Complex analysis, homework 12 due May 2nd.

Exercise 1.[8 points] Find the singularities of the following functions and the
residues of the function at each singularity.

(1) 1) = g @) 1) = =g

Exercise 2.[10 points] Evaluate the integral [ f(z)dz for the following functions
and where C' is a positively oriented simple closed contour around O.
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(1) f(Z) — 27 cos (22>, (2) f(z) _ W

28

Exercise 3.[4 points] Let f be an entire function such that for any 6 € [0, 7],
f(i0) = €. Find f(z) for any z € C. Justify your answer.

Exercise 4.[8 points] Let f be the function defined by

f(z) = Z an(z —20)" + Z bn(z — 20) 7",
n=0 n=1

where we assume that these series converge on the annular domain D = {R; <
|z — 20| < Ra} for some 0 < R; < Ry < +o0o. The goal of this exercise is to prove
the following result seen in class: f is analytic on D and

f(z) = i na,(z — z)" ' + i(—n)bn(z —z) " z € D.
n=1 n=1

For this, you are allowed to apply the theorem for power series seen in Section 71
(involving only non-negative powers of z — zg), but not the theorem for Laurent
series that we are trying to prove.
(1) Let fi(z) = v gan(z — 20)™, for z € D. Explain why this power series
has a radius of convergence larger than or equal to Ry. Deduce that f; is
analytic on D and

fi(z) =Y nan(z—z)""',  zeD.
n=1

(2) Let fo(z) = D02 bu(z — 29)™", for z € D. We introduce the following
power series

g(w) = Z bpw™.
n=1

Noting that for z € D, fa(z) = g(ﬁ
has a radius of convergence larger than or equal to 1/R; and therefore is
analytic on {w : |w| < 1/R;}. Find ¢'(w).

1

), show that the power series g(2)



(3) Deduce from question (b) that f5 is analytic on D and

oo

f(2) =D (—nbu(z —2) ™!, z€D.

n=1

(4) Using questions (a) and (c), conclude the exercise.



