Probability Theory II (Spring 2026)

(1 Continuous-time processes and martingales|
(1.1~ Continuous-time processes| . . . . . . . . . . . . o ot i
(L2 Functions of bounded variationl . . . . . ... ... . ... 0oL
(1.3 Continuous-time martingales| . . . . . . . . . . ... .. ... ...
[1.4  Semimartingales|. . . . . . . ..
7B . =0l
2.1 Kolmogorov’s continuity criterion| . . . . . . . . . ... ...
2.2  Definition of Brownian motion| . . . . . . . . . . . ...
[2.3  Heat equation and Feynman-Kac formula] . . . . ... ... ... ... ... ... ...
[2.4  Strong Markov property and reflection principle] . . . . . . . .. ..o

Primary reference: Varadhan, Stochastic Processes
Prerequisites: Varadhan, Probability Theory

Other references:

Norris, Advanced Probability

Stroock, Probability Theory, An Analytic View

Le Gall, Brownian Motion, Martingales, and Stochstic Calculus

February 5, 2026






. Con‘rmw\xg hme DFO&SSQS 3& m&rhﬂq&les

From n (Q F P) denctes bcdo
spucsz%oxvg h ol mvxdo;m wfbtf e ‘d nad

Ll Continuous - fime PIOCRSSes,

DL%“. Given on index s TJ Q MQSHC

DEOCRSS X=1X1teT} & a ollchon of
FOV\dOVV\ \,O\T\Qlolég Xt -X(% u)) teT mEQ
Jr&kw\g valugs in somg measurable &.Pcmz

* BT is o countoble seb X is o disereta-tipg

slrocjﬂcxshc pr@CQSS

» FTCR is o Fnle o infimile inenal) X
(N CD/\J\‘lVlU\QJ& ﬁN\Q SJrocil\chﬁc PTGCQSS

Corful: For T yncountoble, events Ike

(o Xelw) €fob] \f e

{wﬂ b= Xttw) IS con’rimo\;\sj

o ot meoswable. in %nmm\,

Soh: Build recju\c}hké to L)

o



Defn. Clavb) s the Bonach st of confinueus
funcRons §: [a) = R Wit nom

150 = p Hb)|
telb, b}
ebn. Dlab) is the Polish spocs (complele sp mag)

of lQ\H~comLinm®M fanchons wihh n‘ah’r s
(&\ck% fnchons) T: lab] = R with "meinc

dthigp) = inf 31201 IN[bl->{abl increasing
inverhble and confinflous
o1, S\JEP X(’c)‘%lél’
s i) - gD <7 Y

Fop. Dlab) i }nd@cj o Polish Spocg.

I:PJ‘I l‘\r\as\eal CO/\\(Q«I%QV\CQ. QC Rbb MQQS(HQS , O\t«?k( 31
fop. The o-Fields &f Borel sels of Clab) o Dla )
0«0 %wwoiqd bbL the Qg‘\_\ﬂglﬂ__&ii €., b\L}

e X my=x(B)el), TeRBR), telohb]
Sebch . Leb T dengle fhe qyfinder o-feldl. Since
{XG{X: x(t)eT} %5 o Borel%er, FC&. Ccmers%

ceCe i<y = () 1 ([, re)) e F
Drercise: X=D \LQ@‘(\&




We wil O\hm L wd@,r o-Feld (= Rl

- teld) OV\ CLQb o B The space CDW)
13 definee| b xeCEOoo & x[,;meCo T] and

[ keuorse For %LDoO th/\ QniF. on vav\Pods mefnC .

X Lot (QF) be o meoswable spoce. M Q
%m\t&{ﬁ JPD(} oF sub-o- Felds £ C¢F s

o o fltobon § FRCH O s<t
* 0 vigw\covnl. Fltohon f B2 R0 &

X Lt (QF ) be o filleed masswable
SPO.. Than o sfedroshic PIOSS (X¢) is

@Pﬁd F Vvt Xee K e X, is 7~ maws.
* inkgmble if ¥t Kol e ElXel<o0

ompl. F Qs o spoce ef furctions on Tc [000),
ﬁ% cr(m(S)\ FSH;;C h) -

s the canonical Rlahon canon‘gfﬁ DAOCESS
Xt() LOU') UOEQ 1S G‘—t odcxP

WQ IS G SX:LCQ 6{ r\B\/ﬂL CDV\ de\ons II' 1S
ol O\Glcx{) Tt ).




Pen. Leb (%) e o DD0)-valusd odapleol
| n (%) its pro%ﬁQ SOVR % va meghlgcf\&) \vi T?S&SS.

(w,t\ = Xt(bo)
Oon DX[G,T] S W\Q&BU\W/\UQ v\)f,xf\ E’@H[O,T])

Jebcy B rigtvl{er\k con approxinole b
Xt (\»\U: Xy (W) A ¢
fo iy A R).
{0, EQX[OT] = KEo)eA)
- LK) {Xﬂ e A < [2%), 27%)

—_—

TR R ¢ B{o,11)
Thue X" is BEORD TN - maosurclle. Taka Lmis.

Somahmes 1+ s dlso nvenient o ossame ot
ﬂ?\Q ?i CDV\J(CX\W\ Q“ V\\}M SQJS> €. s Covv\plQE.

M A fltahon sobskes e vsual cadihons
TS r\p‘/\’hco/\ﬂ/\u&@ od QOAA\Q(QE (wrl. a %{VQn
\

picoobr ‘\d VQOSWE).



1. Fwchony of bownded vanahon
Detn The tot) vanghon o x:lbhl= R ig

Wla bl = sup] 2 k) -t ok ~<chis )
= porkihion of To,b)

The o BYlob] of fundhons ef bowded Vanahen
onsisfs oF Xt lab] =R with \, [Ob <OQ

Recall: A Sapned rmzaswe pon [al] i the
diffesenco ld: u_ (Holn 'éerc\om decom W@h@n

A o W\()J'UCLUU\ Snmmlou’ fin @&‘ﬂ\/@

e ord oo T fols] vanahion mczaguve oF o is
pl= e -

Holin- Jordan thin: Given ony finile posihve maoures

o od p e are py ond o e} = Al = M

P (\ Cu l [0 L0 |
Cﬁbzg (t) TJ«M[O?‘E ﬁa\fﬁ\ BV[ao) Mca?]?&& Qv}d r
Vo o} ul{abl).

(\(\ G\\/er) )(6 B\/[cub] H’\(ﬁ' IN T\CSH *CGY\)F\H\AOWS JrxV\QN
s uosk kb= p(bl)




Poct () Lot - M= - be o sisned Measwe ord
x s OF L4 0ebehe - <teh Then

z\%xwmv ZW&U£M ml (a,b]
= \lob) < |ud b))

3 (cllfﬁc)\@n kjf m) b@ c\ %OQ wNQ
of nszs\e hh(\)ms Wi mox IJr‘M) | = 1}

It sutbces fo é\ow ot
M (ab) = luw l | (E7) ~x (201,
To seg this dehne the roba\o”\é on (oyb) bb

jul (dt)
blot) = bl (@,b] -

et F = G((fih:)\,&“)] [£120m) € Foy

_dM -
A= [l 1’?"%’[’1"*r i&*PPﬁ*-
X = ELX1 7]
for se s £ than N )
CoEE ) ) - x (N
Kls) = M((E"" ™) M((E’“’ ™)




> Bl ~ gy 3, M-

ond the caim 1S ‘:lXM\"A \ Buf (Xm\ IS 0 b

wwjrmaak o hae & ¥ sk Xu— Y in

> HX.|— ENL.

Sne sLUF) = B(©b]) in focd X=Y 05, , 50
Y= EIX(= 1,

i) Nowo lof x€ BVIobl Asime x(0)=0 ond set
= 4LV Jg bl xtt)).

Coim: Xt o ir\cwo:smg 12, X, (8) 2% () iF s>t

e} ast<- <4t b o por\wh@n of 10. t]
St VER NGRS S NN Poﬂwo\f\ ot [0, %1

> 2x(5) = Vel 8] 2(s)
2 Y Ielt)-x (b)) + 1K) ~x (R
>V [ok] - >y t)

= X 8) 2 xe(t)

xs)




Clcxim: \ﬁ X is DGW (QV\H NWOUS | SO R Xs .

It sudfices o chow vit)=\ilo t] s r\O\f\f — OnfinuOS
Lef P= vl - ViE). Nad fo ghow B0 Let h>0 s}

\(Fth) - t)<B>+g
lxs) x(t)] <& for selttthl

Tharg is o porhRon of L, th) s
z\m M) 2 2V, [ bee] 2 28

;\xm M) 2 2R - [xt)- xto\\z—i%-e

\

Sincg B vt -vits) ther is o Por* of I sk

PR AR AR

Thus frart is o porhRon of Lt t+h] s )
b 2 Sh-¢

On the offer hond|
Vi [F, £4h] < [£+E

= pike Yoo O = p=0.

10



D et X %B\/[Ollo] b r\BNr continieus Lakh
associoled  sisned MOOSUE - for Fe | ( \pl) Hro
Le\oQSBuQ—ghe %es |mLQ ol 1S dbined (0\3

Hu)dm Sac [\A(dvx) (ots<hely)
[* S el - (gsﬂ&\o ) (du)

)

ond st Fox(t) = gf Fu) dxclw) .

cise. Lok x€BVIa bl be NBN ~oriuous. They
[CHedb)] < {7 IHOL Idelt)

OV\J fox |5 W\ B\/ (‘AV\(J N M—@‘/\F w\H\ S\BY\OA
measure  flt) dxlt) owd %V Hb| IdelEl.

o} XGB\/ be na\/xf (ovxlr ond § | D(DU\V\CLQC|

leH-co ( "
Par NATS ( Q“ "ot [0\[[8 (MPPA Sew\z)‘/\g\zzf O -

§ 1Y) dxlt) = ‘W\ ﬁ)c MKX >
i e < m% HEY ek -t )]

11



Pt w(oy 0 Ralb)= HED) OF te(r €71,

= )~ t) bd left - cavx\rmw)\&
; zm Y- M(J‘ﬁ a2
o8

5 SH‘C ) dlb)
The eond daim s simtlor.

becse . Lot Ky€ BV [a. H be naw—coml Then
Hbly(b) - xla)ya) = Sx(k) dyt) +f3( ) dx(h)

12



1.3, (onhnuous- fimg rrmr‘r\mcx o

D&\ Q\vevx cx F\He&d b\;p Sty Q, F ! t\ P)

IS cx TO oM VQnQb

\"\u Jré | Suc\/\ frat

() (Ju—) M, )e DM, P-as  LFT s cm‘n‘n\ms}
(@) ¥t20: Mc€ R od E[Mil<oo.

(i) ¥0<s<t: E[HtH-";: M., P-as.

{\C than (M d\WaJL«JV\ Mot
\MKG’: ) %Lﬁklv% ?n\ 0\2 OT& ()\nﬁ;\w NOQ(

Y
N Jr-LOV\F{‘nV\w Mo proper hes exle(/\c from C\\%udh
1roalACbt/\{‘w\u\D(}% P PQ(

b mequally. K (MY s o W\ur\ﬁv\aoiq ond
Fo =i sp )12 ]

N
PE < g El Mg Mol] < pEM]
P&Q}s‘@ El4e M) < EUM].

13



Foor T[’Q discrefe ~Rme versiong oF Doob's
ineaual Hes m\ola e stolimant woith B
&D\O\CSZC\ Eg

n >
E {O<<t ‘HSLQ&
SELMUN

By ri@kvt—con{—imui)zj) P(Ez) PP

M (X-t) S o Submodhn a)Q |¥ ( 2(@ hb\
\70<5<t E[Xt F] XS B
O\V\C\ O &\)\PQV M&rh DBQ\Q \S‘ l-—[X ;:} ><5 :

Bercise  LeF (X)) be o moshin R
Convex w\d CASSW"LQ =) )dz(Xrﬁ @(X;)
1S w\\ea QV\% 1<T 0@ a SU\.’)m&r \‘\naqle

D_P_ﬂ K Bb)pv\ox hN\Q |5 Q rav\c\ovv\ \on m)D\Q ¥

th valuey in f0,00] ¢4
W20 F-{T<¢t] e F
Nefing Fo={ASFT: ANE.efL |

14



BgQJCle, - f T, T, o B]LOPP\\Y% Fimgs , S0 6L

TAL, and T, VT,
B TsT o sopping hees T CF,

- F 5 is o meoswoble fundhion st ) 2t
for ol £ than HT) & « S‘roppim Y
ST s oo Thus T2 2" T iéq
s%pph% Frve st T2 T ovd T T,

Becise: Lof X be o rondom vonolde in L

te. EIX1<0, Than the sof oF random varichles
Elx| &] whae GCF 040es O\Qf sub-o~heldg
1S W\‘\{:DFW\\% ‘\V\\QBFOLHQ: ‘V’&>G—]>\>® g,l;,VCI

EIETX (S L ] <

\ialis (ONVRIGING, Hroorem: Eqmvcdqm‘r:
y X‘jGL\ and X‘S‘SX 0N B
+ K UL ond X=X i probability

15



T (OST) [of (Me) be o mcern%ch ord T,<T, be

heo beourded Sfop‘:){/\@ hmes. Then M €l ond

E{MQ 7. l - HQ 05S.
Dok Assume T T <N Lof 0= 2" (25N
where, N s o delerminishe  conshamt. The
discrele g ORT (mPIiQs Hoolr
MT,;‘: E[MNH ‘;t'czh]
I porhbcnlow, Mo iy UL Siae M 2 Mg as
Harefore N-c; — Mt( in L ond bkegR tor T,
The discrele OFT also imPlieS

E[Ht? H:t‘.“] " Men
In POV-HQI\JCHJ Fo Q\/\é A€ T T, & 7‘}{‘)

Mo L] = M 4]

SinQL Mt?ﬂ MC; (A L( HAQ CJ&{M FL)'\OUJQ

o for g shoppe e, Mo s o uorhgle

Fretcise. Bidend o My) o suhmark h(c)(x“e,

16



L% Semuvach r\%O\\QS

Lok (Q,F (R),P) be a Mlked p(ob(ﬁa\l(ib SO
@g%ie Lok (i) be on odupho( discrely - Hme
P

@SS, Defina

An= ; E[X;"X‘H | f;_\]) A, =0.

Ten Yo XoAe & & morkingole: for m<n
Y IF ) - EXl ]~ 2 ~

N —

J=1
O\V\O\ Aneﬁ—\. “\Q dQ(DVV\ Ub‘\HOV\ Xn’\{m+An N(H/‘
thase poperfies is the Jéolo or semivachirgale
decompegon of K. The process Yo is the
MNHV‘\&OJQ powf OF Xn cnd An the COMPQMSQ\GC.

Ferise: The SQ«M'wvm‘rir\ﬁQ\Q decompesihion s \M\jw,

17



M SIN WH ale C{Q@Mpos]}iom s more subtie
in tha C@"\{_l @R

P&p. Let (&) b o confinuous—tme w\o«%m%o\\g. IF

Ay conbinuous ond BV Pas. then A is cond

Bef. Assume A ond ek A be e variahion
oF A on 01 IF sffices o corsder AE)<C.
Ofharwise, consder Aper whare. T=isit: A2C.

Ldﬂfj =(y/n)T. Than
Zﬂ |Atj—AtJ_|)7~ X S\fP |Pvcj—Atj_( \ x 2:_\,%, ’Atj-.l
| < Cup Uil

dinCe ’A{-&\i l/\oHCJ and A is continuens en
.11, Hhos wiifomly enfinueus,

2 - =0

On e PHQ/ hownd Snce. A is o wm%ﬁok )
EL 2 Wy - ] r-Adl |

Thas E['AT‘A"DP]:O Jles A=Ay s

18



@ Lot (Mt) be 0. boorded marhinaode and (A
be ‘on odopled  conkinueus PIO®SS © %F\n\’& vanadhion

(,ole\ Ar € G WCO( QVQV&JC Then
Xe = MeA Mot — gMdAs

5 G Ymrhn q\e
Rk FOTVVLO\ SAdes -

Crost: Smcrz A is cmhm@us
J Ml = fm M (M)
- M, A M, A, *l\m LM (Ht;'Hth
XJV [ 2 At (Mt MJC \ \IW\ Xt

hqw 5(

DN MHE % b ovd M s o mark r\SOJQ ,
A A, (Mg-Mg ) TR, =0
O«\A S\;m‘\l&r(% X is Q W\CU'{‘\V%CJQ

\Cfim\ﬁ&@ﬁtﬁ& i LI follows Fhad X s

19



1 Rrownian mehen h fod, sfRces fo
A Kdem@rws cm‘rmwh Cnlerion

Thm U(dmo OOVS cm]enon\ Assume (Xt)tegd 9 o
s‘redxoshc Pr@)cess of for some p2l) 670

A %X 7] < A =gt O\ks<\
Mmﬂ&relsaver%@nxg%Xle BX.=X,) =\

frof is onfinuas, in fod y- on( conhnuoxxs

%Xl A
s [£-ol¥ ‘x]q;)\&

t#S

provnced Hujr X < 0</P OVLd L;O\M/\ C=<O<Xp

The RERNQ (S VQC\“ o} reoJ QV\O\\US\& essrtw\c:&

ko vvu\\ o & followss faki cioi (
( %wv\g ﬁl{&vﬁ ihy ( “%Qo;v s@g) dirg %M .

_@ for x: Rd"‘\R“ Cenﬁnucws p>\ cmd x>0,
[X(E)- (4 -x(s))f Vp
fseg H—-Slzf - CﬁP( SS - [P0 dt ds > (’t)

——

[, DV gis0,
longre B= B(D)C@é i

how JC n RN Sd'.

20



Gossioe Rodemich- ESM&@ \imjgg"(  Lef P ond Y
be QMCH\a, increosing onhAuend Funchions on
0,00 < ¥ p(0)=0%nd Y({t)— o (t>x) Ty

i XT’ [0, 7] 7 R & contiuous ond

6{2 1‘(’( ’X[CS_(t})h-—gh(S” ) Cxg CH <R <
4 t-3 ([ \O\U\
<3} ) s ™

0

fed o &) won ¢=1. B EW o plo)= w3,
<860 || B 6, o
(=Sl \
* [t-x9)l < G (ﬁt%)/P BTy,
- B | B < BT sl
Rk 5 s on\é in L ord the RIS ic binle, thee
is R st )?E:X ae. St the edimdle holds: Set
)= 2 | ) dos

-WZ_Q V\“ gxe] ﬁ s Obwm&ed. BU /&IZQ\QB\‘AASCOK thre i&b;{l
st E-KIL, =0 alo somg’ €40, Bt X~ x ae.
LQBQSESW cm H\W\.\jﬁ%o X=X Q... ]

21



Pod o Kolmanorov's cnlevion B we a\mdg knw

hal X wos confnueus the edimode waeild
Hlgo from GRR inequalily . But we hong
net even osumed faf £R X i Bl meosyrolde !

[of

K - X (o]
Than X is moosumoble. St

Xt(m\-; i\gy\w X (w) i(se(fw/lc) o} g lmib exddhs
Saca PII-X[2 2] <A2Q™M'™P i
summade e Imib et o.s. fox eveny Nyed §

Lot R ARl V
=11 4] Bl et |

= BYPIA ] sl s dt o f s wp.

Thus for Rery W, X oincdes foraet with o &)

Dz]\é N CY b al( W .

22



fevouns fo sa Haf PIG=X]=1 for evegt
H&&H&s fo chow Jﬁm& F&x = 2 “k Then

X - Re]= PIRe= %],
B@M K >818 1162 0 50 oo befre

R Qs os&—>030 =X as.
E@E(GRR\ ot
_H_S XPJ(C})& >|<) |> A

ﬂ‘c dt = w-vdw thoorem,

|3te(0T) sJ‘ k)<
Given Jch -, dQ_Pl"-Q dnl b\\j

pld) - 3 ptn- A) (9 0<dasi< tam)
ond £ €0, das) 51

TI) < Q_B & 1(,( I(4n) - X& >) )

PlEo ’tD
Foch con fll onséémgm <d““ o JCn

Thus both con fail ovx\\nj on o Sof @? M08 <.

23



Thos
f0>do>b.>d\>

Than:
pldnr) =4 plins ) < Sp(d) = 4,440,

Aso:
plty~tr) < plka) = 2p(d) = 4(plda) - 5pdn))
<Lk(P C&vx P(C\nﬂ»
P(J\Tn Jtm—n) ”r"( %lﬂ )
L\' P(dnﬂ)\ (‘éfn_d' )

“ﬁ%( pld) =3

IN

= ‘ X Hfm.\ ) —X H?n)l

AT

S o

s
= ) -x(0)] < S (L*—) (Au)

By on Qvo\loaoms cxrgwwz nt,
X(T) - X

Wk
< |«(T) - x(0 f %)pd

24



Given O¢s<t< T st
X (u) = x(SJrU‘)S)

T W
The cxrauwm* obov‘e ath By (l
XB-yl) < & § (2R ) Hlo)

)

= 8&5: ( >pdu\\

) B '—‘E 8?\/@3

25



2.0 Dofinihon of Brownian mahen

Defn. A shodrnashc powss (Beleo i qu\Qd &
Brownian mehon of Winsr pross i s
COU\‘HV\U\OKLS Od/\d\;

() \E<s t Bi-Bom MO, <)
(i) ¥E<st Be-Bs i Wdeperclent e ofRu’ usS).
T There Qx(d& 0 wx(cr\AQ Pro%i\(‘y PRAYAE

on (ID,00) sadh frat the @nonial DS i<
o INiewa procss. Thig i the IWenof” moospe

lemma. (1) holds for @ socheshc POQ@SS ON SOMQ
pefeblly fcs bon ot o0 NS e
chiclly less than 72 (R
Pod Suce Wy-We ~ NO, 1),

LW <G lsl™ et ong 21

‘U/\U.S KD\\MO&C)WO\! O\QF 105 K:—)‘l-g \A\\'\QV\ PZ%
AP TG [l Pe < G el

26



P_CQSE QO/@M&\O/) GJL Wiongr W\Qas\ue\ (ven  an 5

balal; @ CQ A P) Whidh o Browni
P s (O e, cosder fha wop

I Q—Chw), ar o)
This Mo s vaaswable s PeI17 defines @

Rotel MRAZUNe  ©N CI:O,OG

Ucing o monotone dass o \év«vm/\*s are checks 1t is
Uur\\un%. defined b@ s Fn-din. dismbobions

E@p Browsnion mchion is nef i (2
o Bd -]

Beef, for cadh s | BByl i ~ NO,) .
'XJ( Xs £ \Xj_‘"\[q-\/ Xz““k
i

%# Fsl N 2‘V\IL

3 P[&up KK A] < |- Plz< X] - 0.

s\‘

27



There are VoY WY oF condruch ng @t\
el Lot (Q,7, P) be o prob&b“«& Pa
Sica

SCQFP) o Goussan Spaco i

osed e subspa and v X is o Gawssion
random vcmie e )

mmp(ﬁ. lof (X:) be tid MO,)) on some

babi] Than s vxixj G
E;& Wt? i\mie on Gd“‘f\%Onu ML ‘%SQ vv:mL o

ELXK) =8
Note Hrat liibs 0¥ Goussion mudom varolbhes

are GansSian.

MH@Q%‘Q Ht\oQ(Jrsga vad N

@S\V\H/\QQYG& H\QVQlS
T H=% TLx

© Vel Iﬂw (0, IH2)
+ VigeHs BT I) < (F9)y
h foct, Tlof +Po) = x[F)+pIg) as.

28



Progr Lok (Q\ e an erthonamal bogis for H. S
IR E( )X
N‘/\Q l\VV\( QX\BE (N \_2 QV\C\ 3S. Smne
kP g §e) X
5 O masTi Q\%@LQ counded i X
Dby, Lok W be an isomay from L(RY) \r\\b o’

Goussion S Than W € called
for £20, defing

Wt“ o(ilfot]B
Rk Wold (ke to R o W as (F dW) bt

W has indinde vanabon va\os*r &we\g_

Brerclse. () Tor ACR,. Borel | IAI<00, W(A)~NO,A)
() For & BCR, wath ANB=0, WA) ond W(B)

ave independent
(1) for A= UA wbh A digont,
WA = )_\N(A) in L ad as.
W looks lke o rondom meoswe bt it i neb.

29



for O\V\é b th The vecker (Wt s

jo Hy Goudign aifh covononce
W, | = At Hor 5620
Moreover, Wo=0 a.s. ond
W, -W, s ir\dQ\)QV\dQﬂ\JT o G{\:\)miv\Q)
W=k & NO, t-s).

Drecise: Lot B be o Browonion mehon. Than
* R & o Bownian mhn (bﬁmvvuz}v&)
y ,’“\B,\%c 5 o Brownon mehon (sale invanone)

© B Bs 15 o Rownion mohen hat s MQP,
o @ ugs) Garkor prop)

Decie Undergland hewo Browron vohen s tha
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2.3 Heot ethom omcl Jreqn mon—Kac formula

LQ,ert(th) e—% \oejr\&kaa komel on R

DAZEO. W\Q MRS of Brounion mehon is
- E 5B,
uﬁm@ E 5 the @epec(u‘wovw o o BM &*&rﬁnﬂ

at X@(p\

d Since By-x ™ &\((O,t))
THX) ‘—th(&gB Hy) = | Bty pl0,9) dy
- | Berg®) R 0y) dy

Defn Tha ‘nfinitecimol aprorader iy
[ - fy T 1]

r
Bor T such thod Ha limt exide.

_@g&, for e the [ exighs ek
-1
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Pt I FeC

fxt (_\ H)
JLOS Keyll Ploy dy

:Q%S Hx\uﬁ; +if 'i\u“ﬁ JC/Z@,(L«) Ploy) o\j

wikh (Qg(b )| < CM - Thog
LH) = 35

fie(" o skl bus Pyl =ft).

Thus wlt,x) = T.Hx) salshes He heal ec\wa\w‘an
% ;%— ot ) =4 20\,

[‘&QF(JSQ Lof Xb XT0O P) +mt bQ %rowmom mef‘\on
ot \(M\QV\CQ * ond dof m. Show

560 = 30+ m M)
. Given (O, F F).P), a COnhnucM&H_qdcxPle

PIOMSS (B4) i o Braonion me

MR %] = TS®) W confinuous
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feunvan—Kc formula, LeF V be bowde and

Nt s, Than

i x) = [ P( s)ds> HXV)]

sohshes
'a% é%)}f TYu, wox)=H).

jes) Expovwl RXPONNTG
= 3 A B TR VB 00 -4

[ 0 0

SB[ S v VB HK d{,-'-c\tn]
)

LO<t<~< 4, <t

~

TE[ T VL) VB HK) b dt]

| Ot < <t

3 T Vi, VI VTt e clt]

n=v O<t<--<f <t

Ditlesenbiole tem 55 lor |
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T’MPLQ: Acsing. lawo.
o 5= % [ g0 ds
+ E[3]=3.
Whot 15t digh bubon o %2 \
%’c: g 1«%&0 AS@ Sl iﬁggo ds = §1BS>0 ds
3% 83

E@P P[§<xl:§ﬁw -—%— arcan({x).

\_91Y V ix>o TI/\( \/\ +C®r\‘}‘ OV\C(
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) = EJ@@(—O’ [ V(B ds) ds |
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30\ _ 1 QLL _
{; 2 a)(l UV&/\ ) M(OJ)() ‘ ;

[oF ql\x) - S Eulbx) o, Then
Nt oVg- 523 =0
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Thus
WT)%“ i?)”: | (x>0)
Ng-39'=(0 (x<0)

\@ulc) e b@wd@_& o £9 avnd continu
ol\%ralfﬁ&)le or 0 The solubon \s& . G@

= e

expl-AL ] VIR, c\s) dt|
( /\{f 6% g-t) AJC
) \

1 _l/
Airb‘?.] . (X (o
Thws E]ﬁg;l] = J———-: Dxﬁuw cﬂr\v\%

E[¥]- AR R
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tSﬂ
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24 S‘rmg Morkoy and reflechon pioperty

Hml@y_gmmkjl&bs Thon
b PLBeA IR = pa A)- (’——geﬂﬂ‘db

VHXL PB@Q)H PHS B) b, (B Y 9(350\3
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% La‘r T bea prp 'an
"(Ru/\ BB K'ogmin a BM mdQPdeQV\
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Pt lot T =210 ond 42 27K
Given AeT st Az A(\{E thi bas Than

E[F B day ] = ELHR ) A,
QETc—sS K*SM‘A«J

- El_LC 38‘ E)Th@ imj
K\ E{ 3B H:HAO{L@J E[Tm HPD&*S\ ﬂAf\im]
fr £ bondal, can feke n00°
[ S'(%UJJ 1Aﬂ{1:<00}1 [—EC@HBUJ 17&“{1:@0}}
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= HJ o) Fous | <ETs 5 Bess)] as.on T

Rk lof B, Clooo)— Cboo) . B ualt)=watt+s).
Then for {\!\ SLoPPv% Hmos

P[ tweAlF] x(c)l./[\] P 0.5,
E?r o Serppv\ #WQ HAQIL 'S V\Eif Q.S. Fm\JGL

[@rweA'?} x(nUﬂ P.~as. on TL
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ReHedhon Pr\)ﬂdPIQ. lof o0, T=id{>0" thu‘]) ond

M Bt (t<T)
30« -Be (£27T)

Than (Xe) & olso o Rrownion menon.

-

M\ A
Y \/ TQ
E&@ff On H/\Q Q)(QI/\JC' TM<00 8‘25
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! o 2 o M
Eﬁ H”AFQ%@‘A] ke% & %img ; oy .

> B = P)E’\b i BH% 11;400
X Btm P)Jc D+1Ta<w
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Gr. for 020 ond b<a,
Plag B20, Beb)= PRz bl
In p@r’rjm(c«x/ DS:(S’B; B~ IRl ond
Maap Bz a) <t PR 2al
Rt Tor the ficch dalm nefice
[HS= P To<t, B, <b)
RHS = P[200-Ry < b]
=Pt XS b] +PT>t, By 2 Ju-b)

—_— —

O
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