H-BOX METHODS FOR THE APPROXIMATION OF HYPERBOLIC
CONSERVATION LAWS ON IRREGULAR GRIDS
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Abstract. We study generalizations of the high-resolution wave propagation algorithm for the
approximation of hyperbolic conservation laws on irregular grids that have a time step restriction
based on a reference grid cell length that can be orders of magnitude larger than the smallest grid
cell arising in the discretization. This Godunov-type scheme calculates fluxes at cell interfaces by
solving Riemann problems defined over boxes of a reference grid cell length h.

We discuss stability and accuracy of the resulting so-called h-box methods for one-dimensional
systems of conservation laws. An extension of the method for the two-dimensional case, that is based
on the multidimensional wave propagation algorithm, is also described.
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1. Introduction. We consider the numerical approximation of hyperbolic sys-
tems of conservation laws using finite volume schemes on irregular grids. We mainly
restrict our considerations to the case of one spatial dimension, although an extension
to the two dimensional case will also be considered. Under appropriate smoothness
assumptions the equations can be formulated in the differential form

0 0

q(@,t) + 5-fla(@, 1) =0, (1.1)
at!
where ¢(z,t) is a vector of conserved quantities and f(q(z,t)) is a vector of flux
functions. For the numerical approximation we want to use a finite volume method.
On an unstructured grid such a scheme can be written in the general form

Qn+1 Qn
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where @7 is an approximation of the cell average of the conserved quantity over the
grid cell [z; 1, 2;, 1] at time ¢ = ¢". The vector valued quantities F; 1 and Fj 1 are
the numerical flux functions at the cell interfaces. We denote the time step by At
and the length of the i-th grid cell by Az; = Ty — T 1.

We are in particular interested in the construction of high-resolution schemes for
a grid which contains one small grid cell, while all other grid cells have the same
length that will be denoted by h = Axz. This situation is motivated by a two-
dimensional application, namely the construction of Cartesian grid methods with
embedded irregular geometry. Away from the boundary one may want to use a
regular Cartesian grid. Near the boundary one then obtains irregular cut-cells, which
may be orders of magnitude smaller than the regular grid cells. Our aim in such a
situation is to construct a scheme that is stable based on time steps adequate for the
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regular grid. Such methods were developed by Berger and LeVeque in [4], [5], [6]. The
basic idea of these so-called h-box methods is to approximate the numerical fluxes at
the interfaces of a small cell based on initial values specified over regions of length h,
i.e. of the length of a regular grid cell. If this is done in an appropriate way then the
resulting method remains stable for time steps based on a CFL number appropriate
for the regular part of the grid. See also [8], [9], [10], [23], [21] and [25] for other
embedded boundary Cartesian grid methods that have this same stability property.

Beside this 2D application, h-box schemes can also offer interesting alternatives
to existing irregular grid methods. An extension of h-box methods to a completely
irregular grid was considered by Berger et. al [7], see also Stern [28]. We will consider
such calculations in Section 5. In Section 7, we construct a multidimensional h-box
method. Other potential applications are the construction of moving mesh or front-
tracking algorithms. Stern [28] used an h-box method to construct a conservative
finite volume algorithm for a Cartesian grid with an embedded curvilinear grid.

Unsurprisingly, the accuracy of an h-box method depends strongly on the defi-
nition of the h-box values. In this paper we develop a one-dimensional as well as a
two-dimensional high-resolution h-box method. Our goal here is a systematic study of
h-box methods in a relatively simple context to provide fundamental understanding
for the more complex applications mentioned above. For the advection equation we
show that the 1D scheme leads to a second order accurate approximation of smooth
solutions on non-uniform grids (without any restrictions on the grid). We also ver-
ify that the resulting method leads to high-resolution approximations for the Euler
equations on non-uniform meshes. The approximation of transonic rarefaction waves
turns out to require a special treatment. Throughout this paper we will discuss the
construction of hA-box methods based on LeVeque’s high-resolution wave propagation
algorithm [18]. This method is implemented in the CLAWPACK software package [13]
which provided the basic tool for our test calculations.

The large time step Godunov method of LeVeque described in [14], [15], [16] is
related to the h-box method. This scheme allows larger time steps in the approxima-
tion of nonlinear systems of conservation laws by increasing the domain of influence of
the numerical scheme. This is done in a wave propagation approach, in which waves
are allowed to move through more than one mesh cell. The interaction of waves is
approximated by linear superposition. At a reflecting boundary this method becomes
more difficult than an h-box method especially in higher dimensions, since the reflec-
tion of waves at the boundary has to be considered for waves generated by Riemann
problems away from the boundary, see [3]. In [22], Lemma 3.5, Morton showed that
high-resolution versions of such a large time step method lead to a second order accu-
rate approximation of the one-dimensional advection equation on a non-uniform grid
only if the grid varies smoothly. The high-resolution h-box method described in this
paper does not require this smoothness assumption.

2. The wave propagation algorithm. In this section we describe the basic
concept of the high-resolution wave propagation algorithm applied to irregular Carte-
sian grids; a more general description can be found in LeVeque [18] or [19]. The
numerical method for solving (1.1) is a Godunov-type method, i.e. the fluxes at cell
interfaces are calculated by solving Riemann problems defined from cell averages of
the conserved quantities. This is done by calculating waves that are moving into each
grid cell. The first order update of the wave propagation algorithm has the form

At
A.’Ei

QI = Q) — 1 (ATAQuy + A AQuy).
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Here the change of the conserved quantities is calculated by taking all waves into
account that are moving into the grid cell from the left respectively right cell interface.
The solution of Riemann problems at cell interfaces provides a decomposition of the
jump QF,, — Q7 into waves W 1 that are moving with speed s for 1<p< M,

AQ?—&-% - z+1 Z

The left- and right-going fluctuations are calculated as

M.,
A+AQF% = Zmax(sfﬁl,O)Wil, A" AQ 1 = Zmln 1,O)V\/p

p=1 p=1

This can be written as a finite volume scheme of the form (1.2) using the relations

Fi+l = f(Qi) + ATAQ 1, (2.1)

L= F(Qi) — ATAQ, . (2.2)

Appropriate waves and speeds for systems of conservation laws can sometimes be cal-

culated by using an exact Riemann solver but more often an approximative Riemann
solver, for instance a Roe-Riemann solver [26], is used.

In the wave propagation algorithm second order correction terms are included by
extending the first order method into the form

At

Lg
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B, -F2,). (23)

On an irregular grid, the second order correction terms have the form

At » »
Z ‘SZ+1| < A’I‘l + A’I‘l+1)/2 B (A’I‘l + A’El+1)/2s’+é|> W

(2.4)

In (2.4) the waves WP are limited waves - this limiting is necessary in order to avoid
oscillations near discontinuities.

The resulting scheme is stable for the approximation of systems of conservation
laws (1.1) as long as time steps are restricted such that waves move through at most
one mesh cell, which means the Courant number is no larger than one, i.e.

max(max,(s? ,,0),|min,(s?, ,,0)|)
i1 a1 <1
A’I‘l -

CFL = Atmax (2.5)
K3

The h-box method changes this time step restriction by replacing Az; in the denom-
inator of (2.5) by h, the width of a reference grid cell. We will use the notation CFLy,
if we want to indicate that the Courant number is based on grid cells of width h.

We want to note that some care is necessary in the construction of second order
accurate algorithms for irregular grids. There exist versions of the one-dimensional
Lax-Wendroff method which lead to second order accurate approximations of the
advection equation only if the grid is sufficiently smooth, i.e. if Az;/Az;—1 = 1+O(h),
(h = max; Az;), see for instance Wendroff and White [30], [31] and Pike [24]. See also
Morton [22] for convergence results of finite volume methods for the approximation
of the advection equation on non-uniform grids.
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3. The one dimensional h-box method. First we want to approximate equa-
tion (1.1) on an almost uniform grid that contains one small grid cell in the middle.
This example allows simple analytical studies. However, we will show that the results
obtained for this simple test case can be extended to more general applications.

We denote the length of a regular grid cell by h = Az. The small cell has the
length ah, with 0 < o < 1. For the small cell the numerical method has to be modified
in order to obtain a stable scheme for time steps At that satisfy the stability condition
in the regular part of the grid. The h-box method introduced by Berger and LeVeque
[5] defines new left and right states at the edges of the small cell that represent the
conserved quantities at these interfaces over boxes of length h, see Figure 3.1. This
guarantees that the domain of dependence of the numerical solution has the size of a
regular mesh cell, which is a necessary stability condition.

3.1. First order accurate h-box methods. As a first step we compare the
performance of two different h-box schemes applied to the advection equation ¢ (x, )+
aq.(z,t) = 0. We will assume that a > 0, although analogous considerations can of
course be made for the case a < 0. In the following we assume that k is the index of
the small cell. In order to calculate numerical fluxes at the small cell interfaces new
values of the conserved quantity g that represent piecewise constant initial values over
boxes of length h will be defined. For the left cell interface of the small cell, these
values are denoted by QL% and in%. At the right cell interface of the small cell

k+
each interface in Figure 3.1.

we have to define values Q¥ , and Q]ﬁl. This is indicated by the shaded boxes at
2 2

| | | |
| | | |
n! n ! n! n !
k‘: Qk‘+1 : ‘Qk‘: Qk:+1 :
n n
Qk:—l | | Qkfl | | |
Tp_1-1 Tp_L Thyld Try14d Tp1-1 Tp L Tyl Thy141
L R L R
(a) k—1 k—% (b) k+% k+%

Fic. 3.1. Schematic description of h-boz values assigned to the left small cell interface (see
(a)) respectively the right small cell interface (see (b)).

The most obvious choice is to define the h-box values via cell averaging over the
piecewise constant initial values. (To keep the notation simple we sometimes suppress
the time index, if it is clear that we mean the values at time ¢".) We obtain:

Qr 1= Q-1 B o=aQr+(1— @)Qri
L R (3.1)
Qk+% =aQp + (1 - a)Qx—1, el = Qr+1

Such h-box values were used in Berger and LeVeque [5] as well as by Forrer and
Jeltsch [10]. For the advection equation the update of the small cell value can now
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be calculated using the upwind method. We obtain

AN
i Bt ot )
AN
_ Q}rcl _ (;_ht (QQZ —+ (1 — a)QZ,1 - C2271)
AN
— Q- “hap - i ). (32)

Note that the small denominator (that may cause a stability problem) has been re-
moved. One can indeed show TVD stability for this method assuming CFL;, < 1,
see Section 4. However, it is clear that this can not be a very accurate formula. The
truncation error of the scheme (3.2) has the form

n+l  n n__ ,.n
Lq:qk N qk +aqk h‘lkq

g (1, ") + %(a 4 1)qu (25, £7) + O(AL, h)

= S(a Daglon, ") + O(A4 1)

Only for @ = 1 is the truncation error in cell & of the order O(At,h). Note that
grid functions for the exact solution ¢ are expressed with lower case letters, whereas
numerical approximations are written in capital letters.

In spite of the apparent inconsistency of the scheme, numerical tests suggest
that this h-box method converges with first order. For the advection equation we can
indeed prove that under appropriate smoothness assumptions the scheme is first order
accurate in the small cell. This so-called supra-convergence property can be shown
using an idea developed for conservation laws by Wendroff and White [30], [31]. See
also [12], [20] where these ideas were introduced for boundary value problems for
ODEs.

ProrosiTioN 1. We consider the approzimation of the advection equation on an
almost uniform grid with mesh width h that contains one small mesh cell of length ah,
with « < 1. The 1D h-box method (3.2), based on an upwind discretization with h-box
values calculated by averaging over piecewise constant cell average values, leads to a
first order accurate approximation for sufficiently smooth solutions of the advection
equation in spite of the fact that the truncation error indicates inconsistency.

Proof: The basic step of the proof is to calculate the local truncation error for a
grid function w, which must be an accurate enough approximation of the grid function
of the exact solution q. We want to show that the truncation error for w is first order,
i.e. Lw = O(h). In order to do this we specify the grid function to have the form

1
wi =q; + 5(1 — a;)hqy (z;,t").

Here we assume that Axz; = a;h, i.e. a; = 1 for i # k and «f = a. The distance
between zj, and 1 is $h(1 + «). In the simple situation of only one small grid cell
we have wi = ¢f for i # k and w}! = q} + %(1 — a)hqy (zp,t"). The truncation error
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of the grid function w for the scheme (3.2) has in the small cell the form:

n+1 n n n
w —w w Wy _4
k k +a k k

VAN h
B q,?“ + %(1 — a)hgy (zg, t" ) — ¢ — %(1 — a)hqy (xg, t")
o At
ap + 5(1 — a)hg, (zp, t") — q}f
“ h
Gt Atqi (g, t) + %(1 — a)hgy (xg, t") — qf — %(1 — a)hgy (zy,t")
N At
" q; + %(1 — a)hqy (zg, t7) — qf + %(1 + a)hqy (zg, t")

h

= ok, 1) + aga (o £7) + O(ALB) = O(AL )

Lw =

+ —L + O(At, h)

+ + O(At, h)

From the truncation error of w and the stability of the method for CFLy, < 1 it follows
that |wy — Qr| = O(At, h). Since w = g + O(h) we obtain the estimate

g — Qx| = O(h),

i.e. the h-box method (3.2) leads to a first order accurate approximation of the advec-
tion equation in the small cell k, in spite of the fact that the scheme is inconsistent in
the small cell. Using the same grid funktion w one can also show that the truncation
error Lw in cell k+ 1 is of the order O(h). In all other regularly spaced grid cells, the
method agrees with the upwind scheme for which the truncation error is also O(h).
Therefore, we obtain first order convergence in the whole domain. |

In order to obtain a more accurate small cell scheme, we will now consider the
construction of h-box values based on linear interpolation using again grid cell values
that are overlapped by the h-boxes. Such h-box values have the general form

Q;f,% = Qk—1, Qﬁ,% = Ak + (1 = AN)Qp11
Qf+% = AQk + (1 = A)Qp-1, QkR+% = Qi1

We want to determine A so that we obtain a consistent h-box scheme, i.e. for which
Lqg = O(h, At). By again using Taylor series expansion we find that only A = fTa
[e3

leads to an upwind method that satisfies this condition. This suggests that the h-box
values should have the form:

20 Qp+ (1) Qryr

L _ R _
Qk,% _Qk717 Qk,% - 1+ a (3 3)
or C20Q@Qr+(1—a)Qra R — 0 ’
k+d — 1+ ’ k+3 T Wkt

Note that this interpolation formula was already given in [4], but not further investi-
gated there. In [7], [28] h-box values were defined in a similar way and the resulting
scheme was shown to give good results for advection and Burgers’ equation.

One time step of the h-box method based on the interpolation formula (3.3) again

for a > 0 has in the small cell the form
alAt Qf —Qf_

H=0p - TR (3.4)
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We can derive the same method as a finite difference scheme, by replacing ¢, (xy, t"™)
in the Taylor series expansion of

q(zp, t" + At) = q(xp, t") + Aty (xp, 1) + O(AL?)
= q(xp, t") — At-a g (zp, 1) + O(A?) (3.5)

by an appropriate first order accurate finite difference formula. The hA-box method
(3.4) can be interpreted as a finite difference scheme that approximates the g, (zy)
terms by one sided finite differences. This h-box method leads to a first order accurate
method that approximates linear functions exactly. One can also show that an upwind
scheme based on the h-box values (3.3) also leads to a consistent first order accurate
update in the two neighboring grid cells of the small cell.

If we use the wave propagation algorithm then the first order update in the small
cell can be written in the form

=@ DL (A0 Q) A DOy + QL) (39)

with AQ, L= Q{j - Q;;g% and AQk+1 Qk+1 - k+1. In the limit case a = 1
we have QR Qk+ , and (3.6) reduces to the first order accurate wave propagation

algorithm that is valid in the regular parts of the grid. This formula remains valid
for nonlinear equations as well as systems of conservation laws, assuming we have a
Riemann solver that provides us a decomposition of @ — Q% as described in Section
2. We indicate quantities that are calculated from h-box values by the ~ symbol.

Numerical results shown in Section 5 will demonstrate the superior properties of
an h-box method with h-boxes obtained by linear interpolation.

3.2. A second order accurate h-box method. In order to obtain a high-
resolution scheme we want to include second order correction terms. This means we
want to obtain an update of the small cell that can be written as

AN N
= Q= S (ATAQy — FQE ) + A AQuyy +1@E)))
JAY N -
— o (Pl - Fiy).

here F2 denotes the second order correction terms that are implemented in flux differ-
encing form. By analogy to the standard wave propagation algorithm, these second
order correction terms should also be calculated by using the waves and speeds ob-
tained from solving Riemann problems at the cell interfaces. For the small cell we
again use the waves and speeds from Riemann problems defined by the same h-box
values used to obtain the first order update. We will restrict our consideration to
h-box values that are calculated using the interpolation formula (3.3).

The formula (2.4) for the second order correction flux on irregular grids suggests
using correction terms of the form

S 1 At . o
Fiy _§Z<(l+a)/2 (1 +a)h/2‘ l+1> 5 1| W (i=k-1 k) (3.7)

p=1

in the small cell. The waves W’;l and the speeds s 1 can be obtained by solving

Riemann problems defined by the h-box values at the small cell interfaces. One can
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show that the truncation error in the small cell that results from such a high-resolution
wave propagation scheme is Lg;, = O(h?, At?), i.e. assuming the scheme is stable we
would obtain a second order accurate approximation in the small cell. However,
numerical tests showed that such an approach is not stable for time steps satisfying
CFL, < 1.

Instead we use second order correction terms of the form:

M.y,

. 1 At R A .
2, = 3 > <1 — Ts§+%|> SV, =k 1 k) (3.8)

p=1

=

The waves are again calculated from Riemann problems defined by the h-box values.
The difference from (3.7) is that we don’t take the size of the small cell into account
in the calculation of the correction fluxes. This reflects the general concept of the
h-box method where fluxes are calculated from values defined over regions of length
h.

Although the truncation error for the grid cell £ now contains first order terms
which don’t cancel out, the numerical results are very satisfying and indicate second
order convergence as well as stability for CFLy, < 1. Assuming that the solution is
sufficiently smooth we can indeed prove that the resulting method leads to a second
order accurate approximation for the advection equation.

ProrosiTION 2. We consider the approzimation of the advection equation on an
almost uniform grid with mesh width h that contains one small mesh cell of length
ah, with « < 1. The h-box method consisting of the first order update (3.4) and the
second order correction terms (3.8) (without limiters) leads to a second order accurate
approximation for sufficiently smooth solutions of the advection equation.

Proof: We again use the idea of Wendroff and White and consider the truncation
error Lw for a grid function of the form w!' = ¢+ $h?(; +1)(a; — 1)quz (4, t"). Here
we assume that Az; = a;h. We have a; = 1 for i # k and aj = «. In regular grid cells
i # k the grid function w agrees with the exact solution. We only want to show second
order convergence in the small cell as well as in the two neighboring cells £ — 1 and
k + 1, since the method reduces to the high-resolution wave propagation algorithm
in the other regular grid cells. In the case considered here, the wave propagation
algorithm on the regular part of the grid is equivalent to the Lax-Wendroff scheme.

The truncation error for the grid function w has the form

(wp —wi_,) N < At) awl?H — 2wy +wy_

1 g—
“h h(1 + a)

n+1 n

w —w
Lw = —k k2
v At +ea h(1+ a)

At 1
gt (e, t") + tht(mk,t") + aqq (zp, t") + Zh(a —1Dagye(zk,t")

1
fzh(l + a)aqu. (zg, t")

N ( At) %h?(l + )2 qus (zg, 1) — }th (@ — 1)quo(zp, t™)
a

1—a=— AQ 2
a— M T o) + O(At, k)

Here we use hyy1 = hy_3 = 1h(1 + @) for the distance from the cell center of
the small cell £ to the cell centers of the neighboring cells. By using the relations
Qi (g, t") = —aqy (v, t") and gy (7r,t") = a®qee (71, t") all lower order terms in the
above equation cancel and we obtain Lw = O(At?, h?). This shows that |wy — Qx| =
O(At%, h?). Since the grid function was chosen to satisfy w = ¢+ O(h?), we conclude
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that
|qk — Qk‘ = O(AtQ,hz).

Stability of this second order accurate scheme will be shown in the Appendix.

Using the same grid function w, one can also show that Lw = O(At?, h?) in the
neighboring grid cells £ — 1 and k + 1. Therefore, the numerical solution converges
with second order accuracy in the whole domain. |

Figure 3.2 shows a schematic description of the first order update and the high-
resolution correction for cell K+ 1. The dotted lines depict the initial values, i.e. Qf+l
2

and Qﬁrl = Qr+1. In a first step the piecewise constant values are propagated over
2
a distance aAt as shown in Figure 3.2 (a). In order to increase the accuracy, the
piecewise constant initial values are replaced by piecewise linear functions. In Figure
3.2 (b), we show the piecewise linear reconstructed function Q,€+1 (z,t") that has the
slope o = ( 1?+l — I€+l)/h. Since we already calculated the first order update,
2 2
the second order correction terms, calculated by propagating piecewise linear initial
values Qﬁ+l (z,t") instead of the piecewise constant value Q]§+l, only take the shaded
2 2

second order correction terms were described for the approximation of the advection
equation on a uniform grid.

region shown in Figure 3.2 (b) into account. Compare with LeVeque [17], where such

Jﬁ

(@)  mpy1—h Tpy1 Trpz (b)) w1 —h Tpy1 Tpys

Fi1G. 3.2. h-boz wvalues at the interface Ty, dotted lines depict the initial values, solid lines
2

the solution after one time step. (a) first order update by h-box method, (b) second order correction
wave of QY | .
it+3

3.3. Limiters for the h-box method. In order to have control over unphysical
oscillations near discontinuities some kind of limiters must be used in the second order
correction terms (2.4). In the wave propagation algorithm this is done by using wave
limiters that modify the magnitude of the waves W? (p = 1,..., M,,) in the fluxes
that model the second order correction terms. A limited p-wave Wip+% is obtained by

comparison of this wave with the neighboring p-waves Wfi% or WZ_%, depending on
the direction of flow, see LeVeque [18] or [19] for details.

In our high-resolution h-box method we can use the same limiting process in order
to obtain limited versions of the waves that were calculated from h-box values. These
limited waves can then be used in the second order correction fluxes (3.8). In order
to obtain the limiter for waves at a small cell interface, we compare those waves with
waves arising from Riemann problems at a distance h away from the cell interface.
This can be done by constructing two additional h-boxes at the small cell interface.
The waves resulting from the solution of Riemann problems defined by these new

h-box values to the left and right hand side of a small cell interface can then be used
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in order to estimate the wave limiter for the waves at the small cell interface. This
requires the solution of two additional Riemann problems for each small cell interface,
see Figure 3.3. We used such a limiting process in order to approximate a shock wave
solution on an irregular grid shown in Section 5.

! k—2 | k—1

o

LL L R RR
Qk*% Qk*% Qk*% Qk*%
ka%,fh Wi 1 Wity

PR

Fic. 3.3. Schematic description of h-box values assigned to the left small cell interface. Two
additional h-box values are needed to estimate the wave limiter for the second order correction terms.

In addition to the wave limiting process we also include a limiter into the approx-
imation of the h-box values. Note that the h-box values (3.3) can also be obtained by
reconstructing a piecewise linear function Q(x) from the cell averages Q; for all i and
calculating the average value of this piecewise linear function over the same boxes of
length h as indicated in Figure 3.1. If the reconstructed function has the form

Qr — Qr—1
1h(1+ )
Qrs1 — Qr
sh(1+ )

@kfl(w) = Qr—1+

(—ap—1) for z€lz,_s,04_1), (3.9)

Qri1(2) = Qi + (@ —xp41)  for @€ [zpyr 2pys),  (3.10)

then averaging over boxes of length h leads to h-box values that have the form (3.3).
The slopes of the piecewise linear initial values are

C Qr— Q1 - Qp1 — Qg

L= d = .
T a0t a2 MY T T hA 1 a)/2

Near discontinuities such piecewise linear values may not represent a good approxi-
mation of the solution. We can use standard slope limiters in order to obtain better
approximations there. We can for instance use a slope limiter proposed by van Leer
[29]. Here the slopes are replaced by limited versions that have the form 6; = 0;¢;
for i € {k — 1,k + 1}. For our application the limiter has the form

. 0] + 0;
$:(6:) = min (1, o
with
Qr—1 — Qr—2 Qit2 — Q1
0p_1=—————— and 0 == -1
et Qr — Qr—1 e Qr+1 — Qr

It may be replaced by other limiter functions. Note that we do not want to use a
steeper slope than oy respectively o1 for the construction of h-box values, because
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only those values lead to a second order approximation in smooth regions. However,
near discontinuities we want to limit these slopes. The resulting limited h-box values
can be calculated using the formulas

f+% =a@,+ (1 —a) (le + 1;%(621@ - Qk1)¢k1>

Q,’f;% =a@Qr+(1-a) (Qk+1 +— (Qk - Qk+1)¢k+1> :

4. On the stability of the h-box method. The h-box method retains stability
by constructing a finite volume scheme for which the flux difference is of the order of
the size of the grid cell. For a small grid cell this requires Fk+% — kaé = O(ah). In
this case the term ah arising in the denominator of the finite volume scheme should
not cause a stability problem. In regions where the solution of the conservation law
is smooth, the h-box values are constructed to satisfy an analogous property, namely
Qlf’f% — Qf’fé = O(ah). Since in our applications the flux function is a Lipschitz

continuous function of Q" and QF, the flux difference has the required cancellation
property, see [5].

For the advection equation Stern [28] proved that the first order accurate h-box
methods are total variation diminishing. Here we will briefly outline this proof which
follows the general concept described above. The first order h-box method can (for
a > 0) be rewritten in the form

n o aAt
Q' = Q7 - 2NQhy -l y)

Here we assume that each grid cell has the size h; = a;h with 0 < a; < 1. Q) () is
the piecewise linear reconstructed function (3.9). The stability result also holds on an
irregular grid with more than one small cell. See also Section 5 for a slightly different
generalization of the piecewise linear function that has to be used in the construction
of h-box values for a completely irregular grid.

Using this notation we now consider the difference \Q?j‘ll — Q"] and sum over
all grid cells. This sum can be estimated as:

V") =Y 108 - Qi

i
al\t i alAt
<1 - T) Z ‘Qz+1 Qz | + — Z |Qz+1 z
We obtain the TVD property TV (Q"*") < TV(Q") for time steps CFLy, < 1, if

Z Qry — QI < TV(Q™). (4.1)

For the h-box method (3.2) using h-box values that were calculated by averaging over
piecewise constant values, (4.1) is always satisfied, since Q7 = QF . For the more
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accurate first order h-box method (3.4), the TVD property can be shown if a TVD
slope limiter is used in the construction of the h-box values, as discussed in Section
3.3.

Note that for the approximation of the advection equation, the first order h-box
method based on h-box values (3.1), i.e. defined by averaging over piecewise constant
values of the conserved quantities is also monotone. This property does not carry
over to the first order h-box method with hA-box values calculated by the interpolation
formula (3.3). Note also that none of these two first order accurate h-box methods
applied to Burgers’ equation leads to a monotone method.

In the Appendix we show stability for the second order accurate h-box method
applied to the advection equation. This proof is based on the stability theory of
Gustafsson, Kreiss and Sundstrom [11].

5. Irregular grid calculation. In order to demonstrate the robustness of the
high-resolution h-box method we now apply the scheme to a completely arbitrary
grid. By again assigning values to boxes of length h, we obtain a scheme that remains
stable for time steps appropriate for a uniform grid with grid cells of length h. In
this more general situation more than two grid cells may be overlapped by an h-box.
We assume that grid cells have the length h; = a;h with a; < 1 for all indices i.
We will show that a generalization of the h-box method based on averaging over
piecewise linear values of the conserved quantities gives accurate results also in this
more difficult situation. We will need to use piecewise linear reconstructed values

I I I
| | | |
| | | |
| | — | |
| | P | |
| | — — I [ \\\\ | |
| | I (I | | | [ | I
! / //\ | | | | [ | \\: :
S — | | [ | | | [ | | | |
1 1 1 1 11 1 1 1 11 1 1 1 1

m l k S t
e
L R
k+3 b+
(D
QL L R L
k—35 k—1

Fia. 5.1. Schematic description of the h-box method on a completely irreqular grid.

=N Qit1 — Qi
QZ(CU) - Qz + h(al + ai+1)/2

Q;(r) =Qj + %(w —x;) forzelr; 1.x;01), je{st}.(52)

(x—wi) forawelr;, y,o1), i€{m,l} (5.1)

The indices m, [ and s, t indicate the grid cells that are only partly covered by the
left- respectively right-going h-boxes that are constructed at the cell interfaces of grid
cell k. Slopes are needed only in these four cells because averaging over an entire cell
gives a value that is independent of the slope. Averaging over these piecewise linear
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functions leads to the A-box values
k—1

O y= 3 a@r (10 X o) [ons S fn (S0 )

Qpyy + Qg1

i=m+1 i=m+1

s—1 s—1 L
oty = Sno (i 50) o £ S

o L ) . (5.3)
Ohoy= 3 e (10 3 ) [ors T (S 1)

t—1 t—1 Q —Q t
- 3 aa 1 8 a) o 85901 $ o)

i=k+1 i=k+1 i=k+1

5.1. Approximation of the advection equation on irregular grids. We
can show that these h-box values used in an upwind scheme (which is equivalent to
the first order wave propagation algorithm) lead to a consistent approximation of the
advection equation.

PROPOSITION 3. The h-box method Q7' = Q7 — a=L(QF 0 -QL 1) with h-box

values defined by (5.3) leads to a first order accurate apprommatwn of the advection
equation (with advection speed a > 0) on an irreqular grid.

The proof is based on Taylor series expansion and may be found in the preprint
version of this paper [2]. Together with the stability result mentioned in Section 4,
we obtain first order convergence of this h-box method on irregular grids using time
steps that satisfy CFL; < 1.

Once the h-box values are defined we can apply the same second order correction
terms (3.8) at the cell interfaces of a completely irregular grid. With such an approach
we can expect second order convergence. Figure 5.2 shows numerical results for the
approximation of the advection equation on a sequence of irregular grids. The initial

Exact and numerical solution at time t=0.75 L1 error (000) and Max error (+++)

© E0C=203
+ EOC=201

05 = = o
10 10 10 10

F1G. 5.2. Approzimation of the advection equation on an irregular grid using the high-resolution
h-box method with h-boz values calculated by linear interpolation. (a) numerical results on an
irregular grid with h = 0.04, (b) log-log-plot of h versus Li-norm as well as mazimum-norm error
shows second order convergence.

values are set to ¢(z,0) = sin(27z) on the interval [0, 1]. Periodic boundary conditions
are imposed. A convergence study shows that our new high-resolution h-box method
converges with second order accuracy both in the L; as well as the maximum norm.
The accuracy of this calculation compares well with the accuracy of the standard wave
propagation algorithm that was briefly described in Section 2. However, here we could
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Exact and numerical solution at time t=0.75 L1 error (000) and Max error (+++)

05 = = o
10 10 10 10

FiG. 5.3. Approzimation of the advection equation on an irreqular grid using an h-boxr method
with second order correction terms, were h-box values are calculated by averaging over piecewise
constant values of the conserved quantity. (a) numerical results on an irregular grid with h =
0.04, (b) log-log-plot of h versus L1 norm error as well as mazimum norm error shows first order
convergence.

use much larger time steps. In Figure 5.3, we show results for the same test case, but
here the h-box values were constructed by averaging over piecewise constant values
of the conserved quantity, i.e. the formally inconsistent method described in Section
3.1. Although we add second order correction terms (which increases the accuracy)
the resulting method is only first order accurate. This is analogous to our analytical
results for the simpler situation with only one small cell.

5.2. Approximation of the Euler equations on irregular grids. In this sec-
tion we study the performance of the high-resolution h-box method for one-dimensional
Euler equations. The equations can be written in the form (1.1) with

qa=(p.pu, E), flq) = (pu, pu* + p,u(E + p)),

where p,p, E and u describe the density, pressure, total energy and the velocity re-
spectively. The equation of state has the form
p Loy
E= m + P
First we consider the approximation of a test problem defined in Example 5.1 on an
irregular grid.

EXAMPLE 5.1. We consider the numerical approzimation of the 1D Fuler equa-
tions on an irregular grid. The grid cells vary in size between h/10 and h. The initial
values are sufficiently smooth so that the solution does not develop shocks over the
time interval considered. Reflecting boundary conditions are imposed on the left and
right boundary. The computational domain is the interval [0,1]. Our initial values
are

p(z,0) =1+ 0.4sin (g + :mr) L u(e,0) = 0.25 — (z — 0.5)%, p(z,0) =1

The ratio of specific heats is set to v = 1.4.

In Figure 5.4 we show numerical results for the approximation of Example 5.1
using our new high-resolution h-box method. A convergence study for density at
different time steps is shown in Table 5.1. Here we compare the numerical solution
for density on a sequence of irregular grids to a highly resolved reference solution
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Density at time t=0.6 Pressure at time t=0.6
L

Fic. 5.4. Numerical results of densily and pressure for Example 5.1 on an irreqular grid
(h = 0.02). The solid line shows a highly resolved reference solution calculated on a regular grid.

| t=0.2 t=04 t=06 t=08 t=1
h/EOC | Ly error of density (unlimited method)

0.02 1.1229d-4 1.544d-4 3.4573d-4 5.9017d-4 0.0014
0.01 2.9567d-5 4.2550d-5 9.4628d-5 1.7825d-4 4.2628d-4

EOC 1.92 1.86 1.87 1.73 1.72

0.005 | 7.7282d-6 1.1786d-5 2.5092d-5 5.1242d-5 1.3381d-4

EOC 1.94 1.89 1.91 1.80 1.67
h/EOC | Ly error of density (using minmod limiter)

0.02 1.6893d-4 2.0212d-4 3.1620d-4 5.2083d-4 0.0012
0.01 5.6937d-5 6.5761d-5 1.1105d-4 1.9282d-4 3.6960d-4

EOC 1.57 1.62 1.51 1.46 1.70

0.005 1.6357d-5 2.1260d-5 4.5036d-5 7.6802d-5 1.2018d-4

EOC 1.80 1.63 1.30 1.33 1.62
TABLE 5.1

Convergence study for Ezample 5.1. Li-error of density at different times as well as the
ezxperimental order of convergence (EOC) are shown. For this smooth test problem, we show results
for the unlimited second order h-box method as well as the limited h-box method using a minmod
limiter.

that was calculated on a regular spaced grid. We show results for both the unlimited
second order h-box method and a version using the minmod limiter. Next we consider
the approximation of a shock wave with the Euler equations.

ExaMPLE 5.2. We consider the 1D FEuler equations with initial values on the
interval [0,1] that have constant density p = 1 and constant pressure p = 1. The
velocity is set tou =1 for £ < 0.5 and u = —1 for x > 0.5. The ratio of specific heats
is v = 1.05. The exact solution of this problem consists of two symmetric shock waves
that are propagating outwards. We use an irreqular grid with grid cells that may be
smaller than h = 0.01 on the left half of the interval. For x > 0.5 the grid is reqular
with mesh length Az = 0.01. We use time steps that correspond to CFLy, ~ 0.9.

Figure 5.5 shows numerical results of Example 5.2 for the high-resolution h-box
method based on the linear interpolation formula. Our numerical results in (a) show
that the limiters described in Section 3.3 can suppress spurious oscillations near the
discontinuity. The approximation of the shock wave that is moving into the region of
the irregular grid is in good agreement with the symmetric shock wave that is moving
into the regular part of the grid. On the irregular grid the shock is smeared out over
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more grid cells than on the regular grid. The reason for this more smeared out shock
profile is that a jump in the conserved quantities can influence several h-box values.
In Figure 5.5 (b) we show the results obtained by the second order method without
limiters.

Density at time t=0.5 Density at time t=0.5

Fiac. 5.5. Approzimation of Example 5.2 on a grid that is irreqular for x < 0.5 and regular
for x > 0.5. (a) plot of density with limiters, (b) plot of density without limiters. The solid line
indicates the exact solution.

6. Approximation of transonic rarefaction waves. In this section we point
out that h-box methods can cause numerical difficulties in the approximation of tran-
sonic rarefaction waves that do not appear for standard Godunov-type methods on
regular or irregular spaced grids. To see this we first consider the approximation of

Burgers’ equation
0 o (1,
- B = 1

51" s <2q > (6.1)

with initial values

—05 : <05
‘1(”3’0)_{ 05 : #>05

on an irregular grid. The first order accurate fluxes at cell interfaces can be calculated
by using the exact formula, i.e.

. ) L R
mingr  <,<or, fla) = Q. <@,
F',l = T2 T2
B maxgr | <<t , f(9) 1 QFF, Q.
Pyseser

with the flux f(q) = %q2. Figure 6.1 (a) demonstrates that this method produces
unphysical oscillations around the sonic point. Note that in this section we only
use first order accurate methods, to isolate this phenomena from the flux limiting
procedure. The numerical problem can be avoided by using the Lax-Friedrichs flux,
which has at the interface ;1 the form

h
Fyoy =5 (FQ_p) + FQID) + 55 @y — QL y).

N | =

See Figure 6.1 (b) for numerical results. The same effect can also be observed in the
approximation of a transonic rarefaction wave for the Euler equations. To see this
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Transonic rarefaction wave Transonic rarefaction wave

FiG. 6.1. Approximation of a transonic rarefaction wave solution for Burgers’ equation on an
irreqular grid. (a) h-boxz method based on Godunov fluz, (b) h-box method based on Laz-Friedrichs
fluz.

we consider a typical shock tube problem for which the solution consists of a right
moving shock wave, a contact discontinuity and a left moving transonic rarefaction
wave. For the numerical approximation we used a Roe Riemann solver with standard
entropy fix for transonic rarefaction waves. The results of this calculation are shown
in Figure 6.2. The numerical solution shows some oscillations around the sonic point,
see Figure 6.2 (b) for a closer view of the region around the sonic point. If the fluxes
at the cell interfaces are again calculated by the Lax-Friedrichs method this numerical
problem does not arise, see Figure 6.3.

Density at time t=0.2 Zoom of density at time t=0.2

.
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FiG. 6.2. Approzimation of a shock tube problem for the Euler equations. (a) plot of density
obtained by first order Roe solver with entropy fiz, (b) zoom of density around sonic point.

Density at time t=0.2 Zoom of density at time t=0.2

s

it +
&

Fi1c. 6.3. Approzimation of a shock tube problem for the Euler equations. (a) plot of density
obtained by Laz-Friedrichs method, (b) zoom of density around sonic point.
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In the preprint [2] of this paper, we studied the entropy consistency of the h-
box method for the approximation of Burgers’ equation. For the h-box method with
Godunov flux, we showed that a discrete entropy inequality is satisfied away from sonic
points. This implies that the numerical solution converges to the entropy consistent
weak solution of the conservation law. We showed that this discrete entropy inequality
can be violated at a sonic point. While this does not give us any prediction whether
the method is entropy consistent or not at the sonic point, it is interesting to note
that this is exactly the case were the h-box method leads to numerical difficulties.
We plan to further investigate the entropy consistency of h-box methods in order to
develop an ‘entropy-fix” that is less dissipative than the Lax-Friedrichs method and
that can be extended to a high-resolution method.

7. Higher-dimensional irregular grid calculations. Now we will consider

two dimensional systems of conservation laws in the form

57 et) + 3 F(a(o0.0) + 5 gla(a,p.0) = 0. (71)
The simplest way to extend a one dimensional method for conservation laws to mul-
tidimensional problems is to use dimension splitting. Equation (7.1) would be ap-
proximated by solving one dimensional subproblems in an alternating way. The high-
resolution one-dimensional h-box method could be used in each substep.

Instead of using a dimensional splitting approach, we will here develop a two-
dimensional h-box method that is based on the multidimensional wave propagation
algorithm [17], [18]. We assume that the reader is familiar with the two dimensional
wave propagation algorithm and with the notation used below. As a first step in this
approach we solve one-dimensional Riemann problems normal to each cell interface.
Based on formula (3.6), which describes the one-dimensional h-box method, we obtain

QU =Qp + AF

1]

A .
= Z - A—t (A+AQ17_ + AiAQi+%,j + f( Z‘L+%,j) - f(Qi%J)) (7.2)
At
v (B+AQ”,1 +B0Qi 1 T9(QF )7g(ij7%))

The method (7.2) is stable for time steps that satisfy CFL;, < %. Second order
correction terms of the form (3.8) can be included in 2 as well as in y direction, which
leads to a method of the form

At . At A

Qi = Q5+ Al - (F2,,-F2, )+ i~ (G20, -G20)  (@3)
The second order correction terms are again obtained by using the waves and speeds
calculated from solving Riemann problems defined by h-box values. Limiters are used
in exactly the same form as described earlier for the 1D case.

In addition to fluxes in the normal direction, the multidimensional wave propaga-
tion algorithm also calculates waves that are moving in a transverse direction. For the
usual wave propagation scheme one has QZ.L+%’ =QF, andQF el = QR e In this
case the transverse propagation of waves can be obtalned by a decomposmon of the
flux differences ATAQ, B*AQ into transverse fluctuations. For the h-box method
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this transverse propagation has to be modified. In order to explain the transverse
propagation we consider the 2D advection equation

0] 0] 0

—q(x,y,t —q(z,y,t) + b—q(z,y,t) =0, ,b>0.

549, 1) +ag_a(z,y.1) + ayq(r,y ) a

Assuming first that Az; = h and Ay; < h, the change of the cell average of the
conserved quantity ¢ in grid cell (i, j) due to the first order update in the z direction
has the form

At At . .
*A:niﬁAQi*%’f:*T“( i~ @itag): (7.4)

Since we assume that the advection speed a in the z-direction is positive, there is no

wave that moves into this cell from the right cell interface. Furthermore, the difference

1 f+1 j) - f(inl j) vanishes in the case Ax; = h. In the 2D case a part of the
20 3

right-moving flux difference AT AQ should affect other grid cells. This is indicated
in Figure 7.1. The shaded regions indicate the influence of the jump Q;; — Qi1 ;
(initially located at the left cell interface) due to the solution of the Riemann problem
in the normal direction. In a multidimensional method the solution of the Riemann
problem at the interface z; 1 should not only affect the cell average of the conserved
quantities in the grid cell (i —1, ) and (4, 7). It should also have an effect on grid cells
in the tangential direction. In the situation shown in (a), the triangular portion of the

it al\t _alt _

ﬁ bAt

(a) i (b) i (c) i

Fic. 7.1. Different possibilities for transverse propagation of a right-moving wave for the ad-
vection equation on a non-uniform Cartesian grid.

wave describes the fraction that should affect the grid cell (7,5 + 1). The transverse
propagation of the wave considered in Figure 7.1 (a) should change the cell average
of the conserved quantity in grid cell (i,7) by the amount

(At)? 1 (At)?

1
[ A— TAQ. 1 = ——2 “RBTtATA
AmiijQbA Qi1 AmiAyJQB ATAG

P
1—35,]

The change of the cell average of the conserved quantity in cell (i,7 + 1) due to the
transverse propagation of this wave has the form

(At 1, o
S A A
AZISZ’ij+1 2B A Q

N
1= 35,7

The notation B* A* AQ was introduced in [18] to describe transverse propagations of
left and right moving flux differences. For the wave propagation algorithm with time
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step restriction CFL < 1 the transverse propagation has always the triangular form
depicted in Figure 7.1 (a), even if the grid is irregular. Since the transverse propa-
gation approximates terms that are needed in order to obtain second order accuracy,
we include those terms into the second order correction terms used in Equation (7.3).
The up-going flux difference B+A+AQZ-7% contributes to the G term in the form of
an update

G2 =cr., - LA

_ + 4+
vy =G T o p, B AR

i—1.j

For our hA-box method we have to extend the transverse propagation to allow
also wave propagation of other forms, for instance those shown in (b) or (c). For
the situation shown in Figure 7.1 (b) the update of the flux G due to the transverse
propagation has the form
A At — %Ay]/b

= G2 + 4+
vt =Gl T ARy CWETATAQ

N
1—3,]

In the situation shown in (c¢), the transverse propagation of A*AQF%J leads to an

update of C;'f] . as well as G2 . depending on the fraction of the wave considered.

+3 ij+35°
As demonstrateii in these examplQes, simple geometric routines can be used to calcu-
late the fraction of the waves that determine the change of the cell average of the
conserved quantity due to the transverse propagation. Note that the wave speed in
the normal direction (i.e. a in our example) is present in the fluctuations ATAQ. In
order to calculate the transverse propagations no other information from the struc-
ture of the Riemann problem in the normal direction is needed. Therefore, even for a
system of conservation laws, we only have to decompose the left and right-moving flux
differences, instead of decomposing each wave resulting from the Riemann problem in
the normal direction separately.

So far we have assumed that Az; = h. If Az; < h, we want to use the one-
dimensional h-box method in order to calculate the fluxes in the normal direction.
The transverse propagation will take a very similar form as discussed above. Now we
could interpret the grid cells (i, j), (i, j+1) shown in Figure 7.1 as h-boxes constructed
at the interface Ti 1. The transverse propagation of waves should again depend on
the fraction of the wave that moves through the h-box considered. This can be
calculated in exactly the same way as described above for the case Az; = h. In
order to obtain the correct cancellation property needed for a stable update, we have
to include the terms f( Z.L%J) and f(Qﬁ%’j) that arise in Equation (7.2) into our
transverse propagation. Motivated by equations (2.1), (2.2) we do this by applying
an update of the form

A+AQi7%,j = A+AQF%J - f(Qil)

2

ATAQ;_1 ji=A"AQ;_1 ; + f(QiL,%)

before we calculate the change of the fluxes G2. For our example of the advection
equation with positive advection speeds, this update of ATAQ has the effect that
A~ AQ is no longer equal to zero. Moreover, the fraction of the wave that is prop-
agated in the transverse direction only depends on the size of the grid cells and the
speed b. Therefore, our transverse propagation has the effect that a fraction of the
update used in Equation (7.3) is propagated in the transverse direction. The update,
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which describes the wave propagation in the z direction was already constructed to
be of the order O(Az) with Az < h. Our transverse propagation allows that at most
a fraction of magnitude O(Ay) (Ay < h) is propagated in the transverse direction.
(See for instance Figure 7.1 (c).) Therefore, our transverse propagation satisfies the
cancellation property. The transverse propagation of BT AQ also has to be included
in an analogous way. By including the transverse propagation into our 2D h-box
method, we obtain stability for time steps that satisfy the condition CFL}, < 1.

A transverse propagation of the second order correction (3.8) can be included
into the transverse propagation in the same form as it was discussed for the wave
propagation algorithm in [18]. This further increases the accuracy of the method. It
was used in our test calculations below.

We now demonstrate the performance of our 2D high-resolution h-box method
for the approximation of the advection equation. We will compare the numerical
results obtained for this hA-box scheme with results obtained using the standard high-
resolution CLAWPACK algorithm for irregular grid calculations. The latter method
requires the time step restriction CFL < 1, while the h-box method is stable for time
steps that satisfy CFL;, < 1. We first study the accuracy for the two dimensional
advection equation.

ExaMPLE 7.1. We consider the approximation of the advection equation q; + q, +
qy = 0, with initial values q(x,y,0) = sin(2wz) cos(2mwy) on the domain [0, 1] x [0, 1].
We impose periodic boundary conditions. The grid contains two lines as well as two
columns of grid cells with height respectively width 0.1h and 0.9h. All other grid cells
have the size h X h. See Figure 7.2 (a) for a plot of a fraction of the grid.

Test calculations for Example 7.1 confirm that the h-box method leads to second
order accurate approximations also in this multidimensional application. In Figure
7.2 (d) we document the experimental order of convergence of the h-box method
in both the Li-norm (depicted by o-symbols) as well as in the maximum norm (+-
symbols). For this grid, inaccuracies near the small cells would be displayed in the
maximum norm rather than the L;-norm. However, in both norms the experimental
order of convergence is about 2. The results for the h-box method compare well
with numerical results obtained with the standard wave propagation algorithm with
appropriate modifications that allow the approximation on a nonuniform grid. Both
schemes converge with second order, but the error is slightly smaller if we use the
h-box method. This is due to the numerical viscosity, since the time step restriction
CFL = 0.9 for the wave propagation algorithm leads away from the small cell to time
steps that correspond to CFL < 0.1.

Our two-dimensional h-box method can be extended to systems of conservation
laws in the same way as the standard wave propagation algorithm. The modifications
described above now have to be applied to each wave resulting from the decomposition
of the left- respectively right-going flux differences into up- and down-going waves.
In our last example we consider the approximation of a two dimensional Riemann
problem for the Euler equations, as studied in [27] . This same example was considered
in [18], where results of CLAWPACK calculations on a uniform grid are shown. The
initial values are piecewise constant in four quadrants and the solution of each single
Riemann problem is a shock wave. Due to the interaction a complex solution structure
is obtained. For this calculation we have, in addition to the regular grid cells of the
size h x h, 10 lines and 10 columns with height respectively width varying between
0.1~ and 0.9h. Our solution on a nonuniform grid calculated by the high-resolution
h-box method with A = 0.005 compares well with those obtained on a regular grid,
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Fic. 7.2. Approzimation of Example 7.1. (a) The grid for a discretization with h = 0.02, (b)
contour plot of the solution using the two-dimensional h-boz approach with h = 0.01 and CFLy = 0.9,
(¢) convergence study for irregular grid CLAWPACK algorithm, CFL ~ 0.9, (d) convergence study for
h-box method, CFLy, ~ 0.9. (0-symbol: error in Li-norm, +-symbol: error in mazimum norm)

see Figure 7.3. The shock waves are equally well approximated with both methods.
Slight differences are only visible at the unstable contact lines, which are very sensitive
to the numerical method, see also [18] were it was shown that different limiters have
a quite large impact on the approximation.

(a)

Density at time t=0.8 (regular grid)

Density at time t=0.8 (h—box method)

Fi1c. 7.3. (a) Contour plot of density obtained by the high-resolution wave propagation algorithm
on a uniform grid with h = 0.005, (b) contour plot of density obtained with high-resolution h-box
method, h = 0.005. We used the monotonized centered limiter.
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Conclusions. We studied high-resolution h-box methods for the approximation
of hyperbolic systems of conservation laws on irregular grids and showed that the
definition of the h-box values is important in order to construct accurate schemes. In
forthcoming work we will use this to construct a new two-dimensional high-resolution
h-box scheme for the approximation of conservation laws with embedded irregular
boundaries. So far there is no Cartesian grid embedded boundary method that leads
to a second order accurate approximation at boundary cells. Further work will also
concentrate on the entropy consistency of h-box methods and the approximation of
transonic rarefaction waves.

Appendix A. Stability of the second order h-box method. In this ap-
pendix we prove the stability of the second order h-box scheme for ¢; = ¢, using
linear interpolation according to the theory of Gustafsson, Kreiss and Sundstrom [11]
(henceforth GKS). We treat the small cell with mesh width ah as a boundary condi-
tion for the Lax-Wendroff scheme applied on either side of the small cell, using the
notation of Figure A.1. Here the conserved quantity assigned to the right h-box at

h ah
V.o, V4 w U, U,
T_3 Tr_1 1 3
2 2 2 2
| I I |
f T T 1
V., V. Vo
| I I |
f T T 1
U Ur U

Fic. A.1. Notation for GKS stability, with one small cell in the middle.

The derivation of the stability condition for the update of the small cell is similar to
those used in Berger [1], where stability for schemes with local grid refinement was
analyzed.

Both U and V' are computed using the second order Lax-Wendroff scheme,

the interface x ! is denoted by V. The left h-box value at the interface T is Up.

Ut = U+ A 2(U —Ufy) + X207, — 207 + Uy, j>1, (A1)
‘/}n+1 Vn+/\/2( j+1 Vn ) +A2/2( j+1 2‘/]”—}_‘/]711)7 .7 S _17
with A = %. Using the approach of [1], we look for solutions of the form
UM = pr?z" k| < 1 j=1,2,...
=0 K| < J (4.2)

Vit=orl2" || > 1 j=-1,-2,....
With this numbering, for I, solutions the root k of the characteristic equation for
U on the right side has magnitude less than 1, and 7 has magnitude greater than 1.
Roughly speaking, the scheme is unstable if and only if there are [, solutions satisfying
the interpolation conditions with growth in time |z > 1.
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The linear interpolation conditions (3.3) give us

11—« 2 1—-« 2

Uy = V_ w, Vo = U
0 1+« 1+1+0¢ ’ 0 1+« 1_'_l-l-oz

W (A.3)

where the small cell, labeled W above, satisfies the “small-cell” version of Lax-
Wendroff,

At [Up+ U At Vo+ Vo, At
R U -y - L (= V)| (A4)
ah 2 2h

n+1 __ n
W =W"+ 5 57

The characteristic equation for W is W™ = wz". We normalize the equations and take
w = 1. Substituting the characteristic roots for U, V into the interpolation conditions
(A.3) gives

”:112”4 12fa’ ”::ZP’“HQJ?@ (45)
Equation (A.5) is easily solved for p and o, giving
20 (1+a+(1—a)r 1) 2a(1+a+ (1 —a)k)
P= (1+a)?=(1—a)?sr="’ 7= (1+a)?—(1—a)?kr—!’ (4.6)
Substitution of the resolvent equations for U and V into (A.4) gives
z=1+ % P+ K)+Ap(k—1)—c(1+7") = Ao(1 -7 1)]. (A7)

We use (A.5) to replace p and o in terms of o7~ ! and pk. Also, for a given mesh

width A on both the left and right, it is easily seen that the product of the roots &

and 7 are KT = i‘\—ﬂ, so 77! can be replaced using k. Thus, (A.7) simplifies to
2)2 A1+ A
z=1 1+ k(p+ o) (A.8)

_1+a+ 1+«

We call this root condition for the stability of the small cell scheme with Lax-Wendroff.
If there are roots z with |2| > 1 and k,7 ' with magnitude less than or equal to 1,
satisfying (A.8) then by the GKS theory, the scheme is unstable. Conversely, if there
are no such roots, the scheme is stable. As in [1], we will use the maximum principle
to reduce the range of values we need to check for stability.

To see that the maximum principle applies, we will show that the right hand side
of (A.8), call it f(z), has no singularities for |z| > 1 and is bounded as z — co. First

note that f(z) = (1 — %) + %H(p + o) has no branch points for |z| > 1. This

is because the roots k, 7 satisty the Lax Wendroff characteristic equation for (A.1),
A 1y N ~
=1t 5m—n ) +5m—2+4n") (A.9)

which lead to a quadratic equation for n with roots

=1+ X2+ /(z—1)2+A2(2z — 1)
AA+1)

T2 = (A].O)

One of the roots is always inside the unit circle, the other one is outside the unit
circle, see [11], Lemma 6.1. The root inside the unit circle is the root we call £ above,

7 is the root that is outside the unit circle.
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The square root term of (A.10) is zero only for z = 1 — A, which being inside the
unit circle is outside the region of interest, so there are no branch points for |z| > 1.
Also, note from (A.10) that as z — oo, the root 7 grows like % so the root k grows

like %, which is clearly bounded for large z. So the maximum principle applies.

Thus f(z) attains its maximum value on the circle |z| = 1. The next step then
is to examine the magnitude of f(z) for values of z on the unit circle. Since we can
only show analytically that f(z) <1 for A > .5, we instead evaluate f(z) numerically,
for 0 < a < 1,and 0 < X < 1, on the unit circle for z = ¢, 0 < § < 2. Figure A.2
shows the locus of values of f(z), where the unit circle is also drawn. As the figure

*i *O‘B *0‘6 *0‘4 *0‘2 l‘) 0‘2 0‘4 0‘6 0‘8 i
Fic. A.2. Locus of values of f(z) for |z| = 1; all values lie inside or on the unit circle.

and some algebra shows, only for z = 1,A =0, and z = —1,A = 1, does z = f(z).

Examining the first value z = 1 = f(z), we have A = 0, or equivalently A¢ = 0,
so Q"M = Q" (with Q € {U,V,W}), clearly a stable solution. For the other case,
we have z = —1 = f(z), whose only solution (again using some numerical evaluation
and some algebra) is A = 1, = 0. But a = 0 corresponds to the usual Lax-Wendroff
scheme without the small cell, and A = 1 for this case is straight copying of the
solution (x = 0,7 = —1). Again this is stable.

Since Lax Wendroff is a second order method, the use of linear interpolation with
O(h?) error on a lower dimensional set of points is reasonable. However, one might
consider the use of quadratic interpolation for Uy, Vy. The next question is what
stencil to use for the quadratic interpolant. Using the notation of Figure A.1, one
might consider using the same interpolant based on V_;, W and U; to get both U
and V5. However this choice reduces the stability region to A < .5. If instead the
interpolant for Uy uses the surrounding points V_; and W, and the third point is
always the upwind point V_,, full stability for a Courant number of A < 1 is retained
for all small cells with 0 < a < 1.
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