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ABSTRACT. We prove a lower bound on the maximum of the Riemann zeta function
in a typical short interval on the critical line. Together with the upper bound from [4],
this implies tightness of

log log T)3/*
ma [C(5 -+ i + k)] (gloggT),
for large T', where 7 is uniformly distributed on [T, 2T]. The techniques are also applied
to bound the right tail of the maximum, proving the distributional decay = ye~2Y for
y positive. This confirms the Fyodorov-Hiary-Keating conjecture, which states that
the maximum of ¢ in short intervals lies in the universality class of logarithmically
correlated fields.
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1. INTRODUCTION

The distribution of the Riemann zeta function on the critical line is conjecturally related
to random matrices, a fact discovered by Montgomery for local statistics of the zeros.
It was extended in many directions including to distributions for families of L-functions
and their moments [17]. Fyodorov, Hiary & Keating and Fyodorov & Keating
proposed to further expand the scope of this analogy at the level of extreme values.
Based on a similar conjecture for random unitary matrices, they put forward the very
precise asymptotics

1 logT
T-meas{T <t <2T: ﬁl‘zng(% + it +ih)| > €Y - og )3/4} — F(y),

(loglog T
as T — oo, where the limiting distribution function F satisfies F(y) ~ Cye~% for large
y. While the explicit form of F' is not expected to be universal, the exponent 3/4 and

the tail asymptotics ye~2 characterize the universality class of logarithmically correlated

fields.
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2 The Fyodorov-Hiary-Keating Conjecture. II.

In the first part of this series [4], we showed the upper bound of this conjecture, F(y) <
ye~2Y. The main goal of this paper is to complete this work and establish tightness in the
Fyodorov-Hiary-Keating conjecture, by showing F(y) — 1 as y — —oo. The following
is the main result.

Theorem 1. There exists ¢ > 0 such that for any T > 100 and 0 < y < (loglog T)/1
we have

1 log T
—. <t<2T: it + 1] AT T S Y
7 meas{T <t<2T ﬁi}f C(L/2+it +1h)| <e (1og10gT)3/4} =¥

A direct consequence of the above result and [4, Theorem 1] is the expected tightness
of maxima on short intervals, and existence of subsequential limits.

Corollary 1. For every € > 0 there exists C' > 0 such that for any T > 100, for
t € [T,2T] in a set of measure larger than (1 — )T we have

maxlog [((3 + it +ih)| — (loglog T — zloglog logT)‘ <C.

|h|<1
In particular, there exists a subsequence T, — oo and a distribution function F' such that
log Ty

1 1) e
T.meas{t € [Ty, 27] :ngK(g +it 4+ ih)| > e¥ - W} — F(y),

¢ |h
uniformly in y € R outside of a countable set.

Previous results in the direction of Theorem [1| were limited to the first order log T,
conditionally on the Riemann Hypothesis by Najnudel [20] and unconditionally by the
authors with Belius and Soundararajan [3]. This contrasts with the developments on
the upper bound, starting with the first order log 7" proved in [20,[3], then the second
order by Harper [15], and finally the optimal upper bound with the tail distribution [4].
In fact, the present work builds on many techniques developed for the upper bound in
[4], as well as new inputs as we now explain.

Progress towards the Fyodorov-Hiary-Keating conjecture has relied on the observation
that the maxima of || on a short interval are related to extremes of branching processes.
Indeed, the emergence of large values of |(| follows a scenario first identified by Bramson
[6] in the setting of branching Brownian motion. As explained in the introduction of
[4], the explicit branching structure behind ¢ comes from the Dirichlet polynomials
(Sk(h),k > 1), |h| < 1, defined in (3). These polynomials behave similarly to correlated
random walks, the time index k corresponding to primes in the loglog scale. Bramson’s
scenario translates into the ballistic behavior of (Sk(h), k < n.) conditioned not to cross
an upper barrier. Estimating the maximum of ¢ with a precision of order one is a delicate
task because the final index n, needs to be y-dependent and very large, i.e., the sum
must include primes very close to T.

The proof of Theorem [1| is decomposed into two parts. First, it is shown that large
values of S,,, indeed imply large values of log|(|, cf. Proposition Second, we prove
that large values of S, of the claimed size are achieved, see Proposition 2] Proposition
builds on two techniques from [4], namely the introduction of a lower barrier ensuring
that large deviations of the increments of Si can be obtained even for large primes, and
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the precise encoding through Dirichlet sums of the event that S remains in the corridor
defined by an upper barrier and lower barrier.

To justify that large values of S, imply large values of log|(|, the first order asymp-
totics from [3] relied on working on the right of the critical line. However, implementing
this method for the much finer tightness would be considerably more involved. Instead,
Proposition (1| uses a new, simpler argument allowing to work directly on the critical
line, through an integral approximation of ¢ by a finite Euler product (Lemma [5), and
a control of the regularity in h of S, on high points (Proposition .

With these methods developed for Theorem [I, we can also complement the upper
bound F(y) < ye™?Y from [4, Theorem 1], and show that F(y) =< ye=2¥ for positive y.

Theorem 2. For any C' > 0 there exists ¢ > 0 such that for any 10 <y < C%,

we have
lOgT —2y _—vy?%/loglogT
—(loglogT)3/4} > cye Ye Y/ 08l8 L

(1)

This proves the matching lower bound of the upper tail not only in the exponential
regime y < y/loglogT" but also in the Gaussian regime /loglogT < y < C’blgolgol%,
because the proof of |4, Theorem 1] implies the Gaussian decay in this range.

The estimate (1)) essentially matches the range y = o(t) proved by Bramson [5] for the
branching Brownian motion up to time ¢. (The time ¢ corresponds to loglogT in our
problem.) It is weaker by a logarithmic factor as it would corresponds to y < C't/logt
in the branching Brownian motion case. We are not aware of other examples of log-
correlated processes where the order of the right tail of the maximum is known to this
level of precision. In fact, any form of decay has only been proved for a few models in
this universality class. Notably for the branching random walk, the best known range
is y = O(v/t) [8], which matches the known precision for the two dimensional discrete
Gaussian free field on the N x N square grid, y = O(y/log N) [11,/12,/7]. A finer control
of the contributions from small primes in the random walk would improve this range of
y in Theorem [2] to match Bramson’s.

1
= meas{T < <27 max|C(1/2 it +ih)] > ¢

The distributional limit obtained in Corollary (1| is presumably unique but we believe
this is out of reach with current number theory techniques. Moreover, no explicit formula
for F' was conjectured. Indeed, denoting U, a Haar-distributed n x n unitary matrix,
[13] proposed a very precise limiting distribution for

sup (log|det(z — U,)| — logn + Zlog logn), (2)
|z]=1

but as explained in [14] this limit is not expected to coincide with F: Tt primarily
suggested the characteristic exponent 3/4 and the tail distribution ye=2 for ¢, which are
the prominent signatures of extremal statistics in log-correlated fields [9]. Progress on a
limit for (2)) culminated in the breakthrough proofs of tightness [10] and uniqueness [22]
of a limiting distribution for the more general circular beta ensembles, after initial steps
verifying the first [1] and second order terms [21].
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The exact form of the limiting distribution of (2)), and universality of its right tail,
remain open.

Acknowledgment. L.-P. A. is supported by the grants NSF CAREER 1653602 and
NSF DMS 2153803, P. B. is supported by the NSF grant DMS 2054851, and M. R. is
supported by the NSF grant DMS 1902063.

Notation. Throughout the paper, 7 will denote a random variable uniformly distributed
in [T,2T], and T will be some large parameter that is usually taken to go to infinity.
With this notation, for any measurable function f on [T, 27] and event A, we have

P(f(r) € A) := %-meas{T <t<2T: f(t) € A}.

2. PROOF OF THEOREM [1]

Let
no := |y| and n := |loglogT'| and n; :=n — ny.
For ng < k <mn, and |h| < 1, we consider the partial sums
— iT+1 1 — iT+1
Sk(h) _ Z Re(p (1/24iT+ih) + 5 p 2(1/2+ +h)>‘ (3)

no<loglog p<k

Essentially one can think of Si(h) as an approximation to
/ log (3 + it +1ih +iz)| f(e"2) e"da.
R

for some choice of smoothing with fcompactly supported.

We will show that with high probability the local maxima of S, ,(h) arise at those h
at which the partial sums Si(h) evolve in a predictable manner as k runs from ng to
ns. More precisely, the partial sums Si(h) of maximizing h’s are constrained between
L, and Uy, (defined below) for all ng < k < n,. Once k reaches n, there are only O(1),
well-spaced (i.e, 1/log T spaced) values of h that can satisfy all those constraints, thus
identifying the maximum almost uniquely.

In order to define L, and U, we introduce the slope,

—1-2
“ 4 n’
Furthermore given a function f, we define a symmetrized version,
f(k—=ng) forng <k <3,
Sc(f)(k) =4 f(ng—k) for & <k <ng,
0 for k > n, or k < nyg.

(4)

Then, the so-called barriers (i.e., values Ly and Uy) are defined as

Uy = 1@/—0 +a(k — no) — 108z(z — log(x)) (k) (5)

L = =10y + a(k — ng) — Se(x — 23/*) (k). (6)
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We now introduce the set of good points G, defined more generally for ng < ¢ < n, as
Go=[-3%1n e~ (re—mo)z,
(7)

272

Gy ={h € Gy : Sp(h) € [Li, U] for all k < (}.

We will show that with high probability the local maximum belongs to G.

We first comment on the above choices of barriers and discrete sets. The interval
[—1, 3] defining Gy needs to be strictly included in the original interval [—1, 1], as it will
be apparent in the proof of Proposition . Moreover, the discretization step e~ (£=70)
will be convenient for the proof of Proposition [] as it corresponds to the number of steps
of the random walk (3)), but it is not essential and any step in [e™"%, e~(ne=m0)] would
work. However, contrary to [4], it is essential that the upper barrier is convex and not
concave, as we will see in the proof of Proposition [6]

The proof of the main theorem reduces now to two main propositions. In the first
proposition, we show how the local maxima of the zeta function arise from the good
points h € G.

Proposition 1. There exists an absolute constant C' > 0 such that uniformly in T > 100
and 0 < y < (loglog T)Y/'° we have

3
1 i >n— — — — > + Y).
P(I}lli)l(log |C(2 +ir +ih)| > n logn — 100y C’) IP’(EIh € G£> O(e™)

In the second proposition, we then show that good points exist with high probability.
Proposition 2. There exists ¢ > 0 such that uniformly in T > 100 and 0 < y <
(loglog T)/1° we have

P(Hh c Gﬁ) =1+ 0(y™).

Combining Proposition [1] and Proposition [2] yields Theorem [II We now describe the
proofs of Proposition [2 and Proposition

2.1. Proof of Proposition [1J The proof of Proposition [I] breaks down into two propo-
sitions.

Proposition 3. There exists C > 0 such that for any 1000 < y < n'/1°

P(%i){:l()gK(%"—iT—Fih)’ > %aafﬁig%(snﬁ<h+u)+ Jufene) _QC_QOy) >1-0(e™).

We then show that with high probability for all h € G, and all |u| <1,

|Sn, (B4 uw) — Sp,(h)| < 20y + /|ulens.

1/10

Proposition 4. For any 1000 <y <n we have

P(Vh € G Vul < 1: S, (h + 1) — Spp(h)| < 20y + \/|u|e"£> —1-0(e).
On the event that there exists a h € GGz, Proposition [4] now implies

max |ILIL|11§I}<SM (v +u) + /|ulens) > fﬁgi(s”ﬁ(h +u) + +/|ulenc)

> S

ne

3
(h) —20y >n — Zlogn—SOy
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outside of a set of probability O(e~¥). Proposition |3 then yields that outside of a set of
7 of probability < e™¥,

3
Tn|axlog|§( 1T—|—ih)|>n—zlogn—100y—20.
hl<1

In other words,

3
P(3h € Gr) < P(maxlogK( +ir +ih)| >n — Z—llogn— 100y — 2(]) +O(e™)

and Proposition [I] follows.

2.2. Proof of Proposition [2| Cauchy-Schwarz inequality readily implies
E[#G ]

P(3he G| > —————. 8

(3 € ) = gy )

For fixed k and h,h’ € Gy, we posit that the random variables (Sk(h), Sk(h')) can be
well approximated by two correlated Gaussian random variables (gk(h), Gr(h')) with,

Gr(h Z Nj; and Gi(h Z (9)
no<j<k no<j<k

where the increments N; and ./\/'J’ are Gaussian random variables with mean 0, equal

EMVI=ENCT == Y (3 +55) (10)

2 8
ek—l<logp<ek P P
and covariance

h—h|1 2|h — |1
E[Nk./\/‘];] = pp = Z (COSQ 2p | ng> + COS( | 8p2 | ng>> (11)

ek—l<logp<ek

The analog of the good sets for the Gaussian random variables is
B = #{h € Go:Gu(h) € [Ly F LU £1] forall my < k < nﬁ}.

We then show that in (8) we can replace the arithmetic good set G by the purely
probabilistic good sets & .

Proposition 5. Uniformly in T > 100 and 100 < y < n'/1°, we have
E 2 E +12
[#G ] > <1+O(y_10)> [#6 ]

El(#Gc)?] ~ E[(#6.)%]
Proof. This result is an immediate consequence of the comparison with Gaussian random
walks as stated in Propositions [7] and [§ in the next Section [3| O

The problem is now reduced to a purely probabilistic computation. The proof of
Proposition [2] is concluded by the next proposition building on ideas of Bramson.

Proposition 6. There is an absolute constant ¢ > 0 such that for any T > 100 and

C—l S y S nl/l()}
+12
E[(#6;)%
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Combining the two above propositions with the lower bound from (&) yield Proposition
2

3. APPROXIMATIONS BY GAUSSIAN RANDOM WALKS

The proof of Proposition [5| relies on approximating one-point and two-point corre-
lations in terms of correlations of Gaussian random variables, see Propositions [7] and
below. Note that the one-point estimate contains an additional twist by a Dirichlet poly-
nomial. This will be needed in the proof of Proposition [d] The proofs of Propositions [7]
and [§| are independent of the rest of the paper and can be skipped on a first reading.

Proposition 7. Let h € [—1,1]. Let ng < ¢ < ng. Let (Sg(h),no < k < ng) and
(Gr(h),no < k < ng) be as in Equations and (9). Let Q be a Dirichlet polynomial
of length < exp(l(l)—oe”) and supported on integers such that all their prime factors are
greater than exp(e’). Then, we have for ngy large enough,

E(1Q(3 +ir +ih) 21 (Sk(k) € [Ly, Ui,k < ¢) ] (12)
> (1+ nglo)E“Q(% Fir+ m)ﬂ -P(gk(h) €Ly +1,Up —1],n0 < k < g)
and
E[|Q(% +i¢+ih)|21<3k(h) € [Li, U, k < z)] (13)

<(1+ ngw)E[yQ(% +iT + ih)]Q] “P(Gr(h) € [Ly — 1,U, + 1],n0 < k < 0).

Proposition 8. Let h,h' € [—1,1]. Consider (Sk(h), Sk(h)) and (Gk(h), G.(h)) for ng <
k < ng as defined in Equations and @ We have for ng large enough

P((Sk(h),Sk(h')) < [Lk,Uk]2,n0 <k< ng)
< (1+n5") - P((Gr(h), Gr(K)) € [Ly — 1, Uy + 1%, ng < k < ng).

A similar lower bound can be proved, but is actually not needed in the proofs of The-
orem [ and 2

(14)

The proof of both propositions rely on an extension of the techniques of [4] to estimate
the probability of events involving the partial sums (3]) in terms of random walk estimates.
The first step is to approximate indicator functions in terms of explicit polynomials in
Section [3.1, The relations between the partial sums and the random walks are then
established in Section [3.2] via Dirichlet polynomials.

3.1. Approximation of Indicator Functions by Polynomials. First, we state a
slight modification of [4, Lemma 6] that is more convenient when working with lower
bounds. Throughout the paper, the normalization for the Fourier transform is

flu) = [ e fa)a.

Lemma 1. There exists an absolute constant C > 0 such that for any A, A > 3, there
exist entire functions G 4 and Gx () € L*(R) such that:
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—

(1) The Fourier transforms GX’A are supported on [—A24, A?4].
(2) We have, 0 < G 4(z) < G} 4(x) <1 for all z € R.

(3) We have
L € [0,A7]) < GL4(a) - (14 Cem™™),
1z € [0,A7Y]) > G 4(x) — Ce ™"
(4) We have
Ghale) < Uz e [FATV2 AT L AT42)) 4 Cemd™,
Gaalr) > 1z € [AA2 AT - A2 (1 - "),

(5) We have [, |@(m)|dx < 2A%4,

Proof. This is proved the same way as [4, Lemma 6] with

A-1_A A/2+A A
Gau(e) = / AAR(AZA(z — 1))dt

A—A/2_A-A
and
ATI4AA
GAalr) = /AA AME(A*(z —t))dt
with the approximate identity F' = Fy/||Fo||1, where the existence of Fj is given by the
following lemma. O

Lemma 2. [4, Lemma 5] There exists a smooth function Fy such that

(1) For all z € R, we have 0 < Fy(z) <1 and ﬁo(x) > 0.
(2) Fy is compactly supported on [—1,1].
(3) Uniformly in x € R, we have

Folz) < e lel/10°(a1+10)

With LemmalT] we get the following estimate of indicator functions expressed in terms
of polynomials.

Lemma 3. Let A > 3 and A large enough. There exist polynomials Dy 4(x) and DX 4(x)

of degree at most A4 with (-th coefficient bounded by 2A%AHY such that for all |z| <
AGA

1(z e [0,A7]) < (1+Ce” AL 1)’2) (@) "
D34 <1 € A2 A £ AA2)) 1 0

and
1(z € [0,A7Y) > [Dy 4(2)* — Ce™"

Dx (@) > (1— Ce® )1z e [AY2, A1 — A4/,

for some absolute constant C' > 0.

(16)
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Proof. We prove the inequalities for Dy 4. The ones for DX, () were proved in 4]
using the function G§ 4, cf. Equations (32), (33) and (41), (42) there. The treatment is
very similar to the one below.

For the first inequality in (16), item (3) of Lemmall] ensures the existence of a function
Ga a(x) in L? such that

1(z € [0,A7Y) > Q3 4(z) — Ce™™" (17)

_ Al04 o
For v = A%, we write Gy 4(7) as

L 2rix)? —
Gaalr) = /R G (€A = D5 4(r) + Y0 P /R G0, (18)

>v
where
_ 2miz)’ —
Dy ) = 3 E [ G e)ae. (19)
<v 6‘ R
Clearly, the degree of Dy , is v = A'%4 and
116l < a2 [ 163 @l < 20240, (20)

by properties (1) and (5) of Lemma . Thus, the coefficients of Dy 4 () are bounded by
< A2A+1)
Assuming that |z| < A%, then the error term in Equation is smaller than

10¥
vl

2m)Y P 107 y 5 5
EL o [IeGaa@he < S asw ey < e oy

This is < e=2" for the choice v = A4, This shows that whenever lz| < A%4
_ _ e/ _AA

where the O* means that the implicit constant is smaller than 1. If z ¢ [0, A™!], then
Equations and with the fact that G 4, > 0 imply

—e 2 < Dyalz) < 202"
for A large enough (depending on C'). Therefore, in this case, the following holds
1(z € [0,A7Y)) > [Dx 4 (@) + (D 4(2) — [Da 4(@)) — 202"
> D3 a(@) = 2D5 4 ()] — 20"
> D5 (@) = 6Ce A",
If z € [0, A7, then the fact that Gaa < 1 implies instead.

_eAM < Dyalz) <1+ 2Ce 2"
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We deduce that:
1(z € [0,A7Y)) > |D5 4 (2) 2 + (Dia(x) — D5 a(x)]?) — 202"

_ _ _ _ _ANA-1
— D3 A@) + D5 4 ()] (s80D3 (@) — D5 4()]) — 207
> Dy (@) = 6Ce 2"

This establishes the first inequality in by redefining C.
For the second inequality in ([L6)), item (4) of Lemma [I] and Equation give

| Dx () + O (e 2> (1— Ce™" ) 1z € [A42, A™L — A=42)).

Since the constant in O* is < 1, the dominant term on the left-hand side is D, ,(z), and
we can absorb the additive error in a multiplicative factor to get the second inequality

in . O

3.2. Proof of Propositions [7]and [8] For these proofs, we need two preliminary steps.
First, the constraints for the random walk (Si); (7)) are re-expressed in terms of its
increments. Second, this allows to write the probabilities for the Dirichlet sums Sy in
terms of a probabilistic model.

Constraints and increments. First, the polynomial approximation of indicator functions
from Lemma [3| will be related to events involving the partial sums Sy, ng < k < ng. Fix
h € [—1,1]. Consider the increments

Yj(h) = Sj(h) = Sj-1(h), no <j <nc.
To shorten the notation, we consider the set of times
\%:{n0+1,n0+2,...7£—1,f}. (23)

with ng < ¢ < n,. We will partition the intervals of values taken by Yj, j € J, into
sub-intervals of length Aj_l where

Aj= (A (n—35))"

The exponent 4 is chosen to ensure summability. In particular we will simply use that
for y chosen large enough we have

YAy AT <L (24)

JET: Jj=no

We consider events for the partial sums of the form
{S;(h) € [L;,Uj],j € T}, he[-11].
We would like to decompose the above in terms of events for the increments
{Yj(h) € [uj,u; + AT, j € T}, he[-1,1], (25)

for a given tuple (u;,j € J;). Note that such events are disjoint for two distinct tuples.
On an event of the form , from we have

D u <) <Y (w+ A7) <Y w+1, forallje T, (26)

i<j 1<] i<j
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This means that we have the following inclusions

{S;(h) € [L;,U; + 11,5 € T} D |J{V5(h) € [uju; + A7V, € T}, (27)
{S;(h) € [L;j+1,Uj),5 € T} € | J{Y5(h) € [uj,u; + AV, 5 € T}, (28)

where Z is the set of tuples u = (u;,j € J;), u; € A;'Z, such that > i< Ui € [Li, U] for
all j € Jy. The definition of Z imposes restrictions on the u;’s. Indeed, we must have
wj <Uj— Ly <100 wy > Ly — Uy > 1047
In all cases, we have the following bound which will be repeatedly used:
uj| < 10084, je . (29)

Probabilistic model for the increments. Additionally to the original random walk and
its Gaussian counterpart @, as an intermediate we now consider another probabilistic
model needed for the proofs of Propositions [7]and [§ For h € [—1,1], let

Sp(h) = Z Re (eiep p (/20 % o260 p7(1+21h))’ k<ng, (30)
no<loglog p<k
where (6,,p prime) are i.i.d. random variables distributed uniformly on [0, 27], and
define the corresponding increments

It is easy to see that S, and Y, have mean 0. The variance of the increments Y, coincides
with and by a quantitative version of the Prime Number Theorem (see [4, Equation
(74)]) they satisfy

1 .
57 = 5+ O(e=*V9). (32)

for some universal ¢ > 0. These precise asymptotics are not used in the comparison with
the Gaussian model, i.e. in the proof of Proposition [7] below, and they will be used only
for convenience in the first and second moment for the Gaussian model, Proposition [6]
In fact to apply the Ballot theorem from Proposition {14 we will only rely on s7 € [k, k"]
for some fixed k > 0.

Proof of Proposition[7]. We prove . The upper bound is proved in a similar way,
see Proposition [8] We define the weighted expectation,

EolX] =E[l0( +in) - X(n)] -E[l +im)P]

and the corresponding measure Pg(A) := Eg[1(7 € A)].
In what follows, we drop the dependence on h as it plays no role. Equation ([27))
directly implies (by taking Uy instead of Uy + €):

Po(Sk € [Li, Unl k € To) 2> Po(Vi —wi € [0, A7)k € o), (33)

ucel
where Z is now the set of tuples u = (u;,j € J), u; € A;lZ, such that ), u; €
[L;,U; —1] for all j € J,. By introducing the indicator functions [, 1(|Vi —ux| < A4,
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Equation of Lemma |3| can be applied with A = 10 (say), thanks to the bound .
This yields

Po(Yi—ur € [0, AL,k € ) > EQ[H (‘le,A(Yk—uk)’2—067%‘71)1(\Yk—uk\ < AgA)]-
!

(34)
The tricky part is to get rid of the indicator function. For simplicity, let’s write Dy for
| Dx, A (Vi —wi)|? = Ce 207", Since 1(|Ye — up] < A%) = 1 — 1(|Y}, — ug| > A, we
can rewrite the above as
EQ[ I1 Dk} + 3 'J'EQ[ 1 2:T]2(Y; - wl > A?‘A)]. (35)
ke JCT0, JH0 keJr  jeJ

We start with the first term, which will be dominant. Each Y is a Dirichlet polynomial
of length at most exp(2¢?). Therefore, from Lemma [3 for any subset M C J; the
Dirichlet polynomial J];c v Dy, 4(Y; — u;) is of length at most

1
n 100 n
exp(2e"FA,) < exp (—1006 > (36)

for y large enough. Therefore, Lemma [0 applies to compare with the random model with
increments )y given in (31)):

Eo| IT 1P, (i —w)?] = (140~ T] B[|D5, 4% - w?],  (37)

keM keM

where we have split the expectation Eg and used E = Eg for the probabilistic model,
thanks to the independence of the ).’s. Moreover, for each k, we have

E|ID5, Ak = w)?] 2 E[ID5, 4% — w)P1(2% — w] < AFY)]
> (1—Ce ) PV, — up € [A;Y? A — ALY,
where the second inequality follows from , noting that the condition |V, —uy| < A%
]

(38)

is implied by Vi —uy, € [A_A/2 Ay ! gAY 2 , and thus can be dropped. We now rewrite
this probability in terms of Gaussmn increments. Lemma [13]in Appendix [A] gives

PO — s € [A7Y2 AL = ATA]) = P(Ve — e € [AT2, AZL — AT 4 O,

(39)

The overspill A_A /2 can be removed at no cost: from and s =< 1, uniformly in
T,y €+ [Ay A2 AT AL A/2 ] the density fi of N}, satisfies fi.(z) < fi(y), so

PN, — up, € [ALY2 AT — A2 = (14 O(ALY) - PN — uge € [0, A7), (40)

Moreover,
P(N; — w, € [0,A7Y]) > Afle 2 s AT1em100%8:7 (41)
This is much larger than the additive error term O(e™“ /2) in (39), which can therefore
be replaced by a multiplicative error. Both multiplicative errors together give for & < n,
PV, —w, € [A;Y2 A7 - AT = (1 + O((k; A(n— k;))‘“) PN — g € [0, A7),
(42)
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The product over k& € J; of the error terms above is (1 + O(ng*)). Going back to
Equations and , we have established that

EQ[ I 1Da, A% — wo)l } (1+0(ny ™) [ BWVi —ui € [0,4:1)).  (43)
keM keM

Remember that we aim at a similar estimate for Dy, = [Dy (Y — u;)|* — Ce 20

From (1)), P(NV;, — ux € [0,A;"]) > e 2+ and holds for arbitrary M C J, so that
by a simple expansion we have

Eg[knypk}_ (1+O(ng™) EP Ny, — g, € [0, A7) (44)

We now bound the second term in . Let’s fix the non-empty subset J C J, in the
sum. Since 1(|X| > \) < X we have

/\2q b
Y, —u
EQ[HDkHIW u]|>A6A}<EQ[HD H' qu]' ] (45)
keJy jeJ keJp jeJ
where we pick ¢; = [A?AJ, A = 10. As for the first term, we need to handle the error

Ce=2:"" in D;. For this we abbreviate dj,(z) = Dy sl —up), e = Ce 20", and
expand

EQ[ H Dy, H Le _12%11 qj} < Z EQ[H |di (Vi) |? H H a _1222!2%] (46)

keJ, jeJ BCJ, keB keg,\B  jeJ

From Lemma , the Dirichlet polynomial d; is of length at most exp(2e’ A}OO). The
choice of ¢; implies that the Dirichlet polynomial [, di [[;c;(Y; — u;)¥ has length
at most exp(2e"¢ALY) < exp(gize™) as in (36). Therefore, we can use Lemma @ again,
and work with the random model term by term. Again, the fact that Q is supported on
integers with primes p with logp > e means that for the random model the expectation

with respect to Eg is equal to the expectation with respect to E. We start with the case
j € BNJ. We have

B[0P, - wl] < El4o)1] B - wle] e

The definition of D, in Equations and implies the following bound on all
2k-moments, k € N,

2m
B0 <B[( 3 a2y, 100a) ]
KSA;OA :
< AP Eexp(4nk A1V + 100A71)] < 27, (48)
where the third inequality follows from Lemma By Lemma and the inequality
a1 o _(4g)! - (e* +e7**) with the choice ¢ = ¢; = LA?-AJ, A = 10, we have for any j < ng

7' = (Ag)*
V) — u '

A24qu
J

]E[ ] < e 2 (49)
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by Stirling’s formula and the fact that |u;| < 100A 4 from equatlons . .
and . we have proved

Eo| [T DT 10 - wil > 28] < > TT e TT B0 T <

keJ,  jeJ BCJ, J B\J J\B
jede BCJ J J\ (BUJ) d;(s) J\B

1/2

Moreover, from (38) with the estimates (41, (42)), we have E[|d;(;)[?] > A" e~ 1004,
We have obtained

> )VEo| T D [T 10 - il > a5

JC T, J#D ke, jeJ
R 1 Ch
Ji€Tr JCTe,J#£0 BCT, J Je\B
= [T ElnPI(] ] +e 288" ) -1 [[a+ vE) < e T Elld; ()1
J€ET: Te Te J€Te

The above product is < [, 7 P(N; —u; € [0,A"]) as easily proved by combining
and . (A similar bound in the more general case of joint increments is detailed in
D)

Equations , and with the above finally yield

Po(Y; —u; € [0,A7',5 € ) = (1+0(ng %)) [ PWN; —uy € [0,A71).
SV/]
The claim ((12)) follows by summing over u € Z as in Equation , and by applying the
inclusion (28)) for the Gaussian random walk with increments N;. O

For the proof Proposition |8 below, we will also consider the partial sums at h and A’
jointly, i.e., Si(h) and Si(h'), no < k < ng, as well as the joint increments );(h) and
Y;(h'). These increments have covariance and correlations identical to those of A; and
./\/'Jf , i.e., they are given by , which satisfies the asymptotics

(50)

24 0(eh - 1)) i <log|h — 1|,
PO =)t = log [ — W],

as is easily proved using the Prime Number Theorem as in |2, Lemma 2.1]. We also
define ¢; = ¢;(h, h') by

52 —¢; if j <log|h— A1,
pjz{J ﬂ A 51

£ if j > log |k — h'|~L.

The precise asymptotics of the covariances in will not play a role in the proof of
Proposition [§ below. However, it will be crucial in the proof of Proposition [6]
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Proof of Proposition[§ We write (S, S;) for (Sg(h), Sk(h')) for conciseness, and simi-
larly for the increments. The event on the left-hand side of is decomposed using the
increments as in Equation . Then, Equation can be used to bound the indicator
functions for both points. We take A = 10 (say). This gives that the left-hand side of

@) is
_plo
<+ 0(™) 3 B[ [T IP4,.a0% —w)DE, 407 — )] (52)
u,u' ez Jj€IL

where we write J; as in (23)). We proceed as in Equation (37)). From Lemma , the
Dirichlet polynomial [[; DX 4(Y; — u;) is of length at most exp(2¢"2A;7). So the

product of the polynomials for i and A’ has length smaller than exp(4e™c AN%) < T/100,
as in . Lemma @ then implies

E| [T 1P%,.4(% = w)D5, 4(¥] — )]
JjeJc

= (14+0(1=)) T E[IDK, 43 — u) DK, A — )]

Jj€IL

(53)

We estimate the expectation for each j. Write for short DX]_’A(JJJ- —uj) = D, and

similarly for D. We would like to introduce the indicator functions 1(|Y; — u,| < A%)
and 1(|)V; — )| < A%). For this, note first that

1/3

1/3 1/3
E[|D,0;210-u] > A% < B[] “E[1D)7] (19wl > A9) T e,

by Equation (48) (with a = 3) and Markov’s inequality using (49). This observation
implies that

E|ID,D}2| = B|[DD) 101 - wil < A%, 1) — uf] < A%)] + 0(e™")
< P((yj —uy, V-l € [FA7 AT+ A;A/2]2> + O(a‘A?”), (54)

by Equation applied to both D; and D}. The Berry-Esseen approximation of Lemma
can now be applied:

E|ID,D] < (14 A7 YP((W; = ws, N =) € [-8,72%, 857+ A,V ) 4 0(e72).
The overspill A;A/ ? can be also removed as in (40). We conclude that the above is

_ +O(A_A/2))IP’<(/\/} —up, N =) € [0, A;1]2> +O<e—A?71)

J
= (1+0(a; )P = u;, N} — ) € [0,A7'?),
since P((Nj — uj, NJ —uf) € [0, A7']?) > oo 5 g2A" by the bound on u; and

uj;. It remains to use the above bound in (53)) and then (52). The claim then follows
from Equation for the Gaussian random walks. O
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4. PROOF OF PROPOSITION [3]

We first need preliminary bounds on the size of ( and Dirichlet sums. We will use the
notation

]‘ — iT+i
Py (h) = Z Re( 1/2+1T+1h)+2 P20+ +h)>. (55)

loglog p<no

Lemma 4. We have, for 1000 < y < n/10,

P(Vm >1: ‘nil<ax \C( it +iu)| < 22"‘62”5) =1-0(e™), (56)
P(‘v’m >1: ‘II|132X |Sy, (w)] < 2"‘/1006”‘/100) =1-0(e™), (57)
P(Vm > 12 max [P(u)] <27 10y) —1-0(e™). (58)

Proof. By a union bound, the probability of the complement of the first event is

Z 2—4m€—4ngE[ max |C( i+ 1u>|2] < Z 2—4m€—4nc . 2m62n < e—n’
m>1 ful<2m m>1

as claimed, where the first inequality above relies on the same subharmonicity argument
as [4, Lemma 28]. For the second claim, we similarly have that the probability of the
complement is bounded by,

22 4m ,—dng E[ max | S, (u )|400} < 22—4m6—4n5 Lm0 =2

Ju|<2m
m>1 m>1

where we used in Lemma . Finally, the last bound is proved in exactly the same
way, using that, for v = [100y |,

|u|<2m
m2>1
< Z 272vm/100<10y)72v . gmeno 1/2(2U) (Cy) < e
vyl ’
m>1
where the moments calculation is now based on in Lemma . O

The main analytic input is the next lemma.

Lemma 5. Let 100 < T <t < 2T and |h| < 1. Let f be a smooth function with f

compactly supported in [—i, 2—] and such that f( ) =1. Then,
1
R <X p
Proof. For z € R, we have f(z fR el udy.  As fis compactly supported, by

Paley-Wiener this defines for z e C an entlre function of rapid (faster than polynomial)
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decay as |Re z| — oo inside any fixed strip. We can therefore shift the contour of
integration in and see that it is equal to

o s—1 d _
log X C(s+it +ih) H (1—ps+it+ih)f< i 2 -1ogX)TS+O(T 5

where T~ is the contribution of the pole at s = 1 — it — ih of . On the line Re s = 2
we can write pointwise

o 1 1

p<X n>1
pln=p>X

After nterchanging the sum and integral, the task reduces to estimating
2-+ioco o 5 — 1
psTith g <—2 -log X) ds.

i

log

1

2—ioco

Shifting the contour back to the line Re s = %, this is equal to

1 ~ logn 1
10gX/R nl/2+it+ihtiz f(zlog X)dz = f( S orm log X) | L/t

~

If n = 1, then this is equal to f(0) = 1. On the other hand if n # 1 then n > X and

o~

then by assumption f(—logn/(27log X)) = 0. This gives the claim. O
We are now ready to prove Proposition [3]

Proof of Proposition[3 From Lemma [2] there exists a smooth function f > 0 such that

f(0) =1, f is compactly supported in [—3=, 5-] and

Fa)] < eV,

Applying Lemma |5 with this choice for f and X = exp(e"¢), we find by the mean-value
theorem that for every 7 and h € Gy, there exists a £ > 0 and % (28 —1) < |ul <
T+ (281 — 1) such that

log |¢(5 + i 4+ ih + iu)| = Sn, (b +u) — Poy(h +u) — /|ulene > —C (60)

with C' > 0 an absolute constant and where we remind the definition .

By and (57) in Lemma[4] the probability (in 7) that there exists an |h| < 1 and
k > 1 for which (60) holds is < e™™. Moreover, by in Lemma , we also know that

P, (h <20
f}}fgl o(h+u)| <20y
ul<1/4

for all 7 outside of a set of probability < e™¥. Therefore, for all 7 outside of a set of
probability < e™¥ we find that for all h € G| there exists a |u| < 1/4 such that

log [¢(3 +ir +ih +iu)| — S, (h +u) — /|ulems > —C — 20y.
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Since Gy C [—13, 3], it follows that for all 7 outside of a set of measure < ¥, for all
h € Gy, there exists an |u| < 1/4 such that

I|n|2<u>1(10g IC(5 +iT +1iv)| > Sn, (4 u) + V/|ulems — 2C — 20y

> min(S,,, (h + u) + /|ulens) — 2C' — 20y.

lul<1

We now take an h € GGy that maximizes the right-hand side, and the claim follows. [J

5. PROOF OF PROPOSITION [4]

The following lemma will be important.

Lemma 6. Let ng < { < ng. Letv>1 and 0 < k < n be given. Let Q be a Dirichlet
polynomial supported on primes p or their squares p*, such that e <logp < €™ and of

length < exp(5+
Q(S) _ Z (a(p) + b(p)) : (61)

S 2s
e!<logp<e"L p p

005€ )

where we also assume |b(p)| < 1. Then

E| sup |QQ3 +ir+ih+iu) — Q3 +ir +ih)|* - 1h€G[:| (62)
|h|<1
jul<e=k+1

< enﬁ_”O—Z‘Flo((f—no)/\(ng—E))3/4+20y

Xloovvl_((efzw 5 |a(p)|;10g2p) (16 Z

et<log p<ek ek<logp

|2>v~ ne—k 1).
(63)

Proof. To simplify the exposition we first assume that b(p) = 0 for all p. Since G, C
Go = e~ (me=m)7, " [~1, 1] we have,

sup |Q(3 +ir +ih +iu) — QL +ir +ih)[* - 1yeg,
L2

< Z sup  |Q( +ir +ih+iu) — Q(5 +iT +1h)[* - Lheq,-

heGo Ju|<e—Fk+1

Taking the expectation we find that is

<L enemme ]E[ sup  |Q(3 +ir +iu) — Q(3 +ir)[*" - 106(;@]. (64)

[u|<e=k+1
We now split the Dirichlet polynomial Q(1 + it + iu) — Q(3 + ir) into two parts. One
part ng( +iT +iu) — ng( +i7) composed of primes p with logp < e* and another
part supported on primes p with logp > e*, denoted Q>k(% + T + du) — Q>k(% + 7).
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For the first part, for |u| < e F*1,
67k+1 2%
|Q§k(% +1i7 +iu) — ng(% + iT)|2U < (/ |Q,§k(% +i7 + i93)|d$>
0
o—k+1

< el / QL (3 +ir + iz)[*da.
0
Then

)

21002 1\ v
B[t i+ L] ot (3 PR oot
- ) b

log p<eF

using Proposition [7} Lemma [I2) and the Ballot theorem from Proposition [I4] Therefore

Lo .E[ sup  |Q<p(L 4+ i +iu) — Qui(3 +i7)[*" - 106@]
|u|§6_k+1
3/ > la(p)[* log® py»
< ne—no—{F20y+10((E=no) (=04 |y <€—2k+2 ) ‘
p

log p<ek

For the second part, we bound the contribution of Qs (5 +ir+iu)— Qs (5+ir) simply by
the triangle inequality and the discretization Lemma applied to D = Q%,, followed
by Proposition [7} This gives

eneTno E[ sup ]sz(% +i7 + iu) — sz(% +ir)[* - 10€G5]

Jul<e—h+1

< eng—n0—2+20y+10((4—n0)/\(n£—K))3/4 . eng—k . 221),U| . <4 Z ’a<p)|2>v
log p>ek

Combining everything we obtain the claim when b(p) = 0. When b is non-trivial, the
only difference is that we cannot dirrectly apply Lemma [12| to bound the moments of
Q: instead, we just use |X + V|2 < 22(|X [+ [V[*) for X = Y 42y = 3~ 2 and

p
apply Lemma [12] separately to each term. The assumption |b(p)| < 1 allows to absorb

the contribution of [Y|?" into the +1 in ([63)). O

We are now ready to prove Proposition [4

Proof of Proposition[4). If there exists an h € G and |u] < 1 such that

|Sn, (h 4+ u) — Sy (h)| > 20y + +/|ulemz, (65)
then there exists a 0 < k < n, :==n, — [2logy] such that
sup ’Sng(h + u) - Sn£<h)‘ ’ 1h€Gz: = e(nﬁik)/Z'

|h|<1
u<e=FH1

Notice that we can stop at k = n), := ny — |2logy] thanks to the term 20y. Therefore
it suffices to bound

S B( sup (Sl 0) = S ()] Tneg 2 €% PR). (66)
0<k<n/ [h|<1
= L

e F<|ul<em M
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Suppose now that |u| < e **1 for some 0 < k < n/,. Notice that

Suelh+10) = Sue(WlLncee < 3 1(Sp = S)(h+ 1) = (Spin — ) () Lnec,

no<j<k
+ |(S’ﬂz: - Sk‘)(h + U) - (SnL - Sk)(h)|1h€Gk7
because S,, = 0. Therefore, by the union bound, for each 0 <k < n/,
P sup (S (h+u) = Sue(h)] - Lueg, > e 972)

|h|<1
e~k <|u|<ek+1

P Sii1— S)(h i1 — S eneBn
= 1 — S; — (Sj+1— S; >
_O; |il|1§p1 |(Sj+1 ) (B +u) = (Sji 5)(R)| heG; = 4(k—j)2>
<j<k =
u|<e=F+1
o(ne—k)/2
+P( sup [(Sue = SO(h+ 1) = (Sne = SIWILnea, = —— ). (67)
|n|<1
Ju <e=k+1

We now estimate each of the above probabilities using Chernoft’s bound. According to
Lemma [0] for 0 < j < k, for v > 1, we have

o(ne—k)/2
P(sup (S = S+ u) = (Spar = $) () ees, > J7—s)

Ih|<1 (k—j)?
jul<e=k+1
o Sie1 — 8;)(h 4+ u) — (Sj1 — S;)(B)[2*
< (4(/6 _]))4 ) sup |< Jj+1 J)( ) _k< j+1 ])( )’ ']-heGj]
|h|<1 ev(nﬁ )
jul<e—k+1
< (k . j)4v . eng—no—j+20y+10((j—n0)/\(n£—j)3/4) . e—v(ng—k) Col - eé’v . 62U(j_k). (68)

20(j—k - T —2k+4 la(p)|? log® p\ v
The above e2*U~*) factor is due to the contribution of (e + Zejglogp§€j+1 w)

in Lemma |§| We choose v = [¢"¢77=¢] for fixed C' > 0. Then the Dirichlet sum S?,, has
length exp(e’ - e"c777¢) < exp(e™/200) for large enough C, so Lefnma@ can be applied.
The above bound becomes, for some absolute positive constant C,

& eI H 20y 10 —mo) e =) gy (v logv — (ng + k — 25 —4log(k — j) — C’)v)
& eI F2UHI0([ =)A= oy ( —v(k—j—4log(k—j)+ C — C’))
& e =i+ 20yH10((=n0) A e =) oy ( eI — j)),

for some small constant ¢ > 0, by choosing C' large enough. Summing over ng < j < k
we see that the sum is dominated by the contribution of the last term 7 = k — 1. The
full sum (over j and k) is therefore bounded with

—ng— — —k))3/4 —
§ ene—mo k+20y+10((k—no)A(ne—k)) exp(_cenL k)

0<k<n/,

)

which is dominated by & = n/, — 1 and gives a global bound c1v=2v* for some absolute
C1,Co > 0.
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The second probability in is again by a Chernoff bound,

(ng—k)/2
P sup (S = S(h+ ) = (Sue = S)(W)[Lhea, = ——)

Bl <1 -4
|u‘§67k+1
Sne — Sk)(h — (Sny — Sk)(h)]?
< 4% E|: Sup |( c lc)( +U) _k( c kz)( )| .lhEGki|
|h|<1 ev(n; )
|u‘§67k+l

< ek HI0((kno) A k)Y o mulne =) Ly (O (o )Y ek, (69)

for some absolute C'. Choosing v = |e™%=C/(ns; — k)*|, we see that this is also

< eV(C=0), Therefore, for alarge enough absolute constant C' > 0, the full contribution
of after summation over k is

2
< Z ene—no—kH10((k=no)A(ne=k)¥! | gron( ene=k=C J(yy . )4) « VT g

0<k<n s

for some absolute ¢, > 0, where we used that the main contribution comes from
k = n).. This concludes the proof. U

6. PROOF OF PROPOSITION [6]

We first need a lemma which precisely captures the coupling/decoupling of the Gauss-
ian walks Gy, (h) defined in (9)) as a function of the distance |h—A/|. For this, the following
elementary lemma will be key in the decoupling regime |h — 1| > e ™.

Lemma 7. Let |p| < 5. Consider the following Gaussian vectors and their covariance

matrices:
) 5
(N17N1)7 Cl = (p sp2) )
/ B 52 + |p| 0
(N, AD), =" a0

Then for any measurable set A C R? we have

52+ |p|
52— |p|

PN, N)) € 4) < -P((N2,N3) € A).

Proof. The proof is simply by expanding the density of (N1, ), which is
1 . ( sw? + 5222 — 2,0wz)
—exp | — .
2my/ st — p? 2(s* — p?)

If p > 0 then for any w, z € R we have s*w? + %22 — 2pwz > (s* — p)(w? + 2?) so that

(70)

s2w? + 5222 — 2pwz o w? + 22
2(s* — p?) T 2(s*+p)’
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and the conclusion follows. If p < 0 then from the previous case for any B C R?

2 _
PN —N)) € B) < [ BN, ~NG) € B),

which concludes the proof by choosing B = {(z, —y) : (z,y) € A}. O

Proof of Proposition[d. We have E[(#&,)*] = 3, P(@(h) N G(h’)) where

G(h) = {gk(h) € [Lk —1,U, + 1],Vn0 <k< nﬁ}, h e [—1, 1] (71)

In what follows, we fix h, b’ and simply write (G, G;.) for (Gx(h), Gk(Rh')). We divide the
above sum over pairs in three ranges of |h — h’|; this is necessary to achieve the precision
14 o(1) required by Proposition []

6.1. Case |h— | > e~™/2. This is the dominant term. We can express the events &(h)
in terms of the increments using [28, and then in terms of independent increments using
Lemmal [7] Under the product over j, the multiplicative error from Lemma [7]is

H 52 + |pJ = exp (O( Z ,Oj)) = exp (O( Z m> < 1—1—0(67"0/2),

no<j<ng 5j no<j<ng no<j<ng
(72)
therefore we obtain

3 ]P’(G(h) m@‘(h’)) < (1+0(ng"))- (IP('Q} €L —1,U;+2,ng < j < nc)>2,

|h—h!|>e~"0/2

where G; = 37, Nj and the independent Gaussian centered ;s have variance 57 +|p;|.
Moreover the change from the original interval [L; — 1,U; + 1] to [L; — 1, U; + 2] is due
to (27) when transferring the constraint on increments back to the random walk itself.
From the Ballot theorem in Proposition the barrier can be changed into [L;+1,U;—1],
and the éj can be replaced by G; at a combined multiplicative cost of 1 + O(y~¢), so
that in particular

S P(s(ns)) < (1+0(y ) EHSL)
|h—h/|>e~m0/2

All the other cases will be much smaller than (E[#&,])?.

6.2. Case e ™ < |h—Hh| < e~"0/2, The same reasoning as above applies in this case.
The multiplicative error term analogue to is now O(1), and the precise estimate of
this error is not necessary since there are only < e2(£="0)e="0/2 pairs (h, h') to consider.
Therefore, we obtain

> P(S(h) N&(I)) < e 7 (E[#8]).

e "0 <|h—h!|<e""0/2
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6.3. Case e~("c=™) < |h — /| < e™™. We start by writing,

3 P(G(h) N 6(h’)> - ¥ 3 P(G(h) N 6(h’)>.

hJ’L’e@Z no<j*<ng h,h’E(’jz
e_(nﬁ_n0)<‘h—h/‘S67"0 j*:\_log |h—h/|71J

In order to evaluate P(&(h) N &S(h')), we apply the Gaussian decorrelation Lemma [7| for
the increments j > j*. For the increments before j*, it will be useful to consider the
random variables
G +G G. — G

gj: ]2 ]7 gj—: ]2 ]7 n0<j§n£- (73)
Note that (G;); and (G;); are independent and G; = G; + G5, G} = G; — G-

As before we can express the events G(h) in terms of the increments using (28)); here
we only use such a decomposition for the process G« ; := G; — G;+, approximating its
increments with independent ones through Lemma [7, up to a multiplicative error equal
to

H 5 + ;] — O(1).

e <i<ng |pJ|
For h, ' such that |log|h — I|7!| = j*, this gives
P(G(h) N 6<h/>> <K Z C]* (h, h/, v, q> D]* (h, vV — Q)D]* (h/, v+ q>, (74)

Ljx —1<v—q,v+q<Uj*
where
Cje(h,h\v,q) == P(gj,g; €[L;—1,U;+1] for all j < j*,Gjx € v,v+1],G5x € [q,q+ 1]),
D, (h,v) :zIP’(QNj*,j( )+vell; —2,U;+2| forall j>j )

and @*J = éj — éj The proof now reduces to bounding the correlated (C) and decor-
related (D) terms.

6.3.1. The Correlated term. Note that if G;,G; € [L; — 1,U; + 1] for all j < j* then also
G; € [L; —1,U; +1] for all j < j*. Moreover, G+ is independent of (G;);<;+. We can
therefore bound

Cje(h, 1 v,q) < P(@ €[L;—1,U;+1] for all j < j*, G- € [v,v—|—1]> P(G5x € [q,q+1)).

*ag < 1 from and . We

The Gaussian gjﬁ is centered with variance < )
thus have

J<Jj
IP’(gjl €lg,q+1)) < 6_6‘5’2, for some ¢ > 0.

Moreover, (G,);<;- satisfies the assumptions of Proposition , and G, has variance
%ngj*(5g2+Pj> = 1572 4+0(1) from and (50). Thus, uniformly in [v] < 100(5*—ny),

we have

Wy —vt1) e

U,
! no F—n
Cjs(h,h',v,q) < G = )2 0
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6.3.2. The Decorrelated term. We condition on G, ;« € [ve, vy + 1] which implies that
v1+v2 € [Up,, Ly,]. Then by the Ballot theorem stated in Proposition {14} D« (h, v; —q)
is

(U.*—v1+q+1)(Un£—v1—vz+q+1) _M
< > J — e
Ly, —2<v14v2<Un ; +2 (nll _J*>3/

where we have used from (32]) and to obtain E[(gjﬂm)Q] = 2 <isne (s + losl) =
ne — 3+ 0(1), and |vy — g <100(nz — j*). Likewise, Dj«(h,v1 + q) is

Y

2
< Z (Uj*—Ul—q+1)(Uni—3/1211—1)3—q+1) -67%
Ly, —2<v1+v3<Un , +2 (nﬁ —J )

6.3.3. Putting it together. The above estimates give, after summing over ¢ € Z,
v? v3 o3
P(s(h) ne(i)) < 3 e TR e T
Lj*—lg’quUj*-i-l
Ln£72§v1+v2,v1+v3§Un£+2

% UnO(Uj* — v + 1)3<Un£ — V] — Vg + 1)(Un5 — VU1 — Us + 1)
<n£ _ j*)3 . (]* _ n0)3/2

We change the variables to 77 = vy — a(j* — ng), U2 = ve — a(ng — 5%) and 73 =
vy — ang — j*) so that o7 + U3 € [Ly,, Uy, and 7 + U3 € [Ly,, Un, ), giving

(75)

2 2 2
_j*v,ln T UEJ-* T Uéj* 34% 3(1,&)
€ T ‘ « = 2ne—3")= (" o)+ 2T 2(TT+72) ~2(TT+75) | nzrnon .
(nﬁ _ j*)g(]* _ n0)3/2 (]* _ n0)3/2(n£ _ j*)S

The contribution of the integral over vy + U5 € [Ly,, Uy, is
/ (Ung — 2+ 1)e™22dz < | Ly, |€*Emol.
[Lng,Ung)

The same bound holds for the integral over 7 + v3. The integral over vy is for Bjx» =
Uny — 1010g((j* = no) A (ne = j*))

By B
< / (Bj+ — o1 + 1)%doy < 5.
Combining these estimates for the O(e2("£=70)=7") pairs with log |h — K|~ > j*, we
obtain

— n0)32(ng — j*)3

L e MU, L2 el . 2V (76)

no~ng

> P(S(M)NS(h')) < e"0U,, L2 etlnol Y~ 28 = n
. j
J

e~ ("L=70) <|h—h/|<e "0

On the other hand, from Proposition |14| we have a simple lower bound for E[#® ]
E[#&,] =" . P(Gy, € [Ly + 1,Us — 1],m0 < k < ng) > Uy | Ly |eH ). (77)
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We conclude from and that
> P(&(h) NS(K)) < U, e?Pmo ™ (BE[#6,])? < e ¥/ (E[#6,])?

67("57"0)§|h—h’|§67"0

by the choice of ng and U,,.

6.4. Conclusion. When |h — h'| < e~(m£770)  because of the spacing constraint we
necessarily have h = b/, and the contribution from such trivial pairs admits the same
upper bound as for j* = n, above. All together, we have obtained

E[(#67)*] < (1+O(y~))(E[#6])%,
which concludes the proof of Proposition [0} O

7. PROOF OF THEOREM

The proof of the theorem follows the same structure as the one of Theorem 1. The
parameters need to be picked differently. We take for the times

no = |y/100],  ng =loglog(T"') = n — log 100.

The partial sums on primes are now starting from p = 2 and not exp e™°

1
S (h) = Z Re( (1/2+ir+ik) 2]972(1/2+17+1h))7 jeN. (78)

log log p<j

The set of good points are
GOZ[ L l]ﬂe_”‘Z Gj:{hGGQZSjE[Lj,Uj],n()SanE},

202
where the barriers are now for j > ng
Uj =y +aj—10log(j A (n—Jj)),

Lj=—=10+(a+— J )J—(]/\( — )% (79)

The slope ais 1 — 3 log" as before. Both barriers are convex, which is crucial. Note that

the final interval for S is [Ly,, Un,] where
ne

3 3
Unﬁzn—zlogn—l—y L :n—zlogn—iry—lo.

The reason for the slightly larger slope in L;, i.e., (a+ %) instead of «, is to ensure that
the width of the final interval is order one. The factor y/n, will not affect the proof.

It is necessary to take U,, = y + any, as this is the origin of the factor y in front of
the exponential decay in Theorem [2 For y of order one, it would be possible to take
no = O(1). However, for larger y, the spread U; — L; could be quite large for small
j. This prevents a Gaussian comparison for small primes. For this reason, the barrier
starts at ng, a multiple of y. For these times, the spread is proportional to variance and
the Gaussian comparison goes through.

Unlike the left tail, we do need to include the small primes in the partial sums. Drop-
ping the first exp e™ primes would give a lower bound ye‘gye_”oe_y2/ " which is subop-
timal for ng < y. A more involved analysis of the small primes would probably allow to
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improve the result range of Theorem [2[ to y = o(n), matching the branching Brownian
motion estimate.
For the proof of Theorem [2] we first need the analogue of Proposition [T}

Proposition 9. We have, for any fized C > 10, uniformly in 1 <y = o(n)

3
P(Tilléix log ‘C(%+iT+ih)‘ > n—y log n—i—y—lOC’) > IP’(EIh € Gz:) —0(67500ye*29e*y2/").
<1

Therefore, upon taking C' large enough but fixed, the estimate
]P’(#Gnﬁ > 1) > ye We v /n (80)

will imply Theorem [2| Equation follows directly from the Paley-Zygmund inequality
from the propositions below.

Proposition 10. Uniformly in 10 < y < C%,

E[#G,] > ye We v/

Proposition 11. Uniformly in 10 < y < Cblgoil%,

E[(#Gn, )] < ye Ze v/,

Unlike the left tail, the dominant term in the second moment will come from the pairs
h, 1’ that are very close, i.e., |h — h'| < e7"£.

7.1. Proof of Proposition [9} First we have the following easy variant of Proposition

Proposition 12. We have, for 1000 < y < n'/10,

1 . . > . — o .
]P’(I}Illli}lilogK(Q +ir +1ih)| > ﬁ%ﬂﬂg}@w(““) 4/ |ulene) 20) >1-—0(e™),

with C > 0 an absolute constant.

Proof. This is the same proof as Proposition [3] the only difference is that this time we
do not need to bound the contribution of the primes p with logp < €™ and therefore
there is no additional term —20y. Because of this, the exceptional set is also better, i.e.,
e~ " instead of e7Y. U

We highlight the changes needed in Lemma [6] and Proposition {4 with the following
two variants.

Lemma 8. Let 1 < /¢ <ny. Letv>1and 0 < k <n be given. Let Q be a Dirichlet
polynomial as defined in , such that e < logp < e™ and of length < exp(ﬁe").
Denote by a(p) the coefficients of Q. Then

E| sup Q% +ir+ih+iu) — QL +ir +ih)[> - 1,16@,5] (81)
hi<1
‘u‘ge—kJrl
‘2

< "t P(Gy) - 220! - ((@*2“4 Z la(p) plog2p>” + <16 Z |a(§)|2>v . enﬁk).

ef<log p<ek ek <logp
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Moreover, we simply bound P(G,) < 1 if ¢ < ng, and otherwise
2

Y 3 llogng 2yl yl 3/4
P(gz)<<€3/2exp< £+2 o ” n%—l—l()(@/\(n 0)) )

Proof. The proof is the same as for Lemma [6] the only differences being the different
bound for P(G,) (when ¢ > ng) that arises from a different barrier. Note that for
1 < ¢ < ng there is no barrier so the proof does not rely on Proposition [7, which requires
l Z no. ]

Proposition 13. We have, for any C' > 10, and for y = o(n),
P(Vh € GeVul <1:[Su,(h+u)—S,,(h)] < C’+\/\u|e”£> = 1+O<e’500ye’2ye’y2/”>.

Proof. The proof is very similar to Proposition ] but we still find it worthwhile to include
the details. If there exists an h € G and |u| < 1 such that

|Sn, (b4 u) — Sp(h)| > C + +/|u|ens (82)

then there exists a 0 < k < nl, :=ng — [2log C'] such that,

sup S, (h+u) — Sp,(h)] - Lpeq, > e™e=M/2]
|h[<1
[u|<e=Ft1
where considering the case k < n/. is enough thanks to the term C in . It now
suffices to bound through a bound for the right-hand side of , but with our
new definitions for (S;);>1, ng, 7, and Gy. For any 0 < j < k, we have the following
analogue of [68] which is also obtained by Lemma [6}

P it — S)(h Si1 — ) (W) [Lpeq, >
< |il|lsp1 |(Sj+1 = 55) (A + 1) = (Sj+1 = 55)(R)] hGGf‘—W)

|u<emFH1

Ndv _np—j+10(iA(n—35)3/4 —v(ns—k) v 2v(j—k) ) 8jlogn _2uj_y2
<L (k—j)" e e TR Lyl O e -m-e2 o at

Pick v = 100. Summing over 0 < j < k we see that the sum is dominated by the
contribution of the last term 57 = k — 1, indeed, the sum is

2
Nk 0GkA @)Y (3 Klogn  2yk  y'k
< ’ 32 P (2 n n n?/
The contribution of the second term in (]@ is bounded similarly to (69), and we obtain
e(nc—k)/2
P sup [(Sne = S)(h+ 1) = (Sue = )W Lhea, = ——)
<
ek

- A Y 3jlogn  2yj
< 44U . ene k+10(kA(n—k)) e v(ng—k) ol O (n£ . k)v —_.exp (_— _2dd

§3/2 2 n n

Choosing v = 100 we see that this is also

(-2 (e k) H10kA-R) Y (3 klogn  2yk y2k>'

<e 1372
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Therefore with the new definitions for (S;);>1, ne, n), and Gy, (66) is bounded with

3 kl 2uk 2k

< Z e 1000nc—k) Yo (_  rplogn  syv y_> < 7500 . ye~ev?/n
2 n n n?

0<k<n/

50C

as needed, and where the final gain e comes from k < n/, =n, — [2log C]|. O

Proof of Proposition[9. If there exists an h € G, then from Proposition
max min (S, (v + u) + /|ulers) > min(S, . (h + u) + /|ulens)

vEG) |ul<1 Jul<1

> Sp,(h)—1>n— Zlogn— 10C,

outside of a set of probability < e Cye~2ve~v*/". Proposition |12 then implies that

n

outside of a set of 7 of probability < e™",

3
Tﬁ%log\g(% +ir +ih)| > n — Zlogn+y— 10C.

In other words,

3
P(3h € Gl;)—O(e’E’OCye’de’f/”) < P(%iﬂog [((5+iT+1h)| > n—y log n+y—1OC’),
<1

and Proposition [9] follows. O

7.2. Proof of Proposition [10] and [11]

Proof of Propositions[10. Clearly, we have
El#Gn.] > e" - P(S; € [L;,Uj],no < j < ng),
where we write S;(0) = S for simplicity. By the definition of U;, L;, we have for j > ng

Uy = L < (y = 10) = Zj+ (A (n = )" < A}

Therefore, the proof of Proposition [7] applies verbatim for all increments j > ng. For
the first ny increments, the approximation in terms of Dirichlet polynomials still holds
up to a multiplicative constant (as in [4, Equations (31) and (40)], for example). These
considerations yield

P(S; € [L;, Uj],no < j < ne)
> P(Sy € [Lng +1,Uny —1],80, + G5 € [Li+1L,U; —1],n9 < j <ng), (83)
where (G;); is defined in (9) and is independent of S,,, now defined as
Spo(h) = Z Re <€iep p- (/2 % o200 p—(1+2ih)).

loglog p<ng

Note that it differs from as it consists in the first ng increments. The 41 in the
barriers will not contribute to the estimate, we henceforth drop them to lighten the
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notations. We now write f(z) for the density of S,,, we condition on G,,. and apply the
Ballot theorem from Proposition : The right-hand side of is lower bounded with

Ung
/ P(G; € [L; —2,U; —z|,ng < j <ng) f(z)dz
L

nQ
Un Unp—z — — < w?
>>/ 0/ 7% (Up, Z)(Ung Z w)efmf(z)dwdz.
L’ﬂO Lngfz (

ne — ng)3/?

Writing @ = w — a(ng — ng) and zZ = z — any, this becomes

U, -z 7 = = —
> / ¢ /y (Uno — Z) (y — 2 ’U)) ef(u’)Jroz(ngfno))z/(ngfno)f(z + Oéno)d’U_JdZ.
Ly Jy—10-2 (ne — ”0)3/2

for L,y = Ly, + “ng — ng/ * and Upno = Upny — 101log ng/ *. Expanding the square gives

_ _ 2 02 3 0

(@ + a(ne = no))* _ 02 (ng—np)+ 200+ ——— = (ng—np)—= log t+2aw+————+o(1).
ne — ng Ny — No 2 neg —No

(84)

The integral in w becomes

Yy—z w2 - 2 2 5
/ (y - U_J>€_2aw6 ne—no A > 6—2ay62aze—y /n > 6—2ye—y /ne2az7
y—10—z

by the assumption on y. So far, we have shown
2y _—y? Uno 2az
E[#G,,] > e - e~ 2e/n. / (T, — 2)e29% (% + ang)d=.

Lng

From the proof of [4, Lemma 18], we have f(u) < e~**/™ /. /ng uniformly in |u| < 100n,.
This implies

E[#G wetin . [ 2oz T
> e . e —-y</n 3\ 20z =
[#G ] > €™ e Ve /Lno (Uyn, — 2)e N z
Uno _ 6—22/710 5
> e_2ye_y2/"/ Un — 2 dz > ye We v /m
Eno ( 0 ) \/n—o
since the standard deviation of 2 is \/ng < /y and Un, =y — 10log n3/4. U

Proof of Proposition[I1. Proceeding as in Proposition [10] the estimate is reduced to
E[(#Gn)'l < Y P(S(h)NS(H)),
h,h'€Go
where
S(h) ={Sn,(h) € [Lyny — 1,Upy + 1], Spy(h) +Gj(h) € [L; — L, U; + 1],n0 < j < ng}.

Again, since the 41 will not contribute to the estimates, we omit them from the nota-
tions. We write Sy, (h) = Spy, Sno(h') = S;,, and similarly for G. We condition on the
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pair (S,,,S), ) to get

0’ ~no

P(S(h) N S(K)) = / (G, < U, — .G, < U; — 2,10 < j < ng) f(z )dzd,

[LTLU?U’RUP

where f now stands for the density of (S,,,S,, ). The estimate depends on the branching
time j* = j*(h,h’) = |log|h — W/|7'|. We split into two cases (7* < ng and j* > nyg),
contrary to the proof of Proposition @ which needs three cases as it requires matching

of first and second moments up to 1 + o(1) precision.

Case j* < ng. In this case, the decoupling Lemma [7] can be applied to all increments.
The probability in the integral is then

< / P(é} <Uj—2ny<j< nﬁ)]P’(G;’. <Uj—2'ng<j<ng)f(z,2)dzd
[Lng,Ungl?

where we recall that (Aj] = .. jKG and the independent Gaussian centered J%’s have
variance s7 4 |p;|.

After conditioning on (G,,, G, ), the Ballot theorem from Proposition [14| can be ap-
plied to each term. The above becomes

—z —z=w)(Uny—2")(Un , —2"—w’ _wliw’?
< / / e Mg e X ) e~ nzno f(z,2")dwdw'dzdz’.
[LngUngl? /[Ln g Un,]?

(ng—mno)3

The Gaussian density can be expanded as in . The integral in w, w’ gives a contri-
bution O(e~2"2e?0e~We=20°/7) There are O(e?") pairs h, K’ with j* < ng, so

> P(S(h) N &(h)

h,h!:5*<ng

< 2o / (Uny = 2)(Uny — 2)€** ) (2 4 ang, 2’ + ang)dzd?’
[Lng,Ungl?

<L yPe?oem / 22 £(z + ang, 7 + ang)dzd?,
[Lng,Ungl?

where we used the barrier range to bound |U,, — z| < y. Using the Cauchy-Schwarz
inequality and recalling that f(u) < e~/ / /ng, as ng = y/10, this is

3] 76_22/710
< y262n06—4y . e4z

oo v/ 1o

Case j* > ng. We proceed similarly to the proof of the left tail and consider the center
of mass and the difference between the two Gaussian walks as in . We index the
value of G« by vy, the values gjﬁ by ¢, and the values of two independent copies of

QNj*’n - by vy and v3. Proceeding exactly as for Equation , i.e., using Lemmafor the

< y262n06—4y . 68710 < ye—Zy—y2/n‘
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increments after j*, we obtain that P(&(h) N &(R')) is

Uj* (Uno B Zm>(U]* — Am Ul) 7cq2 / _j*vf%n
Z ) (" —n )3/2 "€ f(z,2")e 0
[Lng,Ung] i* 0

qEZ

XP(Gyrj+v1+q<U—z7j>7) PGuj+v1—q<Uj— 2,5 > j")dvydzd?’

where we applied Proposition [14f for G between ng and j* and where we denoted z,, =
%z/ = Gp,- This Ballot theorem can also be applied to the two probabilities in the
integral giving, after summing over q,

(Upe = 2 —01)*(Upy, — 2 — v1 — 09)(Uy, — 2/ — 01 — v3) _ v3+0d

< (ng — j*)3 e et

After expanding the squares, the densities of vy, v, v3 become

i 3(1-10)

_ _ |
nzen, o 2007~ gL —20(T+72) ~20(VT +73)

(j* _ n0)3/2(nL _ j*)?: ’

for 71 = v; — a(yj* —ng), v = v; — a(ng — j*), i = 2,3. The integral over 77 + T3 €
[y—10—z,y — 2] is

Nlw

— jx
e 2n,+j eho

Yy—z L )

/ (y — 7T — 0—2)6—2a(v1+02)dv—1dv—2 < 2F2,
y—10—z

The integral over 77 + 73 € [y — 10 — 2,y — #] is the same and contributes < e2**' e,

. —_ _ 515!
The integral over vy is, for z,, = ZEZ ,

/U]’*Zm( )2 - o7 4 €2y72a2m7y2/n
< Uje — Zp —07)%€“ e 7rodty < — . )
i ! (7% A (n =)

where Uj» =y — 10log(j* A (n — j*)) and L« = —10 — (5* A (n — j*))¥/4.
We now sum over all j* > ng and the O(e~2£+7") pairs with a given j*, so that

Ung )
S PSMING(R)) < e / (T =2 )2 f(5-+amo, #+ang)d=d’
h,h/:ng<j*<ngp Lno
Y L ndteD
(7% A (n = 310 (5* = no)*2(ne — j*)°

no<j*<ng

The integral over z, 2’ is over a function of z,, only, which has density < e~/ o/ /ng
uniformly in |u| < 100ny. Moreover, we can simply bound |U,, — Z,,| < y, hence

) Ung ~ e—(ém—l—omo)Q/no )
Z P(S(h)NG(h)) < ye V¥ /"+”°/ e dz, < ye We Y/
! mg <j*<np Ling VAL

which concludes the proof of Proposition O
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APPENDIX A. SOME AUXILIARY RESULTS

Let (Z,,p prime) a sequence of independent and identically distributed random vari-
ables, uniformly distributed on the unit circle |z| = 1. For an integer n with prime
factorization n = p{* ... pp* with pq, ..., px all distinct, consider

k
Z, =] 2
=1

Then we have E[Z,Z,,] = 1,—, and therefore, for an arbitrary sequence a(n) of complex
numbers, the following holds
]

>l =E[| > a(n)Z,

The next lemma shows that the mean value of Dirichlet polynomial is close to the one
of the above random model. It follows directly from [19, Corollary 3].

Lemma 9 (Mean-value theorem for Dirichlet polynomials). We have,
iT 2 N 2 N 2
E[| Y e[ ] = (1+ (7)) D latm) = (1 +O<?>>EH > amZ| |-
n<N n<N n<N

Lemma 10 (Exponential moments for the probabilistic model, Lemma 15 in [4]). Re-
member the definition . There exists an absolute C' > 0 such that for any A € R and
no < 7 < k we have

E|exp (A(Sk(R) = S;(h))) | < exp((k = j + C)\*/4).

Lemma 11 (Gaussian moments of Dirichlet polynomials, Lemma 16 in [4]). For any
h € [-1,1] and integers k, j, q satisfying no < j < k, 2¢ < e" %, we have

— G (h)|24 @ k;] 7
ElISk(h) — ;W) < Gt (F57) (85)
Moreover, there exists C > 0 such that for any 0 < j <k, 2¢ < "%, we have
a2 1/2(29)! (k—j+ C\a
ElISy(h) — 8, < ¢ (S5 ) (86)

Lemma 12 (Gaussian moments of Dirichlet polynomials, Lemma 3 of [23]). Let 2 <
x <T and g € N with x? <T/logT. For any complex numbers a(p), we have

| ] T < ()

Lemma 13. Let h,h' € [—1,1]. Consider the increments (Vip(h), Vi (h')) for 1 < k <
ne, and the corresponding Gaussian vector (Ni(h),Ni(h')), of mean 0 and with the
covariance given by @, . There exists a constant ¢ > 0 such that, for any intervals
A Band k> 1,

]P’((yk(h),yk(h’)) € A x B) _ P((Nk(h),Nk(h’)) € A x B> +O(e="),
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Proof. This follows similaly to |4, Lemma 20|, based on the Berry-Esseen estimate as
stated in [4, Lemma 19]. The proof is actually more immediate because the covariances
of (¥,Y') and (N, N') exactly coincide. O
Lemma 14. Let D be a Dirichlet polynomial of length < N. Then, for any 1 < k <
loglog N, we have
1 2mij |2
D(% +it +ih)? ‘D(— it )‘
nax, DG +it+in)P < Y 3 Sor N
|7]<16e—F log N
1 1 2mij
Tl G Siog )
> 1+|j]100‘ 2 T Blog N

l7|>16e—k log N

(87)

2

Proof. We proceed similarly to the proof of [4, Lemma 27], but now with maxima on
intervals of general length e=*. With the notations from [4, Lemma 25], we have

L 1 . w9 (h—ho)log N

1 2 _ 1 2 0

he (2+¢€)log N

Using the triangle inequality and the decay V(z) <4 (14|z|)~* we obtain the result. [

APPENDIX B. BALLOT THEOREM

B.1. Result. Most ideas for the results in this section are due to Bramson. As we
could not find the exact barrier estimates needed in our setting, this section gives a
self-contained and quantitative analogues of some technical results in [6,5] in the setting
of Gaussian random walk with arbitrary, comparable, variance of the increments.

Let k > 0 be fixed in all this section, and (X;);>; be independent, real, centered Gaussian
randon variables such that £ < E[|X;]?] < 7! for all i. For k € N we denote Sy =
Zigk Xi.

We denote P, for the distribution of the process (Si); starting at time s from x,
P, = P, P = Py, and PEZZ)) for the distribution for (Sg)x starting at time s from =z,
and conditioned to end at time ¢ at point y.

Proposition 14. Let 6 > 1/2 > a > 0. Then there exists ¢ = c¢(«,0,k) such that
uniformly in the time t > 1, 10 < y < t'19 a,b € [1,y — 1] and uniformly in the
functions vy > y 4+ min(s,t — s)°, |u| < min(s,t — 5)¥, we have
2ab e
ng’f;)) (No<k<e{ur < Sk S wp}) = > (14 Oasr(d™))
where d = min(ly — al, |y — bl, lal, o)) and o = Sz, EIX7).
B.2. Preliminaries on Brownian motion. We denote P(,,) for the distribution of

the Brownian motion starting at time s from z, P, = P(o,), P = Py, and IP’EZ’Z)) for the
distribution for the Brownian bridge starting at time s from z, ending at time ¢ at point
y. Context will avoid confusion with the notation P from Proposition [14]as the Gaussian
random walk will always be denoted S, and the Brownian motion B.
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For such a trajectory B, let M; = maxo<s<; Bs, my = ming<,<; Bs.
Lemma 15. Let x,y > 0. Then
t, _2ay
P (my > 0) =1—e i,
Proof. From the reflection principle, for any measurable A C (0, 00),

This implies

P, (B, € —[y,y +¢)) 22y
]P)(ty) >0 =1—1lim - -
0 (Mt 2 0) 250 B, (B € [,y +e))

concluding the proof. O
Lemma 16. Let a,c > 0 and A C [—c,a] be measurable. Then

P(M, <a,my>—¢,Bi€ A)>P(my > —¢,B,€ A)—P(B, € A—2a).
Proof. The above left-hand side is
P(my > —c,B, € A)-P (M, >a,m > —c,B, € A) >P(my > —¢,B; € A)—P(My; > a,B; € A).
From the reflection principle, this last probability is P (B; € 2a — A). O

Lemma 17. Let § > 1/2, v, > y+min(s,t — s)°. Let ¢ € (0,2 — ). Then uniformly in
t>0,2<y <tV g bec|l,y—1] we have

b b — min a
P (Mozeci{0 < By < v}) =BG (my > 0) - (14 Ofe minllu=ablv=b)y)
Proof. In this proof we abbreviate B > 0 for m; > 0 and start with

P.) (B >0,3s: B, >v,) <

t/2

Z (ng{% (B>0,3s €[k, k+1]: Bs > vg) + PEE’;

-

(BzO,Hse[k,k+1]:Bs>vk).>

The first probability above is smaller than

P, (B >0,3s €[0,k+1]: B, > v) =PG" (B > 0) — P (BZO, maXB<Uk).

We write

]P)E()a)) <B >0, max B < vk)
[0,k+1]

U
_ (k+1,2) (1) (1)
- /0 Pl (B >0, max B < vk) Pl e (B = 0) PG (B € da).

The first probability in this integral is estimated with Lemma |16}

(k+1,z) (k+1,z) PO )
P 0.0 (B >0, [(I]nkzﬁ] B < vk) > P o (B>0)—e¢ s
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This gives

P2 (B >0,3s € [k, k+1]: By > vy)

Uk 2(vp—a)(vp—x)
g/ e PYY (B> 0)PGY (B € da).
0

From Lemmaﬁ, we have IP’EZ’?LI) (B > 0) < 52, Moreover, IP’EB’Z))(BS €dz) = pi-0) (Bs €

7 (0,0
o~ (@—z5)2/(2ws)

dz 4+ z5) = dx where w, = s(t — 5)/t, z, = (1 — $)a + $b. This gives

V2w
(z—zx )2
(t,b) b [V 2vp—a)(vp—z) € QwZ::
Poa (B =0,3s € [k k+1]: By >wvy) < C’—/ P == de.
7 tJo v Wk+1

In the above integral, the contribution from |z — zy41| > vi/3 is bounded with

_(@—mpgq)? 5

e 2wk+1 _ v
(Tpy1 + |2 — 2p1|) ————dz < Cappe k41, (88)

\x—xk+1|>vk/3 V wk+1
The regime |x — x41| < vg/3 gives the error
7(ﬂ°—$k+1)2
_KC+ly—apk® e 2Wht1 _ (P +y—ahk®
/ e 1T p—————dx < Cagpqe BT (89)
|e—2pi1|<vi/3 v Wk+1

We first bound the sum of the error terms from as 0 < k <t/2. For k° < |y —al,
from the hypothesis y < t'/19 we have x4 < a + 1 < 2a, so that

_ P +ly—ak® _ly—alk® 2l .
E Tkt1€ k+1 < 2a E e~ o < 2aly — a|1/5e ly—al”"5 _ aO(e ly—al ).
ké<|y—al kS <|y—al

For k% > |y — a|, we obtain

Z xke—k25—l < Z (a—i— ?)B_k%_l < (a—i—l) Z ke—k25—1

k>[y—all/® k>[y—all/® k>[y—all/®
e, ~Jy—al°
< Cs(a+1) L vz-te”'dv =aOle ).
v>ly—al*~}

The same estimate can be obtained for the sum over k from . We have thus obtained

b ; c
Plo) (No<s<i{0 < By < v}) = PG (my > 0) + O (%6_ min((y=ally=b) ) :

(0,a
The result follows from the above estimate and Lemma [15] O

Lemma 18. Let 6 > 1/2 > a > 0. Then there exists ¢ = c(«, ), such that, uniformly
5

int>0,y>10,a,b€[l,y—1], and uniformly in the functions vy > y + min(s,t — s)°,
|us| < min(s,t — $)*, we have
Pl (Nosssi{us < By < v.}) 2 B (my 2 0)- (14 0(d™)) ,

where d = IIllIl(|y - CL|, |y - b|7 |(I|, ’b|)
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Proof. Without loss of generality we can assume «a + 9§ < 1. We also pick € € (0,1) and
write dg = d'~°. Let s, 53 be the solutions of s& = dy, (t — s9)® = dy. Let

Ug = (d0+(s—31)as?_1)1sa<d0+(d0—(s—32)a(t—52)a_1)1(t_5)a<d0—|—min(s, t—8)"1g cs<sy-

(90)
In other words, @ is the function coinciding with min(s,t — $)® on (sg, $1) and linearly
expanded on the complement, with continuous derivative. Note that @y = u; = (1—a)dp.

We also denote o, = (1 — 2)a + 2b+ min(s, t — s)° + d. We have
]P)gt b)) (m0<s<t{us < B < Us}) 2 ]ngf;)) (ﬁogsgt{ﬂs S Bs S 65}) .
The Cameron-Martin formula gives

t,b _ _ t,b Us S*f ﬂg s .
PEO a)) (No<s<t{tls < By < U5}) = EEO,Q)) [ ~ Jo a.dB d Lngc oo {di—2<B <t~ [ fiudu} | 5

where we denote the derivative in s of f by f . We now bound both terms in the measure
bias, deterministically. First,

t
/ Wds<C | s+ 0O [ sioids < 0d- P09,
0 L

s<S81

Moreover, by integration by parts we have (using the fact that @ has continuous deriva-
tive)

t t t
—/ tsdBy = / Bgiigds — Byiiy + Byiip = / (Bs—((1— §)30 + §Bt))asds.
0 0 0
On the set No<s<t{Bs < 05}, we therefore have the deterministic bound
t
- / ii,dB, > — / (dF + §7)s*72ds > —C(d~a72079) 4 (GH-3)0-2)),
0 a s¥>dl—e N
We have therefore proved

PEO a)) (ﬂ0<s<t{us < By < 04})

> exp (O(d—(*—Q) (1-¢) 4 g—+=a=20- 5))) IP’EO a)) <ﬂ0<s<t{d1 ¢ < By < —/ ﬂudu}> .
0

t

®(14+0(d™)). O

The desired lower bound follows by using Lemma , noting that (a=d'7)(=d'70) _

B.3. Proofs of barrier estimates for the random walk, Proposition [14. The
lower bound is a direct consequence of Lemma |1 and Lemma

For the upper bound, we only need to bound P Oa (mO<k<t{ u < Sk}), where @ is

defined in (90). By the change of variables S, = Si — > o<i<k_1(tiy1 — U;), and denoting
d; = (1 — a)d'~¢, we obtain
_1 a —u — U —1U
]P)EO a)) (m0<k<t{ u < Sk}) EE&IZL)) [6 5 2ok (U1 =18)) 4205 (Sk1—Sk) (Tk 11 k)lﬂogkgt{*dlésk}]

t,b Skt1—Sk) (Tigy1—10
< ]EEO,a)) [eZk( k1 —Sk) (k1 k)lﬂogkgt{—chSSk}} _
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Let Sy = S5 — (52 + b%). We have
> (Sker = S (1 — ) = Y (St — Sk) (s — ) = Y axSi,
k k k

where the constants a satisfy 0 < ap < 10min(k,t — k + 1)*~2 and vanish outside
[da,t — do] where we define dy = d'a . As ab < max(a2, b%), we have obtained

Ploe) (oskeel —in < Si) B |50 10 Lanss |

l—e

Let g9 € (0,5 — a) and define k = .5(3 — o — &). Note that for any integer v > 1,

Zkgt/z apSy > vd~" implies that there exists k such that dy < k < /2 such that

S, > vk2Te. This observation together with the union bound gives

Bl [ “k5k100<k<t{_dl<sk}} ~ B (Nosksr{—dy < Si3) (L+d™)

< > "PEY ({Sk € [w,w+ 1} Nk {S) > —di)})
vzl,dogkgt/2,w2vk1/2+€o
< 3 e " PG (Sk € fw,w +1]) x (91)

v>1,do<k<t/2,w>vkl/2+c0

sup Ploey” (Me<jcr-1{S; > —dl})> (92)
ce[w,w—i-l]—i-a%—i-b%
where we used the Markov property for the second inequality. To bound the first prob-
ability above, note that under P 0 ), the random variable Sj, is centered, Gaussian with
variance k — 7 = k. For the second probability, from Lemma , we have uniformly in
all parameters

(w+ at5% +b%)b

ng;’)ﬂ,b) (M<j<i—k{S; > —d1}) < . (93)
This allows to bound the left-hand side of with
Z Jud e (w+ a=E + )b
t

v>1,do<k<t/2,w>vk/2+e0

for some absolute ¢ > 0. The above sum over w and then v is < e % for some
absolute ¢ > 0. We conclude that uniformly in our parameters, the left-hand side of
(192) is bounded with

b 126 t—k k b _ e b
D D . ;)«%e*‘fdg()«d*“%

do<k<t/2

Finally, Lemma [21] yields

b
Pl (Noskard—di < $i}) =22 (1+ 0(d ™).

This concludes the proof.
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Lemma 19. There ezists C' = C(k) > 0 such that for any t > 10, a > 1, we have

P0,0) (No<k<t{Sk = 0}) < C’%. (94)

Proof. By monotonicity in a, we can consider a € N without loss of generality . Moreover,
we have

Ska2

a

IP>(070L) (QOSkSt{Sk > O}) < IP)(O,a) <ﬂ0§k§ag{ > 0}> = IPD(O,l) <mogk§ai2{gk > 0}> )

where Sy, := Sie2/a has independent Gaussian increments with variance in [k, 51, like
S. This proves that only needs to be proved for a = 1.

Consider T' = min(¢, min{k < t| Sy < 0}). By the stopping time theorem, E[St| = 1,
so that

]E“St‘]-TZt] - 1 + E[_ST1T<t]'

Moreover, we have the correlation inequality
E[|Si|17s:] > E[max(0, Sy)|P[T > t], (95)

which is a simple consequence of the Harris inequality. Indeed, consider the random
walk Z,g”) =1+ \/%E > i<j<in € With independent Bernoulli random variables e, and
I™ = {|nVarS;|,k > 1}; denote U™ = min{k € I™ Z,g") < 0}. Then the
functions 1, and max(0, Zt(n)) are non-decreasing functions of (ex)g<ns, so that
E[maX(O,ZEn))lU(nbt] > E[max(0,2™)] - P[U™ > t]. This implies by taking
n — oo.

We have obtained

1+ E[-Sr1
P[T > f] < O—F =51 T<t], (96)
Vit
and we will now prove that
E[-Srlr«] < Ch, (97)

for some C; > 0 uniform in ¢, which together with will conclude the proof of .
To prove , first note that E[—Sr1r-] < E[—Sp,| where Ty = min{k > 0 | Sy < 0}.
We now consider

Zn = Z 1Sk€[n,n+l)7k<TO7 n Z 0’
k>0

the time spent by S in [n,n + 1) before it hits 0. Define Uy = 0 and U;y; = min{u >
Ui+n?:S, €n,n+1)} For any A > n? we have the inclusion
{Zn > )\} C Ni<a/n2 {SUiJrnz — SUi > —(n + 1)}

By the strong Markov property the events on the right-hand side are independent, and
there exists @ = a(k) such that each such event has probability at most 1 — «, uniformly
in n. This implies E(Z,) < Cn? for some C' = C(k), a key estimate in the last inequality
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below: for any ¢ > 1 we have

P[|Sp| > 0] < Y PSk € [nn+1),|Sks1 — Skl = £+ (n+ 1),k < Ty

k,n>0
= Y P[Sk € [n.n41), k < To] P[|Sppa—Se| > t+(n+1)] < > e “VE[Z,] < Ce
k>0 n>0
which immediately implies E[—S7,] < C} and concludes the proof. O

Lemma 20. With the same notations as Proposition there ezists C = C(k) > 0
such that for any t > 10, a,b > 1 we have

ab
IP’EO a)) (No<k<t{Sk > 0}) < C— (98)

Proof. We first assume that a,b < v/t. Let ny = |t/3] and ny, = [2t/3], and p,(z) =

e*f’*ﬂ/(%)/\/%, and abbreviate IP’EE’I;)) = JP’EE;Z))(S > 0). Then PESI;))(S > 0) is equal to

ola =) // Py (11 — )[[Dgnl ;Ul)pn2 ny (19 — xl)]P)EZi ﬁgpt ny (b — xQ)PEi’:)xQ)dxldxg
a’ - x1,2x2>0 ’

v b
< C’/ Dy (X1 — a)]P’Olm)1 dxl/ Di—ny (b — xg)IP’n o) dT2 < C’a—
1 z2>0

where we have used the trivial bounds P 22 if) <1, Pryn, (xa—11) < Ct~/2, the estimate

(valid for a,b < v/1) (pe(a — b))t < C’\ﬁ, and Lemma .

For the general case, we can assume a < v/t < b and ab < t. Let B be a Brownian
bridge from a (s = 0) to b (s = o). There exists s; < -+ < s, = o such that (Sk)r<
and (Bs, )x<: have the same distribution. Moreover, from [5, pages 21, 22], by a simple
coupling argument the function

b— IP’Eb t))(Bs >0,0<s<o|B; >0,0<i<t) is non-decreasing. (99)
This implies

]P)()B >01<z<t
PEZ’IE)))(BsiZO,lgigt) (0)( ) )

IP’EZ%))(B >0,0<s<o0) (0)

(Bs 20,0<s<0)

PYO(B > 0,1<i<t)
o PO (B, > 0,0 < s <o),
IP’( 0) (Bs >0,0<s<o0)
From Lemma the denominator is lower-bounded with c¢*¥= t and the last probability
is upper-bounded with “tb And from the previously dlscussed case, the numerator is at

most %{ This concludes the proof. U

Lemma 21. With the same notations as Proposition there exists C' = C(k) > 0
such that for any t > 10, y < t'/1°, 1 < a,b <y — 1 we have

ab
PEO a)) (No<k<t{Sk > 0}) = - (14 Onpr(d)) .
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Proof. The lower bound follows directly from Lemma [15]
For the upper bound, consider first the case a = b = d. Note that for any £k <t —1

and u,v > 0, under P H; “) we can decompose

By=(k+1-=5v+(s—ku+ Bsy— (s —k)By,

where B is a standard Brownian motion. Therefore, if there exists s € [k, k+1] such that
B, < 0, we have maxo<y<1 |By| 4 |Bi| > min(u,v). As |Bi| + maxo<,<i |B,| is clearly
dominated by |[N| with A/ a Gaussian random variable with variance O(1), by a union
bound, we obtain

P5Y (Noskee{ St > 03) = PHY (Moceee{ By > 0})
< Y max PE9(S>0,1<i<k)-P(IN] > min(u,v))
wosoh<t_1 TEuH]
d
yer[%,%}iu P§Z+)1 p(Si>0k+1<i<t) -P(By€ [u,u+1], Bes1 € [v,v+1]).

All terms above can be bounded, giving the estimate

(u—d)?

du dv —cmin(u,v)? e “F —c(v—u)?
e
0<k<t/2,uv>0 k+t1t—k k1
2 2

u 5 (u—d)?

- R el ey v
<7 2 k+12°

0<k<t/2,u>0

d? 1 2 d?
_ etk < O_d_1/4+5
< ; E (l{ T 1)3/26 ~ n )

0<k<t/2

for any arbitrary € > 0, concluding the proof in the case a = b = d.
For the general case, from assuming b > a without loss of generality, we have

P (Nock<{ Sk > 0})
IEDgo,a)) (mOSSSU{Bs > 0})

Plgey (Noskse{ Sk > 0}) < Pl (ososo{Bs = 0}) -

< 2%%’(1 +O(d)

from the previous discussion, concluding the proof. [l
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