The distribution of overlaps between eigenvectors of Ginibre matrices
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We study the overlaps between eigenvectors of nonnormal matrices. They quantify the stability of
the spectrum, and characterize the joint eigenvalues increments under Dyson-type dynamics. Well
known work by Chalker and Mehlig calculated the expectation of these overlaps for complex Ginibre
matrices. For the same model, we extend their results by deriving the distribution of diagonal
overlaps (the condition numbers), and their correlations. We prove:

(i) convergence of condition numbers for bulk eigenvalues to an inverse Gamma distribution;
more generally, we decompose the quenched overlap (i.e. conditioned on eigenvalues) as a product
of independent random variables;
(ii) asymptotic expectation of off-diagonal overlaps, both for microscopic or mesoscopic separa-
tion of the corresponding eigenvalues;
(iil) decorrelation of condition numbers associated to eigenvalues at mesoscopic distance, at poly-
nomial speed in the dimension;
(iv) second moment asymptotics to identify the fluctuations order for off-diagonal overlaps, when
the related eigenvalues are separated by any mesoscopic scale;
(v) a new formula for the correlation between overlaps for eigenvalues at microscopic distance,
both diagonal and off-diagonal.
These results imply estimates on the extreme condition numbers, the volume of the pseudospectrum
and the diffusive evolution of eigenvalues under Dyson-type dynamics, at equilibrium.
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1 INTRODUCTION

1.1 The Ginibre ensemble. Throughout this article we will essentially consider a complex Ginibre
matrix Gy = (Gij)?fj:l where the G;;’s are independent and identically distributed complex Gaussian

random variables, with distribution p = p(V):
@ L _ N g
Gi; & J%;(O, 2N1d), p(ax) = —e M am(y), (1.1)

where m is the Lebesgue measure on C. As proved in [28], the eigenvalues of G have joint distribution

N AN)mEN () —H|/\ — Ai|? Hud/\k (1.2)

j<k

where Zy = N~ NWV-1)/2 H —, Jj!. The above measure is written Py, with correspondmg expectation Ey.
The limiting empirical spectral measure converges to the circular law, i.e. 3 > 65, = 1| <1dm(X).

The statistics of eigenvalues of Ginibre matrices have been studied in great details, and other non-
Hermitian matrix models are known to be integrable, see e.g. [23,37]. Much less is known about the
statistical properties of eigenvectors of non-Hermitian ensembles.

1.2 Owverlaps. Almost surely, the eigenvalues of a Ginibre matrix are distinct and G can be diagonalized
with left eigenvectors denoted (L;),, right eigenvectors (R;)Y.,, defined by GR; = \;R;, L'G = )\, Lt (for
a column vector x, we write x* = (z1,...,2,), X* = (T1,...,%,) and ||x|| = (x*x)'/2). Right and left

eigenvectors are biorthogonal basis sets, normalized by

In other words, defining X with ith column R;, we have G = XAX ! with A = diag(\y,...,\n), and Lt
is the ith row of Y = X 1. Because of the normalization (1.3}, the first interesting statistics to quantify
non-orthogonality of the eigenbasis is

Oij = (R R;) (L3 Ly). (1.4)

These overlaps are invariant under the rescaling R; — ¢;R;, L; — ¢ 17, and the diagonal overlaps 0;; =
| R:||?||Li||* directly quantify the stability of the spectrum. Indeed, if we assume all eigenvalues of G are
distinct and denote \;(t) the eigenvalues of G + tF, standard perturbation theory yields (in this paper
[ M| = supjx,=1 [|Mx]]2)

ﬁili/ =lim sup t7'|\(t) — Ail,
=0 B|=1

so that the ﬁl/ %5 are also called condition numbers. They also naturally appear through the formulas

1/2 = ||R;L}|| or ﬁil/z =limsup,_,,, [(z—G)7 | - |z — Xi|. We refer to [52, Sections 35 and 52] for further
d1scussmn and references about the relevance of condition numbers to the perturbative theory of eigenvalues,
and to estimates of the pseudospectrum.

Eigenvector overlaps also play a fundamental role in non perturbative dynamical settings. First, the large
off-diagonal €;;’s appear when G is the generator of evolution in real or imaginary time, see [13, Appendix
B]. More generally, eigenvector correlations are as relevant as eigenvalue distributions in determining evo-
lution at intermediate times, a well known fact in hydrodynamic stability theory [53]. Second, the overlaps
also fully characterize the eigenvalue increments when all matrix entries undergo independent Brownian
motions, as shown in Appendix A, for any deterministic initial condition. For the Dyson Brownian motion
on Hermitian matrices, the eigenvalues evolution is autonomous and coincides with Langevin dynamics for
a one-dimensional log-gas. On the contrary, in the nonnormal setting, the Dyson and Langevin dynamics
strongly differ. More about the Dyson-type dynamics in the context of the Ginibre ensemble can be found
n [11,30], and the Langevin equation related to is studied in [7].



1.3 Owverlaps statistics. The statistical study of overlaps started with the seminal work of Chalker and
Mehlig [12,13,43]. They estimated the large N limit of the expectation of diagonal and off-diagonal overlaps,
for the complex Ginibre ensemble: for any |z1], |z2| < 1,

E (011 | M = 21) N N(1—|z]%), (1.5)
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(1.6)

with (1.6 uniformly in |z; — 23| from the macroscopic up to the microscopic N /2 scal In [13], and
were rigorously established for z; = 0, and convincing heuristics extended them anywhere in the bulk
of the spectrum. From , one readily quantifies the instability of the spectrum, an order N greater than
for normal matrices in the bulk, and more stable closer to the edge.

An increasing interest in the statistical properties of overlaps for nonnormal matrices followed in the-
oretical physics [5, 29, 33,48, 50], often with interest in calculating overlaps averages beyond the Ginibre
ensemble. For example, eigenvector overlaps appear to describe resonance shift if one perturbs a scattering
system [25-27]. This was experimentally verified [31]. Remarkably, the exact statistics appeared very
recently in an experiment from [15] for microscopic separation of eigenvalues, suggesting some universality
of this formula. Unfortunately, many of the models considered in the physics literature are perturbative,
and most of the examined statistics are limited to expectations.

In the mathematics community, the overlaps were recently studied in [54]. Walters and Starr extended
to any z; in the bulk, established asymptotics for z; at the edge of the spectrum, and suggested an
approach towards a proof of . They also studied the connection between overlaps and mixed matrix
moments. Concentration for such moments for more general matrix models was established in [21], together
with applications to coupled differential equations with random coefficients. We continue the rigorous analysis
of overlaps by deriving the full distribution of the condition numbers for bulk eigenvalues of the complex
Ginibre ensembles. We also establish and an explicit formula for the correlation between diagonal and
off-diagonal overlaps, on any scale including microscopic. These formulas have consequences on the volume
of the pseudospectrum and eigenvalues dynamics.

Motivated by our explicit distribution for the overlaps, Fyodorov [24] recently derived the distribution of
diagonal overlaps for real eigenvalues of real Ginibre matrices, as well as an alternative proof for the distribu-
tion of diagonal overlaps for the complex Ginibre ensemble. Fyodorov’s method relies on the supersymmetry
approach in random matrix theory, while our technique is probabilistic, as described below.

1.4 Main Results. Equation suggests that the overlaps have typical size of order N. For the complex
Ginibre ensemble (like all results below), we confirm that this is indeed the typical behavior, identifying the
limiting distribution of &1;. We recall that a Gamma random variable v, has density ﬁxa’le’z on R,.
Theorem 1.1 (Limiting distribution of diagonal overlaps). Let k > 0 be an arbitrarily constant. Uniforml;ﬂ
inz| < l—N_%"’”, the following holds. Conditionally on \y = z, the rescaled diagonal overlap 011 converges
in distribution to an inverse Gamma random variable with parameter 2 as N — oo, namely

011 (@ 1
—_ — —. 1.7
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Our proof also gives convergence of the expectation, in the complex Ginibre case, so that it extends (|1.5]).
Equation (|1.7) means that for any continuous bounded function f we have

E (f (zvuﬁ_uw)) A = z) - /OOO £t) etj dt. (1.8)

Our formula (1.6) differs from the analogues in [12, 13,43, 54] through the additional denominator, due to eigenvalues
repulsion: we consider conditional expectation instead of averages.
2More precisely, for any smooth, bounded, compactly supported function f and deterministic sequence (zpy) such that

lzn] < 1 fN*%JF'{ we have E(f(ﬁu/(N(l —lzn?)) | M = zN) %Ef('ygl)




This ¢ asymptotic density was calculated for N = 2 in [13, Section V.A.2], where this heavy tail was
suggested to remain in the large IV limit.

Theorem [I.T] requires integrating over all the randomness of the Ginibre ensemble, in this sense this is an
annealed result. It derives from a quenched result, when conditioning on all eigenvalues: the overlap &1 can
then be decomposed as a product of independent random variables, see Theorem Very similar results
have been recently established for the Quaternionic Ginibre Ensemble [19], as well as for the Spherical and
Truncated Unitary Ensembles [20].

We observe that the limiting density in vanishes exponentially fast at 0, so that it is extremely
unlikely to find any bulk overlap of polynomial order smaller than N: the spectrum is uniformly unstable.
This is confirmed by the following bound on the extremes of condition numbers.

Corollary 1.2 (Bounds on the condition numbers). Let k,e > 0, k < Ko < 1/2 be fized and Qn C
{1 = N-ztm0 < |z| < 1 — N-2t%} be deterministic, measurable. Then with probability tending to 1 as
N — o0, the following event holds: for any A\; € Qy,

N%-&-n—s <0y < Nl-‘rl‘io-‘rsm(QN)l/Q.

In particular, all bulk overlaps are in [N'~¢, N3/2%¢] with large probability. In terms of polynomial scales
in N, the above lower bound is clearly optimal, and we believe the upper bound is also the best possible.

The next result is a rigorous proof of in the bulk of the spectrum. It answers Conjecture 4.5 in [54]
and gives firm grounds to the heuristic arguments of Chalker and Mehlig [13]. Different heuristics towards
Theorem for more general ensembles recently appeared in [46], based on diagrammatics. Another recent
approach [14] allows to compute the conditional expectation of more general multi-index overlaps when
eigenvalues are conditioned to be at macroscopic distance.

Theorem 1.3 (Expectation of off-diagonal overlaps, microscopic and mesoscopic scales). For any k €
(0,1/2), any e > 0 and C > 0 the following holds. Uniformly in 2,z such that |z| < 1 — N=2F+,
w=+VN|z; — 2| € [N~C,N*~¢], we have

1— 2171 — (14 w?)e el
|w[® 1= e lel

E(O12 | A = 21,M2 = 22) = =N (14 O(N—2te)). (1.9)

In particular, under the same hypothesis, in the mesoscopic regime |w| — oo, equation (1.9)) simplifies to

1—2172

E(ﬁlz ‘ AL =21, A2 :Zz) = —m

(1+0(1)), (1.10)
showing that the expectation of off-diagonal overlaps decreases with the separation of eigenvalues. Our next
result, about second moments at any scale, allows to identify the natural size of off-diagonal overlaps, and
gives polynomial decay of correlations between condition numbers.

Theorem 1.4 (Correlations of overlaps: microscopic and mesoscopic scales). Let k € (0,1/2) and o € (0, k).
Let e > 0. Then uniformly in z1,zo such that |z;1| <1 — N_%'*‘"“, w=VN|z — 2| € [N"2%5 N°], we have

1V2 1—|z 2 1—|z 2

E (|é§12‘2 | Al = Zl,)\g = ZQ) = ( ‘ 1| |21( | 2| ) (1 + ()(1\/2(0 ") E)) s (111)
ZV2 1—|z 2 1—|z 2 1+ UJ4—€ | |2

E(ﬁllﬁzz | A= Zl,)\g = 22) = ( ‘ 1| |21( | 2| ) 1| |6 PIE (1 + O(NQ(U ~) E)) . (112)

For the mesoscopic scales |w| — oo, the above asymptotics become

(1= [z ) = |22f*)
|21 — 22|*
E(ﬁllﬁQQ | )\1 = Zl,>\2 = 2’2) ~ E(ﬁll | )\1 = Zl)E(ﬁQz | )\2 = 2’2) . (114)

E (|02 | A1 = 21, A = 22) ~

: (1.13)



Equations and suggest that for any mesoscopic separation of eigenvalues, &5 does not concen-
trate, because E(|02|?) is of larger order than E(€2)2. Contrary to (L.6), therefore identifies the size
of off-diagonal overlaps, at mesoscopic scales.

The covariance bounds from Theorem yield effective estimates on the volume of the pseudospectrum,
defined through o.(G) = {2 : |z — G||7* > 7'} . We state the result when the pseudospectrum is intersected
with a mesoscopic ball, although it clearly holds on any domain within the bulk that is regular enough.

Corollary 1.5 (Volume of the pseudospectrum). Let £ > a > 0 be any constants and Bn C {|z| <
1—N*%+"} be a ball with radius at least N’%Jr“, at most N=2T5=9_ Then the volume of the pseudospectrum
in By is deterministic at first order: for any ¢ > 0,

m (o0:(G) N Bn)
52]\72[@N(1 — |2|2)dm

N —o00e—0

lim limIP<1—c< ()<1—|—c>:1. (1.15)
z

Finally, we remark that our results shed some light on natural matrix dynamics on nonnormal matrices,
the Dyson-type evolution where all matrix entries follow independent complex Ornstein-Uhlenbeck processes.
Under this evolution, the eigenvalues follow the dynamics (see Proposition |A.1))

AN (t) = dMi(t) — %/\k(t)dt

where the martingales (My)1<k<n have brackets (M;, M;) = 0 and d(M;, M;); = 0;;(t)%. Based on this
observation, Theorem Theorem and some bound from [24], we show that the eigenvalues propagate
with diffusive scaling, at equilibrium, but slower when close to the boundary.

Corollary 1.6 (Diffusive exponent for eigenvalues dynamics). Let c¢,a > 0 be arbitrarily. Consider the
matriz dynamics with initial condition G(0) distributed as (1.1). Let % C {|z| <1 —c} be a ball, and
t < N~¢. Then as N = co we have

B0~ M(OPywes) =t [ (1= 151814 o), (1.16)
E ((Al(t) = A1(0))(A2(t) — )‘2(0))1{A1(0)6%}0{\&(0)—>\2(0)|<N*“}) = o(tN~27). (1.17)

Given the time scale in (|1.16]), we expect that, conditionally on {\;(0) = z}, the process

(Aits) — 2)ogs<t
t(1—z[?)

converges in distribution to a normalized complex Brownian motion as N — oo (¢ is any scale N~17¢ < t <
N~9), ie. %(BS) + 1B <<t with B®) and B(®) independent standard Brownian motions. Moreover,
from ([1.17), we expect that these limiting processes associated to different eigenvalues are independent.

1.5 About the proofs. Our analysis of the condition numbers starts with the observation of Chalker and
Mehlig: the overlaps coincide with those of the Schur form of the original operator, a particularly simple
decomposition when the input is a Ginibre matrix. We refer the reader to for this key structure at the
source of our inductions.

In Section [2] our method to prove Theorem follows from a simple, remarkable identity in law: the
quenched overlap (i.e. conditionally on eigenvalues and integrating only over the complementary randomness
of the Ginibre ensemble) is a product of N — 1 independent random variables, see Theorem In the
specific case A1 = 0, for the complex Ginibre ensemble, this split of the distribution of &’j; remains in the
annealed setting, as a consequence of a theorem of Kostlan: the radii of eigenvalues of complex Ginibre
matrices are independent random variables. For the Ginibre ensemble with conditioned eigenvalue, we give



the extension of Kostlan’s theorem in Section [} This concludes a short probabilistic proof of Theorem
in the case \; = 0.

The extension to general A; in the bulk proceeds by decomposition of &1 into a long-range factor, which
gives the deterministic 1 — |z|? coefficient, and a short-range factor, responsible for the ;' fluctuations.
Concentration of the long-range contribution relies on rigidity results for eigenvalues, from [9,10]. To prove
that the short-range contribution is independent of the position of A\;, we need strong form of invariance
for our measure, around the conditioned point A;. While translation invariance for P follows easily from
the explicit form of the Ginibre determinantal kernel, the invariance of the conditioned measure requires
more involved tools such as the negative association property for determinantal point processes, see Section
[ Corollary directly follows from our estimates on the speed of convergence to the inverse Gamma
distribution, as explained in Section [2]

The proof of theorems and in Section |3| follows the same scheme: first a quenched identity, then
an explicit formula obtained for z; = 0 and a localization procedure to isolate the short and long-range
contributions. The main difference with the proof of Theorem concerns the special case z; = 0, the
other step being more robust. Due to conditioning on z3, rotational invariance of the remaining eigenvalues
is broken and there is no analogue of Kostlan’s theorem to obtain the explicit joint distribution of &5, 01
and Oss. Despite this lack of rotational invariance, Chalker and Mehlig had already obtained a closed-form
formula for E(&5) when z; = 0. Remarkably, the second moments are also explicit (although considerably
more involved) even for finite N, see Proposition Our correlation estimates on overlaps imply Corollary
by a second moment method. It is plausible yet unclear that Theorem [I.4] admits generalizations to
joint moments with an arbitrary number of conditioned eigenvalues. In fact, our second moment calculation
involves a P-recursive sequence (see (3.23)), for which explicit solutions are not expected in general. We
hope to address the general study of relevant holonomic sequences in future work.

In Appendix A, we consider eigenvalues dynamics. After deriving the relevant stochastic differential
equations in Proposition we show that Corollary follows from Theorem and Theorem [I.3] The
diagonal overlaps dictates the eigenvalues quadratic variation, the off-diagonal overlaps their correlations.

Finally, although this article focuses on the eigenvalues condition numbers, the Schur decomposition
technique also readily answers the natural question of angles between normalized Ginibre eigenvectors, as
explained in Appendix B.

1.6 Numerical test for universality of the distribution of overlaps. Universality of eigenvector
statistics recently attracted a lot of attention for random Hermitian matrices. For the Gaussian orthogonal
and unitary ensembles, the eigenvectors basis is Haar distributed on the corresponding unitary group. As

il
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(a) Complex Ginibre ensemble, en- (b) Complex Bernoulli, indepen- (¢) Complex Uniform, entries are
tries have density (1.1)). dent £1 real and imaginary parts.  uniform on {|z| < 1}.

Figure 1: The histogram of the overlaps m associated to bulk eigenvalues for different densities of
the matrix entries. The average is performed over all bulk eigenvalues of a 600 x 600 matrix, sampled 100
times. The curve gives the density of the inverse Gamma distribution with parameter 2.



a consequence, projections of eigenvectors on deterministic directions are asymptotically normal, as the
projection of the uniform measure on high dimensional spheres (a result due to Lévy and Borel). These
eigenvector statistics are now known to be universal [8,39,51], holding for generalized Wigner matrices.

The situation is quite different for eigenvectors of dense random non Hermitian matrices: orders of
magnitude such as delocalization are known [49] , but universality seems out of reach with current techniques.
In Figure[l} we numerically investigate whether the inverse Gamma distribution from Theorem describes
the typical behavior of condition numbers. This leads us to conjecture that for any complex random matrix
with i.i.d. entries with substantial real and imaginary parts, the normalized condition numbers converge to
the inverse Gamma distribution with parameter two.

1.7 Notations and conventions. The partial sums of the exponential are written

4
) =3 z (1.18)

i=k

and we abbreviate e = egcoo), eW) = eéN). Throughout the paper, 0 < x < 1 is a smooth cut-off function
on Ry such that x(z) =1 for x < 1/2 and 0 for z > 1. We write f = O(¢) if |f| < C|¢| for some C' > 0
which does not depend on N, and f = o(¢) if |f|/|¢| — 0 as N — co. Along this work, the constants C' and
¢ are some universal (resp. typically large and small) constants that may vary from line to line.

Acknowledgement. The authors thank the referees for particularly precise and pertinent suggestions which
helped improving this article.

2 DIAGCONAL OVERLAPS

This section first gives a remarkable identity in law for the diagonal overlap conditioned on the eigenvalues,
Theorem Eigenvalues are then integrated, first for A; at the center of the spectrum thanks to a variant
of Kostlan’s theorem, then anywhere in the bulk.

2.1 The quenched diagonal overlap. For all i # j we denote «;; = ﬁ, and ay; = 0. These numbers
i A
satisfy

Q5 OGk

Qij + g = 0, Qij + g = (2.1)

ik

We first recall the analysis of the overlaps given by Chalker and Mehlig, and include the short proof for
completeness.

Proposition 2.1 (from [12,13,43]). The following joint equality in distribution holds:

N N N
O =Y b, O=—b) bid,  On=1+bf)) [P
i=1 =2 =2

where by = dy =1, di = 0, and the next terms are defined by the recurrence

i—1 i—1
bi = Q1 Z kakz for 4 2 2, dZ = Qg4 dej}ﬂ for ¢ 2 3.
k=1 k=1

d
The T;; are independent complexr Gaussian variables, centered and with variance N=% (T}; &) Gij).

Proof. We defined X and Y = X! such that G = XAY (see subsection . The QR algorithm applied
to X yields X = UR, Y = R™'U*, and thus the Schur foorm G = UTU* with T = RAR™!'. It is



straightforward to check that U is independent of T" and uniformly distributed on the unitary group. The
overlaps are unchanged by an unitary change of basis, and therefore we can study directly the overlaps of
the matrix T. As proved in [44, Appendix 35], this matrix T has the eigenvalues of G as diagonal entries,

d
and independently the upper triangle consists in uncorrelated Gaussian random variables, Tj; @ Gij:

M T ... Tin
0 Ao ... Ton

T = L ] . . (2.2)
0 ... 0 My

For T, the right eigenvectors are of type

Ry = (1,0,...,0)", Ry = (a,1,0,...,0)",
and the left eigenvectors are denoted

Ly = (by,...,bN)", Ly = (dy,...,dn)"

Biorthogonality relations give by = 1, dy = 0, do = 1 and a = —by. The formulas given for the overlaps
follow, and the recurrence formulas proceed from the definition of the eigenvectors, i.e. L;T = )\jL;. O

Proposition shows that the eigenvectors, and thus the overlaps, are obtained according to a very
straightforward random process. Indeed, let us consider the sequences of column vectors:

By, = (1,b2,...,bk)t so that L = By,
Dk:(o,l,dg,...,dk)t so that LQZDN,
Tk = (Tl,k-i-l) . ,Tk7k+1)t (subset of the k + 1 th column of T)
For any k, T} is a k-dimensional centered Gaussian vector with independent coordinates and variance 1/N.
We denote the corresponding o-algebras
]:,Lza(Tk,lgkgn):a(Tm_,_l,l ng]gn)

In particular, by = )\ITP)\Q € Fi. The recurrence formula from Proposition H becomes

b1 = g1 BT, dny1 = @ g1 DT, no> 1 (2.3)

Theorem 2.2. The following equality in law holds conditionally on {\1,...,An}:

N
(@) | X2
on & (1 7)
11 g + N|/\1 — )\n|2
where the X, s are independent standard complex Gaussian random variables (X, @ %(e/i/l + iA45) with
standard real Gaussians N, N3 ).
Remark 2.3. In particular
N
1
Eq(011) = (1 7) 2.4
7(011) ,1;12 +N|)\1_)\n|2 (2.4)

where Er is partial integration in the upper-diagonal variables (T;;);~i. We therefore recover the result by
Chalker and Mehlig [12,13, 43].



Proof. For fixed N and 1 < n < N we shall use the notations
O = Bl 613 = —by BLDy, 653 = (1+ [ba])[| D> (2.5)
Note that

T 2
o =1, 0 =14 bal? =14 | 22|

A1 — A2
and, with (2.3)),

1 |1 ny1 BE T |2 n | X1 |2
O = Bl = 1Bl + [bn a2 = B2 (1 4+ 0 mmnl ) — g (14 2l

AR NP = AP
t
where X,,+1 := VN % is a JF,-measurable Gaussian with variance 1, independent of F,,_;. We have
therefore proved the expected factorization with independent X,,’s, by an immediate induction. O

2.2 The annealed diagonal overlap at the origin. We recall that a Gamma random variable 7, has

density ﬁxa_le_z on Ry, and a Beta random variable §,; has density Fig‘;;é’g)m“_l(l — )P 1y ().

Proposition 2.4. Conditionally on {\; = 0}, the following equality in distribution holds:

d 1
on 9 . (2.6)
B2, N—1

In particular, E(Oy1 | \1 = 0) = N and N~10y1 converges weakly to 72_1.

Proof. With the notations from Theorem we have (|Xa|2,...,|Xn|?) @ (’yf), e 'yﬁN)), a collection of
N — 1 independent Gamma random variables with parameter 1. Moreover, still conditionally on A\; = 0,

from Corollary we have {N|X2|?, ..., N|An|?} w {7v2,...,7n}, a set of independent Gamma random
variables with corresponding parameters. Theorem therefore yields, conditionally on A\; = 0,

@ N ,y(j)
ﬁll = H 1+ L )
=2 i

where all random variable are independent. Equation (2.6)) then follows immediately from Lemma [2.5|below.
This readily implies

_ L(HT(N +1)

B0 |3 =0) =B (3zh,) = IOV

( 11 | 1 ) BQ,N—I F(Z)F(N)

The convergence in distribution follows from a simple change of variables: for any bounded test function f,

which clearly converges to the right hand side of (|1.8) as N — 0. O

—N. (2.7)

Lemma 2.5. The following equalities in distribution hold, where all random variables with different indexes
are independent:

Yo @D

= Pa,by 2.9
Ya + Y P b ( )
T @
Hﬁj,l = Pa,N-1. (2.10)
j=2

Proof. Equation (2.9) is standard, see e.g. [34, Chapter 25]. The equality (2.10) follows by immediate
induction from the following property [17]: if 8, ; and 5,44, are independent, their product has distribution
Bp.g+r- O



2.3 The annealed diagonal overlap in the bulk. With the following theorem, we first recall how the
expectation of diagonal overlaps is accessible, following [12,13,43], [54]. We then prove Theorem

The following was proved by Chalker and Mehlig for z = 0. They gave convincing arguments for any z
in the bulk, a result then proved by Walters and Starr. Explicit formulae have also been recently obtained
in [1] for the conditional expectation of diagonal and off-diagonal overlaps with respect to any number of
eigenvalues. We include the following statement and its short proof for the sake of completeness.

Theorem 2.6 (from [12}|13|43}54]). For any z € D, we have
efc(z)N

B0 | =) = N - ) +0 (VI

)) where c(z) = |z|? — 1 —log(|z*) > 0.

Proof. From (12.4), we can write

N
E(ﬁn)\l_z)_E<H <1+N|zi/\k|2> |)\1—z>.

k=2

Theorem [5.3| with g(A\) = 1+ m then gives

1 det() 1 i
R i5)1<i,j<N—1 oL g (L e
E (gg()\k) | A1 = z) = Z](\f) where f;; = B /)\’ N (N + |z = A )M(d)\)-

This is the determinant of a tridiagonal matrix, with entries (we use (5.1)))

1 N'42? z 2

z
fii = N + TN fiit1 = N Jii-1= TN

Denoting = N|z|? and dj, = det((M;;)1<i,j<k), with the convention dy = 1 we have

T+ 2
dy = N
z+1\ 1 z 1
dk:<1+ L )Nk k—l—%mdk—%

(k1) .
so that ap = dek 5 satisfies ap=1,a1 =+ 2,

r+1 T
ap = |1+ ) k-1 T L k-2

This gives ap = (k + 1)e* 1) (z) — ze® () by an immediate induction. Thus, we conclude

L e(N)(x) B
E(ﬁll | )\1 Z) Nie(Nfl) (:Ij) xX. (211)

From the asymptotics

¢ N N(1—|z[*+log|2|*)
(N (o — o r_ w+o<x>— z(140](¢
Mia)=et =3 r=c NG ) =€ VarN( - ) ) )

>N

the expected formula follows. O

The following proofs make use of special integrability when the conditioned particle is at the center,
together with a separation of the short-range and long-range eigenvalues. This separation of scales idea is
already present in [13], though not rigorous. To illustrate the main ideas, we first give an alternative proof
of Theorem [2.6| (with deteriorated error estimate) which does not rely on explicit formulas, but rather on
rigidity and translation invariance. We then prove the main result of this section, Theorem

10



Alternative proof of Theorem[2.6, We denote v, the measure conditioned to A\; = z. Note that v, is
a determinantal measure as it has density H2<i<j<N N — Aj|%e” 32 V) for some external potential V'
(which depends on z). With a slight abuse of language, we will abbreviate E,_(X) = E(X | Ay = z) even for
X a function of the overlaps.

The proof consists in three steps: we first show that we can afford a small cutoff of our test function
around the singularity, then we decompose our product into smooth long-range and a short-range parts. The
long range concentrates, and the short range is invariant by translation.

First step: small cutoff. Let g, (\) = 1+m. Remember that from 1) E, (011) =E,_ (Hi\; gz()\i)) .

We denote h.(A) = g.(AM)1,_x>n-4, with A = A(x) a large enough chosen constant, and first prove the
following elementary equality:

N N
E,. <ng(&)> =E,, <H hZ(Ai)> +O(N 7). (2.12)

Note that the exponent N2 here is just chosen for the sake of concreteness. The left hand side coincides

—1
with E,, (Hf;ﬂz - N2+ Nfl)) (EVZ (HfVZQ(LZ — )\1|2)>> , so that (2.12)) follows if we can prove

N N
Euz (H(|Z - >‘1|2 + N_l)e_N(|Z|2_1))> - EVz (H(|Z - >‘z|2 + N_lllz/\i>NA)e_N(ZQ_1)> = O(N_B)v

i=2 =2
(2.13)
N
E,. <H<|z - Ail2>e‘N('z'2_l)> >N (2.14)
1=2

for a constant B sufficiently larger than C. Equation (2.14) follows from Lemma For equation (2.13)),
note that the left hand side has size order

N N 1/2
2 2
E,. <H(|z — |2+ N7He Nz 1))]1Hi:>\i—z<NA> = O(N~*1OE,, (H(Z — X2+ N712e 2N (= 1)> ,

=2 =2

by Cauchy-Schwarz inequality, union bound, and considering that A can be taken as large as needed. This
last expectation is bounded by Lemma which concludes the proof of (2.12]) by choosing A large enough.

Second step: the long-range contribution concentrates. We smoothly separate the short-range from a long-
range contributions on the right hand side of (2.12)). For this, we define:

Xes(\) = X(N%—5|z - )\|> with & € (0, ) (2.15)
1
4 [ — —
. B 1 —xz6(A) dm(X)
ho(N) = ehi A,
hs(\) = log (1 1 NfA)XZ 5(\) (2.18)
z N|Z—A|2 [z—A|> s 3

L) =tog (14 57=57) (1= X))

11



Note that

N B N B N 1
Z he(Ni) = f2] < Z FL) = fo| + Z m(l = Xz,6(Ai))- (2.19)
i=2 i=2 i=2 ¢

To bound the first term on the right hand side, we rely on [10, Lemma 3.2]: for any a such that o f£||ec < 1/3
(in practice || f]lcc < N72% so that we will choose a = cN?’ for some fixed small ¢), we have

E,. (ea(zfﬂ FEON) =B, (21, ff(xn))) < eCoVary, (S, FL1O0) (2.20)

for some C which does not depend on N. We first bound the above variance. Introduce a partition of type 1 =
X+ k1 £(27 ") for any « > 0, with & smooth, compactly supported. Let f£, (X) = FENEQRTENT/270 5 —
M) and K = min{k > 1: 28 N~1/2%9 5 C} where C and therefore K only depend on &. Then Y. f{(\) =
Z,[f:l > fik()\i) with probability 1 — e~V (here we use that there are no eigenvalues |\;| > 1 + & with

probability 1 — e~ )N thanks to the Corollary . Moreover, from [9, Theorem 1.2], for any ¢ > 0 and
D > 0, there exists Ny > 0 such that for any N > Ny, |z| < 1 and 1 < k < K we have

]PN—l <|fo,k(>‘l) - (N — 1) /)\

This implies the same estimate for the conditioned measure by a simple Cauchy-Schwarz inequality:

> N—25+8>

< NPy, (‘Z ff,k(/\i) — (N — 1)/| ,f,k

z|<1

£
fz,k
<1

> N25+6> g N*D'

P, (’Z S — (N - 1) / ‘,

z|<1

1/2 N 1/2
> N26+s> E,. <H|Z _ /\i|4€2N(|Z|21)> < N—5+2C
i=2

where we used Lemma [2.11] We conclude that for any € > 0 and D we have
P, (130 /200 = fol > N72H) < NP,

so that Var, (YN, fL(A)) = O(N=%%) and E,_ (XN, f£(N)) = f» + O(N=20%). As a consequence,
(2.20) becomes

z

E, (ea(zé\fﬂ ff()\i)_fz)) < eCa2N745+s+C\a|N72a+a. (2.21)

The same reasoning yields

N 1 . — 5 — €
]Eyz <6a21‘2 N2|z)\i4(1_Xz,5(/\’L))) g eCDLQN 80+ +C‘04|N 26+ . (222)

The choice a = +cN? in , (2.22)) together with (2.19) implies

P, (A) < eN", where A = {

N —
=2

> N—25+E} .
This yields, for some p = 1 + ¢(k), ¢(k) > 0 and some ¢,r > 1,

P, (A7 < eV, (2.23)

z

E, (ezi(hz(xmhi(xmh) <E, (epzihzm))””]EV (eqzihﬁ(z\i))l/q

12



Here we used that the third term has size order e=“V", the second one is of order etf: = O(NY) from 1)
[2.22), and so is the first one from Lemma [2.9] (we needed the initial small cutoff changing g into h in order
to apply this Lemma). Moreover,

E,, (XSO0 ONE ) = (140N ), (2 MO0 ) (1+O(N 2B, (=001, ),

and this last expectation is of order e=“N" for the same reason as ([2.23). To summarize, with the previous
two equations we have proved (up to exponentially small error terms)

N
E,, <H hz(Ai)> = (1+O(N~2+e))el= (ez,- hi(m) .
i=2
Third step: the local part is invariant. With p = 1 in (2.33]), we have
E, (eZihi(Ai)) _E,, (ezihé(Ai)) L0 (e,chﬁ) '

This yields

N N
E.. (H hz(Ai)> = (1+O(N~2+e))el=~lo |, (H ho(/\i)> .
=2

1=2

From Lemma ef==fo =1 — 2|2, and from 1D 2.12)) we have E,, (HfV:Q ho(Ai)> = N + O(N~2). This
concludes the proof. O

Proof of Theorem[1.1, We follow the same method as in the previous proof, except that we won’t need a
small a priori cutoff: we are interested in convergence in distribution, not in L*.

First step: the long-range contribution concentrates. We smoothly separate the short-range from a long-range
contributions in Theorem

0 @ eZév gs (i, X))+ Y gﬁ(%,Xi)v (2.24)
||

s T
gz(A,Jf) = lOg (1 + m

)XV,
3£ 0n) =tog (14 ) (L s V)

For the convenience of the reader we recall the notations defined above :

Xes(\) = X(N%—ﬂz - )\|) with & € (0, k)

0 _ |$|2 .

. 1—x25(A) dm())
fo=(N-1) b Nz—=X2 =«

Let G be the distribution of (Xs,...,Xy). For any € > 0, by Gaussian tail we have

G(B)=>1- e_CNE/m, where B = {|Xi|2 <N/ forall 2 <i < N}.

Moreover,
N ) N ) N 1
1> gt Xi) = flls <D AN, Xi) = fo| + CN2 Y m(l = Xz,6(Ai))- (2.25)
i=2 i=2 i=2 v

13



To bound the first term on the right hand side, we first integrate over the Gaussian variables:

N
N oty x\_TF 1 —af
Eyzxg (ea(zi:Q fz()\'mX’L) fz)) — ]EDZ | I 1 17X215(Ai) e af.
i=2 + ~ Y Nz= 2

< eCa2N_4‘$+5+CaN_25+E

X )

<E (ea(Eﬁz FEQD)—F2)+Ca® T, W(l—Xz,s(Ai))z)

where, for the last inequality, we used (2.21)) and (2.22)) together with the Cauchy-Schwarz inequality, with
a = cN? for some fixed small enough ¢ being admissible. With (2.25)), we obtain

N

> gt Xi) — fe

1=2

P, xg(A) < echg, where A = {

> N”*E} : (2.26)

Let £ € R be fixed. From the above bound we have

. s ) ig
On ig 22 95N X))+ gf (N X) CoNe
E( (2% ) |\=z2]=E, Lae c
((N(l—w)) =) =B N T+P) ae o)

S g x5\ SN gt X0 \
e 2 z e 2 z
=E, - 1 ac N—20+e) — E, - - N—20+e
.xg ( NP ) ac | +0O ([¢] ) =Ev.xg ( N ) +O([¢| ),

where we used ef* /(1 — |2|2) = e/, from Lemma
We now define the function a, (omitting the dependence in ¢ in the notation) through

=N = Eg (eiggzu,xi)) ,
Note that a, does not depend on i because the X;’s are identically distributed. We want to apply Lemma[1.3]

Note that a, is supported on |z — A| < CN~2%% and Re(a.) < 0, so that (4.3) and (4.4) are automatically
satisfied and (N||v|1)" < CN?", hence (4.2)) holds for the choice r = 3, § = x/10. For this choice of §, we

therefore have N N 2
o (eZi:2 “z“i)) ~E, (eZi:2 %W) +0 (e*cN ) (2.27)

uniformly in €. This proves

. . i€

Oy i§ ezggo()\rnxi)-‘rfo Y
E - - A = :EV _— N +e
((N(1_|Z2)> M= 2| = Eung = +o(¢] )

i¢
=E ((%) |\ = 0) + O(JE|N~20F5), (2.28)

Together with Proposition this concludes the proof of Theorem O
Proof of Corollary[1.9 We start with the lower bound. From (2.26) we have

ﬁ s r £ €
P (1 —1|1ZI2 <N = z) <Py, g (€27 XD < N175) 4 0N,

We now apply Lemma [2.10] to justify that 2 can essentially be replaced by z = 0 in the above left hand side.
From (2.27)), the Fourier transforms of ¢, go are exponentially close uniformly in the Fourier parameter .
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By choosing in Lemma R=T-= e]_VE/w and F' smooth bounded equal to 1 on the interval (—oo, (1 —
e/2log N — fo)], 0 on [(1 —e/2log N — fo + 1,00), we have

P, xg (e 2 9: (N X+ o < N1*%> <Py xg (eZQ' 95 (X, X))+ fo < ng) I O(e’Ns/w)
<P (ﬁ“ <N'TEE AN = 0) + 0 Ny =0 "), (2.29)
where this last probability was estimated thanks to Proposition For |z] <1 — N*%ﬂe’ this yields

and we conclude by a union bound (an error bound o( N 1) above would be enough). For the upper estimate,
in the same way as previously, for any x > 0 we obtain

7 /1

For x > N, the following is easy to justify:

Yz N-—1 [® 1\ at * dqt N2
P(o AM=0)=N(N-1 1—uw)N 24 :7/ 1-— — —N/ — =
(O >z |\ ) ( )/o u( u) U N o/N Nt 3 /N 3 272

We obtained

N
S P (/\i €O, Oy > N1+"‘0+5m(QN)1/2> — NP () € Qy)P (6’11 > NlFrotem QY2 | A € QN)
=1

On 3 N2 _
SNP(N € QNP ——— > N2Tom(Qn) 2 | A € Qn ) < Nm(Q <N~
(s € Q) (1 — A2 TmN) 7 € Sy m N)(N%Jrem(QN)l/z)z k
which concludes the proof by a union bound. O

Remark 2.7. One may wonder about the true asymptotics of the greatest overlap over the whole spectrum.
The above bounds could easily be refined to prove that for any C >0 and N < z < N©,

N
N2(1—[z|%)?dm(z) N3
P(0;>z)~ N -
; (i > ) /D 222 ™ 622

If the overlaps are sufficiently independent (a fact suggested by ), this hints towards convergence of the
maximum to a Fréchet distribution: for any fized y > 0, as N — oo

Oii .
- ;
v (1@%\/ Nsiz SY)Tre

Remember that 0 < x < 1 is a smooth cut-off function on R4 such that x(z) = 1 for 2 < 1/2 and 0 for
x > 1, and we denote

Xes () = x (V3012 = ).
The following three lemmas were used in the previous proofs.

Lemma 2.8. There exists a constant c(x) such that for any |z| <1 — N~210 we have

1 1-— Xz,5(>\) _
T /D de()\) = (1-20)log(N) +log(1 — |2[*) + ¢(x).
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Proof. For z = 0, this is an elementary calculation in polar coordinates, so that we only need to show that
for any given 0 < € < 1 — |z| we have (here D, is the disk with center a, radius ¢)

1 1 1 1
;/D ——dm(\) — 7/@ ——=dm(\) = log(1 — |z]?). (2.31)

b, |2 = Al Do [A?

Denote z +iy = rei? and a = |z|. Note that & = 8, (2'%8") + 9, (y'53"), so that by Green’s theorem we have

1 1 1 log |rel? — al
- - - —a)dy — ydz) .
=2 ([ ) e e om

The second integral clearly does not depend on a. The first integral can be split into

1/ logre? —al i/ loglre® ~ al g | (-i0)qp,
T Jop oD

lel? — al? 27 lel? — al?
To calculate the first integral above, we expand log |¢!? —a| = R D op>1 %(ae‘ie)p, et —a| =2 = > k050 aktteik=00,

and obtain y b )
1 log |re’ —a aP log(l —a
7/ gle 2|d9:2 Z =2 2 2 )
™ Jop |€ —a pelh=pte P 1-a

In the same way, we have

a log|re —al . a* P log(1 —a?)  ,log(l — a?)
& ) 260C — Wi 1046 = -
21 Jop |69 — al? (" +e™) “ Z * Z D 1—a2 YT
p=>1l,k+1=p+€ p>1l,k—1=p+<L
To summarize we have proved that
1 1
— ———dm()\) = log(1 — a®
L ) = los1 — ) e
where ¢ does not depend on z, and (2.31) follows. O

Lemma 2.9. Let hi be given by (2.18). For any r € (0,1/2), there exists c(k), C(k) > 0 such that for any
2| <1—=N—2%% and p € [1,1 4 ¢(k)], we have

E, (6pz§ hi(&)) < N,

Proof. First, the result is true for z = 0. Indeed,

E,, (epz§ hé(w) <E, (ﬁ (1 + NTA ) ) HE (( )p> = O(NY), (2.32)

=2

where we used Corollary

We want to apply Lemma to conclude the proof. For this we need to check conditions (4.2), (4.3)
and 1) for our function f = ph%, and v = e/ — 1. First note that ||v||; < CfN*A<|>\\<1W <
CN-PNARP=2) 5o that (4.2) holds by choosing p = 1 + ¢(k) with ¢(k) small enough. To prove (.3) and
(4.4), we rely on Lemma

B (=be) -, (#25000) o) < (1 22 ) Y T (10 1)) <o

—* < N¢. We therefore obtained

xP

where we used . for the first equation, and the calculation f N-4

E., (e”22 hi(’\i)) =E,, (6”22 hi(’\i)) +0 (e*“’N%) (2.33)
for any 1 < p < 1+ ¢(k) with ¢(k) small enough. Equations (2.32)) and (2.33)) conclude the proof. O
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To quantitatively invert the Fourier transform, we use the following crude bound, see [4, Lemma 2.6]
following from [6, Corollary 11.5].

Lemma 2.10. There exists a constant ¢ such that if u and v are probability measures on R with Fourier
transforms fi (t) = [ € p(dz) and 0 (t) = [ €'v (dz), then for any R,T > 0 and any function f: R — R
with Lipschitz constant C,
C L c c
() = v (DI < ez + el flloo {RTIL 1) (8 = 9) lloo + p ([= R, B]) + v (=R, B]) } - (2.34)
The following crude a priori estimates are used in this paper. Note that for z strictly in the bulk of the
spectrum (]z] < 1 — ¢ for fixed € > 0), the first statement is a simple consequence of the main result in [55].

Lemma 2.11. For any p,x > 0, there exists C > 0 such that, for large enough N, uniformly in |z1|, |z2| <
1— N—2t% we have

N

N=C<Ey (H |21 — Ai|2pePN<|le21)> < N, (2.35)
=1
N 1" .

N <Eyn <1:[1 <|,z1 — N>+ N) e PN =l —1>> < N, (2.36)
N

N_C < EN <H |2’1 — )\i|2|32 — /\ize_N(le_l)e_N(222_1)> < NC. (237)
=1

Proof. We start with the lower bounds, which are elementary: as E(e™) > ¢®X) we have

N
2 1
Ey <H |21 — \g|?Pe PN (=l 1>> > exp (2pN/log(|zl AN — /;|_<1)dm(z)) > exp(0(1)),
=1

where for the last inequality we used that the density of states for the Ginibre ensemble is close to the
uniform measure on the disk with high accuracy (se e.g. [9, Lemma 4.5]). This proves the lower bounds in
and the lower bounds for , hold by the same argument.

For the upper bounds, we only need to prove 7 as will follow by monotonicity, and (2.37))
by the Cauchy-Schwarz inequality from . Remember the notation and abbreviate logy (x) =
log(|z|? + 1/N). We can bound

N|=

N P
Enx (H <Z1 _ >\i|2 + 1) epN(|Z1|21)> < Exn (62}721OgN(ZliAi)levé(Ai)72prlog‘Zli)\lle,(s()\)>
N

i=1

-

x En (ezpz log (21 =X:)(1=Xz1.5(A:) ~2pN [ log |er|<1fle,a<A>>.) *(2.39)

For the first expectation corresponding to the short range, we apply Lemma 4.2} observing that N||v||; =
O(N??) is negligible for § small enough. We obtain that this first expectation is equivalent to

Ex (e2pZlogN(M)xU,(s(M)—%Nflog|>\\Xo,5(>\)> < NC,

where the above inequality follows from Corollary

The second expectation in is the Laplace transform of smooth linear statistics, so that the loop
equations techniques apply to prove it is of polynomial order, see [40, Theorem 1.3]. More precisely, [40]
applies to the smooth function (1 — x, s)log instead of (1 — x, 5)logy, but we can decompose logy () =
2log |A| + log(1 + ﬁ) With the Cauchy-Schwarz inequality we separate contribution from these two
functions, then the analogue (for the unconditioned measure) of shows the Laplace transform of linear
statistics of (1 — x.,.s)log(1l + ﬁ) is O(1), and finally [40, Theorem 1.3] bounds the contribution of

(1 = x2,,5)log |\ by O(NC). O
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3 OFF-DIAGONAL OVERLAPS

In this section we consider the distribution of N Ginibre points conditioned to {A1 = 2z1,A\s = 22}. We
will successively prove identities for the quenched off-diagonal overlaps, for all z1, 2o, and then get explicit
relations for z; = 0 in the annealed setting. Finally, these new correlation identities are extended to any
21, z2 in the bulk of the spectrum by a decomposition of short and long range contributions.

3.1 The quenched off-diagonal overlap. Contrary to the diagonal overlap, the factorization here
doesn’t involve independent variables.

Proposition 3.1. The following equality in law holds, conditionally on {A1,...,An}:

N
(d) ‘ T2 ‘2 Zy
oY - 1+ ),
2 AL~ Ao }:[3( N()\l—)\n)()\g—)\n)>

where, conditionally on Fn_o, Z, is a product of two (correlated) complex Gaussian random variables, and
E(Z, | Fn_2) = 1.

Proof. As for the diagonal overlap, we simply compute, with the notation ({2.5),

2 Ty |2
oy = Il = | = |

A1 — A2

and

ﬁf;H_l) = *EB;+1D71+1 == *E(B;Dn + bn+1dn+1) = *bQ(B:LDn + al,n+qut1Tna2,n+1D%Tn)

L BT, Dt T, n Zn
= _b2B;D” (1 + al,nﬂaZmH%) - 61(2) (1 + Hi)’
B, Dy, N(A1L = Ant1) (A2 = Any1)
where
BT, DT,

Clearly, conditionally on F,,_1, Z,+1 is a product of two complex Gaussian random variables, a distribution
which depends on ﬁ’l(g). Moreover, B, D,, € F,_1 and T}, is independent of F,,_1, so that E(Z,4+1 | Fn—1) =

1. O

Remark 3.2. By successive conditional expectations with respect to Fn_o, ..., F1, Proposition[3.1) implies
1 Al 1

B () =~ x5 1L 5 o) 32

an important fact already proved in [12, 183, 43].

3.2 The annealed off-diagonal overlap: expectation. Remarkably, the works [12,13,43] also explicitly
integrated the random variable (3.2]) over As,..., Ay, in the specific case Ay = 0. We state the resulting
asymptotics and add the proof from Chalker and Mehlig, for completeness.

Corollary 3.3 (Chalker, Mehlig [12,13,43]). For any € > 0, there exists ¢ > 0 such that uniformly in
|z| < N7¢,
11— (1+N|z2)e NP

E (012 |>\1:0’)‘2:Z):_N|zl4 1 — e NI=P?

+0(e™M).
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Proof. From (3.2)), we want to evaluate

N
1 1
E(0|M=0X=z2)=——0E[[[(1- o)A =0=
(G2l 2 =00 =2 = x7p <k_3( WG o )

Z—)\/C

From Theorem [5.4| with g(A) =1 — ﬁ, we find that

N
1 _
E (H 9Ak) [ A1 =0, = Z) = Wdet(fi,j)%:%

k=2 N
where

o1 i—13=1 |\ 2] _ |2 /11]1 2 1
s = G AR AR = AR (AN) = gy [ AT (AP - -

SAG = X)) u(an).
This matrix is tridiagonal with entries

1 | 2|2 1 zZ z

fii = Nt + G+ )N + G+ )N fijit1 = TN Jii-1 = TN

Let dy = det(f; ;)5 ;—, and z = N|z|?. With the convention dy = 1 we have

1 /3 =
dl_]v2<+2>’

r+1 1 z 1
O (”kﬂ)wdk-l‘kwdk-?

5 satisfies ap=1,a1 =3/2+ /2,

r+1 T
= ]_ _— 1 — — _9.
ag (+k+1>ak1 kak2

so that a; =

An immediate induction gives ax = (k + 2)x_2e§k+2) (). Thus, we conclude
N M) (x)
E(ﬁ12| )\1:07/\222):_7 2 .
e ()
The proof is then concluded by standard asymptotics. O

With Corollary the expectation of 5 is known for Ay = 0. To extend the result to anywhere in the
bulk of the spectrum, we mimic the alternative proof of Theorem from Subsection

Proof of Theorem . We denote v,, ,, the measure conditioned to A; = 21, A2 = 22. Note that v,, .,
is a determinantal measure. With a slight abuse of language, we will abbreviate E (X)=EX |\ =
21, A\ = 2z9) even for X a function of the overlaps.

We follow the same three steps as in the alternative proof of Theorem Strictly speaking, if we were
to impose |z; — 22| > N~¢ for some fixed C, we would not need the first step below, as the singularity 1/|z|
is integrable, contrary to our previous singularity 1/|z|?. However, in Theorem we allow z; and 25 to be
arbitrarily close, so we first perform an initial small cutoff.

Vzy,zo

First step: small cutoff. Let g, .,(A\) =1+ m Remember that, from 1)
zZ1— zZ2—

1
]Eyzbzz(ﬂw) N|Zl - 22|2 ”21 22 <H 921,22 ) ’
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We denote h, ., (A) = sy ,20(A)Lagz where B = {|\ — 21| < N4} U {|]A — 22| < N=4}. For A a large
enough constant, the analogue of (2.12)) holds:

N
EVZI,ZZ (HQZ1,Z2(/\i)> = Vzl 29 (H By 2 (A > +O(N ) (3.3)

=3

Indeed, by making explicit the above conditional measures, (3.3) follows from

N
En—2 (H(|Zl — APz = N2 4+ N7 = M) (22 — Ai))e—NﬂZllz—l)—Nﬂ@lZ—l)) (3.4)

=3

N
e (H(Izl — fPlzs = AP N o = A (s — Amueﬂem'“ﬁ”NWD) = 0(N"P),

1=3
and
N 2 2
Exn_o (Hﬂzl _ )\i|2|22 _ )\i|2)e_N(‘Zl‘ —1)=N (22| —1)> > NC1, (3.5)
i=3

with B much larger than C;. Lemma [2.11] gives (8.5). The left hand side of (3.4) has size order

N
2 2
En_2 (H(|Zl — A2+ N7H (|20 = NP + N7He NUm =D =Nz _1)]132‘:,\1-633) = O(N—"+%)
i=3

by the Cauchy-Schwarz inequality and Lemma for some Cs which does not depend on A. This con-
cludes the proof of (3.3)) by choosing A large enough.

Second step: the long-range contribution concentrates. We smoothly separate the short-range from a long-
range contributions on the right hand side of (3.3):

By (N =€ SN CVE ZZ(A)’
1
N(z1 — AN)(z2 — A)
17>(1
N(z1 — A)(z2 — N)

hZ, ., (A) =log (1 + ]l,\gz@)xz,a()\)a

B, ep(N) =Tog (1+ — X=5(0),

21,22

and we denote z = (21 + 2)/2, recall |21 — 25| < N72HF 5y 5(\) = X(N%76|Z - )\|), and choose
d € (k —&,k). In the definition of h?

%, .25» We can choose any branch for the logarithm, this won’t have any

impact on the rest of the proof. In the long-range contribution h’ 1,25 the logarithm is defined by continuity

7 _ 1 . _ N 21 1-xz,6(N)
from log(1) = 0. Let fI _ (X)) = 7]\[(217)\)@(1 Xz.6(A) and f,, ., = fD P )dm()\). Note

that
N
1 1
4
thl 22 le 22| |Zle 22 le Z2|+ (Zz_; N2|Z1 _ Ai‘4( Xz5 + Z N2|2’2 /\ |4 Xz,5(/\z))> .

(3.6)
The last two sums are bounded as in (2.22)). For the first term on the right hand side, we bound the real
and imaginary parts separately: similarly to (2.20)), we have

( a(CRefl, L, (M), ., (TN, Reffl,Q(Ai)))) < G0 Varu,, L, (g Refl, o, (A) (3.7)

Vzy,22
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where a = ¢N? for some fixed ¢ and C' which does not depend on N. We first bound the above variance.
Remember we have a partition of type 1 = x + >, £(27%2) for any = > 0, with ¢ smooth, compactly

supported. Let ffl V) = fL L (NEQRTENY2701z — A|) and K = min{k > 1 : 2"N~/2%9 > 10}. Then
S i) = Zk:l > ff,k()‘i) with probability 1 — e~V and with [9, Theorem 1.2], for any ¢ > 0 and
D > 0, there exists Ny > 0 such that for any N > Ny and 1 < k < K we have (we now omit to write the

real part, being understanding that f is either Ref or Imf)

-2 (‘Z f£17zz7k()‘i> - (N - 2)/ 51,22,10

> N—25+E> g N—D
|z|<1

The same estimate holds for the conditioned measure by the Cauchy-Schwarz inequality:

Puzl,z2 <|fol,22,k(>\i) - (NQ)/< 21722,k| >N~ 26+5>
(1 k) - V=) [ f
|z]<1
N N 1/2
9 (H |21 — )\i|4€—2N(|Zl‘2_1) H |20 — )\i|4€_2N(222_1)> < N—5+20
i=2

=2

1/2
> N—26+6> NC

for some C which only depends on x, where we used Lemma We conclude that for any small € > 0 and

D we have
¥ 20+ _
V21 z2 ('Zle,zg fz1,zz‘ >N~ s) <N

so that Varuzl z (ZZ 3f»f1 22( )) = O( 4§+E) and Eyzl,zz (Zz 3f£1 22( )) - le 22 + O( 26+€)' As a
consequence, ([3.7)) becomes

Ey. ., ( (s f2, ey M) = oy, z2)) (Co? N=4+e f CaN 29+ 38)

>N~ 25+5} )

(e hzl,zzw)” "B, (er> hil,wn)” P4 < e

_ (3.9)
Here we used that the third term has size order e=“N", the second one is of order e?/=1.22 = O(N), and so

is the first one from Lemma and |1+ ﬁ| <1+ NIZ117>\\2)(1 + N|Z21,,\\2)' Moreover,

With o = ¢N?%, we obtain

Vzy,29 Zl ZQ f21722

(A) < e™*N° | where A = {

This yields, for some p =1+ ¢(k), ¢(k) > 0 and some ¢, > 1,

Vz1,29

Ev., ., (ezi“@'m(* DR, s (WﬂA) <E

EVszz (6Zi(hi1,zz(>‘ DR, (A i))ﬂAc> =1+ O(N725+E))]El,z11z2 (ezi hil:zz(ki)Jrle’z?)
— (L4 O(N"#HNE,, (=00t e, ) (3.0)

and this last expectation is of order e “N° for the same reason as (3.9). To summarize, with the previous
two equations we have proved (up to exponentially small additive error terms)

N
EVszz (H hz1,z2 ()\Z)> = (1 + O(N_26+E))ele'zz EV21122 (ezl hzl’ZQ(/\i)> .
=3
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Third step: the local part is invariant. For our test function h?
of Lemma [£-4] so that

%, .25 the reader can easily check the conditions

]E (ezl h§1,22(>\i)) :Euo,zzle (62 hO ,29— Zl( ) +O( —CN2'€> .

Vzy,22
This yields
N ) ) N
Ev., ., (H hzl,zx&)) = L+ ON ) ona g, (H ho,m_mw)> .
i=3 =3
From Lemma efrzo—foza—n = (1- 2122) = . Together with Corollary 3l this concludes the proof. [

Lemma 3.4. For any A\, 2 € D,

1 1 1— XA
w/u)wwdm@ =los (5 =00e):

Proof. We consider the following domains, assuming 0 < |A;| < [A2] < 1 and € > 0 is small enough. The
following computation still holds if |\;| = |\z|, as long as A\ # Ao. Integrability is clear, as the poles
are simple and isolated. Moreover, under these conditions, the integral cancels on the disks D; and Ds.

Do = D(0,|\] —e),

Dy = D(M\q,¢),

Dy = D()\g,¢),

Ry = D(0, |M1] +¢) — D(0, |\] —¢),
Ra = D(0, Aa| — ¢) — D(O, || + ),
Rs = D(0, A2 +€) = D(0, |A2] —¢),
Ry = D(0,1) — D(0, | X2| + &).

Integration over the domain Dy yields

1 1 1l | 2 \F
f/ e e P // L rdrdd - 2/ S () rar
T Jpo (M — 2)(A2 — 2) T JJr=0 A1 A2 (1— ’”819)(1 — ’“619) r=0 A1 A2 A A1 Ao

A1 A2

[A1]—e o . _
:/ e = losuk) —lo(Mks — (M <), (311)
r= 112 —

The same type of expansion shows that the integral over Ro vanishes and the contribution from Ry is

1 1 — —
f/ — _dm(2) = log(1 — A X)) — log((|A2] + €)% — A1 Az). (3.12)
()\1 — Z)()\Q — Z)
As the expression is integrable, on the domains R;, R3 there is no contribution as ¢ — 0. Summing ((3.11)
and (3.12]) gives the result. O

3.3 The quenched off-diagonal overlap: second moments. The main result of this subsection is the
following lemma, which gives the expectation of second moments of overlaps conditionally on the eigenvalues
positions. For this, we define

|BtDn|2 ) Q4 < |1+’Yl n72n| |71 n72n|2 )
Xp = 5 s Vi = =, Ap = 12 ) 3.13
< IB.PID.I? ) = N vzl (L4 )3+ Pal?) (3.13)
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Lemma 3.5. For any 2 <n < N — 1 we have
E(Xnt1 | Foo1) = Ant1 X, (3.14)

In particular,

Er(|012)? | F1) |ba|? |b2|2 0 1

= A; : 1
( Er(011022 | F1) 0 1+|b 2 H 1+ |bo)? 1 (3.15)
Proof. We recall the notation (3.1) and the property E(Z,4+1 | Fn—1) = 1. A short calculation also gives

E(lZ 2 F =1 |\Bn\|2UDnH2 Abb 1at3 — hi 3
(1 Zns1l? | Fr-1) + BLDLE reviating v, = Vg,n+1, this gives

E (1Bs1Dnii|? | Fuor) = E(IBLDu*|1 + 1172 Zn41[* | Far)
= |ByDnE (1 4+ Y172 Zn+1 + ViV2 Zns1 + 111V2Zn41]? | Faei)

= 11+ 71721 B Dul? + 1172 Bl [ Dnl . (3.16)
We now denote X = X,,11 = HB ”, Y=Y, = ﬁ)DT”, so that E(| X411 | Fro1) = E(|Yai1|? |
B! Da|

]:n 1) =1 and E(|Xn+1yn+1‘ | ]:n 1) =1 + ”B‘HW This y1€ldS

E (| Byt I* 1 Dnsall? | Faz1) =E (|BulPIDnll? (1 + 11X ) (1 + [%2Y?) | Frz)
= |Bu|P[IDnlIPE (1 + X + [%2Y]? + 717 XY | Fuot)
= (14 m*) (L + %) IBul?IDall* + 71721 By Dnl . (3.17)

Equations (3.16) and (3.17) together conclude the proof of (3.14]). Denoting Y,, = Er(X,, | F1), we obtain

e (£ ) (FL0) (2050 ) 1) - (FL0) ()

and (3.15) immediately follows. O

3.4 The annealed off-diagonal overlap: second moments for \; = 0. We now want to integrate
(3.15) over the eigenvalues As, ..., Ay, first in the special case A\; = 0. This requires some new notations.
We abbreviate

0 52 1) 02
= N\ — \o|? = - 1+ — =—qg =2 —/1+—
o A1 =2l a 5+ +4,b a 5 +
and will often use the property
1 1
e —_— = _— ~1
d=a . 5 (3.18)
We also define the following rational fractions of x
11—zt
=1-— 1
uel@) = 1 - T, (3.19)
~ (k+2)(k+3) 1 (k) dug(x) 1 22+ (k+2)x+ (k+1)(k+3) 44y
dy,(x,0) = 1 (5) uk (%) (r 172 Q 2w (z—1)2 (k+3)! ’ .

We can now state the following main proposition on which Theorem depends. The reason why such
formulas exist relies on two algebraic facts.

(i) The A,’s from (3.13)) are diagonalizable in the same basis, see (3.20)). Their commutation was expected,
our choice of eigenvalues ordering being arbitrary, while the left hand side of (3.15]) is intrinsic.
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(ii) More surprisingly, the obtained holonomic sequence (3.23) is exactly solvable.
Proposition 3.6. Conditionally on {\; = 0, Ay = z}, we have

9 1 a? a?
E(|012]7) = 11 a2 ((a—i— 1)2dN—2(aa5) + (a_l)sz—Q(ba(S)) ;
a
E(011052) = 1 _&ag <(a _i 1)2dN72(aa5) + (a_l)Qsz(ba(S)) .

Proof. Importantly, the matrices A,,,3 < n < N, can be diagonalized in the same basis: from (3.13]) an
elementary calculation based on (2.1)) gives

_ _ 2
NlA1 = A 1), (3.20)

Aﬂ<1+|7Lu2x1+|vznPﬂ2+|vLﬁmﬂA2( ) .
so that its eigenvectors clearly do not depend on n. With these notations, the eigenvalues of A,, are

Ap(n) = (L4 |yl (A+ 2m
A-(n) = 1+ 1P A+ ren

) = Imnv2nl’a

%) = Mn72.0 17D,

and the orthogonal basis
U— 1 < a —1 )
Vit@\1l a
diagonalizes all A,,’s simultaneously: UA,U* = diag(A. (n),A_(n)). Then , together with the codiag-
onalization of the A,’s, E|T|?> =1 and E(|T|*) = 2, yields the following simple expression:

a? a?
(EM@ﬁ)) L [ wioed + @il (3.21)
Er(011032) 1+a? (aﬁl)z dy + Giyzd- ,

N N
di = [[2(), d-=T]r-(n). (3.22)
n=3 =3

Note that we have not yet used z; = 0: the above formula holds for any given z7, 2o.

The remarkable fact is that in the specific case z; = 0, E(dy) and E(d_) can be calculated, as shown
below (here E denotes integration over all variables except A1, A2). We start with E(d;). From Theorem
the following representation holds:

N

Il det(fi i) i<ii<N—
E( )‘+<n)|)\1=0,)\2:z>: e(fd)lg JESN-2

n=3

zZ$?

where ZJ(\(,)’Z) is given by 1) and

o1 i—13i—1 (2], _ \|2
o = gy [ 2TV ARl = AR ()
1 L
- 5T /x—w—l(m?\z CAR £ NTYAR 4 Nz — A2 = N=2(a — 1))u(dN).
We expand |\ — z|? = |A\|? + |z]|? — 2\ — z). The resulting matrix is thus tridiagonal with
1
fiie1 = N
i = 1 2N~ L4+ 122 N7Yz2-=N—2(a—-1)
WT N T TG DN G+ N1
142

fiiv1 = DN
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With the notation d = det(fij)i<i,j<k, the recurrence dy = frrdi—1 — fr,k—1fe—1,kdk—2 holds, so that
defining ay = dek(k;S) we have

246 1—at k+1
=11 1 —0——ap_
ak ( +k+1+k(k+1)>ak 1 2 k=2

l—a—
2

k
al ::ak(z:O):2H<1+ji1> _ (k+2)6(k‘+3).

" Note that for z = 0 we have § = 0 and a = 1, hence

with the convention ag =1 and a1 = 2 + % +

=2

4 . B _ 5 4 1-a”t
As a consequence, g = ﬁ satisfies go =1, 91 =1+ § + —¢—, and

gr = ma(k,a)gr—1 — ma(k, a)gr—2, (3.23)
1) 1—qa!
my(k,a) =1+ k—|—3+ Kk +3)
(k+1)2
k =)—r
ma(k,a) k(k+2)(k + 3)

We cannot see an a priori reason why this equation could be solved, but it can be. We remark that the
function uy = ug(a) from (3.19) also satisfies the induction

ug = my(k,a)ur—1 — ma(k, a)ug_o. (3.24)

The reader who would like to check the above equation can substitute 6 = a — % and verify that the Laurent
series in a on both sides of ([3.24) coincide. This equation implies
U

Up—
=mi(k,a)gr—1 —ma(k,a)gr—1 52 (3.25)
Uk—1 Uk—1

Subtracting ([3.25) from ([3.23]) gives

gk—1

U

Uk — Uk —
Ok = gk — Gk—1 = —ma(k,a) (gkf2 — Ghg— 2) =ma(k,a) b 1,

Uk—1 Uk—1 Uk—1

which yields

b U 1 k+1 U
6 = o)== | 5, =36 sk s, 3.26
k Jl:[sz(j a)uj_1 1 T3 ka2 o (3.26)
Together with Z—’Z = % + i—’;, from 1D we obtain
k .
1 1._.
T g6y Iy M5 0
g, U2 uay g
A calculation gives ugdy = g(a —a™1)(1+a™"), so that
g S| 1 1
k 1 i
Ik _6(1+a : AR ¥ +—. 3.27
U ( )Z (]+3)']+2 Uj,1Uj Uo ( )

Jj=1

Note that

Uj—1 U

) ) _ -1
Uj_ 11U 1—a

1 (j+2)(j+3)< 1 _1>7
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which simplifies (3.27)) into

lj' —1 (270}

1+a! (21 5 1 A 1
L (5 SRR A T

1—a = GHDIG+3) 4G +2) Elk4+2)ur — 3ugp Ug
— atl k_1< 1 >6J 1 ﬁ_ﬁ_i _|_i
a1 = G+2)! G+ El(k+2)ur  3ug ug
gt Z N S SR A DR
a—1 a52 (k+1)! 2 ENk+2)ur 3ug U

where we used § = a —a~! and (3.19)) at several steps. The above formula can be written in terms of (1.18))
and further simplified as

a1
at1 1w Bup catlat(k+2)+a (k+1)(k+3)5k .

91 = Oui a—1ad? a a—1 (k+3)!

By definition of gi, ar = gral, that is

at+la+(k+2)+a *(k+1)(k+3)

akzukﬁ(mz)(mz&) <’€>(5)—;7Z(k+2)(k+3)+a71 FD) sL
Then, using the normalizing constant , we obtain
(dy) = dz(\g—zz) = 0,2 a]\[;—22>(N+1) = ((Js\flivl)_2
ZyN INTONTTETT g (6)
as § = N|z|2. We find
E(d,) = Zﬁfﬂf(;)) (=t v - Svale) L et Mot (- DO Do) g

which has been defined as dy_2(a,d). The formula for E(d_) is obtained in the exact same way, with the
only difference that a is replaced by b. Finally, conditionally on {\; = 0, Ao = 2z}, (3.21]) gives

( E(|61s)?) >: 1 o E(dy) + 72 1)QIE(d )
E(01102) 1+a? ﬁﬂi(d )+ @t 1)2E(d ) )

We can replace E(d;.) and E(d_) by their exact expressions to obtain the claimed formula. O

Proposition 3.7. Let o € (0,1/2). Denoting w = v/N|z|, uniformly in |z| € [0, N~27°] we have
N2
E (|0 | M =0, =2)= o (14+O(N>"Y), (3.29)
N2 1 fwft — e

Wi 1—e P

E (01100 | A\ =0,Xy = 2) = (1+0(N%"1). (3.30)
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Proof. We consider asymptotics in Proposition First, the term % is obviously negligible. Second,
we always have a > 1 and [b] > ¢/§ > N=27, so that uy_a(a) = 1+ O(N71), uny_2(b) = 1 + O(N?71).

Moreover,

52

VTG = (@ —1) 1+ O0(NY), N PG) = (" —1-6— ) (1+o().
From 1} we have (1+a)§?1_a)2 = (1+b)§§1_b)2 = 6%, so that 1) and its analogue for d_ give
a? N? 5% §(a—1)?
E = = 4 — 1 - - = — 1 N_l : 1
(a+ 1) (d4) 32(ef — 1) (e 0= 3 2 >( +OWT), (3:31)
a® N2 52 da
Ed )= ——+——(ad* (e —1-6— = — 1)?) (1 NZo=1)) . .32
(@17 (d-) 52(65_1)<a (e 5 2)+2(a+ ))( +0( ) (3.32)

We observe that

1 S(a—1)2  da 2) 52
a2+1(_ 2a —&—3(@4-1) _5+57

and the previous three equations give

E(|ﬁ \2|/\ =0, = )—— ! i E(d.,.)—&—iQ E(d_)
12 ! 2 . 1+a2 (a—|—1)2 ((L—l)z
N2 5 62 52 5 1 ZV2 9 L

The similar computation for E(&11 05 | A1 = 0, Ay = z) involves the two terms

1 N2 1 52 5 B
) = a1 (e (010 7) ~meae) (oW )

« - 66N_21 ((a— 1)Z?a+1)2 (66 —l-0- 622) * 2((1&151)2> (1+O(N2071))'

Moreover, some algebra gives

1 1 al 1+ 62
1+a2((a—1)2(a+1)2+(a—1)2(a+1)2>: 52
1 ( sa® ) >(5+1)(62+6+2)

2(

1+a2\20a—-1)2 2a(a+1)2 26

Once combined, these four equations yield

1 1 at
E(o = =2z)= E ——E(d_
(011022 | \1 =0, = 2) 11 a2 ((a+1)2 (dy) + a1y (d ))
N> (1468 (5 0%\ |, (0+1)(6°+6+2) 201

= —1-6—— 1 N*°
65—1< 52 (e 0 2)+ 2 )( +0( )
N2 1+ |w| — e leF 20—1

w1 —e P (L+Oom* ),

which concludes the proof. O
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3.5 The annealed off-diagonal overlap: second moments in the general case. We can now prove
Theorem We closely follow the method developed first in our alternative proof of Theorem [2.6] in
Subsection [2.3] then in our proof of Theorem [.3] in Subsection 3.2} In particular, following the proof of
Theorem we denote v, ., the measure conditioned to A1 = 21, Ay = 25.

Proof of Theorem[I.]} Remember the notation ([3.22)). Assume we can prove (under the hypothesis of The-
orem that

3.33
3.34

El/zl,zg (d+) = (1 — |Zl‘2)(1 — ‘22|2)E’/0,z2—z1 (d+) (1 + O(N*ZK/J,»E)) 7
E’/zl,z2 (d-)=(1- |2’1‘2)(1 — ‘Z2|2)E1)0122721 (d_) (1 + O(N72n+s)) '

From (3.31)) and 3.37), a calculation gives Ey, ., (dy) > 0, By, . (d-) > 0, so that (3.33), (3.34)
( ) give

together with (|3.21

(et ) =0 P01 (g5 ) o0,

(3.33)
(3.34)

o

Together with Proposition this concludes the proof. We therefore only need to show (3.33)). The proof
for ([3.34) is identical up to trivial adjustments.

First step: small cutoff. Our test function of interest and its short-range cut version are

1 1 a 1
V(14— V(14— -2 3.35
9212 () ( - Nz1—>\|2> ( - sz—w) N2 |21 — A2[z2 — A2 (3.35)

1 1 a 1
=(1+———F51 1
h21722()‘) ( + N‘Zl _ >\|2 /\€-93> ( + N|

1 - — 1 3.36
z0 — A2 W@) N2 |z — \Plza — A2 %7 (3.36)

where = {|A— 21| < N=A}U{|\ — 22| < N=4}. We first prove (3.3)) for our new definition of g., .,, h, 2,
It follows from

N
1 1 a “N(z1|?=1)=N(|z2|?>—
EWQOIOM—MF+NM@—MF+NVWW>€MUN“llg (3.37)

=3

N

1y,¢% 1y,¢% 21— N (122 _

—En_2 (H ((|z1 —Ai\2+T¢)(\z2—>\i|Q+ 1\7 ) — N2]1’\ M) ~N (|2 =1)=N(|=| 1>) — O(N—A/2+C),
=3

(3.38)

and (3.5]), for some C which does not depend on A. Equation (3.38) holds as the left hand side is bounded
by

N
1
En—2 <H ((|21 - A+ ﬁ)(|22 - X2+ ) (1- H]l,\ ¢m)e N(jarl* =)= N(|22|21)>

i=3
al 1 1)\? i
_ O(NiA/Q)EN_Q (H ((31 i+ ) (lz2 — Ni2 + N)) 62N(|Z1|21)2N(22|21)> ., (3.39)
i=3
where we used the Cauchy-Schwarz inequality and
1 1 a 1
(o1 = M+ 5122 = M+ 50 = | < (21 = AP+ ) (122 = AP 4 ).

Indeed, after rescaling and shifting and introducing z so that |z|?> = d, the above bound follows from

20+ MNHA+[z=A*)—a = (1+|A?)(1+|2=A?) =)+ 1+ M) (1+|z=A?)+(6—a) > 14+0—a = 1—2 > 0.
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We used (1 + [M?)(1 + |z — A]?) > 6, as proved by a simple optimization. The last expectation in (3.39)
has size order at most N from Lemma which concludes the proof of our initial short-range cutoff by
choosing A large enough.

Second step: the long-range contribution concentrates. We smoothly separate the short-range from a long-

range contributions in ([3.36)):

By zy(N) = ehil,ZQ(AHhﬁl,zZ ()\),

hil,zz ()‘) = (IOg hzl,zz (/\))Xz,é(/\)a
Ry 2 (V) = (log hzy 2, (V) (1 = x2,6(N)),

and, as earlier in this article, we denote z = (2, +22)/2, recall |21 — 2| < N™279, y, 5(\) = X(N%’5|z—)\|),

and choose § € (o,k). Note that our notation J in this step of the proof is unrelated to 6 = N|A\; —

)\2|2 in the prev1ous step. We define ff . (\) = (lef_)\‘z + N|z11_>\‘2)(1 — Xz6(N) and £, ., = (N —
)= Jo L ., (A)dm(X). Note that

Z hzl 22 le z2

where we used a < N2°.

With the exact same reasoning as from (2.20) to (2.21) (with v, replaced by v, .,), we obtain that
Zf\;?, ffm,? (Ai) = fz,.2» is exponentially concentrated on scale N~20%¢. Moreover, similarly, to 1’ we
now have

z1, Zg le 22

N
N2g N2o’
N2[z; — N4 z, N2 4 28(Ni)) |
(; N2|Zl _Al|4( - X 5 +Z N2|22 _)\ |4( - X ,(5( )))

(ea 27 5 W(l Xz,5(Xi ))) < eca2N40785+5+caN20725+5
Vzy 29 = :

With a = ¢N? | we therefore obtain

Vzy,2z9 Z],Zz thZQ

(A) < e™N" where A = {

> N2a' 25+€}

This yields, for some p = 1+ ¢(k), ¢(k) > 0 and some ¢, > 1,

E (eZz(hZLzzo‘ D+ L, Qi»ﬂA) <E (ez)Ei hil,zz(qu))l/”E (eq > hﬁl,zz()\zﬂ))l/q }P’(A)l/r <e N7,

) (3.40)
Here we used that the third term has size order e =“N", the second one is of order e4/=122 = O(N), and so
is the first one from Lemma [3.8] Moreover,

Vzi,2 Vzi,2 Vzq,2z
1:72 1,22 1:22

E (ez s L, ()+hE (A i))]].AC) =(1+ O(N20—26+6))E (ezi h§1,22(>\i)+.ﬂ1722)

Vzq,22 Vz1,22

— (L O, (Ze 0 ),

Following similar arguments as (3.9), (3.10), still relying on Lemma we finally obtain

N
EV21,22 (H h217z2 ()\z>> _ (1 + O(N2o—25+6>)€fz1,z2 Elle,zg (eZL hZl 2y (M)) .
=3

Third step: the local part is invariant. For our test function h?
of Lemma [£.4} the only new ingredient is

/ dm(\) . log N
g 121 = APz — A2 7 |z — 2o

%, .2,» the reader can easily check the conditions
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so that in this setting, the existence of r > 2, d < & such that (N||v||;)” < N¢ means that there exists ¢ > 0

2+4¢€ v
such that (1"@‘7]\]) < N2F7E e |21 — 2| > N’%’S”7 as we assumed by hypothesis. This gives

Nlz1—22]?
E (62" hil’z’zo‘i)) =K (ezi h3,z;~—z1(%)) +0 (e*cN%) .

Vzy,2z9 V0,20-21

This yields
N ) ) N
]EVszQ (H h21722 (/\l)> = (1 + O(N20725+€))6f21’227f0'22721 EVO,zzfn (H h0722—21 (A1)> .
i=3 =3
From Lemma efsrma=foa—a = (1 -2 ]2)(1 — |22[2). With Proposition this concludes the proof. O

Lemma 3.8. For any 0 < 0 < d < k < 1/2, there exists p > 1, C > 0 such that for any |z1| <
1= N7Y2H5 |2 — 25| < N72%9, 2 = (21 4 23)/2, we have

N . 1 PX=,6(Ak) o
E 1= V(14— < N&.
=122 /cl:[a<< +N|/\k—212>< +N|>‘k_z2|2>>

Proof. The above left hand side is at most

(P—1)xz,5(Ak)
. ,
E (HH ((+ wmzr) (04 wm=r))

(121 = Al + &)1z = Ml + }V>e—N<lzu2—1>—N<zf—l>)

E (HkNZS 21 — Al2|z2 — ,\k|267N(|zl|271>7N<|22|271))

With Lemma and the Cauchy-Schwarz inequality, we therefore just need to prove that

N 1 4(p=1)xz,5 (M) .
En_ 1+ —— < N&™.
A ,g ( +N|)\k—212>

We can apply Lemma (for p small enough we have N||v||; = O(1)) to compare it to the case z; = 0,
which is easily shown to be O(N®) by Corollary O

3.6 Proof of Corollary . Following a notation from [52], let k(\;) = ﬁ;j/Q be the condition number

associated to Aj. As the spectrum of a G is almost surely simple, from [52, Equation (52.11)] we know that

1y Iﬁ:()\j) K(Ak)
[ e v R PN

as z — . ogetner wi O¢ =32 ||z — Tt >e s 1S g1ves € roliowing almost sure asymputotiCs:
A;. Together with o.(G G|t 11 this gives the following almost ymptoti

m(0e(G) N Bx) ~. > w(r(A)e)?

E—r
A]’E.@N

Denoting ey = N? [, (1 - |z|2)me(z), we therefore have

cw Ojj
hmp<l_c<w<l+c> :Pﬂmw_l
e—0 me2en N

< c) .
From Corollary [T.2]

P(3i: N € By : O] > N'°) =0(1),
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hence we only need to prove

s, Ui
IP’( ZA,egan i

CN
We proceed by bounding the second moment

-1

<e, 04 <NWforal \; € %’N> — 1. (3.41)

2
N
Ef| > 0—cn| [[lonano | SE| D 07s,<nw (3.42)
)\jeg%n =1 )\J'E%n
+E Y 040516,.6,<n0 (3.43)

XiyXj €Bn iFE]

+ck —2enE ( > @'i) + 2cNE < > @i]laxje%N:ﬁjj>N10>

Aie%n )\zé@n
(3.44)

To bound the first term, note that

NlO

E (ﬁ?j]lAje@Nﬁjj<Nlo) < C/gZe /0 eP(0); > x| N\j = z)dazdm(z).
N
Following the same reasoning as (2.29)), we have
€ CN2+26 1-— 2)2 e
B(0y >0 | N =) <B(0; 2 aN (1~ )7 |y =0) + 0fe=) « U BRI 4 o)

22
where we used Proposition Denoting a the center of Zy, we therefore bounded the right hand side of
(3.42) by N3T3¢(1 — |a|?)*m(%BN) < & because m(#By) > N~112% and ¢ is arbitrary.

To bound (3.43)), we first consider close eigenvalues and bound ;;0;; < (0% + 0%)):

2 - —14e
E Z ﬁiiﬁjj]lﬁii,ﬁjj<N107‘>\i7Aj‘<N7%+E < CNE (ﬁll]}'ﬁllgNlOv)\lG.@N‘{j . |)‘J - )‘1| < N 2 }|>
XiyAjEBniF£]

< CN'**E (ﬁfllﬁuﬁf\’w,)\lE%N) m(%N) < CN3+4E(1 - |a|2>2 < C?V'

In the second estimate, we used the local law for Ginibre matrices: from [9, Theorem 4.1] the above number
of close eigenvalues is at most C' N?¢ for some large C, with probability at least 1 — N~ for arbitrarily large
D. The third estimate was obtained in the same way we bounded .

For eigenvalues at mesoscopic distance in [N —3te N _%4‘“_‘1], the contribution of is obtained

thanks to (1.12)):

E Z ﬁiiﬁjj - N(N N 1)E (ﬁllﬁ22]l>\1,)\2€-@N,N7%+a<|>\1*)\2|>
X AjEB, N 2T <N — )|
dm(z1) dm(z c
=N(N — 1)/ L E(O10Oxn |\ =210 = 22) dm(z) dm(zz) +0(e™ )
B2,0{|z1—2|>N"2T°} ™ d
d d .
v [ L V= [P = )1+ oo UL ey
:@?Vﬂ{\zl—zz\>N_f+E} n m

—3(1+ O(N2).
Finally, the line (3.44)) is easily shown to be of order —c% (1 + N~¢) thanks to (1.5) and (2.30). We conclude
B41)

that the left hand side of (3.42)) is at most N ~¢¢3;, which concludes the proof of by Markov’s inequality.
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4 TRANSLATION INVARIANCE FOR CONDITIONED MEASURES

Recall that the Ginibre kernel is

KN(va) = N

We also denote its bulk limit as ky(z, w) = e

Lemma 4.1. Let k> 0. There exists ¢ = ¢(k) > 0 such that for any |z|,|w| <1 — N~27% we have
Ky(z,w) = kn(z,w) + O(efCNM)

Proof. This is a straightforward adaptation of the proof of [9, Lemma 4.2]. O

We denote %, s the ball with center a and radius N BERCH

Lemma 4.2. Let 0 < 6 < k < 1/2 be fized constants. Consider any C-valued measurable function f
supported on o5, la] <1 — N=3+% and v(z) = ef?) — 1. For any r > 2 there exists ¢,C > 0 depending
only on K, 6, such that

E (ezﬁil f(/\ifa)) —F (ezﬁil f(/\i)) L0 <ech“60<Nuun1>“‘) ,

Proof. Let K](\(,l)(z,w) = Kn(z — a,w — a). We define ||K|| = sup, ,ecsupp() [K(z,w)[. We successively
compare linear statistics for K ](\‘,1), kg\‘;), kx and K. First note that ky is the kernel of a translation invariant

point process, so that comparison between kj(\c,b) and ky is trivial. For the other steps, we use [2, Lemma
3.4.5] and obtain

‘E (eziil f(Ai—a>) _E (ezﬁil m)) ‘

> 7’l1+% n a a n— a a n—
<7l (max(ERY L RS 1D — R+ masc( o e 1) 1By = k) - (4.1)
n=1 :

Clearly, [|Kn| < & and we bound ||K1(\',1) — K| with Lemma We conclude that for a universal large
enough C, and 1/r + 1/s = 1, we have

0o 142
’]E (eZLf(Afa)),E(ezlefQi))‘ge,chmz nltd 1

N " —cN2* _C(N|lv|)"
(n!)/s (nh)t/r <7T||V”1> s e ST,
1

where in the last inequality we used Holder’s inequality and r > 2. O

Lemma 4.3. Remember v(z) = ef*) — 1 and B, s is the ball with center a and radius N=2+6 Let
0<d <k <1/2 be fired constants. Consider any C-valued measurable function f supported on %y s, and
la) <1— N—2%%. Assume also that either (i) or (ii) below holds:

(1) Re(f) = 0;

(i) there exist d >0, p > 1 and r > 2 such that rd < 2k, f =0 on |z| < e N and (f+ = max(Ref,0))
(Nl < N, (42)
log [|eX=2 F+ A=), < N, (4.3)
log [|eXi=2 f+AD||, < N, (4.4)

where the LP norm is taken with respect to En_1.
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Then for any q < 2k, uniformly in [ satisfying the above hypothese, we have

B0 3 0) 8 (B0 =) (140 () 0 ()

Proof. In this proof we first consider the most difficult case (ii), and we will finally mention the simple
modifications required for (i). We start with

En- (62?1:2 Fi=a) J\i /\1 *a2e*N(|a‘2*1))
EN (eZZV:z f(Xi—a) | /\1 — a) _ N-1 Hz—Z‘ |

- N 2 * (4.5)
By (Hi:Q |Ai — al?e~N(al —1))
Fix some constants x1, k2 such that d < ¢ < k2 < k1 < 2k and define x§ (M)

= ]l‘/\_a|<e_N~j ,j=1,2. We
first show we can afford imposing x4(A;) = 0: for some positive ¢, r such that p=' 4+ ¢~ 1 +r~! =1, we have

N N
Ev 1 (@fbfw—w (1—H<1-xgw>>) [T A — af?e N0 —1>>

=2 =2

< Hez?ﬂfw—a)

Lp

N
=T = x5 H |Ai — al2e~NUal"=D) (4.6)
=2 La

LT
where LP = LP(Px_1). By hypotheses 1) and 1’ the first norm is at most eN". The second is at most
_ <e MV <e " i

NPyx_1(JA2] < e™V™) < e *N™. The third norm is at most N, as a simple consequence of Lemma-
These estimates also hold for f = 0, so that we proved

By (e== /OO T (1 - x§ () [As — alPe N9 ) + O(emeN™)
EN (erLz f(Xi—a) ‘ >\1 — a) — ( )

By <H7 2(1 = x5(A))[As —al?e~ (\a|2*1)) + O(e—eN"™)

and |\ —a| >e N2

(4.7
If |\ —a] < eV < N, we have

ﬂ —al= (140 () ﬂ el e = (140 (=) ) N,

The expectation in the numerator of (|4 . is therefore (in the first equation below A\; has distribution U, the
uniform measure on the unit disk with center a and radius e N

, with volume by = 7(e=2NV"™")):
N

TI = x5 = dafre O 1)) (140 ()

Nzy 1 N i—a - a ¢ e
eZN AIEEN (eZiQ f(Xi—a) H(l — X2 (Al))X1 ()‘1)> (]‘ +0 (6 " ))

N .
]EIPN,IXU (627‘,2 f(Xi—a)

=2

(4.8)
We now want to remove the constraint on (\;)¥,, i.e. prove

—a 1 N i—a). a —cN"”
bNEN< =2 )H 1—x5(A X1(/\1)> = E]EN (621:2“Az )X1(>\1)> +0(e™N™). (4.9)

This requires a longer argument. Let B¢ = {|z —a| < e N}, i=1o0r2, &= Zf[ Ox; s = Eév 0x,. Then,
N

—JT = x8)))xE ()

=2

er’:g f(Ai_a) (1

N Y a a
< eXim Rl 8\ 4 (A1)

< ELa RSO g( 88 — B3 (M) + eEa RTOIE )8 (M) (4.10)
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To bound the first term, we use the negative association property of determinantal point processes for disjoint
sets (see e.g. [42]), using f+ > 0 and f =0 on %5:

By (eZieRelO0g(5 — #0)¢(#7)) < By (252100 ) By (65 — 20)En (€(#0). (411)

By 1' and 1} the first expectation above has size order at most eV ‘. The second is of order e=¢N"
and the third one is bounded by Nby(1+o0(1)), so that the first term in (4.10) gives an error O(bye=*N"?).
For the second term in (4.10]), we also use the negative association property and f =0 on %4:

E (S5 R/ OOga) i () < B (S5O0 Ey (€808 00)) < eV En (6200 (0))
Together with

E(E#i(n) SEEEDE@) - 1) = [ [Knla )P < N, (412)
(%#%)?

we have proved that the second term in (4.10) gives an error O(bye “N"?). This concludes the proof of
(4.9), so that the numerator in (4.7)) is

D (L (0 g000) (10 (7)) 40 (7)) w0 ()

Zn-1 \bn
eNZy <1EN (ezjvzzf(,\ﬁa)x?()\l)) (1 L0 (echq» L0 (ech)> ’

 Zn-1 \bn

where we used ezljvizj ~ ¢1 N for some cq, ¢y, as obtained from 1| In the same way, the denominator in
1' is CZILZJ\I’ (1 +0 (e_CNHQ)), so that we obtained

Ex (625\]:2 Fi=a) | )\ = a) = %]EN (625:2 f(’\ra)x’f()\l)> (1 +0 (eiCNq)) +0(e~N)

= %]EN (ezfv:l f(Aifa)thz(Al)> (1 +0 (e,ch)> n O(e*CNq)

1 q q
- Ex (eZivzlf@f“)g(@f)) (1 +0 (ech )) FO(e N, (4.13)
Nby
where we successively used that fact that f vanishes on #{ and symmetrized.
To conclude the proof, we therefore just need

26 1 N ) we (B
74(0) = £5(0) + O(e™™), where fu(w) = 57—E (eZizlf@r + Wﬁ). (4.14)

From Lemma [4.2| we know that uniformly on |w| < 1 we have

falw) = folw) + 0N,

which proves (4.14) by Cauchy’s theorem, and therefore the lemma in case (ii).
Under the assumption (i), up to (4.13) the results hold and the reasoning is simplified as all L? norms
related to f can be bounded by 1. To justify an analogue of (4.13)) and the end of the reasoning, we first

replace f by f = f1(ga)- and note that

1 N N 7 2
‘bNEN (O i) x‘f(Al))‘ < pEn(E(BERT) ~ 1) = O(Nbw),

so that by symmetrizing we now obtain

SN F—a) |y — ) = b SN, Fu—a)g( ga —eN*2
]EN(e I\ a) NbN]EN(e g(%l))+0(e ).

The rest of the proof is identical to case (i). O
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We now state and prove an analogue of Lemma when conditioning on two points. We will only need
case (ii), as we are interested in expectations in Section 3| not in convergence in distribution.

Lemma 4.4. Let 0 < § < k < 1/2 be fixed constants and C > 0 fized, arbitrarily large. Consider any

C-valued measurable function f supported on By, |al,|b| <1— N"2+% and N~ < |b—a| < N~1/2+4,

Assume that there exists d < 2k, p > 1 and r > 2 such that f =0 on |z| < e N on |z —(b—a)| < e N,

and (4.2 , and hold. Then for any q < 2k we have

Ey (627 s I |\ =g, Ay = b) —Ey (eZiisﬂ DA =00 =b— a) (1 +0 (echq)) +0 (ech“) .
Proof. We start similarly to the proof of Lemma by writing

En_s (eziiaf(xi—a) IV, I\ — af2eNUalP=D TN, |5 — bf2e- |b\2—1>)

En (62&2 Fri=a) | A= a7)\2 = b) = ~ - :
En—2 (Hizg I\i — af2e=NUalP=D TN |\, — b|2e~N (b=
(4.15)

Again, we fix some constants r1, k2 such that d < ky < k1 < 2k and define xj(A) = ]l‘/\_a|<e_N~j , g =1,2

2 = a,b. The strict analogue of (4.6 holds, so that the left hand side of (4.15]) can be written
Exos (2500 [ (1 xg )N — af2e 0D T (1 xh(A)) s — b2 NP0 4 O(emeN™)

Ex— (TIs (1~ g — ale 00D TIX (1~ xh(A)) s — e NI ) 4 O(eme™)
(4.16)
The analogue of (4.8]) then holds exactly in the same way: the expectation in the numerator of (4.16)) is

e*NZn SN f(hi—a) = a b a b —cN"™1
TR S B (2500 TT - x00)(1 — B0t Axi o) ) (140 ().
=3

Again, we want to remove the constraint on (X\;) 5, i.e. prove

7 LRy <e Maf(hi-a) H (1 =x5(\))(1 - X2(Ai))xT(A1)x’i(Az)>

N i—a).a —cN"
-7 EN( SN FO )Xl()\l)xl{()\g)) +O(e= N,

With the negative association property, the strict analogues of equation (4.10]), (4.11) and (4.12)) hold, so
that the numerator in (4.16) is

e2N 7y (b2 En ( Ziisf(xi—a)xtlz(,\l)xl{()\z)) +0 (eczvnz)) 40 (ech,,Q)

la—b2Zy_2
e2NZn 1 N .
= >icg f(hi—a)a b —eNk2

la —b]?Zn 2 <b2 o ( ’ Xl(Al)Xl(&)) +0 (e ))

where we used ¢ NZ;V ~ ¢1 N2 for some ¢y, co, as obtained from 1.D In the same way, the denominator in

IS W (1 + O (S_CN )), glVll’lg

Ey (ezl s f=0) |\ = g \g = b) - ( Ly fi-a) a(Al)xl(AQ)) (1 + O(e*cN“)) +O(e=N")

T
N
bi ]EN( Zﬁ\,:1f(>\z‘ )\1 Xl /\2 ) ( chq )+O(676Nq)
- IR E (eZL f”i*")&(%%)g(«@i’)) (1+0( ) + 0@, (4.17)
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where we successively used that fact that f vanishes on %¢ U %%, %¢ N %% = @ (this holds because |a — b| >
N~%) and symmetrized. To conclude the proof, we therefore just need 9., ., fa.5(0,0) = 0s, 2, fo.r—a(0,0) +
O(e=*N"), where

fap(21,22) = WEN (ezyzlf(’\"_“)“15('@?)”25(@?))) (4.18)
— oy

This follows from Lemma [4.2] and Cauchy’s Theorem, similarly to the end of the proof of Lemma O

5 ANDREIEF’S IDENTITY AND KOSTLAN’S THEOREM

This section gives applications of Andréief’s identity to the conditioned measures of interest in this work.
In particular, it proves some slight extensions of Kostlan’s theorem (Corollary , following a method
from [18]. The common main tool will be the following classical Lemma, by Andréief [3] (see [16] for a short
proof). Note that the original proof of Kostlan’s theorem [38] and some of its extensions [32] were based on
different arguments.

Lemma 5.1 (Andréief’s identity). On a measured space (E,&, ) For any functions (¢i, ;)N € La(u)?V,

%/ det (¢5(A;)) det (i(A;)) p(dAr)...p(dAn) =det (fi;) where f;; =/E¢Z~()\)wj(>\)u(d>\).

EN

Theorem 5.2. Let E=C, g € La(u), and {A1,...,An} eigenvalues from the Ginibre ensemble. Then

N
N-1 1 o
E (ngk)) = NT5 det(fi)Nyoy where fi; = , / NIV L () pa(dN).
k=1

G-
Proof. The following is elementary:

) = . (5.1)
The proof then follows from Andréief’s identity. O

Theorem 5.3. We have (remember u = pN))

N

1 _ 1 [

E (H 9A) | A1 = Z> =0 det(fi;)i—y where f; ;= ﬁ/)\l Iz = APg(A)p(dr)
k=2 N ’

and o NN1)
Zy) =N""z7 WD (N[2?).
Proof. Using Andréief’s identity with ¢;(\) = X 71g(A)|z — A, ¥;(A) = M1, we find

N
1 _
E(J]oOw) A== =—7det(fi,)N
k=2 zZ

N
where

ipj=17

1 o
7§ = det(My)N 2L, My = 5 /AHAH\Z = APu(dN).

By expanding |z — A|2 = |2]% + |A\|? — 2\ — Z\, we see that that M is tridiagonal, with entries (remember

(©-1))
1 | 2|2 z z
Mii = i + iy M = =g Miior = =751
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Denoting = = N|z|? and dj, = det((M;;)1<i,j<k), with the convention dy = 1 we have

1+
dy = N
1 z 1
d= (14 7) wdeos - f amrdies

(k41) .
2 satisfies ag =1, a1 = 1+ z,

x x
ap = (1 + E) ap_1 — Eak,g.

This gives a = e®)(x) by an immediate induction. O

Theorem 5.4. We have

N
1 1 i—1yj—
E (H g0 | A = 0.0 = ) = S SRR where Sy = oy J AR AR ARg () ()
k=3
and
_ (N-1) N|Z|2)
g0 _ - ey (V) 5.2
N 2 N|Z|2 ( )
Proof. By Andréief’s identity, the result holds with
0,2) _ N-2 _ 1 i—1yj—1)y|2 2
ZN = det(Mij)i,j:l’ Mij = m/)\ M |)\| ‘Z— )\| M(d)\)
Expanding |z — A|? = |2]? + |A|? — 2\ — Z\, we see that M is tridiagonal with entries
1 | 2|2 z z
M = - - M1 =5 Miioi=—7—~+-
Nitl + (i + 1)Ni L Nit+l =1 (i + 1)Ni
Denoting # = N|z|? and dj, = det((M;;)1<i,j<k), With the convention dy = 1 we have
24z
=N
x 1 T 1
@ = (1 Ty 1) R e~ T vk
so that a; = de 2 satisfies ap=1,a, =14 z/2,
T VP,
1) T p e
This gives the expected result by an immediate induction. O

Kostlan’s theorem now comes as a corollary, as well as a similar property for the Ginibre ensemble conditioned
on \; =0.

Corollary 5.5 (Kostlan). The set N{|\1|?,...,|\n|*} is distributed as {v1,...,yn}, a set of (unordered)
independent Gamma variables of parameters 1,2,..., N.
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Proof. Let g € C[X] and use Theorem With the radially symmetric function g(|-|?). The relevant matrix
is then diagonal, with coefficients

1 2i—2 2 N e —r . a—(i-1
fur = =gy | PP 20NN = F—gp [ r e/ N)edr = NGBl /).

E <H g(IAil2)> =E (Hg(%/N)> :

Note that these statistics characterize the distribution of a set of unordered points, as such expressions with
polynomial g generate all symmetric polynomials, as shown in Lemma and the gamma distributions

In other words,

are characterized by their moments. For more details, see [18]. We conclude that N{|\1|?,..., [ An|?} <
{’Yla"'aryN}'

Corollary 5.6. Conditioned on {\1 = 0}, {N|X2|?, ..., N|An|?} is distributed as {y2,...7n}, a set of
(unordered) independent Gamma variables of parameters 2,3,..., N.

Proof. Similarly to the proof of Corollary we take g € C[X] and the radially symmetric function g(|- |?).
In Theorem we have

N —i
/w% (A2)(dN) g(r/N)e"dr = N=E[g(vi41/N)].

This together with our expression for Z](\fzo) in Theorem m yields

N N
E (Hg(|>\z|2) | A = O) =E (Hg(%)>

and we conclude in the same way that N{|Aa|2,..., [Ax|2} £ {72, ..., 7w} O

For the proof of the following lemma, we refer to [18]. We define the product symmetric polynomials as the
symmetric polynomials given by products of polynomials in one variable:

PSc(N {HP )| PeC[X }}

Lemma 5.7. PSc(N) spans the vector space of symmetric polynomials of N wvariables.

APPENDIX A EIGENVALUES DYNAMICS

This Appendix derives the Dyson-type dynamics for eigenvalues of nonnormal matrices. More precisely, we
consider the Ornstein-Uhlenbeck version so that the equilibrium measure is the (real or complex) Ginibre en-
semble. These dynamics take a particularly simple form in the case of complex Gaussian addition, where the
drift term shows no interaction between eigenvalues: only the correlation of martingale terms is responsible
for eigenvalues repulsion.

We also describe natural dynamics with equilibrium measure given by the real Ginibre ensemble. Then,
the eigenvalues evolution is more intricate.

It was already noted in [11] that eigenvectors impact the eigenvalues dynamics for nonnormal matrices,
and the full dynamics in the complex case have been written down in [30].
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Complex Ginibre dynamics. Let G(0) be a complex matrix of size N, assumed to be diagonalized as
YGX = A =Diag(A1,...,An), where X, Y are the matrices of the right- and left-eigenvectors of G(0). We
also assume that G(0) has simple spectrum, and X, Y invertible. The right eigenvectors (x;) are the columns
of X, and the left-eigenvectors (y;) are the rows of Y. They are chosen uniquely such that XY = I and, for
anyléng,kazl.
We now consider the complex Dyson-type dynamics: for any 1 <i4,5 < N,
dB;;(t) 1

AGiy(1) = = 2= = 3G (Bt (A1)

where the B;;’s are independent standard complex Brownian motions: v/2Re(B;;) and v2Im(B;;) are
standard real Brownian motions. One can easily check that G(t) converges to the Ginibre ensemble as
t — 0o, with normalization ([1.1]).

In the following, the bracket of two complex martingales M, N is defined by bilinearity: (M,N) =
(ReM,ReN) — (Im M,Im N) +i(Re M,Im N) + i(Im M, Re N).

Proposition A.1. The spectrum (A1(t),..., An(t)) is a semimartingale satisfying the system of equations
1
dAg(t) = dMy(t) — iAk(t)dt

where the martingales (My)1<r<n have brackets (M;, M;) =0 and

— dt
d(M;, M) = ﬁi‘(t)ﬁ.
Remark A.2. As explained below, this equation (in particular the off-diagonal brackets) is coherent with the
eigenvalues repulsion observed in . Contrary to the Hermitian Dyson Brownian motion, all eigenvalues
are martingales (up to the Ornstein Uhlenbeck drift term), so that their repulsion is not due to direct mutual
interaction, but to correlations between these martingales at the microscopic scale.

For example, assume that G(0) is already at equilibrium. Using physics conventions, for any bulk eigen-
values \1, Ny satisfying w = O(1) (remember w = VN (A — A2)), Propositz'on and Theorem imply

— B B ot o 11— (14 w)e e’
E (d)\1d>\2 | Al = 21,>\2 = ZQ) ~ E(ﬁlg ‘ )\1 = Zl,)\g = ZZ)N ~ 7(1 — ‘Zl| )W 1_ 6_|w|2 dt

in the bulk. By considering the real part in this equation and denoting d\; = dx; + idyy, dAs = dao + idys,
we have in particular E(dzidas 4+ dy1dys) < 0, and this negative correlation is responsible for repulsion:
the eigenvalues tend to move in opposite directions. Moreover, as eigenvalues get closer on the microscopic
scale, w — 0 and the repulsion gets stronger:

E(d/\ldg | )\1 = Zl,/\2 = 2’2) ~ =5

On the other hand, for mesoscopic scale N~'/? « A1 — A2, Proposition and Theorem give
— 2
E (d)\ld)\g) ~ —%dt = o(dt), so that increments are uncorrelated for large N.

For a given differential operator f — f’, we introduce the matrix C = X 'X’. Along the following
lemmas, all eigenvalues are assumed to be distinct. In our application, this spectrum simplicity will hold
almost surely for any ¢ > 0 as G(0) has simple spectrum.

Lemma A.3. We have X' = XC and Y’ = -CY.

Proof. The first equality is the definition of C'. For the second one, XY = I gives XY’ + X'Y = 0, hence
Y = -X"1X'Y = -CY. O
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Lemma A.4. The first order perturbation of eigenvalues is given by A, = yrG'zy.

Proof. Wehave A’ = (YGX) =Y'GX+YGF X+YGX' = YGX+YGXC-CYGX =YG'X+AC—-CA =
YG'X + [A, C] Therefore )\;g = (YGIX)kk + [A, C]kk = yp Gz} O]

Lemma A.5. For anyi # j, Ci; = %\’Cilff
: P

Proof. For such 1, j, A;j = 0. With the same computation as in the previous lemma, this gives (YG'X);; +
[A,Cl;; =0. Thus (A, — \j)Cy; = —(YG'X),;; = —y;G'xj, from which the result follows. O

Lemma A.6. Forany1 <k <N, Cy = Z#k X /\kG 3;,;

Proof. We use the assumption Xg; = 1. From this, and the definition of C', we get

Xip =0=(XCO)rk = > XuCix = XeiCrr + Y XuaCle.
1=1 1k

As a consequence, Crp = — Zl;ﬁk X1,Cy, and we obtain the result thanks to the previous lemma. O

From now on the differential operator will be either Oreq,, (G = Eay = {0iadjb}1<ij<n); OF Om Gy
(G" =iE,;). In both cases, G” = 0. We denote C®¢ and C™ accordingly. In particular, for any k and i # j
the following holds:

ORe Gy Me = YiaXb by Otm Gy M = 1YiaXb i

Re ia<xbj la<}b,k Im . tia la<}b,k
CU )\j )\ O Tr kt )\k )\ C )\j kk i h Kl )\k — /\l ( )

Lemma A.7. We have

}/laXb leaXb
aRCGQI,AX—Pij = Z(X X”le))\i_/\]l, aImGab ij — IZ il — ijX]l))\ — /\]l
I#] I#j
1
Ore G, Yij = o (KYiaXea Y + YiaXuYy), O, Yig = iy v Al (XatYiaX0:Yej + Yia Xu1Yiy)-
1£i " 1#i

Proof. Below is the computation for dge,, Xi;. We use X’ = XC and (A.2)):

- Y. X Y0 Xpi Y0 Xpi
X/, = (XO)y; = > XuCy = szl la<2bj — Xi; Y Xy latbj _ > (X — XiX50) la2bj

I#] R 1£j Aj = A 125 Aj = A
The case Om a,,Xi; is obtained similarly, as are the formulas for Y. O
Lemma A.8. The second order perturbation of eigenvalues is given by
YieaXv1Yia Xo 1 YiaXo1Yia Xo i
0% A =2 L Y- A= —2 —_
Re Gab k Z Ak _ >\l Im Gab k Z )\k; _ Al

1#k Ik
Proof. We compute the perturbation for Oge¢,,. Differentiating A a second time gives

v = UG e + yeG" g + yn Gl = Vi Xo g + Yea X -
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Replacing X’ and Y’ with their expressions yields

Yie X,
Ay = " szYlaXb,/cYka + Y5iaX01Yia) Xo.x + Yia Z(sz - Xb,kal)%
%k 125 kAl
= Z )\k szYlaXb e YiaXok + YieaXo1YiaXo k + YieaXo1YiaXo.k — YiaXo kXt Yia Xo k)
14k Ok
YieaX01Yia Xo
=2
D W v
14k
which concludes the proof, the other cases being similar. O

For the proof of Proposition we need the following elementary lemma.
Lemma A.9. Let 7 = inf{t > 0: 3i # j,\;(t) = \;(t)}. Then 7 = oo almost surely.

Proof. The set of matrices G with Jordan form of type

AN— 1 .
)\169---69)\]\;269< 1\61 AN_1 ) (respectively A1 @ --- @ An_2 B An—1 D An_1)

is a submanifold M; (resp. Ms) of CN? with complex codimension 1 (resp. 3), see e.g. [36,47]. Therefore,
almost surely, a Brownian motion in C ’ starting from a diagonalizable matrix with simple spectrum will
not hit My or Ms. This concludes the proof. O

All derivatives can therefore be calculated, as eigenvalues and eigenvectors are analytic functions of the
matrix entries (see [35]).

Proof of Proposition[A.1 In our context,the It6 formula will take the following form: for a function f from

C" to C of class C?, where B; = (B}, ..., Bl) is made of independent standard complex Brownian motions,
we have
- af : of ; 1 0°f o’ f
df(B) = dRe By dIm By - dt. A3
F(By) ;<8Rezi ¢ t+3Imzi m t) +2<; O Re z;2 +5‘Imzz (4.3)

For any given 0 < ¢ < min{|A;(0) — A;(0)],% # j}, let
=inf{t > 0:3i # j,|\:(t) — A\; ()] < e} (A.4)

Eigenvalues are smooth functions of the matrix coefficients on the domain M;<;{|A; — A;| > €}, so that
equation (A.3]) together with Lemmas and gives the following equality of stochastic integrals, with
substantial cancellations of the drift term:

- AdB;;(tAT.) Gy 1 YiiXuYiXie YiiXaYuX;
dA\p(tATe) = Z Yii Xk (J\(/Ng) _ 23 d(t/\Ts)>+N Z ( k )\]:l_l/\l gk Yk )\I:l_l)\l Jk)d(t/\TE)
i,5,04£k

- dB;j(tAT) 1 ¢ - dB;j(tAT.) 1
=Y Ykixjki(/ﬁ) -5 > VG XpdtAT) =Y Ykixjkﬂ\(/ﬁ) — At AT).

ij=1

i,j=1 i,7=1 i,j=1

Taking € — 0 in the above equation together with Lemma yields

dB; 1
A (t Z Yiei X i \/%) — HAwdt.

1,j=1
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The eigenvalues martingales terms are correlated. Their brackets are

UOVES SRS o LR X Ry S =050, (A5)
QAN =0 (A.6)
This concludes the proof. O
Proof of Corollary . Let Ay . = {Supgc,cs |A1(s) — A1(0)| < N°t'/?}. We start by proving that
P(Ae) =1—o(1). (A.7)
From Proposition [A-1] and Itd’s formula, we have
A (t) — M (0) = /0 Ceh AN (s), (A8)

which is a local martingale. It is an actual martingale because

E ((/0 eSdMl(s»t) = /OtE (eé 6’1]1\7(8) ds) = 0(t) < 0, (A.9)

where in the last equality we used E(&11(s)) = O(NNV), which follows from (2.11)). The estimate (A.7) follows
by Doob’s and Markov’s inequalities.

For (1.16)), we start with

NZHE)

¢t )
eélt—l = e 6315—1 e2 1(s) + e S. Nl
A A (0)]2 = 2R, A A (0)ezd M N d A.10
0 0
This implies
¢ 2 ! s O11(5)
E (e'[A1(t) = X1 (0)] ]I{M(O)E%}):/ E{ e’ =y Louoen ) ds+o(t). (A11)
0

Here, we used that (Re fot e2A1(s) — A1(0)e2dM(s)); is an actual martingale, because the expectation of its
bracket is

K s o ¢ o
/ e’E <|62)\1(5) - /\1(0)|2121V(S)11{>\1(0)6@}ds) < 2/ e*E (|)\1(5)|2 +1) 1]1\[(5) ds> < 00,
0 0

where for the last inequality we used (2.11)).
To evaluate the right hand side of (A.11)), we would like to change A\;(0) € % into A\1(s) € AB. First,

ﬁ’n(s) ﬁll(s)
‘E <N]1Am (Lnez — Lapes) )| <E N Ldist(n (s).0@)<Neprz | = O(N=t'/?),  (A.12)

where for the last inequality we used (2.11)), again. Moreover, if 1/p +1/q = 1 with p < 2. we have

E (ﬁljlv(s) ]1(At,5)c> <E ((ﬁljlv(s)Y)l/pP (<Ag}g>c)”q = o(1), (A.13)

where we used [24, Theorem 2.3] to obtain that uniformly in the complex plane and in N, €11 /N has finite

moment of order p < 2. Equations (A.11]), (A.12)) and (A.13) imply

¢ O11(s
E (JA1(t) = AL(0)[* 1y, (0)ez) :/0 E( 1]1\,( )]1{A1(s)ega}> ds +o(t),
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and one concludes the proof of (L.16)) with (2.11] -
The proof of is 1dent1ca1 except that we rely on the off-diagonal bracket d(\1, Aa)s = 6’12(5)%,

the estimate and the elementary inequality
Ora| = [(R2 R L) < IR IR < & (IRZIL + 1B 21 12) = & (641 + &
|Or2| = |(RjR:)(LjLa)| < || R |l[| Bl || L]l 1”\2(” il La ™ + [R5 171 Ly )—2( 11+ O22)
to bound the (first and p-th) moment of €5 in the whole complex plane based on those of &1, Oas.

Real Ginibre dynamics. We now consider G(0) a real matrix of size N, again assumed to be diagonalized
as YGX = A = Diag(A1,...,An), where X, Y are the matrices of the right- and left-eigenvectors of G(0).
We also assume that G(0) has simple spectrum, and X,Y invertible. We keep the same notations for the
right eigenvectors (x;), columns of X, and the left-eigenvectors (y;), rows of Y. They are again chosen such
that XY =1 and, for any 1 <k < N, Xgr = 1.

In this subsection, the real Dyson-type dynamics are (1 < 4,5 < N),
dB;;(t) 1

N 2G2] (t)dt, (A.14)

where the B;;’s are independent standard Brownian motions. One can easily check that G(t) converges to
the real Ginibre ensemble as t — oc.

Note that the real analogue of Lemma gives weaker repulsion: the set of real matrices with Jordan

form of type
Me - @Avae| N ]
1 N—2 0 AN_1

dG;;(t) =

is a submanifold M; of RN 2, supported on Ay_1 € R, with real codimension 1 (as proved by a straightforward
adaptation of [36, Theorem 7]). Denoting 7 = inf{¢t > 0: 3i # j, \;(¢) = A;(¢)}, under the dynamics (A.14)
for any ¢ > 0 we therefore have

P(r <t) >0,

so that we can only state the real version of Proposition[A-T]up to time 7. In fact, collisions occur transforming
pairs of real eigenvalues into pairs of complex conjugate eigenvalues, a mechanism coherent with the random
number of real eigenvalues in the real Ginibre ensemble [22,41].

The overlaps are enough to describe the complex Ginibre dynamics, and so are they for the real
Ginibre ensemble, up to the introduction of the following notation: we define i € [1,N] through \; = \;,
i.e. i is the index of the conjugate eigenvalue to \;. Note that i = i if \; € R. For real matrices, if L;, R,
are eigenvectors associated to Aj, L; ,Rj are eigenvectors for )\J, so that

O = (RjR;)(LjL;) = (RSR;) (L5 Ly).

Proposition A.10. The spectrum (A1(t),..., A, (t)) evolves according to the following stochastic equations,
up to the first collision:

7 1
d\p(t AT) = dMy(tAT) + M e | d(EaT)
M — A 2
1#k
where the martingales (My)1<k<n have brackets
d(tAT) d(tAT)

d(M;, Mj)in- = O;(t)

)

) d<Miaﬁj>t/\~r = 0;;(t)

N N

Note that the real eigenvalues have associated real eigenvectors. For those, 0),; = Oj;, and the variation
is real: real eigenvalues remain real as long as they do not collide.
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Remark A.11. Proposition is coherent with the attraction between conjugate eigenvalues exhibited
in [45]. In fact, if n = Im(\g) > 0, the drift interaction term with A is Okr/(A — M) = —10ki/(2n), so
that these eigenvalues attract each other stronger as they approach the real axis.

For the proof, we omit the details and only mention the differences with respect to Proposition
We apply the Ité formula for a €2 function f from R™ to C, with argument U, = (U},...,U}") is made of
independent Ornstein-Uhlenbeck processes. Together with the perturbation formulas for i, Lemmas [A7]]
and we obtain (remember the notation (A.4))

- dB;;(tAT) 1 Y5 X0V X
Dultnr) = 3 VX (M ~Lgnaua TE) I ) PR LESTRI

ij=1 VN 2 7 TN
" dBi'(t/\T) (XtX)lk(} )t)kl 1
:E Vi Xjpo——">+ E e S | d(EA ).
= MEUN =PV M | dtnTe)

We can take ¢ — 0 in the above formulas and the brackets are calculated as follows, concluding the proof:

_ 1 n S N — ditAT dit AT
d(Xi, Aj)inr = N Z YiaX6,iYjeXa,jA(Bab, ABea)inr = (X X)i;(YY™)y5 (N ) = @“(ﬂ%y
a,b,c,d=1
(A.15)
1 - ditAT d(tAT
AN A)inr = 2 D0 Vi V3o X (B, dBeainr = (XX) (v ), WD gy AT,
a,b,c,d=1
(A.16)

APPENDIX B  NORMALIZED EIGENVECTORS

This paper focuses on the condition numbers and off-diagonal overlaps, but the Schur decomposition also
easily gives information about other statistics such as the angles between eigenvectors. We include these
results for the sake of completeness. We denote the complex angle as

RiR,

A Ag) = a2
B2 =

where the phases of R;(1) and Ry(1) can be chosen independent uniform on [0, 27). We also define
2

Proposition B.1. Conditionally on A\ = z1, Ao = 22, we have

d X
arg(A1, Az) Ex (\/lezl)
1= 22

O(z) =

where X ~ A¢(0, 31d).

In particular, for A1, A2 at mesoscopic distance, the complex angle converges in distribution to a Dirac
mass at 0. Therefore in such a setting eigenvectors strongly tend to be orthogonal: matrices sampled from the
Ginibre ensemble are not far from normal, when only considering eigenvectors angles. The limit distribution
becomes non trivial in the microscopic scaling |A; —Ag| ~ N —1/2 it is the pushforward of a complex Gaussian
measure by .
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Proof. From Proposition We know that RiRy = Ry Rro, [[Ri| = |[Rra| and [[Rz| = |[Rrz2|, where
Rt (and Lt ;) are the normalized bi-orthogonal bases of right and left eigenvectors for T', defined as (2.2).

The first eigenvectors are written Ry 3 = (1,0,...,0) and Rr2 = (a,1,0...,0) where a = —by = -5
with 775 complex Gaussian A (0, ﬁld), independent of Ay and Ay. This gives
b
arg(A, \g) = ————
V14 |ba|?
and concludes the proof. O

From Proposition [B-1] the distribution of the angle for fixed A; and random A5 can easily be inferred. For
example, if Ay is chosen uniformly among eigenvalues in a macroscopic domain  C {|z| < 1} with nonempty
interior, we obtain the convergence in distribution (Xgq is uniform on €2, independent of .4")

A2
N| arg(Ala )\2)|2 Njoo m

When z; = 0 and 25 is free, the following gives a more precise distribution, for finite N and in the limit.
Corollary B.2. Conditionally on {\1 = 0} we have

(d)

d
Nlarg(A, 20)2 L Ngy oy D x

where Uy is an independent random variable uniform on {2,...,N}, and X has density 1—(1:72t)e41R+ (t).

Proof. From Corollary N|X2|? ~ v . Together with Lemma [2.5] this gives

|2
Nxo2  (d) 1 (d)
Jarg(h do) = —2 & B — 2 8,
W 71 rYUN
The limiting density then follows from the explicit distribution of 5 random variables. O
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