Optimization-based data analysis Fall 2017

Lecture Notes 10:
Matrix Factorization

1 Low-rank models

1.1 Rank-1 model

Consider the problem of modeling a quantity y[i, j] that depends on two indices ¢ and j. To fix
ideas, assume that yli, j| represents the rating assigned to a movie ¢ by a user j. If we have
available a data set of such ratings, how can we predict new ratings for (i,j) that we have not
seen before? A possible assumption is that some movies are more popular in general than others,
and some users are more generous. This is captured by the following simple model

yli, 3] = ali]bl]. (1)

The features a and b capture the respective contributions of the movie and the user to the ranking.
If ali] is large, movie [i] receives good ratings in general. If b[j] is large, then user [i] is generous,
they give good ratings in general.

In the model (1) the two unknown parameters a[i] and b[j] are combined multiplicatively. As a
result, if we fit these parameters using observed data by minimizing a least-squares cost function,
the optimization problem is not convex. Figure 1 illustrates this for the function

f(a,b) == (1 —ab)?, (2)

which corresponds to an example where there is only one movie and one user and the rating
equals one. Nonconvexity is problematic because if we use algorithms such as gradient descent to
minimize the cost function, they may get stuck in local minima corresponding to parameter values
that do not fit the data well. In addition, there is a scaling issue: the pairs (a,b) and (ac,b/c)
yield the same cost for any constant ¢. This motivates incorporating a constraint to restrict the
magnitude of some of the parameters. For example, in Figure 1 we add the constraint |a| = 1,
which is a nonconvex constraint set.

Assume that there are m movies and n users in the data set and every user rates every movie. If
we store the ratings in a matrix Y such that Y;; := y[i, j| and the movie and user features in the

vectors @ € R™ and b € R", then equation (1) is equivalent to
Yaab! (3)

Now consider the problem of fitting the problem by solving the optimization problem

min ||y — aETH subject to |||, = 1. (4)
F
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Figure 1: Heat map and contour map for the function (1 — ab)?. The dashed line correspond to the set
la| = 1.

Note that @b7 is a rank-1 matrix and conversely any rank-1 matrix can be written in this form
where ||d||, = 1 (@ is equal to any of the columns normalized by their ¢, norm). The problem is
consequently equivalent to

min ||Y — X||p subject to rank (X) = 1. (5)
XeRan

By Theorem 2.10 in Lecture Notes 2 the solution X,,;, to this optimization problem is given by
the truncated singular-value decomposition (SVD) of YV’

Xmin = 010177, (6)

where o is the largest singular va_u}ue and u; and v; are the corresponding singular vectors. The
corresponding solutions @y, and by, to problem (4) are
lmin = 11, (7)
bonin = 01771 (8)
Example 1.1 (Movies). Bob, Molly, Mary and Larry rate the following six movies from 1 to 5,

Bob Molly Mary Larry

1 1 ) 4 The Dark Knight
2 1 4 ) Spiderman 3
A= 4 5 2 1 Love Actually 9)
5 4 2 1 Bridget Jones’s Diary
4 ) 1 2 Pretty Woman
1 2 5 5 Superman 2

To fit a low-rank model, we first subtract the average rating

p= 334 (10)

i=1 j=1



from each entry in the matrix to obtain a centered matrix C' and then compute its singular-value
decomposition

779 0 0 0
oosr eor 0 162 0 0 | ¢
A—pl1T=Usv'=u| o 77 5 o |V (11)
0 0 0 062

where 1 € R* is a vector of ones. The fact that the first singular value is significantly larger than
the rest suggests that the matrix may be well approximated by a rank-1 matrix. This is indeed
the case:

Bob Molly Mary Larry

1.34(1) 1.19(1) 4.66(5) 4.81(4)\ The Dark Knight
1.55(2) 1.42(1) 4.45(4) 4.58(5) | Spiderman 3
TTT & oyt ol =| 445 (4) 4.58(5) 1.55(2) 1.42(1) | Love Actually 19
g NI =L U3 (5) 456(4) 157(2) 144(1) | Bridget Joness Diary 2
4.43(4) 456(5) 1.57(1) 1.44(2)| Pretty Woman
1.34(1) 1.19(2) 4.66(5) 4.81(5)/ Superman 2

For ease of comparison the values of A are shown in brackets. The first left singular vector is equal
to

D. Knight Spiderman 3 Love Act. B.J.’s Diary P. Woman Superman 2
Uy = ( —0.45 —0.39 0.39 0.39 0.39 —0.45 ).

This vector allows us to cluster the movies: movies with negative entries are similar (in this case
action movies) and movies with positive entries are similar (in this case romantic movies).

The first right singular vector is equal to

Bob Molly Mary Larry
U= (048 052 —048 —0.52). (13)

This vector allows to cluster the users: negative entries indicate users that like action movies but
hate romantic movies (Bob and Molly), whereas positive entries indicate the contrary (Mary and
Larry). A

1.2 Rank-r model

Our rank-1 matrix model is extremely simplistic. Different people like different movies. In order
to generalize it we can consider r factors that capture the dependence between the ratings and
the movie/user

r

yli il = > alilbyj]- (14)

=1

The parameters of the model have the following interpretation:



e q[i]: movie i is positively (> 0), negatively (< 0) or not (= 0) associated to factor [.
e b[j]: user j likes (> 0), hates (< 0) or is indifferent (= 0) to factor .
The model learns the factors directly from the data. In some cases, these factors may be

interpretable— for example, they can be associated to the genre of the movie as in Example 1.1 or
the age of the user— but this is not always the case.

The model (14) corresponds to a rank-r model
Y ~ AB, AeR™"  BeR™™. (15)

We can fit such a model by computing the SVD of the data and truncating it. By Theorem 2.10
in Lecture Notes 2 the truncated SVD is the solution to

Aengrl}geerHY_AB”F subject to |||, =1, ..., ||d|[, = 1. (16)

However, the SVD provides an estimate of the matrices A and B that constrains the columns of
A and the rows of B to be orthogonal. As a result, these vectors do not necessarily correspond to
interpretable factors.

2 Matrix completion

2.1 Missing data

The Netflix Prize was a contest organized by Netflix from 2007 to 2009 in which teams of data
scientists tried to develop algorithms to improve the prediction of movie ratings. The problem
of predicting ratings can be recast as that of completing a matrix from some of its entries, as
illustrated in Figure 2. This problem is known as matrix completion.

At first glance, the problem of completing a matrix such as this one

¥

may seem completely ill posed. We can just fill in the missing entries arbitrarily! In more mathe-
matical terms, the completion problem is equivalent to an underdetermined system of equations

Mll
10000 0| |Mxn 1
00010 0]|Mgs 3
= (18)
0000 1 0] My 5
00000 1| |Mg 2
_M23_


http://en.wikipedia.org/wiki/Netflix_Prize

Figure 2: A depiction of the Netflix challenge in matrix form. Each row corresponds to a user that ranks
a subset of the movies, which correspond to the columns. The figure is due to Mahdi Soltanolkotabi.

In order to solve the problem, we need to make an assumption on the structure of the matrix that
we aim to complete. In compressed sensing we make the assumption that the original signal is
sparse. In the case of matrix completion, we make the assumption that the original matrix is low
rank. This implies that there exists a high correlation between the entries of the matrix, which
may make it possible to infer the missing entries from the observations. As a very simple example,
consider the following matrix

(19)

B
[ = S = Y
— = =
— =
— = = e
[ S g —r

Setting the missing entries to 1 yields a rank 1 matrix, whereas setting them to any other number
yields a rank 2 or rank 3 matrix.

The low-rank assumption implies that if the matrix has dimensions m x n then it can be factorized
into two matrices that have dimensions m x r and r x n. This factorization allows to encode the
matrix using r (m + n) parameters. If the number of observed entries is larger than r (m + n)
parameters then it may be possible to recover the missing entries. However, this is not enough to
ensure that the problem is well posed.

2.2 When is matrix completion well posed?

The results of matrix completion will obviously depend on the subset of entries that are observed.
For example, completion is impossible unless we observe at least one entry in each row and column.



To see why let us consider a rank 1 matrix for which we do not observe the second row,

111 1]. (20)

As long as we set the missing row to equal the same value, we will obtain a rank-1 matrix consistent
with the measurements. In this case, the problem is not well posed.

In general, we need samples that are distributed across the whole matrix. This may be achieved
by sampling entries uniformly at random. Although this model does not completely describe
matrix completion problems in practice (some users tend to rate more movies, some movies are
very popular and are rated by many people), making the assumption that the revealed entries are
random simplifies theoretical analysis and avoids dealing with adversarial cases designed to make
deterministic patterns fail.

We now turn to the question of what matrices can be completed from a subset of entries samples
uniformly at random. Intuitively, matrix completion can be achieved when the information con-
tained in the entries of the matrix is spread out across multiple entries. If the information is very
localized then it will be impossible to reconstruct the missing entries. Consider a simple example
where the matrix is sparse

000 0 0O
00023 00
000 0 0O (21)
000 0 0O

If we don’t observe the nonzero entry, we will naturally assume that it was equal to zero.

The problem is not restricted to sparse matrices. In the following matrix the last row does not
seem to be correlated to the rest of the rows,

(22)

W NN DN DN
N NN DN
W NN DN DN

This is revealed by the singular-value decomposition of the matrix, which allows to decompose it



into two rank-1 matrices.

M=USVT (23)
0.5 0
B 8'2 8 {8 o} {0.5 05 0.5 05 (24)
05 0 0 6| ]—-0.5 05 —-05 0.5
0 1
0.5 0
0.5 0
=8105| [0.5 0.5 05 0.5]+6 (0] [-0.5 0.5 —0.5 0.5] (25)
0.5 0
0 1
= O'lUl‘/lT + O-2U2‘/2T. (26)
The first rank-1 component of this decomposition has information that is very spread out,
2 2 2 2
2 2 2 2
oU V=12 2 2 2. (27)
2 2 2 2
00 00

The reason is that most of the entries of V; are nonzero and have the same magnitude, so that
each entry of U; affects every single entry of the corresponding row. If one of those entries is
missing, we can still recover the information from the other entries.

In contrast, the information in the second rank-1 component is very localized, due to the fact that
the corresponding left singular vector is very sparse,

0 0 0 0
0 0 0 0
oLVl =10 0 0 0 (28)
0 0 0 0
-3 3 -3 3

Each entry of the right singular vector only affects one entry of the component. If we don’t observe
that entry then it will be impossible to recover.

This simple example shows that sparse singular vectors are problematic for matrix completion.
In order to quantify to what extent the information is spread out across the low-rank matrix we
define a coherence measure that depends on the singular vectors.

Definition 2.1 (Coherence). Let U SVT be the singular-value decomposition of an n X n matriz
M with rank r. The coherence pu of M is a constant such that

2 i
s 2 U= o 29)
Sy <
1I£ja§)$t Vij = r (30)



This condition was first introduced in [1]. Tts exact formulation is not too important. The point is
that matrix completion from uniform samples only makes sense for matrices which are incoherent,
and therefore do not have spiky singular values. There is a direct analogy with the super-resolution
problem, where sparsity is not a strong enough constraint to make the problem well posed and
the class of signals of interest has to be further restricted to signals with supports that satisfy a
minimum separation.

2.3 Minimizing the nuclear norm

We are interested in recovering low-rank matrices from a subset of their entries. Let ¢ be a vector
containing the revealed entries and let €2 be the corresponding entries. Ideally, we would like to
select the matrix with the lowest rank that corresponds to the measurements,

min rank (X) such that X = 7. (31)
XeRmxn
Unfortunately, this optimization problem is computationally hard to solve. Substituting the rank
with the nuclear norm yields a tractable alternative:

min |[|X]||, such that Xq = 7. (32)
X EeRmxn
The cost function is convex and the constraint is linear, so this is a convex program. In practice,
the revealed entries are usually noisy. They do not correspond exactly to entries from a low-rank
matrix. We take this into account by removing the equality constraint and adding a data-fidelity
term penalizing the fo-norm error over the revealed entries in the cost function,

1
min —

12
i [|X = 7+ A1 (%)

where A\ > 0 is a regularization parameter.

Example 2.2 (Collaborative filtering (simulated)). We now apply this method to the following
completion problem:

Bob Molly Mary Larry
1 ? ) 4 The Dark Knight
Spiderman 3
Love Actually (34)
Bridget Jones’s Diary
Pretty Woman
Superman 2

— o Ot s D
N O = Ot =
=N N
Tt N = 0 Ot

In more detail we apply the following steps:

1. We compute the average observed rating and subtract it from each entry in the matrix. We
denote the vector of centered ratings by .

2. We solve the optimization problem (32).



3. We add the average observed rating to the solution of the optimization problem and round
each entry to the nearest integer.

The result is pretty good,

Bob Molly Mary Larry
1 2 (1) 5 4 The Dark Knight

2 (2) 1 4 5 Spiderman 3
4 5 2 2 (1) | Love Actually (35)
5 4 2 1 Bridget Jones’s Diary
4 5 1 2 Pretty Woman
1 2 5 (5) 5 Superman 2
For comparison the original ratings are shown in brackets. A

2.4 Algorithms

In this section we describe a proximal-gradient method to solve Problem 33. Recall that proximal-
gradient methods allow to solve problems of the form

minimize f (z) + g (z), (36)
where f is differentiable and we can apply the proximal operator prox, efficiently.

Recall that the proximal operator norm of the ¢; norm is a soft-thresholding operator. Analogously,
the proximal operator of the nuclear norm is applied by soft-thresholding the singular values of
the matrix.

Theorem 2.3 (Proximal operator of the nuclear norm). The solution to

1 2
min 2y - X[+ |1X], (37)
is D, (Y), obtained by soft-thresholding the singular values of Y = U SVT
D, (Y):=US, (S)VT, (38)

Sii - T Zf Su > T,

. (39)
0 otherwise.

S (9); = {

Proof. Due to the Frobenius norm term, the cost function is strictly convex. This implies that any
point at which there exists a subgradient that is equal to zero is the solution to the optimization
problem. The subgradients of the cost function at X are of the form,

X -Y + 171G, (40)
where G is a subgradient of the nuclear norm at X. If we can show that
1
Ly - D, (1) (11)



is a subgradient of the nuclear norm at D, (Y') then D, (Y) is the solution.

Let us separate the singular-value decomposition of Y into the singular vectors corresponding to
singular values greater than 7, denoted by Uy and Vj and the rest

Y =USVT (42)
So O T
~ (w0 vl [T o) " (4
Note that D, (Y) = Uy (So — 71) V', so that
1&-D4ﬂpﬂ@§+£@&%ﬁ (44)
T T

By construction all the singular values of U;S;V/! are smaller than 7, so

1
‘hm&%’gL (45)

In addition, by definition of the singular-value decomposition Ul U; = 0 and V'V; = 0. As a
result, (44) is a subgradient of the nuclear norm at D, (Y) and the proof is complete. O]

Algorithm 2.4 (Proximal-gradient method for nuclear-norm regularization). Let Y be a matrix

such that Yo = y and let us abuse notation by interpreting ng) as a matriz which is zero on Q°.
We set the initial point X© to Y. Then we iterate the update

X (k+1) — ’Dak)\ <X(k) — Qg (Xg()k) _ Y)) : (46)

where ay, > 0 is the step size.

Example 2.5 (Collaborative filtering (real)). The Movielens data set contains ratings from 671
users for 300 movies. The ratings are between 1 and 10. Figure 3 shows the results of applying
algorithm 2.4 (as implemented by this package) using a training set of 9 135 ratings and evaluating
the model on 1 016 test ratings. For large values of A\ the model is too low rank and is not able
to fit the data, so both the training and test error is high. When A is too small, the model is
not low rank, which results in overfitting: the observed entries are approximated by a high-rank
model that is not able to predict the test entries. For intermediate values of A the model achieves
an average error of about 2/10. A

2.5 Alternating minimization

Minimizing the nuclear norm to recover a low-rank matrix is an effective method but it has a
drawback: it requires repeatedly computing the singular-value decomposition of the matrix, which
can be computationally heavy for large matrices. A more efficient alternative is to parametrize
the matrix as AB where A € R™* and B € R**", which requires fixing a value for the rank of
the matrix k (in practice this can be set by cross validation). The two components A and B can
then be fit by solving the optimization problem
_ min
AERMXk BeRkxn

<g§>9 a ?]H ' (47)
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https://grouplens.org/datasets/movielens/
https://github.com/hammerlab/fancyimpute

w =y w o
T T T T

Average Absolute Rating Error

N
T

1| — Train Error
— Test Error

0 L Il Il Il
107 10t 10° 10! 10? 103 10*

Figure 3: Training and test error of nuclear-norm-based collaborative filtering for the data described in
Example 2.5.

This nonconvex problem is usually tackled by alternating minimization. Indeed, if we fix B=8B
the optimization problem over A is just a least-squares problem

min
geRm xk

(i), 4, e

and the same is true for the optimization problem over B if we fix A = A, Iteratively solving
these least-squares problems allows to find a local minimum of the cost function. Under certain as-
sumptions, one can even show that a certain initialization coupled with this procedure guaranteees
exact recovery, see [3] for more details.

3 Structured low-rank models

3.1 Nonnegative matrix factorization

As we discussed in Lecture Notes 2, PCA can be used to compute the main principal directions of a
dataset, which can be interpreted as basis vectors that capture as much of the energy as possible.
These vectors are constrained to be orthogonal. Unfortunately, as a result they are often not
necessarily interpretable. For example, when we compute the principal directions and components
of a data set of faces, they both may have negative values, so it is difficult to interpret the directions
as face atoms that can be added to form a face. This suggests computing a decomposition where
both atoms and coefficients are nonnegative, with the hope that this will allow us to learn a more
interpretable model.

11



A nonnegative matrix factorization of the data matrix may be obtained by solving the optimization
problem,

2

minimize HX _AB (49)
F

subject to  A;; >0, (50)

Bi; >0, foralli,j (51)

where A € R and B € R™" for a fixed r. This is a nonconvex problem which is computationally
hard, due to the nonnegative constraint. Several methods to compute local optima have been
suggested in the literature, as well as alternative cost functions to replace the Frobenius norm.
We refer interested readers to [4].

Figure 4 shows the columns of the left matrix A, which we interpret as atoms that can be combined
to form the faces, obtained by applying this method to the faces dataset from Lecture Notes 2
and compares them to the principal directions obtained through PCA. Due to the nonnegative
constraint, the atoms resemble portions of faces (the black areas have very small values) which
capture features such as the eyebrows, the nose, the eyes, etc.

Example 3.1 (Topic modeling). Topic modeling aims to learn the thematic structure of a text
corpus automatically. We will illustrate this application with a simple example. We take six
newspaper articles and compute the frequency of a list of words in each of them. Our final goal
is to separate the words into different clusters that hopefully correspond to different topics. The
following matrix contains the counts for each word and article. Each entry contains the number of
times that the word corresponding to column j is mentioned in the article corresponding to row <.

singer GDP senate election vote stock bass market band Articles

6 1 1 0 0 1 9 0 8 a
1 0 9 5 8 1 0 1 0 b
A — 8 1 0 1 0 0 9 1 7 c
0 7 1 0 0 9 1 7 0 d
0 3 6 7 3 6 0 7 2 e
1 0 8 ) 9 2 0 0 1 f

Computing the singular-value decomposition of the matrix— after subtracting the mean of each
entry as in (11)— we determine that the matrix is approximately low rank

23.64 0 0 0
0 1882 0 0 0 0
e 0 0 1423 0 0 0 |
A=USVE=U1 0 0 363 0 0|~ (52)
0 0 0 0 203 0
0 0 0 0 0 136

Unfortunately the singular vectors do not have an intuitive interpretation as in Section ?7. In

12



PCA

NMF

Figure 4: Atoms obtained by applying PCA and nonnegative matrix factorization to the faces dataset
in Lecture Notes 2.
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particular, they do not allow to cluster the words

a b c d e f
U = (-024 —047 —024 —0.32 —0.58 —0.47)
Uy = (064 —023 067 -003 —0.18 —0.21) (53)

U; = (-0.08 —-0.39 —0.08 0.77 0.28  —0.40)

or the articles

singer GDP senate election vote stock bass market band
Vi = (-018 —-024 -051 —-0.38 —-046 -034 -02 —-03 —0.22)
Vo, = (047 001 -022 —015 -025 —0.07 063 —0.05 049) (54
V3 = (-013 047 —-03 —-0.14 -0.37 052 —-0.04 049 —0.07)

A problem here is that the singular vectors have negative entries that are difficult to interpret. In
the case of rating prediction, negative ratings mean that a person does not like a movie. In contrast
articles either are about a topic or they are not: it makes sense to add atoms corresponding to
different topics to approximate the word count of a document but not to subtract them. Following
this intuition, we apply nonnegative matrix factorization to obtain two matrices W € R™** and
H € R¥" such that

In our example, we set k = 3. Hy, H, and H3 can be interpreted as word-count atoms, but also
as coefficients that weigh the contribution of Wy, Wy and Wj.

singer GDP senate election vote stock bass market band
H, = (0.34 0 3.73 254  3.67 0.52 0 0.35 0.35)
Hy, = ( 0 221 021 045 0 264 021 243 022) (57)
H; = (322 037 0.19 0.2 0 0.12 4.13 0.13 3.43)

The latter interpretation allows to cluster the words into topics. The first topic corresponds to the
entries that are not zero (or very small) in H;: senate, election and vote. The second corresponds
to Hy: GDP, stock and market. The third corresponds to Hj: singer, bass and band.

The entries of W allow to assign the topics to articles. b, e and f are about politics (topic 1), d
and e about economics (topic 3) and a and ¢ about music (topic 3)

a b c d e f
Wy = (003 223 0 0 159 224)
W, = (01 0 008 313 232 0) (58)
W; = (213 0 222 0 0 0.03)

14



Finally, we check that the factorization provides a good fit to the data. The product W H is equal
to

singer GDP senate  election vote stock bass market band  Art.
6.89 (6) 1.01 (1) 0.53 (1) 0.54 (0) 0.10 (0) 0.53 (1) 883 (9) 0.53 (0) 7.36 (8) a
0.75 (1) 0 (0) 832 (9) 5.66 (5) 818 (8) 1.15 (1) 0 (0) 0.78 (1) 0.78 (0) b
7.14 (8) 0.99 (1) 0.44 (0) 047 (1) 0 (0) 047 (0) 9.16 (9) 0.48 (1) 7.62 (7) c

0(0) 7(691) 0.67 (1) 1.41 (0) 0 (0) 828 (9) 0.65 (1) 7.60 (7) 0.69 (0) d
0.53 (0) 5.12 (5) 6.45 (6) 5.09 (7) 5.85 (5) 6.97 (6) 0.48 (0) 6.19 (7) 1.07 (2) e
0.86 (1) 0.01 (0) 8.36 (8 5.69 (5) 8.22(9) 1.16 (2) 0.14 (0) 0.79 (0) 0.9 (1) f
For ease of comparison the values of A are shown in brackets. A

4 Sparse principal-component analysis

In certain cases, it may be desirable to learn sparse atoms that are able to represent a set of
signals. In the case of the faces dataset, this may force the representation to isolate specific face
features such as the mouth, the eyes, etc. In order to fit such a model, we can incorporate a
sparsity constraint on the atoms by using the ¢; norm

k
~ ~112 ~
minimize HX—AB 2+>\;HA1» X (59)
subject to HA" =1 1<i<k (60)

Due to the sparsity-inducing constraint, this problem is computationally hard, as in the case of
nonnegative matrix factorization. We refer the interested reader to [6] for algorithms to compute
local minima. Figure 5 shows the atoms obtained by applying this method to the faces dataset
from Figure 4. The model indeed learns very localized atoms that represent face features.
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