
Algebraic combinatorics, homework 5.

Exercise 1. Prove that the number of standard Young tableaux of shape (n, n)
equals the Catalan number Cn. Prove that the number of permutations π ∈ Sn
with longest decreasing subsequence of length at most two equals the Catalan num-
ber Cn.

Exercise 2. We abbreviate ek(n) for ek(x1, . . . , xn), and similarly for the complete
symmetric functions hk. Prove that

ek(n) = ek(n− 1) + xnek−1(n− 1), hk(n) = hk(n− 1) + xnhk−1(n).

The Stirling number of the first kind cn,k can be defined as the number of elements
in Sn with k disjoint cycles. The Stirling number of the second kind Sn,k can be
defined as the number of partitions of the set J1, nK into k subsets. Prove that

cn,k = cn−1,k−1 + (n− 1) cn−1,k, Sn,k = Sn−1,k−1 + k Sn−1,k.

Prove that(
n

k

)
= ek(1n) = hk(1n−k+1), cn,k = en−k(1, 2, . . . , n−1), Sn,k = hn−k(1, 2, . . . , k).

Exercise 3. Prove the following determinantal identity:

det ((xi + an) . . . (xi + aj+1)(xi + bj) . . . (xi + b2))
n
i,j=1

=
∏

1≤i<j≤n

(xi − xj)
∏

2≤i≤j≤n

(bi − aj).

Explain why it generalizes the Vandermonde identity.

Exercise 4. Prove that sn(x1, . . . , xn) = hn(x1, . . . , xn).

Exercise 5. Prove that any character of Sn is an integer-valued function.

Exercise 6. Let pk(x1, . . . , xr) =
∑r
j=1 x

k
j , and for λ = (λ1, . . . , λ`) ∈ Par(m),

pλ =
∏`
i=1 pλi

. Prove that, in the language of Pólya’s theory,

en(x1, . . . , xr) = Z(Sn; p1,−p2, . . . , (−1)n−1pn).

Prove that {pλ, λ ∈ Par(m)} is a basis for Λm(X).

Exercise 7. Let α = (α1, . . . , αn), β = (β1, . . . , βn). Prove the Giambelli identity,

s(α|β) = det(s(αi|βj))
n
i,j=1,

where we use the Frobenius notation for partitions.
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