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Abstract

We prove that the universal local point processes of random matrix theory are characterized by their
loop equation hierarchies. More precisely, for every rational 8 > 0, the Sineg point process is the unique
solution of the bulk loop equation hierarchy, and the Airy; point process is the unique solution of the
edge loop equation hierarchy.

These uniqueness results provide a direct route to universality: it suffices to verify the corresponding
approximate loop equations for the ensemble. In many models, these equations follow from local laws
and integration by parts.
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1 Introduction

A central theme in random matrix theory is universality: after a microscopic scaling, local eigenvalue
statistics in the bulk and at regular edges depend only on the symmetry class of the model, or more generally
on the parameter 8, and not on the microscopic details of the underlying distribution or potential.

This prediction, originally formulated by Wigner, was extended to non-spectral correlated systems, as
demonstrated by several paradigmatic integrable models. Examples include the Tracy—Widom fluctuations
of the longest increasing subsequence of a uniform random permutation [5] and integrable models of di-
rected last-passage percolation and random growth [58], which belong to the broader one-dimensional KPZ
universality class [25,76,77].

Random-matrix predictions also play a central role in two major conjectural settings. The high-lying zeros
of the Riemann zeta function are expected to exhibit GUE local statistics, beginning with Montgomery’s pair-
correlation conjecture and supported by Odlyzko’s numerical computations [70,73]. In quantum chaos, the
Bohigas—Giannoni—Schmit conjecture predicts that quantum systems whose classical dynamics are sufficiently
chaotic have local spectral statistics described by the appropriate Wigner—Dyson ensemble, determined by
the symmetries of the system [12]. In contrast with the preceding random-matrix and integrable-probability
examples, these conjectural directions remain open.

We recall two major approaches to proving the universality of random matrix statistics. The first is
based on exact algebraic formulas. For unitary invariant ensembles, the eigenvalues form determinantal
point processes, and the asymptotic analysis of the associated Christoffel-Darboux kernels leads to the
sine-kernel process in the bulk and the Airy-kernel process at a regular soft edge. For orthogonal and
symplectic ensembles, analogous Pfaffian, or quaternion determinantal, formulas play the same role. These
exact structures, together with orthogonal polynomial and Riemann—Hilbert steepest-descent methods, have
provided one of the most powerful routes to local random matrix statistics; see, for example, [2,26,27,08].

A second major route is comparison with integrable ensembles and their perturbations, such as Gaussian
and Gaussian-divisible ensembles. In the setting of Wigner matrices, this approach led to the dynamical
three-step scheme developed by Erdds, Schlein, Yau, Yin, and collaborators [37, 38, 40]:

(i) establish a local semicircle law, together with eigenvalue rigidity and eigenvector delocalization esti-
mates [30,42];

(ii) prove universality after a short Gaussian evolution, equivalently for Gaussian divisible ensembles. In
the complex Hermitian case, this can be done using exact determinantal formulas for GUE-divisible
ensembles [35,59]. For general universality classes, it follows from the short-time relaxation of the Dyson
Brownian motion [37,38,63], identifying local statistics by comparison with the integrable ensembles;

(iii) remove the Gaussian component by a perturbative, density argument. For sufficiently regular entry
distributions this can be done by the reverse heat flow argument [35]. More robust comparison methods
include the four moment theorem of Tao and Vu [38,89], the Green function comparison theorem [41]
and the continuity along matrix dynamics [21].

This comparison approach through dynamics applies beyond Wigner matrices, to prove random matrix
universality for random graphs, band matrices, 8-ensembles, non-centered models with variance profiles, con-
volution models appearing in free probability among others, see e.g. [91]. A different comparison mechanism,
based on approximate transport maps, provides alternative proofs of universality for S-ensembles [11,806] and
also applies to perturbative multi-matrix models [44].

The purpose of the present paper is to develop a different point of view. Rather than proving universality
by exact algebraic formulas for correlation functions, or by reducing a model to an exactly solvable reference
ensemble, we seek an intrinsic characterization of the limiting point processes themselves, through a BBGKY-
type hierarchy. Our characterization is expressed through loop equations. Loop equations, also known as
Dyson—Schwinger equations, master equations, or Ward identities, originate from linear responses, invariance



principles or integration by parts identities. They appeared in the theoretical physics literature in the
context of gauge theory and matrix models, for instance in the work of 't Hooft, Makeenko-Migdal and
Migdal [66,69,87]. They were later introduced into the mathematical analysis of random matrices by
Johansson [57], who used them to derive macroscopic central limit theorems for S-ensembles. Loop-equation
methods have since become a standard tool in the study of global fluctuations and large-N expansions of
log-gases and matrix models; see, for example, [14,15,43,85] and the monograph [48].

For a [-ensemble with IV particles and potential V', the loop equation hierarchy is a system of identities
for resolvent observables, or equivalently for cumulants of Stieltjes transforms of the eigenvalue process.
This hierarchy encodes the interplay between the logarithmic repulsion, the confining potential V', and the
finite-size correction terms.

Although the finite-N loop equations are model-dependent, their microscopic limits are universal. When
one zooms into the bulk at the scale of the mean eigenvalue spacing, or into a regular spectral edge at the
N—2/3 scale, the rescaled loop equations converge to universal limiting hierarchies. We call these limiting
identities the bulk loop equations (1.2) and the edge loop equations (1.5). Unlike the finite- N loop equations,
these microscopic equations no longer contain the original potential. They are universal equations for the
limiting local point processes.

Our main results show that the universal microscopic loop equations do not merely hold for the S-random
matrix limits, but characterize them. More precisely, for every rational 8 > 0, we prove that the Sineg point
process is the unique solution of the bulk loop equation hierarchy, and that the Airys point process is the
unique solution of the edge loop equation hierarchy. These processes arise, respectively, as the universal bulk
and edge limits of Gaussian -ensembles [78,90].

This result is analogous in spirit to Stein’s method. The standard Gaussian distribution is characterized
by the integration by parts identity

E[X f(X)] = E[f'(X)]

for a suitable class of test functions f. In our setting, the role of Stein’s identity is played by the loop equa-
tion hierarchy. These identities are again derived by integration by parts, or equivalently by infinitesimal
changes of variables, but now in the setting of the one-dimensional logarithmic gas and for a specific family
of test functions, namely moments of Stieltjes transforms.

The key point is the passage from identities to characterization, which turns the approximate loop
equations into a convergence criterion for universal local statistics of random matrices and related models.
In the bulk, verifying the approximate loop equations yields convergence to the Sineg point process. At the
edge, the analogous criterion yields convergence to the Airyz point process, and hence to the Tracy—Widomg
law for the top eigenvalue. These equations can often be verified by integration by parts, or by a discrete
analogue thereof, with the local law as the main input.

To demonstrate the scope of this approach beyond invariant ensembles, we apply our characterization
to random d-regular graphs. We prove bulk universality for random d-regular graphs on N vertices with
degree d growing polylogarithmically in N, and we show that the same characterization principle significantly
simplifies the proof of edge universality for fixed-degree random d-regular graphs in [52].

1.1 Main results

Throughout the paper, we fix 8§ > 0. The Sineg point process is the universal bulk scaling limit of the
Gaussian S-ensemble, characterized by Valké and Virdg through the Brownian carousel construction [90].
We use the normalization in which its intensity is 1/, or equivalently, the local mean spacing is 7.

The Airyg point process is the universal soft-edge scaling limit of the Gaussian S-ensemble, characterized
by Ramirez, Rider, and Virdg through the spectrum of the stochastic Airy operator [78]. We use the reflected
convention in which the Airy points are ordered decreasingly and extend to —oo, matching the usual ordering
of the negative zeros of the Airy function. In this normalization, the one-point density has the standard
square-root left-tail asymptotics with leading constant 1/7.



We regard both Sineg and Airyg as locally finite random point configurations on R. We write a con-
figuration as @ = {x;};cr, where I = Z in the bulk case and I = N in the edge case. In the bulk case the
particles are indexed in increasing order, while in the edge case they are indexed in decreasing order, so that
T1 =2 x9 = --- and x; — —oo. Finally, we denote by C, and C_ the open upper and lower half-planes,
respectively.

Definition 1.1. A holomorphic function s : C. — C4 UR is called a Nevanlinna function. Such functions
are also called Herglotz or Pick functions in the literature. Any Nevanlinna function s admits the integral

representation
1 T
- —F7|d 1.1
(z—w 1+x2> uiw), (1.1)

s(w):b+cw+/

R

where b,c € R, ¢ > 0, and u is a Borel measure satisfying

dp(z)
/R 1122 < o0

Nevanlinna functions form a subclass of O(C,) := {f : C4 — C holomorphic}. Whenever appropriate,
we extend f € O(C,) to the lower half-plane by Schwarz reflection, f(w) = f(w), and interpret boundary
values on R as non-tangential limits.

Definition 1.2 (Configuration). A configuration on R is a Radon measure of the form
:U“ = Z 6357
rEP

where P is a finite or countable multiset in R, such that
w(K) < oo for every compact set K C R.

Equivalently, u is a purely atomic Radon measure whose atoms have positive integer masses and such that
every bounded set contains only finitely many atoms.

Definition 1.3. We say that a Nevanlinna function s is particle-generated if the measure p in the represen-
tation (1.1) is a configuration. In this case, s extends to a meromorphic function on C, satisfies s(w) = s(w),
and its poles are precisely the atoms of u, each with positive integer residue.’

In particular, when P is finite, the Stieltjes transform

1
2w

zEP

is a particle-generated Nevanlinna function, corresponding to the choice ¢ =0 and b = fR z/(1+ 2?) dp(x).

When P is infinite, well-balanced, in the bulk case one could define the Stieltjes transform as a principal
value. We work with the broader class of particle-generated Nevanlinna functions instead, for three reasons.
First, it allows a more unified treatment of loop equations in the bulk and at the edge. Second, Nevanlinna
functions are stable under locally uniform limits. Third, the Stieltjes transform is a basic observable in the
random matrix setting which may not be natural in other contexts. Our characterization criterion applies
to general holomorphic observables s : C; — C; UR.

Assumption 1.4 (Bulk loop equations). We assume that s(w) is a particle-generated Nevanlinna function,
in L for any g > 0. For every integer p > 1 and every wy,...,wp, € C; UC_, s satisfies the loop equation

E (M D, s(wr) + s(w1)® + 1) [ sw)| + = > 8ij [T stwe)| =o. (12)
ﬁ =2 ﬂ j=2 w1 Wi £=2

IMore precisely, if 2 € R appears in P with multiplicity m, then the residue of s at x is m.



When p = 1, the empty product is interpreted as 1, and the second term is absent. When w; = wy, the
corresponding difference quotient is interpreted by its holomorphic extension to the diagonal; in particular,
s(w1) — s(w; 1

( 1) ( ]) =29 s(wl).

w1 — Wy w;=w; 2

O,

Theorem 1.5. Assume that 5 > 0 is rational. Under Assumption 1.4, the poles of s define a point process
on R, and this point process has the same law as the Sineg point process.

Remark 1.6 (Non-uniqueness for 8 = 0). In the degenerate limit § — 0, the bulk loop-equation hierarchy
(1.2) loses the interaction term and reduces to

P p p
s(w — S(w;
st [ st) | +5 | 3, =20 [T st | =0 (13
j=2 j=2 J =2
L#£j

The resulting hierarchy is highly non-unique. In fact, it is satisfied by any homogeneous Poisson point process
of intensity A > 0. Moreover, since the identities are linear in the law of the point process, arbitrary convex
miztures of such solutions are again solutions.

Remark 1.7 (Uniqueness for general hierarchies). Constraints on the correlations of particle systems at
thermal equilibrium, often referred to as sum rules, are a basic tool for the study of charged fluids, see
e.g. [67]. Various families of such constraints, or hierarchies thereof, such as Dobrushin-Lanford-Ruelle,
Kirkwood—Salzburg, Kubo-Martin-Schwinger, and Bogoliubov—Born—Green—Kirkwood—Yvon (BBGKY), have
been instrumental to describe particle systems on mesoscopic and macroscopic scales, often by truncations
of the hierarchy.

How full hierarchies may characterize the microscopic statistics is less understood. In the case of reqular,
short-range interaction, existence and uniqueness of solutions holds at low density [/0,71], and for integrable
interaction []7]. Appendiz F proves that the bulk loop equations from Assumption 1.4 are equivalent to
the BBGKY hierarchy at equilibrium, for the logarithmic interaction. Theorem 1.5 therefore provides one
example of sum rules characterizing a Gibbs state in the case of singular, long-range interactions.

Remark 1.8 (The distribution of s on the real line). Herglotz—Pick (Nevanlinna) functions also play an
important role in [1], where it is proved that Stieltjes transforms of a wide class configurations, evaluated at
random points on the real line, have a Cauchy distribution.

The above theorem allows to prove the following convergence criterion in the bulk.

Theorem 1.9. Assume that 8 > 0 is rational. Let sy be a sequence of random particle-generated Nevanlinna
functions, and let puy denote the associated configurations. Assume that there exists a sequence of events
Qpn such that

]P(QN) =1- ON(].)

and sy(w)1(Qy) is in LI for any g > 0. Assume moreover that for every p > 1 and every compact set
K c CLUC_, the following holds uniformly for all wi,ws,...,w, € K:

E |1(Qn) (%Bﬁawls]v(wl) + sy (wy)? + 1) HSN(wj)

(1.4)
2 P N(wi) — sy (wj) pt+1
+5E [ 1(0x) jZan = ESN we)| | = on(1)- <1+E [1(QN)RN D
L]
where Ry = max{|sy(w1)|, |sn(w2)|, -+, |sn(wp)|}. Then pn converges in distribution, with respect to the

vague topology, to the Sineg point process.



We now turn to analogous statements at the edge. Note that the only difference in the loop equations
below, when compared to Assumption 1.4, is the constant +1 transformed into —w;, which is eventually
responsible for breaking translation invariance.

Assumption 1.10 (Edge loop equations). We assume that s(w) is a particle-generated Nevanlinna function,

in LY for any ¢ > 0. For every integer p = 1 and every wi,wa, ..., w, € CLUC_, s satisfies the loop equations
E|(2=La - E S g, Swn) = slw) = 1
5 oy 5(w1) + s(wp)? — 1;[ (wy) +ﬁ JZQMJ w —w, stz =0. (1.5)
Z#J

When p = 1, the empty product is interpreted as 1, and the second term is absent.

Theorem 1.11. Assume that 5 > 0 is rational. Under Assumption 1.10, the poles of s define a point process
on R, and this point process has the same law as the Airyg point process.

Theorem 1.12. Assume that 5 > 0 is rational. Let sy be a sequence of random particle-generated Nevan-
linna functions, and let pyn denote the associated configurations. Assume that there exists a sequence of
events Q0 such that

and sy(w)1(Qn) is in LI for any g > 0. Assume moreover that for every p > 1 and every compact set
K c CL UC_, the following holds uniformly for all wi,ws,...,w, € K:

E |1(Qn) (Q_ﬁﬁawls]v(wl) + sn( w1 — ) HsN w;)

(1.6)
2 - sn(wi) — sn(w;
+ BE 1)) O, N( 1) — svluy) HSN we) ‘ =on(1)- (1 +E {1(QN)RIJQV+1D ’
=2
! =
where Ry = max{|sn(w1)l, |sn(w2)|, -+, |sn(wp)|}. Then un converges in distribution, with respect to the

vague topology, to the Airy g point process.

In the preceding theorems, we assume that § > 0 is rational. This assumption enters through the
proof, rather than through the expected characterization itself. More precisely, our argument uses the loop
equations to identify certain exponential observables, which in turn determine the correlation functions of
the point process. At present, the construction of these exponential observables requires S to be rational.

This rationality phenomenon is consistent with the integrable-structure literature surrounding S-ensembles.
Exact formulas for rational 8 have appeared in [49,65,74,80]; these formulas are often naturally organized
in terms of finitely many quasiparticle and quasihole variables. We believe, however, that the uniqueness
statements themselves should remain valid for every g > 0.

Conjecture 1.13. For any 8 > 0, not necessarily rational, the following statements hold. Under Assump-
tion 1.4, the poles of s define a point process on R, and this point process has the same law as the Sineg
point process. Under Assumption 1.10, the poles of s define a point process on R, and this point process has
the same law as the Airyg point process.

Finally, Sineg has also been studied from the perspective of Gibbs measures: it was shown to satisfy
the Dobrushin-Lanford—Ruelle equations [28]. Our approach instead starts from the BBGKY /loop equation
hierarchy and proves that it uniquely determines the process.

Another approach to uniqueness of the Sineg process is based on an infinite-volume variational principle.
Leblé and Serfaty [64] established a large deviation principle for microscopic empirical fields of log gases,
whose rate function is an infinite-volume free energy consisting of a specific relative entropy term and a



renormalized logarithmic energy term. Erbar, Huesmann, and Leblé [33] subsequently proved that, in one
dimension, this free energy has a unique minimizer, namely the Sineg point process.

The relation between this variational result and the loop-equation approach is not direct. In particular,
it is not known whether solving the full hierarchy of loop equations forces a point process to minimize the
infinite-volume log-gas free energy. Moreover, the variational problem in [33] is formulated for stationary
point processes, it is intrinsically a bulk theory after local averaging. It therefore does not cover non-
stationary edge limits, such as the Airyg process.

1.2 Proof ideas

We explain the proof in the bulk case; the proof of the edge theorem is parallel, with the bulk loop equations
replaced by the edge loop equations and Sineg replaced by Airyz. The argument has three main steps.

Step 1: the loop equations imply concentration of the Stieltjes transform. The first role of the loop-equation
hierarchy is quantitative: it forces the microscopic Stieltjes transform to concentrate around its deterministic
values, 1 in the upper half-plane and —i in the lower half-plane, with sub-Gaussian tails. This phenomenon
is already known in the setting of general S-ensembles, where the loop equations have been shown to imply
an optimal local law, together with rigidity and sharp fluctuation estimates [19]. Thus, in our argument,
the local law is not an additional input but a consequence of the loop equations. We use this concentration
estimate as the asymptotic input at infinity for the auxiliary observables introduced in the next step.

Step 2: the nonlinear loop hierarchy can be linearized. The central observation is that the loop equation
hierarchy admits a linear reformulation after passing to the observables

— ;)
F(ti,. . tn;81,---,8m) :=E |P. V. J , (1.7)
j];[ZHa 1 Sa—x])ﬂ/z

where the expectation is taken with respect to the random point process and t1,...,t,,51,...,5n € CLUC_.
These observables are exponential linear statistics of the Nevanlinna function.

Under the half-plane balance condition (5.2), which in particular forces 5 > 0 to be rational, the function
F satisfies the following system of linear differential equations:

=0 &0, +(2/B)0, ,
2 E( E S Sl ot - <i < .
8 +1+5j5£1 t 7t a=1 tiisa E 0’ 1\Z\n7 (18)
2 n
2 ﬂ ﬂ 8sa - asb 85(1 + (B/2>at1
[ = E Z%a 7S E —ca M7 = <a<s<m. .
8sa+4+2 P 50— 1, F 0, 1<asm (19)

i=1

The differential system (1.8)—(1.9) is closely related to deformed Calogero-Moser—Sutherland (CMS) sys-
tems with two species of variables. These are integrable systems of particles with long-range pair interactions,
where the interaction strengths depend on whether the two particles belong to the same species or to dif-
ferent species. Such systems arise naturally from the representation theory of Lie superalgebras, which are
variants of Lie algebras with two types of generators. Deformed CMS systems were introduced and studied,
in the case m = 1, by Chalykh—Feigin—Veselov [22], and were later systematically developed by Sergeev and
Veselov in the framework of generalized root systems and Lie superalgebras [31-84]. In the trigonometric
case, the integrability of the model is encoded by a family of mutually commuting differential operators,
often called commuting quantum integrals. Their joint eigenfunctions are the super-Jack polynomials, in-
troduced in [60]. Recent work [4,50] further develops the orthogonality theory of super-Jack polynomials
and its relation to rational and rational-harmonic deformed CMS systems. In our setting, the same two-
species structure appears in a non-symmetric holonomic form, (1.8)—(1.9). Rather than working only with



the commuting Hamiltonians of the integrable system, we obtain one second-order differential equation for
each external variable. This form is naturally adapted to the loop-equation hierarchy.

Closely related holonomic systems also appear in Selberg-type integral formulas for S-ensembles. In
particular, Desrosiers and Liu [31] studied a Selberg-type integral with n + m external variables and showed
that it satisfies a holonomic system of n + m non-symmetric linear PDEs related to deformed Calogero—
Sutherland systems. They further identified a distinguished normalized solution in terms of a hypergeometric
function built from super-Jack polynomials, and applied the result to ratios of characteristic polynomials
in classical S-ensembles. Our differential system (1.8)—(1.9) can be viewed as the bulk scaling limit of this
type of holonomic PDE system. In contrast, the limiting system by itself does not determine a unique local
solution: as we show below, its local solution space has dimension 2™, corresponding to the 2"T™ possible
asymptotic branches.

In the special case 8 = 2, the observable (1.7) becomes an average of ratios of characteristic polynomials.
This connects the system to the classical theory of ratios of characteristic-polynomial averages in unitary
ensembles, including the works [3,06, 13, 24].

The coupled equations (1.8)—(1.9) have a simple duality. In the t-equations, the coefficient of the interac-
tion between two t-variables is 2/8. In the s-equations, the corresponding coefficient between two s-variables
is §/2. These two coefficients are reciprocals. More precisely, if we exchange the two sets of variables and
their sizes, t <> s,n <> m, replace

4
IB )
and make the corresponding rescaling of the variables by 3/2, then the two systems of differential equations

are transformed into each other, up to an overall nonzero factor. Since the equations are set equal to zero,
this factor does not change the solution set. In this sense, the t-variables and the s-variables play dual roles.

B —

This is the same type of 8 <+ 4/ duality that appears in S-ensembles. A common example comes from
averages of characteristic polynomials. In many such formulas, one can exchange the number of eigenvalues
with the number of inserted characteristic polynomials, provided one also replaces 8 by 4/8. The equations
above can be viewed as a differential-equation form of this same symmetry. We refer to [29,45] for this
duality and for a recent survey of related dualities in random matrix theory.

Step 3: solve the deformed CMS system and identify the physical branch. Once the observables have been
shown to satisfy (1.8)—(1.9), the remaining task is to solve a linear holonomic system. Concretely, this
system consists of n+m second-order linear partial differential equations in n 4 m variables. Using standard
D-module arguments, we show that the corresponding differential operators form a Grobner basis. We refer
the reader to [79] for further background. Hence the quotient module admits a basis given by square-free
derivatives, and the local solution space has dimension 2"™. Equivalently, the system can be prolonged to
a flat first-order system, whose solutions are determined by parallel transport.

The 2"+™ asymptotic branches can moreover be described explicitly. For each sign pattern

(ela"'aeﬂmnlw" 777771) S {il}n X {il}m7

there is a solution with leading exponential behavior

exp (iZeiti +i§2nasa> . (1.10)
=1 a=1

Thus the deformed CMS system has exactly 2™ linearly independent formal branches at infinity.

Once F has been uniquely identified, the correlation functions of the point process can be recovered from
it; these correlation functions, in turn, identify the limiting process. In the bulk case, this limiting process
is Sineg.



Outline of the paper.

In Section 2, we develop the convergence framework used throughout the paper and prove Theorems 1.9
and 1.12, assuming Theorems 1.5 and 1.11. As an application, we apply our characterization results to
Wigner matrices in Section 2.3 and to random d-regular graphs in Section 2.4.

In Section 3.1, we show that the Sines point process satisfies the bulk loop equation, while the Airyg
point process satisfies the edge loop equation. These results are obtained by taking the bulk and edge scaling
limits of the corresponding loop equations for S-ensembles; the detailed proofs are deferred to Appendix B.
In Section 3.2, we show that the bulk loop equation implies concentration of the Stieltjes transform. The
analogous proof in the edge case is deferred to Appendix C.

In Section 4, we introduce the bulk and edge exponential observables. Using the concentration estimates
as input, we derive their asymptotic behaviors as the spectral parameters tend to infinity. In Section 5,
we prove that these observables satisfy systems of linear differential equations related to deformed CMS
operators.

In Section 6, we prove our main characterization results, assuming the classification of solutions to the
deformed CMS systems. This classification is carried out in Sections 7 and 8, where we solve the bulk and
edge deformed CMS systems, respectively. We show that each system has exactly 27" linearly independent
solutions, corresponding to the 2" possible leading exponential behaviors at infinity. For 8 = 2, these
asymptotic solutions become exact; this is verified in Appendix D in the bulk and in Appendix E at the
edge. Finally, we collect some basic estimates on Airy functions in Appendix A.

Notation.

We write C; :={z € C:Imz >0} and C_ := {z € C:Im z < 0} for the open upper and lower half-planes.
We denote by Qs the set of positive rational numbers and by R the set of negative real numbers. For a
positive integer, we write [N] := {1,2,..., N}. For two numbers a, b, we use

a Ab := min{a, b}, aV b:=max{a,b}.
For a random variable X and ¢ > 0, we denote
X )| e == B[ X~

For a matrix X, we write || X for its spectral norm. For a vector v, we write ||v||2 for its Euclidean norm.
We denote the identity matrix by I, and write I, when we wish to emphasize that it is the n x n identity
matrix.

For two quantities Xy and Yy depending on N, we write that Xy = O(Yy) or Xy < Yy if there
exists some universal constant such that | Xy| < CYy . We write Xy = o(Yy), or Xy < Yy if the ratio
|Xn|/Yn — 0 as N goes to infinity. We write Xy < Yy if there exists a universal constant C' > 0 such that
Yn/C < |Xn| < CYy.

In Definition 1.3, the Nevanlinna functions s correspond to configuration with interparticle distance =< 1,
in particular it differs from the usual Stieltjes transform of a configuration of N particles A;’s on a compact
set, denoted in this paper my(z) = (1/N) Zf\il 1/(\ — 2).

Throughout the paper, fractional powers such as /w, w32, w4 and wP/? are taken with respect to
the principal branch of the logarithm. That is, for w € C\ Ry,

2

w® = |w|%el e, argw € (—m, ). (1.11)

Acknowledgements.

The research of P.B. was supported by the NSF Grant DMS-2348202. The research of J.H. was supported in
part by NSF Grant DMS-2246664, DMS-2331096 and a Sloan Research Fellowship. We thank Alice Guionnet,
Michel Pain, Xin Sun, Shengjing Xu, Horng-Tzer Yau, Ofer Zeitouni and Lingfu Zhang for enlightening
discussions on loop equations. P.B. is particularly thankful to Alice Guionnet for early discussions about

10



the central question addressed in this article, namely, the characterization of local statistics as the unique
solution of loop equations, which began at the IAS program Non-equilibrium Dynamics and Random Matrices
in 2013-2014. We thank Amol Aggarwal and Alexei Borodin for useful references related to the algebraic
approach developed in this paper.

2 Applications

In this section we prove Theorem 1.9 and Theorem 1.12. These results state that, for rational g > 0,
any sequence of random point processes on R satisfying the approximate bulk or edge loop equations with
vanishing error converges, respectively, to the Sineg point process or to the Airys point process.

To illustrate the scope of our results for random matrix models, we apply our characterization to Wigner
matrices and to adjacency matrices of random d-regular graphs. First, we give a short proof of bulk univer-
sality for Wigner matrices. We then prove bulk universality for random d-regular graphs on IV vertices in the
growing-degree regime d > (log N)?*. Finally, we explain how the proof of edge universality for fixed-degree
random d-regular graphs in [52] can be significantly simplified using our characterization.

2.1 Properties of Nevanlinna functions

We start with some estimates on the particle-generated Nevanlinna function s. Recall the integral represen-
tation from (1.1). Writing

zeP
we have, for w = F + in,
n
I = 2.1
alst) =en+ 3 o (21)
Hence
1 Im[s(w)]
|s'(w)| < ¢+ (2:2)
LETaE S

Also, for z,w € C\ R,

s(z) — s(w) . 1 s(z) — s(w) _ 1
z—w +Z(sc—z)(a;—w)’ 8w< z—w > Z(x—z)(m—w)f (23)

Finally,
s(z) — s(w) 1 1 1 Im[s(z)] = Im[s(w)]
pep— ‘ <C+§ZED ZooP T Jw—2P S 2mm[z] | 2mmu]
e (2.4)
s(z) — s(w) 1 1 Im[s(w)]
% ( z—w )‘ S ; Im[z] |z — w]|? S Im[z] Tm[w]

We regard Nevanlinna functions as elements of
O(C4) :={f : C4 — C holomorphic}.

We endow O(C..) with the topology of locally uniform convergence: a sequence { f,, }n>1 C O(C4) converges
to f € O(C,) if and only if f,, — f uniformly on every compact subset of C,. With this topology, O(C;.) is
a Fréchet space. Throughout this section, convergence of Nevanlinna functions is understood in this sense.

The following lemma shows that locally uniform convergence of Nevanlinna functions implies vague
convergence of the associated Borel measures. We postpone the proof of the lemma to the end of this
section.
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Lemma 2.1. Let s and {sy}n>1 be Nevanlinna functions, and let p and {un}n>1 be the corresponding
Borel measures in the representation (1.1). If sy converges to s uniformly on compact subsets of Cy, then
un converges to i in the vague topology.

Moreover, if each un is a configuration, then p is also a configuration. FEquivalently, if each sy is
particle-generated, then so is s.

Proof of Lemma 2.1. From the representation (1.1) of Nevanlinna functions, we have
(w)=b+ +/ ! A du(A) (w) =by + +/ ! A dun ()
s\w) = cw R N\ — w 1+A2 H ) SN\w) = 0N CNW & N —w 1+)\2 HN )
(2.5)
where b,by,c,cy € R, ¢,cy > 0. By taking imaginary parts, and using that sy(z) converges to s(z), we
have
dpn (V) . . dp(N)
GN+/}A_@2+Wy=1mhwx+wH%1me+wﬂ= C+/iyj@?;?'y~ (2.6)

By taking = + iy = i, we conclude that

dun (V) ./)du(k)
. 2.
Isvtgi(cN+/Rl+)\2 < oo, c+ 1 )\2<oo (2.7)

+
We now prove vague convergence. Let f € C2°(R), and choose M > 1 such that supp f C [-M, M]. Fix
€ (0,1]. We write

/ f(z) Im[sy (z +iy)] dz — / f(@) Im[s(z + iy)] do = / f(@) Im[sy(z +iy) — s(z +iy)] d,
R R R
which tends to 0 as N — oo by local uniform convergence. Thus it suffices to show that

/ f(z) Tm(sy (z + iy)] dz —> / FO)dun(y)  asy L0, (2.8)
R R

with an error bound uniform in N, and similarly for s, u. Once this is established, we obtain

[ £y — [ ran
R R
hence pun — p vaguely.

The statement (2.8) follows from showing the following estimate and its analogue obtained by replacing
Im[sy(z +1iy)] and px with Im[s(x + iy)] and p:

/ Im[sn (2 + iy)]f(z)dz — 7 / f(@)dpn ()
R R

dpn (V)
1+ A2

< O(My| flloo + M2yIn(M/y)| ']l c) / + 25 M| £l so

In fact, by (2.7), the right-hand side of (2.9) tends to 0 as y — 0+, uniformly in N.
Using (2.6), we can rewrite the left-hand side of (2.9) as

tmfsn (e + ) f@)dr — 7 [ F@dun() = [ ([ L p0) aun) + eny [ fladar,
R R r(@—A)?+y R (2.10)

where the last term is bounded by 2¢y M| f]|ooy-
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To bound the first term on the right-hand side of (2.10), we consider two cases. For || > 2M, we have

R

(@=AN2+y2 " S (@=2)2+y2 T 14N
For || < 2M
yf(z)dx Moy(flz) = fON)da yf(A)da
_— T )\ — —_ _—
/R (x— N2 +9y2 S _/_4M (x =A% +y? ~/]R\[—4M74M] (x —A)?+y?
aM
, 2 y
<yl 1w e AdE e YV 4 2.12
Sylfl /_4M (x = A2+ 1 /xe]R\[—4M,4M] (x—=A)?+y? ! (212)

wmw< M

Syln(M/y)”f/Hoo + M S 1t

(st 1+ 00=).

By plugging (2.11) and (2.12) into (2.10), we get

dx ’ dpn (M)
([ G505 = i) dunn)| < COl e + APyl [ PYG 219

and the claim (2.9) follows.
It remains to show that p is also a configuration. From (2.7) we know that p is locally finite. Now let
I = (a,b) be a bounded interval such that u({a}) = p({d}) = 0. By vague convergence,

u() = Jim pn (D).

Since each pn is a configuration, puy (I) € Zxp. So its limit x(I) must also belong to Zxg.

Thus p assigns a nonnegative integer mass to every bounded interval whose endpoints are not atoms of
. It follows that u is purely atomic, and each atom has positive integer mass. Since p is locally finite, it
has only finitely many atoms in each bounded interval. Therefore u is a configuration. O

2.2 Proof of Theorem 1.9 and Theorem 1.12

Proof of Theorem 1.9. The proof consists of four steps.
Step 1. Pointwise moment bounds. Let K C C4 be compact and set

= inf I 0. 2.14
n o= inf Imz > (2.14)
Fix an integer ¢ > 2. Taking p = 2¢ — 1, and choosing w; = w, and wa, ws, ..., w, so that ¢ — 2 of them are

equal to w and the remaining ¢ are equal to w, in the bulk loop equation (1.4), we get, since sy (@) = sy (w),

2q—1

11 sn(wy) = sw(w)sn(w) sy (@) = |sy(w)].

Moreover, Ry = max{|sy(w1)l,...,|sn(wp)|} = |sn(w)|. Thus, after isolating the leading quadratic term
and taking absolute values, (1.4) gives

E [1(Qn)lsy(w)]*] < CE [L(Qn)(|0wsn (w)] + 1) s (w)]*17]

2q—2
+CE |1(Qw) ) aij sy @) | +ox(1) (1+E [1@)lsx@)?]), O

where C' depends only on 3 and the ox(1) error is uniform for w € K.
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For a particle-generated Nevanlinna function sy, the estimates (2.2) and (2.4) imply that, uniformly for
w € K and z € {w, 0},

|SN(’UJ)| g CK|SN(IU)| az SN(’LU) N SN(Z)

<
[uwsn (w)] < Imw w—z

< Cklsn(w)]. (2.16)

Plugging (2.16) into (2.15), we obtain

E [1(Qn)]sn (w)]*] < OkE [1(Qn) (|sn(w)[27 + glsn (w)]*72)] +on(1) (1 +E [1(Qn)|sn (w)[?7]) .
(2.17)

We now apply Young’s inequality in the forms
2g—1 1 2q 2q—2 1 2q
Ckb < Zb +Cy.xs Ckqb < Zb +CyK-

Using these inequalities in (2.17) and absorbing the oy (1)-term for all sufficiently large N, we conclude that
there exists a constant Cy x > 0 such that

su};zE[l(QN)|sN(z)|2q} < Cyi (2.18)
ze

for all sufficiently large N.

Step 2. Compact-uniform moment bounds. We next upgrade the pointwise estimate (2.18) to a compact-
uniform estimate. Let 6 > 0, and choose a finite d-net N5 C K. Thus, for every z € K, there exists w € N
with |z —w| < 4. For such z and w, define the line segment

¥(t) == w + t(z — w), 0<t< L.
Then Im~(t) > nk (recall from (2.14)). Using the derivative estimate (2.16)

lsw(y()] _ [sw(v(#))]
Im~(t) = 1k

[sv(v(0)] <

)

we get, for 0 <t <1,

[sn(Y(®)] < |sn(w)] + \Z*wl/O s (y(M)ldr < [sn (w)] + 77(;/0 lsn (y(r))] dr

By Gronwall’s inequality,
1)
[sn(z)| <exp | — ) [sn(w)]-
NK

Consequently,

sup |sn (2)]?7 < exp <2"5) > Jsw(w)*. (2.19)

zeK K weN

Multiplying by 1(Q2n), taking expectations, and using (2.18), we obtain

E [1(QN) sup |sN(z)|2q} < Cy k- (2.20)
zeK

By the symmetry sy(Z) = sy(z), the same estimate also holds for compact sets K C C\ R.
Step 3. Tightness and subsequential limits. By Markov’s inequality, (2.20) implies

C
P (QN N {sup |sn(2)| > M}) < ]\}2{5

zeK
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Given € > 0, choosing M sufficiently large gives

lim sup P (QN N {sup s (2)] > M}) <e. (2.21)

N—o00 z€EK

Since P(25;) = on(1), it follows that

limsup P <sup [sn(2)| > M> <e. (2.22)
N—00 zeK
Thus the sequence {sy} is tight in the topology of locally uniform convergence on compact subsets of C\ R.
Now take an arbitrary subsequence N1 < Ny < N3 < ---. By tightness, after passing to a further subse-
quence, still denoted by N;, we may assume that sy, = s in the topology of locally uniform convergence
on compact subsets of C,. We also keep track of the indicators 1(Qy,). Since P(Qy,) = 1 — on, (1), the
pair (sy;,1(2n,)) converges subsequentially in distribution to (s, 1).
By the Skorokhod representation theorem, we may realize sy;, s, and 1(2y;) on the same probability
space so that sy, — s almost surely uniformly on compact subsets of Cy, and 1(Qy,) — 1 almost surely.
Since each sy; is a Nevanlinna function, the locally uniform limit s is again a Nevanhnna function. Since
each sy, is partlcle generated, Lemma 2.1 implies that s is also particle-generated. If p denotes the Borel
measure corresponding to s in the representation (1.1), then, along this subsequence, uy;, — p almost
surely in the vague topology.
Step 4. Passing to the exact loop equations. It remains to pass to the limit in the approximate loop equations.
Fixp > 1 and wy, ..., w, € C\R. We first record the needed uniform integrability. Combining (2.16), (2.18),

and Holder’s inequality, we obtain that, for every fixed p and every fixed wy,...,w, € C\ R, the random
variables
2-4 9 u u sn(w1) — sy (w;
1(9]\7) (ﬂawlsN(wl)—i—sN(wl) +1> HSN(U)j), 1(QN)Z(9MJ. W — U j HSN ’LU[ (2 23)
B

are uniformly integrable.

On the Skorokhod probability space, the almost sure locally uniform convergence sy, — s implies, by
Cauchy’s integral formula, that the derivatives also converge locally uniformly. Therefore the integrands in
(1.4), multiplied by 1(Qyx,), converge almost surely to the corresponding expressions with s in place of sy,
since 1(Qy,) — 1 almost surely. By uniform integrability (2.23), we may pass to the limit in expectation.
Thus, using the approximate loop equation (1.4), this gives

2-8 £ s(wr) — s(w;) -
E (/33“’1 (w1) + s(wy)? ) H s(w;) | + BE Z%TJ [[s@wo| =0 (229

j=2 j=2 =2

L#j

Thus s satisfies the exact bulk loop equations.

By the characterization Theorem 1.5 for the exact bulk loop equations, the configuration p has the
same law as the Sineg point process. We have shown that every subsequence of {un}n>1 has a further
subsequence converging in distribution to the Sineg point process. Therefore the full sequence py converges

in distribution to the Sineg point process. O
Proof of Theorem 1.12. Using Theorem 1.11 as input, the proof of Theorem 1.12 is identical to the proof of
Theorem 1.9. We therefore omit the details. O
2.3 Wigner matrices

In this section, we illustrate how our characterization can be applied to Wigner matrices. Bulk universality
for Wigner matrices was previously established in several forms: averaged-energy universality and gap uni-
versality were proved in [35,37-39,41,42,89], while fixed-energy universality was proved later in [18,63]. We
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show that the local semicircle law, together with a cumulant expansion, implies the microscopic approximate
loop equation. Consequently, by Theorem 1.9, this yields a short proof of bulk universality at fixed energy.

Definition 2.2 (Real Wigner matrix). Let H = (hij)f\fj:l be an N x N real symmetric random matriz. We
assume that the upper-triangular entries {h;; : 1 <1i < j < N} are independent, and that hj; = h;; fori < j.
We assume

Elhiy] =0,  E[(VNhyj)*)=1, 1<i,j<N.

Moreover, for every q € N, there exists a constant Cq > 0, independent of N, i, j, such thatEH\/ﬁhij\q] < Cy.

Proposition 2.3 (Microscopic approximate loop equation for Wigner matrices). Consider real Wigner
matrices H as in Definition 2.2, with eigenvalues A\y = Ao = -+- 2 An. Fiz E € (=2,2), and set

VIZE?

= 0sc(F) = 2.2
08 = 0sc(E) - (2.25)
For w € C\ R, define the rescaled Stieltjes transform
N
1 E
= . 2.26
s (w) ZZ:; Nrogp(A\i — E) —w + 2ToE ( )
Then, for every p > 1 and every compact set K C C\ R, uniformly for w,ws,...,w, € K, we have
P
E | (Owsn(w) + sn(w)? + 1) [ s (w;)
j=2
. sn(w) —sn(w) p+1
Jj=2 i=2
i#]
where
Ry »=max {[sn(w)], [sn(w2)], .. [sn(wp)[}

As a consequence, by Theorem 1.9 with 8 = 1, the rescaled bulk eigenvalue statistics converge to the Sine;
point process.

2.3.1 Preparatory estimates. We recall the following local semicircle law for Wigner matrices from [34,
Theorem 2.3].

Theorem 2.4 ( [34, Theorem 2.3]). Consider a real Wigner matriz as in Definition 2.2. Fix v > 0. Then,
for any small e > 0 and large D > 0, the following holds with probability at least 1 — N—7, provided N is
sufficiently large. Uniformly for spectral parameters z = u + in satisfying |u| < 10 and N='*7 <5 < 10,

Tm[mgc(2)] 1
ii(2) — 0 msc < N® ——= 4+ — . 2.2
max |G (2) = 8 () ( e (2.28)
Fix, once and for all, a small exponent
1
0<y< T

Choosing & < /2 in Theorem 2.4, using complex conjugation to pass from the upper half-plane to the lower
half-plane, and using the moment assumption in Definition 2.2, we obtain the following good event. For
every fixed D > 0, after increasing the moment order in the entry estimate if necessary,

PO%) < NP,
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where

H: max|h”| < N7/
Qn = 2.2
N maX\G”( )| <2 forall z=u+1in, |ul <10, N~'T7 < |p| <10 (2.29)
i
Lemma 2.5. On the event Qy, for every z =u+in € C\ R with |u| < 10

N7
max |G;;(2)] < A(z), A(z) := 2 - max {1, } . (2.30)

i, Nin|

In particular, if z = E+w/(N7mog) with w in a compact subset K C C\ R, then
A(Z) g CKN’Y.

Proof. Tt is enough to prove the estimate in the upper half-plane; the lower half-plane follows by complex
conjugation. Fix |u| < 10 and define

M(s) := malu)X|Gab(u +1s)|, s> 0.

If N7 < 5 < 10, then the bound
M(s) <2 (2.31)
holds directly from the definition of Q. If s > 10, then the trivial resolvent bound gives M(s) < s7! < 1.
For s > 0, the identity 9;G(u + is) = iG(u + is)? and the Ward identity imply
N
|0sGap (v +15)| Z| ak (U +18)| |Grp(u + is)]
k=1
1/2

1/2
Z |Gar(u+is)| > <Z |Gro(u + is)|2> (2.32)
k k

\/Im aa(u+18)] Im[Gpp(u + 15)) < M(s)

Now suppose 0 < s < N7, For any indices a, b,

—14y

N
|G (1 + i8] < [Glap(u + IN~1F7)] + / 10, Gl (1 + i) dr-

Using (2.32), we get

N+
M
M(s)§2—|—/ (r) dr.
R r
By Gronwall’s inequality,
N+
dr 2N7
M(s) <2 — | = . 2.33
(5 exp</s ) sl (23
Combining (2.31) and (2.33) proves (2.30). O
We recall the following cumulant expansion from [51, Lemma 2.4].
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Lemma 2.6 ( [51, Lemma 2.4]). Let h be a centered real random variable with
1

N

and finite moments of all orders. Let f : R — C be smooth. Then

Eh =0, Eh? =

B[R f(1)] = L7 (W) + R,

where

[RI<E|(N'[Al +[A°) sup [f"(2)]] .

BN
For i < j and a real parameter z, define
(Aij)ab := 0iadjp + 1(2 # J)din0ja, 1<a,b<N, (2.34)
and
HO®) = H 4 (2 — hiy) Ay, GO (2) = (HE) — )~ {7 (z) .= TG ().(235)
For a differentiable function F' of the matrix entries, set
d »
0, F(H) := aF(H(”””)) , i<y,
ZL’:hij

and use the convention 9;; := 0;; for 7 < j.
Lemma 2.7 (Single-entry resolvent stability). Assume that, for a spectral parameter z € C\ R,

max |Gap(2)] < A, max |h;;| < ANTY2, A< CON7,
a, 0.

where v > 0 is sufficiently small. Then, uniformly in all indices a,b,i,j € [N],

sup Ggg’z)(z) - Gab(z)‘ < ONTV2A3, (2.36)
o] SAN-1/2
and
sup m%j’z)(z) —my(2)| S ONTYV2A3 (2.37)
o] SAN—1/2

Proof. We use the finite-rank form of the resolvent identity. For ¢ #£ j, write
Ay =UVT,  U=(eie), V=_(eje)
For i = j, the same argument applies with U = V = ¢;. By the Woodbury formula,
G = G = (z — hij)GU (1 + (z — hiy) VI GU) VT G.
Every entry of GU, VTG, and VTGU is a linear combination of at most two entries of G. Hence

max (VTGU)up| < CA.

~1/2 we have

Since by our assumption,|x| + |h;;| < 2AN
|z — hij|A < 2A2N Y2 LN

the matrix I+ (z — hij)VTGU is invertible for N large, provided v < 1/4, and its inverse has norm at most
C. Therefore, for any a, b,

(G45) = Gap| < Cl = | max (G oo max |(VT Gl < Cla = by A2 < ON V2%,

This proves (2.36), and (2.37) follows by taking the normalized trace. O
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2.3.2 Proof of Proposition 2.3. Proposition 2.3 follows from cumulant expansion, and the following
cumulant error estimate. We postpone its proof to the end of this section.

Lemma 2.8 (Cumulant error estimate). Fizp > 1 and a compact set K C C\R. Let w,wq,ws,...,w, € K,
and set
w W
— E 0= , <a< 2.38
z + Nron’ z Nron a<p (2.38)
Let
M, =[] mn(za), By = max{|mn(2)], [mn(2)],- - [ma(2)]}-

For i,j € [N], define
fij( G(” I) H m(lj z Za

Then
1 & 1 &
N 2 B (N sl 1hisl?) sup 100 fs(a)l| + 55 B0 (Gal2) Myl = ox(1) (1+ E[RZ)
ij=1 TS| i =1
(2.39)
uniformly for w,we, ws, ..., w, € K.
Proof of Proposition 2.3. Fix w,wa, ws,--- ,w, € K, and define z, 20,25+ , 2, as in (2.38). Also set
P P
pi=[mn(za),  M®:=]]mn(n), Ry :=max{jmy(2)],|mn(z2)], , Imn(z)]}-
- bZa
From (H — z)G(z) = I, taking the normalized trace gives
1 XN
i,j=1
Therefore
N
E [(1+ zmn(2) +m%(2)) Z [hi;Gji(2) M) + E [m3 (2) M) - (2.40)

We apply Lemma 2.6 to the independent upper—trlangular entries. Rewriting the result as an ordered
double sum, and adding one harmless diagonal copy in order to use uniform derivative identities, gives

N

1

N Z [hwGw p N2 Z 1+61J z (G ( )Mp)]+5N7 (2~41)
i,j=1

3,7=1

where the additional diagonal contribution is included in £y, so it is given by (2.39). By Lemma 2.8,
Exl <on(1) (1+E[RE), (242)

uniformly for w,wq, w3, - ,w, € K.
We now compute the main term in (2.41). The resolvent derivative identity gives

0iGri(z) = —Gri(2)Gj(2) — 1(i # J)Grj(2)Ga(2).
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Consequently,
(1+6i;)0i;Gij(2) = —Gii(2)Gy;(2) — G3;(2),

and, for every 2 < a < p,

(L4 045)0imn(20) = —%ij(za)
Therefore
(14 6i5)8i5 (Gij(2) M) = (—=Gii(2)Gyj(2) — GF(2)) My, — 2G1TJ(Z) f: G2 (za) M. (2.43)

a=2

Summing over i, j, we obtain

N
1 a
N2 D (1 +6i5)045 (Gij(2) My) = —=m3(2) My, — ﬁ Tr G*(2) My, — N3 Zrﬁ 2)G?(24)) M. (2.44)

Using
1 2 my(2) — my(%a) 1 2
d.mn(z) = i TrG*(z), 0., o =~ Tr(G(2)G*(z,)), 2<a<p,
we get
1 & 1
el > E[(1+6i)0i; (Gij(2)M)] = —E[m3(2) M) — N E [0z (2)) M)
b=t (2.45)

N2 ZE { o ,Z— :N(ZG)MJSG)} '

Substituting this into (2.40) and (2.41), the term —E[m3 (z)M,] cancels the term +E[m3 (z)M,]. Hence

E[(1+zmn(2) + mn(2)?) M,] = f%]E [(0:mn(2)) M)

- = ZE [ ) - mN(Z“)MISa)} +on(1) (1+E [RY]).

Z— Zg

(2.46)

Starting from the loop equation in the form (2.46), by linearity of the loop equation, we may replace M,
by [Th_s(mn(z4) + E/2), and get

E <1 + zmn(2) + my(2)? + ]173sz(2)) af[z <mN(Za) + g)
) (2.47)
N2 ZIE 8zn o ZN(ZG) H (mN(Zb) + f) =on(1) (1 +E [RQHD .

b=2
b#a

We now pass to microscopic variables. Recall from (2.26) and (2.38) that

E
mN(Z):WQESN(w)*Qa my(za) = T0ESN(Wa) — -, 2<a<p,

and the chain rule gives
1
Nasz(z) = (1oE)?Owsn (w).
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Moreover, by (2.25),

E2
(mop)® =1- T
Therefore
1
1+ zmp(2) + my(2)* + Nasz(z)
E E\? 2
=1+ |E+ Nron mopsn(w -5 + ( mopsn(w) — ) +(mop) Owsn (w) (248)
_ 2 L
= (mop)” (1+ sn(w)” + Ousy (w N( 27TQE)
Similarly, for a > 2,
o, T Ga) _ g, SN () (249

Z— Zg W — W ’

Substituting (2.48) and (2.49) into (2.47), using Ry < 1+ Ry, and dividing by (7mor)P™?, we get

E l(@wsN(w) + sy (w)? +1) H sy (wg)

a=2

+2E zp: <8UJQW) ﬁ s (wp)

=2 bz (2.50)

~ovtt) (12 [R5]) - g | (vt - 52 ) TLowto.

a=2

It remains to absorb the last term. Since K C C\R is compact, w is uniformly bounded on K. Moreover,

(5000~ 52 ) T vt

<C(1+RE HRE) <0 (14 RYT

Thus

(mm—E)ﬁmm>

2ToR

N(l:l;L)QE[ ] = on(1) <1+E [R@’#D.
The final term on the right-hand side of (2.50) can therefore be absorbed into the error, yielding (2.27). O
Proof of Lemma 2.8. Since K C C\ R is compact, there are constants 0 < cx < C'x < 0o such that
e N7 < | Im[z], | Im[z,]| < Cxk N1, 2<a<p.
On Qy, Lemma 2.5 and Lemma 2.7 imply that, for |z| < |h;;| < N71/2%7 and all 2

max| G} (2)] < Ok N7 =: A

The resolvent derivative identities are

0, G () = _G(ijyr)(z)Aijg(ijyr)(Z%

. g iy iy 2.51
c’)zG(’”) (2) = 2G (W) (z)AZ—jG(”’w) (z)AZ—jG(”’w) (2). (2.51)

Therefore y
107G () < CATH, r=0,1,2.
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For the normalized trace we use the Ward identity. Since N|Im z,| <x 1,
10.m8 (2a)] < CxA,  102m™ (24)] < Cx A2,
Consequently, by the Leibniz rule,

1(Qn) sup [02fij(z)| < CpxA3(1+ Ry)P~t. (2.52)

EANE

On Qp, we also have
N71|hij| + |hij|3 < CN—3/2437,

Thus
1
— ) E|1(Qn) (N Hhij| + |hij|*)  sup |02 fij ()]
NE; ( roY )|x\<|h1:j| ’ (2.53)
< Cp g NTYZORE[(1+ Ry)P7!] = on(VE [(1+ Ry)P71],

because v < 1/12.
On Q8 we use the trivial resolvent bound

HG(ij’“")(za)H < |Imza\*1 < CgN.
Hence
sup |02 fij(z)] < Cp k NP2,
|z|<Ihij

By Holder’s inequality, the moment assumptions on the entries, and the bound P(QE\,) < NP with D chosen
sufficiently large, we get

1 _
2 (U5 (Nl + 1) sup (0253s(2)]| = on (D). (2.54)
i\J T|IX|ij
It remains to estimate the diagonal correction. On Qu, the preceding derivative bounds give
|8“(Gm(z)Mp)\ < CP,KAZ(l + RN)pil.

Therefore

% > E[1(Qn)[0:(Gii(2)M,)|] < Cpxk NTHFE [(1+ Ry)P ] (2.55)

The contribution of Q?V is again oy (1) by the trivial resolvent bound and Hoélder’s inequality. Combining
(2.53), (2.54), and (2.55), and using (1 + Ry )?~* < C,(1 + R%™), proves (2.39). O

Remark 2.9 (The role of Quantum Unique Ergodicity). For symmetric random matrices with independent
entries and a general expectation or variance profile, the approximate loop equations can also be established
provided one more a priori estimate is available, namely Quantum Unique Ergodicity (QUE) [21].

To illustrate this, consider centered random matrices and denote s;; = E[|h;;|?], normalized so that
>_;sij =1 for alli. Then the main term on the right-hand side of (2.41) becomes

LN
N > 5B [0 (Gij(2)My)] .

ij=1
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Summing over j the G;Gj; term in the analogue of (2.43) yields the following multiple of M, where v,
denotes the normalized eigenvector associated with the eigenvalue A\, :

N

Gii Y $i;Gjj = Gii Z Z sigali)]” _ = Gympy + Z " Z Sij (va(j)Q - %)
j

j=1 a j=1

QUE implies that the latter centered sum ezhibits cancellations, namely it is O(N~17¢) for some & > 0, with
overwhelming probability. Applying this estimate to all the terms arising from the summation in (2.43), one
obtains the approximate loop equations.

For models with spatial dependence, including random band matrices, QUE is known to be essential in
the third step of the three-step strategy; see, for example, [91] and the references therein. QUE itself follows
from multi-point resolvent estimates on mesoscopic scales [25].

2.4 Random d-regular graphs

In this section, we apply our characterization to random d-regular graphs. We first prove bulk universality
for random d-regular graphs on N vertices in the growing-degree regime d > (log N)?* in Section 2.4.1.
We then explain how the proof of edge universality for fixed-degree random d-regular graphs in [52] can be
simplified using our new characterization in Section 2.4.6.

2.4.1 Bulk loop equation. Let A be the adjacency matrix of the uniform simple d-regular graph on [N],
and introduce the normalized adjacency matrix

A
H = (2.56)
d—1
We give a short proof of bulk universality for random d-regular graphs on N vertices in the regime
d > (log N)?*. This extends the previous bulk universality results [7, 03], which treated the range N°¢ <

d < N2/37¢ to degrees growing as slowly as a polylogarithm of N. By Theorem 1.9, bulk universality
follows from the following approximate local bulk loop equation. Our main focus is on the sparse regime,
for simplicity we assume that d < N/2,

Proposition 2.10 (Microscopic approximate loop equation for random d-regular graphs). Consider the
uniform simple random d-regular graph in the regime
(log N)** < d < N2,
We denote the eigenvalues of the rescaled adjacency matriz H (recall from (2.56)) by Ay = Ao = -+ = An.
Fiz E € (—2,2), and set

4 E2
= Oge(F) (= ———, 2.
0E = 0sc(E) - (2.57)

For w € C\ R, define the rescaled Stieltjes transform

E

)= g Nrog(\i — E) —w + 2moE (2.58)
Then, for every p > 1 and every compact set K C C\ R, uniformly for w,ws, ws,...,w, € K, we have
P
E | (Ouwsn(w) + sy(w)* + 1) H sn(wj)
" (2.59)

J

+2E i@WWﬁsN(wi) =on(1) (1+E[R;IDV+1D7

=2
i#]
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where Ry = max{|sy(w)],|sn(w2)l,...,|sn(wp)|}. As a consequence, by Theorem 1.9 with 8 = 1, the
rescaled bulk eigenvalue statistics converge to the Sine; point process.

The exponent in the condition d > (log V)4 is not optimal, and we do not attempt to optimize it. In
fact, bulk universality is expected to hold for every fixed degree d > 3 [56].

Conjecture 2.11. For every fized integer d > 3, the local statistics of the bulk eigenvalues of random
d-reqular graphs on N wertices converge, as N — oo, to those of the GOE.

2.4.2 Local law. In this section, we recall the local law for random d-regular graphs with polylogarithmic
degree growth from [9]. We recall the normalized adjacency matrix H from (2.56), and define the Green’s
function and Stieltjes transform

G(z):=(H —2)71, mn(z) = %TrG(z). (2.60)

In the rest of the proof, we will repeatedly use the following relations
CdAd—1-2z2"

where 1 denotes the trivial all-ones eigenvector of H, and the Ward identities

0.G(2) = G(2)?, G(2)1 AG(z) = Vd — 1(I+ 2G(2)), (2.61)

Im|z] Im|z]

N N N
S 16 = I6s() R = HEHEL LS i o = ) (2.62)

ij=1

For z € C4, let

ele) = AT, el [ D gp 2V

2 xr—z

where the square root is chosen so that /22 —4 ~ z as |z| — oo.
Define N2
1 1
D:=dN—, D(2) i = ——=+ —,
B @)= T+ 75

1

We recall the following local semicircle law for the uniform random regular graph from [9, Theorem 1.1].

and, for r € [0,1],

F.(r):=

Theorem 2.12 ( [9, Theorem 1.1]). Let G(z) be the Green’s function (2.60) of the uniform simple random

d-regular graph. Let & = &y satisfy Elogé > (log N)?2, and assume that €2 < d < (N/§)2/3. Then, with
probability at least 1 — exp(—&logé),

max [Gii(2) — mse(2)| = O(F=(£2(2))), max |G (2)] = O(s2(2)),

simultaneously for all z = E +in € C, satisfying n > £2/N.

Choosing log N’
og
VIoglog N’

the assumptions of the local law Theorem 2.12 are satisfied whenever

N2/3 (log N)*

d > (log N)*, d< ———, >
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Therefore, with probability at least 1 — exp(—£logé) > 1 — e~ (log N)Q,

max | Gii(2) — mee(2)| = O(F=(£2(2))), max |Gii(2)] = O(£®(2)),

simultaneously for all z = E + in € C4 with > (log N)*/N. In particular,

max |Gi;(2)| < 2
2,7

throughout this spectral domain.
We introduce the following event {2y of d-regular graphs on N vertices:

log N)*
Qn = {Q ‘max|Gi(z)| <2forallz=E+ineCy, n> (ogN)} . (2.63)
0.
Lemma 2.13. On the event Qp, for any z = E +in € C,,
log N)*
max |Gy;(2)] < A(z), A(z) := 2 - max {17 (i%)} , n > 0. (2.64)
0] n

Thus, if z = E+w/(ropN) with w in a compact subset K of C, then
A(z) < Crc(log N)™.

Proof. The proof is exactly the same as that of Lemma 2.5 after replacing N” by (log N)%, so we omit it. [

2.4.3 Switching calculus. We define the signed adjacency matrices
(Aij)ab = 0iadjb + 0ibdja, ffjl = Ay 4+ Ap — A — A (2.65)

Thus A;; is the adjacency matrix of the edge ij, while ffjl is the signed matrix associated with the switching
of edges. For any function F' of the adjacency matrix A, define the discrete difference operator and the
continuous differential operator by

d
(DIIF)(A) == F(A+ &) = F(A),  (9/F)(A) :==+Vd—1 A+ ter) - (2.66)
t—
We recall the following discrete integration-by-parts formula from [8, Corollary 3.2].

Lemma 2.14 ( [8, Corollary 3.2]). Fiz indices i,j € [N]. Let F = F;; be a random variable, possibly
depending on i,j. Define
Cij(F, A) := |F(A)] + max |F(A+&5)|-

Then for i # j we have

B[4y F(4)] = CEF(A)] + 13 S B [Awd; (F(A+€) — F(4))] +0 (;E [4,,Ci (P, A)}) . (267)
kil

The next lemma replaces the discrete switching derivative by its linearized continuous version.

Lemma 2.15 (Resolvent expansion under one switching). Assume

A
max [Gop(2)| <A, —= <L

Vd
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Then, uniformly in all indices, a,b,i,j,k,1 € [N], we have

1 A3
D}/ Gay(2) = mafjaab(zwro(d), (2.68)
and similarly
DH _ L o 0] » 2.69
iij(Z)_\/m im(2) + a4 (2.69)

Moreover, the derivatives are given by

OMG(2) = —G(2)ElG(2) = —Gi(2)? — Gj(2)Gii(2) — G (2)Gui(2) — Gji(2)Gi(2)

+ Gi(2)Gri(2) + Gj1(2)Gji(2) + Gk (2)Gii(2) + G (2)Gri(2), (2.70)
and
ofmn (w) = —% Tr (G(w)&f G(w)) = _% [(G(w)?)ij + (G(w)*)er — (G(w)?)ir, — (G(w)?);u] . (2.71)
Proof. We recall from (2.65) that € = A + Ay — Ay, — Ay Waite
gfy‘l:UVT’ U=(ei—e, ej—ex), V= {(e; — ek, € —ep).
By the Woodbury formula,
A+ =G- L qU (L P VTGU> v (2.72)
Vd—1 Vd—1

Every entry of VI GU, GU, and VG is a linear combination of at most four entries of G. Hence, using
A/Vd < 1, the matrix
1

d—1

I + VTGU

is invertible, and the Neumann series gives

1 ! A
I + VTGU> -L|<C—.
| < T Va—1 ’ Vd
Subtracting the linear term
1 1
———GUV'G=- Gerla
vd—1 Vvd—1 &g
the expression (2.72) gives
DR Gy + ! (GEF G| < CA—S
i Gab =g (GG G S Eg

Since

07 G(2) = —G(2)&G(=),

this proves (2.68). Taking the normalized trace gives the claim for my. Finally, (2.70) and (2.71) follow
from (2.61) by straightforward computations. O
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2.4.4 Proof of Proposition 2.10. In this section we prove Proposition 2.10, using the local law Theo-
rem 2.12 as input, the bulk loop equation follows from the discrete integration by part formula Lemma 2.14.

For w,wq,ws, ..., w, € K, set
w W
=F = , 2<a<p, 2.73
N + Nrog’ : Nrog “sp ( )
and
P
M, = HmN(za), MIS“) = HmN(zb), Ry = max{|mn(2)|,|mn(22)|, .., |mn(zp)|}
2 bZa
Taking the trace in the identity
HG(z) =1+ 2G(z)
gives
14 zmn(z ZH”GJZ (2.74)

Multiplying (2.74) by M,, and adding my (z)2M,, we obtain

E[(1+zmn(2) + mn(2)%) M,] =E [mn(2)>M,] + iiGji(2) Mp). (2.75)

E[A
N Z
We apply the switching integration-by-parts formula Lemma 2.14 to the observable
F”(A) = sz(z)Mp
This gives
ﬁZE [Aij Fij A)]: ZE i (

Zsﬁj
(2.76)

1
+———— Y E[AxA;DYFi;(A)] +0 | = ZIE [Ai;Cii(Fij, A)]
N2dVd—1 N

i#]

For the first two terms on the right-hand side of (2.76), the summations are over i # j, we can replace them
by the corresponding summations with all ¢, j, together with an extra error

N%Zﬁ ZE [Fii(A)] + de\/— ZE [A;, Ay DE Fii(A)] = 0O (ﬁ ZE[Cii(FiiaA)]> (2.77)

i,k,l

Thus we can rewrite (2.76) as

d
NF ZE [A;;F;(A)] = VT ZZJ:E[FZ-J-(A)]
1 Vi (2.78)
+ m Z’JZJ;ZE [AzkA]lDzk]lFU(A)] + 0 ﬁ ;]E A”C”( ijs )] —+ Xl:E[C”(F“’A)]

The first term on the right-hand side of (2.78) is negligible. Indeed, by (2.61),
1 N
Gji(z) = ————— = 0(d"'/?), Gji :O().
D6 = gy ~ o Tae=o(
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Therefore
e S E[F(4)] = 0 CE[M])) = on (1) (1 +ELRE) (2.79)
Nevd—1 - ij N P N 1) :
We next control the integration-by-parts error in (2.78). Recall the event Qy from (2.63) and A(z) from

(2.64). For z = E +w/(megN) with w € K, we have

1

Mz < Cx(log N s

<Ck, (logN)* <d< N2 (2.80)

On Qu, by Lemma 2.15 and (2.64),

G| + max |Gia(s A+ €8] < CieA2),  my(za)| 4+ mavx oy (2 A + EE)] < Cre (14 m (2a)]),

fora=2,...,p. Thus
p p
1(Qn)Cij (F, A) < CreA(z H (1+ mn(20)]) < CrA(2 H (14 Ry)P~ L. (2.81)

On the complement Q?\,, we use the trivial resolvent bound. Since w,ws,...,w, € K C C\R, all
imaginary parts satisfy |Im[z,]| <x N~!. Hence

Ck
| Im 2]

|Guv(za)| < < CkN, Imn(za)| < Ck N, (2.82)

and the same bound holds for the switched matrix A + 5@1. Therefore

1(0%)Ci;(F, A) < 1(Q%)(Cx N)P.

—(log N)?

Taking expectations and using IF’(Q?V) <e , we obtain

1(05,)¢,; (F, A)} < (CxN)Pe (08N — (1), (2.83)

since p is fixed.
Combining the estimates (2.81) and (2.83) on Qy and Q&;, and using > Aij = Nd, we get

Vd d32A(z _
5 D EIA4,Cy(F, A)] < CK%E [(1+ Ry)P] +on(1) = on(1) (1 +E [RJ;V“]) . (2.84)
2]
where we used d < N'/2, A(2) < Cx(log N)%, and (1 + Ry)P~' < C,(1 + RY™).
It remains to expand the discrete derivative in the main sw1tch1ng term. We write

1 p
Y (08 Gi(2)) My + Gji(2) Y (0Kmiy (za)) MY

a=2

DijF;(A) = + &M (2.85)

All nonlinear terms in the discrete product rule and all Taylor remainders are included in Sfjl.

We shall use the following deterministic estimates for the linearized switching terms in (2.85). The first
estimate controls the Taylor and product-rule errors, while the last two identities identify the contributions
of the derivatives falling on Gj;(z) and on the external Stieltjes transforms. We postpone the proof to
Section 2.4.5.
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Lemma 2.16. Adopt the notation and assumptions of Proposition 2.10, and let A = A(2) be as in (2.64).
For z=FE+w/(N7mog), z. = E+ wa/(Nﬂ'QE), and w,we, -+ ,wp, € K C C\ R, we have

de\/i Z ApAnlEl| < CKng(l—&-RN)”‘l. (2.86)
Moreover, for z € C4,
1 3 Ay (2) = (2 - o) +0 (3 (14 lmwp + B2 s
N2d(d—1) & N d N Iml[z]
Finally, for z,w € C,, we have
m > AwAuGji(2) 0 mu (w)

2,5,k

_ 2d my () — my(w) Imu (2)| + [m ()]
__N2(d—1)8w - z—wN +O< NJ\;dIm[z] Ir]rvl[w] )

If w = z, the right-hand side is understood by taking the limit w — z.

(2.88)

Proof of Proposition 2.10. Splitting the error term according to 2y and Q?V, using (2.86) and (2.80) such
that A(z) < Ck(log N)* < d'/¢ on Qy, and using the trivial resolvent bound (2.82) on Q5,, we have

1

e 2 Bwnelf] = o) (1 B[R,

i.5.k,
Substituting (2.85) into (2.78), the main switching term becomes
N2d Z E [AiAj (081Gji(2)) M)
i,5,k,1
+ T Z > B [ A AnGyi(z) (0ffmn(za)) MY +on() (1+E[RRF]). (289)
a=21,j,k,l

We now apply the two main estimates in Lemma 2.16. The estimate (2.87) gives

1 1
N1 > A AjdllGi(z) = —mn(2)* - o= (2) + on(1)(1+ R%), (2.90)

1,5,k,1
after using (2.80). Multiplying by M, and taking expectations, the error contributes o (1)(1 + E[R%]).
Similarly, for each a = 2,...,p, the estimate (2.88) gives

1
N2d(d—1)

Z A AjuGi(2) 0 m (20) = %azd mN(Zi:?N(Z“) +on(1)(1+ Ry), (2.91)
Gkl @

where the factor d/(d — 1) = 14 O(d~!) has been absorbed into the error. Again, after multiplying by M,S“)

and taking expectations, the error is on(1)(1 + E[RZ]).
Combining (2.75), (2.79), (2.84), (2.89), (2.90), and (2.91), we get

B [(1+ s (z) 4 () b4,) = | (= 0 () ) 0,

- ZE [ () = mN(z“)MIS“)} +on(1) (1+E [RE]).

Z— Zg

(2.92)

It remains only to pass from (2.92) to microscopic variables. This is identical to the final step in the
proof of Proposition 2.3, and hence yields (2.59). We omit the details. O
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2.4.5 Proof of Lemma 2.16.
Proof of Lemma 2.16. We prove the three estimates separately.

Step 1: The replacement error.
On the event Qp, we recall from Lemma 2.15 with A = A(z2) < Cx(log N)* < V/d as defined in (2.64),
that

DEGji(z) = (d—1)7"/?08Gji(2) + O <15> ’
(2.93)

3
DFmy(za) = (d — 1)"Y208 mu (24) + O <Ad ) .

Moreover using the explicit formulas (2.70) and (2.71),

A
05/ Gi(2)] S A2, 08 mn (2a)] S < CkA.

'S N Im|z,]
By definition,

1

Using the discrete product rule and (2.93), we get

£51 2 1C5u(2) RO G DA+ 5 TT ()l +

+—= %
\/& ! a=2

ijl M, —

1
V=t
Again by the product rule and (2.93),

3

A
< d(1+RN) . |DEM,| < —=(1 4 Ry)P72 (2.95)

kl
DF M, — F

Substituting (2.95) into (2.94) gives

8kl Mp

. A3 A3
€51 S 1Gii(2)l— (1 + Rn)P72 + S+ Ry)P™h (2.96)
We now sum this estimate. By the Ward identity (2.62),

1/2

;\Gij(ZNéN ;|Gw‘(2)|2 N(NImpnN(z)}>1/2<N<N|WV(Z)|>1/2.

n n

Since

> Ay = d,
k,l
the first term in (2.96) gives

A3 A3
i Aji|Gji(2)| = (1+ Ry )P

A — 1+ Ry)P~?
N2d\/ JZM d S vt R

WH

The second term in (2.96) gives
3

A A
A A — 1—|—RN)p ! < 7(1—|—RN)
N2d\/ jzk:l ! ~Vd
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Therefore

1 CrA?
A Aj|EE <1+R Pl (1+R P—1>< 1+ Ry)P™h (297
N%ﬁlzm wmwf (BT L+ RePT) S =0+ Ry (207)
Step 2: The weighted sum with 81-]“]»16']-2-(2),
We will use the following identities from (2.61) repeatedly in this proof
1

AG(z) =vVd — ]I G(z G; Gij(2) = —F—. 2.98
() =VI=11+:6(). 3.6l =3 Gul) = =, (298)

We also recall from (2.70)

0 Gji(2) = —=Gyi(2)” — G4;(2)Gii(2) — Gk(2)Gui(2) — G1(2)Gri(2)
+ Gji(2)Gri(2) + Gji(2)Gji(2) + Gk (2)Gii(2) + G5(2)Gri(2).

We compute the weighted sum term by term.
The first two terms are

- Z ApAjG = —d* Tr G* = —d°N 0.my,
igkl

- Z AikAleijii = *d2(TI‘ G)2 = 7d2N2m2
i,5,k,1

For the third term, we use (2.98)
- Z AiAj GGl = — Z (Z Aiijk> (Z Aleli> =— Z(AG)ij(AG)ji
irjokl ij \ k 1 ij
=—(d-1)(N+2:TrG+2*TrG?) = —(d — 1)N (1 + 2zmy + 2°0.my) .

For the fourth term,

- Z AikAleleki = — (TI'AG)2 = 7(d7 1)N2(1 + sz)z.
©,7,k,l

For the fifth and sixth terms, using the row-sum identity (2.98),

1
> AiAjGiGri = dvVd—1N + 2mN

i%;l A AjGiGji = dvd—1 Nd/i/;ﬁ]v_z'
For the seventh and eighth terms,
ig};lAikAlejkGii = dQN#7
i;k,lAikAleijli = d/\/miNl —
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Adding the eight contributions, we obtain

Z AipAj0Gyi(2) = —d>N*m%, — > No.my — (d — 1)N (1 + 2zmy + 2°0.my)

ikl
1+ zmpy my
A= DN (14 zmy)? 4 2dVd —IN— 2N ogey N
(d = DN"(1 + zmu) djVd—1-z d/Vid—1-2

Dividing by N2d(d — 1), and using |0,mn ()| < |mx(2)|/Im[z], we get

1 1 1+ [my(2)]? + et
— A Aa0M G (2) = — 2_ - mf] |
N2d(d — 1) i;l inAj10;j Gyi(2) = —mn (2)” = S 0:mn(2) + O ( y

Step 3: The weighted sum with 8}}my (w).
We recall from (2.71)

Omy (w) = —% [(G(w)?)ij + (G(w)*)er — (G(w)?)ir — (G(w)?) ;] - (2.99)

Substituting (2.99) into (2.88), we get

1
W) 2, MG 2
T 2 AwAiG() (G + (G — (G = (G (2100
i,5,k,1

We compute the four sums separately. First,

Z AzkA]lGﬂ(Z)(G(wF)” = d2 TI"(G(Z)G(UJ)2)

1,5,k,1
Second,

D AiAjGii(2)(G(w)?) = Tr(G(2)AG(w)? A)
i.4,k,l
= (d—1) [Tr G(2) + 2w Tr(G(2)G(w)) + w? Tr(G(2) G (w)?)] .

Third,

Tr G(w) + wTrG(w)Q.

> A GGl = Vi =1== 7

1,5,k,1
The fourth term is the same:

Tr G(w) + w Tr G(w)?

S A AuGli(2)(G(w)?)y = dvd =1

ey d/vd—1-z
Therefore
S A Giile) M (w) = — | & e (G() G (w)?)
N2d(d—1) REGEIIE) Bag TN d(d—1)N3

Ik (2.101)

9 9 Tr G(w) + w Tr G(w)?
+(d—1) (Tr G(2) + 2w Tr(G(2)G(w)) + w* Tr(G(2)G(w)?)) — 2dVd — 1 DT T
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Finally, by the resolvent identity,

1
N Tr G(w)? = dpmn (w), ~ Tr(G(2)G(w)) = P ,

and differentiating in w gives

1 ~, my(z) —mpy(w)
~ Tr(G(2)G (w)*) = D, N z_wN .

Substituting these identities into (2.101), we obtain

1 A G (2) O _ my (2) = mn (w)
Ned(d 1) ijzklAlkAleﬂ(z) Oflmy (w) = Ned 1)8“’ — (2.102)
B my(z) — my(w) 9, my(z) —my(w) 4(my(w) + wdymy (w))
IN? [mN(z)—l-Qw T w + w0y po— VI IN AT o) (2.103)
We recall from (2.2) and (2.4)
Imy ()| |my(z) —my(w)| _ Imy(2)] | my(w)]
< <
[wma(w)] 5 Im[w] ’ zZ—w ~  Im[z] + Im[w] ’
5. () —my(w)| - [my(2)| + [my (w)|
v z—w ~ Im[z] Im[w]
the last line of (2.103) are bounded by
o (Imx ()l + my(w)|
N2d Im[z] Im[w] /)~
Thus
1 LG () O ____ 2 my (2) — my(w) [y (2)] + [may (w)]
N2d(d— 1) ijz];l A A Gi2) Omn (w) = =Sy 0= — O\ Nz o ] )
This completes the proof of Lemma 2.16. O

2.4.6 Edge loop equations for random d-regular graphs. In this section, we explain how the proof
of edge universality for random d-regular graphs with fixed degree in [52] can be significantly simplified
using the new characterization. In that work, edge universality is proved by first establishing the edge loop
equations for the Gaussian divisible ensemble H + v/t GOE, where H is the normalized adjacency matrix of
a random d-regular graph and ¢ > 0 is small. The rest of the argument then follows the standard three-step
scheme for random matrix universality [40]: a local law, universality for a short Gaussian divisible flow, and
a comparison step back to the original ensemble.

For random d-regular graphs, especially when d is fixed or small, the usual Green function comparison
methods for Wigner-type matrices do not apply directly. The microscopic loop equations provide an alterna-
tive comparison mechanism: they show that the edge statistics are unchanged along the Gaussian divisible
flow H 4 v/t GOE, and hence allow one to transfer edge universality from the Gaussian divisible ensemble
back to H.

Our new characterization, Theorem 1.12, simplifies this argument. Instead of deriving and analyzing
the edge loop equations for the entire Gaussian divisible family H + v/t GOE, it is enough to verify the
approximate edge loop equations directly for the original ensemble H. In other words, the characterization
turns the comparison problem into a direct criterion: once the edge loop equations for H are established
with sufficiently small errors, edge universality follows.
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We recall the Kesten—-McKay distribution

1 22\ ' Va— 22
=1, 14— — _— 2.104
ule) = Lueaa (14 72 - 5 ) o (2104)
Near the spectral edges 2, the Kesten—-McKay distribution has square-root behavior:
AV2Fx d(d—1)
— 12 =——4+0(2 = 2.105
rod2 ale) = T o(pEa), A= T (2105)

We denote by mg(z) the Stieltjes transform of g,:
d
md(z):/m’ 2 e Ct.
R T—Z

Definition 2.17. Fiz d > 3 and a sufficiently small constant 0 < ¢ < 1. Let R := (¢/4)log,_; N. We define
Qn to be the event on which the following two conditions hold:

1. The number of vertices whose radius-R neighborhood is not a tree is at most N°.

2. The radius-R neighborhood of every vertex has excess at most one. Here the excess means the number
of independent cycles.

The event 2 is typical. More precisely, by [53, Proposition 2.1], applied with wy = 1, we have
P(Qy) > 1—O(N~079).

For random d-regular graphs, the required approximate loop equations are given in the following proposi-
tion. These equations can be viewed as the direct analogue, for the original random regular graph ensemble,
of the edge loop equations proved in [52, Theorem 3.8] for the Gaussian divisible family H + v/t GOE. For
an expository discussion of the first loop equation, corresponding to p = 1, we refer to [54].

Proposition 2.18. Fix a degree d > 3, and set the right spectral edge E = 2. Fizx a small ¢ > 0. Introduce
the microscopic window

M := {w €C: N~2/37¢  |Tmfw]| < N~2/3%¢,  —N—2/3+¢ < Re[w] < N‘2/3+‘}. (2.106)
Let A(z) :==mn(2) —mq(z). Fizxp > 1 and w,ws,...,w, € M, and set
z:=FE+w, Za = B 4 wg, 2<a<p.

Then, for N sufficiently large,

1(QN)<A(Z)2+2AVz—EA()+ —d.my(z >HAza

B (2.107)
myi(z mN Za _ —(p+1)/3—10
NQZIE Q)0 < — >HAzb = (N (r+1)/ )
b;éa
Here, when p =1, the empty product is interpreted as 1, and the sum over a =2,...,p is absent.

The equations (2.107) can be viewed as a centered version of the edge loop equations (1.5). Namely,

under the edge scaling,
N1/3 w
A2/3 A (E+ (AN)2/3)

converges to s(w) — /w in the edge loop equations (1.5). The full set of edge loop equations then follows by
taking suitable linear combinations.
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3 Bulk and edge loop equations

The purpose of this section is twofold. First, we identify the loop equations satisfied by the limiting point
processes in the bulk and edge regimes. Namely, the Sineg point process satisfies the bulk loop equation,
while the Airy; point process satisfies the edge loop equation. Second, we show that these loop equations
yield concentration estimates for the corresponding normalized Stieltjes transforms. More precisely, after
the appropriate normalization, these Stieltjes transforms concentrate around the deterministic quantities +i
in the bulk and 1/z at the edge, with sub-Gaussian tails. All results in this section hold for every 8 > 0.

3.1 Sineg and Airyz point process

For the Sineg point process, we use the normalization in which its intensity is 1/, or equivalently, the local
mean spacing is 7. For the Airys point process, we use the convention in which the Airy points are ordered
decreasingly and extend to —oco. In this normalization, the one-point density has the standard square-root
left-tail asymptotics with leading constant 1/m. The following theorems state that the Sineg point process
satisfies the bulk loop equation, and the Airys point process satisfies the edge loop equation.

Theorem 3.1. Fiz 3 >0, and let (x;);jcz denote the Sineg point process with intensity 1/, indezed so that
ST ST STOSTIST2S (3.1)

Then its principal-value Stieltjes transform

s(w) =P.V.> ! (3.2)

S TiTw
satisfies the bulk loop equation (1.2).
Theorem 3.2. Fiz 3 >0, and let (z;);>1 denote the Airy, point process, ordered decreasingly so that

T1 =Ty = T3>, Tj; — —00 asj — oo. (3.3)
Then its normalized Stieltjes transform

> 1 1 Ai'(0)
=3 (55 y) - wo 4

j=1

satisfies the edge loop equation (1.5).

Both Theorem 3.1 and Theorem 3.2 are proved by taking the bulk and edge scaling limits, respectively,
of the Gaussian f-ensemble. Their proofs are given in Section 3.3.

3.2 Local Law

In this section, we collect some consequences for point processes satisfying the bulk/edge loop equations.
Proposition 3.3 states that if a Nevanlinna function s associated to a point process satisfies the bulk loop
equation (1.2), then s(w) has a sub-Gaussian tail and is the Stieltjes transform of its empirical density.
Proposition 3.4 states that if a point process satisfies the edge loop equation (1.5), then s(w) has a sub-
Gaussian tail and is the normalized Stieltjes transform of its empirical density.

The proofs follow a method introduced in [19], which was recently used in [20] to compute the excess of the
Sineg point process. The local law below is formulated for general Nevanlinna functions, whereas [20] works
with the principal-value Stieltjes transform, and obtains concentration estimates with explicit dependence
on the inverse temperature (.
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Proposition 3.3. Under Assumption 1./, for each fixed 8 > 0, there exists a constant C = C(8) > 0 such

that, for every w = E +in € C4 with n > 0 and every integer ¢ > 1,

Moreover, the poles of s(w) can be ordered as
R S I B 1 I A N 2 S
There exists a random variable M > 0 such that, almost surely,
2 — mj| < M (log(2 +11))*.

Furthermore, for any w € C, UC_, almost surely,

= 1
ﬂmzpypgé%iw.

(3.5)

(3.6)

(3.7)

We next recall the Airy function, denoted by Ai, which solves the Airy equation: Ai”(w) —w Ai(w) = 0,
with Ai(w) — 0 as w — oo along Ry. All the zeros of Ai are on the real line, and are all negative, and we
denote them as 0 > a; > ay > az > ---. We refer to Appendix A for further background on Airy functions.

Proposition 3.4. Under Assumption 1.10, for each fixed 8 > 0, there exists a constant C = C(f) > 0 such

that the following holds. Let w = E +in € C,, with n > 0, and let ¢ > 1 be an integer, then

Ca)t _ult
P (T2

E [|s(w) - v ] < |

If we further assume that E > n, then

Moreover, the poles of s(w) can be ordered as
Ty ZTp =

There exists a random variable M > 0 such that, almost surely,

N 2/3
z; + <:i;7> <M

Furthermore, for any w € C. UC_, almost surely,

(log(2 + 7))
j1/3 '

(3.10)

(3.11)

Section 3.4 is devoted to the proof of Proposition 3.3. The proof of Proposition 3.4 is analogous and is

postponed to Appendix C.
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3.3 Bulk and edge loop equations for [-ensemble

In this section, we show that, under the one-cut condition, the S-ensemble with a general potential satisfies the
approximate bulk and edge loop equations, namely (1.4) and (1.6). Both results follow from straightforward
computations, with the local laws for S-ensembles up to microscopic scale [19] as an input. We defer the
proofs to Appendix B. We then prove Theorem 3.1 and Theorem 3.2 by taking the bulk and edge scaling
limits of these approximate loop equations.

Consider the -ensemble

1
dunOdw) = = [ - AP Bl VRN - d . (3.12)
Nici<ien
Assumption 3.5. We assume the following.
(A1) The potential V is analytic on C and real-valued on R.

(A2) There exist constants My, C,c > 0 such that

V'(z) > ¢, sup < CV(x), x> Mo,
yE[Mo,x] Y
and the analogous estimates hold as x — —o0, equivalently for 17(:3) =V(-2x).

(A3) The equilibrium measure py is one-cut reqular. More precisely, its density oy is positive on a single
interval [A, B] and has square-root behavior at both endpoints.

(A4) The effective potential
V(x)
T o - log|z — t|duy (t)
achieves its minimum only on [A, BJ.
Write
1
ov(t) = ;T(t) (t—A)(B-1), te[A, Bl (3.13)

and denote by my the Stieltjes transform of puy,

We also write
mp = my(B), (3.14)
where my (B) denotes the continuous extension of my to the right edge.

Proposition 3.6 (Approximate bulk loop equations for S-ensembles). Assume that the potential V' satisfies
Assumption 3.5. Fiz o bulk energy E € (A, B), and write og := oy (E). For w € C\R, define

al 1 V/(E)
sn(w) = ; NronOn "B w5 " Tnon (3.15)

Thus sy s a particle-generated Nevanlinna function associated with the configuration
N
Y INros - B)-
k=1
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Then, for every p > 1 and every compact set K C C\ R, uniformly for wi,wsy...,w, € K,

2-4 9 L 2 L sy (w1) — sn(wy) L

E (BawlsN(wl) +5N(w1) + 1> | I sN(wj) + BE E an I | SN(U)[) = ON(l).
=2 i=2 vt iz
J

(3.16)

Proposition 3.7 (Approximate edge loop equations for S-ensembles). Assume that V' satisfies Assump-
tion 3.5. Let

v = (r(B)A(B - 4) " (317)
For w € C\ R, define the edge-scaled empirical Stieltjes transform
al 1
)= ; S e Tp vy e AL (3.18)

Thus sy s a particle-generated Nevanlinna function associated with the configuration

N
D 0N
k=1

Then, for every p > 1 and every compact set K C C\ R, uniformly for wq,...,w, € K,

2-p 5 - 2 % sn(w1) — sy (w;) 1
E (65w181v(w1) + sn(wy) —w1> | | sny(wj)| + BE E Ow, I I sy(we)| =on(1).
j=2 j=2 LW =2
L#£5
(3.19)

Remark 3.8. Propositions 3.6 and 3.7 together with Theorems 1.9 and 1.12 imply universality for (-
ensembles, in the bulk and at the edge. Previous proofs proceed by comparison with the Gaussian [-ensemble

[ ’ ’ ’ ’ /

Proof of Theorem 3.1. We apply Proposition 3.6 to the Gaussian 3-ensemble, that is, to V(x) = 22, at the
bulk point £ = 0. Then V'(0) = 0. Writing g0 := ov(0), the renormalized Stieltjes transform in (3.15)
becomes

al 1
sn(w) = ; Nmooht —w’

The corresponding microscopic point process

N
KN = E 6N7TQ0)\k
k=1

converges in distribution to the Sineg point process with intensity 1/, as constructed in [90].

By the same tightness and uniform-integrability argument as in Theorem 1.9, after passing to a subse-
quence we may assume that sy = s in the topology of locally uniform convergence on compact subsets of
C\ R, and the limit s satisfies the exact bulk loop equation (1.2). Moreover, the associated limiting particle
configuration p has the Sineg law.

Ordering the atoms of u as



the representation (3.7) gives

dp(z) = 1
=P.V. =P.V. .
S(w) /;z;—w j;ooxj_w

Therefore the Stieltjes transform of the Sineg point process satisfies the bulk loop equation (1.2). O

Proof of Theorem 3.2. The result follows by the same argument as in the proof of Theorem 3.1, now applying
Proposition 3.7 to the Gaussian $-ensemble and using the fact that its edge scaling limit is the Airyz point
process [78]. We therefore omit the details. O

3.4 Proof of bulk local law

3.4.1 Proof of Equation (3.5). The high-moment estimate (3.5) follows essentially from the analysis of
loop equations for B-ensembles in [19, Theorem 1.1]. The proof is based on a moment bootstrap from the
bulk loop equation. We first derive deterministic bounds on s'(w) and on the difference quotient d,,((s(z) —
s(w))/(z —w)) in terms of Im[s(w)]. Applying the loop equation to suitable polynomial test functions then
yields a self-consistent estimate for the high moments of Q(w) := s(w)%+1. Since Q(w) = (s(w)—i)(s(w)+i)
and s is a Nevanlinna function, moments of Q(w) control moments of s(w)—i. A Young inequality argument
closes the estimate and gives the desired sub-Gaussian-type bound for s(w) — i.

Proof of (3.5). Let w = E + in, with n > 0. Define

5(2) — s(w)

Z—w

Qo) i=s(wf +1. ) = ). fww) = g

For a monomial F(u,v) = u®?®, the loop equation (1.2), applied with w; = w, a copies of w and b copies of

W, together with s(w) = s(w), gives
0))| = — g s'(w s(w), s(w
BIQ(w) Fls(w), s(a)] = (1 5 ) B () Fls(uw),s(0))]
- %E[f(wvw) O F (s(w), s(w)) + f(w,w) D2 F(s(w), s(w))] .
By linearity, the same identity holds for every polynomial F'.
Now take
F(u,v) = (u® + 1) (v? + 1)%.
Then
O F(u,v) = 2(q — Du(u® + 1)1 2(v? + 1), Do F (u,v) = 2qu(u® + 1)7H(v? 4 1)97 1.
Therefore,
E[|Q(w)[*] < CE[|s'(w)| |Q(w)[**™] + CqE[(|f(w, w)| + | f(w,w)|)|s(w)[ |Q(w)[*1~?] . (3.20)

Substituting the bounds (2.2) and (2.4) into (3.20) yields

2¢q Im[s(w)] w)l2a-1 Im[s(w)] [s(w)] w)|2a—2
sllQu) < oE [ g ]*CQE[nQ Q)P |

We now apply Young’s inequality in the forms

1 1
Cab*™! < 0%+ (C'a)®, Cqab®™* < S0 + (C'qa)”. (3.21)
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After absorbing the resulting $E[|Q(w)[?] contribution into the left-hand side, we obtain

E[JQ(w)] < (iq) (E[(tmfs(w)])?] + E[(Im{s(w)])?|s(w)|]) .

In particular, since | Im[s(w)]| < |s(w)]|, we have

= G ' m[s(w)])?|s(w)|?
Bl < () Blamis s, (3.22)
Since s is a Nevanlinna function, Im[s(w)] > 0. Moreover,
Qw) = (s(w) —1)(s(w) +1),
and for Im[s(w)] > 0 we have
[s(w) —i| < ls(w) +i],  |s(w) +i[ > 1

Hence
s(w) —i> <|Qw)],  [s(w) —i < |Q(w)]. (3.23)

As a consequence of (3.23), we have
Im(s(w)]?|s(w)[? < [s(w)** < (1+]s(w) = i))* < CU1+[Q(w)[*).
By plugging the above estimate into (3.22), we conclude

E[lQw)*] < <2§)q (1+E[Qu)P"?). (3.24)

By (3.23),

E[|s(w) —i*] <E[|Qw)|*] <E[Q)*]"?, E[s(w) -] < E[|Q(w)*]. (3.25)
There are two cases. If E[|Q(w)[??] < 1, then (3.24) and (3.25) imply

Blsw) ~ i) < B[l <2 (%)’
If E[|Q(w)[?9] > 1, then dividing (3.24) by E[|Q(w)|?9]*/? gives

E[ls(w) - i*] < EQ()P]" <2 (iq )

Hence (3.5) holds in all cases. O

The sub-Gaussian tail estimate (3.5), together with a union bound, implies the following almost-sure
uniform bound.

Lemma 3.9 (Almost-sure uniform bound on dyadic rectangles). Adopt the assumptions of Proposition 3.3.
Forn > 1, define

Rn::{w:E—l—in |E|<2™, 27" < 77<2"}, R;::{w:E—I—in:|E|<2"7O<n<2”}.

Then there exists an almost surely finite random variable M such that, almost surely,

sup 7 |s(w) —1i| < Mn, n =1, (3.26)
w=E+ineR,
and
sup  n|Im[s(w) —i]| < Mn, n=>1 (3.27)
w=E+ineR/,
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Proof. By (3.5) and Markov’s inequality,

. ) . . (Cq)?
P(n|s(E+in) —i| >t) < ;gfl 124
Optimizing in ¢ gives constants ¢, C' > 0 such that
P(y|s(E +in) —i| > ) < Ce™, FEeR, n>0, t>1. (3.28)

Fix n > 1, and define the lattice net
N, ={27"(a+1ib): a €Z, |a| <2*", bEZ, 1<b< 27"}

Its cardinality satisfies
NG| < 24

By (3.28) and a union bound,
P(Hw =E+ineN, nls(w)—i| = n) < 024neen”

The right-hand side is summable in n. Hence, by Borel-Cantelli, almost surely there exists ng(w) such
that, for all n > ng(w),

nls(w) —i| <n  for every w = E +in € N,,. (3.29)

We next pass from the net to the whole rectangle R,,. From (2.2) and Im[s(w)] < |s(w) —i| + 1, we have
il

4 < M 3.30

o) < M (3.30)

Let wg = Eg + ing € NV, and let w = FE + in € R, satisfy
| Re[w] — Re[wp]| <2771, | Tm[w] — Im[w]| < 27" L.
Since 19 > 27", the straight-line path from wy to w stays in the region Im[(] > 19/2. Applying (3.30) along

this path and using Gronwall’s inequality gives
2" .
|s(w) — s(wp)| < Cn—(\s(wo) —il+1). (3.31)
0
Moreover, 1/ny < C. Therefore, using (3.29),
nls(w) — i < Cmols(wo) — i + C27"(|s(wo) — i| + 1).
Since 27™ < no, 27" < 1 < n, and no|s(wp) — i| < n, we get
nls(w) —i| < Cn.
Thus, almost surely,
sup 7n|s(w) —1i] < Cn, n = no(w).

WER

Increasing the random constant to handle the finitely many indices n < ng(w), we obtain (3.26).
It remains to control the imaginary part for 0 < n < 27". By (2.1), for each fixed E € R, the function

0 — 5 Im[s(E + in)] = cn? + ;} (x_g;w
is nondecreasing. Hence, with ny := 277,
n Im[s(E +in)] < no Im[s(E + ino)].
Using (3.26) at E + ing, we get
n|Im[s(E +1in) —i)| < n Im[s(E +in)] +n < no Im[s(E +iny)] +1 < Mn + 2.
After increasing M, this gives (3.27). O
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3.4.2 Helffer—Sjostrand formula. In this section, we recall the Helffer—Sjostrand formula, Lemma 3.11,
which allows us to control the difference between two measures through their associated Nevanlinna functions.
We will use Lemma 3.11 to derive particle concentration estimates in Lemma 3.12.

Let f € C°(R;R), and let x € C°(R;R) be an even cutoff function such that xy =1 in a neighborhood
of 0. Define the almost-analytic extension

fl@+iy) = (f(z) +iyf'(x)x(y), w=z+iy. (3.32)

Then, for every A € R,

_ 1 0 f (z + iy) 1 :

A direct computation gives

0u Tl +1y) = 5 yx(w)f" () + 3 (F(&) + i @)X (v). (33)

The scalar formula immediately implies the following standard consequence.

Lemma 3.10. Let s be a Nevanlinna function associated with the Borel measure u. Then, for every test
function f € C°(R;R),

/]R FO)du(n) = % /x e Re [awf(x +iy) s(a + iy)} da dy.

Lemma 3.11. Let s and s, be two Nevanlinna functions associated with the Borel measures

1
Zéa:a 79(1") dxa
m

zeP

respectively. Then, for any n > 0 such that x(n) =1,

> fla) - %/Rf(x)g(x) dz| < CI+ I+ I+ 1V), (3.34)

rEP

where

1= / / @IS @D Xl +i9) — syl -+ i)y,
II:= //Ogy@7 1" ()| ylx(y)] |Im[s(x +iy) — so(x +iy)] ] dx dy,
M= [[ 171 [0, ()] s(a -+ ) = syfa -+ )] dady,

Vi [ 1 @) s(o+im) = sy(o -+ )] da

Here C' depends only on the cutoff function x.

These identities and estimates are classical; see, for example, [10, Section 11.2]. We omit the proofs.
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3.4.3 Proof of Equation (3.6). The concentration of the particle locations follows from the following
counting estimate. We prove it using the Helffer—Sjostrand formula, Lemma 3.11, together with the uniform
bound on the Nevanlinna function from Lemma 3.9.

Lemma 3.12 (Bulk counting estimate). Adopt the assumptions of Proposition 3.3. Then there exists an
almost surely finite random variable M such that, almost surely, for every a > 2,

#(PN0,a]) = 2| < M(loga)?,  |#(PN[=a,0)) = Z| < M(loga)®. (3.35)

Proof of (3.6). Fix an outcome w on which Lemma 3.12 holds. Enumerate the poles of s increasingly as
ST KT LT <y

with only a finite ambiguity near the origin. Then there exists an almost surely finite random variable M
such that )
joj —mjl < M(log(2+15])",  j€Z. (3.36)

Indeed, for j > 1, Lemma 3.12 gives
. X
j = #(P 0 (0,2) +0(1) = Z + O((logz,)?),
and hence 9
jo; — i < M(log(2 + 7))

The argument for j < —1 is identical, using the estimate on [—a, 0]. Enlarging M handles the finitely many
indices near the origin. O

Proof of Lemma 3.12. We prove the estimate on [0, a]; the estimate on [—a, 0] is identical.
Fix an outcome w on which Lemma 3.9 holds, and let M = M (w) be the corresponding random constant.
Given a > 2, choose n > 1 such that
2"t <a+1<2™

Then n < loga.
Choose smooth functions f4, f— € C°(R) such that

0< fr <1, f+ =1on[0,al, supp f4 C [-1,a + 1],

and
0< fo«<1, f-=1lon|[l,a—1], supp f— C [0,al,

with
[fal+ i < C.
We claim that, for either f = fy or f = f_,

> @) -1 [ fa)as

zEP

< CMn?. (3.37)

To prove this claim, choose the cutoff in the almost-analytic extension (3.32) so that
x =1 on [—a,d], suppx C [-a—1,a+ 1], X'l < C.
We apply Lemma 3.11 with s,(w) =i, corresponding to ¢ = 1, and with n = 1. Since
supp f C [-1,a+ 1] C [-2",2"], suppx C [—a —1,a + 1] C [-2",2"],

the estimates from Lemma 3.9 apply throughout the region of integration.
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We now bound the four terms in Lemma 3.11. For the term II, we use
y|Tmfs(z +iy) )| < Mn,  0<y<1,
and the fact that f” is supported in two intervals of O(1)-length. Thus
II < CMn.
For IV, using |s(z +1) — i| < Mn and the fact that f’ is supported in two intervals of O(1)-length gives
V < CMn.

For III, note that d,(yx(y)) =1 for 1 < y < a, while the transition region has O(1)-length. Since

Mn
sl i < 2T 1<y<artl

and f’ is supported in a set of O(1)-measure, we obtain

a+1 dy
I < CMn / — < CMn2.
1 )

Finally, I is supported where x’' # 0, hence where y € [a,a+ 1]. Using again |s(z +iy) —i| < Mn/y, together

with |supp f| < Ca and |supp f'| < C, yields
I < CMn.

Combining these bounds gives (3.37).
We now apply (3.37) to fi. Since fy > 1 q),

#(PNJ[0,a]) Zf+ l/f+(ac)dsv—|—CMnQ<g—&—C’—|—CMn2.
™ JR ™

zEP

Similarly, applying (3.37) to f_ and using f_ < 1j9 4, We get

#Pnloa) =S fo(x l/f_(x)dxfCMﬁ}ngfCMnQ.
™ JR ™

rEP

Combining the upper and lower bounds, and using n < loga, gives
[#(P[0,a)) - 2| < M(w)(oga)?,

after increasing M (w). This proves the first estimate in (3.35).

O

3.4.4 Proof of Equation (3.7). The proof compares s with an explicitly constructed principal-value sum
(3.38) having the same poles and the same normalization at infinity; the Nevanlinna representation then
shows that their imaginary parts agree, so their difference is a real constant, which must vanish by the

normalization.

Proof of (3.7). Define

5(w )=—cotw+2( j1w>, weC\R. (3.38)
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By (3.6), the series in (3.38) converges absolutely and locally uniformly on C\ R. Indeed, for every compact
K c C\R,

1 1 ;— Tj log(2 + [7]))?
Ll mml g (R 59
T;j—w T —w |z; —w||7j — wl 1+

Hence 5 is holomorphic on C\ R. Using the partial fraction expansion

1
—cotw = P.V. ,
Z T —w
JEZ
we obtain .
s(w) =P.V.
(w) =P.V. 3 o w
JEZ
We next check the normalization at infinity. Since
— cot(iy) — i, y — Fo00,

it remains to show that the summation term in (3.38) tends to zero at w = iy. Split the sum into |j] < y
and [j| > y. For [j| <y, (3.6) implies

lzj —iy| + |7j —iy| 2 v,

and therefore
1 1

1Y) 2 2
L[y Clog+ )P _ Cllogy?
Ty —1y 7wj—1ly

y? Yy

>

l7lI<y

l71<y
For [j| >y, (3.6) gives
|z — iyl + [mj — iyl 2 1],

and hence
1 1

. 2 2
. Loy CUO&%@HJD) < C(logy) .
ri—ly 7wj—1y

J2 Yy

>

71>y

71>y

Thus the summation term in (3.38) tends to zero, and therefore
s(iy) — 1, y — ~+o0.
On the other hand, Lemma 3.9 implies

Mlog(2 +y)

s(ly) — 1] <
[s(iy) —i| < "

— 0, Yy — 4o00.
Thus
s(iy) — 1.
For w = E +in € C4, the definition of s gives
mf3(w)] =y~
(@ —EP+n

Since s is a Nevanlinna function whose representing measure is » ., 0, its imaginary part has the form

JEZ
Ui

Im[s(w)] = en + —

2 EF T
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for some ¢ > 0. The convergence s(iy) — i as y — +oo forces ¢ = 0. Therefore,
Im[s(w)] = Im[s(w)], we Cs.

It follows that
g(w) = s(w) — 5(w)

is holomorphic on C; and has identically vanishing imaginary part. Hence g is a real constant on C. Since
both s(iy) and $(iy) converge to i as y — 400, this constant is zero. Therefore

s(w)zs(w):P.V.ij_w, w e Cy.
JEZL
By Schwarz reflection, the same identity holds for all w € C\ R. This proves (3.7). O

4 Exponential observables

In this section, we introduce certain observables, which are exponential linear statistics of the Nevanlinna
function s. Equivalently, when the summation representation of s is available, namely (3.7) and (3.11), they
can be viewed as products of ratios of linear factors over the random point configuration. These observables
are the analogues of ratios of characteristic polynomials. Using the concentration estimates Proposition 3.3
and Proposition 3.4 as input, we derive the asymptotic behavior of these observables at infinity.

4.1 Bulk exponential observables

Proposition 4.1 (Bulk exponential observables). Adopt Assumption 1.4, and assume

B_p
B) == € Q0.
q
Fiz k > 1, signs 7, € {£1}, and points
t, sMecC,,, 1<r<p 1<a<gq 1<a<k
For each triple (a,r,a), choose a piecewise C' path
) c C,,
from sff‘) to t&a), and define
1 k- p q
Gim=t 335 [ stuydu (4.1)
q a=1r=1a=1 ’Yﬂaa

Since s is holomorphic on each half-plane, G is independent of the choice of paths.
From the representation (3.7), the exponential e coincides with the principal-value product

k D a)
o p [T ] e =)
je€Z a=1 am1(8a — 95]’)B/2

where the powers (sga) — ZL’j)ﬂ/2 are defined using the principal branch on C\ Rcq, as specified in (1.11).

Moreover, this random variable is integrable. We set

F :=E[e“]. (4.2)
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Define

a=1 r=1 a=1

k- »p |t(04) . 8(a)|

L:=>Y"Y log| 1+ d - (4.4)
a=17r=1a=1 \/| Im[t,(«a)“ | Im[sfla)ﬂ
Then the following estimates hold.
1 ere exists a constant C > 0, depending only on p,q, k, such that

i) Th C>0,d d l k h th

|F| < eRe[JV[]+C(L+L2). (4.5)

(ii) There exists a deterministic constant Lo > 0, depending only on p,q, k, such that, whenever L < Lo,
F = M+OW) (4.6)
where the implicit constant depends only on p,q, k.

Corollary 4.2. Adopt Assumption 1.4, and assume

b lequy n=kp, m=ke
2 g
Fix
tr, s € CLUC_, 1<r<n, 1<a<m.
Define

M::iﬁm |——Z|Imsa (4.7)
r=1

Lo iil@g(l - [(Relt,] +i| Tmft,]]) — (Relsa] +1 Im[sann) . 1)

r=1a=1 | Im[t’f’” | Im[sa]l

Then there exists a constant C' > 0, depending only on p,q,k, such that,

97 1/2
xT ) ) 2
E ||P.V. J <E||P.V. % < eMHOULHLT), (4.9)
]GHZHalsa—%)ﬂ/g jel_]Z:Ha 13a—$J)’6/2
Moreover, the exponential observable
F(ty, ... tn;81,...,8m) =E |P.V. H %) (4.10)

JEZ Ha 1 Sa - x])ﬁ/Q

is holomorphic on C™ x (CL UC_)™

Proof of Proposition 4.1. We first recall the concentration estimates in both half-planes. By (3.5) and
Schwarz reflection, for every z € C;, 7 € {£1}, and every integer ¢ > 1,

a2 (CVD)! | ct
< — ¢ <
17’| ] X |Im[z]|é = ||$(Z) 1T”L |IH1[Z]|

E [|s(z) —ir|] <E[|s(z) — (4.11)
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For w, z € C,, define

Yo(w,2) = — /y (s(u) — i7) du,

where v C C, is any piecewise C! path from z to w. Again, Y, (w,z2) is path-independent because s is
holomorphic on C,.
By Minkowski’s inequality and (4.11),

. du
V- e < [ ls(w) = el < €VE [ o
Choose 7 to be the hyperbolic geodesic (see e.g. [10, Section 7]) from z to w in the half-plane C,. Then the

last integral is the hyperbolic distance, so

Vs (w, 2)|| e < CVE - 2arsinh (W) < 20V1 log (1 PR Ut ) : (4.12)

Tm[w] Im([2] | Tmw]| | Im([2]|

Now decompose the integral in (4.1) as

_ = () _ g(a) (@) ()
A(Q) s(u) du = —irg (¢! s$) + Yo (8, s4)).

ra

Summing over (a,r,a) and using p/q = /2, we obtain

k p 3 q
G=—i) 7a <Zt7@ —2235“’) +E=M+E,
a=1
where

> Ep: zq: Y, (8, s(). (4.13)

k p gq
1
IEle < =)D YTQ(tia%sga))HLe <CVIL. (4.14)
q a=1r=1a=1
In particular,
E[E) < |E] < CL. (4.15)

To prove (4.5), note that Re[=] is a real sub-Gaussian random variable with scale C'L and mean bounded
by CL, by (4.14) and (4.15). Hence
E[eRe[E]} < eC(LJrLQ).

Therefore
|F| < eRelMIE[eRelEl]  eReMI+C(L+L?)

which proves (4.5).
We now turn to the small-L regime. By Taylor’s expansion

= = E[=*
Ele®] 1= [ﬁ |
Using (4.14),
IElIL. _ (CvViL)*
< —f < .
17 0

E[Z]
2!
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By Stirling’s bound ¢! > (£/e)*,

(CVI L) _ (CeL
4l =
Hence there exists Ly > 0 such that for all L < Lo,

oo

[E[e®] — 1] <> (C1L)* < CoL.
{=1
Consequently,
le”MF - 1| < L, (4.16)
and (4.6) follows. O

Proof of Corollary /.2. The first inequality in (4.9) is the Cauchy—Schwarz inequality.

For the second inequality, note first that both sides of (4.9) are unchanged if any individual ¢, or s, is
replaced by its complex conjugate. Indeed, on the left this is immediate since each x; € R, so the modulus
of the principal-value product depends only on Re[t,], | Im[t.]|, Re[sq], | Im[s,]|. On the right, the quantities
M and L are defined precisely in terms of these data. Therefore, without loss of generality, we may assume
that t1,...,t,, S1,--.,8m € C4.

Set

_PVH rlt_xj)

jez [Tosi(sa — ;)72

Since z; € R, we then have

2 IJ)(t xj)
X|*=P.V. | I . 4.17
- JEZIIa 1 sa_%)’g/Q( — )P/ (.17)

Next choose arbitrary partitions
{1,...,n} =L U---UIL, {1,....m} = A U--- U Ay,

with |I,| = p and |A,| = ¢ for every 1 < o < k. Using these partitions, define 2k blocks by

tﬁ,") =1tr.(r)> sfla) = 84,(a)> To = +1, 1<a<k 1<r<p 1<a<g,
tkre) =% 0, s = 53, Thta = —1, I<a<k 1<r<p 1<a<y,

where I, (r) is the r-th element of I, and A, is the a-th element of A,. Then (4.17) is exactly of the form
covered by Proposition 4.1. Hence (4.5) yields

E[IX ] < exp{Re[M.] + C(L. + L)}, (4.18)
where
M, = —iik:T (Zp:t(,‘") _b Zq:s(o‘)>
) a=1 * = 24 )
and

2k «
[t — s

m(ty]] | T
Recall M and L from (4.7) and (4.8). Since all ¢,, s, € C4, we have

M) =2 Imft,] - 8 Tm[s,] = 2M.
r=1 a=1

Ja

a=1r=1a=1

ZZlog 1+ \/|I
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Moreover,
|t(0t) (Oé)|

V1 TmE]) (s

Substituting these relations into (4.18), taking square root, and enlarging the constant C' if necessary, we
obtain

GRS

I M*@

q n m
Zog 14 :22210g<1+|tr_3a>:2L.
a=1 r=1a=1 I [Sa}

mt,] Im

EHX'QP/Z < eM+C(L+L2)7

which is exactly the second inequality in (4.9).
In the following we prove that F' as in (4.10) is holomorphic on

C"x (CLucCc_)™
Since (CL UC_)™ is a disjoint union of connected components, it suffices to fix a sign vector
n= (nlﬂ s 777m) € {il}m

and prove holomorphicity on

m
Oy =C" x [] C,..
a=1
Fix s1,...,8m € H;nzl C,, . For each realization of the point process, the principal-value product
s
G(t1,... tn;S1,...,5m) :==P. V. H s) (4.19)

=/ Ha 1 Sa - ‘Tj)ﬂ/Q

is entire in tq,...,t,. Moreover, after fixing the branches of (s, — xj)ﬁ/z on the half-plane C, , it is
holomorphic in each s, € C,,.
We first prove a local L! bound. By Cauchy—Schwarz,

1/2
E[1G(t1, - tni 515 s sm)|] SE[|G(t1, - - tns 51, sm)2] 2 (4.20)
Let K C Q, be compact. Choose R > 0 such that

R> max sup |Im[t,]|+ 1.
1<7‘<n(t s)eEK

For (t1,-- ,tn,81, * ,8m) € K, define
= Re[t;] + iR, 1<r<n.

Since z; € R, we have |t, — x| < [t, — x|, for j € Z. Therefore, first for finite symmetric truncations of the
principal-value product and then by passing to the limit,

|g(t1,...,tn;81,..., )| |g(t17 n,Sl,...,Sm)|.
The variables #1,...,%, lie in the upper half-plane and range over a compact subset of (C.)™, while
(s1,-..,5m) ranges over a compact subset of C,, x --- x C,, . Hence the absolute bound (4.9) implies

~ ~ 1/2
sup E[|Q(t1,...,tn;sl,...,sm)|2]/ < 0.
(t,s)eK

Consequently,

sup E[|G(t1, ... tnis1,. .., sm)|] < oo (4.21)
(t,s)eK
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We now prove separate holomorphicity. Fix all variables except ¢,., and let w,- be any closed contour in the
t--plane. The contour together with the fixed values of the remaining variables is contained in some compact
subset of Q. By (4.21), Fubini’s theorem allows us to interchange expectation and contour integration:

/ F(tl,...,tn;sl,...,sm)dtr—]E{ Gty tn; 81y vy Sm) dty| .
wye

Wr

For each realization, t, — G(t1,...,tn;S1,...,Sm) is entire, so the inner contour integral vanishes. Hence

/ F(ty,...,tn;81,...,8m)dt, = 0.

By Morera’s theorem, F' is holomorphic in each ¢,.

The same argument applies to each s,, with contours lying inside the fixed half-plane C,,,. Indeed, for
each realization, s, — G(t1,...,tn;51,...,Sm) is holomorphic on C,_, and the local bound (4.21) justifies the
same interchange of expectation and contour integration. Thus F' is separately holomorphic in all variables
on Qy.

Finally, (4.21) shows that F is locally bounded on €2,,. By the Hartogs-Osgood theorem (see [62, Theorem
1.2.5]), separate holomorphicity together with local boundedness implies joint holomorphicity. Therefore F
is jointly holomorphic on ,,. Since n was arbitrary, F' is holomorphic on C" x (C; UC_)™. O

4.2 Edge exponential observables

Proposition 4.3 (Edge exponential observables). Adopt Assumption 1.10, and assume

B_p
= ==€Q0.
2 q
Fiz k > 1, signs 7, € {£1}, and points
t, s ec,, 1<r<p 1<a<q 1<a<k (4.22)

For each triple (o, 7,a), choose a piecewise C* path
’}/’I(iél) C CToc
from sfla) to tfna), and define

1 E p q
G:= . > Zz/ﬂ) s(u) du. (4.23)

a=1r=1a=1

Since s is holomorphic on each half-plane, G is independent of the choice of paths. From the representation
(3.11), €% admits the renormalized product representation

k k D (@) t(a)/a»

G P4 _Bsa (o) _ () —xjy)etr /%

e” = | I e0(E0oa 117 =5 Bl 507) I | o (T) ’ - B/2° (4.24)
ot ras T, (s — et /o)

where cq := Ai'(0)/ Ai(0), and the powers (3,(1&) — x;)P/? are defined using the principal branch on C\ R,

as specified in (1.11). Moreover, this random variable is integrable. We set
F :=E[e“]. (4.25)

Then F is holomorphic on the domain specified in (4.22).
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Define

M= 2

M=

p q /
(Z_; t(“ gz <sga>>3 2) : (4.26)
2‘1: log| 1+

Il
—

e}

M@

P-x

dJ z (4.27)
i /1 m[t]] T[4
Here the powers w®/? are taken with the principal branch.
If, in addition,
|argt()|, |arg s{¥)| € (n/4,7), 1<r<p, 1<a<yq 1<ac<k, (4.28)

then there exists a deterministic constant Ly > 0, depending only on p,q,k, such that, whenever L < Ly,
F =exp{M + O(L)}, (4.29)
where the implicit constant depends only on p,q, k.

Proof. The proof is parallel to that of the bulk estimate, so we only indicate the changes.
Write
G=M+E,
where M is from (4.26) and
P q

:,,222/(@ V) du.

a=1r=1a=1 r.a

We recall the edge concentration estimate (3.8): for any w = F + in with n > 0, and for every ¢ > 1,

s~ vl < o

We also note that s(w) = s(w) and V@ = f Therefore, s(w) — v/w has a uniform sub-Gaussian tail on
every compact subset of C\ R. In particular, e is integrable. And F, as defined in (4.25), is holomorphic

on the domain specified in (4.22).
When argw € (w/4, ), we have

(4.30)

Im[y/w] = |w|'/?,

and hence (4.30) reduces to

E [|s(w) - Vo] < nzq)q. (4.31)

This is the same form as the bulk concentration estimate (3.5).

Thus, under the assumption (4.28), using (4.31) as input, noticing that the region argw € (w/4, ) is
hyperbolically geodesically convex, exactly as in the proof of Proposition 4.1, this gives, for every integer
0>1,

IZ||le < CVEL.
Therefore
F =E[ef] = eME[5).
As in the bulk case, the sub-Gaussian bound implies
|E[e®] —1| < CL
provided L < Ly, for some sufficiently small deterministic constant Lo > 0. Hence

F — oM+O(L)

which is exactly (4.29). O
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5 Linear differential equations

In this section, we prove that the exponential observables introduced in Section 4 satisfy linear systems
of second-order differential equations. These systems are the bulk and edge deformed CMS equations cor-
responding to the two sets of variables ¢ and s. They are obtained from the loop equation hierarchy for
the Nevanlinna function. While this hierarchy is nonlinear in the Nevanlinna function itself, its action on
exponential observables linearizes, yielding the deformed CMS equations.

5.1 Bulk deformed Calogero—Moser—Sutherland operators

Proposition 5.1. Adopt Assumption 1.4, assume that 5/2 € Qs¢, and let

n= Bm
=5
Define the exponential observable
— ;)
F(ti,... tn; 81,y 8m) =K PVH , (5.1)

jez Ha 1 Sa - x])B/Q

where the expectation is taken with respect to the underlying random point process, and the powers (sa—xj)ﬁ/Q
are defined using the principal branch on C\ Rcq, as specified in (1.11).
Assume that t1,...,t,, S1,...,5m € Cy UC_, satisfy the half-plane balance conditions

n

> 1(treCy) - gi 1(s, € C4) =0, il(t eC_ gi 1(s, € C_) = 0. (5.2)

r=1 r=1
Then F satisfies the bulk deformed CMS equations
- — O, +(2/8)0 ,
7 +1 -y o e | = 1<i<n, 5.3
1+ 5 Z t; — t Z t; — Sq ? v n ( )
and
2 5 Sa — asb S asa + (ﬁ/2)at1
[t — S VTN )R = 1<a<m. A4
o +7 8 Z p—— > e 0, a<m (5.4)

i=1

Moreover, by Corollary 4.2, the observable F defined in (5.1) is holomorphic in t1,...,t, on C", and
holomorphic in each s, on its chosen half-plane. The equations (5.3)—~(5.4) continue to hold under this
analytic continuation, as meromorphic identities in the variables.

Remark 5.2. When 8 = 2, the two systems (5.3) and (5.4) coincide and reduce to

82—1—1—1—2 t:t]_g t7 SSJ F=0, 1<i<n,
j=1 "t
(5.5)
0,, — O "D, + Oy,
82—1—1—1—5 : _E 2 Y F=0, 1<i1<n
iE ST S o 8; — 1



Proof of Proposition 5.1. We divide the proof into several steps.
Step 1. Integrated loop equation. For uw € Cy UC_, define

e(u) = {H’ el g ::/u s(¢) dc.

-1, ue (C_, e(u)i

Then S is holomorphic on each half-plane and satisfies S’ (u) = s(u).
Throughout the proof, all difference quotients are interpreted by their holomorphic extensions whenever
their two arguments coincide. In particular,

S'(wy) = 5'(wy)

w1 — wj

S'(wy) = 5" (wy)

_an
=" (w1), O, pr—

_ %S"’(wl).

wj:wl

wj:wl

We start from the bulk loop equation (1.2). For wy,...,w, € CL UC_, it gives

P
E (2_655”(101)+(S’(w1))2+1>HS’(w]—) + E Zaw] Pr— 5 (w;) HS’ (we)| =0.  (5.6)
j=2 1=
#J

Because the integrand in the second term is holomorphic in w;, including at w; = w; under the convention
above, we may integrate (5.6) in each variable w;, 2 < j < p, from e(w;)i to w;. We obtain

2 - " / 2 .
. <ﬂﬁs<wn+csmm>+w)llsw»

(5.7)
2_ | (S (wy) = S (w;) S (wy) — 5/(5(10-)1)) u
+ ZE L — — S =0.
5 ];2 < w1 — wj wy — &(wj)i g (we)
£
Step 2. Exponential test functions. Choose
Op(u) =e= ", ap€{1,-p/2}, 1<L<p,
and set _
Oy(u) = el u 2 0.
Then _
|06(S(w))| +|0p(S(we))| < C Ou(|S(we))),
where C depends only on S.
Using (2.2), we have
2-p " ’ 2 Im[s(wl)] 2
-7 < AL
2525w + 5t +1] < 0 (B 4 s 41
Hence
2-p " / 2 o
E 75 (w1) + (8" (w))” + 1 T] Oe(|S (we)])
=t (5.8)

<0E(m*@M+MmW+QIFMwmmﬂ<w

Tm[w ]
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Here the last finiteness follows from (3.5), which gives sub-Gaussian tails for s(wj), together with the
corresponding exponential integrability of the path integrals S(wy).
Similarly, (2.2) and (2.4) give

El ﬁOe |S w( ] < 0,
. Usl(wl) — S’ (w;) _ S'(wy) — ' (e(w, HOZ |S(wy) 1 < 00,

Wy — Wy wy — 5(wj)1
for every 2 < j < p. The second estimate remains valid when w; = w;, in which case it reduces to the first
estimate.

To pass from (5.7) to general test functions, we first consider polynomials in S(w1),...,S(wp). We apply
(5.7) at higher levels of the loop hierarchy, allowing additional variables to coincide with any of wy, ..., wp,
and then group the equal variables. This is legitimate because the difference quotients have been extended
holomorphically to the diagonals. A repeated variable at w; produces the factor

S (wy) — S (e(wy)i)

w1 — s(wl)i

S'(w1) —

wy — e(wq)i

S"(wl) _

(5.9)

S//(w1> .

multiplying the derivative of the polynomial with respect to its first argument. Similarly, a repeated variable
at wj, j = 2, produces
S'(wr) = 8'(w;) S (wr) — §'(e(w;)i)

Wy — Wy wy — e(wj)i

multiplying the derivative with respect to its j-th argument.

Thus (5.7) extends to polynomial test functions of S(w1),...,S(wp). Using the power-series expansions
of the exponentials and the integrability estimates (5.8)—(5.9), we may then pass to the limit by dominated
convergence. This gives

2-8 -
0=FE ( 5 5 (w) + (5 +1> H1
2 " S’ (wq ’ -

B w1 — Wy wy — e(wj)i

2;: (5' w) = S'wy) _ S'wn) = S'(g(“’j)”) O1(S(wn))0}(S(wy) [T OulStwe))
Since O)(u) = —a;Oy(u), this becomes
0-E [(f‘fs'%wl) (8 (wn)? + 1) ﬁoasm))]
_ %E l(S”(wl) B S’(wyiz e ) Hoe 1 (5.11)
(S%wl) — §'(wy)  S'(wy) - S’<e<wj>i>> 1 o@<s<w@>>] |

w1 — Wy w1 — E(w]')i

Step 8. Cancellation of base-point terms. Assume that

Z ar =0, Z ar = 0. (5.12)

L:e(we)=4+1 Le(we)=—1
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Then the terms involving S’(i) and S’(—i) cancel in (5.11). Hence (5.11) reduces to

OZE[(WS//(w) + (S (1) +1)H0¢ ]

2 < — 8" (wj)
— _ = Op(S(w . 5.13
B; wl_wj g 0 (S(we)) (5.13)
Since a1 € {1,—//2}, we have
2-f-2a 1
B 111.
Therefore
1 02
(-2 57w + (S ) +1 ) st — (“’ #1) s
(5] ay
Moreover,

S/(w1) - S’(wj) HO@(S(U]@)) _ (aj/al _

Wy — wJ H Oz(S(U)e))) .

Substituting these identities into (5.13), we obtain the master identity
62 P 2 P a /al _ P
E (=% +1 = ! =0. 14
l( 2 ) ezl_IlOe(S( +3 ; pr— 1;[105(5(@02)) 0 (5.14)

Step 4. Derivation of (5.3) and (5.4) By the representation (3.7)

—a;
=1

9

o—aeS(we) _ H : (we — x4)*

jEz e(we)i — x;)*
the balance condition (5.12) implies that all base-point factors cancel. Therefore
P P
[10e(S(we)) =TT [T (we =) (5.15)
=1 JEZ L=1

To derive (5.3), take w; = t; and a; = 1. Let the remaining variables be the other t-variables with
exponent 1, and the s-variables with exponent —3/2. Then (5.12) is exactly (5.2), and (5.15) becomes

H J) )
JET Ha (5 _%)ﬁ/z
We obtain (5.3) from (5.14).

Similarly, to derive (5.4), take wy = s; and a; = —f/2, with the remaining variables again given by the
other t- and s-variables. Multiplying the resulting (5.14) by 32/4, this gives (5.4).

Step 5. Holomorphic continuation in the t-variables.

The equations (5.3) and (5.4) hold on the nonempty open domain where the half-plane balance condition
(5.2) is satisfied. Since both sides are meromorphic in t¢1,...,%,, and by Corollary 4.2, F' is entire in
these variables, the identities extend by analytic continuation to all ¢1,...,t¢, € C, away from the collision
hyperplanes where the coefficients have poles. Equivalently, they hold as meromorphic identities in the
t-variables. This completes the proof. O
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5.2 Edge deformed Calogero—Moser—Sutherland operators
Proposition 5.3. Adopt Assumption 1.10, assume that §/2 € Qsq, and let

_ Bm
=5

Define the exponential observable

n e\ ptr/a;
F(tl,...,L‘n;sl,...,sm):eC"(ZLl“_g is1%a) x B H [l (tr = 2j)e ™

i1 sy ((sa — mj)es‘l/”j)ﬂm

(5.16)

where ¢y := Ai'(0)/ Ai(0), and the powers (s,(la) — x;)P/? are defined using the principal branch on C\ R,

as specified in (1.11).
Assume that t1,...,tn, $1,...,8m € CL UC_ satisfy

o™

> 1t €Cy) - gil(sa €Cy) =0, ium €eC_)-

r=1 a=1 r=1

Oy, — O, "0y, + (2/8)0s,
831—1514—%2 t; %]_Z t1+(/ﬂ) Sj FZO, 1<’L<TL,

ﬁj#i ti—t] -1 ti—Sj
and
2 0s, — O, " 9, + (8/2)0,
afi—ﬂ—smtg -y (6/2)2, F=0, 1<i<m
' 4 2]_# 8; — 8 o 5; —t;

Remark 5.4. When 8 = 2, the two systems (5.18) and (5.19) coincide, and reduce to

O, — O, ™9 + 0.
BR—ti+y N e o0, 1<i<n,
i __ti—tj - ti—Sj
J#i =
0y — 0O ™ H, + Oy
2 Si Sj Si J _
02 —si—i—Z - Z p— F=0, 1<i<n

Proof of Proposition 5.3. For uw € Cy UC_, define

- +1, ue (C+, o “
e(u) = {_1, wecC.. S(u) == /E(u)is(C) d¢.

Then S is holomorphic on each half-plane and satisfies S’ (u) = s(u).

Assume that
Z ap =0, Z ap = 0.

L:e(we)=+1 L:e(we)=—1
Take
O(u) = e~ ¥4, ag € {1,—-5/2}.

o7

i 1(sq € C_) =0.
a=1

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)



Exactly as in the bulk case, using the edge loop equation in place of the bulk loop equation, this gives the
master identity

<85§1 —w1> [T Oe(swe (a]/cz i Ou (H O4(S )] =0. (5.22)
1 (=1 1 wy

Next we identify the observable. In the edge case, the natural analogue of the characteristic product is
the Airy-regularized product

E

Tp(z) := % H(z —xj)e*/, co 1= AAll(((()))) (5.23)

j>1

We emphasize that (5.23) should be understood as a formal regularized product; the ratios appearing in
(5.16), however, are well defined.
From the representation (3.11), we formally have

Oy log Ty (u) = —s(u) = —S"(u).

Therefore,

Hence

- 77 [ Felw) \™
EQMWFEGHMM>'

Under the balance condition (5.21), the base-point factors cancel, and so

[T 0:(S(we)) = [ T (we) . (5.24)
(=1 (=1

To derive (5.18), take wy; = t; and a; = 1. Let the remaining variables be the other ¢-variables with
exponent 1, and the s-variables with exponent —f/2. Then (5.21) is exactly (5.17), and (5.24) becomes

exp < ¢y Zt _QZ H 10, (t, — xj)etr/as
(k)

Pt iS1 Ha . ((Sa _ x])esa/aj)ﬂ/g.

We obtain (5.18) from (5.22).

Similarly, to derive (5.19), take wy = s; and a3 = —(/2, with the remaining variables again given by the
other ¢- and s-variables. Multiplying the resulting identity by 32/4, this gives (5.19). O
6 Unique characterization

In this section, we prove our main results Theorem 1.5 and Theorem 1.11.

6.1 Solutions of the bulk deformed CMS operators

In this section we discuss solutions of the bulk deformed CMS system (5.3)—(5.4). These are second-order
linear differential equations in the n variables ¢4, ..., ¢, and the m variables s1, ..., s;,. We construct sectorial
solutions indexed by sign patterns

(e,m) = (€1, vy €ny M,y M) € {1} x {£1}™.
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The solution associated with (€,n) is characterized by the leading exponential behavior

exp (i i €t; + ig i na3a> .
i=1 a=1

We first consider the special case 5 = 2, where the bulk deformed CMS operators are given explicitly in
(5.5). In this case, one can write down the solutions in closed form. The proof is a direct verification and is

postponed to Appendix D.

Theorem 6.1 (Explicit solutions for g = 2). For each sign pattern

(€a77) = (61a"

write

(t,S) = (tl,...

Define

n m
Fanfto) =30 43
1 a=1

1=

° Gna7717 ce 7T]m) € {il}n X {il}m’

7tn7817"~a3m)~

1<i<j<n

[T -yl

X H (5q — sp)Mam—1)/2 ﬁ ﬁ(ti — 5q)IHeina)/2,

1<a<bs<m

i=1a=1

(6.1)

Then Fe,, solves the 8 = 2 system (5.5). Moreover, the 2"t™ solutions obtained in this way are linearly

independent.

We now return to general g > 0. Fix a sign pattern

(e,n) = (€1, ..

Fori<i<j<<n,1<a<b<m,and 1<

i€, — 1
Q5 = S5 EJB )
Equivalently,
{0, € = €5,
aij =
_2/ﬁ7 €; 7é €5,
Let

<3 €ny MLy - - 777m) € {il}n X {il}m

1< n, 1< a<<m,define

B
Yab 1= —(Namp — 1), Pia

4 2

L,
Pia =
0,

~ {07 Tla = Mo,
ab =
_ﬁ/27 Na # Mo,

_ 1+ €nq

€ = Na,

€; 7é Na-

X .= {(t,s) ECM™ At s 7 S, ti # Sq for all i # j, a;éb}.

Fix a simply connected domain € C X. On €, choose branches of

log(tl - tj)7

We define the branch factor

log(sa — sb), log(t; — s4).
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We remark that when § = 2, the branch factor ®¢ ,(t,s) = Fe (t, s) solves the § = 2 system (5.5).
We also introduce the separation scale

t::'(' s : o : _>. .
R(t,s) := min 1<?2§1<n|tt t]|,1<i<guln<a<m|tl sa|,1<(11r211§1<m|5a Sp) (6.6)

The following theorem shows that, for general 5 > 0, the same phenomenon persists: each sign pattern
gives rise to a solution of the bulk deformed CMS system (5.3)—(5.4), whose leading asymptotic factor is the
branch factor (6.5). We postpone its proof to Section 7.

Theorem 6.2 (Bulk local solution space and ordered sectorial solutions). The following two statements
hold.

(i) For every point (to, so) € X, the space of germs at (to, so) of holomorphic solutions of the bulk deformed
CMS system (5.3)-(5.4) has dimension 2",

(ii) There exists a sufficiently large constant D = D(,n,m) such that the following holds. Write
(21, Znam) = (t1y - o sty 815+ -5 Sm),s
and consider the unbounded ordered domain
C:={(¢t,s) € X:Re[zpq1] —Re[z] > D, 1<Ll<n+m}. (6.7)

On €, choose branches of the logarithms entering ®¢ . For each sign pattern (e,m) € {£1}" x {£1}"™,
there exists a holomorphic solution Fe ., of (5.3)~(5.4) on € of the form

Fen(t,s) = ®cn(t,s)Wen(t,s). (6.8)
The correction factor satisfies

Wen(t,s) =1+ O(R(t,s)™"), (6.9)
and, for subsets I C {1,...,n} and A C {1,...,m},

[T0: T 0s.Wem(t, s) = O(R(t, s)" 1714171, (6.10)

el a€A

The estimates are uniform on €, and the implicit constants depend only on 3,n, m. Moreover, the 2""T™
solutions obtained in this way are linearly independent. The same statement holds if the inequalities
defining the ordered domain are imposed in any other fized order of the t- and s-coordinates.

6.2 Proof of Theorem 1.5

Our main result, Theorem 1.5, follows from the proposition below. The proposition states that the clas-
sification of the bulk deformed CMS system (5.3)—(5.4) in Theorem 6.2, together with the asymptotics of
the exponential observables from Proposition 4.1 and Corollary 4.2, uniquely determines the exponential
observable.

In the remainder of this section, we first prove Theorem 1.5, using Proposition 6.3 as an input. We then
prove Proposition 6.3 in Section 6.3.

Proposition 6.3. Adopt Assumption 1./, and assume

é:BGQw, n = kp, m = kq.
2 q

Define

[T, (ti — )
F(ty,...,tn;81,-..,8m) =E |P.V. ==
jI;[Z Hazl(sa - xj)ﬂ/z
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Fixn = (n,...,0m) € {£1}™ such that
#laine=+1}=krq, #Hanu=-1}=k-gq  ki+k =k

Let D be as in Theorem 6.2, write (z1,...,2n+m) = (1, ,tn,81,.-.,8m), and consider the unbounded
domain
C:={(t,s) € X:Re[zp41] —Re[z] > D, 1 <l<n+m, s5,€C,,, 1<a<<m}.

Recall the sectorial solutions from (6.8), then, on €,

n

F=>Y Fep &= {ee{il}”;26i+52na0}.
a=1

ec&y i=1

Equivalently,
#{i: e, =41} =k_p, #{i: e, =—1} = kyp.

Proof of Theorem 1.5. By Theorem 3.1, we already know that the Sineg point process satisfies the micro-
scopic bulk loop equations (1.2). It remains to prove uniqueness: any random point process satisfying (1.2)
and the assumptions of the Theorem 1.5 must have the same law.
By the representation (3.7),
2>

j=—00

:rj—w

Thus the random point process {--- < x_2 < -1 < 29 < 21 < o2 < -+ } is characterized by the resolvent

correlation functions
E[s(wr)s(w2) - - - s(wg)], w,...,wxy €CLUC_. (6.11)

We next show that the correlation functions in (6.11) can be recovered from the exponential observ-
ables. Consequently, once these observables are uniquely determined, the correlation functions are uniquely
determined as well. Let 7, € {£1} be such that

wq € Cr, 1<a<k.

Consider

(o)

t — .

F=FE PVHH %) |
JEZ a=1 )'6/2
where
t smec,, 1<i<p, 1<a<gq 1<a<k

Since /2 = p/q, the observable equals 1 after the diagonal specialization

we =t = =t =5V = =5l 1<agk (6.12)

Differentiating before this specialization gives

P (t(a) B Cﬂj) 1 (@)
Oy log |P.V. H o s =PV ZW = —s(t\™).
jez Lla= 1<5a ;) jez ti Lj

Therefore, after applying 0,) - -+ 9, and then imposing (6.12), all undifferentiated product factors become
1 1
1, and we obtain

E[s(w) - s(wg)] = (=1)F Oy Oy I

t wa=t{P ==t =V = =5l 1<agk.
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By Proposition 6.3, the observable F'is uniquely determined on the nonempty ordered domain € appearing
there. Moreover, by Corollary 4.2, F' is holomorphic in the numerator variables tﬁ.“) € C and holomorphic

in the denominator variables sfla) € C;,. Hence, by the identity theorem for holomorphic functions, this
uniquely determines F' on the whole domain

#ec, (sW)yecC,, 1<i<p 1<a<q 1<a<k

In particular, the derivatives at the specialization (6.12) are unique. Thus all correlation functions (6.11)
are uniquely determined. This proves Theorem 1.5. O

6.3 Proof of Proposition 6.3

Proof of Proposition 6.3. Choose real numbers

< <& << <Gm

whose successive gaps are larger than 2D. We use these same real parts throughout the proof. Since the
constants in (6.9)—(6.10) are universal, we may increase D so that

|We,n’ - 1| <

R

on the ordered domain, uniformly over all sign patterns. In particular, all correction factors are bounded
above and away from zero.

The observable F' is a holomorphic solution of (5.3)—(5.4) on €. By Theorem 6.2, the sectorial solutions
form a basis, and hence

F= Z Cem Fe s Ceqy € C. (6.13)
(E,T]/)E{:tl}"er

All configurations below remain in the same unbounded domain €, so the solutions and the coefficients in
this expansion do not change during the three comparisons.

Step 1: Forcingm' = .
For a large parameter A > 0, set

tr =& +iA", 1<r<n, Sq = Ca + naiAnJraa I<a<m.

For all sufficiently large A, these variables are pairwise distinct and R(t,s) 2 A.
By Corollary 4.2, applied to the configuration (¢, s) above, we have

F(t,s)| < ex AT — SN A" L O((log A . 6.14
e <o 300 F 374 0f(e ) (6.1
On the other hand, by the explicit formula for ®., and the estimate
We,n/(tv S) =1+ O(R(tv s)il)a
each branch satisfies
Fep(t,8) =exp <— > e A - g > nan;A"+a> Aen' Ce (1+0O(A7Y), (6.15)
r=1 a=1

for some exponent ve s € R and some nonzero coefficient Ce , depending on (&, ¢).
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Suppose that ce . # 0 for some ' # 1, and let ag be the largest index such that 5} # 7,,. Then

ﬁm na_ﬁ n+a na_ﬁmna n+ag n+ag—
—5 D Ml A = =5 ZA++6 > A+——§;A++5A+ +O(A L) (6.16)

a=1 {an, #na}

The additional term SA™T% dominates all contributions involving the t-variables, which are of order at most
A", as well as the error O((log A)?) in (6.14).

Moreover, because all variables have been placed on separated scales, distinct sign patterns (e,n’) give
distinct exponential weights in A. Thus, among all terms with nonzero coefficients and 1’ # 7, there is a
unique lexicographically dominant exponential weight, which cannot be cancelled by the remaining terms.
This contradicts the upper bound (6.14). Hence

Ceqy =0 whenever ' # 7.

Therefore,

F= Z ceFen, Ce = Cepm- (6.17)
ec{x1}"

Step 2: only balanced sign patterns survive.
Let

u:=F#{a:n, =+1} = kyq, m—u=#{a:n,=-1}=k_q.
Fix € = (e1,€9, - ,€,) € {£1}", and let

vi=#{i:¢=—-1}
Take large A > 0 and set
tr =& —ie, A, 1<r<n, s:=C(+inA, 1<a<<m. (6.18)

Then by Corollary 4.2, with

B
r=1

|

ng, Lgi ( AC“|>0(1),

we conclude that
|F(t,s)] < eMTOEFLY) <1 (6.19)

provided we take A large enough.
With the choice of parameters in (6.18), (6.5) gives

n m
Qg H |sa _ Sb|"/ab H H |t1 — Sq

n ﬁ m
[Den(t, )] = exp (AZ Poay Znﬁ) IT 1t
i=1 a=1 1<i<j<n 1<a<b<m i=1a=1
= I -6l II s —SbIMHH [t — sal”.
1<i<j<n 1<a<bs<m i=1la=1

We recall that v = #{i : ¢, = —1} and u = #{a : n, = +1}, and recall a;;, V4 and p;, from (6.3). By a
direct count of the algebraic powers of A, we can further simplify the above expression as

Den(t,s) = A Cen(€, Q)1+ O(ATY),  Fey(t,s) = ey(t,s)(1+ O(R(t,5)7)), (6.20)
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where |Ce (&, ¢)| < 1, and

n:—Bv(n—v)—§u(m—u)+v(m—u)+u(n_v)
2
:qv2+pu2—2uv:q<v—pu> = 0.
p q p q

Thus the exponent £ = 0 if and only if

_pu 1 Bu
v = ? = PR+ = 7
Since
n m
Zezfn—2v, Zna:2u—m,
=1 a=1

this is equivalent to
n B m
Z €+ > e =0. (6.21)

If (6.21) fails, then k > 0, so the branch Fe ,(t, s) in (6.20) grows like a positive power of A. For generic
choices of (&, ¢), the leading coefficients C¢ (&, {) corresponding to distinct € are linearly independent, since
they come from distinct monomials in the explicit factor ® . Because F(t,s) in (6.19) remains bounded,

this forces
_ - B,
ce =0 unless Zlei—i-izlnafo.
1= a=

Hence

F= ZCeFE,m En = {66{:4:1}";261-4—2277&:0}. (6.22)
i=1 a=1

=

Step 3: for every admissible €, one has ce = 1. Fix € € &,. Then there exist partitions
{1,...,n} =L U---UIL, {1,....m} = A U--- U Ay,

with |I,| = p and |A,| = ¢ for every 1 < a < k, such that for each block there is a sign 7, € {£1} satisfying
€1,(r) = ~Ta; NAg(a) = Tas I<r<p 1<axg

Here I,,(r) denotes the r-th element of I,,, and A, (a) denotes the a-th element of A,.
After relabelling the variables according to these blocks, write

e i=ery, 0 i=teyy 0 = nag@, 88 = sau)-
Thus
=7y, 9 =1, 1<r<p, 1<a<q l1<a<k (6.23)

We then specialize the variables in each block by setting
) = A&y () + Tal(A* +A), 85 = ACa, () + Tai(A? = A). (6.24)

For all sufficiently large A, this configuration lies in the same domain €, and R(¢,s) < A. Moreover, the
variables in each block lie in C_ .
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Then (4.6), together with

a=1 r=1 a=1
k P
=—i) 7a lA (Z NG ZCA a)> + 2pTaiA (6.25)
a=1 r=1
k p B
= 2pkA —iA Zm (Zfla(r) -3 ZQAJ@) ,
a=1 r=1 a=1
and
k& 1) — ) A
L=3 > > log|1+ = =O<A4):O<A3),
SISt VT 1[5
yields

k P q
F(t,s) =" exp (iA > Ta (Z Era(r) — g > gAa(a)> ) (1+0(A7h)). (6.26)

a=1 r=1

For the distinguished branch F¢ ,, the formula (6.5) gives
Fem=@enWen=Pen(l+0(A)), (6.27)

because R(t,s) < A and We,, = 1+ O(R(t,s)"!). By plugging in (6.23) and (6.24), the exponential part of
D, is

M\Q

k
exp (i Z Z el 4

1r=1

255 ) cen[ S (S0 250 .

By the computation of M in (6.25), this equals

k P q
2pkA —iA ) 7, (Z Er.(r) — g > gAa(a)ﬂ . (6.28)
a=1

a=1 r=1

exp

Next we show that the algebraic part of ®, ,, contributes only a
1+0(A™h) (6.29)

factor. Within a fixed block, or for two different blocks o # 8 such that 7, = 73, all t-variables have the
same e-sign, all s-variables have the same 7-sign, and the e-signs and 7-signs are opposite. Therefore

a;; =0, Yab = 0, pia =0

for all such pairs of variables. Thus these pairs give no algebraic contribution.

For two different blocks av # 8 with 7, # 73, all cross-block differences are of order A*, while their
lower-order corrections are of size O(A). Hence, after factoring out the corresponding powers of A%, their
product is a fixed nonzero constant times 1 + O(A~2). Moreover, the total power of A* cancels. Indeed, the
cross-block exponents are

2 2 ﬂ 2
_Z. 2. 1.2
3 D, 5 4 g,
and their sum is 82
2p? q
—7—7+2pq——pq pq +2pq =0,
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where we used 3/2 = p/q. Thus the algebraic part is a fixed nonzero constant times 1 + O(A~3). By the

multiplicative normalization of ®. , fixed above, this constant is equal to 1. Therefore the algebraic part is
1+O0(A™h).
Combining (6.27), the exponential part (6.28), and the algebraic estimate (6.29), we obtain

k p q
Fep(t,s) = e exp (—m D e (Z €Ly — g > CAM))) (1+0(A7h)). (6.30)
a=1 r=1 a=1

Now let € € &, with € # €. In the following, we estimate Fe ,(t,s). For each block «, define the
number of mismatches

ma(€) = # {1 SrE<pie ) # —Ta} .

Since € # €, we have
k
m(€) = Zma(e’) > 1.
a=1

We compare the exponential part of ®e , with that of the distinguished branch. Using (6.24), the
modulus of the exponential contribution from the a-th block is

P a

. a) L B a) (a

exp <1 E ega(r)tg )—|—1§ g i) (@)
r=1 a=1

p
= exp <TQ(A4 +A)> €y — gq(A4 - A))

= exp ((p - 2ma(e’))(/(4 +A) — p(A* — A))
= exp (2pA — 2mq (€)(A* + A)) ,

where we used 8q/2 = p. Multiplying over o = 1,..., k, this gives
lexponential part of @ | = 2Pk o =2m()(ATHA)  p2pRA—2(ATHA) (6.31)

It remains to bound the algebraic part. Between different blocks, the separations are at most of order
A*, while all nonzero separations are bounded below by a constant multiple of A. Hence all algebraic factors
in ®¢ ,, are bounded by CA*, and there are at most (n + m)? such factors. Therefore

|algebraic part of ®¢ | < (C’A)4("+m)2. (6.32)
Since Wer ,y = 1+ O(A™1), combining (6.31) and (6.32) gives
|[Fer m(t, 8)] < 2FAe 72NN (OA)HmEm)® — o 2kA) (6.33)

provided A is sufficiently large.
Substituting the special configuration above into (6.22), and using (6.26), (6.30), and (6.33), we obtain

140(1) = ce(14+0(1)) +0o(1).
Hence ce = 1. Since € € &, was arbitrary, we conclude that
ce=1 for every € € &,.

Combining this with (6.22), we have proved on € that

F=Y Fen.

ecéy
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6.4 Solutions of the edge deformed CMS operators

In this section, we study solutions of the edge deformed CMS system (5.18)—(5.19). As in the bulk case, we
construct sectorial solutions indexed by sign patterns

(6777) = (617 sy €ny ML, - 7nm) € {:tl}n X {:tl}m
For z € Cy4, set
iw Ai(wz), z € Cy,

i I (6.34)

Both functions solve the Airy equation
¢"(2) — 2¢(2) = 0.
Moreover, by (A.5), (A.6), and (A.7), they satisfy the asymptotics

2
Px(z) ~ 2 Vexp (:t323/2) , z— 00, |argz|<m—4. (6.35)

v

We refer to Appendix A for further background on Airy functions. We remark that ¢ in (6.34) is constructed
such that the asymptotics (6.35) hold.
For the s-variables, we introduce the rescaled Airy functions

ba(s) = b <(§) . s> | (6.36)

2
L)~ Lswa(s) =0,

The solution associated with a sign pattern (e,n) is characterized by the leading Airy behavior

(_H e (u)) (H %(sa)) .

We first consider the special case § = 2, where the edge deformed CMS operators are given explicitly in
(5.20). In this case, one can write down the solutions in closed form. The proof is a direct verification and
is postponed to Appendix E.

Then 1 solve

Theorem 6.4 (Explicit solutions for g = 2). For each sign pattern

o = (617"'76717771’"'777771) € {:l:l}n+m’

write
= (T1,.  Tntm) = (£,8) = (t1, .., tn, 51, -+, Sm)-

Define

Dy (x) := det [3{‘1¢07,(m,,)} 1< j<ntm
Let

Ait):= [ ti—t;),  As)= ][] (sa—s)

1<i<jsn 1<a<bsm

and set Do ()
o (T
F,(t,s) = W (6.37)

Then F, solves the 3 = 2 edge system (5.20). Moreover, the 2"t™ solutions obtained in this way are linearly
independent.
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We now return to general g > 0. Fix a sign pattern
(e,m) = (€1, €n, M, m) € {1} x {£1}™.
Define the configuration space
X:= {(t, 8) € (CLUC)™™ i t;,8, £ 0, t; £t;, Sa 7 Sby ti # Sa, |argty|,|args,| < 77}. (6.38)

Fix a simply connected domain C C X. Since |argt;|,|args,| < m — 0, the principal square-root branches
Vti, /34 are well defined on C. Then, for all choices of signs, the functions

T V4T VL RV T SV VM

are holomorphic and nonvanishing on C. Hence, we may also choose branches of

log(£vF £ /t),  log(£v/Ea £v/m),  log(:vii +/5,).

We then define the branch factor

Bo(t.s) im (H mn) (H wna<sa>) [ (v +oyE)
=1 a=1

1<i<jgsn

(6.39)
n m
< T Oavsa+mvs) 2 [T [T (evE = navsa)-
1<a<bs<m i=1a=1
We also introduce the separation scale
R(t = mi ( in |t; i i t; —1; i t; — i — ) 4
(,8) := min 11%11_1%1”\ ’|’1£31§1m|5“|’1£3§1<n| ! ]|,1<i<rILI,nln<a<m‘ ‘ 5a|’1ggg§<m‘sa sl (6.40)

The following theorem shows that, for general 5 > 0, the same phenomenon persists: each sign pattern
gives rise to a solution of the edge deformed CMS system (5.18)—(5.19), whose leading asymptotic factor is
the branch factor (6.39). We postpone the proof to Section 8.

Theorem 6.5 (Edge local solution space and sectorial solutions). Fiz 0 < 6 < /2. The following two
statements hold.

(i) For every point (to, so) € X, the space of germs at (to, so) of holomorphic solutions of the edge deformed
CMS system (5.18)—(5.19) has dimension 27T,

(ii) There exists a sufficiently large constant D = D(8B,n, m) such that the following holds. Write
(Zl7 cee 7Zn+m) = (t17 cee 5tn,517 s 75m)'

For any T € {£}"t™, consider the unbounded ordered domain

C:C(T,D)::{ZGC"*’": al"ng—g’Tj <17T—2, 1<j<n+m,

(6.41)
Relzn] > D, Relz;] —Re[zr41] > D, 1<r<n+ m}

On C, choose branches of the logarithms entering ®e . For each sign pattern (e,m) € {£1}" x {£1}™,
there exists a holomorphic solution Fey of (5.18)—(5.19) on C of the form

Fem=®cnWen. (6.42)
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The correction factor satisfies
Wen(t,s) =1+ O(R(t, 3)73/2) , (6.43)
and, for subsets I C{1,...,n} and A C{1,...,m},
O, 05, Wen(t,s) = o(R(t,s)—III—IA\—3/2) . (6.44)

The estimates are uniform on C, and their implicit constants depend only on B,n,m. Moreover, the
27T™ solutions obtained in this way are linearly independent.

6.5 Proof of Theorem 1.11

Our characterization of Airy point process Theorem 1.11, follows from the proposition below. The proposition
states that the classification of the edge deformed CMS system (5.18)—(5.19) in Theorem 6.5, together with
the asymptotics of the exponential observables from Proposition 4.3, uniquely determines the exponential
observable.

In the remainder of this section, we first prove Theorem 1.11, using Proposition 6.6 as an input. We then
prove Proposition 6.6 in Section 6.6.

Proposition 6.6. Adopt Assumption 1.10, and assume

QZSEQ>O7 n:kpa m:kq

2
Define

F(tl,...,tn;sl,...,sm) =K

Lyt I [Ir (8 —aj)etr/e (6.45)

[To, e(B/2eose i>1 HT:1((5a - Ij)es“/aj)ﬁ/2 ,

where ¢y = Ai’(0)/ Ai(0).
Fiz sign patterns
62(61,...,6n)€{i1}n7 n:(nlvanm)e{il}mv
satisfying

#{rie, =41y =kip, #{r:e.=-1}y=k_p, #{la:n,=4+1}=kiq, #{a:n,=-1}= k_E], :
6.46

where ky +k_ =k, and set
T = (61,"'567177717"'777771)'

For D = D(B,n,m) > 0 sufficiently large, and let C = C(7, D) be as in (6.41).
Recall the sectorial solutions Fe y, from (6.42). Choose the logarithmic branches entering ®_  according
to the conventions used in the proof below. Then, on C,

kq/6
F = 2k(r+a)/2 (g) TR/ exp(—ind), 4 (ki k) F_ 4, (6.47)

where
Ol ) = % [p(k2 + 2k k. —k2) +h_ —ky]. (6.48)

Here + and — denote the all-plus and all-minus sign patterns, respectively.
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Proof of Theorem 1.11. By Theorem 3.2, we already know that the Airy, point process satisfies the micro-
scopic edge loop equations (1.5). It remains to prove uniqueness: any random point process satisfying (1.5)
and the assumptions of Theorem 1.11 must have the same law.

By the representation (3.11),

s(w) =§ (xiw - i) - AAll(((())))

Hence to show the uniqueness of the random point process, it is enough to show that the resolvent correlation
functions

E[s(w1)s(wz) - - - s(wg)], wy,...,wp € CL UC_, (6.49)

are uniquely determined.

We next show that the correlation functions in (6.49) can be recovered from the edge exponential observ-
ables. Consequently, once these observables are uniquely determined, the correlation functions are uniquely
determined as well.

Let 7, € {£1} be such that

wq € Cr 1<a<k.

Consider the edge exponential observable

: b e gy k P () et/
F = H 660( r=1 2 >*§ 2a=1 s )) x E H H Hrzl(tr xJ)e ’ 573 | - (6.50)
a=1 jzle=1]9_, ((sfla) — xj)esf{‘)/aj)
where )
Ai'(0
tﬁa)75((f)e(cm, 1<r<p, 1<a<yq 1<a<k, c¢:= Ali((O))'

As in the bulk case, differentiating the observable before taking the diagonal specialization recovers the
resolvent correlations. Therefore,

E[s(w1)s(ws) - s(wy)] = (=1)* 8t§1) - -8t§k>F . (6.51)

:t(la):m:t;m:Sga):__:sga)7 1<a<k ’

By Proposition 6.6, the observable F' is uniquely determined on the nonempty open domain C introduced
there. Moreover, by Proposition 4.3, F' is holomorphic in the variables

), s eC,,, 1<r<p 1<a<gq 1<a<k

Hence, by the identity theorem for holomorphic functions, F' is uniquely determined on this domain. In
particular, the derivatives at the specialization in (6.51) are unique. Thus all correlation functions (6.49) are
uniquely determined. This proves Theorem 1.11. O

6.6 Proof of Proposition 6.6

Proof of Proposition 6.6. By Theorem 6.5, the sectorial solutions form a basis on C. Hence

F = Z Ce' ' Le s Ce' € C. (652)
(6',’!]’)€{:|:1}n+m'

We will show that all coefficients vanish except possibly the one corresponding to the F_ 4 branch.

Step 1: forcing € = — and n' = +.
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By the balance condition (6.46), there exist partitions
{1,...,n} =L U---UI, {1,...,m}=A;U---UAy,
with |I,| = p and |A,| = ¢ for every 1 < o < k, such that each block has a sign 7, € {£1} satisfying
€l (r) = Tas NAn(a) = Tas I<r<p, 1l<axgq

Here I, (r) denotes the r-th element of I,,, and A, (a) denotes the a-th element of A,.
After relabelling the variables according to these blocks, write

67(~0‘) = E[a(T-)a tgjo‘) = tla(r% nc(za) = T’Aa(a)7 SSZOL) = SAa(a)'
Then
) = pl) =1, ) s e, 1<r<p, 1<a<q 1<a<k (6.53)
Choose positive parameters
>8> >8>0, 0<CG<C< - <Cm,

outside the finitely many proper real hyperplanes on which two distinct sign patterns have the same real
exponential rate below. For A > 0, set

. 2/3 . 2/3
#@) .= A2 <1<— ”biﬁa“ﬂ> eimam/3, 5(0) = A2 (1<+-“%”;””“)> ei7am/3, (6.54)
A A
All powers are principal powers. Uniformly in the indices,
. A
t’ga) p— A2€17‘a77/3 _|_ g(\/g — iTa)é.Iu(’l‘) —|— 0(1)7
- A
sy>:A%WMV?+§(—¢§+h@g%my+oa) (6.55)
In particular,
A? 3 A? 3
Relt;] = -5 + %Afi + O(1), Re[sq] = - %ACQ + O(1).

Consequently,
Re[t1] > --- > Re[t,] > Re[s1] > --- > Re[sp,] > D

for every sufficiently large A. Moreover,

argtl®) —; gTa, arg s —» gTa.

Thus (t(A), s(A)) € C for every sufficiently large A. The strict inequalities among the parameters also imply
R(t(A), s(A)) < A. (6.56)

Indeed, two variables in opposite half-planes are separated on the scale A2, while two variables in the same
half-plane are separated on the scale A.
Using the principal branches, we have

aN3/2 . s an3/2 .
(H)*? = iraA® 4 €1, A2 (s0) Y = irah = G (A (6.57)
The quantity L in Proposition 4.3 satisfies
1 — s

L= tog[ 14 0@,

a=1r=1a=1 \/| Im|[ 9’]\ |Im[s,(la)]|
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Furthermore, using p = (3/2)q, the it,A3-terms cancel inside each block, and therefore

p

k q
%Z (Z t(a 3/2 6 Z 3/2) _ Z (Zf[ gZCAa(a)> . (6.58)
a=1 a=1

r=1 a=1

Hence (4.29) gives

(L1+0(A™h). (6.59)

F(t,s) = expl Z <Z§1 "t ZCA (a)>

a=1 \r=1

Next we estimate the sectorial branches. Recall that
Fog =@ ngWe

where the explicit branch factor is given by (6.39). Namely,

= (H ¢e/r (tr)> (H 1/)7](/1 (Sa)> H (62\/5 + 69- \/5)72/6
r=1 a=1

fsresn (6.60)
< I Gavse+uvse) 2T T EVE = nav/sa).
1<a<bs<m i=1a=1
For 0 < |arg z| < m — 4, the Airy asymptotics (6.35) imply
1 2,8/2 _ 1 - _
6+(2) = 5=} (1+0s(:172) , 6-(2) = 5 NI (1+05(217%) . (6.61)
Consequently, for the normalized Airy functions ¢4 defined in (6.36), we have
1 23/2 -3/2
v4() = gergmemaet (14 0s(:77%) oo
1 _B 3/2 _3/2 ’
V()= grgme e (1 0s(7).
For the special configuration (6.54) above, (6.57) implies that
tg‘a) _ engQA +z EIQ(T)A2+O(logA) ¢— tga) — 6—%iﬂ\,1\3—§§I(1(7,)A2+O(10gA)7
O+ (07) = (t:) (6.63)

vy (s((la)) — oiTal®~ BCAMQ)AZ-Q—O(IogA)’ W (Sga)) — o~ §iTaA+5Ca, () A?+O(log A)

Moreover, every algebraic factor in (6.60) contributes at most exp(O(log A)). Since R(¢,s) < A, we also
have

Wy (t,8) = 14+ O(R(t, ) 73/%) = 1+ O(A~%/?). (6.64)

Combining these estimates, we obtain

k p
Fermy(t,s) = exp [;M > (Z X Ver i — Z n'(“)CAa(a)> +iA%Oc 1y + O(log A) | (6.65)

a=1 \r=1

where

q
o — ZTa (Z /(@) +§ Zn;(a)) eR. (6.66)

r=1 a=1
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In particular, the term iA%© , is purely oscillatory and does not affect the magnitude of Fe ,y(t, s), and
we conclude

p

k q
|Fe % (t s | = eXpl Z (Z 6/141(7‘)5[&( gz G)CAO((G)> —|—O(10gA) .

(6.67)

The real rate of the (—, 4)-branch is

[\D

k 4 B q
-3 Z (Z&a(r) +3 ZCAJa)) )
a=1 \r=1 a=1

which is exactly the rate in (6.59). Since all the parameters are positive, every other sign pattern has a
strictly larger real rate. By the generic choice of the parameters, all these rates are distinct.

If a coefficient of a branch other than (—,4) in (6.52) were nonzero, the unique branch of maximal
real rate among the nonzero terms would dominate the right-hand side exponentially, contradicting (6.59).
Therefore

Cemp =0 unless  (€,n) =(—,4+),

and hence
F=c 4F_ 4

Step 2: determine c_ 4.
It remains to determine the coefficient c_ 4. Using the Airy asymptotics (6.62), we can rewrite this
distinguished branch as

oy = (H ¢_<tr)> (H w+<sa)> I[I - E)°

1<i<j<n

< JI B+ va) B“HH (—VE — V/5a) (6.68)

1<a<bsm i=1a=1
9 k p 5 q
= (1+0O(A3)exp —§A2 Z (ZEIQ(T) + 3 ZCAQ(a)>] x I
a=1 \r=1 a=1

where the algebraic factors I in (6.68) is given by

HKKKH(*‘/E —VE) P [Ticoctcm(V/5a + V&) PRI Ty (—VE = /5a)
T, 2vmt/ A T, 25/631/6 /st d

For any t; or s, lying in C,, o € {£1}, the test configuration (6.54) gives

I:= (6.69)

\/t?,\/gz Aeioﬂ'/ﬁ(l_’_o(A—l))’ 1/4 — AY2, lm/m( _i_O(A—l)).
Hence, if two variables lie in the same half-plane C,, then
Vit o =200 (1 4+ O0(ATY),  —vVu— Vo =2Ae7P/0(1+0(ATY)),
whereas if they lie in opposite half-planes, then
Vi+vo=V3A1+0A™)), —Vu—+vu=vV3e"A(1+0(A™h).

In the above, we chose the logarithmic branches so that, same-half-plane negative sums have arguments
tending to —57/6 in the upper half-plane and 57 /6 in the lower half-plane, while cross-half-plane negative
sums have arguments tending to m,
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Using 8 = 2p/q, n = kp and m = kg, the total power of A in the algebraic prefactor I is
kp(kp — 1 kq(kqg —1 k(p +
_kp(kp—1)  Bkq(kq )+k2pq_ (p+49)
15} 4 2
The absolute value of the remaining constant is

—kq/6
o—k(pa)/2 <ﬂ> —k(p+a)/2
2

=0.

We recall the balance sign condition (6.46). Then the total phase of the algebraic prefactor I divided by
s

_ptg 5 [(kyp k_p 2p? B [(k+aq k_q 5pq
e 3 (9) (D) o 2[() ()

Using §/2 = p/q, this equals

2 (K2 + 2k ke = k2) + ko — k]

Since W_ 4 = 1+ O(A~%/2), we obtain

o™

—kq/6
F_ 4 (t,s)= 9~ k(p+a)/2 ( > 7 k+a)/2

X exp{iz [p(K? + 2kik- —K3) + ke —k+]}

——AQZ (ZE} gZCAQ(a)>
a=1

a=1

X exp (1+0(A™H). (6.70)

Comparing (6.70) with (6.59), we conclude that

kq/6 i
4= ok(p+a)/2 (g) rke+a)/2 o p{ 5 [ (k;2 2%k ko — k:2) + ko — I<;+} } )

This proves (6.47). O

7 Solutions of the bulk deformed CMS operators

We prove the first statement of Theorem 6.2, namely that the solution space has dimension 2"T™, in
Section 7.1. We derive the conjugated equations in Section 7.2. We then prove the second statement,
namely the construction of solutions with prescribed leading behavior, in Section 7.3.

7.1 Local holonomic rank

For 1 <i<nandl<a<m,define
-0, = O, +(2/8)0s
82 1 ] _— 7.1
Tii= ++5Z ti —t; Z ti—Sq (7.1)
VE a=1
B Sq ~ Us = 83 +(/8/2)8f
82 M a b —ce VI J 7.2
s“+ + Zsa—sb ; Sa —ti (7.2)
Then the bulk deformed CMS system (5.3)—(5.4) can be written as
T.F =0, 1<i<n, S F =0, 1<a<m. (7.3)

We first record the following commutator identities for the operators 7; and S,.
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Proposition 7.1 (Bulk commutator identities). For the operators T;, S, defined in (7.1)—~(7.2), the following
commutator identities hold:

4

[ﬁ»ﬁ]:m(ﬁ—ﬁ)a 1<i#j<n, (7.4)
[Sas Sp] = E 2 (S — Sa), 1<a#b<m, (7.5)
a — 9b
4 B .
[T:,S.] = S, — T: 1<i<n, 1<a<<m. (7.6)

Blti —sa)? " (ti—sa)? "

Proof of Proposition 7.1. Introduce the building blocks

2
Az:@i—l-l, a._asa_i_z
2 1 g 1
Z/[ij = ﬁ (at - at ) ]27 Wap = 55(1 s (850’ — 8Sb) = Wba,
__ 1 (B
Xig 1= ti—sa<2a“ +8Sa).

Then the definitions of 7; and S, become

=Ai+ Y Ui — P ZXW

J#i
S —B +2Wab+zxza
b#a

We shall repeatedly use the following elementary consequences of the Leibniz rule. If f, g are scalar
functions and P, @ are commuting constant-coefficient first-order differential operators, then

(02, fP] = (92f)P + 2(0, )9 P, (7.7)
[fP,9Q] = f(Pg)Q — g(Qf)P. (7.8)
First fix distinct 4, j, and set
V- 4
T B

Applying (7.7)—(7.8) gives the following local identities:
[A; + Uz, A; +uij} = Aij(Aj - A,
[.Ai +uij + Uik, Ujk] + [Uik, Aj +uij} = )\ij(ujk‘ - uik)» k 7& 1, ],

2 2 2 2 2
As + Uig = 5 Xiay =5 o] + |~ = X0 Ay +Uss| = Mg (= 5 X+ 5 Xia )
|: J B 6 J 6 J J J ﬂ ﬁ
In the expansion of [7;, 7;], all terms involving disjoint sets of variables commute. Thus the only nonzero
contributions are precisely the local pieces above. Hence

Xjo +

[7;77-]: 7.](»’4 -A +)\'Lj Z jk*uzk +)\'sz< ; ja“FZXza):/\ij(’]}*ﬂ)

k#i,j

This proves (7.4).
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Next fix distinct a, b, and set
Hab = 7ﬂ
ab - (Sa — Sb)2 .
The corresponding local identities are
[Ba + Waba Bb + Wab] = ,uab(Bb - Ba)7
[Ba + Wab + Wam Wbc] + [Waca Bb + Wab] = ,U/ab(Wbc - Wac)7
[Ba + Wab + Xia; Xib] + [Xiaa Bb + Wab] = ,U/ab(Xib - Xz )

Again, after expanding [S,, S|, all disjoint-variable commutators vanish. Therefore

[Saa Sb] = Mab(Bb - Ba) + Hab Z (Wbc - Wac) + Hab Z(Xzb - Xia) = Mab(sb - Sa)~
i=1

c#a,b

This proves (7.5).
Finally fix i, a, and set

The mixed local identities are

[-/4@ - sz, B, + Xm} = pia(Ba + Xia) — 0ia (Ai -

g
[Ai = 3 Xia + Uijy Xjo] + Ui, Ba + Xia] = piaXja — dialli,

2 2 2 2
[Ai — 7 Xia — X, Wab:| + [—*Xim B, + Xia} = piaWab — Oia (—*Xib

B B B

Expanding [7;,S,] and keeping only the nonzero local contributions gives

B

[T, Sa] = pia(Ba + Xia) — 0ia (Ai - %Xi )

+ Z(piana - O'iauij) + Z (piawab — Oia (;Xzb>> = piaSa — 0idTi-

j#i ba
This proves (7.6).
Let
K :=C(t1,...,tn, 81,5 58m),
and let
Dy = K({(0y,,...,01,,0s,,---,0s,)

be the algebra of differential operators with coefficients in K.
For 1 <i<nand 1< a<m,write

7;:875% +P17 Sa:a?a +Qa>
where P;, Q, € Dk have derivative order at most 1. Let

Z:=DkTi+ +DxgTn+ DS+ + DS, C Dk
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be the left ideal generated by T1,...,75,S1,--.,Sm.-
For subsets

write

at[ = H@ti, 8SA = H as,,,,

el acA

where the factors are arranged in increasing order. We call
04,05, F

a square-free derivative of F. The word “square-free” means that no variable is differentiated more than
once. There are exactly 2"7™ such derivatives.
We shall prove that
G:={T1,...,Tn,S1,...,Sm}

is a left Grobner basis of Z. In the present setting, this means that every operator in Dg can be reduced,
modulo the generators in G, to a unique normal form whose derivative monomials are not divisible by any
of the leading monomials

Im(T;) = 67, Im(S,) = 02,

Consequently, the reduced monomials are precisely the square-free derivative monomials, namely those in
which no derivative appears with exponent 2 or larger. For further background, see [79].

Proposition 7.2 (Square-free normal forms). Assume that the commutator identities in Proposition 7.1
hold. Then the residue classes of the square-free derivative monomials

01,05 4 IC{l,....,n}, AC{L,...,m},

form a K-basis of D /Z. Equivalently, every class in Di /Z has a unique representative of the form

ZCI,AatIasA, CLAGK.
I,A

In particular,
dlmK(DK/I) = 2n+m.

Proof. The equations 7; = 0 and S, = 0 should be thought of as reduction rules:
ﬁtzi = -P;, afa =-9, mod Z. (7.12)

Since P; and Q, have derivative order at most 1, each reduction replaces a repeated derivative by lower-order
terms. Thus the square-free derivative monomials are the natural candidates for a basis.

The point is to prove that these reductions are consistent. For example, suppose we want to reduce
8%_8,523_ . There are two possible first steps: we may first replace 8%_ by —P;, or we may first replace afj by
—P;. This gives —8,52j P; or —afin. Thus the obstruction to consistency is, up to sign, the so-called S-pair

Sp(Ti. Ty) = 02T — O} T; = 03 Py — 2P

Buchberger’s criterion is a systematic way to check exactly this. It says that, to prove that a set of
generators is a left Grobner basis, it is enough to check the differences coming from all possible pairwise
overlaps of leading monomials. These differences are called S-pairs. It is enough to check that the S-pair is
trivial modulo the generators, in the sense that it can be written as a left linear combination of the generators
whose terms all have leading monomial strictly smaller than the original overlap. Equivalently, its remainder
after division by the generators is zero.
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In our case,
7;:81% +Pl7 Sa:a?a +Qa>

with P;, Q, of order at most 1. Hence the only possible overlaps are

Sp?

331_ (93], , afa 02 8,521_ aﬁa .
Equivalently, we only need to check the three types of pairs
(7;a7;)7 (Sa,Sb), (7;8(1)-

1. The pair (T;,7T;), with ¢ # j.
The corresponding S-pair is

Using

we get
Sp(Ti: T3) = (T; = P))Ti = (T = P)T; = [T3, Ti] = P Ti + PiT;.
By the commutator identity (7.4),

A 1
Sp(7Ti. 7)) = (W _PJ) Tit (Pi - M) 7

This is a left linear combination of 7; and 7;. Moreover, the terms involving P; and P; have derivative
order at most 3, while the overlap afiafj has derivative order 4. Hence this S-pair reduces to 0 modulo the
generators.

2. The pair (S,, Sp), with a # b.
The corresponding S-pair is
Sp(Sa, Sp) := 8fb8a — QfaSb.

Using
3§b = Sb — Qb, aga = Sa - Qav

we compute
Sp(Saa'Sb) = (Sb - Qb)sa - (Sa - Qa)Sb = [Sbasa] - QbSa + Qa‘sb-
By the commutator identity (7.5), we have

Sp(Sar 1) = <(855b)2 - Qb> St (Qa - (85%)2) S

Again this is a left linear combination of the generators. The terms involving Q, and Q, have derivative
order at most 3, while the overlap 8§a 83b has derivative order 4. Hence this S-pair reduces to 0.

3. The mized pair (T;,Sa).
The corresponding S-pair is

Sp(Ti, S) 1= 02T — 025,

Using
aga :Sa*Qay ai :7;*7)77

we get

Sp(7;8a) = (Sa - Qa) i (7; - Pi)Sa = [Sa77;] - Qa,]; + Pi8a~



By the mixed commutator identity (7.6), we have

Sp(T5.5.) = ((t_ﬁ)z - Qa> Tt (n- - ny) ..

This is a left linear combination of 7; and S,. The terms involving P; and Q, have derivative order at most
3, while the overlap 97 02 has derivative order 4. Hence this S-pair also reduces to 0.

We have checked all possible overlaps. By Buchberger’s criterion, G := {T1,..., Tn,S1,...,Sm} is a left
Grobner basis of Z. Therefore the initial ideal is generated by the leading monomials of these operators:

(07,...,0; 02 92 ).

PP
A derivative monomial is standard if and only if it is not divisible by any of these leading monomials.
Equivalently, no derivative 0, or 0, appears with exponent 2 or larger. Thus the standard monomials are
precisely
O, 0s IC{l,....,n}, AC{L,...,m}.

These are exactly the square-free derivative monomials. The normal-form theorem for Grébner bases now
implies that the residue classes of these standard monomials form a K-basis of Dg /Z. Since there are gntm
choices of (I, A), we obtain dimg (D /Z) = 2", O

Proof of the first statement of Theorem 6.2. We show that the second-order system (5.3)—(5.4) is equivalent,
near every point of X, to a flat first-order system of size 2"+™.

Step 1: repeated derivatives can be eliminated.
We can rewrite the equations (5.3)—(5.4) as follows:

— 0 (2/8)0
2 _ _ = J tz
6tiF —F Z t; —t F+ Z ti — Sq F’ (7'13)
2 — ds, + 6/2 at
2 _ _~ Sa Sb Y8a T \M/E)VTi
P F =" E p— e TS py § 3 (7.14)

Thus, whenever a derivative of F' contains (‘3?1, or 852a, we may replace that repeated derivative by lower-order
derivatives using (7.13) or (7.14).
Proposition 7.2, says exactly that all such reduction choices are compatible. Equivalently, every derivative

of a solution can be written uniquely as a rational linear combination of the 2"t square-free derivatives
O, 05, F.

Step 2: introduce the finite set of unknowns. We recall the notation from (7.9), (7.10), and (7.11): K is the
field of rational functions, D is the algebra of differential operators with coefficients in K, and Z is the left
ideal generated by the differential equations.

By Proposition 7.2, the residue classes

er.A = [&5,8“], IC{l,...,n}, AC{L,...,m},
form a K-basis of Dg/Z. In concrete terms, this means that every derivative can be reduced uniquely to a
K-linear combination of the square-free derivatives d,0s, F.

Step 3: the square-free derivatives satisfy a first-order system.
Since the classes ey, 4 form a basis of Dy /Z, multiplication by any coordinate derivative can be expressed
in this basis. Thus there are matrices M;, and M;,, with entries in K, such that

Orera =Y (My,)(1,4),(1,5) €1.8,
J,B

Os,er,a = Z(Msa)(z,A),(J,B) €J.B-
J,B

(7.15)
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The entries of these matrices are rational functions on X, because they are obtained by repeatedly using the
reduction rules (7.13) and (7.14).
Now let F' be a local holomorphic solution of (7.3). Define the vector of square-free derivatives

U(F) = (8t165AF)I,A'
Then (7.15) implies

95, U(F) = M, U(F), (7.16)

1<t<n,
1<

a<m.

Thus the original scalar second-order system gives a first-order linear system for the 2" square-free deriva-
tives of F.

Step 4: the first-order system is flat.
The coordinate derivatives commute:

[ati 9 8tj] = 07 [asa 9 851,] = 07 [an ) asa} = 0
Therefore their induced actions on D /Z commute. Written in the basis {er 4}, this gives

atthj - atj Mti = [thMt]‘]a
asaMsb - astsa = [Msaa Msb]a (717)
atq;MSa - aSaMti = [MtiaMSaL

where [A, B] = AB — BA. These are exactly the compatibility equations for the first-order system (7.16).
Hence the system is flat.

Step 5: local existence and dimension of the solution space.

Fix (to, s0) € X, and choose a sufficiently small simply connected neighborhood ©Q C X of (¢g, sp). On Q,
the matrices My,, M, are holomorphic. Since € is simply connected and the system (7.16) is flat, parallel
transport is independent of the path. Equivalently, for each initial value

n+m
ceC? ,

there is a unique holomorphic solution of (7.16) with U(p) = c.
Indeed, along any smooth path « : [0, 1] — €2, the restriction of U satisfies the linear ordinary differential

equation
n

W S ) M NV + D Aal?) M DV, V(O =
i=1 a=1

and flatness means that the resulting transport depends only on the endpoints. Therefore the space of local
holomorphic solutions of the first-order system (7.16) has dimension 27+™.

It remains to check that this first-order system (7.16) is equivalent to the original scalar system (7.3).
We have already seen that every scalar solution F' of (7.3) produces a solution U(F) of the first-order system
(7.16). Conversely, suppose U = (Ur ) solves the first-order system (7.16). Define

F:=Upy.

Since
00,0 = €i},05 0s,€0.0 = €0,{a}>

the first-order system gives
U{i}x@ = atiF7 U(Z),{a} = 8saF-
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Repeating the same argument for larger subsets I, A, we obtain
Ura= 0,04, F

for every square-free pair (I, A).
Finally, the reduction rules encoded in the matrices M;, and M, are precisely the equations 7; = 0 and
S, = 0. Therefore the identities

(“)t% =P, 831 =-Q, mod Z
imply
T,F =0, S, F =0.

Hence F' is a holomorphic solution of the original system.
Therefore the space of germs at (tg, sg) of holomorphic solutions of (7.3) is naturally identified with the
space of germs of solutions of the flat first-order system. This space has dimension 2"7™, as claimed. O

7.2 The conjugated system

For each sign pattern (e,7), we write F' = ®.,WW, where ®. ,, contains the prescribed leading exponential
and algebraic factors. This separates the expected leading asymptotic behavior from the unknown correction
term. The correction W is expected to satisfy W — 1 at infinity. In the following proposition, we conjugate
the original operators by ®., and derive the resulting equations for W.

We recall @, from (6.5)

<I>€,7,(t7 §) 1= exp <1i €t + ig i%%) H (t; — tj)au H — 8p) 7 ﬁ ﬁ t; — 8q)Pi,
=1 a=1

1<i<j<n 1<a<bs<m i=1a=1
(7.18)
and define
Aij - Pia
Q; = d
' Zti_tj+ ti—sa’
J#i a=1
. (7.19)
Sa = 8b  { Sa—ti
Proposition 7.3 (Conjugated operator family). Let F' = ®, ,W. Then the original system (7.3)
TF=0, 1<i<n, SF=0, 1<a<m, (7.20)
is equivalent to
P +ROYW =0, i=1,....n, (7.21)
LE) +ROYW =0, a=1,...,m, (7.22)
where
£l = o2 +2i; 0y, (7.23)
2  Oi, + (2/8)0s
RO = 20,0, + 23 %% > = 2/B), 0, (7.24)
B oy t; ] o ti — Sa
L) =02 +ipn, 0s,, (7.25)
/8 s _85 = as +(6/2)
R = 2%, 0, =% a— V), 7.26
+ Z Sa — Sb 1:21 Sa — i * ( )
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and

Q; —Q; O+ (2/5)%,
=0, + Q7 + - 7.27
t; + ﬂ Z t — t Z tz — s, ) ( )
Ea a=1
Yo - =X+ (6/2)
V) =9, B, + 2 B - . 7.28
@ atiat a+2; Sa — Sb ; Sa — ti (7.28)
Proof. Let ® := ®.,, be as in (7.18). Since ® is nowhere vanishing on X, the equations
T.F =0, S F =0, F =W,
are equivalent to _ _
TiW =0, S W =0,
where B B
T; =0 1T, Sy =071S5,d.
We recall ; and ¥, from (7.19) and set
i = O, log ® = ie; + Q;, Vg = 05, log® = igna + Y. (7.29)
Then
O719,,® = 0y, + i, &0, ® = 0, + Va, (7.30)
and
(D_latQi(I) = (atz + :ui)Q = at% + 2luiati + atiui + ,u?, (7 31)
D102 & = (0, +va)? = 02 + 2040, + Os,va + V2. '
We first compute 7;. A substitution of (7.30) and (7.31) into 7;, recalled in (7.1), gives
(O + pi) — (O, + 115) <~ Do, + i) + (2/8) (D5, + Va)
0 i 1 : 2 — : < . 7.32
Ti = (0r, + p)* + +5Z r—s > P (7.32)
i a=1
Using u; = ie; + Q; from (7.29), the derivative terms in (7.32) are
- O, +(2/B)0
2 t’L
8 -+ 2161815 + 2€); 815 + = ﬂ Z ﬁ - Z tl s, (733)
J#i a=
The scalar part is
: )+ —Q  Rile +70) + %+ (2/8)%.
O, + (e + W) +1+ = Z tit -3 —
J#z a=1
(7.34)
_ 2y s — € €i 7 Ta (t)
7(1*61)4’1 2619 +th_ ZH +‘/Z 3

J#i

where we have separated the terms involving only €2;, 3, from the terms involving €;, 7, .
Since €2 = 1, the constant term 1—¢? in (7.34) vanishes. For the remaining term in parentheses, substitute
the definition of Q; from (7.19):

2 m

— € + Na 2€iaij + E(ei B Ej) 2€ipia - (62‘ + na)

26,82 2 = =0.

€i +ﬁzt,t Zt.,sa Z tz‘*tj +Z t; — S,
J#i J#i a=1
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This vanishes by the defining relations (6.2) for the exponents «;; and p;,. Hence the scalar part (7.34) is
V" and (7.21) follows by combining (7.32) and (7.33).
The computation for S, is analogous. Substituting (7.30) and (7.31) into S,, recalled in (7.2), we obtain

2 n
- 2 B B o) = (O ) xm (D +va) + (B/2)(Dr, + i)
Sa = (O, +va)® + 7 + b; p— ; e . (7.35)
Using v, = i81,/2 + X, from (7.29), the derivative terms in (7.35) are
2 B 05, — Os, _ - s, + (6/2)61&1-
82 411, 0s, + 25405, + = Z p— Z i (7.36)
b;é i=1
The scalar part is
8 B il nb+2 - lgna+ez+2 + (8/2)S
s, % +(2na+2 (B8 Z = Z —
b;éa i=1
, (7.37)
p 2N B — M Na + €& gt
=2 a- 2 s)
4< o) +1 | BnaZa 4; “— 55 Zsa Va

Since 12 = 1, the constant term vanishes. For the remaining term in parentheses, substitute the definition
of ¥, from (7.19):

B
Na — b /8 Na + € BaYab + na 77b BNapPia — 5(7711 + 61’)
0B + — = g =0.
fn + Zs — Sp z;sa b%{; Sq — Sb +z1 a—ti

Again, this vanishes by the defining relations (6.2) for the exponents v, and p;,. Hence the scalar part
(7.37) is V), and (7.22) follows by combining (7.35) and (7.36). This proves the proposition. O

7.3 Solutions attached to the branch factors

In this section, we prove the second statement of Theorem 6.2. The proof reduces the conjugated system
(7.21)—(7.22) to a one-dimensional problem along a carefully chosen shifted ray, constructed in Proposi-
tion 7.4. In Proposition 7.5, we show that along this ray the scaled square-free derivatives satisfy a block
first-order system in the radial variable A\. The non-empty derivative block has a positive spectral gap, which
allows us to impose the condition that this block decays at infinity by solving a Volterra integral equation.
The Volterra operator is a contraction, and hence gives a unique solution of the first-order system with the
desired asymptotic estimates. Translating these estimates back from the scaled derivative system gives the
desired estimates for W and its square-free derivatives.

Proposition 7.4. Let € be the domain (6.7). Fiz

o= (01,...,0n4m) € {£1}",
and define
w = (Wi,...,Wntm)s w; = j +1ioj, 1<j<n+m
Then, for every
z = (Zl7~-~7zn+m) ec

and every r = 0, we have z + rw € € and

R(z+rw) > ~(R(z)+71), (7.38)

] =

where R(z) is defined in (6.6).
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Proof. For 1 < £ < n+ m, we have
Re [(2e41 + rwer1) — (20 +71we)] = Re[eer1 — 2] +7 > D.

Thus z +rw € €.
Fix1<i<j<n+m. Since j —i>1,

|(zj +rwj) — (2 + rwi)| = Relzj — zi] +7(j —i) >
On the other hand,
’(Zj —I—ij) — (zz —l—rwi)’ =|zj—zi+r(—i)+ir(c; —o)| = |z —zi +r(f—i)| —rlo; — o4l

Since Re[z; —z;] > 0 and r(j —¢) > 0, adding r(j —¢) to the real part cannot decrease the modulus. Moreover,
loj — 0| < 2. Therefore

|(zj + rwj) — (2 + rwi)| = |z — 2i| — 2r > R(z) — 2r-

Combining the two lower bounds gives

(R(z) + ).

| =

3 1
|(zj + rwj) — (zz + rwi)| > max{r, R(z)—2r} > ir + Z(R(z) — 2r) =
Taking the minimum over 1 < i < j < n 4+ m proves (7.38). O
Proposition 7.5 (Radial block system along shifted rays). Let € be the domain (6.7), fix a sign pattern

(677’) =0 = (€1a-~-a6na7717~-~,77m) = (Ula---7Un+m) c {il}n+m7

and let
z=(t,8) €C, Ry < R(z) < 2R,y.

Let w be as in Proposition 7.4, and define
Yzw(A) ==z + (A — Ro)w, A € [Ro, o).
Let J be the set of square-free index pairs
(1,A), IC{1,...,n}, AC{l,...,m},

and write

J"i=J\{(2,9)}.

Order the components indexed by J* by increasing |I| + |A|.
Let W be a holomorphic solution of the conjugated bulk system (7.21)—(7.22). Define

YLA(A;z) = /\‘I‘JF‘A‘atIaSAW(’YZ,W(A))a (IvA) € \77

and write
Y = (YO,Y*)a YE)()‘v Z) = W(Wz,w(A))a

where Y, collects the components corresponding to (I, A) € J*.
Then there exist matriz-valued functions

Co1(\; 2), Cio(A; 2), Ci1(\ 2z),
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and a matriz A(X\; z) on the non-empty derivative block, whose entries are uniformly bounded for A\ > Ry,
such that

d 1
aYO = XCM()\,Z)YM (7~39)
d 1 1

o= A(N; 2)Y5 + XCm(A; 2)Yy + XCn(A; 2)Y,. (7.40)

The matriz A(X; z) is block lower triangular with respect to the ordering by |I| + |A|. More precisely, for
(I,A),(J,B) € J* with (I,A) # (J, B),

Aray,,8) (A 2) =0 unless |J| 4+ |B| < [I| + |A]. (7.41)

Its diagonal entries are independent of A and z, and are given by

Aray N z) = Apa(w) = =21 ewi = B Y Nawnia (7.42)
iel acA
In particular,
ReApa(w) =211+ BlAl, (I, A)eJ". (7.43)

Proof. By Proposition 7.4, along the shifted ray v, ., we have
R(vzw(N) Z A A= Ro.
Step 1: The equation for Yy. First we notice that
Yo(Ai2) = W(120(N))-
By the chain rule, . .
Vo= D w0, (e (V) + D a0, (12,0 (N).
i=1

a=1
Since
Y{i},z = )\atiW(’Yz,w(A))v YQ,{a} = )\asaW('Yz,w()‘))v

we obtain
d 1 n m
JYO = X (; Wy Y{Z‘},g + ;wnﬂl Yg7{a}> .
This is (7.39). The entries of Cp; are either 0 or one of the components of w, hence are uniformly bounded.

Step 2: The equations for the non-empty square-free derivatives.
Fix a non-empty square-free pair

(I,A) e J".
By the chain rule,
d 1]+ |A| - S
oYra= T Yiat ATI+14] ;w 0y.0p, 05, W + ;wm 35,01, 05, W | (72,0(N))- (7.44)
If ¢ ¢ I, then

O, 0, 05 , W = 0y, 05, W
is still square-free. Therefore

1

A8, 00,00, W (12.0(N) = {Yiugy.a (X 2).
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Similarly, if a ¢ A, then
1

NI, 00,05, W (12.(V) = 5

Y7 au{a} (A; 2).

These terms contribute only to the A~ !-part of (7.40).
Next suppose ¢ € I. Write I’ = I'\ {i}. Then the relevant derivative is

)\|I|+|A|3t2iatﬂasAW (7.45)
We recall the conjugated equations from Proposition 7.3:

RW = —2ic; 8, W — ROW, (7.46)
2 W = —iBn, 95, W — REIW. (7.47)

Using (7.46), we rewrite (7.45) as

ATHAI2 9, o, W = \1IHA4lg, o, (_2162, By — RE”) w

. (7.48)

— —2ie; \HAlg, o, W — A4l o, (ROW).

Multiplying by w;, the leading term in (7.48) contributes
—2ieiwi Y[)A. (749)
We now estimate the second term on the right-hand side of (7.48). The coefficients
1 1 1
) ) (7.50)
ti—tj Sa — Sp ti—Sa

have degree —1. From (7.19), the functions €; and 3, also have degree —1. Hence, in (7.24) and (7.26), the
coefficients of first-order derivatives have degree —1. Finally, the formulas (7.27) and (7.28) show directly

that Vi(t) and Va(s) are sums of terms of degree —2. Therefore, along the shifted ray, for square-free pairs
(/. B),

9y, 055 (a first-order coefficient) = O()\_l_“”_lB‘), (’9,5‘,855‘/;(07 Oy,0,, V) = O()\_2_|J|_|B|). (7.51)

Here we used Proposition 7.4, which gives R(7v, o (X)) = A/4.

Consider first a term obtained from a first-order part of Rgt). Suppose that, after applying Leibniz’ rule,
exactly r of the derivatives in 0;,,0;, fall on its coefficient. The coefficient is then O(A~177), while the
differential monomial acting on W has total order |I| 4 |A| — r. If this monomial is square-free, then, after
passing to the scaled variables, its coefficient is

AHAN Y —T=r = (| +[A]=r) — \—1
Hence it belongs to the A=1C4;Y, part of (7.40).

If the resulting monomial is not square-free, it contains exactly one repeated variable. Suppose first that
the repeated variable is t;. We use

DFW = —2ie; 0, W — RW.

The principal term —2ie;0;; W removes the repetition without supplying an additional factor A~L. The
resulting square-free derivative has total order |I| 4+ |A| — r — 1, and its scaled coefficient is

ATIHALy=1=ry (Al =r=1) _
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Since
|+ Al —r =1 <|I|+|A],

this gives a uniformly bounded coupling from a strictly lower-order square-free derivative into the equation
for Y7 4. The case in which the repeated variable is s, is identical, using (7.47).

If instead we use the corresponding remainder R§t)W, or RgS)W when the repeated variable is s, every
first-order coefficient supplies one additional factor A~!, while the total order of the derivative on W decreases
by one. Derivatives falling on that new coefficient increase its decay and decrease the remaining derivative
order by the same amount. A scalar coefficient supplies two powers of A~!, and the resulting differential
monomial is square-free. Thus the sum

decay order of the coefficient 4 total order of the derivative on W

remains equal to |I| + |A| + 1. The new differential monomial is either square-free, in which case its scaled
coefficient is O(A™1), or it contains again exactly one repeated variable. In the latter case we repeat the
same reduction. Each use of a remainder decreases the total order of the derivative on W, so the procedure
terminates after finitely many steps.

There are only two possible terminal cases. If no principal term is used at the last step, the final coefficient
decay order and the final square-free derivative order add up to ||+ |A| 4 1, and hence the scaled coefficient
is O(A™1). If a principal term is used, it removes the unique repetition and lowers the derivative order by
one without changing the coefficient decay. The final coefficient decay order and the final derivative order
then add up to |I|+|A|; the scaled coefficient is O(1), and the final square-free derivative has strictly smaller
total order than |I|+ |A].

A term obtained directly from the scalar part Vi(t) is simpler. If exactly r derivatives in 0;,0,, fall
on the scalar coefficient, then the coefficient is O(A~2~"), while the derivative acting on W has total order
|[I| + |A| — 1 — r. Hence its scaled coeflicient is

AIHAL Y =2=r = (I[+]A]=1-7) _ \—1
Thus all scalar terms contribute to the A™1C1oYy or A~1C11Y, part of (7.40).

Similarly, if a € A and
A= A\ {a},

then
ANI4192 9, o, W

S Al

is reduced using (7.47). Its leading contribution, before multiplication by w4, is
_iﬁna )\|I|+|A|6tzasAW
After multiplying by wy44, this contributes

_ﬂinawnJra YI,A~ (752)

Again, all remaining terms come from R((f), and the same conclusion as above holds.
(s).
o

We have therefore proved the following dichotomy for every term produced by Rgt) or R
e it is a uniformly bounded multiple of a square-free derivative of strictly smaller total order; or

e it carries a factor A\~!, after which its coefficient is uniformly bounded.

The first class gives the strict block-lower-triangular part of A(); z), while the second class gives Co and
C4;1. Notice also that an O(1) term cannot involve Yy, because a principal reduction always leaves at least
one derivative of W.
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Combining the leading contributions (7.49) and (7.52) for all ¢ € T and a € A, the diagonal coefficient of
YLA is
A a(w) == —Qiz €jw; — Pi Z NaWnta-
i€l acA
This gives (7.40), (7.41), and (7.42). Uniform boundedness follows from (7.51), the fact that there are only
finitely many square-free derivatives, and the uniform boundedness of the components of w.

Step 3: The real parts of the diagonal entries.
It remains to compute the real part of the diagonal entries. By the construction of w in (7.4),

Im[w;] = €, 1<i<n, Im[wpta] = N4, 1<a<<m.
Hence
Re[fQieiwi] = 261‘ Im[wl] = 2,
and
Re[—Binawnta] = B1a Im|wyta] = 5.
Therefore Re[Ar a(w)] = 2|I] 4+ B|A|, which proves (7.43). O

Proof of the second statement in Theorem 6.2. Fix first z = (¢,s) € €, set Ry := R(z), let w be as in (7.4),
and consider the shifted ray

Yzw(A) i= 2+ (A — Ro)w, A € [Ry, 00).

Along this ray, Proposition 7.5 gives

d 1

aYO = XC()l()\; Z)Y*, (753)
d 1 1

ay* = A(/\, Z)Y* + Xclo(/\; Z)YE) + XCH(/\; Z)Y*. (754)

The matrices in these equations are uniformly bounded.

Step 1: Exponential decay of the principal backward evolution. Set
¢ := min{2, 8} > 0.

Recall from (7.42) that the diagonal entries of A(}; z) are independent of A and are given by

Ara(w) = -2i Z €iw; — Bi Z NaWnta-

i€l acA

By (7.43),
Re Ay a(w) =2|I| + BIA] = co, (I,A) e J*.

Consequently, the backward evolution generated by the diagonal matrix A(w) satisfies
He_("_)‘)A(“’) H L eme0le=A), o> A2 Ro. (7.55)
Let £(A, 0; z) denote the backward evolution associated with the full triangular matrix A(); z), namely
MWEN, 0;2) = AN 2)E(N, 03 2), E(o,072)=1. (7.56)

The matrix

AN z) — AMw)
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has vanishing diagonal entries. Moreover, by the triangularity statement in Proposition 7.5,

(AX; 2) — A(w)) 0  unless |J| +|B| < |[I| +|A]. (7.57)

(I,A),(J,B) —

Therefore every product containing n + m factors of A(A;z) — A(w) vanishes, even when the factors are
evaluated at different values of \ and are separated by diagonal evolution factors.
Repeated variation of constants around the diagonal evolution therefore gives the finite expansion

n+m—1

EOoi2) = e @ VA@) 4 S L1y / e (MM (A(7132) = A(w))

ot AT << <o (7.58)

% e~ (T2=m)A(w) (A(r252) — A(w)) -+~ e~ (Tr=Tr—1)A(w) (A(7;2) — A(w))e—(a—n)A(w) dry ---dr,.

Here, when r = 1, the intermediate diagonal factors are absent.
After increasing M if necessary, the uniform boundedness of the off-diagonal entries gives

[A(X; 2) = Aw)[| < M, A= Ry.
For the term in (7.58) containing r off-diagonal factors, (7.55) gives

He_(T1—>\)A(w)H He—(7'2—7'1)A(w)H o He—(a—n)/\(w)H < e—Co(T1=X) g—co(r2—71) |, o—co(o—7r) _ ,—co(o—X)

The ordered integration region A < 74 < -+ < 7 < o has volume (o0 — \)"/rl. Taking norms in (7.58), we
therefore obtain, after enlarging the constant C,

n+m—1 M . r
[Eoiz) <o 3 QIE V)

r=0

. <Ce 7N 5>A>R,. (7.59)

Step 2: Reduction to a Volterra equation.
We impose the normalization

Yo(A) — 1, Y.(\) — 0, A — 0.

Integrating (7.53) from A to oo, we obtain
<1
Yo(\) =14 (KY.)(N), (KY.)(A) := —/ ;COl(O';Z)Y*(O') do. (7.60)
A

Substituting this into (7.54) and using variation of constants gives
Y. =T(Y,), (7.61)

where

o0

(TY.)(N) = — / E(A,J;z)g [C’lo(a;z)(l +KYa(0)) + C’H(J;z)Y*(J)] do. (7.62)

A

Step 8: The fixed-point space and the basic estimates.
Let B, be the Banach space of continuous functions

Y, : [Ry,o0) — CI77
with norm

1Yalls. := sup AYi(A)ll2-

=40
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If Y. € B, then by (7.60),
Y, (o > M
vt <mr [T g0 < arpya, (oo = il
A g A A
Hence C
(KYIO] < SVl (7.69

With (7.59), (7.62) and (7.63), we have
ATV < Mx [ e ozl = (14 1) 0)] + Vi) ) dor

oo
< CM)\/ e co(o=N)/2 (0_1 + ||Y*||Bza_2) do < Cy 4+ C1 Ry || Vs 5. -

A

Therefore
ITY. 5. < Co+ CiRy Vsl . - (7.64)

Similarly, for Yy, Z, € B,
(YD) ~ (KZ) )] < SV~ Zuls,
Hence
A(TY. = TZ)Wll < MA [ e )] (I(KY: (o) = (KZ.)(@)] + IVa(o) = Z.(0)]12) do

< CMA / e N2 2dg |V, — Zi||p. < C1Ry Ve — Zu| 5. -
A
Thus
|TY. — T Z|5. < C1Ry M Ya — Z.||5. - (7.65)

Step 4: Existence, asymptotics, and raywise uniqueness.
If Ry is sufficiently large, then C1 Ry' < 1, so by (7.65) T is a contraction on B,. Hence (7.61) admits
a unique fixed point Y, € B,. Defining Y, by (7.60), we obtain a unique solution (Y, Yi) of (7.53)—(7.54)
satisfying
Yo(\) — 1, Y.(\) =0, A — 0.

Moreover, (7.63) and (7.64) imply
Yo(A) =1+ 0\, Y.(A\) =00\ 1), A = Ry.

Now define
W(z) = Yo (Ro).

By construction,
W(z)=1+0(Ry") =1+ 0(R(z)™Y).

For each non-empty square-free pair (I, A) € J*, the corresponding component of Y, (Ry) is
Y1 .a(Ro) = R(z)11H1419,,0,, W (2).
Thus the bound Y, (Ry) = O(Ry ") gives

0,05, W (z) = O(R(z)~HI=14171),
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The same argument applied to the difference of two normalized solutions has no constant term in (7.60).
Therefore the corresponding Volterra map is a strict contraction with zero forcing, and the difference vanishes.
This proves uniqueness along every admissible shifted ray.

Step 5: Holomorphic dependence and gluing on the ordered domain.

Fix zg € €. After shrinking to a small neighborhood 4l of zg, we may choose a fixed number R such that
Ry < R(z) < 2Ry for all z € 4. Use the same vector w and the rays z + (A — Ro)w, A = Ry, throughout
$1. Proposition 7.4 gives the required separation uniformly on these rays. Since Ry and w are fixed, the
coeflicients of the Volterra equation depend holomorphically on z, and the contraction estimate is uniform.
Therefore its fixed point depends holomorphically on z.

We have so far solved the first-order system only in the radial direction. To check the remaining co-
ordinate directions, fix one coordinate and compare two ways of differentiating the constructed square-free
jet: differentiation with respect to the base point, and the corresponding coordinate equation of the full
square-free first-order system. Their difference is the error in that coordinate equation. By flatness, ra-
dial differentiation commutes with every coordinate equation, so this error satisfies the homogeneous radial
system. The estimates above hold uniformly for nearby base points, and therefore the error has zero nor-
malization at infinity. Raywise uniqueness forces it to vanish. Thus the constructed jet is a holomorphic
horizontal section of the full flat first-order system, and its empty component is a holomorphic solution We(ii,)
of the conjugated system.

The local constructions agree on overlaps. Indeed, all neighborhoods use the same vector w. At a point
z in an overlap, restrict both horizontal sections to the geometric ray z + rw, r > 0. After using the same
radial parameter, their scaled square-free jets solve the same radial system and have the same normalization
at infinity. The raywise uniqueness from Step 4 therefore shows that their values at » = 0 agree. Hence the
local solutions glue to a holomorphic function We ,, on all of €, and the estimates (6.9)—(6.10) hold there
with constants depending only on 3,n,m. Finally, F, , := ®¢ ,W 5, solves the original system.

Step 6: Linear independence.
From the explicit formula for ®.,, we have

log @, = iéna +0(D™h).

Oy, log ®ey =ie; +O(D7Y), 0 5

Sa

For a square-free pair (I, A), the explicit formula for the branch factor and the estimates for We,, give,
uniformly on €,

A
B10;, 0., Foy = 1114141 <ﬂ> TTe I+ 0. (7.66)

2 .
i€l a€cA

After dividing each row by its nonzero prefactor, the leading matrix is the character table

(H €; H 7711)
i€l a€cA (1,A),(e,m)

of {£+1}**+™ TIn particular, its rows satisfy the orthogonality relations

Z (H € H %) H €j H m | =2" "1 a)=0.B))

e,n \i€l a€A jeJ beB

and therefore the leading matrix is invertible. Increasing D, if necessary, the matrix in (7.66) is also invertible.
Therefore the 2™ solutions F ,, are linearly independent. O
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8 Solutions of the edge deformed CMS operators

The proof of Theorem 6.5 is parallel to the bulk case. We prove the first statement of Theorem 6.5, namely
that the solution space has dimension 2", in Section 8.1. We derive the conjugated equations in Sectlon 8.2.
We then prove the second statement, namely the construction of solutions with prescribed leading behavior,
in Section 8.3.

8.1 Local holonomic rank

For 1 <i<nandl<a< m,define
- O, +(2/8)0
T t+BZ t_t az — (8.1)
2 n
2~ B sa - sb _ 850, + (ﬁ/2)8ti
Sa =05, = rsat Z p— Z—Sa_ti : (8:2)

i=1
Then the edge deformed CMS operators (5.18)—(5.19) can be written as
T,F =0, 1<i<n, S.E =0, 1<a<<m. (8.3)

Using the following edge commutator identities as input, the first statement of Theorem 6.5 can be proven
in the same way as the bulk case Section 7.1. So we omit its proof.

Proposition 8.1 (Edge commutator identities). For the operators T;,S, defined in (8.1)~(8.2), the following
commutator identities hold:

4
T, Tjl= 77—+ (T; = Ti), 1<i#j<n, 8.4
[ J] 6(ti*tj)2( J ) ( )
1S, Su] = (3—631,)2 (So—S.), l<a#b<m, (8.5)
[T:,Sa] = 4 B T;, 1<i<n, 1<a<m. (8.6)

Bt =52 " (i sa)?

Proof. This is proved by the same local calculation as for the bulk operators Proposition 7.1. One decomposes
T, and S, into the basic pairwise pieces

2 2 0, — Oy — o, +(2/6)0
61‘2 - tia 83 - 675&3 - ) é Sbv b ( /6) Saa

ti Sa 4 Bt—t 2 84— Sp t; — Sa
checks the corresponding two-body and three-body commutators, and then sums the local identities. Com-
pared with the bulk case, the linear potentials —t; and —/3%s,/4 contribute exactly the scalar terms needed to
replace the bulk operators by the edge operators on the right-hand side. They do not change the coefficients

of the commutator identities. O

8.2 The conjugated system
We recall the (rescaled) Airy functions ¢4, 1+ and their asymptotics from (6.34), (6.35) and (6.36). We have

¢ (2)

d)/:/t(z) = Z¢:|:(Z)7 Q:t(z) = Qbi(z)

_ _i —-5/2
= 4VE- - +0(T),

and

i B _Yi(s) B 1 52
w(s) = svx(s),  pals):= wi(s) —igx/g— 1 TOGs /2.
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Now fix sign vectors
€ = (61, ey €n) S {:l:l}n, n= (7’]17 - )7]7n) S {il}m,
and write
@i = qe;(ti),  Pa = Py,(Sa)-

Then ¢; and p, satisfy the Riccati identity

/ 2 ﬁ2
qz+qz:tl7 pa+pa_ 4 Sa
It is convenient to separate off the leading square-root terms:
_ B8 _
rom g ali= e F O, wa=pa— Sna/E = e+ 0(57%).
4t; 2 4s,

We also recall the branch factor ®¢ (¢, s) from (6.39)

enlt:s) (H% l > (H wna(8a)> I (avii+eyi) 2"
a=1

1<i<j<n

< TI O+ mvm 2 T TT v — s

1<a<bsm i=1a=1

We also introduce

Qil— ZQf—‘er ZQ\/? na\/g

BNa 1 Ta - 1

Yig = — — .
¢ 4\/311 bra Nav/Sa + Mo/S6 24/54 ;61‘\/5—%\/%

(8.7)

(8.10)

(8.11)

Proposition 8.2 (Conjugated operator family). Let F' = ®¢ ,W. Then the original edge system (8.3),

T,F =0, 1<i<n, S.F =0, 1<a<<m,
s equivalent to
LY+ RrRNYW =0, i=1,...,n,
LY +RYW =0, a=1,...
where

LY = 82 + 24, 0y,

(t) - — O, + (2/)0s, (t)
R = 20,0, + th_t —Z +Vi7,

t; — Sa

L = 02 + 2pq 0s,,

n

s - 83 as + (5/2)
R = 233, b a6 _ a— Ve,
6 + Z Sa — Sb z:zl Sa — z +
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Here ¢;,pa,7i,vq are defined in (8.7) and (8.9). The scalar terms are

m

(t) _ 2 ri — 1+ Q — L i + (2/B)va + Qi + (2/8) %,
VY = 0,0, + 02 + 21, , 8.18
R SIEEDS D Po— (8.18)
VED) a=1
a Ea - E - a 2 2 E 2
V) = 0,80 + 52 4 20,5, + 0§ Vet by et (B2t FOR% (g 1g)
2 Sq — Sp —t;
b#a i=1
Proof. Let ® := ®.,, be as in (8.10). Since ® is nowhere vanishing on X, the equations
T,F=0, S,F=0, F=aW,
are equivalent to B B
T,W =0, S W =0,
where _ N
T, :=07'T;®, Sy = ®71S,®.
We recall Q; and X, from (8.11) and set
Wi = 0O, log® = ¢; + Q;, Vg = 05, log® = p, + 2,. (8.20)
Then
O, ® = 0y, + s, 10, ® =0, + v, (8.21)
and
OO} @ = (Oh, + pi)® = OF, + 20:0p, + Oy i + 117 (5.22)
D192 @ = (05, + va)? = 02, + 20405, + 05, Vo + V2. '
We first compute T;. Substituting (8.21) and (8.22) into T;, recalled in (8.1), we obtain
= at +M1 at +/~LJ i 675 +Mz (Z/ﬁ)(as +Va)
Tz = (04, i) —t : = 8.23
(D, + i) +BZ r—s 3 P (8.23)
e a=1
Using p; = ¢; + €; from (8.20), the derivative terms in (8.23) are
2 O, — O, i 8t+(2/ﬂ)8
2 @ J i Sa
8ti + 2(]16,51 + QQzat, + B ; ﬁ - ; ﬁ. (824)

)

Thus the first two terms give L( , and the remaining first-order terms give the differential part of Rgt).

The scalar part is

—q; + Qi —Q Zqz (2/B8)pa + Qi + (2/8)%,
ti—tj tz_sa

2 i
0% + a; + @ — ti + QF + 26 + BZ g (8.25)

J#i

Using (8.8), the term ¢/ + ¢? — t; vanishes. Using the decomposition (8.9), the scalar part (8.25) becomes

VY 4265 Q, +6Z€“ﬁ GVl Z@fﬂ”?a\/%

s t — s, (8.26)

J#i
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For the remaining square-root terms, use

Ei\/E— GJ'\/E . 1 Ei\/t:"‘na\/ Sa . 1
ti—tj Gi\/tii'i‘ej\/g, t; — Sa €i\/5_na\/3a'

Substituting the definition of Q; from (8.11), we get

2e;\/; +BZEZ oGVl ZEZ\FJF%\/%

t; —t; ti — Sq

m

1 1
62;51\/7+€]\/> ZQ\/T na\/%—’_ﬂ;%\/ﬂ"’Q\/ﬁ_ZQ\/ﬂ_na\/@:O.

a=1

Hence the scalar part is exactly Vi(t), and (8.12) follows by combining (8.23) and (8.24).
The computation for S, is analogous. Substituting (8.21) and (8.22) into S,, recalled in (8.2), we obtain

2 n
< _ o B BN Osa +Va) = (05, + 1) N G5 4 va) +(6/2)(Or, + i)
Sa = (Os, +va)? = s b#za — ; s . (8.27)
Using v, = pg + 2, from (8.20), the derivative terms in (8.27) are
02 +2pa0s, + 25,0, + = b Z Oso = O0sy _ > 90 + (8/2)0 (8.28)

Sa — Sp Sa — i

i=1

Thus the first two terms give L(({q), and the remaining first-order terms give the differential part of RSf).

The scalar part is

_pb+2a Zpa 5/2(]1—’_2 +(ﬂ/2)

85, Za + 1, +p2—ﬂ—25a+22+2pa2a+ézp“
a a a a 2 _t

4 _
bta Sa Sb

(8.29)

Using (8.8), the term p/, + p2 — 3%s,/4 vanishes. Using the decomposition (8.9), the scalar part (8.29)
becomes

s av/Sa a sa+6i ti
V) + Brie/a S + 2 § HovPe Z TV _Z:V b E —" tf. (8.30)
b#a

For the remaining square-root terms, use

Nav/Sa — nb\/% _ 1 Nav/Sa + 61’\/5 _ 1
Sa — Sb Nav/Sa + Mo/56 Sa —ti €iV/ti — Nar/Sa

Substituting the definition of ¥, from (8.11), we get

Bna\/gz + Z na\/g nb\/> /8 Z na\/g‘i’ 51\/7

b a — Sb t

B 1 B B
Zna\/iﬂ%f Zezﬂ na\/% 4 Zna\/%er\f Zezﬁ Nar/5a =0

ba

Hence the scalar part is exactly Vg *) and (8.13) follows by combining (8.27) and (8.28). This proves the
proposition. [
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Lemma 8.3 (Size of the conjugated coefficients). Let C be a domain of the form (6.41), with D sufficiently
large, let (t,s) € C, and set R = R(t, s) recall from (6.40). Then, uniformly on C,

Q; = O(R™), Y, =O(R™Y, (8.31)
G- eV/E= O™, pu—nibya = O(R™), (332
Vi(t) = O(R™2), V) = O(R™?). (8.33)

Moreover, if D is any differential monomial of total order £, then

D0i. D, D6 - avE). D (1 - m5vE ) = Or) (5.34)

v, DV =0(R27). (8.35)

The same all-order estimates hold for every complete first-order coefficient in Rgt) and R((f), with R~¢ on
the right-hand side. The implicit constants may depend on B,n,m and on the differential monomial D, but
are uniform over C.

Proof. We begin with the zeroth-order estimates. We use the elementary inequality
lu(u £ v)| Z min(|ul?, [u* — v?]), u,v € C. (8.36)

Indeed, if |v| > 2|u|, then
ust o] > fof = Ju| > [u],

so the left-hand side of (8.36) is at least |u|?. If |v| < 2|u|, then
[uF o] < Jul + [o] < 3ful,

and therefore

2

|u? — V%] = |u+v||u —v| < 3lu| |u vl

This proves (8.36).
Applying (8.36) to the terms in (8.11), we obtain, for j # i,

[VEi(evts + €+/1;)] Z min(|tal, |t - 45]) 2 R.

Similarly, for b # a,

|V/5a (Nav/3a + moy/50) | 2 min(|sal, |54 — su]) 2 R
For the mixed terms,

’\/E(ez\/tj - na\/g)’ Z mln(|tz|; |t7, - Sa|) Z R7

and

|V5a(€iVti = Nay/5a) | Z min(|sal, [ti — sal) 2 R.
Thus every complete summand in (8.11) is O(R™1!). Since the numbers of summands depend only on n and
m, this proves (8.31).

The Airy asymptotics (8.9) give

1

—5/2

i

g — e/t

and

B 1 5/2
a — Tla5 a— — O / s
Pa = Tlay /3 1s, 7O
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uniformly in the sectors under consideration. Since |t;| > R, |sq| = R, and R is sufficiently large, this proves
(8.32).

We next establish the derivative estimates. The angular restrictions in (6.41) place every coordinate in
a sector having a fixed positive angular distance from the real axis and from the branch cut of the principal
square root. Consequently, there exists a sufficiently small constant ¢ > 0 such that the polydisc obtained by
moving each coordinate by at most 4cR remains in the same half-plane and in a fixed slightly larger sector
on which the square-root branches and the Airy asymptotics are valid.

After decreasing c if necessary, every coordinate modulus and every pairwise difference on this polydisc
remain bounded below by a constant multiple of R. Indeed, the definition of R gives

|tz|a |5a|; |t’L_tj|7 ‘ti_5a|7 |5a_5b| >R

at the center, while moving each coordinate by at most 4cR changes a coordinate modulus by at most 4cR
and a pairwise difference by at most 8cR.

It follows that the zeroth-order estimates proved above hold uniformly throughout this polydisc. In
particular,

O S gV pa—myE = O(RT)

there. These functions are holomorphic on the polydisc. Applying the multivariable Cauchy estimates on
concentric smaller polydiscs therefore gives

DQ;, D, D —evh), D(pa—na§@)=om—1—‘>,

which is (8.34).
We now use (8.18) and (8.19). Recall that

B
7“1‘:(]1'—61'\/5, ’Ua:pa_nag\/sa-

On a smaller concentric polydisc,
Tiy Va, in Za :O(Ril)a
and (8.34) gives
0,9 =0O(R™2),  0,,%,=0(R™?).

Hence
atiin Qz2a riQi = O(R72)7
and, for j # i,
Al Bkl Sl L RPYeeE
ti —t; '
Likewise,

ri+ (2/B)va + Qi+ (2/8)S0 _

ti_sa

O(R™2).

Substitution into (8.18) gives V) = O(R~2). The same estimates applied to (8.19) give V\*) = O(R~2).

This proves (8.33), uniformly on the smaller polydisc.

The functions Vi(t) and Va(s) are holomorphic on that polydisc. A further application of the multivariable
Cauchy estimates therefore yields

DV, DV = O(R™>7"),

which proves (8.35).
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Finally, after collecting the coefficient of each first-order derivative in (8.15) and (8.17), every such
coefficient is a finite sum of terms of the form
1 1 1

Q; by
(2] as tl_tj7 ti—Sa’ Sa—Sb’

multiplied by constants depending only on 3. Each complete coefficient is therefore O(R™!) on the same
polydisc and is holomorphic there. Cauchy’s estimates give the asserted O(R™'~%) bound for all of its
derivatives. O

8.3 Solutions attached to the branch factors
Proposition 8.4. Let C = C(7, D) be the domain (6.41), and let

o=(01,...,0n1m) € {£1}"T™.

There ezist a vector w = w(T,0), independent of the base point z € C, and a constant ¢ > 0, depending only
on n +m, such that, for every z € C and every r > 0, we have z + rw € C and

R(z +rw) = c(R(z) + 1), (8.37)
|arg (—ojwj/2; +rw;)| < %ﬂ, I<jsnt+m, (8.38)
Re [~ojw;\/Z +ra;] = c(R(z) +1)%,  1<j<n+m. (8.39)

Here the square root is the principal square root.

Proof. Choose K > 1, depending only on n + m, sufficiently large, and define

wj = K" exp [iTj (g + Uj%)} , 1<j<n+m. (8.40)

For every j,

™ T
argw; — §Ti‘ < 6
Thus z; and w; belong to the same convex cone appearing in the definition of C, and hence (2 +7rw;)1< j<n+m
remains in that cone for every r > 0.

Moreover,
197

48
Consequently, after taking K sufficiently large,

Rew; > cos( ) Kntmtl=g lw;| < Kntmtl=i

i 19
Rew; — Rew;4q1 = K™tm~7 |:KCOS<487T> —1] >0, 1<j<n+m,
and Rewy4m > 0. It follows that
Re(zj + rwj) — Re(zj41 +rwjp1) > D, 1<j<n+m, Re(zniym +rwnim) > D.

Thus all the inequalities defining C are preserved along the ray, which proves z + rw € C.
We next prove (8.37). Since z; and wj lie in the same cone of opening 7 /6,

|zj + rwj| = ¢(|zj] + rlw;|) = ¢(R(2) —1—7").
For 1 < i < j < n+m, the geometric growth in (8.40) gives

w; —Wwj = wi(l + O(Kﬁl)),
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uniformly in i < j. Increasing K, if necessary, we may therefore assume that

117

larg(w; — wj)| < 51

|wi —w]-| 2 1.

On the other hand, the ordering inequalities defining C give Re(z; — z;) > 0, so the angle between z; — z;
and w; — w; is at most 237/24. Hence

[(zi — 25) + (Wi —wj)| > sin(%) (Izi — 2| + rwi —wj]) = C(R(z) + r).

Taking the minimum over all coordinates and all pairs proves (8.37).

It remains to prove the angular estimate. By z + rw € C,

™
— < 75 arg(z; + rw;)

4 <12

Since the square root is the principal square root, its argument is one-half of the argument of z; + rw;. If

0; = —1, then
T ow

.
arg (—ojw;~/z; +1wj) =75 (§ —6t 53 arg(z; + rwj)) .

If o5 = 41, its principal argument is

—T~(7T—E—1—Ear (z-—i—rw-))
"7 e 2 e T

In either case,
1 2
% < |arg (—ijj\/zj —l—rwj)‘ < %7

which proves (8.38). Consequently,

Re [—ajwjm] > sin(%) lw;l |z + rwj|1/2 > cR(z + rw)1/2 > c(R(z) + 7")1/2,
where we used |w;| > 1 and (8.37). This proves (8.39). O
Proposition 8.5 (Radial block system for the edge problem). Fiz a sign pattern
(e,m) € {£1}" x {£1}™.
Let C be a domain of the form (6.41), fix
z=(t,8)€C, Ry < R(2z) < 2Ry,
and let w be the fized vector provided by Proposition 8.4 for

0= (€1, s €nyMye ey i)

Define
Vzw(A) =2+ (A — Ro)w, A € [Ryp, 00).

Let W be a holomorphic solution of the conjugated edge system (8.12)—(8.13). Let J be the set of square-
free index pairs
(I7A)5 [g{lvvn}v Ag{177m}7

and write

I =T \{(,9)}.
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For (I,A) € J, define the scaled square-free derivatives along vz o by
Ura(h z,w) = A4, 0, W (12.0(\).
Write
U= (U()a U*)a UO = U@,Z = W(’Yz,w(/\))a

where U, collects the components indexed by J*.

Set

2
C:=3X o= 3R§/2.

Then there exist matriz-valued functions
Bol(C;Z,UJ), Blo(C;Z,W), Bll(C§Z7w)7

and a matrix
(¢ z,w)

on the non-empty derivative block. The entries of Bo1, B1o, B11 are uniformly bounded for ¢ > (o, and the
restriction of the square-free derivative system to v, . has the form

diCUO = %BOI(Q ZC,(.«J)U,.<7 (841)
diCU* =T((z,w)Us + %Bw(c; z,w)Up + %BH(C; z,w)U.,. (8.42)

Order the components of U, by increasing total derivative order |I| + |A|. Then I'(¢; z,w) is block lower
triangular. More precisely,

Lir,a),0,8)(C2,w) =0 (8.43)
unless either (I, A) = (J, B), or

JCI, BCA,  1<|J|+|B|l<|I|+|A]

For (I, A) € J*, the corresponding diagonal entry is

I1a(Gzw):= )\1/2 < 226 wivti + (A — Ro)w BZnawn+a\/sa + (A= Ry wn+a> . (8.44)

iel a€A

Moreover, whenever (I, A) # (J, B) and the entry on the left-hand side of (8.43) is nonzero,
T1,4),00,8)(C 2,w)| < C Re L1 a((2z,w) —Typ(¢2,w)] . (8.45)
In particular, there exists cs > 0 such that
Rel14(¢z,w) = ¢s2UI| + BIA]) = ¢s (8.46)
for every (I, A) € J* and every ¢ > (o, after decreasing cs if necessary.

Proof. We prove the statement in three steps.

Step 1: Coefficient estimates along the shifted ray.
By Proposition 8.4, along the shifted ray 7, ., we have

R(vz,w()\)) Z A, Re [—ijj zj+ (A — Ro)wj} > )\1/27 A > Ry

100



Therefore Lemma 8.3 gives, uniformly along the ray,

Qiazaariava = O()‘il)a 6Qu82a = O()‘72)7

and the first-order coefficients in Rgt) and REf’ are O()\’l), whereas the scalar coefficients Vi(t) and Va(s) are
O(A2). More generally, every additional derivative falling on one of these coefficients improves its decay by

one further power of A71.
The conjugated equations give the reduction rules

W = —24;0, W —RVW,
2 W = —2p,0,, W — REIW.

(8.47)
(8.48)

We shall use these identities repeatedly to reduce every repeated derivative back to square-free derivatives.
We also record a comparison that will be used for the principal off-diagonal terms. Let u and v be any

two coordinates along the shifted ray. Since |u|, |v]|, |u —v| Z A, one has

AVl

u =l

< CVal.

Indeed, if |v| < 2|u|, then
AVl

u— vl

< ClWul

because |u —v| 2 A. If |v| > 2|u|, then |u — v| > |v|/2, and hence

Aol _ 2
ju—v| = Vo

where we used |ul, |v] 2 A. The same estimate applies to every pair of ¢- and s-coordinates.

< ClWaul,

Step 2: The radial system in the \-variable.
First,
Uo(A; z,w) = W (72,w(N)).

Since, along the shifted ray,
d n m
a = ; Wiati + (; wnJraasaa

we obtain d )
ﬁUo = Xcm()\;Z’w)U*,
where Cp; is uniformly bounded.

We next derive the equations for the non-empty square-free derivatives. Fix
(I,A)eTJ .

By the chain rule,

d I+ 4]
A= Ty

i=1 a=1
If ¢ ¢ I, then the derivative remains square-free and

1

NIA18,,00, 04, W (120 (V) = TULU(3) -
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Similarly, if a ¢ A, then
1
AII‘—HAIasaatIasAW(/Vz,w()\)) = XUI,AU{a}'

Thus all terms in (8.51) with i € I or a ¢ A belong to the A~!-part of the radial system.
Suppose now that ¢ € I, and write
I' =171\ {i}.

Using (8.47), and observing that d;,,ds, does not act on ¢;, we obtain

T2 01,0, W = NG, 0, (<20i(t + (A = Ro)wi)ay, — R ) W -
=T 2Qi(ti + ()\ - Ro)wi)UI,A - )\|I|+|A|8t1,asA (Rgt)W)7
where all functions are evaluated along the shifted ray. Since

Qz(tz + ()\ — Ro)wi) = €; ti + ()\ — Ro)wi + O()\_l),

the first term on the right-hand side of (8.52), after multiplication by w;, contributes

1
—2¢;wi\/t; + (/\ — Ro)wi Ura+ y O(I)UI,A.

The first term is the ¢;-part of the diagonal entry in (8.44).

We now analyze the terms arising from RZ(-t)

applying the Leibniz rule, a typical term is

. Consider first a first-order summand involving 0;, W. After

A4l (&gll Os 4, (coeﬂﬁcient))@t,2 054,01, W, (8.53)

where
LUL =T, AU A, = A

By Step 1, the differentiated coefficient in (8.53) is
O()\_l_lll‘_‘Al‘).

If j ¢ I, then the derivative acting on W is already square-free. Passing to the corresponding scaled
component gives
AIHAN ==L = Ay = [T2]—[A2| =1 _ -1
Hence this term belongs to the A~!-part of the radial system. The same conclusion holds for a first-order

summand involving 05, W when b ¢ A,.
Suppose instead that j € Io. Then

011, 050,00, W = 8y, ;05,02 W.

Using (8.47), we may either use the leading square-root term in ¢;, use the remainder r;, or continue the

reduction through —R;t)W. If we use the leading square-root term, then the resulting square-free derivative

is 0y, 0s ,. W, and its coefficient in the A-system is bounded by
Iy Ag
A 12| -1 42| _—O‘\/t]‘—F(A—Ro)w_j

(o] + [Az| = [ + [A] = 1= L] = |Ax] < [I] + [A].

ONIHIAl Y =1= 1= A

t; + (A — Ro)w;j

Moreover,
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Thus this is a principal off-diagonal contribution from a strictly lower square-free derivative order. After
the change of variable ¢ = 2)\3/2/3, its coefficient acquires the factor A=*/2. Such a coefficient need not
be uniformly bounded when some coordinates are much larger than the separation scale; it will instead be
controlled by the relative estimate below.

If we use r; rather than the leading square-root part of g;, then r; = O(A1), and the resulting term

belongs to the A\~l-part. If we use —R;t)W, the reduction may continue. At this stage the remaining
square-free derivatives no longer contain ¢;. Consequently, the term ;0; W, as well as the 9 -part of a
pair-interaction operator, cannot create another repeated derivative and therefore terminates the reduction
with a A7 !-term. A scalar term also terminates the reduction and contributes only to the A~'-part. The
only terms that can continue a principal reduction are pair-interaction terms whose first-order derivative
has an index still present among the remaining square-free derivatives. Such a term creates a new repeated
derivative, to which the corresponding reduction rule is applied.

The same discussion applies when the first-order summand involves d,, W. In particular, a principal
reduction chain may pass between the t- and s-variables, but at every step the next repeated index is
already present among the remaining square-free derivatives. Thus no new index can occur in a principal
off-diagonal term. If a principal contribution from Uj; g appears in the equation for Uy 4, then

JCI, BCA,  |J+|B|l<|I|+]Al

This proves the strict block-lower-triangular structure of the principal matrix.

We next prove the relative estimate for the principal off-diagonal entries. It is enough to consider a chain
beginning with the radial ¢;-derivative; the argument for a chain beginning with an s,-derivative is identical.
Fix ¢ € I, and retain the notation I’ = I'\ {i}. Consider first the pair-interaction term in (8.53) involving

- jelr.

If no derivative falls on its coefficient, then this term produces, up to a fixed constant,

1
ti —tj + (A = Ro)(wi — wj)

wAIFIA] O, 5SA3t2jW

\{i}

Using the leading square-root part of the reduction of ijW, and then passing to the (-variable, gives a
contribution to Up 4 bounded by

»m‘@+g—mwj ol WMQ+Q—%wj

[t =t O Ro)lwi—wp)l WPt~ + O\~ Ro)(wi —wy)|

Clw;]

By (8.49), this is bounded by

|

t; + ()\ — Ro)wi
2\L/2 '

Thus the square-root factor associated with the terminal repeated index has been transferred to the initial
index 7, which is deleted from the final square-free pair.

The same mechanism applies to an arbitrary principal reduction chain. Every additional pair-interaction
step contributes one shifted difference denominator and one compensating factor of A coming from the scaled
square-free derivatives. Starting from the square-root factor produced at the last reduction and applying
(8.49) successively, in the reverse order of the interaction chain, transfers that square-root factor back across
all the interaction denominators. Therefore every principal chain beginning with the radial ¢;-derivative is
bounded, in the (-system, by

|

ti + ()\ - Ro)wi
2\L/2 !
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Likewise, every principal chain beginning with the radial s,-derivative is bounded by

|wn+a

\/sa (A = Ro)wn+a
2\L/2 :

Derivatives falling on a pair-interaction coefficient do not change this conclusion. They produce additional
inverse powers of the corresponding shifted difference. After passage to the scaled derivatives, each such
additional inverse difference is accompanied by one additional factor of A\. By Proposition 8.4, every shifted
difference is bounded below by a constant multiple of A, so these additional factors are uniformly bounded.
They only change the constant in the preceding estimates.

Since there are only finitely many reduction chains, we conclude that a principal contribution from Uj g
to the equation for Us 4 is bounded by

\wi| ti + (/\ — Ro)wi \wn+a| \/Sa A Ro)wn+a
c )\1/2 + Z )\1/2 '
1€INJ ac€A\B

By the angular estimate (8.39) in Proposition 8.4,
\wi| t; + ()\ — Ro)w

| 1V/5a + (A — Ro)wnta

< CRe [ ewiv/ti + (A — RO)wi:| )

< CRe [ awn+a\/sa A= Ro)wnﬂ} .

|wn+a
All real parts in these displays are nonnegative. Since

I'ra(Cz,w)—Typ(Gzw)

m -2 Z €;W; \/ 7 A RO ﬁ Z nawn+a\/5a )\ RO)Wn+a )

ieI\J acA\B

the preceding estimate yields

L(1,4),0,8)(( 2z,w)| < CRe[T,a(¢ z,w) — Ty p(( 2, w)] .

This proves the relative estimate for the terms arising from the t;-equations. The proof for the s,-equations
is identical.

For completeness, we collect the remaining terms. If a first-order summand does not create a repeated
derivative, then the preceding scaling calculation shows that it contributes O(A™1). If a reduction uses one
of the remainders 7; or v,, then it again contributes O(A71). A scalar coefficient is O(A72); if |I1| + |A1]
derivatives fall on it, then its contribution after passage to scaled square-free derivatives is bounded by

ATIHIAL =211 = Ay (A= 1= [T [ Ad]) — -1

The terms involving ©;0;, or ¥,0s, also terminate the reduction and belong to the A~ l-part, because the
remaining square-free derivatives do not contain the currently repeated index. Thus every term which is not
part of a principal pair-interaction chain terminating through a leading square-root term is included in the
matrices Cig and C11.

The case a € A is now identical. Writing A’ := A\{a}, and using (8.48), the leading diagonal contribution
is

_ﬂnawn+a \/Sa )\ RO)Wn+a UI A

up to a term of the form A=* O(1)U; 4. The remaining principal terms satisfy the same strict-inclusion and
relative estimates, and all other terms belong to the A~!-part.
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Collecting all contributions in (8.51), we obtain

d 1

7d)\UO = XC(H()\;Z,W)U*, (854)
d 1/2 1 1

aU* =A F(C, z,w)U* + XCw(A; Z,uJ)U() + XCM(A; z,w)U*, (855)

where the entries of Cy,Cio,Cy;1 are uniformly bounded. Under the ordering by increasing |I| + |A], the
matrix I' is block lower triangular, its diagonal entries are given by (8.44), and its off-diagonal entries satisfy
(8.45). Notice also that a principal reduction always leaves at least one derivative. Hence no principal term
couples Uy into U,; all couplings from Uy into U, are contained in A™'C1oUy.

Step 8: Change of variable and the diagonal spectral gap.
Since

¢ a’ 3¢

applying A=1/2d/d\ to (8.54) (8.55) gives (8.41)—(8.42). The constant factor 2/3 is absorbed into By;, Bio, Bi1.
The triangularity property (8.43) is unchanged by this change of variable.
Finally, Proposition 8.4 gives

C: %)\3/27 i _ A—l/Qi )\—3/2 _ 1

Re [—eiwi ti+ (A — Ro)w,} > csAY?, Re [—nawmra\/sa + (A= Ro)wnaa| = csAY/2.
Substituting these estimates into the diagonal formula (8.44) gives
Rel'14(¢ 2, w) = cs(2[1] + BJA]).

Since (I, A) # (@, @), the right-hand side is bounded below by a positive constant after decreasing cs. This
proves (8.46). O

Proof of the second statement in Theorem 6.5. Fix a sign pattern (e,n), and let w be the fixed vector from
Proposition 8.4, with

0'2(61,-~-a€m771,~--777m)~

We use this same vector at every point of C. Fix first z € C, set Ry := R(z), consider

’Yz,w(>\) =z + ()\ - R(])(.«J7 A 2 RO.

and set 5 5
= 2 )\3/2 =SR2,
C 3 ) CO 3 0
Along this ray, Proposition 8.5 gives
iU = 1B (¢ z,w)U. (8.56)
d< 0 C 01\§;s <, % .
d 1 1
d—CU* =T(¢ z,w)U, + EBlO(C; z,w)Up + EBM(C; z,w)U,. (8.57)

After increasing M if necessary, we may assume that
HBol(C,Z,W)H + ||BIO(<a Z,UJ)” + ||Bll(<-7zaw)|| < Ma C = C07

and that the constant in (8.45) is at most M. Recall that T is block lower triangular under the ordering by
increasing |I| + |A|. Its entries need not be uniformly bounded when some coordinates are much larger than
the separation scale; the relative estimate (8.45) is used instead.

Step 1: Exponential decay of the principal backward evolution.
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For £ > ¢, let £((,&; z,w) be the backward evolution generated by the full triangular matrix ', namely

0cE(C, & 2z,w) =T(¢ 2,w)E((, & 2,w), £ & zw) =1, (8.58)

By (8.46), the backward evolution generated by the diagonal part of ' satisfies

€
exp (—/ diag T'(u; 2, w) du)
¢

By (8.43), every off-diagonal factor strictly increases the total derivative order from its column to its row.
Therefore, as in the bulk expansion (7.58), the variation-of-constants expansion terminates after at most
n +m — 1 off-diagonal factors.

We estimate the terms in this finite expansion. Consider a strictly increasing chain of non-empty square-
free pairs, with 1 <r <n+m—1,

L e =0, (8.59)

(o, Ao) € (I1,41) € --- € (I, Ar),

and transition times £ > 7 > --- > 7. > (. The diagonal factors appearing in the term associated with this
chain are

13 — Tj Tr
exp <—/ Ty, a0 (u; 2, w) ) 11 Xp< / L'y, 4, (U;z7w)dU> exp (—/ Fzr,A%(U;z,w)du) :
1 =1 Ti+1 ¢

Taking absolute values and using the telescoping identity, we obtain

exp< / ReTy,, 4, (u; 2, w du) Hexp< / Re [Ty, 4, (u;z,w) =Ty 4, (u; 2, w)] du) )

Jj=1 <
By (8.45), the off-diagonal factor at 7; is bounded by
M Re [F1j7Aj(Tj;z,w) L pa (Tj;z,w)] .

The real part in the last display is nonnegative by the angular estimate proved in Proposition 8.4 and the
diagonal formula (8.44). Hence, after dropping the ordering restriction on the transition times, the absolute
value of the integral associated with the chain is bounded by

exp( / ReT'p, 4, (u; 2, w) du) H/ Re [Ty, 4,(T5z,w) = Tp, 4, (15 2,w)]

X exp (—/ Re [Ty, 4, (u;z,w) =Ty a,, (u; 2, w)] du) dr.
¢

Each integral in the product is at most 1. Indeed, since the real part in question is nonnegative, for every
j=1....7

13
/ Re [FIijj (132, w) — 1 PR P (r; 2, w)]
¢
X exp (—/ Re [FIJ.,AJ-(U;ZW-’) Ty a4, 1(u§zv"")] d“) dr
¢

3
=1—exp <_/< Re [Ty, 4, (u;z,w) =Ty, a,, (U5 2, w)] du) < 1.
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Moreover, (8.46) gives
3
exp <—/ ReT'r, 4, (u; 2, w) du) L e w69,
¢

There are only finitely many strictly increasing chains of square-free pairs. Summing the preceding bounds
and enlarging C, we obtain

IE(C, & z,w)|| < Cem™EO €3¢ > (. (8.60)

Thus the full principal backward evolution has uniform exponential decay.

Step 2: Reduction to a Volterra equation.
We impose the normalization

Uo(¢) — 1, U.(¢) = 0, ¢ — oo.

Integrating (8.56) from ¢ to infinity gives

Us(Q) =1+ (KU)(Q),  (KU)(Q) = - /C T 1 Bulg 20 de. (5.61)
Substituting this into (8.57) and using variation of constants with the full triangular propagator & gives
U, = T(U.), (8.62)
where
T0I0 = = [ e & [Bulinw) (1 +KU.€) + Bules @] s (69

Step 8: The fixed-point space and the basic estimates.
Let B, be the Banach space of continuous functions

U, : [Co,00) — CI771
with norm

U5, = sup (| U(C)]l2-
¢=Co

If U, € B,, then by (8.61),
SAGIE = u
(KU (0] < /4 Sl ag < o ||Bz/C €24 = U,

Hence o
|(KU)(Q)] < ZIIU*IIBz- (8.64)

Using (8.60), (8.63), and (8.64), we have

NTUON < MC [ 18 & = W)l (1-+ 10011 + 10Ol de

<oMC [ e (¢t U e g ) e
¢

< Co+ CiG UL 5. -
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Therefore
[TU.|IB. < Co+ Ci¢g U], - (8.65)

Similarly, for U,,V, € B,

(KU.)(Q) — (KV)(0)] < %IIU* Vs,

Hence
o 1
TV = TVl < MC /C (.6 =)l ¢ (1(KU(E) - (KV2)(©)] + IU(€) ~ Va(€)ll2) de
< CMC / e g2 ag UL — Vi,
¢
< CoGy M|UL = Vi 5. -
Thus

|TU. = TVills. < Coly U — Valls.- (8.66)

Step 4: Existence, asymptotics, and raywise uniqueness.

If Ry, equivalently (p, is sufficiently large, then C'QC()_l < 1, so by (8.66) T is a contraction on B,. Hence
(8.62) admits a unique fixed point U, € B,. Defining Uy by (8.61), we obtain a unique solution (Uy, U,) of
(8.56)—(8.57) satisfying

Uo(¢) =1,  U«()—0, (- oo

Moreover, (8.64) and (8.65) imply

Uo(()=1+0(¢™),  UO)=0("", (= (8.67)

Now define
W(Z) = U()<<0)

Since (o = 2Rg/2/37 we have
W(z)=1+0(¢") =1+ O(R(z)*3).
For every (I, A) € J*, (8.67) also gives

Ur.a(Co) = O(R(z)%/?).

At this stage these are estimates for the components of the constructed square-free jet. In Step 5 we verify
that this jet is horizontal for the full flat system; its components are then identified with the square-free
derivatives of W, yielding the desired derivative estimates.

The same argument applied to the difference of two normalized solutions has no constant term in (8.61).
Therefore the corresponding Volterra map is a strict contraction with zero forcing, and the difference vanishes.
This proves uniqueness along every admissible shifted ray.

Step 5: Holomorphic dependence and gluing on C.
Fix zy € C. Choose a fixed number Ry > 0, and shrink to a sufficiently small neighborhood 4 C C of 2,
so that
Ry < R(Z) < 2Ry, z €Ml

For every z € 4, use the rays
Z—l—()\—Ro)w, A > Rp.

The separation and phase estimates of Proposition 8.4 hold uniformly on this family of rays. Since both
Ry and w are fixed on 4, all coefficients of the Volterra equation depend holomorphically on z, and its
contraction estimate is uniform. Hence the normalized fixed point depends holomorphically on z.
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We have so far solved the first-order system only in the radial direction. To check the remaining co-
ordinate directions, fix one coordinate and compare two ways of differentiating the constructed square-free
jet: differentiation with respect to the base point, and the corresponding coordinate equation of the full
square-free first-order system. Their difference satisfies the homogeneous radial system by flatness. The
estimates above hold uniformly for nearby base points, so this difference has zero normalization at infinity.
Raywise uniqueness forces it to vanish. Thus the constructed jet is a holomorphic horizontal section of the

full flat system. Its empty component is a holomorphic solution We(if,) of the conjugated edge system, and
WS =1+ 0(R™2), 9,05, W) = O(R7II=14I73/2),

The local solutions agree on overlaps. Indeed, all neighborhoods use the same vector w. At a point
z € 4 NY, undo the radial scaling and write both constructions on the same geometric ray z + rw, r > 0.
They solve the same radial system and have the same normalization at infinity. Raywise uniqueness therefore
gives

We(ii]) = WE()Q,],) on UNY.
The local solutions glue to a holomorphic function We 5 on all of C. Setting
Feni=PcqnWey
gives a holomorphic solution of the original edge system satisfying (6.43)—(6.44).

Step 6: Linear independence.
For a square-free pair (I, A), the Airy asymptotics, the explicit logarithmic derivatives of ® ,, and
(6.43)—(6.44) give, uniformly on C,

(H vl 2\/?> O 104,08, Fey = [[ & [] na +O(D772). (8.68)

i€l ac€A i€l a€A

The leading matrix in (8.68), with rows indexed by (I, A) and columns indexed by (€,n), is the character

table
(H €; H 77a>
i€l  acA (I,A),(em)

of {#1}*™ Tt is invertible. Increasing D, if necessary, the exact normalized jet matrix is also invertible.
Therefore the 27T solutions are linearly independent. O

A Airy functions

We recall some standard facts about the Airy function Ai. For real z, it is given by the conditionally
convergent integral

1 r 3
Ai(z) = — Rlim cos (3 + a:t) dt.
T R—o0 Jg

The function Ai extends to an entire function on C, and it solves the Airy equation
A" (w) — w Ai(w) = 0. (A.1)
It is characterized by the decay condition
Ai(w) =0 as w — +00
along the positive real axis. All zeros of Ai are real and negative; we write them as

O0>a; >ay>ag3>---.
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It is known that the Airy zeros satisfy a; ~ — (3mwi/ 2)2/ 3 More precisely, for every i € N, see for example [32,

eqs. (9.9.6) and (9.9.18)],
! 2

We refer to [32, Chapter 9] for further background on Airy functions.

<3, (A.2)

~

A.1 Nevanlinna representation

The logarithmic derivative
Ai'(w)
Ai(w)

is a particle-generated Nevanlinna function. Its associated configuration is the Airy-zero configuration
oo
FAi = Z 5% .
i=1
More precisely, one has the partial fraction expansion

Af(w) <~ (1 1\ A{'(0)
Ai(w) 2 (ai —w a) INOR (A3)

i=1

We shall also use the square-root asymptotic

’ Al (w)
Ai(w)

V] % fol (A.4)

valid for |w| sufficiently large and

largw| < 7 — |w| /7.

The estimates (A.3) and (A.4) are proved in [55, Appendix A.1].

A.2 Asymptotics for Ai
We recall the standard Airy asymptotic

1 2
Ai(w) = 2\—ﬁw—l/‘* exp (—3w3/2) (1 v 05(|w|_3/2)) . Jw| = oo, (A.5)
uniformly for |argw| < m — §, see [32, Section 9.7(iv)] and [72, Appendix B]. Here and below, fractional
powers such as \/w, w32, and w—1/* are taken with the principal branch on C \ Reg.

Let

w = e~ 2m/3,

If o® = 1, then Ai(az) also solves the Airy equation (A.1). In particular,
iw Ai(wz), —iw? Ai(w?z)
are also solutions of (A.1).
Moreover, in the upper half-plane 0 < arg z < 7, the solution iw Ai(wz) has the pure ¢2*"*/3 asymptotic

iwAi(wz) = #271/4 exp (323/2> (1 + O(|z|73/2)) ) |z| = oo. (A.6)
T

225/2

Similarly, in the lower half-plane —m < arg z < 0, —iw? Ai(w?z) has the pure e /3 asymptotic

2
—iw? Ai(w?z) = 2~ V4exp (32’3/2) (1 + O(|z|_3/2)) , |z] = oo. (A7)

1
SN
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B Loop equations of S-ensembles

Here we recall the notation, estimates, and loop equations for the S-ensemble from [19]. We use the notation
introduced in Section 3.3. As in [19, Section 2.1], my satisfies the fixed-point equation

my (2)? 4+ V'(2)my(2) + h(z) = 0, (B.1)
where

Moreover,
2my (2) + V'(2) = 2r(2)Vz — AVz — B, (B.2)
with the usual branch choice. In particular, at the right edge,
2mp +V'(B) = 0. (B.3)

We denote the empirical Stieltjes transform as

1 N
N;AJ

Proposition B.1 (Loop equation [19, Proposition A.3]). For anyp > 1 and z,22,23,...,2, € C\ R,

, 1(2 ) 1SV () £

E <5N(z) ty (3 — 1) sy (z) + v ; )\k(_k2>> i_l_[zsN(zi)]
» on(z) (B.4)

+WE ;azj z—zj _— gsN(zi) =0

1#]
Introduce

N / —V'(z

Pu(2) = sy (2)2 + V' (2)sn () + h(z), An(z) = % 3 % ~ (). (B.5)
k=1
Then (B.4) becomes

7 (B.6)

Proposition B.2 ( [19, Lemma 2.1 and Proposition 3.5]). For any compact set K C C, there exists C > 0

such that for any q > 1,

E[|An(2)] < (?ng)jq.

Moreover, there exist ng > 0 and C' > 0 such that for any ¢ > 1, any z = E +in with 0 < n < ny and
A—mno<E< B+,

(B.7)

(Cq)?/? L (Co
(Nm)a — (Nm)a~

E[lsn(2) —my(2)]7] < (B.8)
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B.1 Bulk loop equations for $-ensembles
Proof of Proposition 3.6. Set

w ’LU]‘

z=FE+ z;=FE+

(B.9)

Nrmog’ Nmop

By linearity of the loop equation, we may replace [[%_,sn(2;) by [I}_y(sn(2;) + V'(E)/2). Starting from
the loop equation in the form (B.6), we therefore get

E <PN(Z) + % (; — 1> azﬁN(Z) + AN(Z)) H <5N(Zj) + V/;E)>
+ ﬁﬂi Z;azjw ]:[2 <5N(zi) + V/;E)> = 0. (B.10)
- i£]
We recall from (3.15)
sn(z) + VI;E> =7opsn(w). (B.11)

We divide (B.10) by (mog)P*2. First consider the derivative term. Using the relation (B.9) and (B.11)

we have
1 1 1

811}51\/'(11)) = @NW@E azsN(Z) = Wazﬁj\[(,?})
Therefore . 1 /9 23
o (5 71) 2o = 25 om0

Next consider the second loop term. Using the relation (B.9) and (B.11), we get

sn(z) —sn(z) _ N(ron)’ sn(w) — sn(wj)

We further notice that 0., = Nmog 0y, and it follows

1 5N<Z)—5N<Z‘)
—p, N\E) T eNLE) 39, SN\W) = SN{W;)
N2~ z— 2z (mer) I w — wj

After division by (mog)P*?, and using (B.11)

H (5N(Zi) + V/éE)) = (mop)"! HSN(U%),
i# =y

the second loop term becomes exactly

sy(w) — sy (wy) ﬁ s ().

w — Wy

Ow,
=2
t#j
It remains to identify the leading part of Py(z). Recall from (B.5)

Py (2) = sn(2)2 + V/'(2)sn(2) + h(2).
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Using (B.11), we have

VI(E)? 1
Py(2) = (mop)?sn(w)? + (V/(2) = V/(E))mopsn(w) + h(2) + (4 ) §V’(Z)V’(E). (B.12)
At the bulk point F, the boundary value of my, satisfies
1
my (E +10) = —§V’(E) +imoE. (B.13)

Using the fixed point equation (B.1)
my (2)* + V'(2)my(2) + h(z) =0
at E + i0, together with (B.13), we obtain

_ V/(E)Q
= T

2

h(E) + 12 0%.

Since V and h are analytic near E, and |z — E| = Og(1/N), we have uniformly for w € K,
V'(z) = V'(E) = Og(N71), h(z) — h(E) = Ox(N~1h).

Thus (B.12) gives
Py(z) = (mop)*(sn(w)? + 1) + Ox (N7 (1 + [sn(w)]).

Equivalently,
Py (z)

Trop)? — sn(w)2 + 1+ O (N7 (1 + |sn(w)]). (B.14)

We now record the moment bounds needed to absorb the error terms. The local law (B.8) gives, for every
fixed ¢ > 1,

sup E[|sn(w)]?] < Cy k- (B.15)
weK

For points in the lower half-plane, this follows by conjugation. Using (2.2) and (2.4), the derivative terms
have uniformly bounded moments as well. For K C C\ R,

D) < Ciclan ()l |0, D= < Oy )] + o ().

Finally, the An-term is negligible. In fact (B.7), (B.15) and Holder’s inequality gives,

sup E ig}gg H sn(w;) || =O(N™) = on(1).
j=2

w,w27...,wp€K (

Substituting (B.14) into the scaled form of (B.10), and using the preceding moment bounds, we obtain

2-p 2 a 2 Inm s, sn(w) —sn(w;)
B | (25  0usw(w) + sy (wf +1) [Lowtn)| + 58 (300, M= [ ()| =on(h),
! ’ i
uniformly for w, ws, ws, ..., w, € K. This is (1.4). O
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B.2 Edge loop equations for $-ensembles
Proof of Proposition 3.7. We write

z=B+yN"2y, z; = B +yN /3y,
First we record the deterministic edge expansion of my. We recall from (B.2) and (B.3)
2my (2) + V'(2) = 2r(2)vVz — AVz— B, 2mp+V'(B) = 0.
We have, uniformly for w € K,
my (B +yN~"23w) —mp = r(B)VB — Ay"2N713/w + O (N~/3).
The branch of \/w is the principal branch. By the definition of v in (3.17),
V2 (B)WB - A=1,

and therefore
N2 (my (B4 AN 2%0) —mpg ) = Vi + O (N~3). (B.16)

Consequently, we can rewrite (3.18) as

sn(w) = yN'? (sn(B+ N2 w) = mp),

(B.17)
sw(w) = Vi =N (EN(B +yN"2Bw) —my (B + vN‘Z/?’w)) +Og(NV3).
By the local law (B.8), for every fixed ¢ > 1
sup E HSN(w)Iq] < C1q,K- (B18)

weK

We now apply the loop equation. By linearity, (B.6) remains valid when H?: , 5n(2;) is replaced by the
centered product []}_, (sn(z;) —mgp). Thus,

E (PN(Z)-F;](;— >(9Z5N +AN >H SN Z] )
j=2
+ WE z:; ,Z:zj,(zj) g(ﬁN(zi) — mB) =0. (B.19)
i#]

Substituting z = B + yN~2/3w and z; = B + yN~2/3w;, and multiplying (B.19) by (yN/3)"** we

obtain

E (72N2/3PN(z)+ <;—1> dwsn(w) +V2N3AN(2) >H3N wj)

) p
+3E Zawj—sN( N HsN (wi)| =0. (B-20)
=2
l#]

Indeed, by (B.17)
’)/2N2/3

awSN(’LU) = ’72N_1/38Z5N(Z) = T6Z5N(Z)a
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and the same change of variables gives the second derivative term in (B.20).
It remains to identify the leading part of v2N?/3Py(z). We recall from (B.5) and (B.17)

Pr(2) = sn(2)? + V/(2)sn(2) + h(2), sn(z) =mp + i;vv(f‘/’g
then
VN2BPy(2) = sy (w)? + yNY3(2mp + V'(2)) sy (w) + ¥*N?/3(m% + V' (2)mp + h(2)). (B.21)
By (B.3),

2mp 4+ V'(2) = V(B +~yN~?3w) = V'(B) = Ox (N~%/3),
and hence the middle term in (B.21) is negligible,
YNY3(2mp +V'(2)) = O (N7V/3). (B.22)
For the final term in (B.21), use the fixed point equation for my in (B.1):
my (2)> + V'(2)my (2) + h(z) = 0.
Subtracting the expression at mp gives
my + V'(z)mp + h(z) = —(2mp + V'(2)) (mv () — mp) — (my (2) — mB)z.
Therefore, using (B.16) and (B.22),
VN3 (m% + V' (2)mp + h(z)) = —w + O (N/3). (B.23)
Combining (B.21), (B.22), and (B.23), we have
V2N?3Py(2) = sn(w)? — w + O (N3 (1 + sy (w))). (B.24)

Using (2.2) and (2.4), the derivative terms have uniformly bounded moments as well. For any compact
set K C C\R,

sy(w) — sy (w;
usn ()] < Crclon(@)l, |0, 20N 0 oy ()] + o ().
j
Together with (B.18) and Hoélder’s inequality, this gives uniform moment bounds for all random variables
appearing in (B.20).
Finally, the Apy-term is negligible. From (B.7),

(Cq)*
N2g ’

E [[An(2)*1] <

uniformly for z = B + yN~2/3w, w € K. Hence, by Holder’s inequality and (B.18),

sup E 72N2/3AN(Z)H5N(wj) = O(N~3) =opn(1).

w,Wa,...,wp EK j=2

Substituting (B.24) into (B.20), and using the preceding moment bounds, we obtain, uniformly for
w, Wa, W3 . .., Wy € K,

| (25  0uswtw) + sy ()~ w) T swtwp)| + 3 | 3 00, 0= T fwn)| =on)
=2 B

This is (3.19). O

=2
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C Proof of the edge local law

In this section, we prove Proposition 3.4. The proof is parallel to the bulk case. The main difference from

the bulk case is that the edge loop equation is centered around the algebraic relation s(w)? = w, rather than

s(w)? = —1. Thus the natural quantity to estimate is

and one must use a stability estimate to convert moment bounds on P(w) into bounds on s(w) — /w.

C.1 Proof of Equation (3.8) and Equation (3.9)

We start with a deterministic stability estimate.
Lemma C.1. Let

P(w) := s(w)? —w. (C.1)
Then, with the principal branch of \/w,

min{|s(w) — v, |s(w) + v} < % A P(w)[2. (C2)

Proof. Since

we have

max{|s(w) — V|, [s(w) +Vawl} > 5 |(s(w) + Vo) = (s(w) — V)| = Vw| = V]ul.

N —

This gives
[P (w)]

min{|s(w) — Vaol, [s(w) + Val} <

5

The second bound follows from

min{|s(w) — vwl, |s(w) + vwl} < \/\S(w) —Vwl[s(w) + V| = |P(w)['/2.

O

Proof of (3.8) and (3.9). Throughout the proof, C' denotes a constant depending only on 3, whose value
may change from line to line. Recall P(w) from (C.1). By the edge loop equation, exactly as in the bulk
case, we have

E[|P(w)]*] < (:2(]) E [Im[s(w)]?|s(w)|?], w=FE+in. (C.3)

We first derive a general moment bound for P(w). Since s is a Nevanlinna function, Im[s(w)] > 0, and
hence Im[s(w)] < |s(w)|. Therefore,

Bl < () Blls)P). ©
Using s(w)? = w + P(w), we get
|s(w)[* = Jw + P(w)|? < C(|w|” + [P(w)|7). (C.5)
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Thus (C.4) and (C.5) together imply
Cq\* Cq\* Cq\* Cq\*
Bl < (S tul+ (S 2P < (52) i+ (52) Elpwip

Solving the above quadratic inequality yields

E[|P(w) ] < <j‘1) +(58) e (c6)

We now prove (3.8). Since Im[s(w)] > 0, we have
|s(w) + Vw| = Im[s(w) + vw] > Im[v/w].

Consequently,

[s(w) = V| < [s(w) + Vwl + 2[vVw| < CIn\l/[Elﬂ [s(w) + Vw.

Therefore the stability estimate (C.2) gives,

[P (w)]

Vvl

Im[/w] m[y/w]

If |w| > q/n?, then by (C.7) and (C.6),

s6w) — vl < CY L i) — v, |s<w>+ﬁu\}<clm ( A|P<w>1/2>. (1)

4

ElPw)] < (m[y/aw]) 2

(Im[y/w])

If |w| < ¢/n?, then again by (C.7) and (C.6),

E[|s(w) — va*1] <

() () o < 2 it

|w]?

(Im[/a] )%

wit_[(Ca\" (Ca\"* a2 wl*__ (Cq)?
< Tl va) Kn) () ]< Talva)? 7
This proves (3.8).

It remains to prove (3.9). Assume w = E + iy and E > 7. Then |w| = E. Moreover,
|Im [s(w) = V]| < |s(w) — Vawl.
Since Im[s(w)] > 0 and Im[/w] > 0, we also have
[T [s(u0) — /0] | = | Tn{s(a0)] — Tmfy/a]] < Tanfs(w)] + T[] = Ton [s(w) + V0] < |s(w) + V.

Hence, with

E[Js(w) — va*!] < €1 E[|P(w)|7] < C1

d(w) = min{|s(w) — Vwl, [s(w) + vwl}, (C.8)
we have
IIm [s(w) — vw]| < §(w). (C.9)

By Lemma C.1,
PO

|w]

I [s(w) — V] <

(C.10)
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We next derive a moment bound for P(w) adapted to the regime FE > 7. In this case,

lVw| < CVE,  Im[yau] < c%. (C.11)

Using (C.8), (C.9) and (C.11), we get

Im[s(w)] < Im[vw] + 6(w) < C +8(w), |s(w)| < |[Vw|+ d(w) < CVE + §(w),

=

because s(w) is within distance §(w) of either /w or —/w. Therefore,

Tm(s(w)]|s(w)| < C <\/”E + (5(w)> (\/E + 5(w)> < C(n+ VEd(w) + d(w)?).
By Lemma C.1 and |w| < E,
VES(w) < CIP(w)|,  §(w)® < [P(w)|.

Thus
Im[s(w)]|s(w)| < C(n +|P(w)]). (C.12)

Raising (C.12) to the g-th power gives
Im[s(w)]?|s(w)|? < C?(n? + [P(w)|?).
Substituting this into (C.3), we obtain
Cq\*? Cq\*?
Bl < (S2) r+Bpwi < (S (o + Bip@i) ).

Solving this quadratic inequality yields

E[|P(w)[*1] < i + oy (C.13)
Finally, using |w| < E, (C.10), and (C.13), we get
2] _ C (Cq)?  (Cq)*
E [‘Im [s(w) = V]| q} S EE“P(M)'%] s niE1 - nlapa
This proves (3.9). O

C.2 Proof of Equation (3.10)

Lemma C.2 (Edge counting estimate). Adopt Assumption 1.10. There ezists an almost surely finite random

variable M > 2 such that, almost surely,
X g ]\47 (014)

and, for every a > 2,

2
#{xeP: —aéxéM}—g—a‘?’ﬂ < M(loga)®. (C.15)
T
Proof of (C.14). We first prove that there exists an almost surely finite random integer M such that

Im[s(E +1)] < E>M-1, EcZ. (C.16)

)

A~
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Fix ¢ = 2. By (3.9), with n = 1, for all sufficiently large integers F,

C

4
E Ulm {S(E—H) - E—HH } < o5 (C.17)
Here we used that the assumptions of (3.9) are satisfied for n = 1, ¢ = 2, and all sufficiently large E.

Moreover, for all sufficiently large F,

VAN
| =

. 1
Im[VE +i] < ﬁ

Therefore,

{Im[s(EH)} > i} c {’Im [s(B+1) — VE+i]

-
S

4 C
|<&

By Markov’s inequality and (C.17),

P (Im[s(E i) > i) <8'E Ulm [S(E F)-VET i]

Consequently,
o0

>P (Im[s(E +i)] > i) < 0.

E=1

By the Borel-Cantelli lemma, almost surely only finitely many of the events
. 1
{Im[S(E-i-l)] > 4}, EEZZD

occur. Thus there exists an almost surely finite random integer M such that (C.16) holds.

We now show that this implies boundedness of the top particle. Suppose, for contradiction, that there
exists a particle x € P with x > M. Choose an integer E > M — 1 such that z € [E, E + 1]. Evaluating at
z = F 41, the contribution of this single particle gives

. 1 1
Ims(E +i)] =c+ Y TR LS el ey oo

yeP

DN | =

since ¢ > 0 and 0 <  — E < 1. This contradicts (C.16). Therefore no particle can lie in [M, 00), and hence
X g M.
After enlarging M, we may also assume M > 2. This proves (C.14). O

Proof of (C.15). The edge concentration estimates (3.8) and (3.9), together with the net argument, imply
that, almost surely, after possibly enlarging M, for every dyadic scale 2™,

M ) )
s(z+iy) — Vo +iy < —, 2"<y<2, —2"<z<y,
4 (C.18)
Mn ’
Tmfs(a+iy) — Vo T 9]l <, 0<y<2", Ja| <2

This is the edge analogue of the almost-sure rectangle bound in the bulk case Lemma 3.9, and can be proven
in the same way. So we omit its proof.
Fix a > 2, and choose n such that
2"t a2
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Choose a smooth nonnegative function f; such that
f+=1 on [—a, M], f+ =0 outside [—a —a" 12 M +1],

with
AR filSa

on the interval [—a — a~'/2, —a], and
PR VFPSy!

on the interval [M, M + 1].
Similarly, choose a smooth nonnegative function f_ such that

fo=1 on[—a+a 2 M—-1], f- =0 outside [—a, M],

with
If1] < a2, 1 Sa

on the interval [—a, —a + a~'/?], and
PRSPy

on the interval [M — 1, M]. In particular,
J- <1 am < [+

We claim that for either f = f or f = f_,

1 /0
Z flx) — f/ f(x)y/—xdx| < CMn?. (C.19)
zeP T J—o0
We now prove (C.19). Let x € C°(R) satisfy
x=1 on[—a,a], x =0 outside [-a—1,a+ 1], X' <1,

and set

fla+1iy) .= (f(@) +iyf'(2)x(y)-
We apply Lemma 3.11 with

50(2) = Vz, o(z) = 1.<o0.

For the f”-term near the fixed endpoint M, we split the y-integral at n = M + 1. For the f”-term near the
moving endpoint —a, we split the y-integral at n = a~/2. Using (C.18) as input, Lemma 3.11 gives (C.19).
Now apply (C.19) to fy. Since fi = 1i_q 1,

#{mGP:fagng}<Zf+(x).
zeP

Moreover,

0
%[ fol@)W=zdr = %a3/2+0(1),

because the smoothing interval near —a has length a=/2, and hence its contribution to the reference integral
is O(1). Therefore

2
#{reP:—a<ax< M} < 3—a3/2+CMn2+O(1).
T

120



Similarly, applying (C.19) to f_, and using f_ < 1{_q a1, gives
2
#lreP:—a<s<M}> 3—a3/2 — CMn? - 0O(1).
b
Since n < log a, after enlarging M once more we obtain

2
#areP:—a<e< M} - 3—7Ta3/2 < M(loga)?. (C.20)

This proves (C.15). O

Proof of (3.10). Since
#lreP:—a<z< M} — o0 as a — 0o,

the poles may be enumerated in decreasing order as
T1 2 X2 2x32 ", Tj —> —00.
The estimate (3.10) then follows by rearranging the counting estimate (C.15). O

C.3 Proof of Equation (3.11)
Proof of (3.11). We recall from (A.2),

3
< imYs, (C.21)

Combining (3.10) with (C.21), we obtain

(log(2 + 1)) ,
Moreover,
lzi| <23, =3, P> (C.23)

We first prove that the right-hand side of (3.11) is well-defined. Let w lie in a compact subset of C \ R.
Then, for i large enough, |z; — w| < i%/3, |a;| < i*/3. Hence

<Cw< 1 (log(2+i))2>.

74/3 i5/3

1 1

e —xitw

Tr; —w a; (1‘1 — w)ai

The right-hand side is summable in ¢. Thus the series in (3.11) converges absolutely and locally uniformly

on C\ R. Define
- 1 1 Ai'(0)
s(w) '_Z(Lﬂi—w _ai) _T(O).

=1

We compare s with the Airy Nevanlinna function. Recall the standard partial fraction expansion (A.3):

Aw) ( ! 1) _ A (C.24)

Therefore

_ Al (w) & 1 1
$(w) + i) — Z (xi i w) . (C.25)



We claim that the right-hand side tends to 0 along the imaginary axis. Indeed, let w = iy, with y > 2

and split the sum into i < y*/2 and i > y3/2. For i < y*/2, we have |z; — iy| |a; — iy| > cy?, and therefore,
by (C.22),
1 (log(2 C(logy)?
S |t ety e o MR Sl
7;<y3/2 Y Y 1<y3/2 Y
For i > y3/2, using (C.23), we get
2
o iy a4 — i / y
i>y3/2 i>y3/2
Thus (i)
~. i'(iy
— 0 — 00. C.26
i) + Rl 0 v (©.26)
By the Airy asymptotic (A.4),
Ai' (w)
— = O(Jlw|™1),
T — Va0l

uniformly in fixed sectors away from the negative real axis. Together with (C.26), this gives
— /iy — 0, Yy — o0. (C.27)
On the other hand, (C.18) implies

M log(2
Vil < Ogy+y) 50, y— +oo (C.28)
It follows from (C.27) and (C.28) that
s(iy) — s(iy) — 0, Y — 00.

It remains to identify s and 5. Both are Nevanlinna functions with the same representing measure ) _, 9, .
Hence their difference is an affine function:

s(w) —s(w) = b+ cw, beR, c¢c=>=0.
Since s(iy) — 5(iy) — 0 as y — oo, we must have ¢ = 0 and b = 0. Therefore s = 3, that is,
1 1\ Ai'(0)
s(w) = Z (xi —w cu) ~Ai(0)
=1

This proves (3.11). O

D Explicit solutions for 5 = 2 bulk system

We prove Theorem 6.1 in this section. The key idea is to remove the mixed interaction terms by factoring
out the mixed Vandermonde product

m

S 101 (!

i=1la=1

After writing F' = P G, the conjugated equations for G become the ordinary scalar A, y,,—1-type system in
the combined variables
Ty =1t1,...,Tp = tn, Tpta = Sq-

Thus, when 8 = 2, the deformed system is gauge-equivalent, through multiplication by P(t,s), to the
standard scalar A-type CMS system (D.5)—(D.6); see [75].
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D.1 Reduction to the A-type CMS system
Let (t,s) = (t1,- - ,tn, 81, "+ ,8m), and

P(t,s):=[[[[(ti —sa),  F(t,s) = P(t,s)G(t,s).
i=1a=1
Introduce
1 GI |
A; =0y, log P = Zti — Bai=0,logP = > pyp—
a=1 =1
Then
0, F = P(0,, + A)G, O2F = P(ag + 24,0, + 04, A + Af)c;, (D.1)
and similarly
0,,F = P(Ds, + B)G, O°F = P(afa +2B,0s, + s, B + Bg) G. (D.2)

Theorem D.1. Assume § = 2. Then F = PG satisfies the original 8 = 2 system (5.5) if and only if G
satisfies

8t.—8t. ™ 615__8‘
02 +1 E — E —i e = b =1,... D.
ti+ + ‘ ti_tj + ti_sa G ) 7 9 ;T ( 3)
VED) a=1
and
0s, — Os "9, — Oy,
02 1 o T8 Ze TG = =1,...,m. D4
2+ +;l p— +; Py . a=1...m (D.4)

Equivalently, after setting

1 =11,...,Zn = tn, Tp+1 = S1y-++sTntm = Sm;
the function G satisfies
L.G=0, r=1,...,n+m, (D.5)
where
Oy, — O,
L, =02 +1 Rl T D.6
D P (D.6)

Proof. We work on the complement of the collision hyperplanes, i.e. (6.4). We first treat the ¢;-equation;
the s,-equation is analogous.

Substituting F' = PG into the t;-equation of the original 8 = 2 system (5.5) and dividing by P, using
(D.1) and (D.2), gives

G.

O, + Ai) — (O, + AJ)G _ i (0, + Ai) + (0, + Ba)

O:(82+2Aiati+3tiAi+A?+1)G+Z( t— 1
il

i ti—5a

a=1

Collecting the first-order terms involving the mixed variables, we find

24,0, _im :iw7

a—1 ti — Sa 1 ti — Sa
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since A; = > (t; — s4)~'. Therefore

0 — B, =0y, —
0= 3@“*ZH+ZM G+ Z,G,
gA L

a—1 tz — Sa
where .
A, — A A;+ B
7. =0, A + A2 e e e
R D e D
J#i a=1
It remains to show that Z; = 0. Set
1
Ciq ‘= t1 5a

Then
m n
Ai :Zciaa Ba = _Zciw
a=1 i=1
We compute the three contributions to Z;. First,

2
atiAi + A? = — cha + (Z Cia) = QZciacib-

a<b

Second,

A —A e c “
1 4y 1a — Cja
= = — CiaCi
D N
a=1 a=1
and hence m
A — A

D= DD CiaCar

g#Ei Y j#i a=1
Third, since

Ai“‘Ba:ZCib_ZCjaa

ba j#i
we have
m m m m
Ai + Ba
t— . § g CiaCity — E E CiaCja = 2 E CiaCiby — E E CiaCja-
a=1 " @ a=1b#a a=1 j#i a<b j#i a=1

Combining these identities gives Z; = 0, and therefore (D.3) follows.
The sq-equation is handled in the same way. Substituting F' = PG into the s,-equation and collecting
first-order terms gives

0

0s, — O "9, — 0.
= | 82 1 Z8a_ Sb 2 ) G4+ W,G,
2+ +b#za p— +; p— +

where
n

B, — By B, + A;
W, =8, B, + B2 -
Ba+ a+§5a_5b S

Sq —ti
=1 a 1

The same algebra as above gives W, = 0. Hence (D.4) follows.
Finally, the unified form (D.5) is immediate after the identification

1 =1t1,...,Tn =y, Tni4l = S1y- s Tntm = Sm-

This proves the theorem. O
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D.2 Proof of Theorem 6.1
Proof of Theorem 6.1. Set

Ty =1t1,...,Tn =y, Tni4l = S1y- s Tntm = Sm,
and write
=01, -, 0ntm) = (€1, s €n, Ny -y M) € {EL}T
Let
n m
P(t,s) =[] [](t - sa)-
1=1a=1

By Theorem D.1, a function of the form
F(t,s) = P(t,s) G(x)
solves the original 8 = 2 system if and only if G solves the reduced system
L.G=0, r=1,...,n+m,

where 3 9
L, =0 +1 Gz, — Oz,
JREES 3L

— X
ustr T u

Step 1. Ezplicit solutions of the reduced system. For o € {£1}"T™ define

Ap(@):= [] (@ —au) o2

I<r<ugsn+m

Since (0,0, —1)/2 € {0, —1}, the function A, is rational. Set

n+m
Go(x) :==exp (i Z O'TQL‘T> Ay (x).

We claim that
L.Gs, =0, r=1,...,n+m.

Fix r, and introduce

Jri={u#r:o, # o0}, K..={u#r:o,=o0.}

Then .
r o= 0y, log Ay = — .
R A Mo
Hence P2
89: Go’ . x o .
é =10, + '(/}ra éi = (IUT + wr)z + az,,.'(/)r-
Therefore
L.Gy . 2 2 . i(UT - Uu) + % - ¢u
G = 0n)? + 1400, + 47 + 2i0vtpy + ) P —

uF#r

Since (io.)2 + 1 = 0, it remains to check that the rational terms cancel.
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First, the exponential contributions cancel:

(o0 —0 1
2i0, by + Z or=0u) _ _gy, > + 20, Y —0
Ty — Ty Ty — Ty Ty — Ty
u€J, u€Jy u€Jy
For the remaining terms, we compute
Outbr FU7=2) st D
- xa - xb)
a€J, a bEJ7
a;éb
Moreover,
Yr =ty _
PO D D) DRSS
ueK, ueK, acJ,
while

Z by — Ya Z Z 1 Z 1

= —2 — E .

acs, Tr— Ta acJ, - x“) a,beJ, (@7 = @a) (2 — 2s) a€J, ueK, (#r = a)(Tu = Ta)
a;éb

These three expressions cancel term by term. Thus

LGy =0, r=1,...,n+m.

Step 2. Lifting back to the original system. Define
Fy(t,s) = P(t,s) Gy(t,s).

Since G4 solves the reduced system (D.7), Theorem D.1 implies that F, solves the original § = 2 system.
We now identify F,,. By definition,

n m

Ag(z) = H (t; — tj)(éifjfl)/Q H (5q — sb)(nanb*]-)/z H H(t’ _ Sa)(ﬁmafl)/Q'

1<i<j<n 1<a<b<m i=1a=1

Multiplication by
changes the mixed exponent from (e;n, —1)/2 to (1 + ema) /2. Therefore

Fa(t,s):exp(iZeiti—&—iZnasa) TT (t -ty
i=1 a=1

1<i<j<n
n m
aMb—1)/2 1+€ina)/2
< TI (50— s)mm V2] [t — sa)+em/2,
1<a<bsm i=1a=1

This is exactly (6.1). Since all exponents are integers, these solutions are single-valued.

Step 3. Linear independence. Choose v = (vy,-+ ,Uptm) € C*T™ such that

Ur 7é Uy (T 7é U)v

and
Relio - v] # Relio’ - v] for o # o'.
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Such a choice is possible after excluding finitely many proper real hyperplanes.
Along the ray * = Rv, as R — 400, we have

Go(Rv) = cq RN+@ON-(@) oxp(iR o - v) (1+0(R™)),

where
o= [ (—w) 220, Nau(o) =#{r: 0 = £1}.

I<r<ugn+m

The numbers Re[io - v] are pairwise distinct, so the exponentials exp(iR o - v) have distinct growth rates

along this ray. Hence no nontrivial linear combination of the G, can vanish identically.

Therefore the functions G4 are linearly independent. Since F,, = PG, and P is not identically zero, the

functions F, are also linearly independent. This proves the theorem.

E Explicit solutions for § = 2 edge system

E.1 Reduction to the edge A-type CMS system

Let
(£,8) = (t1,- -y tnyS1,- -5 Sm),

and define

n

P(t,s):=[[[[ti —sa),  F(t.s) = P(t,s)G(t,s).

i=1a=1

O

Theorem E.1 (Reduction to the scalar edge A, y,,—1-system). Assume 8 =2. Then F = PG satisfies the

original edge system (5.20) if and only if G satisfies

O — 0, <8, —0
o2 —t. Y 2t TSe | = i=1....
ti 1+Z tz—t] +Z ti_sa ) 7 I 2
e a=1
and
0s, — 0 "L 0, — Oy,
2 Sa Sp Sa t; _ .
6Sa5a+bi ﬂ+é W G= y afl,...,m.
a

Equivalently, after setting
Ty =1t1,...,Tp =1p, Tp4+1 = S1,-++,Tptm = Sm,
the function G satisfies
L.G =0, r=1,...,n+m,

where

Oz, — Ou,
L, ::aﬁr—xﬁzxi.

(E.3)

(E.A)

Proof. This is the same conjugation as in the bulk 8 = 2 case. Indeed, after writing F' = P GG, the logarithmic

derivatives
n

1 1
A; ::8ti10gP:Zt._S ,

a=1"

B, :=0,,logP =
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are exactly the same as in the proof of Theorem D.1. Hence the first-order terms conjugate in the same way,
and the same c;,-algebra shows that all zero-order terms coming from P cancel.

The only difference from the bulk computation is that the constant term +1 is replaced by the linear
potential —¢; or —s,. These terms are unaffected by conjugation with P. Therefore the bulk proof carries
over verbatim and yields (E.1) and (E.2). The unified form (E.3) is then immediate from the identification
of the z-variables. O

E.2 Proof of Theorem 6.4

The proof is parallel in spirit to the bulk case. The reduced scalar equation is now the edge A-type Calogero
system (E.3), so the role of the plane waves is played by Airy solutions and a Slater determinant.

Proof of Theorem 6.4. We write

= (T1, s Trtm), T1=11,...,Tp = tp, Tnal = S1y-++yTntm = Sm-
Let
A):= J] (& —z)
I<r<usn+m
For each sign pattern
o=(01,...,0n1m) € {£1}"T™

choose Airy solutions ¢, (recall from (6.34)) of

by () — 2 dg, (z) = 0.

Define ;
Dy (x) := det [313_1¢ar($r)} 1<r,j<n+m "’
and Dg(x)
(T
Gala) = . (E-5)

The above determinant quotient, with an arbitrary row-by-row choice of one-variable Airy solutions,
gives local solutions of (E.3) on the configuration space z, # x,. The special symmetric solution obtained
by taking ¢1 = -+ = ¢n1m = Al is regular across the diagonals and agrees, up to normalization, with the
standard § = 2 multivariate Airy function, equivalently the Kontsevich matrix Airy function; see [30,061].

Step 1. Solving the reduced system. We first prove that
L.Go =0, r=1,...,n+m.

Equivalently,

Ox, — O
0?2 — o tu =0. .
2 —zet Y o | Ge =0 (E.6)
uFET
Let
X:={xecC""™: z, #ux, for r #u}.

We prove the identity on X, where the operator is well defined.

Since the Airy equation has a two-dimensional space of solutions spanned by Airy contour branches, and
since D, is multilinear in its rows, it suffices to prove the claim when each ¢,, is represented by a single
admissible Airy contour integral. Thus, for each ¢ = 1,...,n + m, choose an admissible Airy contour I';,

such that
bo, (T) = / e /3w2 g,
r

Ta
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Then

85_1¢aa (xq) = (—l)j_l/ 217" /3=waz 4
r

Ta

By multilinearity of the determinant in the rows,

—1 . ntm 3
Dg(z) = (—1)=5= >/ det[zJ '3 Em exp| Y (sz> dz
I'yy X xT ’ 3

oy XXl 4y a=1
= Cpim A(z)e’®®) dz, (E.7)
I's
where (ntm)(ntm—1)
Cn+4+m = (71) 7 5 FG’ = Fﬂ'l X X Fan+ma
n+m 2’3
S(z;x) = <L —xu2q ), dz :=dz; - -dzpim.-
(z;@) ; (3 TaZ > z 21 Znt
Hence, for x € X,
A .
Go(Z) = Cnim /F ) K(z,2)dz, K(z,z):= Agz S(=®), (E.8)
Fix r € {1,...,n+m}, and set
3.% - aru
L= 07— )
u#r
Forr=1,...,n+ m, write
1
A = = .
r(x) = 0z, log A(x) Z P
uFEr
Then
0, K(x,2) = — (2 + Ar(2)) K (z, 2).
Therefore,
92 K = ((2 + A,)° — 0, A,) K,
and hence

w - AT Au - Ar
LTK<zExT+22,,AT+A§8mTAT+§ fu T 2 +§ >K
uFr Tr = Tu u#r Tr = Tu

= (zf — X, + Z m —+ Cr(m)> K, (E9)

" Ty — Ty
where A n
C =A% — R
W(@) = A7 = 0, Ar ) p—
u#Er
We now simplify C,(x). Write
dy = Ty — Ty, uFE T
Then ) )
Ar = ) _81, A’I' = 5
dy, " d2
uFEr uFEr
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and therefore

Ai—aerrzzzdiQJrz > dld :

u
UFET u<v
a wuVFET

On the other hand, for u # r,

1 1
Auz_a—‘rzzu*a:v.

vET
vF#U
Thus A A
u Ay 2 1 1
o, & g (0 — 20) ; dudy’
v#U vFEU

Summing over u # r and pairing the ordered pairs (u,v) and (v,u), we get

Au_Ar 1 1 1 1
> d :_22d2+z(du(%xv)+dv(%xu))_z dyd

A s dage
1 1 1 1 1
ey ley o (Lony,
2 _
uF#r du u<v ZTu Ly du d'u u<v dudv
U, VFET w,vET
1 1
- _22d7 - Z dd.
u#r ¢ u<y U
U, VFET

In the last step we used

Thus (E.9) becomes
L. K(x,z) = B.(x, z)K(x, z),

where

Zr + 2 1
B. 2 or L tu .
(@, 2) =20 —xp + Z p— + Z (z, — xy)(x, — 2)

UFET u<v
a U, VET

Therefore, by (E.8),

L Go(z) = Zl&"; /F B, (x, 2)A(2)e5=) 4z,

It remains to prove that

/ B,(z,2)A(2)e’F®) dz = 0.
I's

Step 1a. A family of integration-by-parts identities. Set

B(z; ) = A(z)e’ =), Ur={1,...,n+m}\ {r}.
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For each subset I C U,., define

O(z;x

Jri=TU{r}, Ay (z):= H (za — 2b), Qr(z;x) = (z )

a<b AJI (Z)

a,beJy
Since Ay, (z) divides A(z), the function Qy is entire in z.
If Jr = {jo <j1 < -+ <jm}, define
D[ = Z(_l)éAJI\{je}(z) 8% . (E.15)
=0

For each /, the coefficient A ;\(;,3(z) is independent of z;,. Moreover, €y is a polynomial in 2z times eS(ze)

and it decays exponentially at the ends of the admissible Airy contours in the variable being differentiated.
Therefore integration by parts in z;, yields

D[Q] dz = O7 I Q Ur. (E].G)
Fo’

We now introduce

1
cr(x) == H P co(x) = 1.
uel =7 “

The key identity is

> er(@) Dy = By(x, 2) (2 @). (E.17)
ICU,

Once (E.17) is proved, integrating it over I', and using (E.16) gives (E.14). Then (E.12) implies LG4, = 0.
Step 1b. Proof of the key identity. For a finite set J C {1,...,n+m} and a € J, define
1

wJ zZ) = .
=) [Toer\fa} (e — 20)

If J={jo <+ < jm} and a = jy, then a direct sign check gives

A\ (a}(2)
—1)f = — d (2). E.18
e e (E.18)
Since 5 0 1
Za N ET 2
= — &g 5 J )
O, Zy— X +U;I'Za_zv a€Jr
it follows from (E.15) and (E.18) that
D2 1
% = Z wl(z) | 22 — x4 + Z . (E.19)
acJr ’U¢JI Za = Zv

We use two elementary identities.

(i) Lagrange interpolation identity. For every finite set J,

Yo wil(z)z =

a€J

0, 0<m<J -2,
(E.20)

1, m=|J -1

This is the standard Lagrange interpolation formula applied to ¢™.
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(ii) Partial fraction identity. If v ¢ J, then

P R S—— (B.21)

acJ Za — Rv HaEJ(Zﬂ _za)

This follows from the partial fraction decomposition of

evaluated at t = z,.
We now sum (E.19) over all I C U, with coefficients ¢/ ().
First, consider the terms involving z2. By (E.20), only the cases |J;| = 1,2, 3 contribute:

22 I=0,
zr + 24, I ={u},

> w22 = v

acls 1, I={u,v}, u<wv, uv#r,
0, 7] > 3.

Hence the total contribution of the z2-terms is

9 Zr + 2y 1
E —_— E . E.22
ZT + Ly — Ty, + (xr - xu)(-rr - xv) ( )
T uuv<;é)r

It remains to treat the —z,-terms and the terms containing (z, — 2,) . These cancel telescopically.
Suppose I # @. Since |J7| > 2, identity (E.20) with m = 0 gives

Z wl(z) = 0.

acJr
Therefore
—cr(@) Y wl(2)ze = —cr(x) > wi(2)(z — ;)
a€Jy bel
= Z CI\{b}(x)waI (2), (E.23)
bel
because 1
—cr(@)(zy —z) = ] — =cn (@)

T
uel\{b}

Now fix b € I. Consider the contribution of the term v = b in the last sum of (E.19), but for the smaller
subset I\ {b}. Since
J[\{b} @] {b} =J,

the partial fraction identity (E.21) gives

sz\{b} >
C[\{b}<il:> Z ai() = — c[\{b}(w)wgf (Z) (E.24)

Zaq — Rb
aGJI\{b} @

This cancels exactly with the corresponding summand in (E.23). Thus every —xz,-term with I # & is
cancelled by a unique term coming from the (z, — 2,) ~!-part for a smaller subset.
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The only unmatched z-term is the one coming from I = &, namely

— Z wér}(z)xa = —z,.

ac{r}

Therefore, after all cancellations, the total contribution of the —z,-terms together with the (z, — zv)_l—terms
is exactly —,. Combining this with (E.22), we obtain

DiQy Zr + 2 1
> er(@) P :ZE_IT+Z;_;+Z($ ) (@ — w0)
1CU, utr T u u<¥ r u r v
w,vET

By the definition of B,(z, z) in (E.13), this proves (E.17).
Integrating (E.17) over I', and using (E.16) give

/ B, (x,z)®(z;x)dz = 0.
T's

Thus L, G, = 0, which proves (E.6).
Step 2. Lifting back to the original system. By Theorem E.1,
Fo=PG,

solves the original edge system (5.20). Since

formula (6.37) follows directly.

Step 3. Linear independence. In the sector 0 < |argz| < m — 4,
03 ¢ (x) ~ (EVE) T 9u(2).

Hence, along any admissible ray in this sector,

n+m

n+m
Dot (H "507'(“)) (N L ORI (H ‘*’)UT'(”““”) AL O/ T

Therefore

A(T1\/TT, - Onpm/Tngm) 11
Fo(t,s) ~ A(tw;) )

r=1

Distinct sign vectors o produce distinct leading exponential factors
n+m 2
3/2
ex Or=2 .

Thus the same large-ray argument as in the bulk proof shows that the functions {F,} are linearly indepen-
dent. O
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F The equilibrium BBGKY hierarchy and the loop equations

In this appendix we explain that the equilibrium Bogoliubov-Born—Green—Kirkwood—Yvon equations for the
one-dimensional logarithmic interaction imply the loop equations (1.2), and therefore the particle system is
the Sineg ensemble. This provides one example of a point process characterized by the BBGKY hierarchy
in the case of long-range and singular interactions. For the proof, we assume a priori mild estimates on the
point process, see (F.4).

The definition and analysis of the BBGKY hierarchy for particle systems are delicate for long-range
interactions. We first discuss a general setting and then specialize to the log interaction in dimension 1.
Consider a simple point process

n= Z(swn L EX:Rda
il
and its correlation functions defined as the measures (pp)p>1 such that

]E Z f(xil?"'7'rip) :/)(pf(q17~-~7qp)dpp(q17~-~7qp)7

i1yenipEl

for all suitable test functions f, where Y. means the summation is over all ordered p-tuples of distinct
indices. Assume p is the local limit of a finite interacting particle system with the same charges and
symmetric, singular, long-range interaction potential ¢ (e.g. consider either Coulombic ¢ = (—A)~! or

logarithmic ¢ = — log below), at inverse temperature §: defining
Py(ys,-. un) = e N (3 S )N B V(yk))dm - dyn (F.1)
Znp
with confining V (e.g. V(y) = |y|?) we assume that the following convergence holds in distribution with

respect to the weak topology, as N — oo (we only consider convergence around the energy level E = 0 to
simplify the discussion):

N

Z(le/dyi —u as N — oo.

i=1
Depending on a € R, the point process p is expected to be either Poisson, crystallized, or a non-trivial
indermediate depending on 8. When pu is non-trivial, one expects the following Yvon-Born—-Green or YBG
hierarchy (which corresponds to the BBGKY hierarchy at equilibrium) for the correlation functions of p,
see [67, Equation (2.10)]: assuming some decay of correlations (called a clustering condition in [67]), we have
for distinct points qi, ..., gp,

P

%Vqlpp(ql, )+ (D Vela — ¢)po(ar, - ap)

4 / Veolas — 1) (i@ -+ Gpry) — Poldrs a1 (1)) dy = 0. (F.2)
X

For singular ¢, this pointwise identity (F.2) holds only away from the collision diagonals. It does not by
itself imply the following weak formulation, as this would require a prior: information on the behavior of p,
near collisions. We therefore adopt the following distributional BBGKY hierarchy as the definition.

Definition F.1 (Equilibrium BBGKY). We say that p satisfies the equilibrium BBGKY hierarchy for the
interaction ¢ if for any p = 1 and any test function ® € C°(XP), we have

]E_ Z [;Va;il@(mm...,mip) — q)(mil,...,xip)/Vgo(xil —u)(dpi, —dp1)(u)| =0, (F.3)

where the indices i1, ...,1, are not required to be distinct and we denote yu; = p — 6, .
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Remark F.2. For symmetric interactions, constant density of states pi, and Vo € L' we have V(g —
y)p1(y) =0, so p1 above and the pyp1 term in (F.2) can be omitted. However, in our long-range and singular
context Vi € L' and this counter-term is needed.

Remark F.3. The above definition is natural: integrating by parts with respect to the measure (F.1) gives,
for any F € C*(XP)

1
Enx valF - F( E Veo(yr — yk) + va(yl)) =0.
k£l

For example, picking V (y) = |y|> and F(y) = ®(N'/ %), the contribution from V can be shown to be negligible
as N — oco. Defining the equilibrium density through N='3 8, — peq, up to a negligible error one can
replace 3y 1 Vo(yr — yi) with 324 4 Vo(yr — yk) — N [ V(yr — u)dpeq(w). Under some mild assumption
on the discrepancy of the point process, dominated convergence can then be justified and one obtains (F.3)
with constant p;.

We now show that the distributional formulation Definition F.1 implies the pointwise BBGKY equation
(F.2) away from the collision diagonals. To see this, consider distinct ¢;’s and ®(x1,...,z,) = [[_; & ()
with &l(z) = e %((z — ¢;)/€), € nonnegative, smooth, supported on |z| < 1 and [¢ = 1. When ¢ <
min,+; |¢; — ¢;|/2, the supports of €L,... &P are pairwise disjoint. Applying Definition F.1 with this test
function, we observe that, since the supports of the £2’s are pairwise disjoint, every term with repeated
indices vanishes. Indeed, if i, = 4; for some a # b, then the factor

€8 (wi, )€ (ws,) = €2 (w1, )E2(s,)

is zero. The same argument applies to the derivative term, since supp V&! C supp&l. Therefore, for this
particular choice of ®, the contribution of the unrestricted sum is equal to the contribution of the distinct-
index sum. Hence Definition F.1 gives

* 1 o o P
E > B(inlﬁsl(l“il)) [[€@,) - [1€ @)D Ve, — i)
i1yeeyip €T j=2 j=1 k=2
p .
fngg(:czj) Z Vo(x;, —x /V(p i, —u)dpr(w) =0,
j=1 0e\{ir, ... ip}
SO
P o P
/ (V&) H (rj)pp(re,. .‘,rp)drl...drp—/ Hfg(rj)Zch(rl—rk)pp(rl,...,rp)drl..‘drp
x» B j=2 XP =1 k=2
— /X . H £g(rj)V<p(r1 — x)(pp+1(rl, cey Ty &) = pp(re, . ,rp)pl(x))drl ...drpdz = 0.
Integrating by parts in rq, taking ¢ — 0, and using that H§:1 &7 converges to a Dirac mass at (g1, ..., qp),
we obtain (F.2).
We now consider the case d = 1, p(x) = —log|z|, and
V(e —y) = ——
plo—y)=——1

We also assume that the density of states is constant, with normalization p; = 7~!. Finally, we will need a
very weak control on the eigenvalue counts, which can possibly be weakened (we have not tried to optimize
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this assumption): there exists £ > 0 such that, for any p > 1, the following holds. There exists C}, > 0 such
that, for any interval I with |I] > 1,

E[ju(1) — 11|/ " < Cyl11 . (F.4)

Under the above assumption, the following properties are elementary to prove: for any w ¢ R,

1
s(w) =P.V. Z po—

is a.s. well-defined and belongs to LP for every p > 1, and it is a Nevanlinna function with parameters ¢ = 0,
b=P.V.>", z;/(z? +1). The main result of this section is the following.

Proposition F.4. Fiz 8 > 0 rational. Let p satisfy the above assumption (F.4) and the equilibrium BBGKY
hierarchy (F.3). Then s satisfies the loop equations (1.2), and p is the Sineg point process.

Proof. Let € > 0 be small enough, for example € = /10, where « is defined in (F.4). Let R > 0, which will
eventually tend to infinity, and let x, : R — R4 be smooth and even, with

Xa = 1 on [7&,0,], Xa = 0 on [*(CL + lee)’a + R175]37

and ||x} |l < R71T¢. We will consider @ = R and a = R + 10R'~¢ in the proof.

We write Y = Y(R) for a random variable, changing from line to line, which is uniformly bounded in L4,
for every fixed ¢ > 1.

We introduce

sp(w) = Z XR(I'Z'), O(ay,...,2,) = Xr(z1) Xg(2p) ' (F.5)

T; —w T —w Tp — Wp

Then (F.3) gives

1 xr(zi,) 11 Xr(2) . XR(%'-)/ 1
E |- Og, ! 2 + 2 dp;, —dp1)(z)| =0. F.6
5 2 O\ gy L e ) 2 Wm0 [ = = do)i@) (.6)

Jj=2

We first consider the d,, term:

XR(xh) u XR(xij) o XR(xil) XIR(xu) z XR(xij)
311.1 = | —0uw, +
Ty — W1 =2 l‘ij — Wj Ty — W1 Ty — W1 o l‘ij — Wj
~ xr(@y,) zp:]l‘ 4 ( Xr(@i) X%(l‘z‘k)> 11 Xr(Zi;)
1=1 b
Ti, — w1 = U\ (g, —wg)? x, — wy 2<jep Tis T Wi
J#k
so that
P p P 2
xR (@i, ) Xr(Ti;) Xr(7i,)
O, | = ~0usn(wn) [ sn(w;) - sr(;)
il,.z.;z‘p o\ jI;[z Tij = Wj - g ! kzzgzn: (i, —wi)(wi, —wk)? 2@1_‘[@ ’
J#k
+ XlR(xil) f[ ( )+iz XR(xil) X;{(ml&) H ( )
~ Sr(w; SR(W; ).
3 Ty, — W1 o / — S Xy, — W1 Ty, — W - J
1 J= k=2 4 2<j<p
J#k



From (F.4), all terms above involving x’; are of order Y/R. For example,

> Xe(@i) | _
— Tj; — W1
11

> 1 vl € [RR R _Y
|z;, —wy| ™ R SR

< lIxklls

i, |€[R,R+R~<]

Note that

Z (x XR(JT%)2 9 sr(wi) — sp(wy) n Z (XR(»’Ui)2 — XRr(7;)

—wy)(z; —wp)2 " Wy — W x; —wy) (T — wg)?

_ . srtw) mse(wy) o (#lzil € [RRA RN o se(wy) —sp(we) Y
W Wy — wy, R3 W wy — Wy R2+a :

We obtain

Z o, Xr(Z:,) ﬁ Xr(zi;)

i1 ip Tin T WL 55 Tiy T W)
» » (F.7)
sr(w1) — sr(wg) Y
= — 0Oy, Sr(w1 H Z@wk o w H SR w])—l—E.
j=2 k=2 1 k 2<5<p
2k

For the remaining term in (F.6), using the symmetry under exchange of iy and k,

Z Xr(zi) Xr(zk) Z Xr(@i, )Xr(2k) ( 1 _ 1 )
Ti, — W1 Tiy —Tp Liy

i1#£k lﬁ% Tip — Tk — p—
1 Xr(®i, )XRr(2k) 1 , ,
= _= 1 » o
? 276:’“ (@5 —w1)(zp —w1) 2 (sr(w1)* = Ou,sr(w1)) + Hrpzs
11

so that

i 1 1 &
Py fo‘_x;uj [ =5 s = o) (e) = =5 (sm(wn)? = Gy sl ) [Lonte

XR xl 1 Y
" 112117]11 lj - w] / Ty z ((1 a XR)duil B dpl)(m) + E (FS)

For |x;,| < R — R'=%/2, the point z;, is far from the transition region of x . Hence

R4+ x;
=P.V. O(R™/?) = log —~ + O(R™¢/?).
/%_ /R O(R~“/%) = log 7 + O(R™2)

The remaining particles, satisfying R— R'~%/? < |z;,| < R+R'~¢, lie in a boundary layer. Their contribution
is negligible. Indeed, by (F.4), the number of such particles is Y R'=/2_ while |xr(zi,)/(zi, —w1)| < 1/Rin
this region, and the integral against xg(z)dz/(x;, — ) is at most logarithmic. Thus the total boundary-layer
contribution is Y/R¢/4.

Combining the interior and boundary estimates gives

Xr(Z4,) / Xr(2) 1 Xr(xiy) R+, Y

d =— 1 .
— 1z, —wy ) T, —x pr(@) Z Ti, — Wy CR- T, TR
in oy [SR—R1=¢/2
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We now replace the particle sum by the corresponding density integral, using the weak rigidity estimate
(F.4). This gives

Loy e M Lpy [0 L Ry, Y
i |i, [<R—R'—¢/2 Tip — W1 R - RT— w1 —x Re/4

After the change of variables © = Ru, the deterministic integral becomes
1 /1 L &
— o u.
w2 J_qu—w/R 51w

1 1 1+u 1
=1 du = -.
w BT, T2

Letting R — oo, this converges to

T2

Consequently,

Xr(zs, r(z) 1 Y
d = -+ —.
Zl‘zl_wl/th_ﬂf Pl(x) 2+R8/4

Substituting the above equation and the long-range cancellation Lemma F.5 below into (F.8) gives

Xr(Ti 1 (1 5 N ¢ Y
P> ;1 _1%(/3%1_x<mul—dpncw(—Q(sR@m>-—awﬁR@m>>—Z)j_Qwawn+-Rd4.
(F.9)
From the estimates (F.7) and (F.9), (F.6) can be written as

2-p - r(w1) = sr(w)) T 4

E < 3 Ow, Sr(w1) —|—sR(w1) + 1) H r(wj) +5E Z@w] o w HSR(WZ) _ O(Rff/ ).
= 1= % _
= j=2 (=2
£

Taking R — oo gives the loop equation (1.2) by dominated convergence. Since the principal value s is a
Nevanlinna function, we can apply Theorem 1.5, and p is the Sineg point process. O

Lemma F.5. We have

where Y =Y (R) is uniformly bounded in LP for every fived p > 1.

Proof. Let R' = R+ 10R'~¢. We decompose (F.10) as

(F.10) = Z ;R(mi) / ! ;Xflim) (dpi — dp1)(z)

- i (F.11)
ey )[R =X 4, — ).

i1
We start with the first term on the right-hand side of (F.11). Note that, for any f defined on [0, c0) such
that f(0) =0, |f(u)] Su™t, and |f(u)| S u™? as u — oo, we have
F@) i = dp)(e) == [ F @) lo,a] = /)
0
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For f(u) = 1w (W) g any |7;,| < R+ R'™¢ =:band u > R+ 5R'"¢, we have

wil —Uu

) W] 1= xr () | ()
< < = .
PO Tz Tian ol S owz T v W

Denoting A(u) = |u[0, u] — u/7|, we have

|2 s, - @)

Ly

g/o () A(w)du = Y.

Moreover, for any positive £(u),
Y|P < / glur) ... glup)Aur) ... Aup)duy . .. duy,

S /[0700)17 g(ur) ... glup)l(uy) ... £(uy) ( ) et )7 ) duy . .. duy,.

Choosing #(u) = |b —u|'~%, and using the weak local law estimate (F.4), we obtain

1

E[lY[] < Rr—9%

Thus, for some Y uniformly bounded in LP, p > 1, we have

dpiy, —dpr)(z)

XR(Ti,) /Oo 1 — xr(z)
(
| —

Ty, — W1 Ty X

Y 1

< — _
- ~ Rn/4 Z |xi1 _ w1|
11 ‘:Cil ‘<2R

The sum on the right-hand side is at most Y log R, and the same estimate holds over (—o0,0]. We have
therefore proved

< Y .
~ R~x/8

dpi, — dp1)(@) (F.12)

Xr(Ti,) /°° 1 — xr(2)
e

xil — w1 xll

i —o0

Next we bound the second term on the right-hand side of (F.11),

XR('ril) / (XR' _f};)(x) (d,uil - dpl)(x)v

Tq, — Wi T4y

i1

by considering the yu;, and p; contributions separately, starting with j;,. Denoting h = xr — X r, We notice
that h(z;) # 0 only if |z;| € [R, R+ 20R'~¢]. In the following we restrict to the case z; € [R, R + 20R*~¢];
the case x; < 0 can be bounded in the same way.

We discuss the two cases |z;, — ;| < 100R'~¢ and |x;, — x;| > 100R'~¢ separately.

For the sum over |z;, — z;| < 100R'~¢, by symmetrization we have

~

xr(wi) hz;) | - xr(@i)h(z;)  xr(z;)h(zi,) 1
2 2

bt Ti — W1 Ty — T Py Tq, — Wi Tj —wi |xi1 - xj‘
@i, —x;|<100R' ¢ |ziy —@;|<100R'~¢
b lloo + R Y
< IWlloo + IXprlloo + BT (#{w; € [R = 1000R""<, R+ 1000R*~<]})* < i

~ R

where in the second line we used that |z;, —w1|, |z; —w1| < R.
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For the sum over |z;, — x;| > 100R' "%, if xg(z;,) # 0 and h(z;) # 0, then |z;, — z;| 2 |z;, — R|. Thus
we also have

i) hlz; 1
Z XR(ml) (wj) g#{xj c [R,R#’QORI*E}}' Z
: . Tiy — W1 Ty — Ty L |xl_w1‘|xl_R|
. ?‘lffOOles |#i|<R—10R1~<
1 1 1 1 Y
< YRl—s = - - < .
< DL S S —"
|zi|<R/2 |;|€[R/2,R—10R1—¢]

Together with similar, easier estimates for the contribution of p;, we have obtained

Xr(x;,) / (xr — xr)(2) (dpi, —dp1)(z)| < .

i, —w Ti — Re/?

This estimate, combined with (F.12) and the choice € < /4, concludes the proof. O

Finally, we explain how the loop equations (1.2) allow us to obtain the equilibrium hierarchy (F.2). The
reasoning below can be made fully rigorous by testing against local test functions and passing to limits, but
we focus only on the algebraic aspects. For a function F' analytic off the real axis, define the jump operator

1 . .
AgF = 7 (F(E+10) — F(E —i0)).
Lemma F.6. Let

S(Z)P'V';xil—z’ ﬂ:Z‘Srw H(E)PV;g;ZiE

%

Then, in the sense of distributions,
Aps = u(E), Ags' =0pu(E), Ag(s*)=2u(E)H(E)+ 0pu(E). (F.13)

Here u(E)H(E) is understood with the pole at E = x; omitted, namely

1
WEH(E)=> | P.V.Y  ——— | 6,.(E).
i i T
Moreover, for E #+ FE’,
_ /
AEAE,aw,M —0, (F.14)

where Ag acts on the variable w, and Ag: acts on the variable w'.

Proof of Lemma F.6. The identity Ags = p(E) follows directly from the Sokhotski—Plemelj formula. Indeed,
s(FE £i0) = H(E) £ iru(E),

and therefore

Aps = % (s(E +10) — s(E — i0)) = u(E).
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We also have, in the distributional sense,

1

Ap (x; — 2)?

= 06, (E).

Summing over % gives

T, — 2)

AsY (% = Aps' = 37 000, (E) = Dn(E). (F.15)

We next prove the identity for Ag(s?). Split s? into its off-diagonal and diagonal parts:
s(z)? = Z N S + Z b
2w o) | o 2P
Consider first the off-diagonal terms. For ¢ # j, the function
1
(2 — 2)(z; — 2)

has simple poles at x; and z;. Hence its jump is

Ag .
(i —2)(z;—2) wj—x x;—x;

Summing over i # j, we obtain

AEZﬁ_QZ Zm o 0z, (E) = 2u(E)H(E).

i#] i J#i
The diagonal contribution is given by (F.15). Combining the off-diagonal and diagonal parts proves
Ap(s®) = 2u(E)H(E) + dpu(E).

Finally, we prove (F.14). We note that

Taking the jump first in w’ and then in w gives

ApAp By s(w) = s(w’) Z 02, (E) 06y, (E").

_w/

This distribution is supported on the diagonal F = E’. Hence it vanishes on the region E # FE’, which
proves (F.14). O

We now start from the loop equation (1.2)

11 s(w)) +;2p:]14: O, (W)ﬁs(w) =0.

j=2 j=2

E (2;5% (wr) + s(wy)? +1>

We now apply
Ap ---

1

Ag

P
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with w, = E, 10, where the E,’s are distinct. Lemma F.6 gives, for the 0,, s term,

Ap, -+ Ap,E |0y, s(wr) [[ s(w))| = 0m,pp(Er,..., Bp);
j=2

for the quadratic term,

P
Ag, - Ag,E | s(w;) H s(wy) —QPV/perl Lt B dx—i—?pr )+3E1pp(E1,...

Jf—El

The analytic term +1 has no jump in F; and hence disappears. When the E,’s are distinct, the jumps of
the last term also vanish:

_ ) p

Ap, - AgE |y, <3(“’1)3(“’J)> [ stwe)| =o0. (F.16)
' wy — U}j =5
=

Note that this term would be important in the equilibrium BBGKY hierarchy that includes contact terms,
but it does not contribute to deriving (F.2).
Therefore, away from coincident external points, we have proved

1 p+1<$7E17E2a"'7 P E17"'> )
- P.V. d d L4 =0.
R +Z P o

This is the equilibrium BBGKY hierarchy for the one-dimensional logarithmic gas as stated in (F.2); the
background term p,p; vanishes after integration in the principal-value sense.
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