tp} (flo mln(
< 1.083,
- 4m > 47
Z |K(l)(t_tk)‘§2 + 4
th€T\{ta,tp} 1=0 1% (Amin(% + l))4 ]z; flo( min )4
< 175 fu,

where t, and ¢, are the two spikes nearest to t. Let t; be the element of 7'/ {¢;} that
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is nearest to ¢. Combining these inequalities with (8.3.2) and (8.3.3)) proves that

|qt, (1) = ‘ Z apK (t — ) + Zﬁk[{(l) (t—tk)’

tpeT treT
<IK (=) + [Jo— e ||, (1K (= 1,)]
FIK@E-t)+ D ]K(t—tk)\>
treT\{tit;}
118l (1K@ = t5)] + [KD (¢ = 1)
+ Y \K(l)(t—tk)|>
te€T\{tit;}

< 0.69,

if [t —tx] > ¢\ for all t; € T so that (8.1.3) holds. The proof is completed by two

lemmas which prove (8.1.1)) and (8.1.2) and |g, ()| < 1 for any ¢. They rely on the
following bounds borrowed from equation ([5.3.16|),

K (t) = 0.9539, E® (1) < —2.923 f2,
|KD (1) <0.5595 fio,  |K® ()| < 3.393 f2, (8.3.4)
|K®) ()] < 5.697 £,

and on the fact that, due to Lemma(5.3.2} for any ¢ty € T and t € T obeying |t — to| <

CAIO?

> KD (t—ty)] < 1.06 f2 (8.3.5)
tr€T\{to}

> KD (¢ —t)] <186 7 (8.3.6)
t€T\{to}

Lemma 8.3.1. For any t such that |t —t;| < cAp,
1—4.07(t— ;)2 f2 < g, (1) <1230 (t —t;)° f2.

Proof. We assume without loss of generality that ¢; = 0. By symmetry, it suffices to



CHAPTER 8. PROOF OF SUPPORT-DETECTION GUARANTEES 137

show the claim for ¢ € (0,c\,]. By (8.3.2), (8.3.3), (8.3.4), (8.3.5)) and (8.3.6),

gy (1) = aK® (t—t) + > BED (t — 1)

treT treT

< (L [Ja—e][) K2 (1)

tlla—eyll, Yo [E® -1
teeT\{0}

1Bl (K9 @]+ > K@ @ —t)])

teeT\{0}

< —2.30 f2.

Similar computations yield |gf (t)] < 4.07 f2. This together with ¢o(0) = 1 and
¢,(0) = 0 implies the desired result. O

Lemma 8.3.2. For any t; € T'\ {t;} and t obeying |t — t;| < c\,o, we have
a0, ()] < 16.64.(¢ — )" fi.

Proof. We assume without loss of generality that ¢, = 0 and prove the claim for

t € (0,cN,). By (8.3.2), (8.3.3)), (8.3.4), (8.3.5) and ([8.3.6)

Z OékK(z) (t — tk> + Z BkK(B) (t — tk)

teT treT

@ (1)) =
< (1t [ —e || ) [E® (£ —1)]

Hla=ell (K2 @1+ > (K@)
treT\{0,t;}

Bl [ IED O]+ > [KD (¢ —t)]

treT\{0}
< 16.64 f,

since in the interval of interest |K® (t —¢;)| < f,i(Amiisj;.lﬁflo)“ < 15.67 f2 due to

Lemma m This together with g;;(0) = 0 and ¢; (0) = 0 implies the desired
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result. O



Chapter 9
Conclusion

In this thesis, we have developed a framework to perform super-resolution based
on convex programming. In particular, we have shown that we can super-resolve
events such as point sources, discontinuity points, and so on with infinite precision
from just a few low-frequency samples. This holds in any dimension provided that
the distance between events is proportional to 1/f,, = A, where fi, is the highest
observed frequency; for instance, in one dimension, a sufficient condition is that the
distance between events is at least 2)\,. Furthermore, we have proved that when
such condition holds, stable recovery is possible in the sense that we can (1) bound
the approximation error at resolutions beyond )\, and (2) obtain guarantees on the
accuracy of the recovered support.

Many interesting open questions on super-resolution via convex programming re-

main. We finish by listing some interesting research directions.

e Conditions beyond minimum separation: For signals that consist of small clus-
ters of point sources, the minimum-separation condition is somewhat too strict,
as convex-programming can often still be used to obtain an accurate estimate,
even if the condition is violated. Because of this, it would be useful to derive
recovery guarantees based on alternative conditions that limit the density of

point sources, rather than just the minimum separation between them.

e Minimum separation in multi-dimensional settings: As discussed in Chapter [2]

139
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in one dimension it seems clear that the minimum separation at which convex
programming begins to fail to achieve exact recovery is the inverse of the cut-off
frequency of the data. We can apply our techniques to prove that in multiple
dimensions it is sufficient for the minimum separation to be proportional to the
inverse of the cut-off frequency for exact recovery to take place, but the exact

value of the constant is yet to be determined.

o Super-resolution of curves: Super-resolving curves or equivalently sharp edges is
a fundamental problem in computer vision and signal processing. Unfortunately,
it is more challenging than point-source super-resolution. For instance, it is
unclear how to even define a condition in the spirit of minimum-separation

under which to prove exact recovery.

e Blind deconvolution: Joint estimation of the signal of interest and the point-
spread function of the sensing process is of great interest in applications where
motion blur might be present. In computer vision, a common approach to this
problem is to locate edges and then determine their orientation and the shape of
the point-spread function simultaneously, so this problem is very much related

to edge super-resolution.
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