Algebraic combinatorics, homework 4.

Exercise 1. Let ¢, be the number of set partitions of [n] such that each block has
even number of elements. Show that the exponential generating function for ¢,, is
equal to

e(cosh w)fl.
Exercise 2. Let 7(n) = |{d e N: d | n}|.
a) Prove that, for Re(s) > 1,
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where ( is the Riemann zeta function.
b) Give two different proofs that, as x — oo,

Z 7(n) ~ zlogx.
n<zx

Exercise 3. Let P be a finite partially ordered set. If x < y, a sequence z = zy <
x1 < -+ < xp =y is called a chain of length k from z to y. Let ci(z,y)denote the
number of such chains (so ¢1(z,y) = 1). Prove that the Mdbius function of this
poset satisfies

wla,y) =D (1) ex(@,y).

E>1
Exercise 4. Let ¢, ; ; be the number of graphs on n vertices, with ¢ edges and &
components. Show that
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Exercise 5. Prove that the following two sets of partitions have the same size:

i) the partitions of n in which the even summands appear at most once;
i) th titi fni hich th d t t
(ii) the partitions of n for which every summand appears at most three times.

Exercise 6. Let f(n,q) be the number of permutations of [1,n] whose cycles all
have length > gq.

a) Prove that the exponential generating function of (f(n,q))n>0 is

ef(z+§+-“+%)
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b) Prove that, as n — oo,
f(n,q) ~ e Mol
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Exercise 7. Remember the recurrence Sy, = Sp—1,k—1 + kSn—1,x for the Stirling
numbers. Prove that

det(Smij)ij=1 = (n1)™,
where m > 0, n > 1. Hint: use the Gessel-Viennot Lemma and a graph corre-
sponding to the recurrence.

Exercise 8. Let G be the hypercube graph on 2™ vertices, that is, the vertices
are the binary strings of length n and there is an edge between two vertices if they
differ in exactly one coordinate. Find the number of spanning trees of G.

Hint: Fix a vertex v in G. If w is another vertex of GG, let v-w be the dot product
of v and w when they are viewed as vectors in Z". Show that the column vector
whose w-th coordinate is v - w is a right eigenvector for the Laplacian of G.

Exercise 9. Prove that {@,n > 1} is dense in [0, 1].
Exercise 10. A rectangle is called good if it has at least one side length in N. A

puzzle consists in rectangular pieces, all of them being good. Together, they form
a partition of a large rectangle. Prove that the large rectangle is good.



