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I. Synopsis
Magnetic resonance fingerprinting is a methodology for the quantitative estimation of the relaxation times 772. An important
challenge is to make estimation robust to inhomogeneities of the main magnetic field By. Precession sequences with smoothly varying
parameters, such as balanced hybrid-state free precession (bHSFP) sequence, can be optimized for T} s-encoding performance.
Previously, magnetic field deviations were assumed to be determined by a separate experiment. Here we develop a numerically
optimized bHSFP sequence that takes into account variations in By with the aim of mitigating bias due to By inhomogeneities.
Our numerical results indicate that this approach yields accurate T2 estimates when By inhomogeneities are unknown.

II. Introduction

In magnetic resonance fingerprinting (MRF') [1], the relaxation times T} and 75 are determined quantitatively by matching the
evolution of magnetization signal to a precomputed dictionary of patterns or "fingerprints” of tissues. However, inhomogeneities
of the magnetic fields corrupt these estimates, producing for example so-called banding artifacts in the case of sequences with
balanced gradient moments [1], [2]. The purpose of this work is to develop a numerically optimized fingerprinting sequence based
on the hybrid state framework [2], [3] that incorporates By estimation and mitigates bias due to By inhomogeneities. In particular,
the approach succeeds in suppressing banding artifacts.

III. Theory

In reference [2], it was shown that slow flip angle variations lead to a so-called “hybrid state”, which allows us to solve the
Bloch equation analytically in spherical coordinates. In this state, the entire spin dynamics is captured by the radial component
r of the magnetization, which is controlled by the polar angle 9. The polar angle ¥ can be approximated [2], [4] by:
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where « denotes the flip angle (except in the vicinity of so-called stop bands, which are given by |sin¢| < 1). The phase
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is composed of the phase increment of the radio-frequency (RF) pulses ¢ and the phase accumulated during the time Tr
between pulses due to inhomogeneities in the main magnetic field. The gyromagnetic ratio is denoted by ~.

Expressing the magnetization in terms of the control parameters and field inhomogeneities makes it possible to optimize the
sequence with respect to the 71 and T parameters, even if ABy is unknown.

IV. Methods

The Cramer-Rao bound [5], [6] is a lower bound on the error of any unbiased estimator of a parameter of interest. It is,
therefore, a useful proxy for the sensitivity of the data with respect to the parameter, which can be minimized to optimize the
measurements [7], [8], [9]. Here we follow such an approach to search for an efficient balanced hybrid-state free precession (bHSFP)
sequence with anti-periodic boundary conditions (defined by r(0) = —r(T¢), where T¢ is the duration of one cycle of the pulse
sequence [2]). We use the relative Cramer-Rao bound (rCRB), normalized by the duration of the experiment, as figure of merit
and assume that the signal depends on unknown AB; variation parameters (as well as the magnetization and the relaxation
times). We optimize an « pattern using the Broyden-Fletcher-Goldfarb-Shanno algorithm. In the most general approach, one
would optimize ¢"°™ along with the flip angle pattern. However, we found this approach to show poor convergence behavior.
Instead, we implicitly enforce equivalent encoding at all ABy offsets (within the limits of the RF-hardware) by sweeping through
YAByTr € [0,27n] while repeating the same « pattern.

For consistency with hybrid state conditions [2], the changes in the flip angles in consecutive RF pulses A« were constrained
by
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where Es = exp(—Tr/T>2).

V. Results and Discussion

The optimized bHSFP sequences exhibit smooth ¢ and « patterns (Figure 1), and the ¥ pattern is similar to one found when
neglecting field inhomogeneities (ABy = 0) [2], [3]. Also when plotting the optimized rCRB as a function of T¢ (Figure 2), we
observe that the optimal duration T = 3.8 s is also comparable to the ones found in literature for the idealized case. Lastly,
Figure 3 indicates that the sequences optimized for unknown By have similar rCRB as the sequences optimized for known By
variations. (Using the latter sequence in a setting when By variations are unknown would have resulted, however, in a significantly
higher rCRB.) Moreover, the horizontal lines disappear in Figure 3, which indicates that Th and T can be estimated without
banding artifacts.

VI. Conclusion and Outlook

Our results indicate that incorporating Bp variations while designing bHSFP sequences for magnetic resonance fingerprinting
is a promising avenue to achieve robust estimates of 77 and T> in the presence of By inhomogeneities. Future work will include
validation on phantom and in vivo scans. In addition, we will extend our methodology to account for variations in the RF field
B;.
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Fig. 1: The dynamics in (a) result from optimizing an a sequence of length Tc = 3.8 s where ABj is assumed to be zero (cf.
Fig 4 in [2]). The polar angle was constrained to 0 < ¢ < 7/4. The dynamics in (b) result from optimizing the same sequence
concatenated 96 times under the assumption that ABy variations are unknown. In each period of length T¢, a different phase
offset ¢™°™ is introduced, with ¢™°™ uniformly distributed between —m and 7. The flip angle was constrained to 0 < a < 7/2,
and the changes of a were limited in accordance with (1). The blue ellipse indicates the steady state of balanced steady-state free

precession sequences.
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Fig. 2: The bHSFP trajectories described by the relaxation of the Bloch Equations are optimized for different lengths (T¢) of the
flip angle o sequences. The rCRB values in the scenario where By variations are unknown indicate that Tc = 3.8 s is optimal, as
marked by the vertical bar. (These bounds result from a nonconvex optimization where the parameter space grows with T¢, and
convergence issues become apparent for larger Tc.) The rCRB in the scenario where By variations are known is also depicted and
the optimal T = 3.8 s is consistent with prior work (cf. Fig. 3 in [2]).
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Fig. 3: The performance of the optimized experiments is illustrated through plots of the rCRB values, which provide a lower
bound for the noise in the retrieved relaxation times. The performance is illustrated as a function of the magnetic field, which is
parameterized by the main magnetic field variation ABy, and by the RF field variation B;. During the optimization, the nominal
values of the inhomogeneities were fixed, as shown by the red squares / red lines. The experiments have Tc = 3.8 s (cf. Fig. 2).

(The rCRB color bar is in log scale.)
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