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Spectral super-resolution

Aim: Estimate frequencies of multisinusoidal signal
S
g(t):=) _clilexp(—i2rfit)
j=1
where fi, o, ..., fs € [-1/2,1/2] from n of samples

g(=(n=1)/2), g(=(n—=1)/2+1), ..., g((n-1)/2)



Spectral super-resolution
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Dirac measure

It's a measure, not a function!

1 freS
| 8 () = .
S 0 otherwise

For any function h we have

/Sh(u)fs[ﬂ(du):{h(ﬂ ifres

0 otherwise



Spectral super-resolution

Aim: Estimating the measure

pg =Y €Ly
j=1

from n Fourier coefficients

1/2
/ i ()1tg ( du)
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Spectral super-resolution

Aim: Estimating the measure

pg =Y €Ly
j=1

from n Fourier coefficients
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Spectral super-resolution

Aim: Estimating the measure

pg =Y €Ly
j=1

from n Fourier coefficients

1/2

/11/2 (@g (du) = Z Ul [ ey
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= Z ] exp (—i2mkf;)
j=1

du)



Spectral super-resolution

Aim: Estimating the measure

pg =Y €Ly
j=1

from n Fourier coefficients

1/2 1/2
u (du) = / (du
| o Z Ul )
= Z ] exp (—i2mkf;)
j=1
n—1 n—1




The periodogram



Periodogram

The periodogram of y € C" is

n—1

Py (u) == Z Y [k] h (u)

__n—1
k= 2




Spectrum of Dirichlet kernel D




Dirichlet kernel d
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Periodogram as a convolution

The periodogram of

g(=(n=1)/2), g(=(n-1)/2+1), ..., g((n-1)/2)

equals



Time shift

The 7-shifted version of a function f € £5[-1/2,1/2] is

fin (6) = £ (£~ 7)

where the shift is circular (it wraps around)

For any shift 7

Fir) [k] = exp (—i2mkT) F [K]



Proof

The Fourier coefficients of the shifted Dirichlet kernel equal

D[f] [k] =

exp (—i2wkf) if k| <(n—1)/2
otherwise



Proof

g (k)= 3" €lf]exp (—i2mkf)
j=1



Proof
g (k)= ¢[jlexp(—i2mkf)
j=1

=Y _clilDp [K]
j=1



Proof
g (k)= ¢[jlexp(—i2mkf)
j=1

=Y _clilDp [K]
j=1

n—1



Proof
k) =) cljlexp (—i2mkf))
j=1
=Y _clilDp [K]
j=1

n—1
2

Pe(w)= > & (k) hi(u)
T

S

—ZCD] Z Dy k] i (u)
k_,;l



Proof
k) =) cljlexp (—i2mkf))
j=1
=Y _clilDp [K]
j=1

n—1
2

Pe(u)= > g(k)he(u)

___n—1
k=—15=

= Z c [/] Z Dy k] i (u
k_,;l
= Z cUldpg (v)
j=1



Periodogram as a convolution

Periodogram




Periodogram as a convolution
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Periodogram as a convolution

Periodogram Data




Problem

—— Signal (magnitude)
—— Periodogram

IR,




Windowed periodogram

The windowed periodogram of y € C" is

n—1
5
Pug(u):= > W][klg (k) h(u)
k—— n;l
W - ”51], L w [”51] are the Fourier coefficients of a

window function



Windowing

—— Data

—— Window function
—— Windowed data




Windowed periodogram



Windowed periodogram

=> ¢lil Y. Wlklexp(—i2nfik) hy (u)
J=1 k=—151



Windowed periodogram



Windowed periodogram



Problem

—— Signal (magnitude)
—— Periodogram

IR,




Windowed periodogram

—— Signal (magnitude)

— Windowed periodogram
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Gaussian periodogram
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Prony's method



Prony polynomial

—— Signal (magnitude)
—— Prony polynomial (magnitude)




Prony polynomial

Given any f, f5, ..., fs, there exists a nonzero complex polynomial
of order s

p(z) = Z P[k]z*
k=0

such that its s roots are equal to exp (i27f1), exp (i27f), ..., exp (i27fs)



Proof

S

p(z) =] (1 — exp(~i2nf)2)

Jj=1



Proof

S

p(z) =] (1 — exp(~i2nf)2)

j=1

is of order s, so has at most s roots



Proof

S

p(z) =] (1 — exp(~i2nf)2)

j=1

is of order s, so has at most s roots

p(z)=1+> Pk z*
k=1



Proof

S

p(z) =] (1 — exp(~i2nf)2)

Jj=1

is of order s, so has at most s roots
S
p(z)=1+> Pk z*
k=1

is nonzero since p (0) =1



Proof

S

p(z) =] (1 — exp(~i2nf)2)

Jj=1

is of order s, so has at most s roots
S
p(z)=1+> Pk z*
k=1

is nonzero since p (0) =1

Reveals the frequencies

p(exp (i2rf;)) =0 1<j<s



Prony system

Let

S
g(k)::zlé’[j]exp(—i%rkﬁ) - k<
J:

For any integer b
> Pllgll— b =0
1=0

The equation only involves the data as long as

n—1 n—1
— < —php<s— <
5 = b<s—b< >




Proof

> Pllgll — bl
I=0



Proof

s s 12 d
; P[Ng[! — b] = ; P[] / " hi—p (u)pg (du)



Proof

s s 12 d
; P[Ng[! — b] = ; P[] / " hi—p (u)pg (du)

1/2 s
:/ exp(i27rbu)ZP[/] exp (—i2mlu) pg (du)

-1/2 /=0



Proof

s s 12 d
; P[Ng[! — b] = ; P[] / " hi—p (u)pg (du)

1/2 s
:/ exp(i27rbu)z P/l exp (—i2mlu) pg (du)

-1/2 =0

1/2
- / exp (i2mbu) p (exp (—i27u)) pg (du)
~1/2



Proof

s s 12 d
; P[Ng[! — b] = ; P[] / " hi—p (u)pg (du)

1/2 s
:/ exp(i27rbu)z P/l exp (—i2mlu) pg (du)

—1/2 1=0
1/2
= / exp (i2wbu) p (exp (—i27wu)) pg (du)
-1/2

— 3" el exp (i2nb5) p (exp (i271)
j=1



Proof

s s 12
; P[Ng[! — b] = ; P[] / " hi—p (u)pg (du)

1/2 s
:/ exp(i27rbu)z P/l exp (—i2mlu) pg (du)

—1/2 1=0
1/2
= / exp (i2wbu) p (exp (—i27wu)) pg (du)
-1/2

= Z clj] exp (i2mbf;) p (exp (—i27f;))
j=1

=0



Prony's method

1. Solve the system of equations

g(1) g(2) g(s) g(0)
g(0) g(1) gls—-D5__| &1
g(—s+2) g(-s+3) -~ g(1) g(—s+1)
2. Compute the roots z;, ..., zs of the polynomial

p(z) =1+ Plkz*

k=1

3. For every root on the unit circle z; = exp (i277) include 7 in the set of
estimated frequencies



Without noise it works!

—— Signal (magnitude)
—— Prony polynomial (magnitude)




Proof

g(1) g2 - &ls)
g(0) g1) - als—1)
g(—s+2) g(-s+3) -~ g(1)
efi27rf1 e7i27rf2 efi271'f5
e—i2m(2=5)fi  g—i2n(2-s)fe e—i2m(2-5)f;
EA] 0 - 0
0 ¢p - 0
| 0 0 - CJ9]
M1 e—i27rf1 . e—i27r(s—1)f1
1 e 2th ... e-i2n(s-1)f
1 e i2nf 671'271'(571)f5




Vandermonde matrix

For any distinct s nonzero z1,2,...,2zs € C and any my, my, s
suchthat mo —m +1>s

my my my
4 Z Zs
my1+1 my1+1 mp+1
z z, z!
m1+2 my+2 m1+2
4 Z Zs
m2 ma my
| 7 z, z™? |

is full rank



SNR = 140 dB (relative £, norm of noise = 1078 )

—— Signal (magnitude)
—— Prony polynomial (magnitude)




Subspace methods



Alternative interpretation of Prony's method

Prony's method finds nonzero vector in the null space of Y (s +1)7
yior yi - yln—m
vime | YW 7R gl me
yim=1 y[m - yln-1]

y[k] = g(—k + 1) 0<k<n

The vector corresponds to the coefficients of the Prony polynomial



Notation

For k >0

-
ok (u) == [1 exp (—i2mu) exp(—i2m2u) --- exp(—i2mku)

Ao = |G (£) B (B) - dou(F)



Decomposition

Y (m) = _50:m—1 (fl) 50:m—1 (f2) te 50:m—1 (fs)]
_C1 0 cee 0 ] _50:n—m (fl)T_
0 G 0 50:n—m (fZ)T
L 0 0 Cs_ _5O:n—m(fs)T_
- AO:m—l CA(;,—m

Idea: Find &p:m—1 (f) in column space of Y (m)



Pseudospectrum

To find vectors that are close to the column space of Y (m)

» Compute orthogonal complement N of column space of Y (m)

» Locate local maxima of pseudospectrum

1
Pry(u) = lo
N( ) g€ \7)/\/ (5’0:,,7_1(U))|2




Pseudospectrum

Y (m) = Aom-1 CAl

implies

)



Pseudospectrum: No noise




Pseudospectrum: SNR = 140 dB, n = 2s




Empirical covariance matrix

N is the null space of the empirical covariance matrix

E(m) = n—r1n+1YY*
T 71l
yli+1] vU+1]

—0 | ... -
’ Vi+m=1] yj+m—-1]

If the data are noisy

VIkl=g(—k+1)+2[k], 0<k<n

we can average over more data to cancel out noise



Multiple-signal classification (MUSIC)

1. Build the empirical covariance matrix X (m)

N

. Compute the eigendecomposition of ¥ (m)

w

. Select Uy corresponding to m — s smallest singular values

4. Estimate frequencies by computing the pseudospectrum



Pseudospectrum: SNR = 40 dB, n =81, m = 30




Pseudospectrum: SNR =1 dB, n =81, m = 30




Probabilistic model: Signal

pe = 3 oy = S ajeiv,

teT teT
b1, ..., ¢g are independent and uniformly distributed in [0, 27]
E(@) =0
a? 0 0



Probabilistic model: Noise

Noise Z is a zero-mean Gaussian vector with covariance o2/

1
K = [ g4+ 7,

Covariance matrix of the data

E [yy*] = Al:mSE’AT:m + 02/



SVD of covariance matrix

SVD of E[jy]

_— A+o?ls 0 Us
1= (s ol [V J[4f]

» Ug € C™*S: unitary matrix that spans column space of Aj..,
» Uy € C™(m=9): ynitary matrix spanning the orthogonal complement

» A € Ck*k is a diagonal matrix with positive entries



A =12 SNR =20dB, n=281, m=40

[ S—
o—
2 = - -
==X
o—

e Signal *
x Estimate




A =22 SNR =20dB, n=281, m=40

e Signal
x Estimate




Different values of m

SNR = 61 dB
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Different values of m
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Different values of m
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Singular values
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Singular values
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Singular values
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Wrong s (s — 1)

SNR = 21 dB
T T
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Wrong s (s + 1)

SNR = 21 dB
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