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1. Continuous - time
processes

& martingales
From now on

,

18
.

F
,

P) denotes
a probability

space
on which all random variables are defined

1
.
I
.
Continuous - time

processes

Retr
.

Given an index set IT
,
a stochastic

process
X = EX+: te T) is a collection of

random variables Xt = XIt
,
w)
,

tEIT
,
wel
,

taking values in some measurable
space
.

·

If it is a countable set
,

X is a discrete-time

stochastic
process .

· If TERR is a finite or infinite interval
,

X is

a continuous-time stochastic
process

.

&ful : For it uncountable
,
events like

Sw : X
+ (w) + [a

,
b) HtETT

o

Iw : + X
+
(w) is continuous)

are not measurable in
general
.

Sn : Build regularity into 1 .
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Defi
.

(la ,b) is the Banach
space

of continuous

functions f : [a
,
bl - R with norm

IIfll =
SUP
If

Detn
.

DIa
,
b) is the Polish

space (complete se metric
of left-continuous functions with right limits

Cadlig functions) f : [a ,b] R with tricme
-

d(f,g) = int ( +0 : 7X : [a
,b]= (a ,
b)increasing
,

invertible
,

and continuous

s
.

t
. Sup(x(t)-tEr ,
Sup(f(t)

-

g(x(t))) = + ] .

#
op

.

Dia
,b] is indeed a Polish space .

[Billingsley , Convergence of Prob . Measures
, Chapter 3] .

Pop .

The -fields of Borel Sets of Cla
,
b] or Da

,

b]
are generated by

the cylinder sets , i. e
., by-

[x+ X :
+
+
X
= x(H) + IS

,

It B(R)
,

tela , b]

Sketch Let F denote the cylinder o-field. Since--

ExeX : XIHEI) is a Borelset
,

FCB
. Conversely ,

Exec : 1 x = + = & TE([X(t) -r
,
x(t) + +]) =F

.

Exercise : X=D
tz( ,b) 1Q
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We will always use the cylinder o-field (
= Borel

o field) on Cla ,b) or Dla ,b] . The space
([o

,
a)

is defined by x = (to
,
a) if Xot] -Clo ,T] and

likewise for Do
,
a) with unit . on compacts metric .

e. Let (
,
F) be

a measurable
space
. Then a

family [Fe
:
+ = 0] of sub-o-fieldsF is

·

a filtration if F Et if set
.

·

a right-cont . filtration if Fet= Fs

D
.

Let (d
,

F
,

(f) be a filtered measurable

space
.
Then a stochastic process

(X+ ) is

·

adapted if Ut : Xeeft , i.e
,

Xe is fo-meas.

·

integrable if Xt : XtL, i .e ., ElXtk &.

Example . If& is a
space

of functions on ICIO ,

9)
,

Ft = o(w(s) : set)
is the canonical filtration

.
The canonical

process

* (w) = w(t)
,

Wel is (fel-adapted .

#& is a
space

of right-cont . functions
,

it is

also adapted to #z+ ) .
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Pop . Let (X+) be a DIO ,al-valued adapted process.
Then (Xt) is progressively measurable : VTO

(0
,
t) + Xerol

on &xT0
,

1) is measurable wrt
. F *BITO ,TJ).

Sketch. By right-cont · can approximate by
X (w) = Xzn +24z7(w)

For
every

AEB(R)
,

4 (w
,
t) =& + T0

,
T] : Xitwi-Al

= USXznk (A)x[2-(k-1)
,

2- k) .

k!
- -

24T
-F =B([0 ,+])

Thus XV is #*BIO,TT) - measurable· Take limits.

Sometimes it is also convenient to assume that

the E contain all null sets
,
i
.
e
.
is complete .

Hefn
.

A filtration satisfies the usual conditions if

it is right-continuous and complete (wr .t .
a given

probability measure).
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1. 2. Functions of bounded variation

Letn. The total variation of x : [a
.
b) - R is

([a ,
b) = sup[((ti) - x (ii) :

a str
= b)

partition of [a ,b]

The
space

BY[a
,b] of functions of bounded variation

consists of X : [a
.
b]+ IR with Vla

,

b] <&.

Recall : A signed measure y on [a , b] is the
difference

of two muthmaaordandecompositiona
My
and

M ..
The total variation measure ofu is

(x) = m+ + x-

Hahn-Jordan thm : Given
any
finite positive measures

&

M .
and

M2
there are My and y . s .t .

M
=

MFM
=

M+-  -

L
op .

(i) Given a signed measure y on [a , b), its
CDFx(t) = M(la ,t]) is in BYla ,b] , cadlag , and

(x[a
.
b)= (p))(a .b]) .

(ii) Given XBY[a ,b) that is right-continuous , there
is
M

s
.

t
.
x(t) = M([n ,b1)

.
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Iroof
.

(i) Let
M
=

M+
-

M-
be a signed measure and

X its CDF
.

Let a =to = t ,x
- StrEb

.
Then

& (x(ti) - x(ti-1))=M(ti
-

ti]) = (u)(a ,b)
i= 1

= (x[a ,b] = /) (a , b) .

For the other direction
,

letIm be a
sequence

of rested partitions with maxIt 0
It suffices to show that

M)(a ,b)
=lim(x(tm) -x(t)) .

To see this
,

define the probability on (a ,b) by
r(dt) = (u)(dt)

(p) (a ,b]

Let Fm = 0) (tit] : lim) <Fi
+

X= = 7
suppyex

- 1
suppy-

Xm = ETX/Fm].

For setti
,
to then

Xm(s) = M(Hi ,
t]) X-XI

() ((t , ])
=

(((t , ti])
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= EIm) = MClaib - xH

and the claim is EIXm)- 1
.

But (Xm) is a bd

martingale , so there is Y s .
t

.

ElXm1- El)
.

Since o(VFn) = B((a ,bi) in fact X=Y a .S
.,
so

ElY1 = EIX1 = 1
.

(ii) Now let X( BV[a
, b]

.

Assume X(a) =0 and set

X
=
(H) = z(Xx[a

,
t) [ X(t))

.

Claim : XI are increasing ,
i
.e

. X11s) = X(t) if set .

Let aEtox--- thet be a partition of [0 . t] &
sit

.

& = tox--- In Et IS is a partion of 10 , S] .

=> 2x
+ (s)

= Vx[a
,
s) =x(s)

-

IIHH-
= X

=
(s) = X

= (t) .
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Claim : If X is right-continuous ,

so are XI.

It suffices to show vIH =Xx[a
.
t) is right-continuous .

Let B
=

X (t +) - v It) . Need to show B
=0
. Let h <0 s

.

t
.

x(t+h) -y(t) = B + 3

(x(s) - x(t)) + E for se[t
,
tth]

.

There is a partition of [t . +th] s .

t

.

(x(ti) - X (ti+))= Xx[t
.

t+h)
- B

i

=> [(x(ti) - X (ti+)) = B
-

(x(ti) -x(toll = -B - E
i=2

Since BEX(t ,1- vIto) there is a part of [to , ti] st .

[(x(ti) - x(ti)) = B

Thus there is a partition ofIt , ++ h] s
.

t
.

([t
,

t +h] zB - 3

On the other hand
,

Xx[t
,

t +h] = B+ E

=

B = 42 V30 = B
= 0

.
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Defn
.

Let x - BVla
,b] be right-continuous

associated signed measure m
.

For -L'l
withthe

Lebesgue-Stieltjes integral is defined by
& flu) bx(u)

=Sflu) Md
(a =St = b)

↓ flu) (dx/u))
=Sflu) yuldy

and set fox(t) = 1
+

flu) dx (n)
·

Exercise. Let XBXla ,
b) be night-continuous. Then

ISf(t)dxlt)) = )
:

"

(H) 1 (dxIt)I

and fox is in BV and right-cont . with signed
measure f(t)dxlt1 and TY If(t)) (dx(t)1

.

Drop .

Let XfBY be right-cont . and I bounded
and left-cont

.
Then for

any sequence
of

partitions (of [a ,
b) with step size0 :

&
"

Ht)dxlt) =im f() (x(ti) - x (ti-1)

f(dx(t))=m(x Stil - x (ti 1) )
·
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Proof
.

Let fm(a) =0
,

fult) = flt) if teltt]

=> flt)
=im

fult) by left-continuity

=>) (x(t) -x()) = Sfm(t)dx(t)
(a
,b]

PESf(t) cx(t) .

The second claim is similar
.

Exercise
.

Let X
,y BYlab) be right-cont .

Then

X(b)y(b)
-

x(a)y(a)
= (x(t)dy(t)

+
Py(t+ dx(t)

&
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1
.

3
.

Continuous - time martingales
Detr

.

Given a filtered probability space
(8

,

F
,
(f)
,

P)
,

a martingale is a family of random variables
M
+ c telt such that

(i) (t + Mz)tD(Tt)
,

P-a
.

s
.

[if It is continuous)

(ii) H+ :0 : MetE and ElMel = &.

(iii) HOEsEt : E[MeIFs] = Ms , P-a .S .

If (i)It then (MItrl)
,

is a discrete-time martingale
Wit

. (Fe) . By taking ti
= 24k and using

right-continuity , most properties extend from discrete

to continuous
.

Doob's inequality
.

If (Ne is a martingale and

En
= [W
:S

Ms(w)) = e)

then

PIEe) = GETLEIMel] = ELIME)

PLEe) = EzEL1EeIM+]
=

tec EllMaR] .
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Proof. The discrete-time versions of Doob's

inequalities imply the statement with Ee

replaced by
Ee

= [sup IMs1ze3
.

OISEt

SE2-tN

By right-continuity , P(EE) ↑ P(Ee)
.

Defn
.

(X) is a submartingale if (i) & (ii) hold
,

(iii) HOESEt : ETXtIfs]2Xs
,

P-a
.

S
.

and a supermartingale if EIX+ If] = Xs .

Exercise
.

Let (X) be a martingale , p : IR-IR

convex
&

and assume ELId(X)1] =& .

Then d(X)
is integrable for

any
<T and a submartingale.

Cletn
.

A stopping time is a random variable I
with values in [0,] s . t.

Ht20 : Ex
= StEtYeEt

Define E = <AEF : An ExtES
.
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Exercise
.

· If I
,
Tz are stopping times , so are

[x52 and E , XTz .

·

If T
. ETs are stopping times . EE Fiz

.

·

It f is a measurable function s
.

t
.

f(t) t

for all + then f(t) is a stopping time
if I is one . Thus In

=2-12"It is a

stopping time St . In
? [ and in

I

.

Exercise : Let X be a random variable in L
,

i
.e. EIX1&. Then the set of random variables

EIX1E] where ECF
ranges

over sub-o-fields

is uniformly integrable : V307X0s
.

t
.

VE :

ElETXIE) LEXIESKx] = E.

Vitali's
convergence

theorem : Equivalent :

·

XifL' and Xi - X in 1

·

XiUI and Xi +X in probability .
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Ihm
.

(OST)
·

Let (Me) be a martingale and, in be

two bounded stopping times. Then MeiEL' and
ElMic (F

.
] = Mz
,

a
.

S.

Proof Assume [
.
Tz = N .

Let T = 2
-*

↑2"[i] = N+
-

where N is a deterministic constant
.

The

discrete-time OST implies that

ME
=

EIMM / fe]

In particular
,

Me is UI . Since M
-

Mr as .
therefore Mir My

,

in Land likewise for t
.

The discrete OST also implies
E[Me (fer) = Mic

In particular , for any
Aft
,
Fi
,

EIME1a] = EIMer1A]

Since My - Mc
,

in L'the claim follows
.

C
.

For
any stopping time , Mex is a martingale.

Exercise
.

Extend to (Mz) a submartingale.
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1
.

4
. Semimartingales
Let (2

,

F
,
(f)

,

P) be a filtered probability space
.

Example Let (Xnl be an adapted discrete-time
process
.
Define

An = [E[X; - Xi+1 ]
,

Ao =0.

j=

Then Yn = Xn-An is a martingale : for men
,

M

Elin/Fm) = E(XnIfm) - BETE(Xi-Xi+ IfIlfm)
-

-

LEXmlim
= Xm-EX-X

and An Fh-
.
The decomposition Xn = Yn + An with

these properties is the Doob or semimartingale
decomposition of Xn . The process in is the

martingale part of Xn and An the compensator .

Exercise : The semimartingale decomposition is unique .
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The semimartingale decomposition is more subtle
in the continuous case.

Rop .

Let (A1) be a continuous - time martingale. If
A is continuous and BV

,

P-a
.
S
.,

then A is const.

Proof. Assume Ao=0 and let At be the variation
-

of A on [0
.
t]

.

It suffices to consider **It =C
.

Otherwise
,
consider Any where T= inflt : AC).

Let tj = (/n)T . Then

At-AtSyplAt-At[At-Aj

=

Csup lAtj-Atjil .

Since 1Atj1 = /Aol+C and A is continuous on

10
,
T]
,
thus uniformly continuous ,

-

#At-AtR]+ 0 .

On the other hand
,

since A is a martingale,

ETA-AR) = EA-AoR

Thus ELIAT-AoR) = 0 , i .e. A += Ao a
.
s
.
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ropetbeboundedmartingaleandon
with AC for

everyt
. Then

X
+

= M
+At-MoAo-] Ms dAs

is a martingale.

R
. Formally, X+= J AsdMs -

Proof. Since A is continuous
,

&"MscAs =im Mtj(At-Ati

n

=

MzAe-MoAo + lim Atj (Mej-Meit
n + j=

=> X
+=limA-Mix

Since At Fi
,

and M is a martingale,

EAti (Maj -Mtj) (f) = 0 .

and similarly XV is a martingale.

If Misbd
,

X* - X+ in 1 .

It follows that X is

a martingale.
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