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Motivating applications



Dimensionality reduction

Data with a large number of features can be difficult to analyze
Data modeled as vectors in RP (p very large)

Aim: Reduce dimensionality of representation

Intuition: Directions with very little variation are useless

Problem: How to find directions of maximum/minimum variation



Regression

The aim is to learn a function h that relates

» a response or dependent variable y

> to several observed variables X € RP, known as covariates, features or
independent variables

The response is assumed to be of the form

y = h(X)



Linear regression

The regression function h is assumed to be linear
yO = gOTE+ 5, 1<i<n
We estimate 3 € RP from training dataset

Susin = { (Y, 2D, (y@, @) . (40,2} }

A crucial question is how well we do on held-out test data



Linear regression

(= [=)] ~ ~ ~
o oo o N S
L L L L L

Height (inches)

=
N
L

o
N
L

—— Linear regression model

(=)}
o
L

80 100 120 140 160
Weight (pounds)



Collaborative filtering

Quantity y[/,j] depends on indices i and j
We observe examples and want to predict new instances

For example, y[i, /] is rating given to a movie i by a user j



Collaborative filtering

Figure courtesy of Mahdi Soltanolkotabi




Rank-1 bilinear model

» Some movies are more popular in general

» Some users are more generous in general

yli-J] = alilbl]

v

a[i] quantifies popularity of movie i

v

b[j] quantifies generosity of user j



Rank-r bilinear model

Certain people like certain movies: r factors

r

yli. 1= alilbilj]

=1

For each factor /

> a[i]: movie i is positively (> 0), negatively (< 0) or not (= 0)
associated to factor /

> by[j]: user j is positively (> 0), negatively (< 0) or not (= 0)
associated to factor /

Singular-value decomposition can be used to fit the model



The singular-value decomposition



Singular value decomposition

Every rank r real matrix A € R™*" has a singular-value decomposition
(SVD) of the form

s1 O 0 Vi
0 s 0 vl
A:[ul i - ur] 2
0 0 se| | vl



Singular value decomposition

» The singular values s; > s, > --- > s, are positive real numbers

» The left singular vectors iy, i, ... U, form an orthonormal set

» The right singular vectors vi, V4, ...V, also form an orthonormal set

» The SVD is unique if all the singular values are different

» If s; =541 =...=Sj1k, then G, ..., Uik can be replaced by any
orthonormal basis of their span (the same holds for v, ..., Viik)

» The SVD of an m x n matrix with m > n can be computed in O (mn2)



Column and row space

» The left singular vectors iy, i, ... U, are a basis for the column space
» The right singular vectors vi, V4, ...V, are a basis for the row space
Proof:

span (i, . .., tr) € col (A)

col (A) C span (i, ..., Uy)



Column and row space

» The left singular vectors iy, i, ... U, are a basis for the column space
» The right singular vectors vi, V4, ...V, are a basis for the row space
Proof:

span (ify, . .., iy) C col (A) because 7; = A (si_l\7,-)

col (A) C span (i, ..., Uy)



Column and row space

» The left singular vectors iy, i, ... U, are a basis for the column space
» The right singular vectors vi, V4, ...V, are a basis for the row space
Proof:

span (ify, . .., iy) C col (A) because 7; = A (si_l\7,-)

col (A) C span (i, ..., i) because A; = U (SVT§&)



Singular value decomposition
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Linear maps

The SVD decomposes the action of a matrix A € R™*" on a vector
X € R" into:

1. Rotation
n
T o o\ =
Vix= Z (vi, X) €]
i=1
2. Scaling
X - ZSI VI7 €j
3. Rotation



Linear maps
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Singular values

The singular values satisfy

s1 = max ||AX] |,
{lIxl;=1| xer}
= max HAT)?H
{lI¥ll,=1| yerm} 2
5= max || AX] |,

{lIR|,=1 | RERn, R L ,..., G 1 }

- 7 o A7l

{lI7ll;=1| yER™, 7 LA,....Vi_1 }

2<i<min{m,n}



Singular vectors

The right singular vectors satisfy

vi = argmax [|AX]|,
{II%l1,=1 | XeRn}

Vi = arg max

{lI¥1l,=1 | R€R", R L¥A,...,V;_1 }

and the left singular vectors satisfy

Uy =  argmax HATY

{II711,=1 | yeRrm} 2

—

u; = arg max
{lIFll;=1| yeR™, y Lin,...,d;—1 }

2



Proof
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Proof

n n
1AV I3 = <Z Sk (Vie, Vi) e, > S (Vie, Vi) G

k=1 k=1
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Proof

Still need to prove that no other vector achieves a larger value



Proof

Still need to prove that no other vector achieves a larger value

Consider X € R" such that ||x||, =1 and for a fixed 1 < i <n
XLV, .., Viq

We decompose X into
n
X = § :aJVJ + Prow(A)J‘ X
j=i

where 1 = ||7]12 > 30, o?



Proof

=12
[|AX]]5



Proof

n n
1A% = <zsk (G0 5) 03 5 {725 >
k=1

k=1



Proof

n n
|A%][5 = < Sk (Vs X) e, Sk (Vie, X) Uk>
=1
n

2 - S
s? (Vi,X)°  because i, ..., i, are orthonormal
=1

=



Proof

=12
[|AX]]5
=1 k=1

n n
Sk (Vi, X) Uk, E Sk (Vie, X)
n

2 - S
s? (Vi,X)°  because i, ..., i, are orthonormal
1

n n 2
2/ - " >
Sk <Vk, Zajvj + Prow(A)J_ X>
1

j=i

x
Il

k



Proof

n

Sk Vi, X) Uk, Z Sk (Vik, X) Uik
=1 i
n

=12
|AX]|3 =

—
S

S 2 - S
s? (Vi,X)°  because i, ..., i, are orthonormal
1

x
Il

n 2

n
2/ - - >
Sic { Vk, E a;jVvi + PFOW(A)J‘ X

j=i

x
s |l
-

N

sj2 because v, ..., V, are orthonormal
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Principal component analysis



Quantifying directional variation

Goal: Quantify variation of a dataset embedded in a p-dimensional space

Two possible perspectives:

» Probabilistic: The data are samples from a p-dimensional random
vector X

» Geometric: The data are just a cloud of points in RP



Probabilistic perspective (p = 1)

A natural quantifier of variation is the variance of the distribution

Var (x) := E ((X —-E (X))2>



Geometric perspective (p = 1)

A natural quantifier of variation is the sample variance of the data

1 n
var (X, X2, ..., Xp) = | Z(x,- —av (X1, X2, . .. Xn))?
i=1
1 n
av (xq, X2, ..., Xp) i= - X;



Connection

Sample variance is an estimator of variance

If {x1,X2,...,X,} have mean y and variance o2,
E (av(x1,X2,...,Xp)) = p
E (var (x1,X2, . ..,X,)) = 02

by linearity of expectation, so the estimator is unbiased



Connection

If samples are independent, again by linearity of expectation,

E ((av (X1,X2,...,Xp) — M)Q) = 0—2

n



Connection

If samples are independent, again by linearity of expectation,
2 o
E ((av(xl,x2,...,x,,) — 1) ) = —

n

If fourth moment is bounded,
E ((var (X1,X2,...,Xp) — 02)2>

also scales as 1/n



Probabilistic perspective (p > 1)

1. Center data by subtracting mean

2. Variation in direction Vv can be quantified by Var (\7T>_<')



Geometric perspective (p > 1)

1. Center data by subtracting average

2. Variation in direction Vv quantified by var (\7
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Covariance

The covariance of two random variables x and y is

Cov (x,y) = E((x —E(x)) (y —E(¥)))



Covariance matrix

The covariance matrix of a random vector X is defined as

Var (X[1])  Cov(X[1],%[2]) --- Cov(X[1],%[p])
o |CovRRLRO)  Var(x[2) - Cov(R[X[p)
(Cov (X[n],%[1]) Cov(X[n],X[2]) ---  Var(%[p])

=ExX") - EXE®X)T.

If the covariance matrix is diagonal, the entries are uncorrelated



Covariance matrix after a linear transformation

For any matrix A € R™*" and n-dimensional random vector X,
the covariance matrix of AX equals

Y e = ATZAT



Covariance matrix after a linear transformation

For any matrix A € R™*" and n-dimensional random vector X,
the covariance matrix of AX equals

Y e = ATZAT
Proof:

2 Az



Covariance matrix after a linear transformation

For any matrix A € R™*" and n-dimensional random vector X,
the covariance matrix of AX equals

Y e = ATZAT
Proof:

Y= B <(A>?) (A)?)T> ~E(AX)E(A%)7



Covariance matrix after a linear transformation

For any matrix A € R™*" and n-dimensional random vector X,
the covariance matrix of AX equals

Y e = ATZAT
Proof:
Tuc=E <(A>?) (A)?)T> _E(AX)E(A%)7

— A (E (zzT) - E(>‘<’)E(>‘<’)T> AT



Covariance matrix after a linear transformation

For any matrix A € R™*" and n-dimensional random vector X,
the covariance matrix of AX equals

Y e = ATZAT
Proof:
Tuc=E <(A>?) (A)?)T> _E(AX)E(A%)7
— A (E (zzT) - E(>‘<’)E(>‘<’)T> AT
= AT AT



Corollary: Variance in a fixed direction

The variance of X in the direction of a unit-norm vector v equals
Var (sz) — Ty
Covariance matrix captures variance in every direction!

Also, covariance matrices are positive semidefinite, i.e. for any v,

vy v>0



SVD of covariance matrix

Because covariance matrices are symmetric and positive semidefinite

Y= UANUT
51 0 0
— (@ & 7] | Ol 1@ & Al



Directions of maximum variance

The SVD of the covariance matrix ¥ of a random vector X satisfies
. ST =
s1 = max Var (v x)
[1V]l=1

g1 = arg max_Var (\7T>‘(’)
I7l[,=1

= max Var (\7 Tf(’)

[IVl,=1,VLif,..., 01

LTk = arg max Var <‘7T)—<»)
[1Vll,=1,VLa,.... 01



Proof

Var (sz) — 7Ty
=vTusu'v
2
= [[vsuTd],



Singular values

The singular values of A satisfy

s1= max || AX]|,
{lIx1l,=1 | xR}
= max ‘AT_’H
{lI7ll,=1| yerr} 2
S; max || AX]|5

{II%]l,=1 | %€Rn, £ Liky,...,d7 1 }

= max HAT)?
{lI7ll,=1| yeRP, gL A,....V;_1 }

27

2 < i< min{m,n}



Singular vectors

The left singular vectors of A satisfy

n = arg max ‘ATY
_ . 2
{I7ll;=1 yere}
i = arg max

{lI7ll,=1| yere, 1 tA,....V; 1 }



Directions of maximum variance

Vs =122, /5 =071 Va=1 s =1 V5 =138, /5 =032

N o 3



Sample covariance

For a data set (x1,y1), (x2,¥2), .-, (X, ¥n)

n

1
n—1

COV((X17y1) PR (men)) =

i=1

If (x1,¥1), (x2,¥2), .-, (Xn,¥n) are iid samples from x and y

E (COV ((Xla YI) Y (Xm Yn))) = Cov (Xv Y)

> i—avia,..x) (vi—av (-

7y'7))



Sample covariance matrix

The sample covariance matrix of {X1,%2,...,X,} € RP
_ . 1 s _ W (o N
T (R Ba) = DO (i av (R B)) (8- av (R )
i=1
1 n
aV(Xla)_('27 . 7>?n) - - )?I
i=1

B B var (% [i] - .., %, [i]) if i =],
z X,...,Xn i': - . o o - .
. )i {COV((Xl (1,50 - G il Xn 1) if i #



Sample covariance converges to true covariance

n=>5 n=20 n =100




Variation in a certain direction

For a unit vector v € RP

var (\7 T,V T)_(',,)



Variation in a certain direction

For a unit vector v € RP

var (V’Tf(’l, ce VT)?'n)

1 ST LT
= E <v Tx,-—av (v Txl,...
n—1

i=1



Variation in a certain direction

For a unit vector v € RP

var (V’Tf(’l, ce VT)?'n)




Variation in a certain direction

For a unit vector v € RP

var(V’Ti’l,...,VT)_('n)
1 ~(.To LTo L 7o))2
= E (vTx,-—av(vTxl,...,vTx,,)>
n—14%
i=1
R
1 —av (X, ,X,,)))




Variation in a certain direction

For a unit vector v € RP

var(VTf(’l,...,VTX'n)
1 < 2
DB AL S AL BRNAEY)
n—1
i=1
1 L . 02
:n_lZ(VT(X,-—av(xl,...,x,,))>
i=1
=v' n_lz(x,—av Ry Z) (R —av(F,. . %) |
:VTZ(XL Xn)‘7

Sample covariance matrix captures sample variance in every direction!



Principal component analysis

Given data vectors Xi, %, . .., X, € RY, compute the SVD of their
sample covariance matrix

The left singular vectors are the principal directions

The principal values are the coefficients of the centered vectors
in the basis of principal directions.



Equivalently

Center the data

— —

G =X —av(X,*X,..., %), 1<i<n,
Compute the SVD of the matrix
1

Result is the same because sample covariance matrix equals ECCT



Directions of maximum variance

The principal directions satisfy

1 = argmax  var (\7 T,...,v T)?,,)
{lI7ll;=1] veRrn}

u; = arg max var (\7 TR, ..

{I1V]l,=1 | VER™, VLiy,...,G;_1 }



Directions of maximum variance

The associated singular values satisfy

51 ST > ST >
= max var (v Txl, RRNY TX,,)
n—1 {|7)l,=1| veRrn}
Si ST
= max var (v "X, ...

n—1  {7|l,=1| veRn, VLin,....5—1 }



Proof

For any vector v

var<\7T>?1,...,v



Singular values

The singular values of A satisfy

s1= max || AX]|,
{lIx1l,=1 | xR}
= max ‘AT_’H
{lI7ll,=1| yerr} 2
S; max || AX]|5

{II%]l,=1 | %€Rn, £ Liky,...,d7 1 }

= max HAT)?
{lI7ll,=1| yeRP, gL A,....V;_1 }

27

2 < i< min{m,n}



Singular vectors

The left singular vectors of A satisfy

n = arg max ‘ATY
_ . 2
{I7ll;=1 yere}
i = arg max

{lI7ll,=1| yere, 1 tA,....V; 1 }



PCA in 2D

v/s1/(n—1) =0.705, \/s1/(n—1) =0.983,
V52/(n—1) = 0.690 V52/(n—1) = 0.356

v/s1/(n—1) =1.349,
Vs2/(n—1) = 0.144




PCA of faces

Data set of 400 64 x 64 images from 40 subjects (10 per subject)

Each face is vectorized and interpreted as a vector in R409

R
PR 7
SOOe S
¥ & i




PCA of faces

Center

=l

V/si/(n—1) 330




PCA of faces

PD 10 PD 15 PD 20 PD 30 PD 40 PD 50




PCA of faces

PD 359

PD 100 PD 150




Projection onto first 7 principal directions

Center PD 1

= 8613 - 2459 + 665
- 180 + 301 + 566
+ 638 + 403




Projection onto first k principal directions

Signal 5 PDs 10 PDs 20 PDs 30 PDs 50 PDs

100 PDs 150 PDs 200 PDs 250 PDs 300 PDs 359 PDs




Dimensionality reduction



Dimensionality reduction

Data with a large number of features can be difficult to analyze or process
Dimensionality reduction is a useful preprocessing step

If data are modeled as vectors in RP we can reduce the dimension by
projecting onto R¥, where k < p

For orthogonal projections, the new representation is (by, ), (b, X), ...
(by, x) for a basis by, ..., b of the subspace that we project on

Problem: How do we choose the subspace?



Optimal subspace for orthogonal projection

Given a set of vectors 31, 3>, ... a, and a fixed dimension k < n, the
SVD of

A= [31 a - En]GRmxn

provides the k-dimensional subspace that captures the most energy

n n
Z Hpspan(ﬁl,ﬁz,.‘.,ﬁk) 5/} @ > Z ||P3 5'”3
i=1 i=1

for any subspace S of dimension k



Proof

Because iy, i, . . ., by are orthonormal

n
Z Hpspan(ﬁ,ﬁz,--.,ljk) 5’“2 ZZ J 5
i=1

i=1 j=1



Proof

Because iy, i, . . ., by are orthonormal

n ) n k
Z Hpspan(’jl’ljéw"vﬁk) 5" ‘2 = Z Z <a-;7 5’>2
i=1

i=1 j=1

k IR

=3 |||
‘ 2
J=1



Proof

Because iy, i, . . ., by are orthonormal

n ) n k
Z }|P5pan(L71,L727...7lTk) 5" ‘2 = Z Z <a-;7 5’>2
i=1

i=1 j=1

k IR
=3 |||

‘ 2

J=1

Induction on k



Proof

Because iy, i, . . ., by are orthonormal

n ) n k
Z }|P5pan(L71,L727...7lTk) 5" ‘2 = Z Z <a-;7 5’>2
i=1

i=1 j=1

k IR
=3 |||

‘ 2

J=1

Induction on k

The base case k = 1 follows from

i = arg max HATY‘

{|17/l,=1 | yerRm} 2



Proof

Let S be a subspace of dimension k
S Nspan (ui, .. ., LTk_l)L contains a nonzero vector b

If diim (V) has dimension n, S1,S2 €V and dim (S1) + dim (S2) > n,
then dim (51N &y) > 1



Proof

Let S be a subspace of dimension k
S Nspan (ui, .. ., LTk_l)L contains a nonzero vector b

If diim (V) has dimension n, S1,S2 CV and dim (S1) +dim (S2) > n
then dim (51N &y) > 1

There exists an orthonormal basis b1, b2, e bi for S such that by := b
is orthogonal to iy, i, ..., k_1



Induction hypothesis

k—1
> |[aTa
i=1

2 - =112
2 - Z HPSPa”(‘717L727---,l7k—1) a"’ ‘2
i=1

2

n
> Z Hpspan(glygzp_"g,(71) a,-‘
i=1

k—1
S
i=1

2

2
2




Proof

Recall that

by = arg max HATYH
_ _ I 2
{lI¥ll,=1| yeR™, ¥ Li,...,d0—1}

’ 2
2

which implies

2 -
7], 2 475,




Proof

Recall that

by = arg max HATYH
_ _ oL - 2
{lI7ll;=1| yeR™, y Lin,...,G01}

’ 2
2

which implies

2 -
7], 2 475,

We conclude

n k
- 112 Z T - 2
Z H’Pspan("7171727”'717k) al‘ ‘2 = HA U, 2
i=1 i=1
k - 5
> [T
: 2
i=1

n
=Y |IPs il
i=1



Nearest-neighbor classification

Training set of points and labels {xi, h}, ..., {Xh, In}
To classify a new data point y, find

. e o

it = arglglgnlly Xillo s
and assign ;< to ¥

Cost: O (mnp) to classify m new points



Nearest neighbors in principal-component space

Idea: Project onto first k main principal directions beforehand

Cost:

» O (pzn), if p < n, to compute principal dimensions
> knp operations to project training set

» kmp operations to project test set

» kmn to perform nearest-neighbor classification

Faster if m > p



Face recognition

Training set: 360 64 x 64 images from 40 different subjects (9 each)
Test set: 1 new image from each subject

We model each image as a vector in R*%% (m = 4096)

To classify we:

1. Project onto first k principal directions

2. Apply nearest-neighbor classification using the ¢>-norm distance in R¥



Performance

301,

20

Errors

10| .

| |
0O 10 20 30 40 50 60 70 80 90 100
Number of principal components




Nearest neighbor in R*

Test image

Projection

Closest
projection

Corresponding
image




Dimensionality reduction for visualization

Motivation: Visualize high-dimensional features projected onto 2D or 3D
Example:
Seeds from three different varieties of wheat: Kama, Rosa and Canadian

Features:

> Area

» Perimeter

» Compactness

» Length of kernel

» Width of kernel

» Asymmetry coefficient

» Length of kernel groove



Projection onto two first PDs

2.0
15
1.0
0.5
0.0
-0.5

-1.0
-1.5
-2.0

Second principal component

-2.5
-25-20-15-1.0-05 0.0 05 1.0 15 20

First principal component




Projection onto two last PDs

2.0
15
1.0
0.5
0.0 =
-0.5
-1.0
-1.5

dth principal component

-2.0

-2.5
-25-20-15-1.0-05 0.0 05 1.0 15 20

(d-1)th principal component



Linear regression



Regression

The aim is to learn a function h that relates

» a response or dependent variable y

> to several observed variables X € RP, known as covariates, features or
independent variables

The response is assumed to be of the form

y = h(X)



Linear regression

The regression function h is assumed to be linear

YD = xDTF 48, 1<i<n

We estimate 5 € RP from training dataset

Serain == {( (1) za )) 7 <y(2)7;(z)> (y(n)j(n))}



Linear regression

In matrix form
y(l)
y(2)

()

Equivalently,

Q

O] 0RO [ 4]
O[] £@p - 3Ol |
M) xR - xOp]| | Bl

<u
X
>

o



Linear model for GDP

State

North Dakota
Alabama
Mississippi
Arkansas
Kansas
Georgia

lowa

West Virginia
Kentucky
Tennessee

GDP (millions)

52 089
204 861
107 680
120 689
153 258
525 360
178 766
73 374

197 043
77

Population

757 952
4 863 300
2988 726
2 088 248
2 907 289
10 310 371
3 134 693
1831 102
4 436 974
6 651 194

Unemployment Rate

2.4
3.8
5.2
35
3.8
4.5
3.2
51
5.2
3.0




Centering

[—127 1477
25 625
—71 556
.| 58547
Ycent = _25 978
470
—105 862

| 17807 |

av (y) = 179 236

Xcent =

av(X) =

[ 3044 121 —1.7]
1061227 2.8

~813346 1.1
813825 5.8
804784 2.8
6508 208 4.2
—667379 —8.8
~1970971 1.0
| 634901 1.1 |

(3802073 4.1



Normalizing

[—0.3217 [—0.394 —0.600]

0.065 0.137 —0.099
—0.180 —0.105 0.401

—0.148 —0.105 —0.207

Ynorm = | —0.065 Xnorm = | —0.116 —0.099
0.872 0.843  0.151

—0.001 —0.086 —0.314
—0.267 —0.255 0.366

L 0.045 | | 0.082  0.401 |

std () = 396 701 std (X) = [7 720 656 2.80]



Linear model for GDP

Aim: find 5 € R? such that ¥horm ~ Xnorm 5

The estimate for the GDP of Tennessee will be
7 = av(7) + std (7) (Rham: )

~Ten

where X

e, is centered using av (X) and normalized using std (X)



Least squares

For fixed § we can evaluate the error using

3 (105073’ <

7= x|,

The least-squares estimate 615 minimizes this cost function
Bis ‘= arg min Hy’-XﬁH
3 2
Ty L yTo
- (X X) xXTy

if X is full rank and n > p



Least-squares solution
Let X = USVT
7=UUTy+ (/ . UUT) 7

By the Pythagorean theorem

71,
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Let X = USVT
7=UUTy+ (/ . UUT) 7

By the Pythagorean theorem

78], = [1(1= vom) o[, + fJou7s - x|

2 _ _ L2
‘ = arg min HUU y—XBH
2 3 2

arg min HV—XE
B
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Least-squares solution

Let X = USVT
7=UUTy+ (/ . UUT) 7

By the Pythagorean theorem

78], = [1(1= vom) o[, + fJou7s - x|

SR 12
arg min HV—XBH = argmin UUT)?’—XBH
B 2 3 2
L2
= argmin uuTy — USVT/BH2
B

T T3|?
= argmin U'y-Sv ﬂHz

B




Least-squares solution

Let X = USVT
7=UUTy+ (/ . UUT) 7

By the Pythagorean theorem

. 2 L _ S2
O [ Y P
SR - 12
arg min HV—XBH = argmin uu Y—XBH
B 2 3 2
L2
= argmin uuTy — USVT/BH2
B
Si2
= argmin UTY—SVTﬂH
g 2

—vslyTy = (xTx)fley



Linear model for GDP

The least-squares estimate is

- 1.019
fLs = {—0.111}

GDP seems to be proportional to population and inversely proportional
to unemployment



Linear model for GDP

State

North Dakota
Alabama
Mississippi
Arkansas
Kansas
Georgia

lowa

West Virginia
Kentucky
Tennessee

GDP

52 089
204 861
107 680
120 689
153 258
525 360
178 766
73 374
197 043
328 770

Estimate

46 241
239 165
119 005
145 712
136 756
513 343
158 097
59 969
194 829
345 352




Geometric interpretation

» Any vector Xf is in the span of the columns of X

» The least-squares estimate is the closest vector to y that can be
represented in this way

» This is the projection of ¥ onto the column space of X

XfBis = XVs—tuTy
=UsvTvs—tyTy
—UUTy



Geometric interpretation




Probabilistic interpretation

Let y be a random scalar with zero mean and X a p-dimensional
random vector

Goal: Estimate y as linear function of X

Criterion: Mean square error

MSE() := E((y — %7 3)?)
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Probabilistic interpretation

Let y be a random scalar with zero mean and X a p-dimensional
random vector

Goal: Estimate y as linear function of X

Criterion: Mean square error
MSE(B) := E((y — X" 6)°)
—E(y) —2B(y)) " F+FTE (%) 7
= Var (y) — 25,73 + B T3
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Probabilistic interpretation

V MSE(f) = 2538 — 25 x
Bumse = X7 ' Tz

1
Yo~ —XTX
n

1.
Zy; ~ 7Xy
n

. 1
BMMSE ~ (XTX) Xy



Strange claim

I found a cool way to predict the daily temperature in New York: It's just a
linear combination of the temperature in every other state. | fit the model
on data from the last month and a half and it's almost perfect!



Temperature prediction via linear regression

» Dataset of hourly temperatures measured at weather stations all over
the US

» Goal: Predict temperature in Yosemite from other temperatures
> Response: Temperature in Yosemite

» Features: Temperatures in 133 other stations (p = 133) in 2015
» Test set: 103 measurements

» Additional test set: All measurements from 2016



Results

Average error (deg Celsius)
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Linear model

To analyze the performance of the least-squares estimator we assume a
linear model with additive noise

ytrain = Xtrainﬁtrue + Zirain
The LS estimator equals

ELS = arg m/éi,n H)_/:crain - Xtrain/g||2



Noise model

We assume that Zyain is iid Gaussian with zero mean and variance o?

Under this assumption (s is the maximum-likelihood estimate



Maximum likelihood estimate

Likelihood of iid Gaussian samples with mean X3 and variance o2

)

-,

Ly(8) =

—

y—Xp

1 1
V (2ma?)" P\ 202



Maximum likelihood estimate

Likelihood of iid Gaussian samples with mean X3 and variance o2

1 1 2
V (2ma?)" P\ 202 2

To find the ML estimate, we maximize the log likelihood

-,

Ly(8) =

—

y—Xp

i = rgmaxcy (9)
B
= arg mﬁgx log Ly (5)

2
2

:argminH)?'—Xg
B



Coefficient error

If the training data follow the linear model and Xiain is full rank,

6 /Btrue - ( trathI’aIn) Xtramytraln Btrue
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Coefficient error

If the training data follow the linear model and Xiain is full rank,

6 /Btrue - ( trathI’aIn) Xtramytraln Btrue
-1 T - . -
(Xtramxtrain> Xtrain (Xtrainﬁtrue + Ztrain) - /Btrue

-1
T = s
- /Btrue ( trathrain) Xtrainztrain - Btrue



Coefficient error

If the training data follow the linear model and Xiain is full rank,
. ; 1oL -
6LS - /Btrue - (Xtrainxtrain> Xtrainytrain - Btrue
; -1 - . -
(Xtrainxtrain> Xtrain (Xtrainﬁtrue + Ztrain) - /Btrue
-1
o1 T T > o1
/Btrue + (XtrainXtrain> Xtrainztrain - Btrue

-1
T T >
(Xtrainth’ain> XirainZtrain



Training error

The training error is the projection of the noise onto the orthogonal
complement of the column space of Xiyain

%rain - )7LS = _)Zcrain - PCO'(Xtrain) }arain
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Training error

The training error is the projection of the noise onto the orthogonal
complement of the column space of Xiyain

%rain - )7LS = _)Zcrain - PCO'(Xtrain) }arain
= XtrainBtrue + Ztrain — PcoI(Xtrain) (Xtrainﬁtrue + Ztrain)

= XtrainBtrue + Ztrain — XtrainBtrue — c0l(Xtrain) Ztrain

= co'(Xtrain)L Ztrain



Concentration of projection of Gaussian vector

Let S be a k-dimensional subspace of R"” and Z € R" a vector of iid
Gaussian noise with variance 0. For any € € (0,1)

ok —6) < |[Psll, < ov/k(T+ )

with probability at least 1 — 2 exp (—ke?/8)



Training error

Dimension of orthogonal complement of col(Xirain) equals n — p

||)7train - )7LS||§
n

Training RMSE :=



Training error

Dimension of orthogonal complement of col(Xirain) equals n — p

||)7train - )7LS||§
n

~ O 178
\ n

Training RMSE :=



Temperature prediction via linear regression
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Overfitting

When p = n, the training error is very low!

Lower than error achieved by true coefficients

N 2
Ytrain — Xtrainﬁtrue )

Ideal training RMSE := -

I (12
_ HZtramH2 ~0
n

This indicates overfitting of noise



Test error

What we really care about is performance on held-out data

Yiest ‘= <)aesta ﬁtrue> + Ztest

The least-squares estimate equals
WS = (Xeest, OLS)

where s is computed from the training data



Model

Training and test noise are iid Gaussian with variance o

Test feature vector Xiest IS @ zero-mean random vector

Training and test noise, and test features are all independent



Test error

[ p
Test RMSE := \/E((ytest —yis))~ oy 1+ .

as long as

o T\ LlyT
E (XteStXtest) ~ ;XtrainXtrain



Temperature prediction via linear regression
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Proof

Yiest — Yis = (Xtest, gtrue) + Ziest — (Xtest, BLs)
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Proof

Yiest — Yis = (Xtest, gtrue) + Ziest — (Xtest, BLs)

- <§test7 Btrue - BLS> + Ziest

" T T =
= — (Xtest, (XtrainXtrain> XirainZtrain) + Ztest

= _<Xtest, XTZtrain) + Ztest
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Proof

E ((ytest - yLS)2) =E <<itest7 Xthrain>2) +E (zgest)

- - = - 2
=E <xt£stXthrainthrain(XT)Txtest> +o



Proof

E ((ytest - .VLS)Z) =E <<itest7 Xthrain>2) +E (Zfest)
B (REeX ZurainZhain(X) TRt ) + 02
E

- > 2 > |z 2
<E (Xz;stXTZtrainZt-’r—ain(XT) Txtest | Xtest)) +o



Proof

T - -T T o 2
E (XteStXTZtrainZtrain(XT) Xest | Xtest)) +o

B(
= B (XX ZurainZlin(XT) it ) + 02
B(
E <i£stXTE (ztrainzt—,;ain) (XT)TiteSt> + 02



Proof

E ((Yeest —¥15)°) = E <<>?test, X Titrain>2) +E(2%)

= B (XX ZurainZlin(XT) TRiest ) + 0
E <E (xtestX ztra,nzt-’r-am(XT) Xtest | xtest)) + o2
E <>_(’tTestX E (ztra,nthram xtest> + o2

= 02 (Xtest)(f XT) TXtest)



Proof

-1 -1
XT(XT)T (th—ainxtrain) th—ainXtrain (th—ainXtrain>

-1
(th—ainxtrain)



Proof

- -1
XT (XT) T (Xtrathrain) Xtrathrain (Xtrathrain>

-1
(th—amxtrain)

-1
E ((Ytest - yLS)2) = 02 E (Xtest <Xtra|nXtrain) itest) + 0'2



Proof

—1 -1
E (Xtest (Xtrathrain> itest) =E (t <Xtest (Xtrathrain) itest))



Proof

1 1 )
E (Xtest (Xtrathrain) iteﬂ) =B <tl’ <XteSt (Xtrathrain) Xtest>>
1 . T
=E ( <<Xtra|nXtrain) XtestXtest
T -1/, T
<(Xtra|nXtrain) E (XteStXteSt)



SVD analysis

L . 1oL
ﬁLS - ﬁtrue = (XtrainXtrain) Xtrainztrain
1T 2
= Vtrainst,-ain Utrainztrain
p

_ Z <m72;:rain> ‘7.’
Sj

i=1



SVD analysis

L . 1oL
ﬁLS - ﬁtrue = (XtrainXtrain) Xtrainztrain
_ 1T =
= Vtrainst,-ain Utrainztrain
p

o <17i721‘:rain>_.
-y el
Sj

i=1

Ytest — YLS = <)?testa Btrue - BLS) + Ztest



SVD analysis

L . 1oL
ﬁLS - ﬁtrue = (XtrainXtrain) Xtrainztrain
1T 2
= Vtrainst,-ain Utrainztrain
p

_ Z <m72;:rain> ‘7.’
Sj

i=1

Ytest — YLS = <)?testa Btrue - BLS) + Ztest

—

. P <)_<;:est7 Vi> <L7i72train>
= Ztest — Z

S
i=1 !



Temperature prediction via linear regression
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SVD analysis

If sample covariance of training matrix is close to true covariance matrix
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E ((Xtesta Vi) ) =E (Vi XtestXtest Vi)



SVD analysis

If sample covariance of training matrix is close to true covariance matrix
= 1\ 2 T—> =T -
E ((Xtesta Vi) ) =E (Vi Xtest Xtest Vi)

T (= =T )\ =
= Vi E ( teStXtest) Vi



SVD analysis

If sample covariance of training matrix is close to true covariance matrix
= S\ 2 T—> =T -
E ((Xtesta Vi) ) =E (Vi XtestXtest Vi)
T > oT \ =
=V E ( teStXtest) Vi

1
Ty T
—V Xtrain

&Q

Xtrain Vi



SVD analysis

If sample covariance of training matrix is close to true covariance matrix
= S\ 2 T—> =T -
E ((Xtesta Vi) ) =E (Vi XtestXtest Vi)
T > oT \ =
=V E ( teStXtest) Vi

1
Ty T
—V Xtrain

&Q

Xtrain Vi

1
— 7‘7;7'\/52\/T‘7;
n



SVD analysis

If sample covariance of training matrix is close to true covariance matrix
= 1\ 2 T—> =T -
E ((Xtesta Vi) ) =E (Vi Xtest Xtest Vi)

T - -7\ =
=V E (XtEStXtest) Vi
1

&Q

TyT -
Vi XirainXtrainVj

ARV VARV

S|=3

s |9



SVD analysis

If sample covariance of training matrix is close to true covariance matrix
= 1\ 2 T—> =T -
E ((Xtesta Vi> ) =E (Vi Xtest Xtest Vi)

T - -7\ =
=V E (XtEStXtest) Vi
1

Q

STVT 5
Vi X Xtrain Vi

n train
Loryvc2yTo
=—v, VSV
n
2
_ %
n

Otherwise: noise amplification



Ridge regression



Temperature prediction via linear regression
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Motivation

Overfitting often reflected in large coefficients that cancel out to
match the noise

Solution: Penalize large-norm solutions when fitting the model

Adding a penalty term to promote a particular structure is called
regularization



Ridge regression

For a fixed regularization parameter A > 0

- T 112 12
Bridge ‘= argmin Hy_XBH +)‘HBH
B 2 2
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Ridge regression

For a fixed regularization parameter A > 0
- T L2 v,
Bridge ‘=argmin Hy - XBH +A HBH
B 2 2
-1
- (XTX + /\l) xTy
When A — 0 then Bridge — ELS

When A — oo then Eﬁdge —0



Proof

Bridge is the solution to a modified least-squares problem
A_TX141°
0 Al

Bridge = arg m_i,n
B

2
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5ridge = arg m_i,n
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Proof

Bridge is the solution to a modified least-squares problem
2
5ridge = arg m_i,n

o] - L

B (%/] T [\/)ngl L/);/] T [é]

- (XTX + Al)_l xTy




Problem

How to calibrate regularization parameter
Cannot use coefficient error (we don't know the true value!)
Cannot minimize over training data (why?)

Solution: Check fit on new data



Cross validation
Given a set of examples

(y0. 20 (@ 5@) (40, %)

1. Partition data into a training set Xiajn € R™rain*P yi i € RMrain and
a validation set X5 € R™al*P y. | € RMal

2. Fit model using the training set for every \ in a set A

12 412
ﬁrain _)<trainﬁH2 +>‘ HﬁHz

Bridge ()‘) ‘= arg m_i,n ‘
B
and evaluate the fitting error on the validation set

N 2
_)zcrain - Xtrainﬂridge(A)‘ ‘2

3. Choose the value of A that minimizes the validation-set error

err (A) :== ‘

Acy 1= arg TGIR err (\)



Temperature prediction via linear regression (n = 202)
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Temperature prediction via linear regression (n = 202)
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Temperature prediction via linear regression
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Temperature prediction via linear regression
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Temperature prediction via linear regression

Average error (deg Celsius)
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Ridge-regression estimator

N
- -
If Ytrain := Xtrainﬁtrue + Ztrain

2

Sl ... S1 ..
ST+ 0 0 EEY 0 0
0 2575 A 0 0 252 P 0
5 DY T3 sS4+ T >
ﬁRR =V 2 14 ﬂtrue + 14 2 U Ztrain
2
0 (. 0 0 ... ¥
sZ+X sZ+XA

where USV'T is the SVD of Xirain and si, ..., sp are the singular values



Proof

-1 5 .
BrR = (th—ainXtrain + /\/) th—ain <Xtrain5true + Ztrain>
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Proof

BrRR

_1 .
(th—ainXtrain + /\/) th—ain <Xtrain5true + Ztrain>

-1 -
vs2vT ¢ )\VVT) (VSZVTﬂtme + VSUTZtrain)

74 (52 + )\I)_l VT (VS2 VTgtrue + VSUTZtrain)



Proof

tralnXtrain + /\/) th—aln <Xtraingtrue + Ztrain)

0=
(vs?vT+awT ) (VS?VT Biue + VSUT Ziain)
V(S24+ M) VT (VST e + vsusz,n)

v

(
(

2+ M) TSPV Bue + V (S2+ M) SUT Ziain



Coefficient and test error

gRR - gtrue =-\V (52 + >\I)71 VTgtrue +V (52 + )\l)il SUTzﬂtrain



Coefficient and test error

gRR - gtrue =-\V (52 + >\l)71 VTgtrue +V (52 + )\l)il SUTzﬂtrain

Ytest — YRR = <)aesta 5true - 5RR> + Ztest
p <)aest, ‘7/> <>\ <ﬁtruea ‘7;> — 5 <L715 Ztrain>>
s?+ A

= Ztest T
i=1



Coefficient and test error

gRR - gtrue =-\V (52 + )\l)il VTgtrue +V (52 + )\l)il SUTzﬂtrain

Ytest — YRR = <)aesta 5true - 5RR> + Ztest
p <)aest, ‘7/> (>\ <ﬁtruea ‘7;> — 5 <L715 Ztrain>>
s?+ A

= Ztest T
i=1

<)_(:cest7 \71> <’j/7 Ztrain>
Si

Yiest — YLS = Ztest — Z
i=1



Low-rank matrix estimation



Singular value decomposition

Every rank r real matrix A € R™*" has a singular-value decomposition
(SVD) of the form

s1 O 0 Vi
0 s 0 vl
A:[ul i - ur] 2
0 0 se| | vl



Connection between rank and SVD

Qualitative connection: rank = number of nonzero singular values

Quantitative connection: decomposition in rank-1 matrices

A=USVT = s
i=1



Vector space of matrices

R™*" matrices are a vector space
Inner product:
(A, B) = tr (ATB) . A BeR™N

Norm:

1Allg == \/tr (ATA) =




Orthonormal set

The rank-1 matrices LT;\?I-T are orthonormal vectors

2
avT|| =tr(va"dv’
1 F 1 1




Orthonormal set

The rank-1 matrices LT;\?I-T are orthonormal vectors

2
avT|| =tr(va"dv’
1 F 1 1

Iy e U
=v, viu; up=1

(a7 a7 ) = w (vl 57



Orthonormal set

The rank-1 matrices LT;\?I-T are orthonormal vectors

2
avT|| =tr(va"dv’
1 F 1 1

ST -

_ g A
=viviu =1

T o oT - ST
") =w (a9

T~
A
U
B
£
SN



Decomposition of matrix norm

HAHF—ZHs,W

‘F, by Pythagoras's Theorem,

= Zs,?, by homogeneity of norms.
i=1



Connection between rank and SVD

SVD decomposes a matrix into n components
Norm of each component equals corresponding singular value

A matrix is approximately rank r if last n — r singular values are small
with respect to first r



Connection between rank and SVD

SVD decomposes a matrix into n components
Norm of each component equals corresponding singular value

A matrix is approximately rank r if last n — r singular values are small
with respect to first r

Error of approximation given by last n — r singular values

2

r n
- ST - ST
A— E Siujv; = E SiujVv;
i=1

F i=r+1 E

n

i=r+1

2



Rank-r bilinear model

Certain people like certain movies: r factors

yli. i1~ alilbl]
=1
For each factor /

> a[i]: movie i is positively (> 0), negatively (< 0) or not (=~ 0)
associated to factor /

> by[j]: user j is positively (> 0), negatively (< 0) or not (= 0)
associated to factor /



Rank-r bilinear model

In matrix form,

T
Y ~ [31 a - ar] [bl by - br]
= ABT
To fit the model, we would like to solve
min |Y —AB||¢ subject to  [|A.1ll, =1, .., ||A, =1,

AeRmxr,BeRrxn



Best rank-r approximation

Let USV'T be the SVD of a matrix A € R™*n

The truncated SVD U:71:,51:,,1:,\/:7T1:r is the best rank-r approximation

U;,1:r51:r,1:rV£:, = argmin HA — ZH
{A] rank(A)=r} F



Proof

Let A be an arbitrary matrix in R™<" with rank(A) = r

Let U € R™<K be a matrix with orthonormal columns such that

col(U) = col(A)

‘ ) U:,l:r U;:G_;rA

5 n
‘F = Z HPCOI(U;J;,) A:,i‘ ‘z
i=1



Proof

Let A be an arbitrary matrix in R™<" with rank(A) = r
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Proof

Let A be an arbitrary matrix in R™<" with rank(A) = r

Let U € R™<K be a matrix with orthonormal columns such that

col(U) = col(A)

‘ ) U:,l:r U;:G_;rA

5 n
‘F = Z HPCOI(U;J;,) A:,i‘ ‘z
i=1

~~ 2
UUTAH
F

2
2

Pcol(lj) Au"‘




Optimal subspace for orthogonal projection

Given a set of vectors 31, 3>, ... a, and a fixed dimension k < n, the
SVD of

A= [31 a - En]GRmxn

provides the k-dimensional subspace that captures the most energy

n n
Z Hpspan(ﬁl,ﬁz,.‘.,ﬁk) 5/} @ > Z ||P3 5'”3
i=1 i=1

for any subspace S of dimension k



Orthogonal column spaces

If the column spaces of A, B € R™*" are orthogonal then
2 2 2
IA+ Bllg = [|Allr + [|BIlr

Corollary:

Al = [|A+ B|IZ - ||B][?



Proof

col (A — UUTA) is orthogonal to col (Z) = col (U)

[a=Al = |}a- o07Al| + |4 o07A|



Proof

col (A — UUTA) is orthogonal to col (Z) = col (U)

[a=Al = |}a- 07Al| + |4 07|

~~ 2
- - o0,



Proof

col (A — UUTA) is orthogonal to col (Z) = col (U)
= lfo =}~ oomal[ -+ []A- 074
[la- oo

~~ 2
= [|Al]f - ||UUTA
F F



Proof

col (A — UUTA) is orthogonal to col (Z) = col (U)

~12 ~~ 2 ~ ~ o~ 2
-} = [Ja- g7+ - 00
F F F
~ o~ 2
- - oo
~~ 2
= |lAllz - ||007A||

> (A = || U U A

‘2
F




Proof

col (A — UUTA) is orthogonal to col (Z) = col (U)

~[12 ~~ 2 ~ ~ o~ 2
- A[F = }a- 007} + - 607
F F F
~ ~ 2
- a0
~~ 2
= |lAllz - ||007A||
> JJAIR ~ || UL, A

’ 2
F

‘2
F

= ||A- U1, UR,A




Collaborative filtering

Movielens data

v

v

Ratings between 1 and 10

v

100 users and movies with more ratings

6,031 out of 10 ratings are observed

v

Test set with 103

v

v

Validation set with max {nyain, 400}



Bilinear model

Incorporates average rating p

Y ~ AB + pu

—

. Set 1 equal to average rating

2. Subtract average rating from all entries, set unobserved entries to 0

w

. Compute SVD of centered matrix

4. Set A= U;71;r. B = Sl:r,lzr\/;:g:r



SVD of matrix (ny.in := 4, 600)

151

10 A ®%ee

Singular values (s;)




Results (ngain := 4, 600)

Error (rating 1-10)
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Selected rank
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Results

Error (rating 1-10)
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Rank-r bilinear model

Certain people like certain movies: r factors

yli. 1~ alilbl]
=1
For each factor /

» a[i]: movie i is positively (> 0), negatively (< 0) or not (~ 0)
associated to factor /

> by[j]: user j is positively (> 0), negatively (< 0) or not (= 0)
associated to factor /



Rank-3 bilinear model
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0.0
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Rank-3 bilinear model

uy uz us
-0.03 -0.15 0.06 Forrest Gump
0.14 -0.15 -0.10 Pulp Fiction
0.05 -0.15 -0.11 The Shawshank Redemption
0.04 -0.16 -0.12 Silence of the Lambs
0.09 -0.22 0.06 Star Wars Ep. IV
-0.12 -0.14 0.03 Jurassic Park
0.10 -0.14 0.10 The Matrix
-0.07 -0.10 0.03 Toy Story
0.04 -0.13 -0.12 Schindler’s List
-0.01 -0.03 0.08 Terminator 2

0.08 -0.2 0.22 Star Wars Ep. V
0.00 -0.12 -0.10 Braveheart

0.02 -0.12 0.00 Back to the Future
0.0 -0.09 -0.27 Fargo

0.04 -0.23 0.12 Raiders of the Lost Ark
0.06 -0.13 -0.12 American Beauty
-0.21 0.07 0.08 Independence Day
0.06 -0.16 0.19 Star Wars Ep. VI
-0.09 -0.08 0.01 Aladdin
-0.04 -0.08 -0.02 The Fugitive
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